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Abstract

We study the boundary frozen percolation introduced by Makowiec in [7], which is
defined on the finite subgraph B(N) of the triangular lattice. Here, B(/N) denotes the
parallelogram centered at the origin with side length 2/N. In this model, all the sites are
initially vacant and become occupied as time evolves from 0 to 1. An occupied cluster
becomes frozen as soon as it touches the boundary of B(/N). Using techniques developed
in [17], we prove a result stronger than Conjecture 3.1 of [7]: the probability of the origin

being frozen at time 1 goes to zero as N — oo.

We further introduce and analyze a variant model, called crossing frozen percolation,
where occupied clusters freeze as soon as containing either a horizontal or vertical crossing
of B(N). Applying the same methods, we show that in this model as well, the probability

of the origin being frozen at time 1 tends to zero as N — oo.

Keywords: frozen percolation, near-critical percolation, self-organized criticality
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Chapter 1 Introduction

The concept of frozen bond percolation was originally introduced by Aldous in [1],
where clusters on the infinite binary tree are prevented from growing once they become
infinite. Whether such a process can be consistently defined on other infinite graphs is not
obvious. In particular, Benjamini and Schramm showed that it cannot be constructed on Z>
(see also Remark (i) following Theorem 1 in [18]). As a way to overcome this limitation,
one can instead study a finite-parameter version of the model, where the process is defined

for a fixed value V, and then analyze its limiting behavior as N — oo.

On the triangular lattice, several variants of frozen percolation have been studied,
such as diameter-frozen, volume-frozen, and boundary-frozen percolation. In all cases,
clusters freeze when they become sufficiently large, though the precise criterion varies.
This thesis focuses on boundary frozen site percolation on the triangular lattice, first intro-
duced by Makowiec [7]. We confirm Conjecture 3.1 from Makowiec’ s thesis and further

investigate a related model with a different freezing condition.

1.1 Introduction to Frozen Percolation

We begin by describing the general framework of frozen site percolation on a graph
G = (V,E). Each vertex v € V is assigned a random activation time 7,, where the
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collection (7, ),ey consists of i.i.d. uniformly distributed random variables on the interval
[0, 1]. The system evolves continuously in time ¢ € [0, 1]. Initially, all vertices are vacant.
A vertex v becomes occupied at time T, unless it has a neighbor whose occupied cluster
already satisfies a given freezing condition. Once an occupied cluster meets this condition,
it becomes frozen. A vertex is frozen if it belongs to a frozen cluster or is adjacent to
one; otherwise, it is non-frozen. The frozen status of a vertex is time-dependent; unless
otherwise stated, we evaluate it at time ¢ = 1. In particular, if v is frozen and u is adjacent
to v, then u must either be frozen as well or remain vacant, as it cannot become occupied

without violating the freezing condition.

Let || - || denote the Euclidean norm in R?. The triangular lattice T = (V, E) is defined
by the vertex set

Vz{x—f—ye%iEC:x,yeZ},

where we identify C = R2, and the edge set

E = {{u,v} :u,v € V with |[u —v| = 1}.

Figure 1.1: Triangular lattice.

Let || - || denote the infinity norm with respect to the basis {1,e3'}. Under this

norm, the set of vertices at distance at most /N from the origin forms a parallelogram,
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which we denote by

B(N) = [-N, N] x [-N, N].

We call B(N) the box of size N centered at the origin. For any vertex v € V; we denote

by B(v; N) := v + B(N) the box of size N centered at v.

For integers 1 < n < m, the annulus centered at u € V' with inner radius n and outer

radius m is defined by
A(u;n,m) := B(u;m) \ B(u;n —1).

In particular, we write A(n, m) when the annulus is centered at the origin.

B(v;m) A(u;n,m)

Figure 1.2: Shaded regions illustrate B(v;m) and A(u;n,m) as sets of vertices.

We next define several variants of frozen site percolation on the triangular lattice.
As previously noted, our interest lies in the asymptotic behavior of these processes as the

parameter N — oo.

Diameter Frozen Percolation

For W C V on the triangular lattice, define the diameter by

diam(W) := sup ||u — v||co-
u,veW

3 doi:10.6342/NTU202502255



In diameter frozen site percolation with parameter N on the triangular lattice, an occupied

cluster becomes frozen as soon as its diameter is at least V.

Van den Berg et al. studied the diameter frozen bond percolation with parameter /N on
the binary tree in [ 1 4], showing that, as N — o0, this process converges (in an appropriate
sense) to Aldous’ process in [ 1]. Moreover, in [ | 3], van den Berg et al. showed that on the
square lattice, there exists a uniform lower bound on the probability that the diameter of
the occupied cluster containing the origin lies within the interval (1 — ¢) N and (1 — €')V
for some 0 < ¢ < € < 1. An analogous result holds for the N-parameter diameter frozen

site percolation process on the triangular lattice.

Theorem (Theorem 1.1 in [13]). Let € denote the occupied cluster containing the origin
at time 1 in the diameter frozen bond percolation process with parameter N on the square

lattice. Then for any 0 < € < e <1,
1gninf19>f3, (diam(%y) € (1 —€)N, (1 —€)N)) > 0,
—00

where PX denotes the associated probability measure.

When this event occurs, the origin remains non-frozen at time 1. Therefore, the
probability that the origin is frozen at time 1 is uniformly bounded away from 1. Moreover,
Kiss [5] proved a stronger result, showing that this probability actually tends to zero as

N — oo.

Theorem (Theorem 1.1 in [5]). As N — oo, the probability that the origin belongs to a

frozen cluster in the N-parameter diameter frozen site percolation process tends to zero.
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Volume Frozen Percolation

In volume frozen site percolation on the triangular lattice, an occupied cluster freezes
as soon as it contains at least NV vertices. Van den Berg et al. [16] conjectured that the
probability of the origin being frozen tends to zero as N — oo, analogous to the behavior

in diameter frozen percolation. This conjecture was later confirmed in [15].

Theorem (Theorem 1.1 in [15]). In volume frozen percolation on the triangular lattice

with parameter N > 1,

o : N
PY, (the origin is frozen at time 1) —5 0,

where PY; denotes the associated probability measure.

Both papers examine the non-monotonic behavior of volume frozen percolation,
which arises at certain “exceptional scales” my(N'). The behavior of the process in B(m),
for m = m(NN), differs significantly depending on the choice of m. If m(XN) is close to
my(IN), the probability that the origin is frozen remains bounded away from 0. In con-
trast, if m(N) is far from my(IV), the probability tends to zero as N — oo. This non-
monotonicity makes the analysis of volume frozen percolation and the proof of the above
theorem particularly challenging. Notably, such exceptional scales do not arise in other

frozen percolation models.

Boundary Frozen Percolation

We now define boundary frozen site percolation on the triangular lattice. Fix N > 1,
and consider the subgraph Ty = (Viy, E) induced by the vertex set Viy := B(N) N V.
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For simplicity, we remove from Ey all edges {u, v} such that both endpoints lie on the
inner boundary 0B(N) (see Section 2.1 for the definition of 9B(N)). With slight abuse

of notation, we continue to denote the modified edge set by Ey.

The freezing condition is defined as follows: an occupied cluster freezes as soon as
it intersects the boundary 0 B(V). That is, at time 7, a vertex v becomes occupied unless
one of its neighbors already belongs to a frozen cluster. We denote the corresponding
probability measure by PX. Since the model can be viewed as a finite-range interacting
particle system, the process is well-defined for every N € N, and there exists an associated

probability space (Qn, Fy,PX).

Analogous to the diameter and volume frozen percolation processes, Makowiec [7]
studied the asymptotic behavior of the probability that the origin is frozen at time ¢ = 1

as N — oo. He conjectured the existence of a constant C' > 0 such that

]1Vn>f1 PP¥ (the origin is not frozen at time t = 1) > C.

Moreover, he aimed to show the stronger statement:

PX (the origin is frozen at time t = 1) 230,

In [17], the authors studied a forest fire process on finite subdomains of the triangular
lattice, where ignitions originate at the boundary. Although their setting differs from ours
in that it does not require surrounding vertices of frozen clusters to remain vacant, their
method—Dbased on the existence of deep paths confined within cones of opening angle less
than m—can be adapted. With suitable modifications, we apply this method to establish

the following result.
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Theorem 1.1 (Modified from Theorem 1.1 in[17]). Consider boundary frozen percolation

in B(N) for N > 1. Then

P% (the origin is frozen at time t = 1) pmi )

1.2 A Variant Model

We now consider a different freezing condition: an occupied cluster freezes as soon
as it contains an occupied horizontal or vertical crossing of B(/N) (see Section 2.1 for the
definition of a crossing). We refer to this model as crossing frozen percolation, and denote
the associated probability measure by P§;. As in the boundary frozen percolation, one can

show that the probability that the origin is frozen at time ¢ = 1 tends to zero as N — oo.

Theorem 1.2. Consider crossing frozen percolation in B(N) for N > 1. Then

P (the origin is frozen at time t = 1) g o)) (1.1)
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Chapter 2 Tools from Near-Critical

Percolation

In this chapter, we introduce some basic concepts and tools in percolation theory. We
also provide an overview of both classical and contemporary results that are essential for
analyzing frozen percolation models. Detailed proofs are mostly omitted, with references

to the relevant literature provided instead.

2.1 Notations

Consider the triangular lattice T = (V, E). Let Q = {0,1}" be the sample space,
and consider the o-algebra generated by cylinder sets. For a given p € [0, 1], each vertex
is independently assigned to be occupied with probability p and vacant with probability
1 — p. If a vertex v is occupied, we write w,, = 1; if it is vacant, we write w,, = 0. Thus,

w = (wy)vey € €L represents a (site) percolation configuration.

We write u ~ v if {u,v} € E. A sequence of vertices (vy,vo,...,v,) is called
a (self-avoiding) path if v; ~ v;;; foralli = 1,...,s — 1, and v; # v; forall ¢,5 €
1,...,swithi # j. If g ~ vy, the sequence (vy,vs, ..., vs, v1) is called a circuit. A path

(respectively, circuit) 7 is said to be occupied if every vertex in the path (respectively,
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circuit) is occupied. Conversely, if every vertex in the path (respectively, circuit) is vacant,
then 7 is called a vacant path (respectively, circuit). We say that a path (or circuit) 7 is of

length n if it contains n vertices.

We say that two sets of vertices S; and S, are connected if there exist u € S; and
v € S5 such that there is an occupied path 7 from u to v. We denote this connection
by u < v. If S} = {u}, we write u <> S, instead of {u} <> S5, and similarly when
Sy = {v}. If the path 7 is required to use only vertices from a subset R C V', we denote
this event by {S7 <> Sy in R}. For any vertex v € V, the occupied cluster containing v is
defined as

C)={ueV :u+ v}

For a set of vertices S C V, we denote its complement by S¢ := V' \ S. The outer

boundary 9°*'S of S is defined as

O°"S = {u € S°: there exists v € S such that v ~ u},

and the inner boundary 0SS of S is defined as

0S = {v € S : there exists u € S° such that v ~ u}.

Consider the basis given by 1 and e'™/3. Let 2; < x5 and y; < y, be integers. The
parallelogram

R = [1’171‘2} X [yby?]

is defined as the set of vertices in the convex hull of the corners x ; +ype™B forj, k=1, 2.

For such a parallelogram R, we denote its left, right, top, and bottom inner boundaries by

10 doi:10.6342/NTU202502255



OLR, OrR, Or R, and O R, respectively, each being a part of the inner boundary OR (see

Figure 2.1).

We say that there exists an occupied horizontal crossing in R if the event {0; R <+
OrR in R} occurs, and an occupied vertical crossing if {Or R <+ g R in R} occurs. These
events are denoted by C(R) and Cy (R), respectively. We similarly define vacant cross-

ings, denoted by Cj;(R) and C}(R).

OrR

OpR

Figure 2.1: The parallelogram R and its boundary. The red path illustrates a horizontal
crossing of R.

In the half-plane percolation setting, all the preceding definitions extend naturally by
considering their restriction to the intersection with the chosen half-plane. For instance,

the upper half-plane of the triangular lattice is denoted by Ty = (Vig, Ex), where

VH:{v:vl—Fer%ieV:ngO},

and

Ey = {{u,v} :u,v € Vg, |lu—v| =1}.

Fix 1 < n < m. We define the event that there exists an occupied circuit surrounding

11 doi:10.6342/NTU202502255



B(v;n) and contained in B(v;m) as
O(v;n,m) := {3 an occupied circuit in A(v;n,m)}.
For the vacant case, we also define

O*(v;n,m) := {3 a vacant circuit in A(v;n,m)}.

2.2 Useful Tools in Percolation Theory

In the following, we summarize a selection of fundamental results in percolation

theory that are instrumental for our analysis.

Definition 2.1. Let w,w’ € ). We write w < W' if; for every vertex v € V, we have
wy < wh. An event £ C () is said to be increasing if, for any w € &, it holds that W' € £

whenever W' > w.

Theorem 2.2 (FKG inequality). Let A and B be two increasing events. Then
P,(AN B) > B,(A) B,(B).
Proof. See Theorem 2.4 in [2]. [

On the triangular lattice, we have by duality that, for all n € N,

1

Py (Cu([0.m) x [0.1])) = 5.

1
2

In particular, these crossing probabilities are uniformly bounded from below. The Russo-

Seymour - Welsh (RSW) theorem provides lower bounds for such crossing probabilities

12 doi:10.6342/NTU202502255



in parallelograms. Combined with the FKG inequality, this allows us to establish uniform

bounds for many important structures.

Theorem 2.3 (Russo-Seymour-Welsh). For any k > 2, there exists a constant (k) > 0

such that for all n € N,

Py (Csy ([0, kn] x [0,71])) > 6(k).

1
2

Proof. See Russo [9] and Seymour and Welsh [10]. A modern treatment appears in The-

orem 2 and Corollary 3 of [&]. O

We next describe a standard coupling for percolation. Assign to each vertex v € V/
a random variable 7,, where the collection (7,),cy consists of i.i.d. variables uniformly
distributed on [0, 1]. For any fixed p € [0, 1], we say that v is p-occupied if 7, < p, and

p-vacant otherwise.

Under this coupling, percolation at level p corresponds to declaring all p-occupied

vertices as occupied. The associated probability measure is denoted by P,

We are particularly interested in the probability that the origin is connected to points

arbitrarily far away. This motivates the definition of the percolation probability:

f(p) :== lim P, (0 <> 0B(n)).

n—oo

By construction, 0(p) is a non-decreasing function of p, with §(0) = 0 and (1) = 1. This
function exhibits a phase transition, and the value at which the transition occurs is called

the critical parameter, defined by

pe :=sup{p : 6(p) = 0}.

13 doi:10.6342/NTU202502255



Theorem 2.4. For Bernoulli site percolation on the triangular lattice, the critical paraimn-

eter is given by p. = 1. Moreover, 0(p.) = 0.
g Y 2

Proof. See [3] for the case of bond percolation on Z2. The proof can be adapted with

minor modifications to site percolation on the triangular lattice. U

Next, we introduce the characteristic length, which describes the scale at which per-

colation behavior begins to differ from criticality. For € € (0, %) , define

min{n >1:P,(Cy([0,n] x [0,n])) <€}, ifp< %,
Lc(p) ==

min{n > 1:P, (C{([0,n] x [0,n])) <€}, ifp> %,

and set L, (1) := oo. By duality, L.(p) = L.(1 — p). Moreover, using the coupling, one
2

can show that L.(p) is increasing for p < %, and decreasing for p > %

Theorem 2.5. For any ¢,€' € (O, %) we have

1
Lp) < Lo(p) asp— 3"

Proof. See Corollary 37 in [£]. [
From Theorem 2.5, we fix ¢ = 10~ for convenience, which is sufficiently small, and
omit the subscript € in the notation L(p) in what follows.

Theorem 2.6 (Exponential decay). There exist universal constants cy,cy > 0 such that

forallp < p.andn > 1,

P, (Crr([0,n] x [0,n])) < erem/ M0, .0

14 doi:10.6342/NTU202502255



By duality, the corresponding lower bound holds for p > p.: for alln > 1,

P, (Cx([0,n] x [0,n])) > 1 — ¢cje~c2/ L), (2.2)

Proof. See Lemma 39 in [£]. [

2.3 Arm Events

Arm events play a crucial role in the study of critical and near-critical percolation.
These events concern the existence of multiple disjoint occupied or vacant paths (called
arms) crossing an annulus A(n, N), where n < N. Arm events can be combined to

describe more complex structures.

Let j > 1, and consider a color sequence o = (07, ..., 0;), where each 0; € {o,v}
denotes an occupied or vacant state, respectively. Two sequences are identified if they are

equal up to a cyclic permutation.

Fix j > 1 and a color sequence o = (071, ...,0;). For any two integers n < m, the

j-arm event with color sequence o is defined as

There exist j disjoint paths 7y, ..., 7; from 0B(n) to 0B(m),
Ajs(n,m) =

ordered counterclockwise and colored according to o

In the half-plane setting Ty, we define Af_(n,m) as the event that j disjoint arms,
with colors specified by o, connect 9™ B(n) to 9™ B(m) using only sites in T.

15 doi:10.6342/NTU202502255



We define the following probabilities at criticality:

(A4,ovov (Tl, m)) >

1
2

which correspond to the 1-arm and 4-arm events, respectively. When n = 0, we write

m(m) := m(0,m) and my(m) := m4(0, m).

Similarly, for the upper half-plane Ty, we define
i (n,m) = P (A (n,m)), 7 (n,m) = P (A s (n,m)) .
When n = 0, we write 71} (m) := 7, (0, m) and 7} (m) := 7 (0, m).
Theorem 2.7. Fix j > 1 and o € {o,v}. Then the following results hold:

1. Extendability: For anyp € [0,1] and 1 <n <m < L(p),

P, (Ajo(n,2m)), P, (A (%,m)) <P, (Aj,(n,m)) asp— 3. (2.3)

29

2. Quasi-multiplicativity: For any p € [0,1], if no(j) < n1 < ng < ng < L(p) and

ng > 4ny, then
]P)p (Aj,o' (77,1, 712)) Pp (Ajp(ng, 77,3)) = ]Pp (Aj’o-(nl, ng)) asp — %, (24)

where ny(j) is the smallest nonnegative integer such that A; ,(no(j), N) # 0 for

all N > ng(j).

3. Arm events near criticality: For any p € (0,1) and no(j) < n <m < L(p),

(Ajo(n,m)) asp— % (2.5)

16 doi:10.6342/NTU202502255



Moreover, the same results hold in the half-plane percolation setting.

Proof. See Proposition 12, Proposition 16, Proposition 17, and Theorem 27 in [£]. 4

Theorem 2.8. On the triangular lattice, the following estimates hold:

1.
pe — | L(p)*ma(L(p)) < 1 asp — 3. (2.6)

2.
0(p) < m(L(p)) aspl ;. (2.7)
Proof. See Theorem 2 and (4.5) in [4], or (7.25) and Proposition 34 in [&]. [

Theorem 2.9. Fix j > 1 and a color sequence o (non-constant if 7 > 2). For any

n \ @ito(l)
Py (Ajo(n, N)) = (N> as N — oo, 2.8)
where oy = % and o; = jgl—glforj > 2. We call o the j-arm exponent. In particular,

combining this with Theorem 2.8, we obtain the critical exponents for 6 and L:
2 4o(1
asp— %, and 0(p) = (p— %)36+ . aspls. (29

Proof. These estimates are derived from the relationship between arm events and Schramm-—
Loewner Evolution (SLE) with parameter x = 6. Together with Kesten’s scaling relation
[4], this connection allows one to establish both the existence and exact values of the mul-
tichromatic arm exponents. See Theorem 1.1 in [6] and Theorem 4 in [12] for further
details. [
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Theorem 2.10. Fix j > 1 and a color sequence o (non-constant if j >'2). For any
n, N > no(j),

n \ Bi+o(1)
) as N — o0, (2.10)

Py (A7 (n,N)) = (N

where 3; = j(jTH) for j > 1. We call B; the half-plane j-arm exponent.

Proof. See Theorem 3 in [12]. Il
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Chapter 3 Proofs of Main Results

In this chapter, we prove Theorems 1.1 and 1.2.

For Theorem 1.1, although the model in [17] also stops clusters from growing once
they touch the boundary, it does not require the outer boundary of a frozen cluster to
remain vacant. This difference is minor, and the methods from [17] can still be applied
with only small modifications. The proof of Theorem 1.1 can likewise be adjusted, with

minor modifications, to establish Theorem 1.2.

3.1 Some Preliminaries

Fixa € (0,%]and N > 1. Forany v € 9B(N), let C'®)(v) denote the intersection of
B(N) with the closed cone of opening angle 2«, apex at v, and is directed inward within

B(N). For 0 < n < m, the truncated cone is given by
C(v;n,m) == C(v) N A(v;n,m).

We similarly define the 1-arm event, denoted by A, (C(O‘) (v;n, m)), as the event that
there exists an occupied path in C'®(v;n,m) connecting C®)(v;n, m) N dB(v;n) to
C@(v;n,m) N AB(v;m). In the case n = 0, we take B(v;0) to be {v}.
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Figure 3.1: The region C'® (w;n,m) and the event A; (C*)(v;n, m))

Let 0 < n < m < N, and suppose that v € 0B(N) lies at distance at least 2m from
any corner of B(N). Under this assumption, the truncated cone region C(® (v; n, m) does
not intersect the boundary of B(N). We define the 1-arm probabilities at criticality in the

cone region by

@ (m) = P1 (A (COv;0,m))), and m"(n,m) =Pi (A, (C(v;n,m))).

1 1
2 2

By translation invariance, these definitions are well-defined. Furthermore, the 1-arm prob-

2 ¢e

abilities in cones satisfy analogues of the “extendability,” “quasi-multiplicativity,” and

“l-arm exponent” properties known from the full-plane setting.

Theorem 3.1. Let o € (O, %] Then the following estimates hold:

1. There exist constants c1,co > 0 (depending on ) such that for all 0 < r < R,

a7 R) < 7 2R), 7l (g,R) < e m(r, R). 3.1)

2. There exist constants c3,cy > 0 (depending on o) such that forall)0 <r < s < R
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with s > 4r,

s (r, R) < 7i(r, 8) 7\ (s, R) < ey m\®(r, R), 3.2)

3. Foranyae( ) define

Ko 1= —. (3.3)

Then, for any n > 0, there exist constants cs,cg > 0 (depending on o and 1) such

that forall 1 <r < R,
r\ Katn (@) r\ Ka—"N
cs (—) <m(rR)<c (—) . (3.4)

Proof. The first two assertions follow from the Russo—Seymour—Welsh theorem and the
FKG inequality. The third is a consequence of the conformal invariance of critical perco-

lation in the scaling limit [11]. Il
Givenm > 1 and v € 0B(N), we define

= {7, € [0,p.] and A;(C (™/2)(v;1,m)) occurs at time o}

/ Y /

v

Figure 3.2: A configuration illustrating the event F,,(v) occurring at time 7,

Given p € [0, 1], we define F,, to be the set of all vertices w € B(NN) such that there
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exists a p-occupied path from w to 9B (V). Moreover, we define L as the collection of

all vertices v € OB(N) satisfying

o= 2] =

N
3 forall z € {(£N,+N)}.

That is, £ consists of the boundary vertices that are not too close to the corners of B(V).

Figure 3.3: Illustration of the set L.
Lemma 3.2. Let ) > 0 and N € N. There exists a constant ¢(n) > 0 such that for any
1 <n <% andanyv € B(N),

P& (Fo(v)) < c(n)n™ 1247, (3.5)

Proof. Without loss of generality, we may embed B(NV) into the upper half-plane Ty by
applying translation, rotation, and reflection as needed, so that the vertex v is mapped to

the origin and B(N) lies within Ty (see Figure 3.4).

image of B(N)

the ()'rigin Ty

Figure 3.4: The embedding of B(V) in Ty

Let 7o denote the 7-value of the origin in the upper half-plane Ty. We define the
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event

E, = {70 €10, p.], and Afo(O, n) occurs at time 7o } .

Then, by the embedding, for any v € B(N)and 1 <n < ¥,

Pﬁ(Fn(v)) < P(Fn)a

where [P denotes the percolation probability on Ty. It thus suffices to show that

P(F,) < c(n)n~ 1277,

Assume, without loss of generality, that n is large enough so that p. — d > %pc, and

select & > 0 such that L(p. — ) = n. Define J > 0 to be the integer for which

pe — 27716 < %pc < p.—276.

We partition the event {7 € [0, p.)} into the subevents

{10 € [pe = 6,p.)}, {10 €[0,p. —27719)}, and {7p € [p. — 2716, p. — 296)}

for 0 < j < J. Then we consider the sum of the upper bounds of the probabilities of F),

over these events.

* For 79 € [p. — 6, p.), since L(1o) > n, we can use the following upper bound:
P ({ro € [pc — &, p.)} N {at time p., A{,(1,n) occurs}) < o (1,n).

* If 7o € (0,p. — 2771§), then using Theorem 2.6, the FKG inequality, and the RSW
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theorem, we obtain:

3
P ({70 € (0,p. — 27710)} N {at time 2p,, A" (1,n) occurs}) < ppcye” =" P,

* Foran arbitrary 0 < j < J,if 19 € (p.—27716, p.—276), then we use the following

bound:

P ({70 € (p. — 27'6,p. — 2/6)} N {at time p. — 26, A{ (1,n) occurs})
S ]P) (TO € (pc - 2j+157 Pec — 2]5))
x IP (at time p,, A{,(1, L(p. — 27"'6)) occurs)

x PP (at time p. — 270, A{',(L(p. — 270),n) occurs)

< 2157 (1, L(p. — 27716)) Cle—CQn/L(pc_gjg).

Here, the constants ¢, co > 0 are independent of n and ;.

Next, for any 1 < j < J, we analyze the behavior of L(p) using equation (2.6):

Lm—?®X(5m@%—®));
L(p. — 0) 215m4(L(p. — 290))

%<}§xﬁ332%>§

I
b

(3.6)

N

N

27% <7T4(L(pc - 2j5)7 L(pc - 5)))

- . <L(pc _ 2]6))%(2-1-0(1))
L(pc - (S)

(quasi-multiplicativity)

N

(since ay = 2),

which implies:

L(pc—2j5) _Ji\_8
TP 7 20)  (9h) 5o,
Lo ~ 27

Therefore, for any n > 0, there exist constants ¢, = ¢} (), ¢y = c4(n) > 0 such that
yn 1 1 2 2
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forany 1 <5 < J,

¢ (2)75 M < Lip, — 296) < &y(27) 3. (3.7)

We now estimate the total probability by summing over all subevents:

n 3
P(Fn) < 571'?(1, TL) + pe ClechH/L(ch)
3 | (3:8)
+ ) 7 (1, L(p. — 2j+15)) cie~ 2 Lpe—20)

=0

To bound 7 (1, L(p. — 27%1§)), we apply quasi-multiplicativity and the exponent
61:%. Forj € {0,...,J},

WT(L L(pc B 6)) < cg(2j+1)%+"7rf(n),

F(1, L(p. — 27719)) < ~
™ ( ’ (pC )) - 037'[‘;_([/(]?0 - 2]+16)7L(p0 - 6)) B

x for some constants cs, ¢y = c5(n).

By (3.7), we also have:

1 105y R —n
e*CQ'ﬂ/L(p672](S) < e~ (27)3

)

for some ¢ = ¢4 (n) > 0.

Since n = L(p. — 8) = 6-37°1)_ we obtain § = n~17°(W). Using (2.10), there exist

constants ¢y, c5 > 0 depending only on 7 such that:

|
=
+
NS
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Substituting these into (3.8) yields:

VK]
|
ol
+
(SIS
|
[
Sl
+
3

PY(F,(v)) < P(F,) <cn”it (3.9)

Il
o
S

]

Definition 3.3. Fix N > 1. Fora € (%,%) and § < &, we say that v € OB(N) is an

(cv, 0 N)-cone site if the following conditions hold:

1. ve EN.
2. Fp, NOMC (v;1,6N) = ().
3. A (C(O‘)(v; 1, (5N)) occurs at time p. and T, € (p., %)

4. Writing wy,wy € OB(N) for the two neighbors of v, we have Ty, , Ty, > T

We write Coney (a, 0 N) for the set of all (o, 6N )-cone sites in OB(N ).

The restriction § < % ensures that for any two distinct vertices v, v’ € Ly on different
sides of 9B(N), we have B(v; 0N) N B(v'; 0N) = 0. In fact, 55 can be replaced by any

sufficiently small positive constant.

1

Lemma 3.4. Let o € (%, %) and § € (O, E)‘ Then there exist constants cy,co > 0,

depending only on «, such that for all N > 1 and v,v" € Ly,

)

o™ (6N) < PB (v € Coney(a, 5N)) < =7l (5N).

N | —

(ii)
P2 (v,v' € Coney(a,6N)) < com™ (6N) - 7 (|lv = v'|| ASN).
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Proof. Without loss of generality, we assume that /V is sufficiently large. For part (i), the

upper bound follows by considering only condition (3) in Definition 3.3:

1
PZ (v € Coney(a,6N)) < = - m™(1,6N) = §w§°‘>(5N).

1
4

To obtain the lower bound, consider the event that all vertices v' € dB(N)\ {v} with
|v—'|| < dy are 3-vacant, where dy > 1 is to be chosen later. This event has probability
(3)?®. Under this condition and 7, € (p, 2), the cluster 7, cannot reach within distance

do + 1 of v.
Let v’ € OB(N) with ||v — /|| = k& > dy + 1. We distinguish two cases:
 If v and ¢’ lie on the same side of OB(V), then any p.-occupied path from v’ to
9°UC(@)(v; 1, 6 N) must have length at least k cos a.

* If v and ¢’ lie on different sides, then any such path must be of length at least 0 NV

since the shortest connection between sides is on the order of the box size.

Define

No p.-occupied path connects 9°'C(™ (v; 1,0V

Edo =
to any v’ € 0B(N) with ||[v — /|| > dy + 1

Using Lemma 3.2 and a union bound, we obtain

PR(Eg,) <2 Z (kcosa) 27 4 6N - ¢(AN) 12+ < ———
k=do+1 (do)m n

for some constant C' = C'(«, ) > 0 and all sufficiently large N .

We now choose 1) = i and then fix d; large enough so that the right-hand side of the
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previous inequality is at most . Then PX(Ey,,) > 1. Since the events

Eg, {7 € (@3}, and A (C(v;1,6N))

are mutually independent, we have

P% (v € Coney(a,dN)) > PR (Egy N {7, € (b, 2)} N AL(C* (05 1,6N)))
= IEDﬁ(fado) ’ ]P)ﬁ (Tv S (pca %)) ) ﬂ-ga)(la 5N)

>1- () m7(1L0N) = (1) AV 6N,

N[ =

as claimed.

For part (ii), let d = ||[v — v'||. If d > 26N sin a, then the cones C(*)(v; 1, 6N) and
C@(v';1,0N) are disjoint, and hence the corresponding 1-arm events are independent.

Therefore,

< P (v € Coney(a,dN)) x P¥ (v' € Coney(a, 6N))
2
( 1,5N))
4

(r6m)

P? (v,v" € Coney(a,6N)) <

IN

IN

If instead d < 20N sin o, then the annuli

C (v;1,9), € (v;1,4), C“(v;4,6N)

are disjoint, and the corresponding 1-arm events occur simultaneously at time p.. By the
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quasi-multiplicativity property,

PR (v, € Cone(a, 6N)) < PR (A (151, 9) ) - PR (41 (¢1.9))
PR (AL (134,6N))
< (w7 (19) il (403)

< m®(ON) - 7™ (d),

for some constant ¢, = ¢, (a) > 0. Taking ¢, = max{4, ¢,(«)} completes the proof.

The following estimate will be useful for the proof of Lemma 3.6:

Lemma 3.5. For any o € (%, %) and any n > 1, there exists a constant C' = C(«) > 0
such that

(7r§®(k,n)>_1 < Cn. (3.10)

k=

—_

Proof. Fix a € (%, 7). By equation (3.3), we have

T
w=—<1.
" §%e"

Choose n = n(«) > 0 such that k, + 27 = 1. Then, by equation (3.4), there exists a

constant ¢; = ¢;(«) > O such that forall 1 < k < n,

N k Ko7 k 1-n
T (k,n) > ¢ (E) = (g) -

Taking reciprocals and summing, we obtain

n

—1 1 n 1
Z <7r§°“)(k7n)> = anl—n Z EU < C—lnl_” ceonl = C_2n,

c
k=1 k=1 1
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for some constant c; = co(a) > 0, where the second inequality follows from a Riemann

sum approximation. This completes the proof.

O

Lemma 3.6. Fix a € (%, g) and § € (O, 1—10) Foreach N > 1, let Vy = V]S;"S denote
the number of (a, 0N )-cone sites. Then for any nn > 0, there exist positive constants

1, Ca, c3 > 0 depending on o and ) such that for all sufficiently large N,
P (vN > clNﬂo‘)(éN)) > 1= e,N - (SN) B — 0.
Proof. By Lemma 3.4, there exists a constant ¢ = ¢(«) > 0 such that

ERVy > eN7l®(6N). (3.11)

We define a localized variant Iy (v) of the event Iy(v) := {v € Coney(a,dN)},
which depends on the parameters a and 9, by restricting attention to paths contained within

the region

Ry s(v) := B(v;dN) N B(N).

In particular, we replace the condition F,,, N 9°“C®)(v; 1, N) = () in Definition 3.3 with
the localized condition 7, (v) N 9*C(®(v;1,0N) = 0, where F,_(v) denotes the set of
vertices u € B(N) for which there exists a p.-occupied path from u to OB(N) entirely

contained within Ry s(v). (See Figure 3.5.)
Let Vi denote the number of vertices v for which the localized event I, ~(v) occurs.

Since Iy (v) C In(v), it follows that

VN > V.
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Consequently, if I; ~(v) occurs but I (v) does not, then there exists no p.-occupied pathy

within Ry s(v) connecting some boundary vertex v € dB(N) to 0°'CY (v; 1, 6V).

B(v;dN)

Figure 3.5: The event Iy (v) occurs if no vertex o € dB(N) N B(v; §N) is connected to
C™(v;1,0N) by a p.-occupied path that is entirely contained within the region Ry (v).

We distinguish between two cases. If |[v — v'|| > 26N, then  must have length at
least <54 N to intersect both v’ and 0o C'® (v; 1,6N). If instead ||v — v/|| < 16N, then
~ must exit Ry s(v), implying that it connects v’ to a vertex at distance at least */TgéN :
Hence, by applying Lemma 3.2, there exist constants ¢, co > 0, depending only on - and

1, such that

ON cos o

PE(Vy # Vi) < &N - ( 5

_ﬁ+77 13
) < N - (ON) 12t
We now estimate the variance of Viy. For all v, v’ € Ly satisfying |Jv — v'|| > 26N,
the associated events I (v) and Iy (v') are independent. This yields the following upper
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bound:

Var(VN) = Z Z COV(JZN(U),[NN(U/))

vELN VELN

< Z Z Pz (fN(v) N fN(v’))
veLn |/ —v]| 26N

20N
Wl sNY - 7 (d A SN)  (by Lemma 3.4)

M
¥

veLy d=0
[ 6N 20N
= 2D AN A @+ Y c<”7r§“><<w>2]
vELN Ld=0 d=6N+1
- _

-1
< Z 2 20(2)7r§a)(5]\f)2- (ﬂa)(d, 5N)> —|—c(1)5N7r§a)(5N)2

ON
<8N -2 )2 ( (d,6N) ) OFN7T@ (GNY?
d=0

where we applied the quasi-multiplicativity property (2.4) in the fifth line. All constants
D = cW(a) > 0, fori = 1,...,4, depend only on o. Moreover, since the proof of
Lemma 3.4 does not rely on condition 2 of Definition 3.3, the same argument applies to

the events I (-) without modification.

Applying Chebyshev’s inequality, together with the first-moment estimate (3.11) and

the fact that f/N > Vy, we conclude that

B 4Var(Vy)
<CN7T£Q) (5N)>

PR (VN > gNﬂa)(aN)) > 1 > > 1— 36,

for some constant c3 = c3(a) > 0. Setting ¢, := §, we deduce

P (vN > ¢, N7l® (5N)) >1— NON) B — ey,
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which completes the proof.

Lemma 3.7. Forall § € (O, %) we have:

forall > 3(1—35), PR (F, .n-sNBN - N £0) =50, (3.12)

Proof. Fix § € (0, %) Following the same reasoning as in the proof of Lemma 3.2,

we obtain a bound analogous to (3.5). For each n > 0, the probability that there exists

a (p. + N=%)-occupied path beginning at some vertex v € JB(N) and extending to a

distance of at least N1~ is at most

n
2

(N1—5)—%+3 _ (N1—5)—%+ ’

for all sufficiently large N. Since 8 > 3(1 — §), we have
L(pe + NF) = Nibto) 5 N1,
Applying a union bound yields
(3.13)

P (Fowes BN = N170) 20) < e+ (V170) 787,

we may choose n > 0 sufficiently small so that the bound in (3.13) tends to
O

: 1
Since § < 13,

zero as N — oo, completing the proof.

3.2 Proof of Theorem 1.1

In this section, we prove Theorem 1.1.
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We aim to show that for any ¢ > 0,
P¥ (the origin is frozen at time t = 1) < ¢

for all sufficiently large N. Fix § € (0, %) and 3 € (%(1 —9), %) Set p 1= p. + NP,
and define

B = {fgm B(N — N'=%) = @} _
By Lemma 3.7, there exists N; € N such that for all N > Ny,

PE(E)>1— g (3.14)

Let 3’ € (j3,2). Consider the event
Ey = {at time p, O <O;N — N¥/B N — N1_5> occurs}.

Using (2.9), we have L(p) = N3/ <« N5% as N — oo, so by (2.2), there exists

Ny € N such that for all N > Ns,

PE(E,) > 1 — % (3.15)

We now assume that both events F; and E5 occur, and we denote by O an occupied

circuit as specified in the definition of Fj.

We set o = 2 /(1 4 6), s0 by (3.3), we have o{*) = $(1+9). Define

Es = {the number of («v, 6 N)-cone sites is at least N%"s} :
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Applying Lemma 3.6 with the specific choice n = i, there exists N3 € N such that for

all N Z Ng,

PR(Es) > 1 - (3.16)

€
3
Assuming that the event £; N Ey N E3 occurs, we make the following observations:

(a) Since 6N cosax > N = for all sufficiently large N, each (a, dN)-cone site v has a
neighbor w € B(N) \ 0B(N) such that there exists a p.-occupied path from w to the

circuit O.

(b) Allsuch (, §N)-cone sites are p-vacant. Indeed, suppose this were not the case: then

there would exist a cone site v with 7, € (p., p). This would imply the existence of a

p-occupied path from v to 9B(N — N'~°), contradicting the event F;.

(c) Letp:=p,+ N~ 5+% > p, and define the event
E, := {there exists at least one («, 6 V)-cone site with 7-value in (p., D)} .
Since there are at least N'3~% cone sites, there exists NV, € N such that forall N > N,

PR (Ey | ELNEyNEs) > 1 — (3.17)

ot &

If E; occurs and v is a cone site satisfying the condition, then by observation (a),

either:

» v becomes occupied at time 7, and causes the circuit O to freeze, or

* before time 7, the occupied cluster containing w and O has already frozen, so
that v remains vacant at time 1.
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In either case, the circuit O is frozen.

Finally, define

E5 = {at time p, O* (O;O, %) occurs}.

Since

L(p) = N5 5+ « N as N — oo,

there exists V5 € N such that for all N > Nj,

Py (Es) =1 —P¥ ({attime p, A1, (0,%) occurs})
> 1—P% (attime p, Ay, (0, L(p)) occurs)
(3.18)
> 1 — 4e e~ 2N/CEP) by (2.1))

>1—

ot M

5

If () E; occurs, then the origin is not frozen at time ¢ = 1. Hence, for all
i=1

N > Ny := max N;,

1<i<5

we have

PPY (the origin is not frozen at time t = 1) > 1 — ¢,

which completes the proof.
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B(N — N*'/3)

B(N — N'-9) {

5
Figure 3.6: Illustration of the event (| E; occurring. The color red indicates time p,

i=1 -
and green indicates p. Solid lines represent occupied paths, while dashed lines represent
vacant paths.

B(N)

3.3 Proof of Theorem 1.2

In this section, we highlight the modifications to Theorem 1.1 needed to prove The-

orem 1.2. The remaining arguments follow directly from the proof of Theorem 1.1.

It suffices to show that for any € > 0,

P (the origin is frozen at time t = 1) < ¢

for all sufficiently large V. We consider the same events E! = E;, i = 1,2, 5, as before,
and note that for: = 1,2, 5,

PS(E) > 1 - (3.19)

ot ™

for all sufficiently large V. We also denote by O’ an occupied circuit in EY,.

Next, let Vi, V2, Vi, Vi denote the number of (a, §NV)-cone sites along the four
sides of 9B(N). By symmetry, the variables Vi, i = 1,2, 3, 4, are identically distributed.
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Using the same argument as in the proof of Lemma 3.6, we can apply it to'the modified
quantity V.. Then for each n > 0, there exist constants ¢y, c2, c3 > 0, depending only on

« and 7, such that for all sufficiently large V,

P (vﬁ > clNﬂ"‘)(cSN)) > 1 NON) B — ¢y,

We take the same values & = £ /(1 + 6) and ) = 55, and define

Ej = {on each side of B(NN), the number of («, 6 N)-cone sites > N%‘;} :

We obtain that

PS5 (E3) > 1 - (3.20)

ot ™

for all sufficiently large V.

Similar to observations (a) and (b) in Section 3.2, the same conclusions hold for

crossing frozen percolation. Therefore, we define
E} := {on each side of 9B(NN), at least one of these cone sites is p-occupied} .
Assuming that F| N EY, N EY occurs, we obtain the analogue of (3.17):

PS (B, | E{NE,NELY) >1— (3.21)

<
5

for all sufficiently large N. As in observation (c) of Section 3.2, this implies that O’ is

frozen.
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5
Finally, if (] E] occurs, then the origin is not frozen at time ¢ = 1. Hence,
i=1

IP’% (the origin is not frozen attimet = 1) > 1 —¢

for all sufficiently large /V, which completes the proof.

Remark 3.8. Crossing boundary frozen percolation can be regarded as a special case of
a more general freezing rule, in which an occupied cluster freezes upon containing two
boundary vertices. Using the same arguments, similar results hold for any k£ € N, under

the condition that a cluster freezes once it contains k£ boundary vertices.
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