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Abstract

Excitation energy transfer (EET) plays a pivotal role within photosynthetic systems.
The efficiency and fundamental importance of this process elevate the study of EET as a
vital area of scientific inquiry. Traditional methodologies for modeling EET dynamics,
such as Forster Theory (FT) for incoherent energy transfer and the modified Redfield The-
ory (mRT) for coherent transfer, face limitations across various parameter regimes. This
study introduces a unified quantum master equation framework, referred to as pure de-
phasing variational polaron reference system quantum master equation (PDVPRS-QME),
which melds the characteristics of both FT and CMRT to bridge the gap between these tra-
ditional paradigms. The PDVPRS-QME accounts for unique cross-terms essential for ac-
curately capturing the dynamics in intermediate system-bath coupling regimes alongside
providing broader applicability across a broad range of system-bath coupling strengths.
Through numerical benchmarks against quasiadiabatic propagator path integral (QUAPI)

results and comparison with FT and CMRT, PDVPRS-QME is demonstrated to improve
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upon conventional perturbative approaches by determining an optimal reference system.

This study underscores the significance of selecting an appropriate basis and provides a

novel perspective for deriving QME.

Keywords: Excitation energy transfer, Quantum master equation
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Chapter 1 Introduction

1.1 Excitation energy transfer in photosynthetic systems

Excitation energy transfer (EET) is a crucial mechanism within photosynthetic sys-
tems, where it plays a central role in the process of converting of solar energy into chemical
energy. Upon absorption of solar photons, light-harvesting antenna molecules are excited
and initiate a chain of energy transfer events. This process involves the sequential relay
of energy through a network of light-harvesting pigments, ultimately resulting in its de-
livery to the reaction center. In addition to its fundamental importance, the EET process
also exhibits a particularly high quantum efficiency[ |—5]. The remarkable efficiency with
which this transfer occurs has profound implications for the understanding of photosyn-

thetic machinery, thereby positioning the detailed study of EET as a vital area of scientific

inquiry.

1.2 Conventional Theories

Forster theory (FT)[6] is a conventional perturbative approach to model EET dynam-
ics based on excitonic localized on each individual molecules. From an incoherent pic-

ture that neglects quantum coherence between different molecules, FT describes a trans-

1 doi:10.6342/NTU202404389
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Figure 1.1: Photosystem II (PSII)

fer from donor to acceptor by treating transition dipole-transition dipole interaction as the
perturbation. Furthermore, to describe dynamics in a multi-chromophoric system, gen-
eralized Forster theory (gFT)[7, 8] was developed. Generalized Forster theory describes
a cluster of donors transfer energy to a cluster of acceptors. Dipole interactions between
molecules of donor and acceptor are treated as perturbation. However, FT and gFT hold
true only when the electronic interactions between the donor and acceptor are significantly

less intense compared to the system-bath couplings.

On the other hand, Redfield theory (RT) has long been utilized for studying open
quantum system dynamics on the coherent limit for problems such as nuclear magnetic
resonance. Redfield theory derives from the electronic eigenbasis which will be referred
to as exciton basis and treats the whole system-bath couplings as perturbation to obtain the
full dynamics of the reduced density matrix of the system. Because the total system-bath
couplings in a photosynthetic system is often not a small parameter, RT usually is not an
adequate approach for the dynamics of EET on photosynthesis.

2 doi:10.6342/NTU202404389
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Modified Redfield theory (mRT)[9, | 0] improves upon traditional Redfield theory by
treating only the off-diagonal terms of system-bath couplings in excition basis as pertut-
bation. The perturbation would be valid in a weak system-bath regime and strong system-
bath coupling regime with localized system[10, 11]. Therefore, mRT has a broader ap-
plicability than FT and RT. However, mRT describes only population transfer in exciton
basis by deriving from a conventional Zwanzig-Nakajima projection technique. One can

not obtain the density matrix in site basis because lack of the information of coherence.

Therefore, our group has developed a coherent modified Redfield theory (CMRT)[ 11,

] which is a non-Markovian time-local quantum master equation deriving by a second
order cumulant expansion. CMRT describes the coherent and disspative dynamics in the
same form as the Redfield theory. In this approach, the disspative kernel is the same as
mRT which induces the population transfer and dephasing. The diagonal terms of system-
bath couplings are included in zeroth order Hamiltonian and induces a pure dephasing.
More recently, Trushechkin derived formulas for calculating the coherences in FT and
mRT by a Zwanzig-Nakajima projection approach.[ | 3] However, when the energy gap is
much smaller than the electronic coupling, the CMRT overestimates the transfer rates and
the mRT approach by Trushechkin underestimates the dephasing rate. Both failures can

be attributed to the improperly over-delocalized basis.

In exploring the complexities of Excitation Energy Transfer (EET), it’s clear that
methods such as Forster theory (FT) and modified Redfield theory (mRT) have their lim-
itations. Each has its strengths, yet neither provides a comprehensive solution for the vast
array of EET scenarios. However, in real systems, such as photosystem II (PSII) shown

1

in Fig. 1.1, the electronic couplings are typically around 50 cm™" , while the energy gaps

can vary widely, ranging from a few hundred cm~'down to just a few cm~!. This wide

3 doi:10.6342/NTU202404389
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range of energy gaps creates a challenge for traditional models, as the dynamics cannot be

fully captured by either a purely localized or purely delocalized basis.

Due to the repetitive failures of generalized Forster theory (gFT) and modified Red-
field theory (mRT) in accurately modeling Excitation Energy Transfer (EET) dynamics,
Novoderezhkin et al. proposed a combined modified Redfield-generalized Forster ap-
proach[ 14—16]. This method adapts to different regimes by calculating transfer rates us-
ing mRT or CMRT when electronic couplings exceed a certain cut-off value, and by using

gFT when the couplings are below this threshold.

This hybrid approach has demonstrated good performance and has become the stan-
dard method in the study of photosynthetic light harvesting[ | 4—1&]. However, the effec-
tiveness of this method heavily relies on the choice of an artificial cut-oft coupling, which
can introduce uncertainties. Additionally, this approach still struggles to accurately de-
scribe intermediate cases that lie between the mRT and FT regimes, where neither method
alone is entirely adequate[16]. These limitations highlight the ongoing need for more

flexible and universally applicable frameworks in EET dynamics research.

1.3 Pure-Dephasing Reference System Approach

Acknowledging the pressing need for a method that adapts across the full spectrum
of interaction strengths and coupling regimes, we turn our attention to pure dephasing
reference system (PDRS)[19, 20] and small polaron[21—-25] approaches. The mRT is a
form of PDRS-QME which chooses the electronic eigenstate as the reference system. The
PDRS tackles pure dephasing by including diagonal system-bath couplings in the refer-
ence Hamiltonian. Moreover, because the pure dephasing effect converges hardly [26],

4 doi:10.6342/NTU202404389
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PDRS approach treats the diagonal system-bath coupling which induced the pure dephas-

ing to all orders instead of second orders.

The small polaron framework handles strong system-bath couplings by folding the
influence of the environment into an effective system Hamiltonian. Therefore, the small
polaron approach describes the dynamical localization effect well. Unlike Redfield the-
ory, which performs well in the weak coupling regime, the small polaron quantum master
equation excels in the strong coupling regime[23], offering a complementary approach to

capture the dynamics where RT and CMRT may fail.

1.4 Content in This Work

Building on these insights, we have developed a pure dephasing variational polaron
reference system quantum master equation (PDVPRS-QME). This novel equation di-
verges from conventional FT and CMRT frameworks by not requiring the basis in the
PDRS to be entirely localized or delocalized. To identify the optimal basis within the
PDRS, we employ the variational polaron approach, allowing us to determine an optimal
reference system through Bogoliubov’s theorem. Furthermore, the population transfer
rate in PDVPRS-QME comprises a combination of mRT, FT, and a unique cross term.
The cross term becomes particularly significant when the PDVPRS operates in an inter-
mediate regime. After benchmarking against conventional methods and the gold-standard
approach, PDVPRS-QME demonstrates broader applicability across various regimes, ef-

fectively circumventing the limitations of traditional theories.

5 doi:10.6342/NTU202404389
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Chapter 2 Generalized Pure
Dephasing Reference
System Quantum Mater

Equation

2.1 Model Dimer System

2.1.1 Frenkel Exciton Hamiltonian

We start from a generic system-bath Hamiltonian for a dimer system in the site ba-

sis,where the total Hamiltonian is
H = H,+ H, + Hy, @.1)
and the system part is

H, = A(ID)(D| — |A)(A]) + Jo(|D)(A] + | A)(D]). (2.2)

7 doi:10.6342/NTU202404389
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with |D) and |A) representing electronic states localized at donor and acceptor, respec-
tively. 2A is the energy gap between |D) and |A), and J, is the electonic coupling.
Furthermore, the bath part is described by a set of harmonic oscillators, where the bath

Hamiltonian is

Hy= > ) wniblbni, (2.3)

n=DA i

with bm-(bin) is the annihilation(creation) operator of the i-th vibrational mode on site n,
and w,,; is the vibrational energy of the mode. For system-bath coupling, we consider a

site-diagonal bilinear system-bath coupling:

n=D,A i

where g, is a dimensionless electron-phonon coupling strength constant. Note that we set

I =4 =1, where h is the Planck constant.

2.1.2 Electronic Reference System

Diverging from traditional CMRT or FT, we start from an arbitrary electronic refer-
ence system defined by a mixing angle . Therefore, we perform an unitary transformation

U on the total Hamiltonian to convert it into an arbitrary basis,

H=U'HU = H, + H, + Hy, (2.5)

8 doi:10.6342/NTU202404389
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and for a dimer system, an unitary transformation is a rotation operator:

cos(f) —sin(0)
U= . (2.6)

sin(0)  cos(0)

The system part becomes

H, = A(la)(al = 18)(8]) + J(la) (8] + [8)(a]), 2.7)

where |o) = C%|D) + C%|A), is a linear combination of |1) and |2),and A and .J de-
scribe the energy gap and electronic coupling between |a) and |5). Moreover, the bath
Hamiltonian has not changed after the transformation, i.e. ﬁb = H,. Subsequently, the

system-bath coupling becomes

Hy=> > CoCHguwni(bl, + bui)|a) (8], (2.8)
a,f n=D,A i
= Ha)(o| + HY|B)(B] + Hy |y (8] + HYB)(al, (2.9)

where HS® = (o|Hy|B).

2.1.3 Zeroth Order Hamiltonian and Perturbation

To derive a quantum master equation, we partition the total Hamiltonian into zeroth-
order Hamiltonian (H) and perturbation Hamiltonian (V'). Here we treat all off-diagonal

9 doi:10.6342/NTU202404389
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terms in the electronic reference system as perturbation,

V= ﬁs,off + ﬁsb,offu (210)
H,opp = J(la)(B] +18)(al), (2.11)
Hy, o5y = H ) (8] + HEY|B) al, (2.12)

and zeroth-order Hamiltonian is

HO = ﬁs,diag + ﬁb + Esb,diaga (213)
Hi giag = AJa) (] — 8)(8)), (2.14)
Hapaing = HS ) (o] + HE|8)(B). (2.15)

As the mixing angle varies from 0 to its maximum value, the selection of the reference
system changes from the FT picture (site basis) to the CMRT picture (exciton basis, i.e.
electronic eigenstate). Additionally, the perturbation changes from electronic coupling to
the off-diagonal terms of the system-bath coupling. Intermediately, the reference system

between the two pictures gives rise to a mix perturbation that includes both.

2.2 Generalized PDRS Quantum Master Equation

2.2.1 General Time Local Quantum Master Equation

To obtain the equation of motion of population and coherence, we start from the

Liouville equation in the interaction picture:

pir() = =iV (), pr(D)] (2.16)

10 doi:10.6342/NTU202404389
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where p;(t) = et p(t)e~ 0! is the density matrix in the interaction picture and p(t) is
density matrix in the Schrédinger picture and V;(t) = e!0tV;e~tHot is the perturbation in
the interaction picture. Utilizing the second order cumulant expansion with:respect to. V",

we obtain

or(t) = /0 Trg {[Vi(t), [Vi(7),0(t) @ pﬁq]]} dr, (2.17)

where o/ (t) is the system density matrix in the interaction picture and p;? is the equilibrium

density matrix of the bath.

In Schrodinger picture, the system density matrix is o(t) = Trp{Uyo;(t)pi’Uy}.

Therefore, the equation of motion of reduced density matrix in the Schrédinger picture is

6(t) = —iTrp {[Ho,0(t) @ qu]} - /0 Trg {[V.[V(-7),0(t) ® qu”} dr

= 5N (1) 4 g diss) (1), (2.18)

The former part of equation describes the coherent dynamics and the latter part describes

the dissipative dynamics.

2.2.2 Coherent Part of QME

First, for the coherent part, we consider the density matrix o(¢) is driven by the Hy

which can be exactly evaluated:

oM (t) = Trp{Us(t)a(0) UL ()} (2.19)
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For the element of density matrix o,5(t) = («|o(t)|5), we can obtain
gg‘gl(t) = e*i(e‘*’ﬁﬁ)tTrB{e*"(HPh+H?ba)tpzqei(HP”Hfbﬁ)taaﬁ(0)}, (2.20)

where €, and € are the site energy of |«) and |5). The former term describes the coherent
evolution of system and the latter term contributes a pure dephasing of coherence which
can be evaluated by thermal average. Note that the coherent part do not contribute to the

dynamics of population because ¢, — g = 0.

Finally, after taking the derivative in time, the coherent dynamics consists of a coher-
ent evolution which driven by the system Hamiltonian and a pure dephasing of coherence

induced by the diagonal terms of Hg:

Gl (t) = —i(28)as(t) — REG(£)Tas(t), 2.21)

where the pure dephasing rate[ | 2] is

RPS(t) = Re[daaaa(t) + G555(t) — 20apas(t)]

+ ilm[Jaaaa(t) — gasss(t)]; (2.22)

with ga,5(t) is the lineshape function:

Goso(t) =D cael el el

o Jnm
/o dw w§w> { [Coth (ﬁ) (1 — cos(wt))
+i [sin(wt) - wt] } = Z e O g (), (2.23)

where J,,,,, 1s a spectral density representing the coupling-weighted density of state used to
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describe the complicated interaction between bath and system in condensed phase system:

T (@) =D Grigmiw?d(w — w;). (2.24)

In the following discussion, we apply a site-independent baths and site-diagonal system-

bath coupling by a super-ohmic spectral density: Jpp(w) = Jaa(w) = ywde /% /7w?
where -y is system-bath coupling constant and w, is the cut-off frequency.
2.2.3 Incoherent Part of QME
Next, the dissipation part of dynamics is following:
] t
(j'(dISS)<t) = _/ dTTrB {[v7 [V(_T)v O-(t) ® ple)q“} ) (225)
0

and evaluated to yield this equation of motion,
NROEDY (Féﬁ,av + T2 55— 085 O Tappy — 0oy D rgfﬂ) o5(t),  (2.26)
6 f f
where 'y 45 = fot d1(VasVys(—T7)), and (-) represents the thermal average with V,5(—7) =

(| V(=7)IB).

For o = ( and v = 4, the equation 2.26 produces the population transfer dynamics:

SSI(t) = Y (Ray0y (1) = RyaTaalt)) (2.27)

Y

where the transfer rate from |/5) to |«) is

Ra5<t) =2-Re At dT<V5aVa5<—T)>. (228)
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The dephasing of electronic coherence induced by perturbation is corresponding to
a # B,7 = a,06 = (. After evaluated the dephasing rate is composed of the average of
population transfer rate between dimer and imaginary part of the time correlation function

Of per tur bation:
. (diss ,/ 1 R R o Im (T | * o t 2.29
0((15 )( ) 2 ( Ba aﬁ) (2N ( afB,Ba Ba,aﬁ) 046( ) ( : )

In our calculation, we ignore the imaginary part for simplification because of its tiny effect.

2.2.4 Intrinsically Secular Form

Apart from the secular terms which describe population transfer and dephasing, the
non-secular terms representing population-coherence transfer and coherence-coherence
transfer are included in the full tensor. Eq.2.26 produces the dynamics which describes

population transfer to coherence for a = 3,v # o

daa(t) :(Fﬂa,aa + FZa,aﬁ - Zza,aﬂ - F;B,Bﬁ)aaﬁ@)

(Facap + Thaaa = Dacas — Lapps)osal(t), (2.30)

and o # (3, = ¢ for coherence transfer to population

daﬁ(t> :(Faﬁ,aa + FZa,ﬁa - F,Z’oz,aa - FZ’,B,BO[)O-O&O& (t)

(Tss,08 + Lha,ps — Tacas — Tag,a8)08s(t). (2.31)

However, for population-coherence transfer, all transfer rates involve V,,,, or Vg3 which
equal to zero because the perturbation is off-diagonal only. Therefore, a population-

coherence transfer does not occur in our theory.
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In addition, the dynamics of coherence-coherence transfer yields froma. = v, 5 =0

Gap(t) =(Tapas + Thapa)salt) (2.32)

75a(t) =(Tsa.pa + Tapap)Tas(t). (2.33)

The coherence-coherence transfer rates are non-zero but the transfer rates between o,5(¢)
and 0, (t) are the same and 0,5(0) as well as 0p,(0) are also the same. As a result, a

coherence-coherence transfer doesn’t exist also.

From the discussion above, our theory is secular naturally for a dimer system. Nev-

ertheless, non-secular terms could play a role in a larger system.

2.2.5 Total Equation of Motion

Finally, the total equation of motion is:

Gas(t) = —i(28)00s(t)
+ [Rap(t)aps(t) = Rpa(t)0aa(t)] das

RIS 4 5 (Raat) + Ras0))| 705 (1. (2.34)

Up to this point, we have completed the generalized quantum master equation in an ar-
bitrary electronic reference system. Note that CMRT and FT are special cases for the
PDVPRS-QME for § = i (mixing angle of eigenstates corresponding to Redfield the-
ory)and # = 0. In next section, we aim to determine an appropriate basis with a variational
approach.
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2.3 Population Transfer Rate in the PDRS

Because the perturbation

V = H, o5 + Hyp o (2.35)

has two part, the population transfer rate

t
Rop(t) = 2-Re [ dr(ViaVaa(-7))
0
' 78 78 rrap jagele)
=2 Re/o dT(Hyopp + Hapop ) (Hoopp(=T) + Hy o1 (=7)))
t
=2- Re/o dT{<H§,szH:fff<_T>> + <H§,§fszfoff(_T>>
Ho

+ (H Hsofff(_T» + <Hsﬁbo,éoff woff (=T}

sb,of f

= RET(t) + RIS () + 2RE5%(t), (2.36)

contains four parts after expanding, a FT-term caused by electronic coupling H, .s¢, a

mRT-term by electron-phonon coupling Hy, » ¢, and two cross-terms by mix perturbation.

These three terms can be evaluated:

RET(t) = 2|J* - Re / t dr (1) Au(T), (2.37)
0
RZ%RT(t) =92.Re /t dTFE (7)Aa(7)Xap(7), (2.38)
0
(clrﬁoss(t) = 2(7 Re /'tL dTF;(T)Aa(T)Naﬁ(T), (239)
0
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where

Ao(t) = exp{—icat = Janaa(t)}, (2.40)

Fp(t) = exp{—ies — 2Agpps)t — gspps(t)}, (2.41)

which are associated with absorption and emission lineshape respectively. Furthermore,
the complicated X (¢) and N (¢) describe the mixing dynamics of |«) and |3) induced by

phonons and can be evaluated to yield

Xap(t) = exp{2(gaaps(t) + iAaapst) }

X [Gpacp(t) = (9paaa(t) — Gpaps(t) — 2iXsass)

X (Japaa(t) = apsp(t) — 2iAapps)] (2.42)
Nag(t) = exp{2(gaass(t) + iXaasst)}

X [Z <_gﬁao¢a(t) + gﬁaﬁﬁ(t)) - 2>\ﬂa66] . (243)

For the reference system is exactly localized site basis corresponding to 6=0, the
transfer rate is determined by the FT-term only, which is equivalent to the Forster the-
ory, because the coefficient C*C? in the mRT-term and cross term equals to zero. The
coefficient CC? represents the overlap of |«) and |3) at the local n-th site. In contrast,
the reference system which is chosen at the electronic eigenstate produces only the mRT-
term, which is the same as in the modified Redfield theory because the J in the FT-term
and cross-term is zero at the electronic eigenstate. However, in an intermediate electronic
basis, the unique cross-term is important as it represents the non-trivial effect between |a)

and |3) that is not adequately described by either FT or CMRT.
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Chapter 3 Variational Polaron

Eletronic reference states

3.1 Partial Polaron Transformation

Because the bath could affects the system, we apply a variational polaron transforma-
tion[21, 24, 25] representing the phenomenon of distorted phonon cloud on H to describe
the interaction between system and bath. Therefore, we take advantage of the eigenbasis

of this variational polaron system Hamiltonian to be our reference system.

H =e¢He ™™ (3.1)

S =—1> gnilbni — b)) In)(nl, (3.2)

where f is a dimensionless parameter between 0 and 1 corresponding to original undis-
torted basis and fully displaced small polaron transformation respectively.
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3.1.1 System Hamiltonian

After evaluated, we obtain H' = H + H; + H., and the system part is

H=[=f (2= ) Ao + Al D)D] + [=f (2 = f) Aa = A]|A)(A]

+ Jur(| D) (A| + |A)Y(D]), (3.3)
where \, =) . g2.wn;i is reorganization energy for nth site, and
Jeir = Jo(0},04), (3.4)

is the effective coupling which represents the realistic electronic coupling after consider
the phonon effect. #,, = exp { I Gni(bn — b)) }, is a phonon displacement operator
for the nth site, and (9}) 64) is a Franck-Condon factor which evaluated by thermal average

to yield

(01,04) = exp {—% ; f*(9pi — gai)* coth (6(;) }

~ exp{—f? /OOO dw% coth (%")} (3.5)

Owing to the displacement of phonon representing a relax process, the site energies de-
crease by a set of reorganization energies if f=1. Meanwhile, the electronic coupling is
depressed because the overlap of phonons decreases.
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3.1.2 Bath and System-Bath Hamiltonian

The bath Hamiltonian is also the same as Hj, and the system-bath part is

Hly, = Jo (650 — (6504 ) ID)(A| + Jo (646 — (6461) ) [4)(D)

+ > (1= )gpiwpi(bly; + bpi) [ D)(D] + Z(l — F)gaiwai(bly, + bai)|[A)(A].

7

(3.6)

The former part of H, is fluctuation of effective coupling by phonons and the latter part

is site energy fluctuation caused by motion of phonon.

3.2 Bogoliubov Variational approximation

3.2.1 Variational Method to Determine Dressing Coefficient

In order to determine an appropriate f,we utilize the Bogoliubov’s theorem which

yield a free energy upper bond by partition the H’ into Hj and V.
A/H < AHé + <V,>H67 (37)

We treat the H, and H; as H|,, and H., as V' and the energy bond can be evaluated to yield

Agy = =B 1nTr{e-5H6}, (3.8)
_ > J(w)
——f(Q—f)/O wa
- %ln [2 cosh (5 A? + Jfff)] : (3.9)
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and (V') g; = 0. Equation 3.9 represents the free energy evaluated by H, which is divided
into two parts. The former is the reorganization energy component. When [ equals 1, the
total energy decreases by the amount of the reorganization energy. Conversely, when
f 1s zero, this term does not contribute to the total energy. The latter is the electronic
component which consist of 3, A and J.&. When f increases, J.¢ decreases and A and
£ do not change. Moreover, since the average of perturbation is zero, we use the zeroth
order Hamiltonian part to determine a most favorable f based on the competition between

0A
two parts of Hy. By solving THO =0, yield

Joptanh (By/A7 %) [y dw? ]
TR Ty TS coth (%)

(3.10)

We show how the dressing coefficient f changes with .J, in Fig.3.1. Initially, f re-
mains close to 1 as Jj increases. Around J, = 1.2, f begins to decrease rapidly, with
a significant decline occurring between .J, values of approximately 1.5 and 2.0. Beyond
Jo = 2.0, the rate of decrease in f slows down, and the curve gradually levels off. As .J,
approaches 3, f stabilizes around a value close to 0.2. Overall, Fig.3.1 illustrates a non-
linear decrease in f as J; increases, with a pronounced transition region where f drops

sharply between J; values of 1.5 and 2.0.

3.2.2 Discussion of Energy Surfaces

Figure 3.2 illustrates the energy surface calculated from the Bogoliubov energy upper
bound. The red line represents the reorganization energy part, the blue line represents the
electronic part, and the black line represents the total energy in Eq.2.36 and the parameters
for both panels are A = 1, v = 1, and 8 = 0.5. Panel (a) shows the case where J; = 0.5.
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0.0 0.5 1.0 1.5 2.0 2.5 3.0
Jo

Figure 3.1: The dressing coefficient f as a function of Jyp. A =1, =0.5and v = 1.

In this scenario, the reorganization energy component decreases as f increases, following
a quadratic function. However, the electronic component increases slightly due to the very
small value of .Jy. Therefore, similar to the trend observed in the reorganization energy
component, the total energy decreases significantly with increasing f, primarily driven by
the reduction in the reorganization energy component. In conclusion, when f approaches

1, it is most favorable in terms of energy due to the dominance of the reorganization energy.

Panel (b) depicts the case where J, = 2.5. Here, the reorganization energy com-
ponent also decreases as f increases, following a quadratic function, which Will not be
affected by changes in J,. Nevertheless, the electronic component increases as f increases
more sharply than the case of J; = 0.5. Thus, the total energy initially decreases and then
increases as f increases. The most favorable f is approximately 0.25, which is much

smaller than the case for Jy = 0.5 because of the dominance of the electronic component.

23 doi:10.6342/NTU202404389


http://dx.doi.org/

Energy surface Energy surface

0.0 (a) 0.0 (b)

-0.5}

-0.5}
-1.0f

-1.0f

< -1.5
-15F —20¢F
ol -2.5F
\ : : : -3.0¢ : : : :
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
f f

Figure 3.2: Energy surface calculated from the Bogoliubov energy upper bond. Red line:
reorganization energy component, blue line: electronic component, and black line: total
energy. (a)Jy = 0.5, (b)Jy = 2.5, and other parameters: A = 1,7 =1 and § = 0.5.

10f W

Yo 0.6
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Jo

Figure 3.3: The dressing coefficient f as a function of Jo. A =1, = 0.5and v = 2.

24 doi:10.6342/NTU202404389


http://dx.doi.org/

Energy surface Energy surface

0.0 (a) 0.0 (b)
-0.5F -0.5F
-1.0F} -1.0f
< _15t <L -15¢F
-2.0r -2.0
-2.5 -2.5F
-3.0 1 1 L " -3.0¢ 1 L L |
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
f f
—2.50F — —2.65 =
—2.55 -2.70
-2.60
-2.75
-2.65F
L -2.80
< —2.70 <
-2.75¢ -2.85
-2.80
-2.90
-2.85¢
—-2.90F} -2.95
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
f f

Figure 3.4: Energy surface calculated from the Bogoliubov energy upper bond. Red line:
reorganization energy component, blue line: electronic component, and black line: total
energy. (a)Jy = 2.1, (b)Jy = 2.3 and other parameters: A = 1,7 = 2 and § = 0.5.
Figure (c) and Figure (d) are the detail of total energy of Fig.(a) and Fig.(b).

25 doi:10.6342/NTU202404389


http://dx.doi.org/

3.2.3 Abrupt Transition

Figure 3.3 shows f as a function of .J; in a system with A = 1, § = 0.5, and = 2.
As Jy increases, f decreases slowly. However, an abrupt transition of f occurs when J; is
approximately equal to 2.2 due to the shift of the global minimum from one local minimum
to another[2 1, 24], as shown in Figure 3.4. After the transition point, f stabilizes around

a value close to 0.2.

Figure 3.4 presents the energy surfaces at J, = 2.1 and J, = 2.3 in panels (a)
and (b), respectively, with other parameters being the same as in Figure 3.3. The curves
for the reorganization energy component are the same in both panels, but the electronic
component in panel (b) is larger than in panel (a). Panels (c) and (d) show parts of the total
energy, corresponding to the total energy curves in panels (a) and (b). These two graphs
depict a double well of the energy surface. The global minimum in panel (c) is around
f = 1, while the global minimum in panel (d) is around f = 0.3. As a result, the switch

of the global minimum causes the abrupt transition seen in Figure 3.3.

After determining f, we obtain J.g¢ which is dressed by phonons and incorporates the

dynamical localization effect.

3.3 Variational polaron reference system

Finally, we choose the eigenstates of H_ as our electronic reference system used in
our QME. Note that we do not use the polaron basis, which is a combination of electronic
and vibronic states, but only borrow J.¢ to perform a unitary transformation on the system
Hamiltonian. We define 6p as the mixing angle of our pure dephasing variational polaron
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reference system (PDVPRS) which can be evaluated by

Lo | el

Hp:§tan ( A ), (3.11)
and the mixing angle of CMRT is
O = §tan_1(%). (3.12)

As Jg becomes smaller, 6p also becomes smaller which means the picture is more like
FT. Otherwise, the J. is almost indistinguishable from .Jy, so the picture is pretty similar

to CMRT which is the eigenstate of system.

(a) (b)

0.5F
0.4r

0.3

Bp(1/4)

0.2

0.1f

Figure 3.5: Mixing angle as a function of -y at different temperatures, (a) fw.=4, (b) fw.=1.
Other parameter are A /w.=1 and Jy/w=2.

3.3.1 Effects of System-Bath Coupling and Temperature

We first investigate the variational polaron reference system that depends on various
system parameters. The reference system is defined by a mixing angle #p. Figure 3.5

shows 0p as a function of v in systems characterized by A/w.=1, Jy/w.=2, a typical
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electronically coupled dimer. In the figures, the vertical axis is scaled in units of 7, which
represents the maximum achievable mixing angle. We show the results at two different
temperature. At both temperature, fp transition from large to small when <. increases
corresponding to a transition from delocalized to localized reference system, respectively.
Moreover, the transition at low temperatures occurs at a higher v compared to that at high
temperatures, as expected, due to increased thermal fluctuations at higher temperatures,
which facilitate the transition. Clearly, PDVPRS captures the dynamical localization effect

which causes localized system by dynamical fluctuation of bath[11].

The curves of §p as a function of 7y is a smooth transition at low temperature. How-
ever, at high temperature, it becomes an abrupt transition which is an artifact of varia-
tional small polaronic ansatz because the optimal f shifts from one one local minimum
to another. This issue could be improved by more sophisticated variational polaron ap-

proach[21, 27].

0.35 (@) |~ T (b)

0.20

6p(1/4)

0.15

0.10

0.05

0.00 L \___

1 1 1 1

0 2 4 6 8 0 2 4 6 8
1/Bw. 1/Bwc

Figure 3.6: Mixing angle as a function of 1/fw,, (a) 7=2.5, (b) y=1. Other parameters are
AJw=2, Jy/w.=2.
However, the temperature effect can be more clearly illustrated in Fig.3.6. Figure3.6

shows 0p as a function of temperature at A /w.=2, Jy /w.=2 with different . As tempera-
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ture increases, 6 p decreases from a delocalized system to a localized system'which canbe
attributed to the dynamical localization effect. Moreover, the 6 p decreases quickly at large

~ in Fig.3.6(b) while at small v, 6p decreases slowly and exhibits an abrupt transition:in

1.0

(c)
0.8
0.7
0.6
05 e
0.4
0.3
0.2
0.1
0.0

0.5 1.0 15 2.0 2.5 3.0
Y

Figure 3.7: Mixing angle ratio ¢ as a function of v and .Jy /w,.. Other parameters: A /w.=2
and (a) fw.=2, (b) fw.=1, (¢ )Pw.=0.5.

Fig.3.6(b).

3.0

(a)

0.5 1.0 15 2.0 2.5 3.0 0.5 1.0 15 2.0 2.5 3.0

3.3.2 Quantifying the Deviation of PDVPRS from Conventional Ap-

proaches

To better quantify the deviation of the PDVPRS from the Redfield picture, we define

a mixing angle ratio,

_ O
-

¢ (3.13)

In this definition, ¢ has a value between 0 and 1. When ¢=0, the reference system cor-
responds to the localized Forster picture, whereas when ¢=1, the reference system is the

electronic eigenstates used in the Redfield picture.

Figure3.7 illustrates the relationship between ¢ and Jy /w,. and y and provides a visual
representation of how ¢ varies with changes in J;/w. and y where the x-axis represents -y
ranging from 0 to 3 and the y-axis represents .Jy, also ranging from 0 to 3. For panel (a),
at a low temperature regime, the reference system aligns closely with the Redfield picture
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for Jy/w. > . Otherwise, for Jy/w. < 7, the PDVPRS exhibits an intermediate basis
different from conventional Redfield picture or Forster picture. In this regime, PDVPRS-
QME is different from CMRT and FT and involved the dynamics of the cross term in

Eq.2.39. Moreover, abrupt transition do not occur in the low temperature system.

For panel (b), the temperature is higher than panel (a). For very small values of y, the
reference system aligns closely with the Redfield picture, independent of the magnitude
of Jy. Conversely, for large values of v, the system predominantly adheres to a localized
basis owing to the dynamical localization effect, and undergoes an abrupt transition to the
Redfield picture unless Jj is sufficiently large. In general, ¢ approaches 1 when J; > ~,
and conversely, ¢ approaches 0 when J, < . However, when the magnitudes of .J/w,
and v have a marginal difference, ¢ settles at an intermediate value, and the reference

system adopts an intermediate basis.

Finally, the panel (c) shows ¢ as a function of v and Jy/w, at highest temperature.
The panel exhibits a similar overall trend; however, the transition occurs at a larger Jy

value, and the region of abrupt transition is also more extensive.
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Chapter 4 PDVPRS-QME Dynamics

4.1 Benchmarking of PDVPRS-QME Dynamics

4.1.1 Comparison with Conventional Theories

In this section, we benchmark PDVPRS-QME results against results obtained from
the numerically exact quasiadiabatic propagator path integral (QUAPI) method to deter-
mine the effectiveness of the new theory. The QUAPI data used in this paper is obtained
from previous work of our group[23]. We also compare PDVPRS-QME with FT and
CMRT to elucidate how the new theory improves on the conventional perturbative ap-

proaches.

First, we investigate the EET dynamics of a dimer system consisting of a donor and
an acceptor at different system-bath coupling strengths. Figure 4.1 depicts the popula-
tion dynamics calculated from PDVPRS-QME, CMRT, FT and QUAPI with different ~
and A/w=0.5, Jy/w=0.5, fw.=0.5. In Fig.4.1(a), 7y is small, and PDVPRS-QME with
»=0.88 and CMRT show an oscillatory behavior induced by the zeroth-order Hamilto-
nian. The behavior is consistent with QUAPI result. Moreover, the relaxation calculated
by PDVPRS-QME and CMRT matches exactly with the QUAPI results. Nevertheless,
although FT can describe the population transfer, it does not capture any oscillatory be-
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havior in an incoherent picture. Therefore, PDVPRS-QME exhibits an excellent results by
providing an appropriate reference system close to coherent Redfield picture in the weak

system-bath coupling regime.

At a intermediate « in fig. 4.1(b),compared to CMRT, PDVPRS-QME demonstrate
results that are reasonably similar to those obtained with QUAPI as well as FT but PDVPRS-
QME has a slight detailed balance problem. Moreover, CMRT mildly overestimates the
population transfer rate and exhibits noticeable oscillatory behavior at early times, whereas
QUAPI does not. Generally, the three theories perform acceptably in the intermediate
regime, indicating that the results are not sensitive to the choice of reference system and

that all pictures are applicable.

In Figure 4.1(c), PDVPRS-QME using a localized picture (¢ = 0.1) and FT yield
results that are nearly identical to those obtained with QUAPI. In the strong system-bath
coupling regime, coherent transfer is suppressed due to the dynamical localization effect,
which undermines the system’s delocalization. In contrast, CMRT are always in the eigen-
state of system but does not consider the dynamical localization effect which is important
at strong system-bath coupling. Therefore, CMRT overestimates the population trans-
fer rate owing to an improperly over-delocalized basis. Figure 4.1 shows that PDVPRS-
QME has broader applicability for various ~ and bridges the CMRT(coherent regime) and

FT(incoherent regime) by variational polaron approach to determine an appropriate basis.

Furthermore, we show the temperature dependence of population dynamics at a small
A/w, in Fig.4.2. At low temperature in Fig.4.2(a), PDVPRS-QME and CMRT exhibit
an oscillatory behavior like Fig.4.1(a) but there is a noticeable bias of oscillation fre-

quency][ | 1]. Forster theory can not capture this oscillatory dynamics. Generally speaking,
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Figure 4.1: Population dynamics calculated with PDVPRS-QME (red line), CMRT (blue
line), FT (pink line), QUAPI (dots) in a high temperature bath with different -, (a)y=0.2,
(b)y=1, (c)y=2. Other parameters are A/w.=0.5, Jy/w.=0.5 and Sw.=0.5. The mixing
angle ratio ¢: (2)0.88, (b)0.35, (c)0.1.

PDVPRS-QME and CMRT are better method to describe dynamics in a small biased sys-

tem at low temperature.
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Figure 4.2: Population dynamics calculated with PDVPRS-QME (red line), CMRT (blue
line), FT (pink line), QUAPI (dots) in a a small A /w,. regime with different Sw., (a)fw.=1,
(b)Bw.=0.2, (¢)Bw.=0.1. Other parameters are A /w.=0.1, Jy/w.=0.5 and y=0.5.The mix-
ing angle ratio ¢: (a)0.96, (b)0.59, (c)0.15.

At a higher temperature, Fig.4.2(b) shows three theories have evident discrepancies
with QUAPI but PDVPRS-QME with ¢=0.59 exhibits more realistic results compared to

CMRT and FT. Accordingly, cross term plays an important role in the intermediate regime

which can not be described by Redfield picture or Forster picture.

In Fig.4.2(c), we show that PDVPRS-QME with ¢=0.15 can exactly captures the
population transfer dynamics compared to QUAPI as well as FT in an incoherent picture
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Figure 4.3: Population dynamics calculated with PDVPRS-QME (red line), CMRT (blue
line), FT (pink line), QUAPI (dots) in a a small A /w, regime with different v and fw.,, (a)
v =0.2, fw. =0.5,(b)y=0.2, fw. =1, (c) v = 0.2, Bw. = 2, (d) v = 0.5, Bw. = 0.5,
(e)y = 0.5, fw. = 1 and (f) v = 0.5, fw. = 2. Other parameters are A/w.=0.1 and
JO /wCZO.S.

at highest temperature. Moreover, the transfer rate is slower than Fig.4.2(b) owing to
dynamical localization effect. However, CMRT overestimates the transfer rate with an
improper delocalized basis in a small A system with high temperature[ |1, 13, 28]. From
Fig.4.1 and Fig.4.2, PDVPRS-QME unifies the CMRT and FT as successfully identifies

an optimal reference system while circumventing the problems inherent in the CMRT or

FT by utilizing the PDVPRS approach.

We present a set of dynamics that align with a coherent picture in Fig.4.3. In this
figure, v and Sw,. are weak in general, and A = 0.1, Jy/w. = 0.5. The lower the tem-
perature, the stronger the oscillation behaviors observed. Moreover, strong system-bath
coupling destroys the oscillation dynamics. In this coherent system, FT cannot describe
the oscillation behavior, but CMRT and PDVPRS-QME can.
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Figure 4.4: Population dynamics calculated with PDVPRS-QME (red line), CMRT (blue
line), FT (pink line), QUAPI (dots) in a a small A /w,. regime with different v and fw, (a)
v =0.2, fw. =0.5,(b)y =0.2, fw. = 1 and (¢) v = 0.2 fw,. = 2. Other parameters are
A/w.=0.5 and Jy/w.=0.5.

In Fig.4.4, we observe population dynamics with A/w, = 0.5 and Jy/w. = 0.5
under different v and Sw,. conditions. Specifically, (a) v = 0.2, fw. = 0.5, (b) v =
0.2, fw. = 1, and (¢) v = 0.2, fw. = 2. The results indicate that as the temperature
decreases, the oscillatory behavior becomes more pronounced. Here, FT fails to capture
these dynamics, whereas CMRT and PDVPRS-QME accurately replicate the coherent

oscillations observed in QUAPI.

Similarly, Fig.4.5 illustrates population dynamics with A/w, = 0.5 and Jy/w. = 1.
Again, the parameters 7 = (0.2 and Sw, take the values (a) 0.5, (b) 1, and (c) 2. The
dynamics show consistent oscillatory behavior, especially at lower temperatures, which
are well captured by CMRT and PDVPRS-QME, while FT continues to overestimate the

population transfer rates.

In Fig.4.6, the dynamics for A/w. = 0.5 and Jy/w. = 2 are presented. The condi-
tions for v and Sw,. remain the same: (a) 0.2, 0.5, (b) 0.2, 1, and (c) 0.2, 2. As with the
previous figures, the oscillations become more apparent at lower temperatures, and once
again, FT fails to accurately model these behaviors. CMRT and PDVPRS-QME continue
to align closely with the results from QUAPI.
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Figure 4.5: Population dynamics calculated with PDVPRS-QME (red line), CMRT (blue
line), FT (pink line), QUAPI (dots) in a a small A /w,. regime with different v and fw, (a)
v =0.2, fw. =0.5,(b)y =0.2, fw. = 1 and (¢) v = 0.2 fw,. = 2. Other parameters are
A/w.~0.5 and Jy/w.=1.

=
=}

(a) (b) (c)
§ .8
S 0.6 n |
;:g; 0.4 uUﬂun u% A\N\VI“V‘WWW"'W "nununuAanm A,,“M“"‘NW"W”“ unvAvAUnj\'M]\NWVVVWW
0.2
0.0 é 1‘0 _]I.:ISmeZ‘E)l/bJZ;F:) 3‘0 3‘5 40 é lb ‘]I.:ISmeZ.:)l/wZ;S) 3‘0 3‘5 40 é 1‘0 _]I.—I_ir:meZI?]-/wZS 3‘0 3‘5 40

Figure 4.6: Population dynamics calculated with PDVPRS-QME (red line), CMRT (blue
line), FT (pink line), QUAPI (dots) in a a small A /w, regime with different v and Sw.,, (a)
v =0.2, fw. = 0.5, (b)y = 0.2, fw. = 1 and (¢) v = 0.2 fw,. = 2. Other parameters are
A/w.=0.5 and Jy/w=2.
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Figure 4.7: Population dynamics calculated with PDVPRS-QME (red line), CMRT (blue
line), FT (pink line), QUAPI (dots) in a a small A /w, regime with different v and Sw.,, (a)
v =0.2, fw. = 0.5, (b)y = 0.2, fw. = 1 and (¢) v = 0.2 fw,. = 2. Other parameters are
A/w~2 and Jy/w.=2.

Lastly, Fig.4.7 presents the population dynamics with A/w, = 2 and Jy/w. = 2.
For this set of parameters, the behavior is evaluated under (a) v = 0.2, fw. = 0.5, (b)
v = 0.2, fw. = 1, and (c) v = 0.2, fw. = 2. Here, the stronger system-bath coupling
begins to suppress the coherent oscillations more significantly. Despite this, CMRT and
PDVPRS-QME still provide accurate descriptions, whereas FT fails to capture the under-

lying dynamics.

4.1.2 Analysis of Downhill Decay Rates

Furthermore, We analyze the decay rates form donor to acceptor in a system with
a small energy gap obtained by PDVPRS-QME, CMRT and FT. Here, we determine the

rates by fitting the dynamics with a function given by:

F(t) = (1 — P*Y) cos(wt) exp(—t/T) + P 4.1)

where P°4 represents the equilibrium population, w is the oscillatory frequency, and 7 is
the decay constant. In Fig. 4.8, the decay rates are calculated as 1/7. The decay rate is a
better indicator of how fast the population transfer within the original site basis compared
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to the population transfer rate in Eq. 2.28, as it considers both the population transfer and

the dephasing of coherence in the reference system.
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Figure 4.8: Downhill decay rates calculated with different theories as a function of v and
Jo/w, in a nearly degenerate system where A /w.=0.1, fw.=1. (a) PDVPRS-QME, (b)
CMRT, (c) FT.

For three theories, as Jy/w,. increases, the rates increase as well. However, for
CMRT, a noticeable area of higher values at the small J,/w, in Fig.4.8(b) corresponding
the well-known problem of the CMRT that overestimates the transfer rate at a near degen-
erate system. Nevertheless, in Panel (b) of Fig.4.8, PDVPRS-QME does not overestimate
the rate in the regime that CMRT does not work because a consideration of dynamical

localization effect by the variational polaron approach.

Furthermore, FT badly overestimates the transfer rate at large J,/w,. regime which
is predictable because the perturbation is large inappropriate and the transfer rate in FT
is proportional to |.Jy|>. However, PDVPRS-QME does not encounter this issue because
PDVPRS provides a delocalized reference system as .Jy /w, is large. Therefore, PDVPRS-
QME avoids inherent problems associated with two conventional approaches.
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4.2 Unified Results for PDVPRS-QME with CMRT and

FT: Localized Cases

Figure 4.9 shows the dynamics with large A /w, where the eigenstates of these sys-
tems are quite localized (0 = 0.12rad). In the scenario of small y and low temperature, as
depicted in Fig.4.9(a), the PDVPRS-QME with =0.82, CMRT, and FT all produce dynam-
ics that align closely with QUAPI, suggesting a consistency among these approaches[10].
This convergence in results can be anticipated by considering the mixing angles in the
PDVPRS-QME framework, where 0y, fp and original basis are pretty close to each other
leading to PDVPRS-QME providing analogous results across values of = (CMRT),
6p (PDVPRS-QME) and 0 (FT). Additionally, under conditions of large v and high tem-
peratures, although the three theories yield consistent outcomes, they encounter a detailed
balance issue. Moreover, from discussion of dynamics in this section, modified Redfield

theory does not recover FT but only at large A /w. (A > Jp).

Similar results are presented in Fig.4.10 and Fig.4.11 for larger Jy/w. compared to
Fig.4.9. Due to the larger Jy/w,, 6 has a wider range of variation. Therefore, while the
results are not identical to the previous case, they still show a similar trend. In Fig.4.10,
because v and Sw, are weak, the Forster Theory (FT) exhibits a noticeable deviation from
other theories. However, for a stronger bath, as shown in Fig.4.11, FT yields results closer

to those of the QUAPI method than to those of CMRT.
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Figure 4.9: Population dynamics calculated with PDVPRS-QME (red line), CMRT (blue
line), FT (pink line), QUAPI (dots) in a large A/w,. regime with different v and fw,,
(a)y=0.5, fw:=2, (b)y=2, fw.=0.5. Other parameters are A /w.=2 and Jy/w.=0.5.
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Figure 4.10: Population dynamics calculated with PDVPRS-QME (red line), CMRT (blue
line), FT (pink line), QUAPI (dots) in a large A /w, regime with different v and Sw,, (a)

v =0.2, fw. = 0.5, (b) vy =0.2, fw. = 1 and (¢) v = 0.2 fw,. = 2. Other parameters are
A/w~2 and Jy/w.=1.
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Figure 4.11: Population dynamics calculated with PDVPRS-QME (red line), CMRT (blue

line), FT (pink line), QUAPI (dots) in a large A /w, regime with different y and Sw,, (a)

v =2, fw. = 0.5, (b) v = 2, fw. = 1 and (c) v = 2 fw, = 2. Other parameters are
A/w=2 and Jy/w.=1.
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Chapter S Intermediate Regime

Analysis

5.1 Intermediate Regime Dynamics

Recalling Fig. 3.7, which presents a two-dimensional diagram of the mixing angle
ratio, we focus our examination on the dynamics along the diagonal line. This diagonal
represents the intermediate regime, where the mixing angles indicate a balance between
localized and delocalized states. By analyzing the system’s behavior in this region, we
gain insight into how the dynamics evolve under conditions that are not fully captured by
either extreme basis, thus highlighting the importance of considering intermediate bases

for a comprehensive understanding of the system’s behavior.
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Figure 5.1: Mixing angle ratio ¢ as a function of v and .Jy /w,.. Other parameters: A /w.=2
and fw.=1.
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Figure 5.2: Population dynamics calculated with PDVPRS-QME (red line), CMRT
(blue line), FT (pink line), QUAPI (dots) in the intermediate regime.(a).Jy/w.=2,7=2,
(b)Jo/w=1,7=1, (¢c)Jo/w:~=0.5,7=0.5. Other parameters: A/w.=2, fw.=1.

For the 5.2(a), the dynamics in a system characterized by large .Jy/w. and y which are
perturbation of CMRT and FT. Therefore, both CMRT and FT can’t capture the realistic
dynamics as expected. However, PDVPRS approach provides an intermediate reference
system and PDVPRS-QME produces an consistent results with QUAPI by a properly mix
perturbation which shows the importance of cross term. For the other two results, the
weaker Jy /w. and ~y, the more consistent with the three approach which is discussed in the
section4.2. In conclusion, PDVPRS-QME exhibits broadened applicability across differ-

ent regimes, avoiding limitations in traditional theories.

Figure ?? illustrates the dynamics within the intermediate regime where all parame-
ters are set to 2. In this scenario, both CMRT and FT fail to accurately predict the system’s
behavior, particularly in estimating the detailed balance. Specifically, FT tends to overes-
timate the population transfer rates, which leads to an inaccurate portrayal of the energy

transfer dynamics.

In contrast, PDVPRS-QME aligns precisely with the results obtained from QUAPI,
demonstrating its ability to accurately capture the dynamics across various regimes. This

figure clearly shows that PDVPRS-QME possesses a broader applicability across different
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Figure 5.3: Population dynamics calculated with PDVPRS-QME (red line), CMRT

(blue line), FT (pink line), QUAPI (dots) in the intermediate regime with Jy/w.=2,7=2,
A/w=2, fw=2.

parameter sets due to its flexible and adaptive reference system. By properly accounting
for both strong and weak electronic couplings through the appropriate choice of PDVPRS,
this method provides a robust and reliable framework for studying complex quantum dy-

namics

5.2 Behavior of the PDVPRS-QME transfer rates

We analyse the transfer rate to clearly exhibit the behavior of PDVPRS-QME in dif-
ferent parameter regime and show the regime where the cross term is important. Figure
5.4 displays a series of two dimensional diagrams that illustrate the variation of Marko-

vian rate terms of downhill transfer in Eq.2.36 as functions of v and Jy/w,. in a large
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Figure 5.4: Different Markovian transfer rate terms in Eq.2.36 from donor to acceptor
with A /w.=2, fw.=1. (a) mRT term, (b) cross term, (c) FT term, (d) total rate.

A/w, system with Sw.=1. In such a large A /w, system, Fig.5.4(a) clearly shows that the
mRT term dominates in a delocalized regime as well as FT term dominate in a localized
regime in Fig.5.4(c) and the dividing line between the two areas is obviously consistent
with the dividing line of the mixing angle ratio in Fig.5.1. Moreover, Fig.5.4(b) highlights
the dominance of the cross term in an intermediate regime. Thus, in such a transitional

parameter regime, traditional methods are not sufficient to describe the dynamics well.
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Chapter 6 Detailed Balance in the
PDVPRS-QME

6.1 Detailed Balance Problem for FT and PDVPRS-QME

In this section, we will discuss the complicated detailed balance problem for FT.
Owing to the perturbation, which is Jy/w., FT does not work for large Jy/w. and small
~ or large Sw.. Figure6.1 shows the dynamics in localized system at low temperature,
evaluated by different theories in different v. FT does not capture the correct detailed bal-
ance at the low temperature and the deviation becomes larger when  is larger. However,
PDVPRS-QME provides similar results to CMRT which are greatly better than FT. More-
over, Figure6.2 shows the dynamics evaluated by different theories in different tempera-
ture. For FT, it is clear that when temperature becomes lower, the deviation of equilibrium
from QUAPI is larger. Moreover, for Fig,6.3, FT shows the same trend of deviation of
detailed balance. Nevertheless, CMRT does not exhibit serious detailed balance problem

in these cases.

However, for PDVPRS-QME, the detailed balance seems to depend on the mixing
angle ratio ¢. The cases of largest deviation from equilibrium in QUAPI are shown in
Fig.6.2(b) where ¢ = 0.48, and Fig.6.3(a) where ¢ = 0.23. In contrast, CMRT and FT do
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Figure 6.1: Population dynamics calculated with PDVPRS-QME (red line), CMRT (blue
line), FT (pink line), QUAPI (dots) in a a small A/w, regime with different v (a) v=0.2,
(b) v=0.5, (c) v=1 and (d) y=2. Other parameters are A /w.=0.5, Jo/w.~=1 and fw, = 2.
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Figure 6.2: Population dynamics calculated with PDVPRS-QME (red line), CMRT (blue
line), FT (pink line), QUAPI (dots) in a a small A/w, regime with different Sw,, (a)
Pw=0.5, (b) fw.=1 and (¢) fw.=2. Other parameters are A /w.=0.5, Jy/w.~1 and v = 2.
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Figure 6.3: Population dynamics calculated with PDVPRS-QME (red line), CMRT (blue
line), FT (pink line), QUAPI (dots) in a a small A/w,. regime with different Sw,, (a)
Pw:~0.5, (b) fw.=1 and (¢) fw.=2. Other parameters are A /w.=0.5, Jy/w.=2 and v = 2.
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not show an obvious detailed balance problem. In cases where CMRT and FT maintain
correct detailed balance, PDVPRS-QME provides incorrect detailed balance if PDVPRS

1s in an intermediate basis, i.e., when ¢ is not close to 0 or 1.

6.2 Detailed balance problem for CMRT and FT

Finally, we present a case where CMRT and FT fail to estimate detailed balances. In
Fig.6.4, both .Jy/w. and v, which correspond to the perturbation parameters of CMRT and
FT, are large, and these two approaches do not provide correct detailed balance. However,
PDVPRS-QME yields excellent results using an intermediate basis, especially in panel
(c). We find that in cases where CMRT and FT fail to achieve detailed balance, PDVPRS-
QME can attain accurate detailed balance through an appropriately chosen intermediate

reference basis.
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Figure 6.4: Population dynamics calculated with PDVPRS-QME (red line), CMRT (blue
line), FT (pink line), QUAPI (dots) in a a small A/w,. regime with different Sw,, (a)
Pw.~=0.5, (b) fw.=1 and (¢) Sw.=2. Other parameters are A /w.=2, Jy/w.=2 and v = 2.
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Chapter 7 Conclusion

We develop a PDVPRS-QME to effectively describe the dynamics of a electronic
system in a boson bath. Deriving from a general pure dephasing reference system, we
obtain a generalized pure dephasing reference system quantum master equation defined
by a mixing angle ¢. This QME describes not only the population transfer but also the dy-
namics of coherence. Moreover, diverging from conventional CMRT or FT, our method
is characterized by an unique cross term in the transfer rate which is inherent from the
mix perturbation. Furthermore, we utilize a variational polaron approach with the Bogoli-
ubov’ s theorem to determine the PDRS. By doing so, we identify an appropriate reference

system to describe the dynamics and treats the dynamical localization effect properly.

We show the behavior of PDVPRS and benchmark PDVPRS-QME against QUAPI,
CMRT and FT in a broad parameter regimes. The incorporation of variational polaron
reference system allows PDVPRS to exhibit a complex behavior depending on the dy-
namical localization effect in temperature and system-bath coupling strengths. Moreover,
PDVPRS-QME exhibits broadened applicability across different regimes, avoiding limi-
tations in traditional theories. However, PDVPRS-QME has a problem of abrupt transition
of mixing angle which is an artifact of the variational small poloronic ansatz. We can im-
prove this issue via a more sophisticated variational polaron approach in the future work.

Furthermore, we highlight the importance of cross term in an intermediate regime between
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the Redfield picture and Forster picture. However, the problem of detailed balance still
an issue to be resolve. For other spectral density like Ohmic and Drude—Lorentz types,

the divergence of integral is a problem to the small polaron approach.

Finally, we believe the general concept of the PDVPRS-QME approach developed
in this work can be extended beyond a dimer to larger systems and applied to more gen-
eral quantum dynamics problems, such as electron transfer or charge mobility in complex

systems, providing a novel perspective for deriving QME.
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