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Abstract

This thesis explores the existence and uniqueness of geometric flows on noncompact

manifolds, focusing on Ricci flow, curve shortening flow, and Yamabe flow.

In Chapter II, we study the property of Ricci flow with symmetry. We confirm Killing
field preservation under curvature decay [Rm(g(t))| < ¢/t with additional conditions
(Theorems 1, 2), where the uniqueness problem of Ricci flow remains open in this scenario
(Recently it has been solved by Man-Chun Lee [ ]). We also establish the short-
time existence for Ricci flow from a complete, rotationally symmetric metric with a non-

decreasing warped function, without imposing curvature conditions (Theorem 3).

In Chapter III, we prove the uniqueness of graphical curve shortening flow on R?

for LYR) n C2_(R\K) initial data with fast decay at infinity (Theorem 7). While the

loc

existence results for the rough initial data are known, uniqueness has been established

p>1
loc

only for £}~ (R) data. Our work provides some affirmative evidence when p = 1.

In Chapter IV, we prove a gap theorem for complete locally conformally flat mani-
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folds with nonnegative Ricci curvature (Theorem 8) by investigating the long-time solu-

tion of Yamabe flow under nonnegative Ricci curvature without assuming bounded cur-

vature on the initial metric (Theorem 13).

Keywords: open manifold, Ricci flow, curve shortening flow, Yamabe flow, gap theo-

rm
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Chapter I Introduction

Geometric flows are a fundamental theme in geometric analysis. Intuitively, they are
heat-type equations that deform geometric structures, often increasing their symmetry.

This concept has led to significant breakthroughs in geometry.

For instance, in the intrinsic geometry, Ricci flow has been a powerful tool in revis-
iting the uniformization theorem [ ], establishing the Poincaré conjecture [ ,
, ], and proving the differentiable sphere theorem [ ], etc. Another im-
portant intrinsic geometric flow is the Yamabe flow, which evolves a metric in the direction
of the gradient of the normalized £2-norm of scalar curvature. The Yamabe flow is ex-
pected to deform a given metric into one that is conformal to the original and has constant
scalar curvature, thereby resolving the Yamabe problem [ , ]. In extrinsic ge-
ometry, the mean curvature flow and curve shortening flow (the one-dimensional mean
curvature flow) play a significant role in understanding the structure of submanifolds,
particularly in studying the geometry of convex hypersurfaces [ , ]. One no-
table geometric application is the proof of the famous three geodesics theorem, which was

established using the curve shortening flow [ ].

A natural question that arises in the study of geometric flows is: Why does the flow

exist? Namely, given an initial metric (or submanifold), why should we expect the ex-
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istence of a solution to these geometric flows, given an initial metric or submanifold?
Furthermore, why is this solution unique? In the case of a closed manifold (or closed
submanifold), the well-posedness follows from the well-posedness of uniform parabolic
equations. It is important to note that even though the Ricci flow is not initially a strongly
parabolic equation, by applying the De-Turck trick | ], the equation becomes equiv-
alent to a strongly parabolic equation. However, things become more challenging and
complex in the non-compact setting. To date, both existence and uniqueness are unclear in
the complete non-compact setting. A fundamental and remarkable short-time existence of
Ricci flow [ ] was proven by W.-X. Shi assuming complete and bounded curvature
assumption, and a similar result holds for Yamabe flow [ ]. So far, the exploration of
existence without assuming bounded curvature has been incomplete, some partial progress
appears under the condition on curvature lower bound [ , , ]. Same
for the uniqueness problem, there are few results on the uniqueness of Geometric flow in

the complete non-compact setting [ , , , s ].

This thesis mainly discusses the existence and uniqueness of geometric flow on
noncompact manifold, including the Ricci flow, curve shortening flow, and Yamabe flow.

We divide it into three chapters according to three different geometric flows.

In Chapter II, we focus on two matters in Ricci flow: Preservation of Killing vector
field along Ricci flow and Existence of Ricci flow from the rotationally symmetric metric
on R™*1, The first is a direct consequence of the uniqueness of Ricci flow, and related to
the uniqueness under some symmetric assumption | ]. We confirm this property under
the curvature decayed [Rm(g(t))| < ¢/t on M™ x (0, T'] with some additional conditions
(Theorem 1, 2), where uniqueness in this setting remains open until very recently [ ].

The second is a short-time existence of Ricci flow starting from a complete and rotation-

2 doi:10.6342/NTU202500973


http://dx.doi.org/10.6342/NTU202500973

ally symmetric metric on R"*! with non-decreasing warped function (Theorem 3).
More precisely, a rotationally symmetric metric g on R™™! means outside the origin, g
can be viewed as a warped of R* x ; S™ for some smooth function f : R* — R*. Our
existing result only requires f to be non-decreasing and smooth (in the sense of metric) at

the origin, which doesn’t impose any curvature condition on g.

In Chapter II1, we prove the uniqueness of graphical curve shortening flow on R? for
LY(R)nC (R\K)-initial data assuming fast decayed near infinity (Theorem 7). Notably,
the existence of the graphical curve shortening flow had been developed for rough initial
data [ , ]. Unlike the existence, the full picture of uniqueness is only known for
Lr >1(]R)—ini‘[ial data [ , ], and our result provides an affirmative evidence on

loc

the uniqueness for £ _(R)-initial data.

In Chapter IV, we prove a gap theorem for complete and locally conformally flat
manifold with nonnegative Ricci curvature (Theorem 8). Inspired by some previous works
[ , ], we intend to investigate a long-time Yamabe flow starting from the given
metric that preserves nonnegative Ricci condition and has bounded curvature on the time
interval [a, 20) < (0, 0) for all @ > 0. Here, the difficulty is to establish the long-time so-
lution of Yamabe flow without assuming bounded curvature (Theorem 13). To overcome
this problem, we adopt a similar idea in Ricci flow [ ], using heat kernel estimates and

a small average scalar curvature condition to derive a priori curvature estimates (Lemma

20).
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Chapter I Rotationally symmetry

and Ricci flow

II.1 Introduction

Given a smooth manifold without boundary M", a Ricci flow is a family of smooth
Riemannian metrics (g(t)));e; satisfying

% (1) = —2Ric(g(t)). (IL1)

on M" x I, where I — R is some interval. This concept was first introduced by R. Hamil-
ton [ ]in 1983 and he proved that a closed 3-manifold with positive Ricci curvature
is diffeomorphic to a spherical space form by evolving the Ricci flow from the given met-
ric. Following Hamilton’s work, geometers developed many deep connections between
geometry and topology using the Ricci flow. The most famous and celebrated work is
the Poincaré conjecture, which G. Perelman proved in 2002 through his groundbreaking

works on the Ricci flow [ , , ].

On the closed manifold, the existence and uniqueness of a Ricci flow solution with a
given initial metric were first established by R. Hamilton [ ] using the Nash-Moser
iteration method. Later, D. Deturck [ ] provided another approach using the “’fixed
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gauge method,” which simplified the original Hamilton’s proof. As a result, these funda-
mental properties are well understood in the compact setting. However, those properties

only progress partially in the non-compact setup.

The first existence result in the complete non-compact setting was established by W.-
X. Shi [ ]in 1989, under an additional assumption that the initial metric has bounded
curvature assumption. In recent years, some recent results have removed the bounded
curvature assumption; instead, they assumed some curvature lower bounds, for instance,
[ , ], etc. A remarkable achievement in 2D is the construction of instantaneously
complete Ricci flow starting from rough initial data. This was first established by G. Giesen

and P. Topping [ ] and later extended by P. Topping and H. Yin [ ].

For the uniqueness property of Ricci flow, the first result in the non-compact setting is
due to B.-L. Chen and X.-P. Zhu [ , Theorem 1.1.] in 2006, with the extra assumption
that the curvature is bounded on the whole spacetime. Their main idea is to build up the
Harmonic heat flow coupling with Ricci flow and use this to conclude the uniqueness,
which is not that straightforward as well. In the two-dimensional case, P. Topping [ ,
Theorem 1.1.] confirmed the uniqueness problem without any further conditions. The
proof heavily relied on the fact that the Ricci flow in 2D can be viewed as the logarithmic
heat equation in isothermal coordinates, a property specific to 2D. In the past decade,
several uniqueness results have been established under conditions on curvature decay,
IRm(g(t))|g) < c/t, along with either uniform metric condition ¢ 'gy < g(t) < cgo
on M" x (0,7T] for some ¢ > 1, or a polynomial growth bound of g(0) on M", see
[ , Theorem 1.3.], [ , Theorem 1.2.] and [ ]. These results are inspired by
[ ], which introduced a new energy approach analogous to the classical proof of the

uniqueness of the heat equation of exponential to quadratic growth. In March 2025, M.-C.
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Lee resolved the uniqueness problem of Ricci flow under the scaling invariant estimate

using the local harmonic map heat flow method [ ].

Our first result concerns whether the property of being a Killing vector field is pre-
served under Ricci flow. This follows directly from the uniqueness of Ricci flow. Indeed,
given anisometry F' : (M", go) — (M", go) and a solution of Ricci flow (M", g(t))se(o,1]
with g(0) = go, (M", F*g(t))sejo,r] is also a solution of Ricci flow with F*g(0) = go.
Therefore, F' remains an isometry on (M™, g(t)) for all t € [0,7]. Since the flow of a
Killing vector field forms a one-parameter subgroup of isometries, it follows from the
above discussion that the property of being a Killing vector field is preserved under Ricci

flow, provided the solution of Ricci flow is unique.

Inspired by the work in [ , Section 1.2.], they used an alternative approach, which
didn’t require the uniqueness result of Ricci flow, to prove that, if the complete Ricci flow
(M™, g(t))sefo,r) has bounded curvature on the entire space-time M" x [0, 77, then any
bounded Killing vector field w.r.t. g(0) remains a bounded Killing vector field w.r.t. g(t)
forallt € [0, T]. The first result of this paper continues their idea and replaces the bounded

curvature condition with a weaker condition

| Rm(g(t))]g) < 7 (I1.2)

+1 O

on M™ x (0,7] for some ¢ > 0. As we discussed before, the uniqueness of Ricci flow
had been established by Lee in 2025, but our results were completed during my first year
of master’s degree, which is earlier than that paper, and we adopted a different method.

Thereby, we still present the results in this thesis.
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Theorem 1. Let (M™, g(t))w[0,r) be a complete Ricci flow with the interior estimate

IRm(g(?))| < -, (IL3)

1O

on M" x (0,T]. Suppose that X, is a bounded Killing vector field on (M™, g(0)), then

Xj is also a bounded Killing vector field on (M™, g(t)) for all t € [0, T].

Suppose we allow the exponential growth of the Killing vector field X,. In contrast
to the bounded case, we prove the same result as in Theorem 1 but with additional assump-
tions, which ensure the upper bound of the backward heat kernel, referring to Proposition

2 for the complete statement.

Theorem 2. Let (M", g(t))¢c[o,r] be a complete Ricci flow with the following conditions:

r

[Rm(g(1))| < §

t)

on M" x (0,T];

inj, (%) = /L, forall (z,t) € M" x (0,];
< (IL.4)

scal(x,0) > K, on M";

Vol oy (Byo) (2, 7)) < vor™e™™, forallz € M™and r > 0,

for some constants ¢, L,vy > 0 and K € R. Suppose that X is a Killing vector field
w.rt. ¢(0) and is with exponential growth, i.e., there is a point p € M™ and constants

A, B e R e € (0, 1] such that

| Xol20) () < exp(Ado(z,p)*" " + B), (IL.5)

for all z € M". Then X is also a Killing vector field w.r.t. g(¢) with exponential growth.

Remark 1. In fact, by the volume comparison theorem, assuming Ric(z,0) > K implies

8 doi:10.6342/NTU202500973
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the conditions scal(x,0) > K and Volyg)(By)(z,7)) = vor"e’” for all z € M" and

r > 0.

At first glance, the assumption (II.4) does not seem natural to require. However, most
of the results of existence guarantee these conditions. In practice, if (M™, g) is a complete
manifold such that

Rm(g)) + aoZ € Cpic:
(IL6)

Vol,(B,(p,1)) = vy >0 forall pe M",

for some constants o € (0, 1] and vy > 0, then by [ , Corollary 1.2. and Lemma

3.4.], there exists a Ricci flow (M", g(t))tefo,r) With g(0) = g satisfying (IL.4).

Our second result investigates the existence of rotationally symmetric Ricci flows
starting from a rotationally symmetric metric with a non-decreasing warping function.
Intuitively, the increasing warped function ensures no minimal hypersphere, preventing
the neck singularity from happening under Ricci flow. According to this observation, we

prove the following.

Theorem 3. Let (R"™! g := ds® + f(s)?gqq) be a complete and rotationally symmetric

manifold. Suppose that f,(s) > 0onR™". Then there exist two constants A(n, | (Is|<4}) >

Oand T'(n, g| (Is)<4}) > 0and a complete and rotationally symmetric Ricci flow (R™, g(t)),. 0.7]

starting from ¢ such that

| >

[Rm(g(t))] < (L7)

on R™1 x (0, 7).

It is worth noting that our result does not require any curvature conditions. Conse-

quently, this theorem allows us to construct examples of Ricci flows in higher dimensions
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that originate from spaces with unbounded curvature on both sides.

Let’s outline the structure of this chapter. In sections I1.2 and I1.3, we focus on the
proof of Theorem 1 and 2, respectively. In section I1.4, we discuss some elementary
properties of the complete and rotationally symmetric metric on R"*1. In section ILS5,
we complete the proof of Theorem 3. Finally, in section 11.6, we establish a uniform

x-noncollapsed property for the complete and rotationally symmetric Ricci flow on R™ 1,

I1.2 Proof of Theorem 1

Let’s first explain our strategy. The first step is to construct a solution X € C*(M" x
[0, 77]) such that

(% = Ag) — Ricy(t)) X =0 onM" x[0,T1, (IL.8)

X(z,0) = Xo(x) on M™.
Note that if we consider a natural connection D on spacetime such that Dy, ¢(t) = 0 on
M x [0, T, then the equation (II.8) is equivalent to a heat-type equation Dy, X = Ay X.
Therefore, equation (11.8) provides a natural way to flow a vector field along the Ricci flow.
In section 11.2.1, we will show that if | X, is bounded on (M™, gq), then the solution of

(I1.8) exists.

After constructing the time-dependent vector field X, the second step is to consider
a time-dependent Killing tensor h;; := V,;X; + V;X,. As in the computation in [ ,
Section 1.2.], the norm of h satisfies
0
(E — Ag(t)) |n|?> = —2|Vh|]* +4 Z Rmyji; hihj, < 4|Rm||h)%. (IL.9)
i3,k

10 doi:10.6342/NTU202500973
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Note that h(-,0) = 0 follows from the fact that X is a Killing vector field w.r.t. g(0).
Thus, if the maximal principle holds, we obtain A = 0, that is, V,; X, + V;X; = 0 for all
i,j. After taking V; and summing over j, we get AX" + Ric) X* = 0. This shows that

X(-,t) = X, forall t € [0, T], confirming our assertion.

Finally, we need to explain how the maximal principle holds. To do so, we apply a
local maximal principle [ , Corollary 3.2.]. It requires [VX|? < ¢/t on M™ x (0, T

for some constant ¢ > 0, we will prove it in Section 11.2.2.

I1.2.1 Construct a solution to (I1.8) when X, is bounded

In this subsection, we prove the existence of the solution of (II.8) when the initial
vector | X| is bounded. The idea is to consider the local Dirichlet problem of (I1.8) with
respect to a given compact exhaustion 0y € €y € --- with [ J, ), = M", and adopt
the Bernstien’s trick to show that for any nonnegative integer m > 0 and R > 1, there
is a constant C'(m, R) such that |[V™Xgq,|(z,t) < C(m,R) forall ¥ > 1 and (x,t) €
Qg %[0, T]. Finally, the Arzela-Ascoli theorem is applied to obtain a smooth subsequential

limit of X.

Proposition 1. Let (M", g(t))[o,r) be a complete Ricci flow with a scaling invariant
bound |Rm|(t) < ¢/t on M™ x (0,T] for some ¢ > 0. Then the solution of (I.8) exists if

| X is bounded. Moreover, we have | X | < sup 4 | Xo|g0) on M™ x [0, T7].

Proof of Proposition 1. By assumption, write | X,| < Kyon M™. Fix R » 1andp € M™.
Choose a smooth cut-off function ¢ : M"™ — [0, 1] such that ¢r(z) = 1 on By(p, R),

11 doi:10.6342/NTU202500973
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¢(z) = 0 on By(p,2R), and |Vog| < 2/R. Consider a Dirichlet problem

(£ — Ay — Ric,) Xp =0 on By(p,2R) x [0, T,

 Xg(2,0) = ¢r(z)Xo(z) on By(p,2R), (I1.10)

Xg(z,t) =0 ondBy(p,2R) x [0,T].

\

The standard linear parabolic theory shows that X i exists as long as ¢(t) exists. Since all
derivatives of curvature are bounded on By(p, 2R) x [0, 7] (depends on R), the solution

X g exists and is smooth. Note that
(0 — Dy Xr|> = —2|VXg[* < 0.
By the standard maximal principle, we conclude that
[Xlgn (@, t) < max | Xo[g := kg, (IL11)

on M" x [0, T}, and is worth noting that R.H.S. is independent of R.

For simplicity, for any two tensors A, B, the notation A = B denotes a linear combi-

nation of some contraction of A ® B. Then we have the following well-known fact.

Lemma 1. | , Lemma 6.2.] If A is a tensor quantity that satisfies a heat-type evolu-

0
(5 - Agw) A=F,

under the Ricci flow (where F' is a tensor of the same type as A), then the following

tion equation

12 doi:10.6342/NTU202500973
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equations hold:

(% — Ag(t)) |A]? = —2|VA]? + F « A+ Ric+A = A, (I1.12)
(% - Ag(t)) VA =VF +Rm+VA+ VRic+A. (I1.13)

Applying Lemma 1, we can conclude that

(,-) m
(& — Ag(t)> V" Xp* = =2V Xp + Y V" Xp # VE X« V™ F Rm.
k=0

We adopt the Bernstein’s trick.

Claim 1. Fix r > 1, for any m > 0, there is a constant C,. ,,, such that |V"™.X rl? < Crm

on By(p,2r) x [0,T] forall R > 1.

Proof of Claim 1. We use the induction argument on m. The case m = 0 follows from

(II.11). For m > 1, we have

(5 = Do) V"' Xaf? < 2|V Xgf* + C,
(5 — Do) [V XR[ < =2[V™ L XR] + OV XR[* + C,
where C' is a constant depending on r and m, and C' may vary from line to line. Define

f(z,t) :== |[V™Xg[2(J[V™ ' Xg|*> + A), where A is a large positive number to be deter-
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mined later, then

0
(5 — Ag(t)) f < (=2|V™XRP + OV X2+ OV |V Xg[> 4+ A) + (—2|V" X2 4+ C) V" X g |?

+ 2|VIV" X |VIV™ X g
< (=2|V™ X 4+ CIV X2+ OV (V™ X R[> 4+ A) + (=2|V™XRg|? + O)| V" Xg|?
+C|Vm+1XR|2+|VmXR|4
< [FA+ OV XR] = [V X[t + C(1+ A)|[ V" Xg]* + C(1+ A)
1 2
< —(——) f* A
(A+C> frei)

= —af’+ 8.

for some A » C, the second inequality follows from Cauchy’s inequality. Define g :=
¢, f. Since we are looking at the compact domain By (p, 2r) x [0, T, all derivatives of cur-
vature are bounded above by constants independent of R. Let M := SUP B, (52 x [0,7] g(x,t)
be the supremum of g and (¢, to) € Bo(p, 2r) x [0, T satisfy g(xo,to) = M. If M =0
or ty = 0, then the assertion holds. Otherwise, we have M > 0 and ¢, € (0,77, and this

implies ¢,(z) > 0. The maximal principle shows that

0
0< (% — Ag(t)) g(zo, o)

= f(wo,10) (2 — Ag(t)) ér(0) + ¢ (20) (i — Ag(t)> f(xo,to) — 2(Vg(xo,ty), Vlog ¢, (x0))

ot ot
[V, [* (0, to)
-+ 2Wg(l‘0, to)
< ;g(xo to) + . [—ag® (o, to) + 8] — 0+ Cig(x to)
¢r<x0) ’ ¢r<x0) ’ ¢r<x0) 7 ’

and this implies that —aM? + CM + C < 0 = M < C, for some C that depends on

|@le2Bypar < o.7) bt is independent of . Hence, we have completed the proof. O
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According to this claim, we know that there is a subsequential limit X such that
Xg, — X locally smooth on M" x [0, T']. Hence, X satisfies (I1.8). Also, (IL.11) implies
the global C° bound

[Xloe (,t) < max|Xolg, = ko- (IL.14)

]

Remark 2. In the case of | X;|,, bounded, we can remove the assumption [Rm| < ¢. It

suffices to assume the completeness of each time slice.

11.2.2 (Cl-estimate of X

In this subsection, we establish a C!-estimate of X. Although this estimate |V X |? <

K /t explodes as t tends to 0, it is sufficient to achieve our goals.

Lemma 2. Let X be defined as above and kg := sup 4 | Xo|40) < +00. Then there exists

a constant K = K (n, ¢, ko, T') > 0 such that

K
2

on M™ x (0,T].
Proof of Lemma 2. By Lemma 1, we have

(5 = Do) [X]? = —2|VXP?

(I1.16)

(2 —Ayy) VX = =2|V2X?+ VX +« VX * Rm+VX * X  VRm,

Combining (I1.16) with Shi’s first-order estimate [ , Theorem 14.13.] and Cauchy’s
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inequality, the above equations become

C

J C
( Agm) IVX|* < =2[V2X | + 7|VX!2 + 5 L.17)

P
for some constant C' = C'(n, ko, c) > 0. As before, we perform Bernstein’s trick again,

considering f = |[VX|*(]X|? + A). Then, we have the inequality

(5-80)r<-cr+g (IL18)

for some C' = C'(n, ko, ¢) > 0. Now we recall the distance distortion estimates of Hamil-

ton and Perelman:

Lemma 3. | , Lemma 8.3.] There is a constant 5 = [(n) satisfying the following.
For any Ricci flow (M™, g(t))se(o,r1, With the estimate Ric(z, t) < ("_t—l)c on M™ x (0,T],

the distance function d(z,t) := d;(x, x) satisfies

1

(5 - B0 dlart) > v (IL19)

whenever d(z,t) > +/t, and the inequality holds in the viscosity sense. Also, we have
Bt(anL_B\/g) - BS('IOaL_B\/g)a (1120)

forany L > 0and0 < s <t <T.

Thence, if we choose d sufficiently large, then the modified distance d(z, t) = d(z, )+

d+/ct satisfies

(% — Ag(t)) d(z,t) =0, (IL.21)

in the viscosity sense, whenever d(z,t) > v/t. Accordingly, we choose a smooth cut-off
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function ¢ : R>g — [0, 1] such that ¢ = 1 on [0, 1], vanishes outside [0, 2], and satisfies
|¢'|* < 1000¢. Define ®(z,t) := ¢ (ci(x,t)/R) for R := 10(1 4 04/c)y/T. Then we

have

0

(a — Ag(t)) @(ZL‘,t) < —R_ng”(d(l‘, t)), (I1.22)

on M™ x [0,T] in the viscosity sense. Define G(z,t) := ¢(z,t)f(x,t)t. Since G is
compactly supported on M"™ x [0, 7], there exists a point (z’,t') € M" x [0, 7] so that
G(2',t") = sup, pepnxpor) G2, 1) = M > 0. If M = 0, then the assertion holds for
any K > 0 near x(. Otherwise, the maximal principle (we only need (I1.22) holds in the

viscosity sense) shows that

a o, —Q(b” M2 C _2¢/2
0<(§*Ag(t))G($,t)<R EM*CLL/¢—|—%+2MR pe

= —CM*+Ct'M+C=>=0
= —CM*+CM+C=>0

=M < K,

for some constant K = K(n,ko,c,R,T) = K(n,c,ko,T) > 0. This implies that

VX2 < K/t on By(xy,T) x [0,T]. We confirm the assertion since x is arbitrary. [

I1.2.3 Complete the Proof of Theorem 1

Finally, we define a time-dependent (0, 2)-tensor h;; = V,X; + V,;X;. Similar to

the calculation as [ , Section 1.2.], we have

(5~ S ) 10 < Rt 1 < CIRm (1123)
C
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for some constant C' = C'(n) > 0. Lemma 2 implies that |h|? < K/t on M™ x (0,T] for

some constant K = K (n,c, ko, T) > 0. Also, |Rm| < ¢/t follows from our assumption.

Hence, a local maximal principle results in [ , Corollary 3.2.], confirms that h = 0 on
M"™ x [0, T]. Similar to the argument as [ , Lemma 2], we conclude that X = X, for
all £ € [0, T and we accomplish the proof. ]

I1.3 Proof of Theorem 2

The main difficulty in dealing with an unbounded Killing vector X, arises when
attempting to apply the standard maximal principle directly to (II.11). We cannot obtain
a global uniform C° upper bound for Xy that is independent of R. Instead of that, we
employ the Dirichlet heat kernel G, with respect to the heat equation to establish a

local uniform C° bound. We recall two common heat kernels on the field of Ricci flow.

Definition 1 (Dirichlet heat kernel G (z, t;y, s) with respect to the heat equation). Fixed
Q2 € M". Forany z,y € Qand 0 < s < t < T, we denote the Dirichlet heat kernel
Gal(z,t;y, s) with respect to the heat equation, which is a positive smooth function that

satisfies

-

(£ = Aywye) Galw, ty,s) =0 forallz,ye Qand0<s<t<T,
limp s+ Ga(z,t;y,s) = 0y(x) forallz,ye Qandse[0,7),
9 (% + Ay(s),y — scaly(y, 5)) Go(z,t;y,s) =0 forallz,ye Qand0 < s <t <T,

limg - Go(x,t;y,s) = d,(y) forallz,ye Qandte (0,77,

Ga(z,t;y,s) = 0 whenever either x € 0§ or y € 0€).

\

(I1.24)
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Definition 2 (Dirichlet heat kernel G (x, t;y, s) with respect to the backward heat equa-
tion). Fixed (2 € M". Forany z,y € 2and 0 < s < t < T, we denote the Dirichlet heat
kernel Gg(x, t;y, s) with respect to the backward heat equation, which is a positive

smooth function that satisfies
(

(% — Agyz — scalg(x,t)) ég(x, t;y,s) =0 forallz,ye Qand0<s<t<T,

limp s+ Golz, t;y,s) = dy(x) forallz,ye Qandse[0,7),
) (a_as + Ag(sm) ég(x,t;y, s)=0 forallz,ye Qand 0 < s <t <T,
limg - Golxz, t;y,s) = d:(y) forallz,y e Qandte (0,7T],

Gal(z,t;y,s) = 0 whenever either z € 92 or y € 0S).

\

(I1.25)

In the following proof, we will mainly rely on upper bounds of the Dirichlet heat ker-
nel Go(x, t;y, s) with respect to the heat equation. To this end, in this section, we assume
that there are constants ¢, L > 0 and K € R such that the Ricci flow (M", g(t))efo,1]

satisfies the following conditions:

r

[Rm(g(#))] < §, on M™ > (0,T7;

t?

inj, o (7) > /£, forall (z,1) € M" x (0,T] with B, (=, \f) € M, 16
{ .

scal(g(0)) = K, on M™;

Voly)(Bgyoy(x, 7)) < vor™eC | forall x € M™ and r > 0.
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I1.3.1 Construct a solution to (I1.8) when X, is exponentially growth

In this section, we prove the following existence result for equation (11.8) when the

initial vector | X| is exponentially growth.

Theorem 4. Let (M", g(t))iwcp,r be a complete Ricci flow satisfying (I1.4). Given a
vector field X, if there are constants A > 0, B € R, € € [0, 1], and a point p € M" such

that for any x € M", then we have

| Xolg(0)(2)* < exp(Ady(z, p)**~) + B), (I1.27)

then there exists a smooth solution X of (II.8) with the bound

| X[5) (,t) < exp(A'do(w, p)*" ) + B), (IL28)

for all x € M™, for some constants A’, B’ € R which depend onn,c, K, T, A, B, ¢, L.

Proof of Theorem 4. We only give the proof for ¢ = 0, since the proofs are the same fore e
(0, 1]. By (I1.20) and the volume comparison, we may assume that 7" < T'(n, ¢, K, A, L, €)
for some small number since we can iterate our solution to the entire lifespan. We consider
the following PDE:

Fix R » 1 and p € M". Choose a smooth cut-off function ¢r : M"™ — [0, 1] such that
¢r(x) = Lon By(p, R), ¢(x) = 0 on By(p, 2R)¢, and |Vpr| < 2/R. Consider a Dirichlet

problem

-

(& — Ay —Ric;) Xg =0, 0n By(p,5R) x [0, 77,

{ Xgr(z,0) = ¢r(x)Xo(z) , on By(p,8R), (I1.29)

Xg(z,t) =0 ,on dBy(p,8R) x [0,T].

\
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Then we also have (& — Ay)) | Xr[* < 0. Now, we introduce the following heat kernel

estimate with respect to the heat equation coupled with Ricci flow.

Proposition 2. For any n,c > 0 and K, there exists C'(n,c, K,T) > 0 such that the
following is true: Suppose (M", g(t))¢e[o,r] is a Ricci flow satisfying the conditions (I1.4).
Let p € M" be a fixed point so that By(p,4r) € M™ for some r > 1 forall ¢t € [0, T].
Let €2 be a domain with smooth boundary such that 2 € By(p,r) for all t € [0,T]. Then
the Dirichlet heat kernel G (z, t;y, s) with respect to the heat equation on €2 x Q x [0, 7]

satisfies

2
Gal(z,t;y,0) < tgnexp (—dogy)) , (I1.30)

forall0 <t < T and z,y € (.

Proof of Proposition 2. By [ , Lemma 8.1.], there is a constant K’ = K'(n,¢, T, K)
such that scal,(t) > K’ on M™ x [0,T]. Let Gq(x,t;y,s) be the Dirichlet heat kernel
with respect to the backward heat equation on €2 x [0, T']. By [ , Proposition 4.1.], we

have

a . c 3 (z,y)
Gao(z,t;y,s) < mexp <—m> .

Since we have

0 P
(a - Ag(t),x) e_K tGQ(:E7 t; Y, 0) = 07

and lim; ~o+ e K'Gq(x,t;y,0) — Golx, t;y,0) = 0, by standard maximal principle and

(I1.24), we conclude that

1y =~ C [K'T| d2
Gﬂ(x7tuy70) < eiK tGQ(‘x7tJy70) < etﬂ exXp (——Ogéy)) .

]
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Now we fix7 > 0and z € By(p, r), assuming | X, |*(y) < f(do(z,y)) forally e M",

Consider the function

Wz, t) = / o) Xol (9)Galz, t; 9, 0)d Volyy (y),
Bo(p,2R)

then the function h satisfies (; — Ay)h = 0 on Q x [0, 7] and | X r|? = h on the parabolic
boundary of Q x [0, T']. Hence, the standard maximal principle shows that | X|> < h on

2 x [0, T]. By Proposition 2, we have

Xn2(a,1) < / o BRI )G, . 01 Vol (1)
o(p

¢ o(,
< /Bo(p’m) Or(v)|Xol*(y) 5 exp (_d (Cty)) Vol 0 (y)
)
7 ) (y)

C do(z,v)?
< / fldo(,y)) = eXp< O(Ty dVoly)(y
Bo(z,2R+T)

_ /OQRHf( & exp< (Z;) Vol (0By(z, 2)) dz

t2

—f(2R+r)t% p( W) Vol By(z, 2R + 1)
~ 2R+T[ __2 FE) o ¢ ]exp( (’i) Vol (By(z, 2)) dz,

where the third line follows from the co-area formula. Now we choose f(z) = = B ges?

2

for some T' < (2C(1 + L + ¢€))~!. Note that the volume assumption is Vol(By(z,7)) <
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Crmelr?, combining together we get

2 " 2 2 2

20t
2R+ C 2
+ €€r2+B/O Zeez2 t%+1 Zn exp (_% + Lzz) dz
[ 2R+ n+2 2
2 z z dz
< er“+B C C/ el oz L 2\ =
¢ e i) P\t )

2R+1r 5
2 Vit 22 2
=B O+ C/ ZHlemao T2 tdz]
0

i © 2
2 _z 2
< ec" +B C C/ Zn+1€ sct+Lz Td2:|
0

2
B
< Ceer +

for some C' independent of R and r. Hence, we have shown that for any bounded region
1 € M™, there is a constant Cy > 0 such that | Xg|(z,t) < Cq for all R and (z,t) €
Q x [0, 7). In fact, we demonstrate that there is a constant C' = C'(n, ¢, K, T) > 0 such
that

| X gl (z,t) < Cecbo@r)*+B (IL31)

for all R and x € M". Repeat the argument as in Claim 1, we conclude that there is a
smooth vector field X such that there is a subsequence X, that converges to X locally

smoothly as R,, — oo and the smooth convergence ensures that X satisfies (I1.8). [

I1.3.2 Local maximal principle

This section improves the local maximal principle in [ , Theorem 1.1.]. We fol-
low the same approach as [ ], which is choosing the cut-off function carefully to per-

form the estimation.

Theorem 5. Let (M", g(t))¢e[o,r] be a Ricci flow which is possibly incomplete. Suppose
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that Ric(g(t)) < at™ on M™ x (0,T] for some a > 0. Let o(x,t) be a continuous

function on M™ x [0, T] which satisfies p(z,t) < at™ on M™ x (0, T] and

0
(@ - Agw) @

whenever ¢ (z,%y) > 0 in the sense of barrier, for some continuous function L(z,t) on

< L(wo,to) (0, t0), (I1.32)

(zo,to)

M™ x [0, T] with L(x,t) < at™'. Suppose p € M™ and R > 0 such that By(p, R) € M"
and o(x,0) < 0 on By(p, R). Then for any ¢ € (0, 1), there exists T'(n, a,e) > 0 such

that for ¢ € (0, min{T, RQT}],

B R2(1—5)
o(p,t) < R *exp (— e ) (I1.33)

Proof of Theorem 5. The proof is the same as [ , Theorem 1.1.] but with a different
cut-off function. First of all, we may assume R = 2 by scaling. For a > 0, we define
Y :[0,00) — [0, 1] a smooth non-increasing function such that

-

1 for0<s<3;
U(s) =< exp(— ) ford <s<l: (11.34)

0 fors>1.

\

and such that ¢” > —c for some constant ¢ > 0. For s € (3/4,1), we have

2a+2

[W'[* = a® (—logy) = ¢*

Then there is a constant C' > 0 such that

2a+2

W2 < O L+ (~logw) ™

2
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forall s € [0, c0). Now, we may assume L(z, t) is nonnegative by replacing L with | L|, and
By(p,3) € M" forallt € [0,min{T, T (n, a)}] by Lemma 3. Similar to [ , Theorem

1.1.], there exists constant ¢; (n) > 0 such that, if we consider the cut-off function

d t
U, (2,t) == exp(—Cr~2t)i ( t(2,p) + Clo‘\/) , (IL35)
T
where r € (0, 1] is a constant, then following the discussion in [ , Theorem 1.1.], we
obtain
0

in the sense of barrier on By(p, 2) x [0, min{T', T} }], where T := min{}(c;a+1)"2,C"'r?log2, 1}
is a constant depending on n, 7, . Let () = 0 be a smooth function with n(t) > 0 for

all ¢ > 0. Consider the function

F=—U,0+1. (I1.37)

Suppose that F'(-,0) > 0on By(p, 2). If F < 0onsome (z,t) € By(p,2) [0, min{T, T} }],
then there is a point (xg,ty) € Bo(p,2) x [0, min{T, T1}] such that F'(zq,ty) = 0 and

F(z,t) = 0 on By(p,2) x [0,1o]. In particular, we get ©(xo,ty) > 0. Again, following

the same strategy as [ , Theorem 1.1.], we get
AVAUSIE
n < Ln+ 277' 72 | : (I1.38)

r

at (o, to). By our construction of ¢, we get

2a+2

v, |2 a a
VO [7 <Or 214 (— IOgl/J)Q S < Or 24 o2 (log f) ,
n

LY
P2 =r ¢2

(11.39)
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where the last inequality follows from ¢ € [0, 1]. Hence, we get

2a+2
n(to) [Lg +2Cr2 (log n?t%)) }

1 (o) < (I1.40)

ton(to)

2a+2
n(to) {% +2Cr=2 +20r2 (log L) ’ 1 :

where Ly = maxp,2)xjo,r] L + 2Cr~2 and ag = max g, (p.2)x[0,7] |#|. Now we use an

inductive argument to prove the following statement.

Claim 2. For any k € N, there exists a constant 7, > 0 such thatif ¢ € (27%, 1), then
o(x,t) < 2exp(—t~179), (IL41)

on By(p,27% — ciav/t) and t € (0, min{T, 7,.}].

Proof of Claim 2. For k = 1, we consider 7(t) = §t + exp(—=) with small constant

tl—e

0 << landr =1,then F' > Oneart = 0 by [ , Theorem 1.1.]. Therefore. the first

line of (I1.40) implies

2a+2
5+ (1 —e)ts2exp(—t51) < (6t —t==)) | Lo + 20 (1 a0 ) ’
+ (1 —e)ty " exp(—tg ) < (6to + exp(—t; ")) ( o+ 0g Sto + exp(—15 1)

2a+42
< (6tg +exp(—t5™h)) (LO +2C (logag +t57') ° )

a a a _ 2a+2
< (Oto + exp(—t571)) (Lo +2° a+20(10g a0)2 = 22T+2(Z’té8 R
(I1.42)
Note that ¢5 < 1, so we get
— _ e—2 _qe—1 "
1—¢ < o+ (1 €)t0 exp( tO ) <L, n 22(1;-2 Ct(()g—l)2 ;27 (H'43)

to Sto + exp(—t5 ")

for some constant L' depending on Ly, a, C, ay. Since 1 — ¢ € (0, %), there is a constant
a = a(e) > 0 such that (1 — £)22*2 < 1. This implies that ¢, > 7 for some 7 which is
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independent of 6. Therefore, letting 7 — 07, we obtain that (z,t) < 2exp(—t~17%)) on

Bi(p, 3 — cron/t) near t = 0.

Now, we assume that the assertion holds for k. For ¢ € (2*(’““), 1), we consider
n(t) = dexp(—t~2") + exp(—t~(179)) with small § << 1 and r = 27%. By the
induction hypothesis, F' > 0 near ¢ = 0. Then the first line of (I1.40) implies

527k 172 ey (— 1 072) (1 — e)te 2 exp(—£571)
dexp(—ty ") +exp(—t57Y)

2a+2

< LO + 22k+10 log 7(172_(:)0 (1144)
d exp(—t, ) +exp(—t57")

(571) 2a+2

<L +Cty e,

where L’ and C' are constants independent of §. For the L.H.S. of (I1.44), we have

027515 exp () 4+ (1 )t exp(—t57Y) (1— e)g-he 020
Sexp(—t, ) + exp(~5 ) ) ° |
(IL.45)
Combining (I.44) and (I1.45), we obtain
PSS S 2
(1= )2t < 2 L g e, (IL46)
Choose a = 2F2(1 — ¢) > 0 so that
—k—1 2
92— 97kl | (1) <2+—> > 0. (IL.47)
a

Hence, there is a 7, > 0 which is independent of 9, such that t; > 7. In particular, we
obtain that (2, ) < 2exp(—t~179)) on B,(p, 2~ %+ — ciav/t) and t € (0, min{T, 1.}].

Hence, we complete the proof of Claim 2. O
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Now, we improve the constant 73, to T, where 7" is independent of Ly and ay. Choose
n(t) = Sexp(—t="9)) and r = 27% if ¢ € [27%,27%+1). By Claim 2, F" > O near ¢t = 0.
The second line of (I1.40) implies

2a+2
a

(1—e)ty?te < tg + 2172 C 4 2172k (log a = )
0 )

toexp(—t, (11.48)

1-¢) 2a{j—2

<atgl+ O+ 'ty

Y

where C’ is a constant only depending on ¢, a, n. Taking = @

> (), then there is a

constant 7' > 0 such that ¢, > 7. In other words, we complete the proof. [

Unfortunately, we are not able to prove Theorem 5 for the case ¢ = 0. It seems to be

correct by the classical maximal principle result, but we don’t have the proof now.

I1.3.3 (C!-estimate of exponential growth X

Similar to the proof of Theorem 1, we need to establish a C!-estimate for X. However,
the difference is that the upper bound becomes f(dy(z, p))/t if | X |*(z,t) < f(do(z,p))
for all x € M". Thanks to the Theorem 5, this is sufficient to apply the maximal principle
if f(r) = 0(e™ ) asr — oo for some € € (0, 1]. From now on, we will assume that the

Killing vector field X has the exponential of almost quadratic growth.

Proposition 3. Let (M", g(t)):c[0,r] be a Ricci flow satisfying (I1.4) and X be constructed
as above. Suppose there is a point p € M", ¢ € [0,1], and A, B > 0 so that | X|*(z) <
exp(Ady(z,p)**%) + B) for all z € M™, then there are constants A”, B” which depend
on A, B,n,c, K, e, L such that

exp(A"dy(x, p)1=9) + B)
t )

VX[ (2,1) <
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on M x (0, 7).

Proof of Proposition 3. Fix R > 1. Then it is sufficient to prove that

eXp(A//RZ(lfs) + B//)
t )

VX (2,t) <

on By(p, R) x (0,T]. To prove this, we follow the same strategy as in Section I1.2.2, but
we perform more refined estimates. The Shi’s first local estimate [ , Theorem
14.13.] and (I1.28) show that

exp(A/RQ(l—e) + B/)
t2 ’

0 C
(E - Ag(t)) IVX|]? < -2|V2X)? + ?]VX\Q +

on By(p, 2R) x (0, T. Consider the function f(z,t) := t|VX[>(|X >+ A exp(A’R>(1—9) 4

B’)) for some A > 0, to be determined later. Therefore, on By(p,2R) x (0, 7], we have

exp(A'R?179) 4 BY)
12

) C
(L - Ag(t)) f< % y {—2\V2X]2 + L IVXP ¢

~ } (IX|* + Aexp(A'R*1—9)

+B")) — 2t|VX|* 4 8| V2X||[VX|*| X|

exp(A’'R*1=9) 1+ B)

< 2

~+ |~

+t [—2|v2X|2 - %VXF + ](|X|2+Aexp(A'R2<l—f>

+ B) = 2t|[VX[* + t|{VX|* + Cexp(A'R*' ™) + B')|V2X|?

<t [-2Mexp(A'R* 9 + B') + Cexp(A'R* 9 + B))] |V2X|* — t|VX|*

C(1+A)f  C(1+AN)expRA R~ 428
* t * t ’

for some C' independent of R. Hence, if we choose A » (', independent of R, then we
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have

0 —aexp(—24'R*179) — 2B") 2 4 Bexp(24'R¥179) + 2B’)

= — By | [ < :

ot t

(I1.49)

on By(p, 2R) x (0, T, for some v, § > 0 independent of R. Finally, we consider g(z,t) :=
) (Jté—a}?) f(x,t), where D >> 1 would be determined later, d is the modified distance,
and ¢ : R>q — [0, 1] is a smooth cut-off function defined with |¢/|> < 10009, see (11.21)
to the precise definition. Since g has compactly support in M"™ x [0, 7], there exists

(2',t') € M™ x [0,T] that realized the maximal value M = g(z/,t') = supg(x,t). If

M = 0, then the assertion holds. If M > 0, then we have

0
0< (E — Ag(t)> g

"M L@ exp(—2A4'R*179) — 2B"YM? + Bexp(2A'R¥179) + 2B’) N Mg
DQRQ(b ¢t D2R2¢2’

and we multiply ¢t on both sides, this shows that

0 < —aexp(—24'R*3=9) —2B"\M?* 4+ C(n, D, T)R™2M + Sexp(24'R*1~9) 4 2B)

CR™+/C?R~* + 4af
M < < C'exp(2A'R?0—9) 1 2B’
aexp(—2A'R2(1-¢) — 2B/) exp( +28),

for some C" = C'(n, D, T,«, ) > 0. Now we recall an expanding ball lemma, which

was proved in [ , Lemma 3.5.] and had a slightly weaker version in [ , Lemma
2.2.].
Lemmad. | ,Lemma?2.2.] Foranyn € Nandc, vy, 0 > 0, there exists A(n, ¢, vy, o) >

Land Ry(n,vo, c,0) > 0 with the following property. Let (M™, g(t))sc(o,7] be a Ricci flow
solution with 7" < 1. Suppose that p € M" with By(p, R) € M™ for some R > R, such
that

30 doi:10.6342/NTU202500973


http://dx.doi.org/10.6342/NTU202500973

1. scal(g(0)) = —o on By(p, R).
2. Voly By(z,r) < vor™ for all By(z,r) < By(p, R) and r € (0, 1].
3. [Rm(g(t))| < § forall x € B,(p, R) and t € [0, 7.

4, Yl BilewD) 5 =1 for all By(z,/t) = Bo(p, R) and t € (0, T].

3
Then for all ¢ € [0, T'], we have

1
Bo(p, ™' R) = Bi(p, 5 R), (I1.50)

Note that the third condition follows from the assumption of the lower bound of the
injectivity radius. Choose D = p + §+/¢T, then there are constants A”, B” depending on

n,c, K, T, A, Ry, i, ¢ such that

t M A//RQ(l—e) B
|VX’2(I',t) < f(x7 ) < < eXp( + )’
texp(A'R2(1=e) + B’) ~ texp(A'R2(1-¢) + B') t
for all (z,t) € By(p, R) x (0,T)]. This confirms the assertion. O

I1.3.4 Complete the proof of Theorem 2

Finally, we define a (0, 2)-tensor h;; = V,;X; + V,X,, and the evolution equation
becomes
a 2 2
5~ Do | R < C[Rml|A[, (IL51)
on M" x [0,T], Note that i(-,0) = 0 follows from the assumption. Our tactic is to apply

the maximal principle to deduce h = 0. According to [ , Corollary 3.2.], forr >> 1,
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consider o(z,t) := e~ |h|2(x,t). Then on By(p,r) x (0, T], we have [Rm| < ¢/t and

2
p(z,t) = 1) % (11.52)

2—¢
67‘

for some C independent of r. Therefore, Theorem 5 indicates that

\h[2(p,t) < r?exp r7° — e -0
p7 ~ p tlis 9

asr — oo for all ¢ € [0,7]. This implies that h(p,t) = 0 on [0,7]. Since p € M" is
arbitrary, we obtain that h = 0 on M" x [0, T]. In the end, Tian’s and Lu’s argument
confirms that X is a Killing vector field with respect to g(t) (See [ , Section 1.2.]),

combining with the expanding ball lemma 4, we complete the proof of Theorem 2. [

I1.4 The existence results of rotationally symmetric Ricci

flow on R"+!

A rotationally symmetric metric on R"™! is a Riemannian metric g = ds® + f(s)?gxa
with some smooth warped function f : R — R satisfying

lim f(s) = 1 and lim e (s) =0, (I1.53)

s—0

for all £ > 0, where gqq is the standard spherical metric on S™. As shown in the in-
troduction, one of the existence of Ricci flows starting with g is given by the conditions
Rm(g) + apZ € Cpic; and volume is weakly non-collapsed. The following proposition

shows whether g satisfies the weakly volume non-collapsed.

Proposition 4 (Volume Ratio bounds). Let g = ds* + f(s)%ggq be a complete and rota-
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tionally symmetric metric on R"™!. Suppose there exists a constant § > 0 such that

J(s) = dsx10,11(5) + 0x(1,00)(S), (I1.54)

on R™!, Then there exists a constant v = v(d,n) > 0 such that %1(1“)) > v for all

x € R and r € (0,1]. In particular, if f, > 0 on R"*! and f, > 6 on |s| < 1, then the

assumption holds.

Proof. Due to the rescaling property, it suffices to deal with the case r = 1. For z = o,

the co-area formula implies

i (1) o
0

1 I
— et n 2 n n n = = s .
Vol,(By(o, 4)) /0 f(s)"wpds = 0 / s"wpds o vy,  (IL.55)

where w, is the volume of unit sphere S™. Note that By(o0, 1) < By(z,1) forall z €
By(0, 3), this shows Voly(By(x,1)) = v; forall 2 € By(o,1). Fora ¢ By(o, 1), f(x) =

8. It remains to the case = ¢ B,(z, ). Note that
1 1
A} < By(x, 5), (I1.56)

where

Al = {(s',&’) eRT x S":|s'—s| <randd,,(6,0) < f(r/) }, (1.57)
' s

for all » > 0. By the co-area formula again,

1

1 5+1 1
Vol,(AzZ) :/ 1 F(s)" Vol,,, (Bgstd (97 T(s’))) ds’
s+2 min{ —2~ 7
:/ 4 f(s')”/ tate }wn_l sin™ ! (t)dtds’.
s 0
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If f(s') < 1/2r, then

0

n—1
) it
159

combining with f(s') > 2, we get

min{ﬁ,ﬂ} e n—1 1 5
/ O sy > St €08 (0) (I1.60)
0

n4n

Finally, (I1.58) and (I1.60) imply

min{%ﬂr}
£(s)" / YO s (8 dtds”
0

f(s/)”min{ﬂ w1 c0s" " (1/9)

1 (IL61)
s+5 n n—1
>/ 1 min Wn0 7 wWn—1cos"1(1/0) s
s-1 2. 4n n4n
1 . (wed™ wy_qcos™ 1(1/6)
=—min , = V2.
2 2.-4n n4n

Taking v := min{v;, vo}, only depends on ¢, n, we have shown that Vol (B,(z, 1)) = vy

for all z € R™, which confirms the assertion. Il

We now have a sufficient condition for weakly volume non-collapsed, so we lack
whether we have Rm(g) + apZ € Cpic;. We adopt the same notations as in [ , Section
2] to derive the curvature of metric g. Let K and L be the sectional curvatures of the 2-
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plane perpendicular to and tangent to the sphere {x} x S™ respectively. Then

") 1= ()
K=— (s) and L = W (11.62)
Also, the Ricci curvature and scalar curvature are
Riclg) =~ a4 [+ (0= D0 - P g 0L6)
and
" ! 2
scal(g) =n (—2“1;((88)) + (n — 1)%) _ (I1.64)

Note that (R"*!, g) is locally conformally flat so that the curvature operator can be written

by

Rm(g) = W(g) + — @mwﬁm@@@yzl @mmﬁw@@@%

2n n—1 2n

(IL.65)

where @ is the Kulkarni-Nomizu product. Since Z = g ® g, we get

Rm(g) + T = — - {[Ric(g) - (scal(g) —(n— 1)) g} o g} — A, 0g. (IL66)

n— 2n
By the definition of the Kulkarni-Nomizu product, Rm(g) + Z € Cpic; is equivalent to

Ag(el, 61) =+ AQ(SQ, 62) =+ 2149(63, 63) = 0, (H67)

for all orthonormal three g-frames {e;, €2, e3}. By a direct computation, we get

A, = (1 . ];/((SS)) ! ;f{;()‘z)Z) ds? + (%/(8)2 + f(s)2) e (IL68)
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So one can easily check that the following condition is equivalent to Rm(g) + Z € Cpyc;.

1;J£”(’£)52)2 +1>0 forall s> 0,
(11.69)

_f(s)
2 0 >0 foralls>0.

We focus on the first condition. It implies f; < 4/1+ 2f2 for all s > 0. This implies
f(s) < sinh(y/2s)/+/2 and f,(s) < cosh(v/2s) for all s > 0. Therefore, the lower
curvature bounds restrict the warped function’s growth. In summary, as a special case of

[ , Corollary 1.2.], the following result holds:

Example 1. Let f : Ry — R.g be a smooth function satisfying (I1.53) and (I1.69).
Suppose that f(s) = O (eﬁ‘*) as s — oo for some € > 0 hold. Then for any n > 4, there

is a complete and rotationally symmetric Ricci flow (R"*!, g(¢))sepo,r) With initial metric

9(0) = ds* + f(s)*gaa-

The above discussion expounds we shouldn’t require the Ricci curvature bounded
from below at the initial time if we allow the growth of warped function f(s,0) faster
than the exponential growth. However, in the assumption of Theorem 3, one could make

the growth of f as large as we want.

I1.5 Proof of Theorem 3

I1.5.1 Pseudolocality theorem

The first key observation is the pseudolocality theorem for rotationally symmetric
Ricci flow, which follows from the non-collapsing property. The validity of this theorem
is supported by the generalized Hamilton-Ivey estimate in this context.
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Lemma 5 (Pseudolocality theorem). Suppose that (M", g(t)).c(o,7] 18 a (connected) Ricci

flow so that for some zy € M",
1. Bi(zo,2) € M™ fort e [0,T];

2. [W(g(z,t))| < ¢ forall x € By(xo,2) and t € [0, T}, for some ¢ > 0;

3. Yoluer) > g > Oforallt e [0,7]) and z € By(zo,1) and r € (0,1).

rn

Then there exists two constants a = a(vi,¢,n) > 0and T' = T'(vy, ¢, n) so that for all
t € (0, min{T, T'}] we have

IRm(g(z0, 1)) < (IL.70)

| Q

Proof of Lemma 5. We argue by contradiction. Suppose the conclusion is false. Then,
there exists vy > 0 and ¢ > 0 such that for any a; — o0 and 7; — 0, there exists a
sequence of Ricci flow (M7, g;(t))wep,r;) and x; € M7 satisfying the assumptions, but
the assertion fails in arbitrary small time. By the smoothness of Ricci flow, we may find

t; € (0,T;] so that
1. By,)(2,2) @ M fort € [0,t,];
2. [W(g;(z,t))| < ¢ forallt e [0,t] and x € By, (2, 2);
3. W >wv; > 0forallt e [0,t;], z € By(x;, 1) and r € (0, 1];
4. |Rm(g;(x;,t))| < a;/t forallt € (0,¢t;);
5. [Rm(g;(x;, t;))| = a;/t;.
We may assume a,;t; — 0. By 4 and a;t; — 0, [ , Lemma 5.1.] implies that for 7 large

enough, there is a constant 3 = 3(n) > 0,#; € (0,4, and &; € By, ;.\ (z:, 2 — 36V ast;)
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so that

[Rm(g;(,1))] < 4Rm(g;(Zs,1;))| = 4Q;, (IL71)

_1 - . \
whenever dgi(gi)(l‘,fi) < %ﬁaiQi 2and t; — éainl < t < t; where t;,QQ; > a; — 0.

Now, consider the parabolic scaling centered at (7;, £;), that is, define §;(t) := Q;g;(Q; ‘t+

t;) for all t € [—%a;,0]. In the proof of [ , Lemma 5.1.], the parabolic domain

B, 0)(Z:, §6a;) x [—%a;, 0] is contained in the region that assumption holds. Then we

get

1. [Rm(g;(7;,0))| = 1;

2. |Rm(g;(z,t))] < 4 forall (z,t) € By, 0)(%, £8a;) x [—3a;,0];

Volg. (1) (x,r)

> vy > 0 forall (z,t) € By, 0)(&i, 50a;) x [—3a;,0] and 7 € (0,/Qsl;

/,-TL

4. |W(gi(z,t))| < et + Qit;) ! forall (x,t) € B, 0y (4, %Bai) X [—%ai, 0].

Now, by Hamilton’s compactness theorem and Cheeger-Gromov-Taylor classical result,

after passing to a subsequence, there is a geometric limit

(M?7 .(:7’L<t>7 ('i.ﬂ O))te[féai,(]} - (Nn’ goo(t)a (x007 O))t<07 (1172)

converge in the sense of Hamilton-Cheeger-Gromov. Also, (N, gs(t)):<o is a non-flat,
with bounded curvature (less than 4), LCF on each time-slice, AVR (g (t)) = vy for all
t < 0, ancient solution of complete Ricci flow. By the generalized Hamilton-Ivey estimate
[ , Theorem 1.1.], (N, g (t)) has nonnegative curvature operator for all ¢ < 0. But
this contradicts to [ , Lemma 4.2.]. [
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I1.5.2 A priori estimate for volume ratio

Now, we aim to prove that the condition 3 is preserved under the curvature decayed
IRm(g(t))] < c¢/t. We refer to the following lemma about the lower bound of scalar

curvature being preserved under the curvature decayed assumption.

Lemma 6. | , Lemma 8.1.] For any constants ¢, K > 0,y € (0,1) and n € N, there
exists a constant T'(c, K,y,n) > 0 satisfying the following. Let (M", g(t))sco.r] be a

Ricci flow. Suppose that By (o, 1) € M™ for some x¢ € M" forall ¢ € [0,7] and

1. scal(g(0)) = —K on By)(zo, 1).

2. Ric(g(t)) < ¢ on By (zo,v/t) forall ¢t € (0, T].

Then

scal(g(t)) = —2K, (11.73)

on By (o, 1 — ) for all t € [0, min{T, T}].

We can prove a priori estimate for volume ratio by combining Lemma 6 and Propo-

sition 4.

Lemma 7 (Noncollapsing Property). Let (R"*, g(t) := ds(t)* + f(s(t), t)*gsa)tefo,1] be
a complete and rotationally symmetric Ricci flow with bounded curvature. Suppose that
fs(s,0) = 0holds forall s > 0. Then f, > 0 holds on R"* x [0, T']. Furthermore, assume
further that there is a constant ¢ > 0 such that [Rm(g(¢))| < ¢/t on R™*! x [0, T]. Then
there exists two constants v = v(n, g(0)|B, ,(04)) > 0 and T = T(n,c,g(O)\BQ(O)(M))

such that

VOlg(t) Bg(t) (:L“, T‘)
7’"+1

>, (IL.74)
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holds on R™* x [0, min{T", T"}] and for all € (0, 1].

Remark 3. It’s crucial that v is independent of ¢ in the proof of Theorem 3.

Proof of Lemma 7. The first assertion follows from [ , Lemma 3.1.]. It suffices to
confirm the last assertion. Let X > 0 be a constant such that scal(g(0)) > —K on
By(oy(0,4). By Lemma 6, scal(g(t)) = —2K on By(o,3) x [0,min{T,7}}] for some

Ty = Ti(n,c, K) > 0. Note that the evolution equation of f; is

0 scal(g(t
(5 - Ag(t)) fs= —(n( Dy, (IL75)
we refer it to [ , Lemma 3.1.]. Let § := min{ f,(s,0) : s € [0,3]} = 0 be a constant.

If § = 0, then we may rescale the metric so that § > 0 becomes positive since f5(0) = 1
and our dependency is about g(0)||sj<a. Thus 6 > 0. Define ¢(s(t),t) := 6(1 — 2Kt) —

fs@ (s(t),t), then (IL75) implies

(% B Ag(t)) b= scal(g(t))¢ B d(1 — 2Kt)scal(g(t)) 95K

n n
<M¢+25K(1—2m_1) (IL.76)
n n
_sallglt)
n

on By(0,3) x [0, min{T, T}, :-}]. Note that ¢ < 2 and ¢(0) < 0 holds on By(o0,3) x
[0, min{T", T3, {%-}], by Theorem 5, we obtain ¢ < $ on By(0,2) x [0, min{T’, T3, 1%, T>}]
for some constant T5(n, ¢,d) > 0. Therefore, we get f, > % on By(o,2) x [0, min{T, T
forsome T'(n, ¢, I, ) > 0. Combining this with f, > 0, we get f(s(t),t) = s(t) X0, (s()+
SX(100)(8(t)) on R™™ x [0, min{T,, T]. Thus, we complete the proof by applying Propo-

sition 4 on R"*! x [0, min{T’, T'}].

]
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Recall Shi’s existence theorem of Ricci flows under the bounded curvature assump-

tion.

Lemma 8. | , Theorem 1.1.] There exists two dimension constants A(n), a(n) > 0
such that, for any complete non-compact manifold (M", g) with curvature bound |Rm| <
ko, there exists a complete Ricci flow (M", g(t))

tel0. 2] starting from g with

al
[Rm(g(t))]g) < ako < —, 11.77)

on M™ x [0, kﬁo]

I1.5.3 Complete the proof of Theorem 3

Proof of Theorem 3. For any k > 10, consider the rotationally symmetric metric g, =
ds? + fi(s)?gsa such that

-

fr(s) = f(s), forall s € [0, k;

A

[ is linear outside [0, k + 1]; (IL.78)

Z fi(s) > 0, on R" 1,

\

Then (R™!, ;) is a complete and rotationally symmetric with bounded curvature. By
Lemma 8 and the uniqueness theorem of Ricci flow with bounded curvature | , The-
orem 1.1.], there is a complete and rotationally symmetric Ricci flow (R™* i (1) )tefo.1]
starting from g, with bounded curvature and satisfying [Rm(gx(t))| < ¢/t, where ¢ = aA
is the dimensional constant in Lemma 8. Note that 7}, could tend to zero a priori, with
no uniform curvature bound in spacetime. However, we claim they can be extended to a

uniform time 7" and with instantaneously uniform curvature bound.
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Claim 3. There exist two constants T'(n, g| Is|<4)5 A(n, g| s<4) > 0 such that (R"**, g, (¢))

could be extended until 7" and satisfy

IRm(gx (1)) < —, 11.79)

| >

on R"*+ x (0, 7.

As long as the claim holds, combined with Hamilton’s compactness theorem and
g1(0) converges to g locally smoothly, there is a Ricci flow (R™* 9(t))eo,7) Starting
from g such that there is a sequence k; — o so that (R"*!, g;. (t)) 0,77 converges to
(R™1, g(t)) (0.7, in the Hamilton-Cheeger-Gromov sense. By virtue of the Claim, [Rm(g(t))| <
A/t holds on R™! x (0,T]. Then the distance distortion lemma (Lemma 3) implies

(R, 9(t)) 0,71 1s a complete Ricci flow. Note that g(t) is rotationally symmetric if

0 . .
25 52 Killing vector field w.r.t. g(t), (I1.80)
foralli = 1,---,n, where aZi is the rotation vector on R"™!, By virtue of Hamilton-

Cheeger-Gromov convergence, ¢(t) is rotationally symmetric for all ¢ € [0, 7]. It remains
to confirm the claim. From now on, we omit the index & for convenience and set ¢ := T}.
Since (R"*, g(t))tejo+,) has bounded curvature and ¢(0) = ¢ if |s| < k, by Lemma 7,

there are two constants 7' (1, g|sj<a), v(n, g|sj<4) > 0 such that

VOlg(t) Bg(t) (:L’, 7“)
Tn—l—l

fs > 0and

> v, (1L.81)

on R™ x [0, min{t;,7}] and for all r € (0, 1]. Note that W(g(t)) = 0 for all ¢ € [0, 4],
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by Lemma 5 (Setting ¢ = 0), there are two constants T5(n, 0, v), A(n, 0,v) > 0 such that

H~|>>

[Rm(g(1))] < —. (11.82)

on R x (0, min{t,, T}, T5}]. Choosing 7' := min{T}, Ty, T3} > 0 for some Tj to be
determined later. If¢; > T, then we done. Otherwise, we inductively extended the flow in
the following way. Set t5 := ¢1 and ¢ > 2. Suppose that (R"', §;(¢))e[o.,] is a complete

and rotationally symmetric Ricci flow with the following

1. g;(t) has bounded curvature and satisfies (I1.82) on R™ ! x (0, ,].

2. t;_1 < t; < T and §;(t) is an extension of §;_1(t).

Now, at t = t;, (R"" g;(¢;)) is a complete and rotationally symmetric manifold with
curvature bound A /ti, by Lemma 8 and uniqueness theorem again, there is a complete and
rotationally symmetric Ricci flow (R™*1, h(t)),(o, A4 starting from g;(¢;) with curvature
bound a%, where a is the constant in Lemma 8. Extend g; by h, we construct an extension
Gir1(t)on [0, ;41 := (1 + %)tl] with curvature bound

max{A, a(A + A)}

IRm(gi11(t))| < " :

(11.83)

on R"*! x (0, #;,1]. By Lemma 7, there is a constant T3(n, max{A, a(A + A)}, ljsj<a) =
T5(n, gljs)<a) > 0 such that (IL81) holds for g;1(¢) on R™™ x [0, min{t;1,T3}]. By
Lemma 5 (Again, setting ¢ = 0.), (11.82) holds for §;,1(¢) on R"! x (0, min{t;,1, T'}].
If t;,y > T, then (R™!, Gi+1()),e0.7) satisfies the assertion in the Claim. Otherwise,
(R™, Git1(t))tefo,t:,) satisfies the induction hypothesis 1 and 2. Ifthis process never stop,
thent; = (1 + %)i_2t2 < T for all i > 2, which encounters a contradiction. Therefore,
there exists an extension satisfying the claim and we complete the proof. [
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Remark 4. We should be careful that, in our construction, f, could be zero at some point.
A priori, we only have f, > 0on R" ™! x [0, T] Nevertheless, if f; = 0 at some point (p, tg)
with ¢y > 0, then the strong maximal principle would imply f, = 0 on R"*! x [0, ¢], which

is impossible. Therefore, the warped function f would instantaneously satisfy f; > 0.

I1.6 Entropy on complete and Rotationally symmetric Ricci

flow

In this section, we study the Perelman-)V entropy on the open manifold (M™, g) with

the following condition:

l. n>4.
2. M" is simply connected.
3. (M™, g) is locally conformally flat.

4. The scalar curvature is bounded below and above, i.e. scal,,;, < scal on M™.

One basic example is the complete and rotationally symmetric metric on R” or R x S™~1
(n = 3) with scalar curvature bounded from below. Note that both situations occur on the
complete and rotationally symmetric Ricci flow by [ , Corollary 2.3.]. Under these

assumptions, we can show that the following inequality holds on (M™, g).

Lemma 9. Suppose that (M™, g) is a simply connected and locally conformally flat man-

ifold. Then we have

2

on En _ 9
Q(S”)( . ¢n—2dvolg) < < /Mn \v¢\2+hscal(g)¢2dvolg) . (I.84)
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for all ¢ € CP(M"™), where Q(S™) is the Yamabe constant of S™ with standard round

metric.

Proof of Lemma 9. Itsuffices to show that the Yamabe constant QQ(M™) of (M™, g) equals
to Q(S™). Since M" is simply connected, there is a conformal immersion 7 : M"™ — S".

Hence the assertion holds by [ , Proposition 2.2.]. [

This type of Sobolev inequality leads to a lower bound on Perelman’s VV-functional.
Recall that on an oriented Riemannian manifold (M", ¢), the Perelman’s VW-functional is

defined by

W(g, f,7) := (4m)—3/ n[T(4|Vf‘2 +scal(g) f?) — 2f*log f — nf*dvol,, (11.85)

where 7 > 0 and f € C°(M?") satisfies

(4m7)~32 / ) fAdvol, = 1. (11.86)

Note that an easy computation shows that W(g, f,7) = W(7'g, f,1). The entropy
pu(M?™, g, 1) is defined by the infimum of (I1.85) among all f € C°(M™) satisfies (I1.86).

Then the following proposition ensures that p(M™, g, 7) is finite under our assumption.

Proposition 5. Let (M", g) be defined as above. Then there exists a constant Cy =
Cy(n),C5 = Cs(n) € (0, +0o0) so that

2(477) "2

Wl(g, f,7) = ™

/ |Vf|2dvolg — Oy + Cyscalp, 7, (I1.87)

forall7 > 0and 0 < f € C(M") satisfies (I1.86). Moreover, u(M", g, ) is bounded
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on any compact set 7 € I < R*, and the v-entropy

V('A/lnagvTO) = I(Igf }:u(g77—) > =%, (1188)
T7€(U,70
1s finite for all 75 > 0.
Proof of Proposition 5. We follow the proof of | , Lemma 8.1.8.]. After the scaling

g — 7 1g (Hence scal(771g) > scaly, 7), it suffices to prove that

1 2 2 1 2 1 2 2 2
U | — dvol, = — — scal —2f“1 — dvol
W(g,f,47r> 37T/Mn |V fl“dvol, //vl" 37T|Vf| —|—47rsca (9)f f?log f — nf*dvol,

> — (9 + Cyscaly, 7,
(11.89)

forall 0 < f € CX(M") with | f|z2 = 1. Since log z is concave, by Jensen’s inequality,

we have

n

1 .
—— | logff*dVol, = / log f7-7 f2d Vol, < log ( / fn22dVolg>. (I1.90)
Mn

Combining Lemma 9 and (I1.90), we get

4 -2 2
n—2 fun log f f*d Vol, < log [Q(Sn)_l (/Mn VP + h scal(g)devolg) ]
= — log Q(Sn) -+ % 10g |:/Mn ‘Vf|2 + 4(;—__21) Scal(g)devolg
(IL91)

Now we choose € := 2/3,

V2 + — scal L=— [ |Vf?+ Zscal 1
/n VI g seallg)Pavoly = o | (917 4 seallg) vl

T
1 n—2
> — V|2 + ————scal(g) f2dvol
37 o VIV F gy seallo) frdvoly
2n — 1 scal i
12(n — L) min
(I1.92)

46 doi:10.6342/NTU202500973


http://dx.doi.org/10.6342/NTU202500973

where the last inequality follows from scal(77'g) > 7 scaly, on M™. Combining all of

the estimates, we obtain

1 1
/ 3—7T|Vf|2 + yo scal(g) f* — 2f?log f — nf?dvol,

n—2 2n —1 1 n—2
> — 1 ")+ o scalmin T+ - ? + ——scal(g) f2dvol
n+— 0ogQ(S )+12(n_1)ﬂsca T+37T/n|Vf| —|—4(n_1)sca(g)f vol,
n—2 n—2
— 1 24—~ _scal 2dvol
o [ VI g seallg) vl
= —CQ+03 scalminT,
(1L93)

t

where the last inequality follows from the function 5~ — ”7_2 logt is bounded below for

t > 0, and this completes the proof. [

Consequently, we found the following property for complete and rotationally sym-

metric Ricci flow.

Corollary 1. Let (R"*, g(t))sepo,] be a complete and rotationally symmetric Ricci flow
with n > 3. Then there is a constant x(n) > 0 such that v(R"™, g(¢),¢) > —« for all

t € (0,77
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Chapter III Uniqueness of 1D
Ecker-Huisken flow with

L-decayed

II1.1 Introduction

The curve-shortening flow, a gradient flow of the length functional, and one of the
simplest geometric flows have been studied for a long time. In contrast to flows in higher
dimensions, the existence and behavior of the non-compact curve-shortening flow exhibit

favorable properties.

This article will study the property around the 1D Ecker-Huisken flow. the 1D Ecker-
Huisken flow is the one-dimensional graphical curve shortening flow. Since the flow

is graphical, it is equivalent to the following definition if we express the flow as the map

(@, 1) = (z,y(x,1)).

Definition 3 (Ecker-Huisken Flow). A function y : R x [0,7") — R is a solution of the

1D Ecker-Huisken flow (or 1D-graphical mean curvature flow) with LI (or Wﬁ)’cl)—initial
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data if y is smooth on R x (0,7") and satisfying

Yaa
1+y;

Yo = = (arctan y,),, (IIL.1)

on R x (0,7T), and y(-, t) converges to y(-,0) in the sense of L2 (or W) as t — 0.

Thanks to this viewpoint, it’s reasonable to ask the existence of the 1D Ecker-Huisken
flow in the rough initial data setting. There are several results about the existence of the
1D Ecker-Huisken flow, we refer the readers to [ ]. In[ , Theorem 4.3.1], it
developed a long-time existence theory for the non-atomic real-valued Radon measure

v € P(R), that is, if we write v = yo L' + Vg by the Lebesgue-Radon-Nikodym decom-

p
loc

position, and suppose that yo € L£{ (R\supp vsng) for some p € [1,0), then there is a

smooth function 3 : R x (0, 00) — R such that y satisfies (III.1) and

y(-, )Lt — v, weakly on L' (R);
(I11.2)

y(-,t) = yo, strongly in L, (R\supp(vsing)),
as t — 0. Since the existence theory has been well-studied, it raises the following nature

question.

Question 1. When is the solution unique?

There are some situations which had been explored, for instance, when the initial

data is £P

loc

(R) with p > 1, A. Sobnack proved the uniqueness result in his unpublished
Ph. D. thesis [ , Theorem 4.3.1]. Arjun also mentioned that his method is the same
as [ , Proposition 3.1] but chose the cut-off function more carefully. Their idea is to

derive the following L? estimate.

Theorem 6. ([ , Proposition4.3.38], [ , Proposition 3.1]) Lety*, y? € C* ((—=R, R) x [0,T))
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be two smooth solutions of the 1D Ecker-Huisken flow. Then for any 0 < » < R and
d > 0, there is a cut-off function ¢ supported in [—R, R] with ¢ = 1 on [—r, | such that

forall p € [1,00),

2r(1+9)p

[ () =y* ()l er(-romy) < (yl(s)_y2<5)>90’£P((—R,R))+(R or(t=s), (UIL3)

- T

forall0 < s <t <T.

Roughly speaking, the relation of (II1.3) and the uniqueness is plugging s = 0 and
R — o0, then the same initial data leads the R.H.S. tending to zero. To generalize this
result to the rough initial data, we need the solution with £} -converging to the initial
data. And obviously for p = 1, (II1.3) lack of the information about R and r. In the case
of WL!(R)-initial data, P. Daskalopoulos and M. Saez proved the uniqueness of the 1D

Ecker-Huisken flow in [ , Theorem 1.1]. Similar to the above, they investigated the

following quantitative

d [2R C; 2R 0
[ w0 = o < 2 ([ - 2eeane)
2R —2R

forall ¢t € [0,7] and ¢ € (0, 1) and an appropriate choice of ¢ € CX((—2R,2R); [0, 1])
with ¢ = 1on [~R, R]. Although they only considered C};! (R)-initial data, their argument

holds for the initial data with weaker regularity.

Let’s outline the structure of this chapter. In section III.2, we explore a uniqueness

0
loc

result for a rapidly decayed £!-initial data with the assumption that is C{_-convergence
near infinity. In section II1.3, we prove some quantitative estimate similar to (II1.3) only

in terms of £! information, but with some additional condition on y*.
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III.2 Uniqueness of rapidly decayed £'-initial data

The goal in this section is to prove the following:

Theorem 7. Suppose that ¢ : [0,7) — R are two solutions of the 1D Ecker-Huisken flow

CO

loc

. K¢
with same initial £!-data yo. If y(-, ) "5

Yo as t — 0 for some compact set K < R
and there is a non-increasing function f € £!([1, 0)) such that yo(x) = O(f(|z|)) holds

as |x| — oo, theny' = y> on R x [0, 7).

Remark 5. 1. For example, we can choose f(t) := ¢t~(79) for any € > 0 or f(t) =

1/(tlogt).

2. A priori, T could be +0c0. But it suffices to prove this result in the case 1" < oo for

all T'. So from now on, we may assume 7" < 0.

0

3. We may replace the condition of C;

(K¢) with a requirement that the solution satis-
fies a certain maximum principle or exhibits specific growth behavior in spacetime.

Moreover, we note that the solution constructed in [ ] satisfies the decay as-

sumption, as shown in Lemma 10.

Before we go to the proof, we first study the benefits of this kind of initial data. The

first lemma gives some partial answers.

Lemma 10 (Asymptotic behavior on space-time). Let y : R x [0,7") be a solution of the
. . 1 s egs . CI%C(KC)

1D Ecker-Huisken flow with an £'-initial data yo. Assume that y*(-,¢) “— " ypast — 0

for some compact set K — R and there is a non-increasing function f € £'([1, o0)) such

that yo(x) = O(f(|z|)) holds as |x| — oo. Then there are some constants C, C',C” > 0
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(depends on T') such that

ly(z,t)| < Cf (%) + C" exp(—C"z?) (ITL.5)
on (R\K") x [0,T) for some compact subset K’ < R

We separate the proof of this lemma in two steps. The first is to use the avoidance
principle to get an upper bound |z| !, the assumption of locally uniform convergence near
infinity ensures the validity of the avoidance principle. It’s worth noting that the global
avoidance principle only holds for uniformly proper curve shortening flow, which is
not in our ansatz since we only require the £! convergence in the middle part. Instead, we
apply the local avoidance principle (in other words, the maximal principle for graphical
curve shortening flows) on a closed interval, which means that we need to deal with the
behavior at the endpoints. The idea is to replace the Great Circle with the Grim Reaper for
comparison. The second is to improve the height estimate via the function W : Rt — R*

(constructed in [ , Section 4]).

Proof of Lemma 10. By symmetry, we only prove the case that x > 0.

Step 1, |x|~!-estimate for y.

Say |yo(z)| < Cf(z) and y(-, 1) "0 4 locally uniformly when |z| > Ry. For R >
Ry > 1, consider an upward grim reaper S centered at (2R, C'f(R)) with width 2R. More

precisely, S can be parametrized as

(x,t) — (x — 2R, Cf(R) + % — Rlog (COS ’ _R2R) =: v(z, t)) , (111.6)

on (R,3R) x [0,0). The assumption causes y(x,0) > yo(x) on [R, 3R]. By the uniform
convergence of y on [R, 3R] x [0, T"), there is a region 2 := (R+9,3R —J) x (0,T") such
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that v > y on the parabolic boundary of ). Applying the avoidance principle on €2, this
forces that v > y on (). By the symmetric again, these imply that

(2R, 1)| < V(2R ) = % +CH(R). (IIL.7)

From this estimate, we deduce that |y(z,t)| < (2t)/z + C’f(@) for all || > R; and
t € 0,T].

Step 2. Improve the estimate.

Fix R > Ryandd > 0. Let W : (0,0) — (0, o0) be the smooth function with the property

that ¢ — (x,t2W (¢t~ 22)) is a self-similar solution of the 1D Ecker-Huisken flow on R

We quote some results in [ , Section 4]. First of all, IV satisfies
1 0
—arctan W'(x) = §xW(x) + / W (s)ds. (I11.8)
Furthermore, thanks for the | , Lemma 4.1.],
W(z) < Ce™, (1IL9)

for x > 1. Consider the map
(x,t) — (x + R, (t+ 5)%W((t + 5)*%95) + Cf(R) =: ys(z, t)) : (II1.10)

forall (z,t) € (0,00) x (0,00). Then ys(x,0) > yo(x + R) on R*. Consider the parabolic
neighborhood Q7 := (0, K) x [0,7") for some large X' > 0 and 7' < oo. As K is large

enough, by Step 1., we know

K+ R
2

ys(K,t) > Cf(R) = Cf ( ) L2 kR, (IL.11)

K+R~
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forall t € [0, T). By the avoidance principle, we conclude ys(x,t) > y(x + R, t) on Q.

In particular,

T 2 " P2
y2R,1) < ys(R, 1) < ORI+ < opr)+ CE 0 oy <7R) e "R,
et+s eT+s

(IL.12)
for some universal constants C, C’,C” > 0 (may depends on T'). This completes the

proof. [

After we received the £* bounds in the whole spacetime near infinity, the following
lemma is to comprehend the instantaneous regularity in the spacetime in terms of the local

L* bound.

Lemma 11 (Interior regularity of E-H Flow). Lety : (—2,2) x [0,7] — R be a smooth
solution of the 1D Ecker-Huisken flow. Suppose that there exists constants M/ > 0 and
A > 0 such that |y(z,t)| < M and |y, (x,t)| < Aon (—1,1) x [0, T]. Then there exists a

constant Cy = C}(A,T) > 0 such that

oM
L0,6)] < 22—, 1L13
190, 2)] i (IIL.13)

ont € (0,T). Furthermore, for all 6 € (0,7), if M << 1 small enough depending on

A, Cy and 0, then there is a constant C] = C}(A,0,7T) > 0 such that

1M
|92 (0, 1) < ——, (IL.14)
t—0
holds forall t € (6,7).
Proof of Lemma 11. For simplicity, we define an operator £ := 0; — 1%122 and w := y,.

By assumption, £ is a uniformly elliptic operator and Ly = 0. A direct computation
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shows that for any o € R,

(y +2M)>2w?

L 2M)* = — -1 II.15
(y+2M)" = —afa - )L (I1L.15)
2 + 6w?
Lu® = - ——— ! 11.16
v (1+ w2)2wz’ ( )
and
2 12w 12w? — 4
Lw) = ————w}, — ———— W, ! 11117
e T+w? ™ (14 w2)2wxw * (1+w?)? " ( )
Again, we adopt the Bernstein’s trick here. Choose an even cut-off functionp : (—1,1) —
[0, 1] such that
1, ifze (—%, %);
p(r) == 4 non-increasing, if z € (3, 2); (II1.18)

\

exp (— ), if|z| € (£,1).

Then there exists a constant C' > O such that ¢” > —C'p. Define ¥(x, t) := exp(—C't)p(z),

we obtain

LY < 0.

Now, consider F(z,t) := w?(y + 2M ). Then

LF =wL(y+2M)* + (y + 2M)*Lw® — 2

(I11.19)

2ww, - aly + 2M)* tw

2 2IM e
= —a(a—l)w<y+ ) v
1+ w?
_4aw2(y+2M)°‘ Wy
14+w? y+2M
w?(y +2M)~ w 2 Wy
—— T | _afa—1 — 4o~
1+ w? ale )(y+2M) “w

56

1+ w?

2
1 4 3w? W, 2
—_9- =" 2 <_¢”>
<y+2M> (1+w2)2(y+2M) Y\

?

w j—
y+2M

1 + 3w? (w:,;)?
14+w?2 \w

(I11.20)
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If we choose v = —1 + € with € € (0, 1), then we get

—€(1 — €)F?
LF < . I11.21
P (L + AL (BM) e St
Therefore, we consider the function G (z,t) := t¥(z,t)Fi(z,t) and we obtain
Gl \Ilchlac G1 6(1—6)\I/F12 Z‘IJxFlm

LG =—+t|FILV+ULF) —2———— | < — 4+t |— = :
I L 1+w2} t { (1+A)(BM)*e 1+ w?

(I11.22)

Since GG; vanishes on the parabolic boundary of (—1,1) x [0,7), if the maximal value is
positive, then the maximal point (z,t5) € (—1,1) x (0,7 is in the interior region. (If

the maximal value is zero then y,.(0,¢) = 0). At the maximal point (¢, ¢y), we have

0< EGl (.To, to)

< Gl(aio,to) 1t _ 6(1 — €>G1(.T0,t0)2 ‘\IJIIQGl(SCQ,t())
S 4 Ol (14 A2)(3M) <2z, to) toW (o, to)

(I11.23)

Multiply ¢o¥ (g, o) and choose C' > 0 such that |¥,|*> < C, then

6(1 — E)Gl (l’o, to)z

0< Gl(lﬂo,to) — + QOGl(IQ,to)

(14 A2)(3M)1+
142 1 4+ A2)31+e
= Gi(20,10) < (1+20)(1 + A)3 Mre
6(1 — e)
Ct or or o
— (0= Gi(0.t) e Gilxo to) 97 (14 20)(1+ A7) M7
R R L (= R
(I11.24)
Similar to the above, for a € (—1,0), we have
a(w + 2A)> tw? 20 o1
2= - . 111.25
L(w + 2A) 7w 1+w2+w+2A ( )

We make a new ansatz that w? < % holds for some 5 € (—4,0) and translate the

time interval from (0,7) to (0,7 — 0). The previous result implies this ansatz holds if
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M?* < Cy(8,T, A)% and we may replace A with C5(6, 7, A)M. This leads (II.17) to
satisfy

1 B
2 2 4

which follows from the Arithmetic-Geometric inequality. Consider Fy(z,t) := w?(w +

2A\)* for some « € (g, 0) would be determined later. Then

(w + 2A)*  ww,,

LFy = (w+2MN)*Lw? +w2L(w + 2A)* — 4a

1+ w?
1 15} « 2w a—1
< 2N | — 2 4 4
(w+2) [ 1+w2wx“+(1+w2)2wx wx(l—l—w?)(w—i-ZA) 1+w2+w+2/\

—4o Weaty }
(T4 w?)(w + 2A)
ol (z;) Bl 24y <w$z2A>2 ) (W fafa- 1>) ( Ve
—4awlj;ch}
() e (2t

I

< FZ Wy ? 4 Wy ( 1) Wy ?
NS — — a4 — ol —
1+ w? Wy w + 2A w + 2A

where we use (5 — 2a)(w + A) + (8 + 2a)A < 0 in the last inequality. Choose o =

(11L.27)

—3 + € € (max{—3, g}, 0), the equation becomes

F2 F?
2 < —(1 - 3e)e 2

LF, < —(1—3¢)e — < 5
(14 A?)(w+2A)3" (14 A?)(3C3M)5+e

. (111.28)

Similar to the above, define G5 := tW F}, and apply the maximal principle, the result shows

that

Wy
w + 2A

wa(0,t4+6) = w, (0, t
Y (0, 146)? = w,(0,1) t t t

(I11.29)

o PTG (0,1)(w(0,t) + 205 M )5~ _ CyMs=+5+  CyM?
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Note that we translate the time interval so the first equality needs to shift 6. This confirms

our assertions. ]

Now we are able to prove our main result.

Proof of Theorem 7. First, we investigate the following asymptotic behavior for 3:

Claim 4. For any constant § > 0, there exists some constants Cj, C, C” > 0 such that

jz[ =1
2

lil(z.t) + |yl (z,t) < Csf ( ) + Cyexp(—C"(|z] — 1)), (111.30)

forallt € [0, T — 6] as |z| >> 1 large enough.

Proof of Claim 4. Thanks for the symmetry, we only discuss the case x > 0. By Lemma
10, we obtain |y’||z=®x[s/47—s/47) < +0. According to [ , Corollary 2.6.10](or
originally, [ , Corollary 5.3]), there is a constant A > 0 such that |y’ (x,¢)| < A on
R x [0/2,T —¢/2]. By Lemma 10 and Lemma 11, on the neighborhood (R — 2, R +2) x

[0/2,T — §/2], there is a constant C'; (A, 7', §) > 0 such that

1 7 R—l o _1)\2
]yx(R, t)’ < C1Hy HL“‘((R—I,R—&-I)X[%,T—%]) < Cl |:Cf (T) +C/e C"(R-1) :| ,

(IIL.31)
on (R\K") x [3§/4,T — 36/4] for some universal constant C' > 0. Therefore, there
is a time-independent constant Ry such that for R > Ry, |y’| << 1 is small enough
on (R\[—R2, Rs]) x [30/4,T — 36/4]. By Lemma 11 again, there is a constant Cy =

CQ(RQ, Cl, 5, A) > (0 such that

Y5 (R, 1) < O [Cf <$) + C'eC”“%UQ} , (111.32)
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on (R\(K’ U [~ Ry, Ry])) x [0, T — 6]. Since |y¢| < |y’,|, these achieve our claim. [

The second claim is these asymptotic behaviors imply the preservation of the integral.

Claim 5. Forany t € [0,7),

/Ryl(x,t)da::/RyQ(x,t)da::/Ryg(m)dm. (1I1.33)

Proof of Claim 5. Fix ty € (0,7T). Claim 4 implies there is a constant C' = C'(ty) > 0 and

a compact set X' < R such that

[ =1
2

lyi|(x,t) + |yi|(z,t) < Cf ( ) + Cexp(—Cx?), (1I1.34)

on (R\K) x [, 3], Note that the R.H.S. is integrable w.r.t. z. Hence, we conclude

d
dt

/yi(x,t)dx :/yz(m,to)dx = /(arctanyi(m,to))zdx =0, (1I1.35)
t=to /R R R

where the first and the last equalities follow from (II1.34). Therefore, the quantitative
Jg ¥'(x,t)dx is a constant on (0, T'). By the L' (R)-convergence, this shows that this con-

stant is [, yo, which confirms the assertion. O

We consider the partial accumulative function A'(z,¢) = [*_ y;(z,t)dz for all
(z,t) € R x [0,T) and i = 1,2. It’s well-defined since y;(-,t) € L}(R) for all i =
1,2 and t € [0,T). The assumption y;(-,t) — yo as t — 07 in the £'-sense implies
lim,_g+ A’(z,t) = A’(z,0) uniformly for all x € R. Lemma 10 shows that

lim A'(z,t) — A*(z,t) =0, (I11.36)

r——00
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forall ¢ € [0,7"). According to Claim 5,

0

lim A'(z,t) — A%*(2,t) = lim ya(2,t) — y1(2,t)dz = 0, (I11.37)
T—0 T—0 T

forallt € (0,7"). Now, as how we proved the Claim 5, we calculate the evolution equation
of A?, that is
Al(z,t) = / yi(z,t)dz = / (arctany’),dz = arctany’ (z,t) = arctan A" _(z,1),
—0 —o0
(IIL.38)
for all (z,t) € R x (0,7T). Consider the function B(x,t) = e ' A*(z, t) for some ¢ > 0,

then we get
(B' — B?); = —(B' — B?) + ¢ “'(arctan A}, — arctan A2 ), (I11.39)

for all (z,t) € R x (0,7). Also, we have (B! — B?)(z,0) = 0 for all z € R and
lim, ,_o(B' — B?)(z,t) = lim,_,(B' — B*)(z,t) = 0 forall t € (0,T). Note that

lim; g+ (B! — B?)(z,t) = 0 uniformly for all z € R and

T < (A=A <7 = -7t < (A=A (2,t) < 7= —me 't < (B'-B?)(n,t) < me U,
(I11.40)
forall (z,t) € Rx (0, T). Therefore, forany T € (0, T'), the supremum M = SUP . yerx 0,7 (B —
B?)(x,t) = 01is finite. Suppose that M > 0, we claim the maximum value is achieved. It
suffices to show that (B' —B2)~! ([, M]) "R x [0, 7' is bounded. We use the following

inductive argument to accomplish it.

Note that (B' —B2)(z,t) < & forall (z,t) € Rx [0, 2£]. Since (B! —B%)(z, 3£) — 0

’ 2T

as |z| — oo, there exists a number R; > 0 such that (B' — B%)(z,35) < 2 for all
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|z| = Ry. Thanks to |(A' — A?),| < m, we get (B! — B?)(z,t) < & forall [z] = R;

and ¢ € [22 2M] We play the same game on [2Y, 2]

5 , that is, choose a number Ry > 0

such that (B — B?)(z, 22) < & forall |z| = R, and we get (B' — B?)(x, t) < &L for all

7| = Ry and t € [24,3M] Continue this process, since 7' is finite, it stops at some k-th

steps, which reflects that

(B! — B?)! <[% M]) AR x[0,7] <[ [—Re, Ry] x [@, M] . (IIL.41)

purt 2T 2T
which confirms the assertion.

Therefore, we may choose (o, t,) € R x [0,7] such that M = (B' — B2)(xo, to).

Then we have

(Bl — BQ)t(CL’o, t()) = 0;

< (Bl . 82)m(x0’t0) <0; (I11.42)

(Al - AQ)mr<x07 tO) < 07

where the last inequality follows from the fact z also achieve maximal for function (A" —

A2)(-,t). Substitute (z¢, t) into (II1.39), we get

0 < —eM + e " (arctan A, — arctan A2, ) (g, to) < —eM. (111.43)

The last inequality follows because the function arctan is increasing. This causes a con-
tradiction. Hence, we get A' < A2onR x [0,7T) since T € (0, T) is an arbitrary constant.
By symmetry, this implies A' = A? on R x [0, 7). Then the Fundamental Theorem of
Calculus ensures that y; (z,t) = AL(z,t) = A2(z,t) = ya(x, t) forall (z,t) e Rx [0,T),

which completes the proof. [

In the end, we list some properties that we proved in the Theorem 7.
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Proposition 6. Let y : [0,7") — R be a solution of the 1D Ecker-Huisken flow with the

o Cp(Ke© )
initial £'-data yo. If y(-, 1) oc 55 Yo as t — 0 for some compact set X < R and there is

a non-increasing function f € £!([1, o)) such that yo(z) = O(f(|z|)) holds as |x| — o,

then

/y(a:‘,t)dx: /yo(x)dx, (111.44)
R R

for all ¢ € [0,7). Furthermore, if we consider the accumulative function A(z,t) =

f,xoo y(z,t)dz, then it satisfies
At (ZE, t) = arctan Ama: (,I" t) (III45)

onR x (0,7), and

lim A(z, 1) = A(z,0), (I11.46)

uniformly on R.

Proof of Proposition 6. The proof lies in the proof of Theorem 7. So we omit the proof

here. O]

Remark 6. As noted in Remark 3, the solution constructed by P. Topping and A. Sobnack
also satisfies Proposition 6, since it arises from a sequence of smooth solutions with the

same decay behavior on the initial function.

III.3 Some quantitative estimates

In this section, we provide two a priori estimates for £'-initial data, but with some

additional assumption.
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Lemma 12. Given the constants 0 < r < Rand A € (3, 1). Lety’ : [-R, R] x[0,T) — R
be two solutions of Ecker-Huisken flow with £!-initial data. Suppose that y'(z,t) >
y*(z,t) and yl(z,t) = y2(x,t) hold for all (z,t) € (—R, R) x [0,T]. Then there exists a

constant C' = C'(\) > 0 such that

R 1=2 R 1-X "
/ (y' (2, t) = y*(z,0)p(x)dr | < / (y'(2,0) = y*(2,0))p(x)dr | +C o,
-R -R (R — 7“)
(I11.47)
where ¢ : [—R, R] — |0, 1] is a cut-off function with the form
1, ifx e [—r, r];
\ gff, ifre|-R,—r|
Proof of Lemma 12. Define another cut-off function ¢ : [r, R] — R by
(
é?}z):), if e rr+ &2
V(@) = 4 —é"z};):) +(@—r)—=(R-r), ifre[r+ 22 r+ 5L (I11.49)
Y(R+r— ), ifve & R).
\
Then [¢),| < ¢ on [r, R]. Now, we establish an elementary inequality of arctan.
Lemma 13. For any \ € (0, 1), there exists a constant C'(\) > 0 such that
|arctan @ — arctan b| < C'(\)|a — b, (I11.50)

forall a,b e R.

Proof of Lemma 13. Since arctan is monotone-increasing, it’s enough to prove that arctan a—
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arctanb < C(\)(a — b)* for a > b. Fix b € R. This inequality holds for @ = & and

a—b>(C\)/m) Y For0 <a—0b< (C(\)/7)~"Y*, notice that

1

Ja arctana = 5 a2 < 1, (IIL.51)
and
19
iC(A)(a —b)* = AOC(\)(a —b) " = XC(N) (@> - C(A)* A . (II1.52)
da T a1

Choose C'(\) := %, then we get £ ( R.H.S. — LH.S.) = 0fora—b € (0, (C(\)/m)~1/*).

Hence, we complete the proof. [

Now, for ¢ € [0,T)), we define I(t) := [, o(x)(y" (x,t) — y?(x,t))dz. Then

J R
%[ (t)= — / [arctany, — arctany}] ¢, dx
-~ - (II1.53)
< / arctany, — arctany?] |¢.| + / [arctany, — arctany.] |, ].
. R

Now we fixed A € (1/3,1). For the first term of the R.H.S., by Lemma 13, we have

r 1 2 f 1 2\A 1A (_Sﬁx)
/Tj [arCtan Y — arctan yx] ‘901’ < C<)\)/7~ (yx - yx) ¢ ' T

"o ([ ok y;iw)A ( [ (55) )

(I11.54)
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Hence, by symmetry, we have

(I11.55)
By the direct computation, since A € (1/3, 1), we have
Rir r4 Bor 211 Rir 2 ==
R T [ (z—r)? ] 2 (x—1) 3 =X
-2 — - 7 R S — — — (R —
e T ) *LT st e g R )
R—r R+r =X
s 5 _ T—x
< (2(R - r))l—*x/ ' tl—idt+/ ) [R 7’}
0 7"—&—% 32
BRSNS 1-2)
S CA)(R—r)T=x t =2 + C(A)(R—r)T>
t=0
= C(\)(R—r)™>
(I11.56)
Combining (II1.55) and (II1.56), we get
d _ C"(\ _ _ C"( M)t
—I(t)* < ()" < 1(0) 111.57
G0 < G = 10 < 10+ (1L.57)
This completes the proof. ]

Using the same idea, we can deal with the case that ' (x,t) > y?(z,t) forall (x,t) €
[—R, R] x [0,T), and

-

limsup, ,_5(y(z,t) —42(x,1)) <0, forall € (0,T);

A

liminf, _ p(y!(z,1) — y2(z,1)) > 0, forall ¢ € (0, T); (IIL58)

{r e [~R.R] : y}(a,t) = y2(z.0)}| < L, forall t & (0,7).

In that case, if p € [— R, R] satisfies y.(p, t) = y*(p, t) forsome t € (0,T), theny'(p,t) —

Y2 (p,t) = minge_p g y' (z,t) — y*(x, t). This leads our argument to work.
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Lemma 14. Given the constants 0 < r < Rand A € (3, 1). Lety’ : [-R, R} x[0,T) — R
be two solutions of Ecker-Huisken flow with £!-initial data. Suppose that y'(z,t) >
y*(z,t) and (I11.58) hold for all (z,t) € (—R, R) x [0,T]. Then there exists a constant

C' = C(A) > 0 such that

R 1=A R 1-A "
/ (y' (2, t) — y*(z,0)p(x)dr | < / (y'(2,0) = y*(2,0))p(x)dr | +C o,
-R -R (R—r)
(I11.59)
where ¢ : [—R, R] — |0, 1] is the function defined as (I11.48).
Proof of Lemma 14. As we did in the proof of Lemma 12, we have
d i 1 2 - 1 2
%I (t) = — [arctany, — arctany?] ¢, — larctany, — arctany’] ¢,. (I11.60)
T —-R

If there is no point p € [—R, —r] U [r, R] such that y.(p, t) = y2(p, t), then we can do the
same argument as in the proof of Lemma 12 since we only need to make sure the sign of

yl — y? doesn’t change in those two intervals. This means that we have

ey <

11.61
o (IIL.6T)

Otherwise, we may assume p € [r, R] such that y!(p, t) = y2(p, t). The above discussion

shows that p attains the minimum of ' (-, ¢) — y*(-, ¢) over [~ R, R]. So we have

JZaly! (0,1) = P, ) pla)de _ 3(R—r) 1)

0< (y'(p.t) —¥*(p,1))0(p) < ¥(p)
(I11.62)
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This implies that

/TR Y, — Y2l = /rp(yi — Y)Y+ /pR(y; 2

=2(y*(p,t) —y' (p, t))b(p) + /p(y1 — )y + / (v =y ).

(111.63)

Therefore, making the same argument as before, we obtain

R+r 1-A
d 4C(N) 1IN\ Y C"(\) \
S0 <= < < ) < : VY ) < —(R_T>2/\I(t) . (111.64)

This confirms our assertion. O]

Unfortunately, we lack the estimate which is only concerned with the £!-data.
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Chapter IV  Gap Theorem on locally
conformally flat manifold

using Yamabe flow

This is a joint work with Prof. Man-Chun Lee at CUHK and we upload the preprint

on arXiv. [ ]

IV.1 Introduction

A Riemannian manifold (M", g) is locally conformally flat if, for any point p € M™,
there exists a coordinate chart conformal to the open set in Euclidean space. This is a high-
dimensional analog of isothermal coordinate and allows for elegant structural results with
curvature lower bounds, see also [ s s , , ]. In[ ], under
the assumption of nonnegative Ricci curvature, these manifolds must be either globally
conformally equivalent to R"™ or S™ /T or locally isometric to R x S™' or flat. This
successful topological classification lays the foundation for further classification at the

geometric level.

In[ ], Chen and Zhu demonstrated that for a complete locally conformally flat
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manifold (M", g) with bounded and nonnegative Ricci curvature, it must be flat if there

is a function € : R — R with lim,_,o £(r) = 0 such that

7"2][ scal(g(y))d Vol y < e(r), (Iv.1)
BQ(ZO’T)

for some 2y € M™ and for all » > 0, where f; := Vol(S)~" [ is the average of the
integral. It is remarkable that the right-hand side of (IV.1) is scaling-invariant and we

refer to this type of condition as a average scalar curvature condition. Their approach

is to evolve Yamabe flow and apply the Harnack inequality in [ ] to conclude the
flatness. In [ ], the author relaxed condition (IV.1) to the global version
e @]
/ r][ scal(g(y))d Vol, ydr < +o, (Iv.2)
0 By (z0,7)

holds for some xy € M", but required the manifold to be non-parabolic. Notice that fol-
lowing an example in [ , Section 1], there is a nontrivial, complete, and locally con-
formally flat manifold (M™, g) with nonnegative Ricci curvature, whose Ricci curvature
is at most quadratic growth and has maximal volume growth. Therefore, it is reasonable
to require some curvature behavior around infinity. Both results [ , ] assume
bounded curvature to obtain the short-time existence of Yamabe flow with initial metric

g, see also [ , Section 2].

The main result in this paper removes the bounded curvature assumption but requires

a small average scalar curvature at any point.

Theorem 8. For n > 5, there is a constant ¢ = £(n) > 0 such that for any complete,
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non-compact, and locally conformally flat manifold (M™, g), if (M", g) satisfies

o0
Ric > 0 and / r][ scal(y)d Vol,(y)dr < ¢, (IV3)
0 By(x,r)

for all z € M™, then (M", g) is flat.

Motivated by Chan-Lee’s work in Ricci flow [ ], the uniform small curvature as-
sumption allows for the construction of a long-time solution of Yamabe flow with |[Rm(g(¢))| <
¢/t and nonnegative Ricci tensor for all ¢ > 0. However, several technical challenges must
be addressed. The major difficulty is that Yamabe flow is NOT a super Ricci flow. Con-
sequently, we can not apply Perelman-Hamilton’s distance lemma [ , Lemma 8.3] in
general. In [ ], under the almost Ricci pinching assumption, Chen established an al-
most distance distortion lemma [ , Lemma 3.2]. However, this result does not apply

to the setting we consider.

In our approach, although we lack a comparable estimate for the time-dependent
distance dy(;)(x,y), the uniform average scalar curvature provides a uniform bound on
the conformal factor of the solution to the Yamabe flow. This observation plays a cru-
cial role in establishing the heat kernel upper bound and the local maximal principle, see
Theorem 11 and Theorem 12 for more precisely statements. The small average scalar cur-
vature then ensures that we can construct a solution of Yamabe flow with curvature bound
[Rm(g(t))| < 1/t (Theorem IV.3), inspired by the results in Ricci flow, see [ , ,

]. However, a key subtlety arises when applying Hochard’s lemma [ , Corol-
laire IV.1.2] or the argument in [ , Section 4], as these approaches result in a loss of
control over the conformal factor. Instead, we employ the Dirichlet-type Yamabe flow

to iteratively construct the solution, ensuring that the conformal factor remains controlled
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throughout our inductive process.

We note that while there exists a long-time solution to the Yamabe flow starting from
a complete, locally conformally flat manifold with certain additional conditions, this so-
lution does not necessarily satisfy the instantaneously bounded curvature property [ ,

Theorem 5 and Proposition 4].

We outline how we achieve our goal by separating the proof into several steps.

Step 1 (Section IV.3). Suppose g is non-flat. Take an open exhaustion {2; € {2y € - --
with smooth compact boundary and | J 2, = M™. Consider the Dirichlet problem for the

Yamabe flow

%u(ac,lt)zitg = % <Agu(3:,t) — ﬁscal(g(x))u(x,t)) , if (z,t) € Q x (0, 00);
u(z,t) >0, if (x,t) € Q x (0, 0);
u(z,0) =1, ifx € Q;

u(z,t) =1, if (x,t) € 0Q x (0, 0),

\

(Iv.4)
for Q = Q. Note that the metric g(t) = uﬁ(t) g is equivalent to the Yamabe flow
equation with initial metric g. We can prove the long-time existence under the assumption

(TV.3). Moreover, we can show that there is a constant C' = C'(n) > 0 and a smooth

nonnegative function w : M" — [0, o) so that

e <e™® <y <, (IV.5)

on  x (0,0). In other words, the conformal factor is uniformly bounded throughout
spacetime.
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Step 2 (Section IV.4, IV.5). In Section IV.4, we establish an upper bound for the heat
kernel assuming that the curvature decays at a rate of ¢/t and the metric remains uniformly
equivalent. Our approach follows the heat kernel estimate in [ , Proposition 3.1].
In Section IV.5, using the heat kernel estimate derived in Section IV.4, we investigate a

local maximal principle in a form similar to | , Theorem 1.2].

Step 3 (Section IV.6, IV.7). In Section IV.6, we construct a long-time solution of Yamabe
flow with curvature decayed |Rm|(x,t) < 1/t (IV.4) . This approach ensures that the
solution satisfies [Rm(g(¢))| < 1/t and Ric(g(t)) = 0 on M"™ x (0, o). Finally, in Section
I'V.7, since the constructed solution has an instantaneous curvature bound and nonnegative
Ricci curvature, we can apply the Harnack inequality due to Bennett Chow [ ] and

conclude flatness using the same argument as in [ , Theorem 1].

IV.2 Preliminary of locally conformally flat Yamabe Flow

The advantage of locally conformally flat Yamabe flow is that the property of locally
conformally flat is preserved under Yamabe flow, so the evolution equations of curvature

tensor become simpler.

Lemma 15. Under a locally conformally flat Yamabe flow, the evolution equations of

scalar curvature and Ricci curvature are

<% —(n— 1)Ag(t)) scal = scal?, (Iv.6)
and
0 . 1
(é —(n— 1)Ag<t>) Rie; = —Byj, (IV.7)
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where

Bi; = (n — 1)| Ric [g;; + nscal Ric;; —n(n — 1) Ric?j —scal®gy;. (IV.8)

If we denote \; < --- < )\, to be the eigenvalue of Ric, then (IV.8) becomes

1
Jik#i J#i
These are all basic computations, we refer to the detailed proof to [ , Lemma

2.2. and Lemma 2.4.]. By Lemma 15, we derive the evolution equation of the smallest

eigenvalue for the Ricci tensor.

Lemma 16. Let (M", g(t))¢e[o,r) be a locally conformally flat Yamabe flow. Let ¢ be the

nonnegative continuous function such that
l(x,t) == min{L > 0 : Ric(x,t) + Lg(g,t) = 0}, (IV.10)

for all (x,t) € M"™ x [0,T]. Then

(% —(n— 1)Ag(t)) ¢ < 2scall + nl?, (IV.11)

in the barrier sense.

Proof of Lemma 16. Consider the tensor A = Ric +/g, then clearly A > 0 for all (x,t) €
M" x [0, T]. Fix a point (¢, 7) € M™ x [0,T]. If A(q,7) > 0 strictly for some (¢, 7) €
M" x [0,T], then £ = 0 in a neighborhood of (¢, 7) and the assertion holds trivially. We
may assume that there is a unit vector v € T, M" so that A(v,v) = 0. We constantly
extend v along ¢ and parallel extend v to the space direction with connection V*, then we
get dv = Vo = Av = 0 at (¢,7). Note that by the definition of ¢, v is the smallest
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eigenvector for Ric(q, 7) and £(q, 7) = —A;. By (IV.9), we can easily find that

B(v,v)](, ;= —(n—2)scal(q, 7)(q,7) — n(n — 2)¢(q, T)°. (IV.12)

q7T

Choose the barrier to be ¢ := — Ric(v, v) in the neighborhood of (¢, 7). Then

<% —(n— 1)At> o(q, 1) = — [(D% —(n— 1)At> Ric} (v,v))

(¢,7)
B
= - %(q, 7) — scal(g, 7) Ric(v, v) (IV.13)
< 2scal(q, 7)€(q, 7) +nl(q, 7).
This completes the proof. [

The following is the existence of Yamabe flow with bounded curvature.

Theorem 9. [ , Theorem 2.4.] Let (M", g) be an open manifold with bounded
curvature [Rm(g)| < K. Then there exist constants 5 = f(n),A = A(n) > 0 and a
short-time solution of Yamabe flow starting with g such that [Rm|(g(¢)) < AK for all
te|0, %] Furthermore, the conformal factor u(z, t)v%? 1s bounded from above by 2 and

below by 1 on M" x [0, %]

In this article, instead of describing the global existence of the Yamabe flow, we

mainly use the local version of the existence of the Dirichlet-type Yamabe flow.

Theorem 10. [ , local version of Theorem 2.4.] Let (M", ¢g) be a Riemannian man-
ifold, not necessarily complete. Let {2 € M" be a smooth compact domain. Then there
exist two constants 5 = 3(n) > 0 and A = A(n) > 0 such that if sup,, [Rm(g)|, < 72
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holds for some 7 > 0, then there exists a smooth function u € C*(Q x [0, 3r?]) such that
%u(gzt,t)%g = (Dl <Agu(x,t) — %soal(g(z))u(x,t)) , if (z,t) € Q x (0, Br2];

n—2 (n—1)

u(z,t) > 0, if (z,t) € Q x (0, Br?;
u(z,0) =1, ifz €

u(x,t) =1, if (z,t) € 09 x (0, Br?].

\

(IV.14)
Furthermore, we have
S IRm(g(t))|g) < Ar~? and ! < min_ u(z,t) < max u(z,t) < 5
u < Ar = < u(x,t) < u(z,t) < =,
er[()%,,d} I gt 2 0x[0,52] Qx[0,5r2] 2
(IV.15)
where Q. := {x € Q : disty(z, Q) > r}.
In Cheng’s argument [ , Section 2], one can mollify the argument in the local

setting, that is, to yield the interior curvature bound away from the boundary. We leave
the detailed proof to the interested reader. In fact, according to the curvature equation
(6 — (n — 1)A)Rm = Rm*Rm for Yamabe flow, we can show a curvature bound in
terms of the initial curvature bound assuming a uniform bound of conformal factor, which

is the following statement.

Proposition 7. Let (M™, g(t) = u(t) = g(0)) be a locally conformally flat Yamabe flow
and Q € M" satisfy [Rm(g(0))| < 772 on Q for some r > 0. Suppose that a=! < u(t) <
a holds on € for some a > 1. Then there are some constants ¢(n, a), T'(n,a) > 0 such
that

IRm(g(z,1))] < er ? <

T
CT, (IV.16)

forall t € (0, min{T,r2T}] and x € Q, := {x € Q : disty(x, 0Q) > r}.
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Proof of Proposition 7. The argument is the same as the argument in [ , Section 2],

and the proof is omitted here. (]

IV.3 Long-Time Solution of (IV.4)

We use the same argument as [ ] did but give a more precise estimation to ac-
complish Step 1.. First, under the assumption (I'V.3), if the manifold is non-flat, then there

is a ball B,(p, R) such that scal # 0 on B,(p, R). Therefore, for any = € M", we have

dr < / 7“][ scal(y)d Vol,(y)dr < .
/dg (@p)+r YOlg(2,7) Js,or sy Jo I, I S, 0.1) SCal(y)dy

(IV.17)

This implies that under the assumption (IV.3) and non-flat, (M™, ¢) is non-parabolic. This
gives a useful estimate for the green function, that is, by a result in [ ], there is a

constant C' = C'(n) > 0 such that

o]

[ r
C <Gy <C
d

dr, (IV.18)
o(e) VOlg(z,7) dq(z.y

_
) Volg(z,7)

for all x # y. Back to (IV.4), the short-time existence follows from the smooth initial
condition. To obtain a long-time existence, it suffices to prove that v is uniformly bounded

inw x (0,7). Since scal(g) > 0 holds, by (IV.4) and the maximal principle, we get
u(z,t) <1, (IV.19)

on Q2 x (0,7). Now, consider the positive function w € C*(M™") satisfies

_9
Aw = —hscal(go). (IV.20)
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Then

%(logu—i—w) > (n— l)u*ﬁAg(logu—i-w). (Iv.21)

Since logu + w = 0 on the parabolic neighborhood of Q2 x (0,7"). Applying the minimal
principle again, we get

e @ <z, t) <1, (IV.22)

for all (z,t) € Q x [0,7T). This implies we can extend the life span of the solution to a
whole nonnegative time. By the representation formula of the Green function and (IV.18),

we get

w(z) = 4(71”—__21) /./\/l” G(z,y)scaly(y)d Vol(y)

0
i
<C 1 — drdVol
/ seal, (y) / ety Vo)

g(x,y

®© r
=C / —_ / scal dVol(y)dr
0 V019<33', T) By(z,r) Q(y) (y)

Ce,

(IV.23)

N

and this implies e~ < u(x,t) < 1 on Q x [0, 0) for some constant C' only depends on
n, which means that the conformal factor « is uniformly bounded on 2 x [0, c0). Taking
an exhaustion 2; € {2 € ---, since the conformal factor is uniformly equivalent, wuy
converges to a smooth and long-time solution of Yamabe flow of u satisfying (IV.4) on

M" by standard Schauder estimate. In summary, we prove the following.

Proposition 8. Let (M", g) be defined as above. Then there exists a unique smooth
positive solution u € C*(M™ x (0, +0)) of (IV.4) with Q@ = M". Moreover, there exists

a dimensional constant C' = C'(n) > 0 so that

e <z, t) <1, (IV.24)

for all (z,t) € M" x [0, +0).
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IV.4 An Upper Bound of Heat Kernel

In this section, we aim to derive the heat kernel’s upper bound. First, we investigate

the definition of the heat kernel.

Definition 4. On a Yamabe flow (M™, g(t))¢e[o,r) and an open set 2 € M™ with smooth
boundary, we define the adjoint Dirichlet heat kernel Kq(z,t;y, s) with respect to the
backward heat equation to be a smooth function so that K, is positive in the interior,
andforO0 < s<t<T,

f

(& — (n—1)Ayy .. — Fscalyy.) Ko(z,t;y,5) =0, on Q x Q x (s,7T7;

Vlim,_ .+ Ko(x,t;y, s) = 6,(z), fory € Q; (IV.25)

Kq(z,t;y,s) =0, if either z € 0Q or y € 012,

\

and

(% +(n— 1)Ag(s),y) Ko(z,t;y,8) =0, on Q2 x Q x [0, s);

 limy_- Ko(z,t;y, s) = 6,(y), forz e Q; (IV.26)

Kq(z,t;y,s) =0, if either z € 0Q2 or y € 012,

\

where 9, is the Dirac measure at y.

Like Ricci flow, we aim to achieve an upper bound of the heat kernel where only
some scaling invariant assumptions, for instance, the curvature decay |[Rm| < ¢. But the
biggest difference is that Yamabe flow is not a super Ricci flow, we cannot apply the
classical distance distortion lemma to detect the changing of distance function between

two different time slices. Therefore, we make an additional assumption, which is usually
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unachievable but holds in our case: that uniform boundness of conformal factor ¢! <

u(z,t) < e

Theorem 11. Let A > 1 be a constant. Then there exists a constant C' = C'(n, A) > 0
such that the following holds: For any Yamabe flow (M™, g(t))c[0,1] With the following
properties:

Rm(g(1))] < and A~9(0) < g(1) < A9(0). ava7)

for all (z,t) € M™ x (0, 1]. Let p € M™ be some point with B;(p, 4r) € M" for some
r = 1forallt e [0,1]. Suppose that Q@ € M™ is a relatively compact domain with
a smooth boundary and Q@ € By(p,r) for all t € [0,1] and Kq(x,t;y,s) is the adjoint
Dirichlet heat kernel with respect to the backward heat equation. Then the heat kernel

satisfies

' C do(z,y)?
Ra@tv:9) < G B —o) 0 (‘W) oIV

forall0 < s<t<landz,ye

Remark 7. The size of the geodesic ball ensures the existence of minimizing geodesic

joining x,y € (2.

The proof is inspired by the groundbreaking work about heat kernel estimate in
[ ] and many other improvements in Ricci flow, e.g. [ , ]. Before
proving Theorem 11, we first consider the case that curvature is bounded in the whole

spacetime. This lemma was implicitly proved in [ ].

Lemma 17. [Heat kernel upper bounds in bounded curvature case] Let (M™, g(t))¢ejo,1] be
a Yamabe flow such that sup (. | 1 | VRm|+|scal|+|Vscal|+|Ascal| < . Letp € M"
be a point with By(p, 2(r + 1)) € M™ for some r > 1. Suppose that Q@ € By(p,r) is
an open set with a smooth boundary and Kq(z, ¢; y, s) is the adjoint Dirichlet heat kernel
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with respect to the backward heat equation. If sup v (o [Rm| < M for some constant

M > 0, then we have

Ko(z,t;y,s) <

dr(z,y)*
voL<BTuaV6-—@>e“’(‘CXt—s>)’ (V22

and

Ko(z,t;y,s) <

¢ exp (-0
Vol, (B, (y, Vi — 5)) P( C’(t—s))’ (IV.30)

forall0 < s <t < 1landT € [0,1], where C depends on n, M.

Proof of Lemma 17. The proof is the same as [ , Lemma 4.1.] and [ , Lemma
2.1.] since it doesn’t use any Ricci flow property. So we omit the proof. [
Using Lemma 17, we can now proceed as in [ ][Proposition 3.1.] but in-

stead distance distortion lemma with uniformly equivalence of distance, to obtain our

assertion.

Proof of Theorem 11. From now on, the constant C' would only depend on n and A and
may vary from line to line. After a parabolic rescaling and time-shifting, we may assume

t = 1 and s = 0. Therefore, it’s equivalent to show that

do(z,y)?
<wwmmWWC 0)’ -3

since the metrics are all equivalent. Take a subdivision {[t; 1, x|} of (0, 1] witht, = 16",
Then by Lemma 17, after we rescale the metric on [tx1, 1], we get

_ C ﬁ(_deV
= Vol (Br (@, i — trr1) T\ Ol — i)
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and

¢ o (_ dr(z,y)?
Vol (B, (ys v/tr — tir1) P\ Clt — tre)

Ko(x, te;y, terr) < ) \ (IV.33)

forall k > 0, 7 € [tgy1, 1], and 2,y € Q. In particular, we put k = 0 and 7 = ¢4,

C dt (xay)2)
Ko(x, L;y,t) < exp| ———""7~ 1. Iv.34
al vt Voly, (By, (z,4/1 —t1)) P ( C(1—t) ( )
for all y € 2. By maximal principle on © x [0, ¢;], we get
C
Ko(z,1;-,-) on 2 x [0, t1]. (IV.35)

<
VOltl (Btl (x, A/ 1— tl))

Let d > 1 be a large constant depending on n, A to be determined later. In fact, by volume
comparison, (IV.35) proves the (IV.31) for dy(x, y) < 4d, so the remaining problem is for

do(,y) > 4d. Letry, := 4d(1 — 27%) for all k > 0 and we make the following claim.

Claim 6. Define a; by

SUPO)\ By (2.4 Kq(x, 15 ty), if Q\Bo(z, %) # &;
ap = (IV.36)

0, otherwise.

Then there exist two constants C' = C'(n, A) > 0 and d = d(n, A) > 1 so that

C e
< - V.37
WALS Vol (B (w1 — 1) P ( c> ’ (IV:37)

forallk > 1and d > d.
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Note that by the continuity of K, we have

lim apy =  sup  Kq(z,1;-,0). (IV.38)
k—o0 Q\Bo(z,4d)

If do(z,y) < 4d, then previous discussion implies the assertion holds. For dy(z,y) > 4d,

take d = W. According to this claim, we get

KQ('I’ ]-a Y, O) < lim Ak41
k—o0

C do(z,y)?
S Vol B (e vizf) P (_ 16C > (IV-39)

2
< C exp _dO(x7y) ’
V011 Bl(ilf, 1) 16C

where the last inequality follows from the volume comparison and the equivalent of met-

rics. It remains to prove the claim.

Proof of Claim 6. We give an inductive argument on k. & = 0 holds by (IV.34). For

k > 0, the semi-group property shows that

Ko(z,1;2,tp41) = / Ka(z, 1;y,t) Ka(y, ty; 2, tep1)d Voly, (), (IV.40)
Q

for z € Q\By(z,7)11). We separate the integral into the integral over By, (2, v/ A(ry 11 —

1)) 0 Qand Q\By, (2, VA(rpi1 — 1)) Fory € By, (2, VA1 — 1)) 0 Q, we have

\/Z(rk:—i-l —Ty)

> 7, V.41

do(I,Q) = dO(CU7Z) - dO(y7Z) = Tk+1 —
this implies y € Q\By(x, r). Therefore, by the definition of ax, we have

/ Ko(z, Ly, te) Ko(y, tr; 2, tr1)d Voly, (y) < ag. (Iv.42)
By, (N A(rEr1—7E))NQ
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On the other hands, by (IV.33), (IV.35), and volume comparison, we get

/ KQ(xa]-;yatk)KQ(y’tk;thk-‘rl)dVOltk(y)
O\Byy, (2,VA(rg41-71))

_ C / C A <_ dy (21 9)” ) vol, (y)
VOltl (Bt1 (.%', V31— tl)) Q\Bt, (2, VA(TEr1—71)) VOltk (Btk (Za Vik — tk+1)) C(tk > tk+1) "
C 1 diamg, () 72
< exp| ——=—————| Vol, (0B, (z,r))dr
Vo Bl V=T Voo T L™ (-Gt Sy Vo @Bueor)
< C VOltk (Btk (Z, \/Z(?"k+1 - T‘k))) exp (_A(Tk‘—i-l — rk)2>
\/Olt1 (Bt1 ({L‘, A/ 1-— tl)) VOltk (Btk (Z, \/tk — tk+1)) C(tk — tk+1)
n C /OO 2r ox <_ r? > Voly, (B, (z,7)) o
Voly, (Bt (7, V1 —t)) Sy —r) Otk — titr) P\ Clte — tra1) ) Vol (B (2, o — frrr))

C kd2
S exp <—> .
VOltl (Bt1 (x, M)) C(tk — tk+1)

(IV.43)

Combining all of these estimates and (IV.34), we obtain

C 4=k 2
Ut S O G B oI —1) 7 (‘ Cltx — tkm)
< C xp (_ AP ) Z oxp ( M)
Voly, (B, (z,4/1 — 1)) C(1—t) Voltl(Btl( V1—1y))

< ¢ ex ( ) 1+Zex ( 41_1)d2)
= Vol (B ey T=10)) '
(Iv.44)
Hence, we must only choose d > +/C to complete the proof. [
O

Remark 8. We can replace the Yamabe flow with a more general geometric flow satisfying
the control ]%g(tﬂ + [Rm(g(t))| < 2 and the uniform equivalence of metric A~'dy <

d; < Ady. The proof is the same, and we leave it to interested readers to verify.

IV.S Local Maximal Principle

Using the function we constructed in the previous section, we can study the Ricci

curvature along the locally conformally flat Yamabe flow under the scaling-invariant esti-
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mate [Rm| < ¢ fort > 0 and the uniformly equivalent condition. The following statement
is a local maximal principle for the Yamabe flow and will be applied several times in this

article.

Theorem 12. Let (M", ¢(0)) be a complete Riemannian manifold with n > 5. Let
(By(0)(ps 2a$), g(t) = u(t)ﬁg(O))te[QT] be an locally conformally flat Yamabe flow

with initial metric g(0) for some p € M™ and a constant a > 1. Suppose that

[Rm(g(x,1))] < 7 (1V43)
Ric(g(x,0)) = 0; (IV.46)
scal(g(z,t)) = —1; (IV.47)

a ! <u(z,t) <a, (IV.48)

holds on B (p, 2q77 )x[0, T. Let £ be anon-negative continuous function on By (p, 2a$) X

[0, T with £ < ¢ on By (p, 2aﬁ) x (0,T]. Assume that ¢ satisfies

(g —(n — 1)Ag(t)) 4 < 2scal(g(zo, to)) (o, to) + Kl(xo,t0)?,  (IV.49)

ot (0.40)

in the barrier sense for some constant X' > 0 and ¢(xq, ty) > 0. Suppose that /(x,0) < 0

holds on By(p, 2a$). Then there exists A(n, a, K) > 0 such that for ¢ € [0, T,

U(p,t) < A. (IV.50)

Proof of Theorem 12. First of all, we consider a stronger but scaling-invariant statement.
We fix A > a, which would be determined later. We claim the following:
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Claim 7. There is a constant A > 0 depending on n, a such that

A

1o < G 0B )

(IV.51)

on By(p, 1) x [0,T].

It suffices to prove the claim. By the smoothness of the solution, there is the largest
time ¢, € [0, 7"|(may depend on the flow) such that (IV.51) holds on By(p, 1) x [0, ts]. We
aim to show that if £y, < 7T, then A has an upper bound that only depends on a, n. Assume
thereisatimety < T andapointzg € By(p, 1) such that {(zg, ty) = Adisty(zo, 0Bo(xo, 1)) 2
and ((z,t) < Adisty(x, 0By(x, 1)) 2on By(p, 1) x[0, tg]. Choose py := disty(xq, 0By(xg, 1)).

Hence, on By(zo, 3p0) * [0, to], we have

A
< -
dlStO(I7 aBO(p7 1))

{(z,t) 5 < 4Apy2. (IV.52)

Now we perform the following parabolic scaling:

gz, t) = py°g (z, pjt) ;

Uz, t) == p2e (. p5t) ; (IV.53)

t~0 = pEQto.

Since all other quantities are scaling invariant and #, < %, we may assume py = 1 and

a
A

o = p. So ¢ < 4A on By(p, %) x [0,t0], €(p,to) = Aand ty < ¢ < 1. By Lemma 16, if

a
A

we set F'(z,t) := exp(—nKAt){(x,t)7, then

n—1)(n—

OF (z,t) < gscal(g(t))F(x,t) ! 4)F(at,t)|Vt log F'|?, (IV.54)

in the sense of a barrier on By(p, 1) x [0, o], where [] := £ — (n— 1) Ay is the abbrevia-
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tion of heat operator. Also, F'(z,t) < (4A)% on By (g, 3) %[0, t]. Now for € € (0, 1), take
a non-increasing cut-off function ¢ : [0,00) — [0, 1] with ¢ = 1 on [0, 5], supp ¢ < [0, 3]

and |¢'|? < p?7¢. Define ®(z,t) := ¢ (4dy(z,x0)?). Then

OP(x,t) = —4(n — 1)u_%g0’ (Aodo(z, m0)? + 2V logu - Vodo(z, )?)

(IV.55)
—16(n — 1)u_ﬁ¢”|vodo($, z0)? .
Also, for any o > 1 + %, the evolution equation of u® is
o a——4 2 n—2
(u® =au® "2 |(2—(n—1)(a—1))|Vologul|” — scal(g(0))
(IV.56)

(n—1)aa® n->2

< a2~ (n— 1)@ - 1))V, logulu® + -7

By the Laplacian comparison on g(0), we have Agdy(x, z0)* < 2n in the sense of barrier.

Combining with (IV.48) and ¢” > —c(p for some universal constant ¢ > 0, we get

/ /
O(®u®) < — C1Pu| Vi logul* + du” {02 (1 + "Z|> +8(n—1) [Vilogu - Vidy(x, z0)?| ‘9;’
/
+ 8bu(n — 1) [ |a Vido(,20)* - Vi logul
¥
Cl a 2 a —€
< —7@u [Vilogul® + Co®u® (1+ ¢ ) .

(IV.57)
for some constant C,C; > 0 depending on n,c, a, a, where we apply the Cauchy-
Schwartz inequality in the last inequality. This induces us to consider the quantity G(x,t) :=

®(2,t)(F(z,t) + A" T u(z, t)%). By (IV.54), (IV.55) and (IV.57),

(n—1)(n—4)

G < gscal(g(t))G + FC (|| + ¢+ |¢'||Vilogul) — OF|V,log F|?

n— C
—2(n—1)®FVlogF -V, logd + AT —é@u‘ﬂvt logul® + Co®u® (14 )

2
P+ AT CDut + AT CD e,

(IV.58)

n—1
4

F
< gscal(g(t))G +CF(®'"“+d)+C
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where C' is a constant only depending on n, €, a, o, we apply the Cauchy-Schwartz in-
equality in the last line. Now we define C' as the constant that only depends on n, €, a, &

and may change from line to line. Since ' < (4A)% and ® <

(G < Sscal(g(t))G + CF(@' " + @) — L AT OPu + AT Oy
< gscal( ()G + CA"F + OA"T

(IV.59)
Now, let K := K be the heat kernel which be defined in Definition 4 with some smooth

domain By(p, \/Tg) < Q < By(p,1). By Theorem 11,

C do(z,y) ¢ do(,y)*
Kz, ty,5) < Vol,(z, v/t — s) exp( C(t— )) Voly(z, Cv/t — ) Xp( (t—s))’
(IV.60)

forall z,y € Qand 0 < s < t < 1, the last inequality follows from the Bishop-Gromov

volume comparison. Therefore, for (x,t) € Q x [0, to], (IV.59) and (IV.60) imply

G(z,t) = lim K(:E,t,y, s)G(y, s)d Vols(y)

:/ as/ K@, t:y, 5)G(y, s)d Vol, (y)ds + /Q K (2, ;,0)G(y, 0)d Voly(y)
= / /K(x,t;y, s) Ds,y—gscal(g(s))> G(y, s)d Vols(y)ds
0 Jo

+ / K(z,t;y,0)¢(y,0)d Voly(y)
Q

<O + / / ( dole )\ Jyor o
( Bo(z.1) Volo(z C\/ﬁ) xp C(t—s) olo(y)ds
5 1 do(z,y)* )
A Vol oTn — 2222 ) dVoly(y).
Bo(z.1) Volo(z, Cv/T) =P ( Ct olo(y)

IV.61)

Note that K and G vanish on 02 so there is no boundary term above. For the last term, if
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we denote A(x, w) the go—area of 0 By(x, w), by the co-area formula,

/t /BO (1) Volg(z (];“’\/E) eXp (_%) dVoly(y)ds

Y Gud
//VoloxC’\f ( )ws
" Voly(z,1) 1 12w Voly(z,w) w?
- /0 Volo(z, O/s) P (‘E) T, TsVoly(z, Ov/3) eXp( C’s) dwds
t n 1 9 t 0 22
< /0 max{1, (C/s) *}exp (—a) ds+6/0 /0 zmax{1, 2"} exp (_E) dzdw

< Ct.

(IV.62)

and

1 dO(x>y)2)
_ ————— ) dVol
/Bg(z,l) VOIO(.I, C\/E) °xp < Ct © 0(?/)
U Az, w) w?
/0 Volo(z,OvE) P ( Ot) v

Voly(z,1) ( 1) 2 [tw Voly(z,w) ( w2)
_ Vob(x,l) o 1Y 2 [fw Voh(zw) S wT) o o (1ve3)
Volo(z.cvD) P\ 7t ) T )y TVolo(z.ov) TP\ T )

® 2
< sup 2" exp(—C2?) + C/ zmax{1, 2"} exp (—Z—) dz
z>0 0 C

A

=:C.

Therefore, we get G(z,t) < C(A"T + A" )t + CA"T on Q x [0, o). Since Aty < a, at

(p,to), we have

exp(—nKa)(4M)5 < G(p, to) < C(A"T +A"T ) tg+CA"T < Ca(A"T +A"T)+CA"T
(IV.64)

Choose A := exp(4nKa) max{(2Ca + C + 1)*4", a}, then we get a contradiction. [

Now we provide a quantitative estimate for the lower bound of scalar curvature along

Yamabe flow.
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Lemma 18. Suppose g, is a metric on M" and z, € M" is a point such that

1. By, (xo,7) € M™;
2. Ric(go) = —(n—1)r 2

Let g(¢) be a smooth solution to the Yamabe flow on M™ x [0,Tr?] (not necessarily

complete) with g(0) = go such that

a gy < g(t) < ago

on M"™ x (0, Tr?] for some « > 1 and > 0. Then there is A;(n, ) > 0 such that for all

t € (0,Tr?], scal(g(zo,t)) = —Ayr—2.

Proof. By rescaling, we might assume r = 1. This follows from a simpler modification

of the proof of Lemma 12. We consider the test function
F = ¢ (dg,(,20)) - 0 + Lou” (IV.65)

where p = scal_, L is a large constant, g(t) = = go and ¢ is smooth non-increasing
function ¢ : [0, +-00) — [0, 1] such that ¢ = 1 on [0, ], vanishes outside [0, 1] and satisfies

|¢'|? < 1039, ¢” = —10%¢. Then we have

+@

(IV.66)
u%ﬁLogp — Lou"|V logul?
9(t)

in the sense of barrier. Here we have used the evolution equation of u, see (IV.56). We

might assume the function to be smooth when applying the maximum principle.

We now simplify the evolution inequality. We will use C; to denote any constant
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depending only on n, . Using the same derivation of (IV.57) and choice of ¢,

—(n = 1)Ayn¢ < C1 (14 "%V loguly) (1V.67)

On the other hand at its maximum point, VF' = 0 so that

OV + oV + Loyu 'Vu =0

and thus,

~2(V¢, V) =2¢"(V¢,pVé + Loy’ Vu)

(IV.68)
< CQQO + CQL0¢_1/2|V 10g u|g(t).
Substituting it back to the evolution equation of F' yields
OF < Cip (14 ¢"?|Vlogul) 4+ Cap + CyLo¢™"?|V logu|
- QS(,OQ + OgLogO — L0U7|V 10g u|2 (IV69)

< CyLop + Cyp 'Ly + CuLg 0% — dp*

at its maximum. Hence if we choose Ly = 2C, then at its interior maximum point inside

the support of ¢, we have

1
(60)° < Gy + Cs < 5(69)* + Co (IV.70)
That said, for all (z,t) € B, (zo,1) x [0,T],
F((L’,t) < A/ 206 + L(] = 07. (IV71)
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Evaluating at z( gives us the result. 0

By Lemma 16, we can derive a Ricci lower bound along the locally conformally flat

Yamabe flow as a consequence of the above theorem.

Lemma 19. Let (M", g(0)) be a complete manifold with non-negative Ricci curvature.

Suppose that (By(p,1), g(t))wcpo,r] is a locally conformally flat Yamabe flow with con-

formal factor u(z, t)ﬁ = g(x,t)/g(z,0), and there is a constant a > 1 such that on
Bo(p, 1) x [0,T7,

IRm(g(z, )| < %; (V.72)

Ric(g(z,0)) = 0; (IV.73)

scal(g(z,t)) = — 1, (IV.74)

a ! <u(z,t) <a. (IV.75)

Then there is a constant A > 0 depending on n, a such that

Ric(g(p,t)) = —A, (IV.76)
on [0, 7.
Proof of Lemma 19. 1t is nothing but a combination of Lemma 16 and Theorem 12 with
K =n. 0

Lemma 20. Let (M", g(0)) be a complete manifold with non-negative Ricci curvature.
Suppose that (By(p, ), g(t))wep,r is a locally conformally flat Yamabe flow with con-
formal factor u(z, t)ﬁ = g(x,t)/g(z,0), and there is a constant a > 1 such that on
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By(p,r) x [0,T],

Rm(g(z, )] < 73 (IV.77)
Ric(g(x,0)) = 0; (TV.78)
scal(g(x,t)) = —r % (IV.79)
a ! <u(z,t) <a. (IV.80)
Assume that there is a small constant ¢ << 1 depending on n and a with
0
/ rf scal(g(0))d Voly(y)dr < ¢, (Iv.81)
0 Bg(()) (x,r)
holds for all 2z € M™. Then there is a constant T = T'(n, a, ) > 0 such that
1
for all ¢t € (0, min{r2T", T'}].
Before we prove this lemma, we record an important observation in [ , Lemma

3.1.]. Given a complete Riemannian manifold (N, k), for zo € N and r > 0, define

kn(wo,7) =172 fy . scal(h(z, s))d Voly(z);
’ (IV.83)

fu(@o,m) == fors - kn(zo, s)ds.

For instance, the assumption of the main theorem is f,(z,7) < ¢ for all z € M" and

r > 0.

Lemma 21. [ , Lemma 3.1.] Suppose that (M", g) is a complete Riemannian man-

93 doi:10.6342/NTU202500973


http://dx.doi.org/10.6342/NTU202500973

ifold with nonnegative Ricci curvature. Then
kg(l’,'f’) < 271(]('9(3:’ QT) —fg(ﬂf,?”)) (IV84)

forall z € M™and r > 0.

Therefore, combine the Lemma 21 and (IV.3),
]{79(0) (ZL‘, T’) < 2", (IV.85)

forall z € M™and r > 0.

Proof of Lemma 20. May assume r = 1by scaling. Choose a smooth domain B, (p, %) c
Q < Byo)(p, 2), ¢ : Byoy(p,1/2) — [0,1] with supp ¢ < By(o)(p, 1/4) and consider a

smooth nonnegative function v with

v(z,t) = /Q ¢ (dg(0) (y, p)) Ka(z, t;y, 0)scal(g(0, y))d Vol (y), (1V.86)

for all z € By(p, ) and t € [0, T], where K is the Dirichlet conjugate heat kernel on 2.

Then v(z,0) = scal(g(z,0)) on Q with equation

n—4 n n—4 n—4 na
D(scal—e 2 tv) :scal2—§scal-e T by — ez ly
+

n— — 4 n—
< 2scal (scal — 674%) — (ﬁ — 2) scal + e" Tty
+ 2 2

< 2scal <scal — en54tv> ,
+
(IV.87)
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in the sense of barrier. By (IV.60) and the co-area formula, for z € By(p, %),

C d(](.fﬁ,y)2)
1) < Y exp (=YY cal(g(y, 0))d Vol
v [ e (-G ) sealtot 0 volag

Uk
<C Voly(z,1) )exp <_i) oo (1) +%/ 90 (T, ) Voly(az, 1) )exp <_
0

VO]U .T C\/ﬁ

Oe+—/

<C@Et '+ 1),

r VO]O (.Z', C\/Z

(IV.88)
where the second to the last inequality follows from the Bishop-Gromov and C' > 0 is a

constant depending on n and a. We choose ¢ < —4n(n1_

G and 77 := Ti(a,n,e) > 0 such

that v(z,t) < C(t ™t +1)e < m on By(p, 3) x (0, min{Ty, T'}]. Therefore, by virtue

of Theorem 12, there is a constant A = A(n,a) > 0 such that

n— 1
Scal(p, t) = scal(p, ) — € 2 (p, t) + €T4t1)<p7 t) <A+ m, (IV89)

forall ¢ € (0, min{7},T'}]. According to the nonnegative scalar curvature and Ric +A > 0

(Lemma 19),

[Rm|(p, t) < (n—1)[Ric|(p, t) < (n—1)(IRic +Ag|l++/nA)(p,t) < (n—1)(nscal(p, )+C,A)

(IV.90)
on (0, min{T}, T}]. Choose T' = min{(2C,A)~', T;} > 0 depending on a, n, . Then we

confirm the assertion. O

IV.6 Long-time solution of Yamabe flow with 1/t decayed

Theorem 13. Let (M™, g) be a non-flat complete Riemannian manifold with the assump-

tion (IV.3). Then for ¢ < &(n) small enough, there exists a complete locally conformally

7,2

Ct

)ar

1
< O,
2"
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flat Yamabe flow (M™, g(t));=0 with g(0) = g such that
1 .
[Rm(g(t))lg() < 5 and Rie(g(t)) >0, (IV.91)

on M™ x (0, o). Moreover, the bound exp(—w(z)) < u(x,t) < 1 holds on M" x [0, 0),

where w : M™ x R is defined as in Section IV.3.

Proof of Theorem 13. Fix R > 0. Consider a smooth domain €2 such that B,(p, R +
3) <  for a fixed point p € M™ and choose r € (0,1) such that |Rm(g)| < r~2 on
Q). Then Proposition 7 and Proposition 8 show that the equation (IV.14) has a long-time
solution, and there exist some constants a(n, ), ci(n,a), Ty(n,a) > 0 such that a=! <
exp(—w(z)) < u(z,t) < 1onQ x [0,0) and [Rm(g(t))] < 1772 < 1T/t on Q, x
(0,7%Tp), where w : M™ — R is the function which defined in Section IV.3. By Lemma
18, scal(g(z,t)) = 0 on Q x [0, 0) by letting » — co. By Lemma 20, there is a constant

Ti(n,a,c1Ty) = Ty(n, ) > 0 so that [Rm(g())| < 1/t on Qq, x [0, 7> min{Ty, Tp}].

Now we set t; := r2min{T}, 71}, Ry := R+ 3 — 2r and T = T'(n, max{a, co(1 +
Ty)}, ) is the constant in Lemma 20 and cy(n, a?), To(n, a?) are the constants in Propo-
sition 7. The purpose is to show a region in spacetime containing By(p, R) x (0,7)
with |Rm(g(¢))| < 1/t for some T independent of r,p and R. We perform an induc-
tive construction of the Yamabe flow. First, set ¢,1 := (1 + T5)tx and Ry, 1 := Ry —

T

1
2 (a% + w) t7. The induction hypothesis is the following: There is a sequence of

locally conformally flat Yamabe flows (€2(k), g(t))sc[o,,] Such that the following holds:

1. Q(k) < Q(k — 1) is a smooth domain.

2. [Rm(g(t))| < 1/t, exp(—w(x)) < u(t) < 1andscal(g(t)) = 0on Q(k) x (0,t].
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3. Bo(p, Ry) < Qk).

Choosing (1) := o, and [0, ], then the assertion holds for & = 1. For k > 1,
IRm(g(tx—1))| < 1/tx_1 follows from the induction hypothesis. Now, Proposition 7 im-

plies [Rm(g(z,t))| < ca/tp—q forallz € ' := {x € Q(k—1) : disty, ,)(z,0Qk—-1)) =

th—1

t’1€/_21} and t € [ty_1,tx_1 + tx_1T3]. Therefore,

max{l, 62(1 + TQ)}
n )

[Rm(g(z, )] < (IV.92)

on ' x [0, (1 + T3)tg_1]. For L > 0 and x € Q' with By(x, Lt,lfl) c €/, by Lemma 20,
1
Rm(g(z, 1)) < 7, (1V.93)

forall ¢t € (0,min{L%, 1T (1 + To)ty_1}]. Taking L? = £ by the fact u(z,t) >
a~t, we get that for dist,(x, 0Q(k — 1)) = (aﬁ + %) t2 and x € Q(k — 1),
IRm(g(z,t))| < 1/t fort € (0,tx]. Choose (k) < Q(k — 1) a smooth domain such
that By(p, Ri) < (k) and dist,(z, 0Qk — 1)) > <a% + %) t2 for all z € Q(k).

This completes the induction argument.

Note that

T+ 1\ ¢
Rk+1:R+3—2r—2(an32+\/?)Zt—>—OO, (IV.94)
j=1

.ol
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as k — oo. Hence, there exists a ¢ > 0 such that R, < R < R;. Then

) To+1\ <
R>R+3—2r—2<an2—i—q/2;> £3

N

<

j=1
2 T 1 J
>R+1—2(an2+4/ 2; )\/EZ(lJrTQ)z (IV.95)
§=0
= R+1—AVt,

2 and

for some constant A(n,e) > 0 independent of ¢, R, r and p. Therefore, t; > A
|IRm(g(t))| < 1/t on By(p, R) x (0,A2) . Since R > 0 and p € M™ are arbitrary and
A is uniform, these imply [Rm(g(¢))| < 1/t on M™ x (0, 0) by the parabolic rescaling
argument. By Lemma 19 and the parabolic scaling again, we yield an immortal solution of

locally conformally flat Yamabe flow (M™", g(t))sc(0,00) With g(0) and satisfy [Rm(g(t))| <

1/t and Ric(g(t)) = 0 on M™ x (0, 00). This completes the proof. O

IV.7 Proof of Theorem 8

Proof of Theorem 8. If not, then Theorem 13 provides a complete long-time solution of
locally conformally flat Yamabe flow (M™, g(t) := u(t)ﬁ 9)t=0 satisfying (IV.91) and
exp(—w(x)) < u(x,t) < 1. Since scal(g(t)) = 0 holds on M™ x [0, 20) and scal(g) £ 0
on M?", by the equation (IV.6) and standard maximal principle, scal(g(¢)) > 0 on M™ x

(0, 00). Now we recall the following Harnack inequality due to Bennet Chow.

Theorem 14. ([ 11 , Theorem 7]) Let (M™, g(t))e[o,r) be a complete and lo-
cally conformally flat Yamabe flow with bounded curvature. Suppose that Ric(g(t)) = 0
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holds on M"™ x [0, 7. Then for any 1-form X, Z(g(t), X,t) = 0 on M™ x [0, 7], where

ﬁ Ric(g)(X, X) + Scai(g )

(IV.96)

Z(g, X, t) := %soal(g(t)) + g(V9scal(g), X) +

for any metric g, 1-form X and ¢ > 0.

The original version in [ ] is only available for closed locally conformally flat
Yamabe flow. But as the discussion in [ ], this statement remains true as long as
Hamilton’s tensor maximal principle holds, which includes the case of complete Yamabe
flow with bounded curvature. By this Harnack inequality, we get Z(g(t), X,¢) = 0 for
all X € Q(M") and t > 0 by the curvature bound [Rm(g(¢))| < 1/t. Taking X =

—V9® logscal(g(t)), then

scal(g(t)) _ |V scal k - i(t scal(g(t))) 0, (Vo)

0
aseal(g(t)) + t ~ 92scal ot

on M"™ x (0, 0). Hence, fort > 1and 7 € [\/t,t], we have 7 scal(g(7)) = v/t scal(g(v/1)).

The equation of Yamabe flow implies

w(z), (IV.98)

n—2

t
4
/ scal(g(x, 7))dr = — logu(z,t) <
0 n — 2

for all x € M™. Then

% tscal(g(v/t)) logt = /\; \/fscalig(\/f))dT < /\; scal(g(7))dr < " i 5

(IV.99)

on M™. Hence,
8 w(x)

0 IV.100
n—2logt ’ ( )

0< \/Escal(g(:p, \/E)) <

ast — oo. Butthe middle term is monotone non-decreasing in ¢, we conclude scal(g(z, t)) =
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0 on M" x [1,00). By the monotonicity again, scal = 0 on M"™ x [0, o). This confirms

g to be a flat metric and we complete the proof. (]
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