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光陰荏苒，轉眼間已過數十年頭。於民國九十八年透過指考進入國立臺灣大學

後，我立刻申請了改分發進入數學系。原以為大學的數學會像高中數學一樣有

趣，不料又是原文書，又是抽象的證明。所幸到了二三年級後狀況逐漸改善，也

因著外文系崔綺雲學姊的介紹，認識了朱樺老師與林太家老師。雖然我只有定期

的參加基督教的小排聚會並沒有與老師們討論數學，但他們以善意與溫暖接納

我。由於輔修哲學系的緣故，我並沒有在大三的時候修大三的必修課偏微分方程

式導論，而是在四年級才修，而此時開課的教授是林紹雄老師。林紹雄老師素來

以板書快速、難度深聞名。所幸的是當時我只有這門數學課，因此我全心全意地

研讀偏微分方程式，也從中開啟了我對這門學科的興趣。

大學畢業後我順利考上數學碩班，但入學前我決定先保留學籍並且先回高中

母校進行教師實習。在當中認識了許多很棒的夥伴，後來也有許多人日後也保持

聯絡，這裡特別想感謝韓萱與莊慈。在跟著這群夥伴實習的過程中，無疑是最

輕鬆自在而且可以保持著類似高中生活的感覺。在其中我也發現到或許比起教

學，我可能更喜歡研究。進入研究所後，一方面修著比大學更難的課程，二方面

開始找林太家老師從事研究。在這過程中不得不提及的人便是國立清華大學的

李俊璋老師。在我碩士班初期主要的合作對象便是李俊璋老師，他帶領我認識

Poisson–Boltzmann (PB) 方程與非局部非線性的相關問題，而在這段期間尤其需

要感謝同時期的同儕們，如耿弘、亦行、旻哲、欣修、秉軒、舜傑、簡鴻宇學

長、陳世昕學長等人。在碩士班畢業後，我決定留在台大攻讀博士班。而在三年

級時則遭逢太家老師罹患重大疾病，此時的學長們也基於年限與生涯的考量紛紛

更換指導教授。我仍基於研究興趣，還是選擇繼續跟隨太家老師，而李俊璋老師

則在其中先協助我從事一項先導的工作（第四章）。特別是在完成主要工作後，

我們向身體已好轉的林太家老師報告這項工作時，他便提出一項極有意思的問題

而使我發在某一部分的內容進行更深入的思考而得到突破性的分析結果。

此時我已經進入博士班的後半段，四年級下半時我與林太家老師開始進行

PB-steric 方程式的推導與建模（第二章）。在這項工作結束後，我們便針對所推

導出的模型進行邊界層理論的分析。在太家老師的介紹與推薦下，我於六至七年

級期間便前往美國伊利諾理工學院訪問 Chun Liu 教授，Chun Liu 教授的著作豐

富，亦對 PB 方程理論結合相關物理律而進行模型推導有深入的看法。在這期間

除了特別感謝 Chun Liu 教授外亦感謝陳祁安學弟在芝加哥生活上的各種協助。
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返臺後，我希望能在畢業後立刻就業，因此休學當兵並逐步修改論文投稿。

在這期間我遇到相當棒的同袍柏鈞、政榕、育豪、冠鈞、佑嘉、昭維、志函、煒

琪、庭維、奕信與濬智，而待在退除役官兵輔導委員會擔任替代役，我特別感謝

退輔會的就學就業處所給予的環境，讓我在處理公務之餘能夠靜下心來修改論文

從事研究。 在這樣的服役期間，我持續改進本博士論文第三章的內容，而在 2025

年初得到一項創新的成果。而這項突破性成果也特別需要感謝太家老師不斷地提

出具有挑戰性的疑問，而在消化理解這些疑問時最終將謎題解開。

對於第三章中，我們為了研究邊界層而需要使用到一些微分幾何學的技巧與概

念，在此要特別感謝耿弘與退休教授黃武雄老師。他們不厭其煩且深入淺出的說

明了許多微分幾何中的重要技巧，讓我能在第三章的研究中靈活的使用適當的坐

標系處理問題，而讓文章更加簡潔而完整。後來黃武雄老師也邀請我協助編排他

所著的《大域微分幾何》，在協助編排與出版的過程中也向黃武雄老師請教其中

的內容使我獲益良多。

除了在研究過程中的夥伴們，我也有很多生命中需要值得感謝的人。首先是各

路朋友，如經常與我討論複雜數學問題的林浩誼、從 Yahoo 奇摩知識 + 認識的

王國鑫、一起討論怪人的涂景婷、分享各類生活駭客級知識的王冠倫、修課時認

識的公務員蔡承珈、介紹多益檢定應用程式「刷刷庫」給我的丁婉茜。也要感謝

每年固定聚會的高中同學們馮韋綸、楊自文、蔡雨恩、陳俊輔等人。感謝台大的

社團如手搖飲料社張嘉家、蛋糕社社長籃予彤與賴芊予、研究生協會會長周芷萱

與于閔如兩人則帶領我對校內政治與學術政治有了更多的認識。也要感謝台大交

流版的眾管理員們莊孝穎、盧姳儒、黃政凱、黃冠霖等人。再者，我也要感謝我

的家教學生們讓我的教學技巧更加純熟豐富並擴展了我的視野，特別感謝台大的

林昀萱與許馨文、師大的曾子芸與陳律翰、國北教的王虹萱、陽明的郭子綾、淡

江的謝欣妤與李瑜、巴黎索邦的游垚騰等人。也要感謝經常舉辦桌遊活動的唐啟

茶、黃雅雅等人，讓我在煩悶的生活中可以轉換心情。

最後我最需要感謝的是我的父母與家人們，他們在我求學的過程中無條件的支

持與付出讓我基本上無後顧之憂。特別是協助我在台北安家，免除長期的租房困

擾。也要感謝一直走路陪伴我解決許多困難的靖雯，沒有她的幫忙，我幾乎絕大

多數的問題都會懸而未決，感謝的心情實在無法窮盡。需要感謝的人還有很多，
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中中中文文文摘摘摘要要要 Abstract in Chinese

帕松波茲曼方程式可被用於描述電解質液的離子濃度分布情形，從而在生物化學

與電化學領域中有諸多重要的應用，在細胞膜上的離子通道便是一重要例子。然

而傳統的帕松波茲曼方程式視離子為質點而不帶有體積，而離子通過狹窄的離子

通道時便有不可忽略的體積效應。在既有的文獻中已經有許多將體積效應納入考

量的模型，但這些模型均無法描述如密度泛函理論中所產生的非單調總電荷密度

的現象，這就啟發我們去推導更一般的帕松波茲曼模型。這樣的模型不僅涵蓋傳

統與修正後的帕松波茲曼模型，也能產生具非單調總電荷密度的方程式。

更進一步地，由於離子通道的複雜幾何結構，我們研究一般光滑區域上的帕松

波茲曼類方程隨介電常數趨於零時所產生的邊界解。此處帕松波茲曼類方程包含

了傳統、修正後與電中性條件下的電荷守恆帕松波茲曼模型。源於電荷守恆條件

下的非局部非線性項使得離子守恆的帕松波茲曼模型的分析更加困難，其結果也

有別於傳統與修正後的帕松波茲曼模型。透過主軸坐標系統、指數型估計與移動

平面法，我們嚴格地證明了邊界層解的二階漸近展開式，其中包含了均曲率項。

進一步地，我們也計算出許多關鍵的物理量的漸近展開式，這包括了電位、電

場、總電荷密度與總電荷，而這些物理量也揭示了區域幾何的影響。

相較於前段所研究的電荷守恆帕松波茲曼模型為電中性條件，其電位保持均勻

有界性。而對於非電中性條件下，電位便會隨著介電常數趨於零時而產生爆破現

象。對於最極端的非電中性條件，我們研究一維上帶單粒子的電荷守恆帕松波茲

曼模型。透過適當的平移假設下，我們將問題轉為邊界爆破問題。藉由解的表達

式，我們研究了近場與遠場展開從而完整的刻畫了靠近邊界區域的解的所有漸近

行為，也證明了總電荷密度的邊界集中性。另一方面，我們研究了雙離子的電荷

守恆帕松波茲曼模型的差異。形式上來看，當雙離子模型中的其中一粒子總濃度

相當小時便會趨近單離子模型，而我們給出一充分條件去證明這樣的猜測成立。
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英英英文文文摘摘摘要要要 Abstract in English

The Poisson–Boltzmann (PB) equation serves as a fundamental model for describ-

ing ionic concentration distributions in electrolyte solutions, with significant ap-

plications in both biochemical and electrochemical fields. One prominent example

arises in the study of ion channels on cellular membranes. However, the classical PB

equation treats ions as point particles without volume, which becomes inadequate

when ions pass through narrow channels so the steric effect should not be negligible.

Although several modified models incorporating steric effects have been proposed

in the literature, they cannot capture the non-monotonic behavior of total ionic

charge density observed in density functional theory. This motivates us to derive

a more general Poisson–Boltzmann framework that not only includes the classical

and modified PB models, but also includes the model that has non-monotonic total

ionic charge density.

Further, motivated by the complex geometry of ion channels, we investigate

the boundary layer behavior of Poisson–Boltzmann type equations as the dielectric

constant tends to zero in general smooth domains. Here the PB type equations

include the classical PB, modified PB, and charge-conserving PB models with the

electroneutrality condition. Due to the presence of nonlocal nonlinear terms arising

from the charge conservation, the analysis of charge-conserving PB models presents

the analytical challenges and leads to different behaviors compared to that of other

models. By employing principal coordinate systems, exponential-type estimates,

and the moving plane arguments, we rigorously derive second-order asymptotic ex-

pansions of boundary layer solutions, incorporating curvature-dependent terms. We

also compute asymptotic expansions for several key physical quantities, including the

electrostatic potential, electric field, total charge density, and total charge, thereby

revealing the influence of domain geometry on the ionic distributions.

In contrast to the electroneutral regime, where the electrostatic potential remains

uniformly bounded, the potential exhibits blow-up behavior under non-electroneutral

conditions as the dielectric constant tends to zero. To explore this extreme case,

we examine the one-dimensional charge-conserving PB model with a single species.

Under an appropriate shift assumption, we reformulate the problem as a boundary

v
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blow-up problem. Thanks to the explicit solution representation, we can analyze

both near-field and far-field expansions and hence provide a complete characteri-

zation of the asymptotic behavior near the boundary. In addition, we rigorously

establish the boundary concentration phenomenon of the total ionic charge density.

On the other hand, we also investigate the differences arising in charge-conserving

PB models with two ionic species. Formally, such two-species model would approach

to the single-species model when the total concentration of one ions species becomes

sufficiently small. We provide a sufficient condition to justify this conjecture.
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1 Introduction

The Poisson–Boltzmann (PB) equation arises as a central model in electrostatics for

describing ionic distributions in electrolytes, particularly in biophysics and materials

science (cf. [6,23,29,99]). It plays a crucial role in the study of charged interfaces in

electrodes, colloidal science, and biological membranes (cf. [3, 17, 22, 24, 27, 62, 114,

115]). In this thesis, we shall investigate various extensions and analytical aspects

of the PB equation in the presence of steric effect and boundary layer structure.

In Chapter 2, we introduce the classical and several modified PB equations, which

all can be represented as in the following form (cf. [9,11,12,33,43,69,80,82,88,90]):

−∇ · (ε∇ϕ) = ρ0 + f(ϕ) := ρ0 +
I∑
i=1

zici(ϕ).

Here ϕ denotes the electrostatic potential, ρ0 is the permanent charge, f is the total

ionic charge density, and ε is the dielectric constant. In addition, I is the number of

ion species, ci is the ith concentration and zi is its valence for i = 1, . . . , I. However,

duo to simulations based on density functional theory (cf. [39,60,95,111]), the total

ionic charge density f could be oscillatory while ionic charge density f of classical

and modified PB equations must be strictly decreasing. This inspires us to derive a

general PB model, called the PB-steric equations, which not only include classical

and modified PB equations but also produce oscillatory charge density.

To obtain the PB-steric equations, we consider to empoly the Lennard-Jones (LJ)

potential, which is a well-known model for the interaction between a pair of ions

(and solvent molecules) and is usually used in the density functional theory and

molecular dynamics simulation. Due to the strong singularity from the repulsive

part of the LJ potential, we replace it by the approximated LJ potential to describe

the steric repulsion of ions and solvent moleculus and get the following PB-steric

equations:

−∇ · (ε∇ϕΛ) = ρ0 +
I∑
i=1

zici,Λ,

ln(ci,Λ) + ziϕΛ + Λ
I∑
j=0

gijcj,Λ = µi := Λµ̃i + µ̂i for i = 0, 1, . . . , I,

1
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where c0,Λ is the concentration of solvent molecules, ci,Λ is the concentration of ith

ion species, and Λgij ≥ 0 represents the strength of steric repulsion between the ith

and jth ions (or solvent molecules). The parameter Λ comes from the approximated

LJ potential. In [84], Lin and Eisenberg showed the approximated LJ potential

tends to LJ potential in some sense when Λ goes to infinity. Hence it is natural to

expect that the PB-steric equations will approach modified PB equations as Λ goes

to infinity. Under suitable assumptions on gij and µ̃i, we prove that ϕΛ converges to

the solution ϕ∗ to the modified PB equations in Cm(Ω) for m ∈ N (cf. Theorems 2.1

and 2.2). On the other hand, we also propose a concrete assumption on gij and

µ̃i to obtain oscillatory total ionic charge density (see Remark 2.4). Therefore, the

PB-steric equations can be regarded as a general model of PB equations.

Under suitable assumptions on gij and µ̃i, we can obtain the concentration

ci,Λ(ϕ), which is determined by the Lambert type functions. Moreover, we study

the properties of the total ionic charge density fΛ(ϕ) =
I∑
i=1

zici,Λ(ϕ). As Λ goes to

infinity, it is not hard to show ci,Λ and fΛ converge to c∗i and f ∗ in Cm([a, b]) for

m ∈ N and a < b, respectively. Note that fΛ is unbounded on R while f ∗ is bounded

on R so we cannot obtain the uniform convergence of fΛ on R as Λ goes to infinity.

Hence it is crucial to establish the uniform boundedness of the solution ϕΛ with

respect to Λ. Such uniform boundedness cannot simply be obtained by maximum

principle under the Robin boundary condition, which leads to a difficutly in analysis.

In Chapter 3, we study the boundary layer solutions to PB type equations in

general bounded smooth domains (including multiply connected domains). Here

PB type equations include classical, modified and charge-conserving PB (CCPB)

equations. The classical PB and modified PB equations can be represented by

−ε∆ϕε = f(ϕε) in Ω,

where the dielectric constant ε > 0 is assumed to be independent of spatial variable

and ϕε is the electric potential. Here f is a smooth function for the total ionic charge

density which satisfies the following conditions

(F1) The function f = f(ϕ) is smooth, strictly decreasing in ϕ, and satisfies

mf = mf (K) :=
√
−max

ϕ∈K
f ′(ϕ) > 0 for any compact interval K ⊆ R.

2
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(F2) The function f has a unique zero point ϕ∗, i.e., f(ϕ∗) = 0, where ϕ∗ is called

as reference potential (cf. [4, 41]).

For instance, function f(ϕ) =
∑I

i=1 zic
b
i exp(−ziϕ) describes the total ionic charge

density of the classical PB equation, and satisfies (F1)–(F2), where I is the number

of ion species, zi ̸= 0 is the valence and cbi is the concentration of the ith species in

the bulk (cf. [33, 69]). On the other hand, the CCPB equation can be denoted as

−ε∆ϕε =
I∑
i=1

mizi exp(−ziϕε)∫
Ω
exp(−ziϕε(y)) dy

in Ω,

where mi > 0 and zi are the total concentration and the valence of ith ion species

(cf. [34, 70, 73, 105, 112]) for i = 1, . . . , I. For the CCPB equation, we assume the

electroneualtiry condition holds, i.e.,

I∑
i=1

mizi = 0.

Due to the integral term
∫
Ω
exp(−ziϕε(y)) dy, the CCPB equation has nonlocal non-

linearity, which makes it more difficult than classical and modified PB equations.

Note that the CCPB equation can be written as−ε∆ϕε = fε(ϕε) :=
I∑
i=1

zic
b
i,ε exp(−ziϕε)

in Ω, which has the same form as the classical PB equation. Here fε(ϕ) =
I∑
i=1

zic
b
i,ε exp(−ziϕ)

presents the total ionic charge density and cbi,ε = mi

/ (∫
Ω
exp(−ziϕε(y)) dy

)
is the

concentration of the ith ion species in the bulk.

For the general bounded smooth domain Ω ⊆ Rd (d ≥ 2), we consider the

following assumption.

(D) Ω = Ω0 −
⋃K
k=1Ωk, K ∈ N ∪ {0} (the number of holes) and Ωk are bounded,

smooth, simply connected domains with Ωk ⊂⊂ Ω0 for k ∈ {1, . . . , K} and

dist(Ωi,Ωj) > 0 for i, j ∈ {1, . . . , K} and i ̸= j. Here dist denotes the distance.

The boundary condition of PB type equations is the Robin boundary condition given

by

ϕε + γk
√
ε∂νϕε = ϕbd,k on ∂Ωk for k = 0, 1, . . . , K,

where ϕbd,k is a constant for the given external electric potential, and γk > 0 is the

ratio of Stern-layer width to the Debye screening length (cf. [8, 18, 96,100]).

To study the singularly perturbation problems of PB type equations with the

Robin boundary condition, we assume ε > 0 (related to the Debye length) as a small

3
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parameter tending to zero (cf. [7, 31, 37, 61, 94]). We characterize the asymptotic

expansions of solution ϕε across three distinct regions based on their distance from

the boundary (cf. Theorems 3.1 and 3.2):

• Region I, where the distance from the boundary is at most T
√
ε,

• Region II, where the distance ranges between T
√
ε and εβ,

• Region III, where the distance is at least εβ,

for given parameters T > 0 and 0 < β < 1/2. In region I, we derive second-order

asymptotic formulas explicitly incorporating the effect of boundary mean curvature

while expoential decay estimate are established for Regions II and III. Furthermore,

we obtain the asymptotic expnasions for several crucial physical quantites, including

the electric potential, electric field, total ionic charge density and total ionic charge,

revealing how domain geometry regulates electrostatic interactions. Based on the

total ionic charge across three distinct regions, we find that the marjority of charged

particles concentrate within the region I whose volume is smaller than Region II as

ε goes to zero. In addition, the toal ionic charge in Region III decays exponentially

as ε tends to zero, which demostrates the emergence of electroneutrality in the bulk

region.

To rigorously prove the asymptotic expansions of PB type equations, we es-

tablish the uniform boundedness of the solution ϕε and then employ the principal

coordinate system to get the local convergence in Rd
+. Using the expoential-type

estimate and the moving plane arguments, we derive the second-order asymptotic

expansions of ϕε and ∇ϕε. However, unlike the case of classical and modified PB

equations, the unique zero ϕ∗
ε of total ionic charge density fε may depend on the

parameter ε, which presents particular analytical challenges from its nonlocal non-

linearity term. We use the electroneutrality condition to prove, by contradiction,

the uniform boundedness of |ϕ∗
ε − ϕ∗

0|/
√
ε, where ϕ∗

0 is the limit of ϕ∗
ε as ε goes to

zero. Based on the uniform boundedness of |ϕ∗
ε − ϕ∗

0|/
√
ε, we are able to derive the

second order term of
∫
Ω
exp(−ziϕε(y)) dy, fε, and ϕε, which shows the nonlocal ef-

fect appears in the second-order asymptotic expansion of the solution to the CCPB

equation.

4
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In Chapter 4, we pay a particular attention on the one-dimensional CCPB equa-

tion with single species, which can be represented as

−u′′λ(r) = ρλ(r) :=
λe−uλ(r)∫ 1

0
e−uλ(s)ds

for r ∈ (0, 1).

Clearly, the electroneutrality condition cannot not hold on the interval (0, 1). To

understand the non-electroneutral phenomenon near the charged surface, λ(= 1/ε)

is assumed a large positive parameter corresponding to the number of ions occupying

an electrolytic region. Due to the shift invariance of the CCPB equation with single

species, we impose the following condition at r = 0:

uλ(0) = u′λ(0) = 0,

which immediately implies

u′λ(1) = −λ→ −∞.

Then by mean value theorem, there exists an interior point rλint ∈ (0, 1) depending

on λ such that when λ → ∞, the net charge density ρλ(r
λ
int) = λ asymptotically

blows up. Such a phenomenon occurs only when the interior point rλint is sufficiently

close to the boundary point r = 1 as λ tends to infinity.

To clarify the boundary structure of the CCPB equation with single species, we

study the near- and far-field expansions. The near-field expansion focuses on the

refined asymptotics of uλ(r
λ
p,α) and u′λ(r

λ
p,α), where α and p are positive constants

independent of λ and

rλp,α = 1− p

λα
∈ (0, 1) (λ≫ 1)

is sufficiently close to the boundary point r = 1. The far-field expansion focuses on

the refined asymptotics for uλ in C1(K) as λ → ∞, where K (independent of λ) is

a compact subset of [0, 1) (cf. [44, 45]). We prove that the solution asymptotically

blows up in a thin region attached to the boundary and establishes the refined near-

and far-field expansions in Theorems 4.2 and 4.3. Moreover, we obtain the boundary

concentration phenomenon of the net charge density, which mathematically confirms

the physical description that the non-neutral phenomenon occurs near the charge

surface Corollary 4.1.

5
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Moreover, we develope a novel comparison with the CCPB equation for mono-

valent binary ions, which is represented as

v′′µ,λ(r) =
µevµ,λ(r)∫ 1

0
evµ,λ(s) ds

− λe−vµ,λ(r)∫ 1

0
e−vµ,λ(s) ds

for r ∈ (0, 1),

with the same boundary condition of uλ:

vµ,λ(0) = v′µ,λ(0) = 0.

Here µ and λ are positive parameters related to the total number of anions and

cations, respectively. When µ = λ, the electroneutrality condition holds and vµ,λ ≡

0, which is a trivial solution. For the case that 0 < µ≪ λ, i.e., the total number of

cations is great larger than that of anions, it seems that vµ,λ approaches uλ. However,

the asymptotic beahvior of those nonlocal terms are unknown, it is not clear that

0 < µ ≪ λ implies µ∫ 1
0 e

vµ,λ(s)
ds

≪ λ∫ 1
0 e

−vµ,λ(s)
ds
. Hence a question is naturally raised:

What does the relation between µ and λ make

lim
λ→∞

∥vµ,λ − uλ∥C1([0,1]) = 0

holds? Here ∥ · ∥C1([0,1]) is the standard C1-norm over the interval [0, 1]. We prove

the C1-convergence under the assumption lim
λ→∞

µλ = 0 (cf. Theorem 4.1) and show

the relation between vµ,λ and uλ as below.

vµ,λ - uλ
(uniformly)

λ fixed and µ → 0

(pointwise)
U := lim

λ→∞
uλ-

λ → ∞

vµ,λ − uλ - 0
(uniformly)

λ → ∞ and µλ → 0

6



doi:10.6342/NTU202501331

2 PB-steric equations: A general model of Poisson–

Boltzmann equations1

2.1 Introduction

Understanding the distribution of ions in the electrolyte is one of the most crucial

problems in many physical and electrochemical fields. As a well-known mathematical

model, the Poisson–Boltzmann (PB) equations play a central role in the study of

ionic distribution. The classical PB equations [69, 87] treat ions as point particles

without size and can be denoted as

−∇ · (ε∇ϕ) = 4πρ0 + 4π
I∑
i=1

zie0ci(ϕ), (2.1)

kBT ln(ci) + zie0ϕ = µi for i = 1, . . . , I, (2.2)

where ϕ is the electrostatic potential, ε is the dilelectric function, and ρ0 is the

permanent charge density function. In addition, I is the number of ion species,

ci is the concentration of ith ion species with the valence zi ̸= 0 for i = 1, . . . , I.

Moreover, ci = cbi exp(−zie0ϕ/kBT ), where cbi is the concentration of the ith ion

species in the bulk, kB is the Boltzmann constant, T is the absolute temperature, e0

is the elementary charge, and µi = kBT ln(cbi ) is the chemical potential. However,

when ions are crowded, steric repulsions may appear due to ion sizes, so the classical

PB equations should be modified [25,26,65,66].

Under the hypothesis of volume exclusion, one may study the case of two-species

ions with the same radius and obtain the following modified PB equations (cf. [9,

10,12,58]):

−∇ · (ε∇ϕ) = 4π(z1e0c1 + z2e0c2), (2.3)

ci = cbi
e−zie0ϕ/kBT

1− γ + γ
z1−z2 (c

b
1e

−z1e0ϕ/kBT + cb2e
−z2e0ϕ/kBT )

, (2.4)

1This chapter is adapted from an article co-authored with my advisor, Professor Tai-Chia

Lin, and published in [90]. In this work, my main contributions include providing the rigorous

mathematical proofs, producing the numerical figures, and constructing the oscillatory total ionic

charge density.

7
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for i = 1, 2, where γ is the total bulk volume fraction of ions, and z1 > 0 and z2 < 0

are the valence of cations and anions, respectively. Moreover, the concentrations

of ion species in bulk are given by cb1 = −z2 and cb2 = z1. For the background

and development of (2.3)–(2.4), we refer the interested reader to [43, 67]. Further-

more, when ions and solvent molecules may have different sizes, the associated PB

equations become

−∇ · (ε∇ϕ) = 4πρ0 + 4π
I∑
i=1

zie0ci(ϕ), (2.5)

kBT ln(ci)− kBT
vi
v0

ln(c0) + zie0ϕ = µ̄i for i = 1, . . . , I, (2.6)

I∑
i=0

vici = 1, (2.7)

where c0 =
1
v0

(
1−

I∑
i=1

vici

)
is the concentration of solvent molecules with the vol-

ume v0 and the valence z0 = 0, vi is the volume of ith ion species, and µ̄i is the

associated chemical potential for i = 1, . . . , I (cf. [80–82,88]). Equations (2.1)–(2.7)

can be denoted as

−∇ · (ε∇ϕ) = 4πρ0 + 4π
I∑
i=1

zie0ci, (2.8)

µi = kBT ln(ci) + zie0ϕ+ µex
i + Uwall

i for i = 0, 1, . . . , I, (2.9)

with different µi and µ
ex
i , where µi is the chemical potential, µex

i is the excess chemical

potential which describes the interaction potential of ions and solvent molecules.

Besides, Uwall
i is the potential which comes from the interactions of ions and solvent

molecules with the wall. Under Uwall
i = 0 and conditions of µi and µex

i , equations

(2.8)–(2.9) become the following equations.

• (2.1)–(2.2) if µi = kBT ln(cbi ) and µ
ex
i = 0 for i = 1, . . . , I.

• (2.3)–(2.4) if µi = kBT ln(cbi ) and

µex
i = kBT ln

(
1− γ +

γ

z1 − z2
(cb1e

−z1e0ϕ/kBT + cb2e
−z2e0ϕ/kBT )

)
for i = 1, 2.

• (2.5)–(2.7) if µi = µ̄i and µex
i = −kBT

vi
v0

ln(c0) for i = 1, . . . , I, where c0 =

1
v0

(
1−

I∑
i=1

vici

)
.

8
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The steric interactions of ions can produce oscillations in concentration (den-

sity) profiles but such oscillations cannot be obtained by equations (2.1)–(2.4) (cf.

[39, 60, 95, 111]). In [117], the oscillatory concentrations can be found in equations

(2.5)–(2.7) so it is natural to ask if there exists oscillatory total ionic charge density.

However, the total ionic charge density
I∑
i=1

zici(ϕ) of equations (2.1)–(2.7) is decreas-

ing to ϕ (see [82] and Propositions 2.6 and 2.10 below). This motivates us to derive a

general model of PB equations, called the Poisson–Boltzmann equations with steric

effects (PB-steric equations), which not only include equations (2.1)–(2.7) but also

have oscillatory total ionic charge density
I∑
i=1

zici(ϕ) under different assumptions of

steric effects and chemical potentials.

To get the PB-steric equations, we consider to use the Lennard-Jones (LJ) po-

tential which is a well-known model for the interaction between a pair of ions (and

solvent molecules) and is important in the density functional theory and molec-

ular dynamics simulation (cf. [5, 64, 72, 79, 101]). We set the energy functional∫∫
Rd

ψ(x − y)ci(x)cj(y) dx dy to describe the energy of steric repulsion of ci and

cj for i, j = 0, 1, . . . , I. Here ψ(z) = |z|−12 comes from the repulsive part of LJ

potential with strong singularity at the origin which makes the energy functional∫∫
Rd

ψ(x − y)ci(x)cj(y) dx dy hard to study. Hence we replace the LJ potential by

the approximate LJ potentials (cf. [50, 84]) to describe the steric repulsion of ions

and solvent molecules and we obtain the following PB-steric equations:

−∇ · (ε∇ϕ) = 4πρ0 + 4π
I∑
i=1

zie0ci, (2.10)

kBT ln(ci) + zie0ϕ+ Λ
I∑
j=0

gijcj = Λµ̃i + µ̂i for i = 0, 1, . . . , I, (2.11)

where c0 is the concentration of solvent molecules, ci is the concentration of ith ion

species, and Λgij ≥ 0 represents the strength of steric repulsion between the ith and

jth ions (or solvent molecules). One may see Appendix 2A for the derivation of

(2.10)–(2.11) when matrix (gij) is symmetric.

In this chapter, we generalize (2.10)–(2.11) to all matrices (gij) (which may

include nonsymmetric matrices) such that (2.11) has a unique solution ci = ci(ϕ)

for ϕ ∈ R and i = 0, 1, . . . , I. The nonsymmetry of matrix (gij) may come from

the potential Uwall
i which describes how the ions and solvent molecules interact with

9
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the wall. Note that (2.10)–(2.11) can be expressed by (2.8)–(2.9) with the chemical

potential µi = Λµ̃i+ µ̂i and the excess chemical potential µex
i and the potential Uwall

i

satisfying µex
i +Uwall

i = Λ
I∑
j=0

gijcj for i = 0, 1, . . . , I. For the sake of simplify, we set

kBT = e0 = 1 and write 4πε instead of ε so (2.10)–(2.11) become

−∇ · (ε∇ϕ) = ρ0 +
I∑
i=1

zici in Ω, (2.12)

ln(ci) + ziϕ+ Λ
I∑
j=0

gijcj = Λµ̃i + µ̂i for i = 0, 1, . . . , I, (2.13)

where Ω is a bounded smooth domain in Rd (d ≥ 2). Under suitable conditions of

gij such that system (2.13) has a unique solution ci = ci(ϕ) (which may depend on

parameter Λ) for ϕ ∈ R and i = 0, 1, . . . , I, equation (2.12) becomes a nonlinear

elliptic equation

−∇ · (ε∇ϕ) = ρ0 +
I∑
i=1

zici(ϕ) in Ω. (2.14)

Then for all possible gij ≥ 0, equation (2.14) and its limiting equation (as Λ → ∞)

are called as the PB-steric equations. Hereafter, the boundary condition of (2.14)

is considered as the Robin boundary condition

ϕ+ η
∂ϕ

∂ν
= ϕbd on ∂Ω, (2.15)

where ϕbd ∈ C∞(∂Ω) is the extra electrostatic potential and η ≥ 0 is a constant

related to the surface dielectric constant (cf. [8, 94,116]).

The strength of steric effect is determined by Λgij’s in the PB-steric equations

(2.13)–(2.14). As Λ = 0 (or gij = 0), (2.13) has the same form as (2.2) and the

PB-steric equations (2.13)–(2.14) become the classical PB equations (2.1)–(2.2).

On the other hand, when gij’s are positive constants, a larger Λ produces stronger

steric repulsion. This motivates us to expect that as Λ tends to infinity, the steric

repulsion becomes extremely strong so that volume exclusion holds true and ions

can be described by the lattice gas model as for the mean-field approximation of

the modified PB equations (2.3)–(2.4) (cf. [12, 43]). To justify this, we prove that

as Λ → ∞, the PB-steric equations (2.13)–(2.14) may approach to the modified PB

equations (2.3)–(2.4) (see Theorem 2.1 and Remark 2.1). Moreover, we prove that

as Λ → ∞, the PB-steric equations (2.13)–(2.14) may approach to the modified PB

equations (2.5)–(2.7) (see Theorem 2.2 and Remark 2.5).

10
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In order to obtain equations (2.3)–(2.4), we need the assumptions of steric effects

(gij) and chemical potentials (µ̃i) given by

(A1) gi0 = g00 = 1− γ and gij = g0j = γ/Z for i, j = 1, . . . , I,

(A2) µ̃i = µ̃0 for i = 1, . . . , I,

where 0 ≤ γ ≤ 1, µ̃0 > 0, µ̂0 (in (2.13)) and Z =
I∑
i=1

|zi| are constants independent

of Λ. Then by (A1) and (A2), system (2.13) has a unique solution ci,Λ = ci,Λ(ϕ) for

ϕ ∈ R and i = 0, 1, . . . , I, which satisfies

ci,Λ = c0,Λe
µ̄i−ziϕ for ϕ ∈ R and i = 1, . . . , I, (2.16)

ln(c0,Λ) + ΛH(γ, z1, . . . , zI , ϕ)c0,Λ = Λµ̃0 + µ̂0 for ϕ ∈ R, (2.17)

H(γ, z1, . . . , zI , ϕ) = 1− γ +
γ

Z

I∑
j=1

eµ̄j−zjϕ, (2.18)

where µ̄i = µ̂i − µ̂0 is a constant independent of Λ for i = 1, . . . , I. Note that

(2.17) can be solved in terms of the principal branch of Lambert W function (cf.

[93]), which implies that ci,Λ are positive smooth functions for i = 0, 1, . . . , I (see

Proposition 2.1). Recall that the Lambert W function W0(x) can be defined by

W0(x)e
W0(x) = x for all x ≥ e−1, and the range of W0(x) is [−1,∞). Hence the

PB-steric equation (2.14) can be expressed as

−∇ · (ε∇ϕΛ) = ρ0 + fΛ(ϕΛ) in Ω, (2.19)

where function fΛ = fΛ(ϕ) is denoted as

fΛ(ϕ) =
I∑
i=1

zici,Λ(ϕ) for ϕ ∈ R. (2.20)

By the standard method of a nonlinear elliptic equation, we may obtain the existence

and uniqueness of (2.19) with the Robin boundary condition (2.15).

Using the implicit function theorem on Banach spaces (cf. [21, Theorem 15.1]),

we prove that ci,Λ converges to c∗i in space Cm[a, b] as Λ tends to infinity for m ∈ N

and a < b, where c∗i satisfies

c∗i (ϕ) =
µ̃0e

µ̄i−ziϕ

H(γ, z1, . . . , zI , ϕ)
for ϕ ∈ R and i = 0, 1, . . . , I. (2.21)

11
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Figure 2.1: The profiles of fΛ(ϕ) and fΛ(ϕΛ(x)) and their limiting functions under

assumptions (A1)–(A2). In (a), curves 1–3 are profiles of function fΛ (defined in

(2.20)) with Λ = 10, 20, 40, and curve 4 is the profile of function f ∗ (defined in

(2.22)). In (b), curves 1–3 are the profiles of function fΛ ◦ ϕΛ with Λ = 10, 20, 40,

and curve 4 is the profile of function f ∗ ◦ ϕ∗.

Thus function fΛ also converges to f ∗ in space Cm[a, b] as Λ goes to infinity for

m ∈ N and a < b, where

f ∗(ϕ) =
I∑
i=1

zic
∗
i (ϕ) for ϕ ∈ R (2.22)

(see Corollary 2.5 and Figure 2.1). Moreover, for the asymptotic limit of (2.19), we

obtain the following theorem.

Theorem 2.1. Let Ω ⊊ Rd be a bounded smooth domain, ε ∈ C∞(Ω) be a positive

function, ρ0 ∈ C∞(Ω), ϕbd ∈ C∞(∂Ω), z0 = 0, and zizj < 0 for some i, j ∈ {1, . . . , I}.

Assume that (A1) and (A2) hold true. Then the solution ϕΛ to PB-steric equation

(2.19) with the Robin boundary condition (2.15) satisfies

lim
Λ→∞

∥ϕΛ − ϕ∗∥Cm(Ω) = 0 for m ∈ N,

where ϕ∗ is the solution to

−∇ · (ε∇ϕ∗) = ρ0 + f ∗(ϕ∗) in Ω (2.23)

with the Robin boundary condition (2.15).

12
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Remark 2.1. When I = 2, (2.21)–(2.23) become (2.3)–(2.4). Besides, (2.23) is the

limiting equation of (2.19) as Λ → ∞. This shows the PB-steric equations include

the modified PB equations (2.3)–(2.4).

Remark 2.2. When I = 2, we replace the assumption (A1) by

(A1) ′ gi0 = g00 = 1− γ, gij = g0j = γj for i, j = 0, 1, 2, and γ = γ1 + γ2.

Then by (A1) ′ and (A2), system (2.13) has a unique solution ci,Λ = ci,Λ(ϕ) for

ϕ ∈ R and i = 0, 1, 2. Due to z1z2 < 0, we can calculate directly to get

dfΛ
dϕ

=
(γz1z2 − z21γ1 − z22γ2)e

µ̄1+µ̄2−(z1+z2)ϕ − (z21e
µ̄1−z1ϕ + z22e

µ̄2−z2ϕ)((Λc0,Λ)
−1 + 1− γ)

(Λc0,Λ)−1 + 1− γ + γ1eµ̄1−z1ϕ + γ2eµ̄2−z2ϕ
c0,Λ < 0,

which implies function fΛ is decreasing to ϕ. Hence one can follow the similar

argument in Sections 2.2 and 2.3 to obtain the same conclusion of Theorem 2.1.

Remark 2.3. When I ≥ 2, we replace the assumption (A1) by

(A1) ′′ gi0 = g00 = 1− γ, and gij = g0j = γ|zj|/Z for i, j = 1, . . . , N .

Then by (A1) ′′ and (A2), system (2.13) has a unique solution ci,Λ = ci,Λ(ϕ) for

ϕ ∈ R and i = 0, 1, . . . , I. Since zizj < 0 for some i, j ∈ {1, . . . , I}, we can calculate

directly to get dfΛ/dϕ < 0, which implies function fΛ is decreasing to ϕ. Hence

one can follow the similar argument in Sections 2.2 and 2.3 to obtain the same

conclusion of Theorem 2.1.

Remark 2.4. As I = 3, we replace the assumption (A1) by

(A1) ′′′ gi0 = g00 = 1− γ, gij = g0j = γj for i, j = 0, 1, 2, 3 and γ = γ1 + γ2 + γ3.

Then by (A1) ′′′ and (A2), system (2.13) has a unique solution ci,Λ = ci,Λ(ϕ) for

ϕ ∈ R and i = 0, 1, 2, 3. But for some Λ, function fΛ and fΛ ◦ ϕΛ (total ionic

charge density) may become oscillatory (see Figure 2.2). One can see the proof in

Appendix 2C and numerical methods in Section 2.4. Such oscillatory total ionic

charge density fΛ = fΛ(ϕ) cannot be obtained in the classical and modified PB

equations (2.1)–(2.7).

13
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Figure 2.2: The profiles of fΛ(ϕ) and fΛ(ϕΛ(x)) under assumptions (A1)′′′ and (A2).

In (a), curves 1–4 are profiles of function fΛ =
3∑
i=1

zici,Λ with Λ = 0.5, 1, 2, 4. In

(b), curves 1–4 are the profiles of function fΛ ◦ ϕΛ with Λ = 0.5, 1, 2, 4.

To obtain (2.5)–(2.7), we need the assumptions of gij and µ̃i given by

(A3) gij = λiλj for i, j = 0, 1, . . . , I,

(A4) µ̃i = λiµ̃0 for i = 0, 1, . . . , I,

where λi > 0, µ̃0 > 0 and µ̂i (in (2.13)) are constants independent of Λ. Here µ̃0 is

replaced by λ0µ̃0 and λ0 might not be 1. By (A3)–(A4), system (2.13) has a unique

solution ci,Λ = ci,Λ(ϕ) for ϕ ∈ R and i = 0, 1, . . . , I, which satisfies

ci,Λ = (c0,Λ)
λi/λ0eµ̄i−ziϕ for ϕ ∈ R and i = 1, . . . , I, (2.24)

ln(c0,Λ) + Λ
I∑
j=0

λ0λj(c0,Λ)
λj/λ0eµ̄j−zjϕ = Λλ0µ̃0 + µ̂0 for ϕ ∈ R, (2.25)

where µ̄i = µ̂i− λi
λ0
µ̂0 is a constant independent of Λ for i = 0, 1, . . . , I. Note that as

λj/λ0 = 1 for j = 1, . . . , I, (2.25) can be solved by the Lambert W function, but here

some λj/λ0 may not be equal to one so we may call c0,Λ as a Lambert-type function.

Then we apply the implicit function theorem on (2.25) and obtain that c0,Λ(ϕ) is a

positive smooth function (see Proposition 2.7). Hence the PB-steric equation (2.14)

can be expressed as

−∇ · (ε∇ϕΛ) = ρ0 + f̃Λ(ϕΛ) in Ω, (2.26)

14
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Figure 2.3: The profiles of f̃Λ(ϕ) and f̃Λ(ϕΛ(x)) and their limiting functions under

assumptions (A3)–(A4). In (a), curves 1–3 are profiles of function f̃Λ (defined in

(2.27)) with Λ = 10, 20, 40, and curve 4 is the profile of function f̃ ∗ (defined in

(2.30)). In (b), curves 1–3 are the profiles of function f̃Λ ◦ ϕΛ with Λ = 10, 20, 40,

and curve 4 is the profile of function f̃ ∗ ◦ ϕ∗.

where function f̃Λ = f̃Λ(ϕ) is denoted as

f̃Λ(ϕ) =
I∑
i=1

zici,Λ(ϕ) for ϕ ∈ R. (2.27)

Note that the existence and uniqueness of (2.26) with the Robin boundary condition

(2.15) can be obtain by the standard method of the nonlinear elliptic equation, but

(2.19) and (2.26) are different because they have different nonlinear terms fΛ and

f̃Λ.

By the implicit function theorem on Banach spaces (cf. [21, Theorem 15.1]), we

prove that ci,Λ converges to c∗i in space Cm[a, b] as Λ tends to infinity for m ∈ N and

a < b (See Proposition 2.8). Here function c∗i satisfies

c∗i (ϕ) = (c∗0(ϕ))
λi/λ0eµ̄i−ziϕ > 0 for ϕ ∈ R and i = 1, . . . , I, (2.28)

I∑
i=0

λic
∗
i (ϕ) =

I∑
i=0

λi(c
∗
0(ϕ))

λi/λ0eµ̄i−ziϕ = µ̃0 for ϕ ∈ R, (2.29)

where µ̄i = µ̂i − λi
λ0
µ̂0 for i = 0, 1, . . . , I. Thus function f̃Λ also converges to f̃ ∗ in

15
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space Cm[a, b] as Λ goes to infinity for m ∈ N and a < b, where

f̃ ∗(ϕ) =
I∑
i=1

zic
∗
i (ϕ) (2.30)

(see Corollary 2.9 and Figure 2.3). Moreover, for the asymptotic limit of (2.26), we

have the following theorem.

Theorem 2.2. Let Ω ⊊ Rd be a bounded smooth domain, ε ∈ C∞(Ω) be a positive

function, ρ0 ∈ C∞(Ω), ϕbd ∈ C∞(∂Ω), z0 = 0, and zizj < 0 for some i, j ∈ {1, . . . , I}.

Assume that (A3)–(A4) hold true. Then the solution ϕΛ to PB-steric equation (2.26)

with the Robin boundary condition (2.15) satisfies

lim
Λ→∞

∥ϕΛ − ϕ∗∥Cm(Ω) = 0 for m ∈ N,

where ϕ∗ is the solution to

−∇ · (ε∇ϕ∗) = ρ0 + f̃ ∗(ϕ∗) in Ω (2.31)

with the Robin boundary condition (2.15).

Remark 2.5. As λi = vi/v0, µ̃0 = 1/v0, c
∗
i = ci and ϕ

∗ = ϕ, (2.28)–(2.31) become

(2.5)–(2.7) (up to scalar multiples). Besides, (2.31) is the limiting equation of (2.26)

as Λ → ∞. This shows the PB-steric equations include the modified PB equations

(2.5)–(2.7).

Before proving Theorems 2.1 and 2.2, we note that fΛ and f̃Λ are strictly de-

creasing and unbounded on R (see Propositions 2.1 and 2.7) but f ∗ and f̃ ∗ are

strictly decreasing and bonunded on R (see Propositions 2.6 and 2.10) so we cannot

obtain the uniform convergence of fΛ on R as Λ goes to infinity. Since we only have

the uniform boundedness of fΛ and f̃Λ on any bounded interval [a, b] but not the

entire space R, we first have to prove the uniform boundedness of ϕΛ (the solution

to (2.19) and (2.26)) with respect to Λ (see Lemmas 2.11 and 2.13) in order to use

the convergence of fΛ and f̃Λ in space Cm[a, b] for m ∈ N and a < b. Here (2.16) and

(2.28) are crucial for the proofs of Lemmas 2.11 and 2.13, respectively. Notice that

ρ0 = ρ0(x) may be any nonzero smooth function and the boundary condition may

be the Robin boundary condition but not Dirichlet boundary condition so one can-

not simply use the maximum principle on (2.19) and (2.26) to prove Lemmas 2.11

16
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and 2.13. Then we can apply W 2,p estimate (cf. [2, Theorem 15.2]), the Schauder’s

estimate (cf. [38, Theorem 6.30]) and the uniqueness of solution to prove that ϕΛ

converges to ϕ∗ in space Cm(Ω) as Λ tends to infinity for m ∈ N and obtain the

proofs of Theorems 2.1 and 2.2.

In Section 2.4, we provide numerical simulation on nonlinear elliptic equations

(2.19), (2.23), (2.26) and (2.31) with the Robin boundary condition (2.15). The

one-dimensional domain Ω = (−1, 1) is discretized by the Legendre–Gauss–Lobatto

(LGL) points (cf. [28]). Then we use the LGL points to discretize equations (2.19),

(2.23), (2.26), (2.31) and the Robin boundary condition (2.15), and then solve them

numerically with the command fsolve in Matlab. Under assumptions (A1)–(A2)

and (A3)–(A4), we show the profiles of numerical solutions ϕΛ and ϕ∗ to support

Theorems 2.1 and 2.2, respectively. In addition, under assumption (A1)′′′ and (A2),

we present the profiles of numerical solution ϕΛ whose total ionic charge density is

oscillatory in Figure 2.2(b).

Organization. The rest of the chapter is organized as follows. In Section 2.2, we

analyze of functions fΛ, f
∗, f̃Λ and f̃ ∗ under the assumptions (A1)–(A2) and (A3)–

(A4), respectively. The proof of Theorems 2.1 and 2.2 are stated in Section 2.3.

Numerical schemes are shown in Section 2.4.

2.2 Analysis of nonlinear terms under (A1)–(A2) and (A3)–

(A4)

2.2.1 Analysis of ci,Λ and fΛ under (A1)–(A2)

In this section, we first show how to use assumptions (A1) and (A2) to apply Gaus-

sian elimination to solve system (2.13) and obtain a unique positive smooth solution

ci,Λ = ci,Λ(ϕ) for ϕ ∈ R and i = 0, 1, . . . , I. Then we establish the asymptotic be-

havior of ci,λ (as ϕ tends to infinity) and the strict decrease and unboundedness of

fΛ =
I∑
i=1

zici,Λ (see Proposition 2.1).

For functions ci,Λ and fΛ under the assumptions (A1) and (A2), we have the

following.

Proposition 2.1. Assume that z0 = 0, (A1) and (A2) hold true. Suppose zizj < 0

for some i, j ∈ {1, . . . , I}.

17
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(a) System (2.13) can be solved uniquely by

ci,Λ(ϕ) =
W0

(
ΛH(γ, z1, . . . , zI , ϕ)e

Λµ̃0+µ̂0
)

ΛH(γ, z1, . . . , zI , ϕ)
eµ̄i−ziϕ (2.32)

for ϕ ∈ R and i = 0, 1, . . . , I, whereW0 denotes the principal branch of Lambert

W function (cf. [93]).

(b) Function fΛ =
I∑
i=1

zici,Λ is strictly decreasing on R.

(c) Let J1 = {j : zj = max
0≤k≤I

zk} and J2 = {j : zj = min
0≤k≤I

zk}. Then

(i) lim
ϕ→−∞

cj0,Λ(ϕ) = ∞ for j0 ∈ J1, and lim
ϕ→−∞

ck,Λ(ϕ) = 0 for k /∈ J1;

(ii) lim
ϕ→∞

cj0,Λ(ϕ) = ∞ for j0 ∈ J2, and lim
ϕ→∞

ck,Λ(ϕ) = 0 for k /∈ J2.

(d) For each Λ > 0, the range of fΛ is entire space R, and lim
ϕ→±∞

fΛ(ϕ) = ∓∞.

Proof. By (A1)–(A2), system (2.13) can be expressed as

ln(ci,Λ)+ ziϕ+Λ

(
(1− γ)c0,Λ +

γ

Z

I∑
j=1

cj,Λ

)
= Λµ̃0+ µ̂i for i = 0, 1, . . . , I. (2.33)

Subtracting (2.33) for i ̸= 0 from that for i = 0, we get

ln(ci,Λ/c0,Λ) + ziϕ = µ̂i − µ̂0 := µ̄i,

which implies (2.16) under the assumption z0 = 0. Then we plug (2.16) into (2.33)

for i = 0 to get (2.17), which implies

[ΛH(γ, z1, . . . , zI , ϕ)c0,Λ] e
ΛH(γ,z1,...,zI ,ϕ)c0,Λ = ΛH(γ, z1, . . . , zI , ϕ)e

Λµ̃0+µ̂0 (2.34)

for ϕ ∈ R. From theorems of Lambert W function in [93], (2.34) has a unique

smooth positive solution c0,Λ denoted by

c0,Λ(ϕ) =
W0

(
ΛH(γ, z1, . . . , zI , ϕ)e

Λµ̃0+µ̂0
)

ΛH(γ, z1, . . . , zI , ϕ)
for ϕ ∈ R. (2.35)

By (2.16) and (2.35), we arrive at (2.32) and complete the proof of (a).

Next we state the proof of (b). We differentiate (2.17) with respect to ϕ and get

1

c0,Λ

dc0,Λ
dϕ

+ ΛH(γ, z1, . . . , zI , ϕ)
dc0,Λ
dϕ

− Λc0,Λ
γ

Z

I∑
j=1

zje
µ̄j−zjϕ = 0,

18
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which gives

dc0,Λ
dϕ

=

γ

Z

I∑
j=1

zje
µ̄j−zjϕ

(Λc0,Λ)−1 +H(γ, z1, . . . , zI , ϕ)
c0,Λ. (2.36)

On the other hand, by (2.16), we write fΛ as fΛ(ϕ) =
I∑
i=1

zic0,Λe
µ̄i−ziϕ for ϕ ∈ R.

Then differentiating fΛ with respect to ϕ and using (2.36), we get

dfΛ
dϕ

=
I∑
i=1

zi
dci,Λ
dϕ

=
dc0,Λ
dϕ

I∑
i=1

zie
µ̄i−ziϕ − c0,Λ

I∑
i=1

z2eµ̄i−ziϕ

=


γ

Z

(
I∑
i=1

zie
µ̄i−ziϕ

)(
I∑
i=1

zie
µ̄i−ziϕ

)
(Λc0,Λ)−1 +H(γ, z1, . . . , zI , ϕ)

−
I∑
i=1

z2i e
µ̄i−ziϕ)

 c0,Λ.

(2.37)

Note the inequality(
I∑
i=1

z2i e
µ̄i−ziϕ

)[
(Λc0,Λ)

−1 +H(γ, z1, . . . , zI , ϕ)
]

>
γ

Z

(
I∑
i=1

z2i e
µ̄i−ziϕ

)(
I∑
i=1

eµ̄i−ziϕ

)
>
γ

Z

(
I∑
i=1

zie
µ̄i−ziϕ

)2

,

(2.38)

where we have used the fact that zizj < 0 for some i, j ∈ {1, . . . , I}. Therefore, by

(2.37)–(2.38), we have dfΛ/dϕ < 0 on R and the proof of (b) is complete.

To prove (c), we need the following claim.

Claim 2.2. There holds that

lim
ϕ→±∞

W0(ΛH(γ, z1, . . . , zI , ϕ)e
Λµ̃0+µ̂0)

lnΛ + ln(H(γ, z1, . . . , zI , ϕ)) + Λµ̃0 + µ̂0

= 1. (2.39)

Proof of Claim 2.2. Recall the asymptotic behavior of Lambert W function in [49,

93]

lnx− ln lnx+
ln lnx

2 lnx
≤ W0(x) ≤ lnx− ln lnx+

e

e− 1

ln lnx

lnx
for x ≥ e. (2.40)

Since zizj < 0 for some i, j ∈ {1, . . . , I}, it is clear that lim
ϕ→±∞

I∑
i=1

eµ̄i−ziϕ = ∞, which

implies that

lim
ϕ→±∞

ΛH(γ, z1, . . . , zI , ϕ)e
Λµ̃0+µ̂0 = ∞.

Then by (2.40), we obtain (2.39) and complete the proof of Claim 2.2.
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Now we state the proof of (c). Since zizj < 0 for some i, j ∈ {1, . . . , I}, we know

zi0 > 0 for i0 ∈ J1 and zj0 < 0 for j0 ∈ J2. Then for i0 ∈ J1, we may use (2.16),

(2.35) and Claim 2.2 to get

lim
ϕ→−∞

ci0,Λ(ϕ) = lim
ϕ→−∞

c0,Λ(ϕ)e
µ̄i0−zi0ϕ

= lim
ϕ→−∞

eµ̄i0−zi0ϕ

ΛH(γ, z1, . . . , zI , ϕ)
W0(ΛH(γ, z1, . . . , zI , ϕ)e

Λµ̃0+µ̂0)

=
Z

Λγ
∑
i∈J1

eµ̄i−µ̄i0
lim

ϕ→−∞
W0(ΛH(γ, z1, . . . , zI , ϕ)e

Λµ̃0+µ̂0) = ∞.

On the other hand, for k /∈ J1, we have

lim
ϕ→−∞

ck,Λ(ϕ) = lim
ϕ→−∞

eµ̄k−zkϕ

ΛH(γ, z1, . . . , zI , ϕ)
W0(ΛH(γ, z1, . . . , zI , ϕ)e

Λµ̃0+µ̂0)

= lim
ϕ→−∞

eµ̄k−zkϕ

ΛH(γ, z1, . . . , zI , ϕ)
(lnΛ + ln(H(γ, z1, . . . , zI , ϕ)) + Λµ̃0 + µ̂0) = 0.

Thus the proof of (c)(i) is complete. Similarly, for j0 ∈ J2, we combine (2.16),

(2.17), and Claim 2.2 to get

lim
ϕ→∞

cj0,Λ(ϕ) = lim
ϕ→∞

c0,Λ(ϕ)e
µ̄j0−zj0ϕ

= lim
ϕ→∞

eµ̄j0−zj0ϕ

ΛH(γ, z1, . . . , zI , ϕ)
W0(ΛH(γ, z1, . . . , zI , ϕ)e

Λµ̃0+µ̂0)

=
Z

Λγ
∑
j∈J2

eµ̄j−µ̄j0
lim
ϕ→∞

W0(ΛH(γ, z1, . . . , zI , ϕ)e
Λµ̃0+µ̂0) = ∞.

On the other hand, for k /∈ J2, we have

lim
ϕ→∞

ck,Λ(ϕ) = lim
ϕ→∞

eµ̄k−zkϕ

ΛH(γ, z1, . . . , zI , ϕ)
W0(ΛH(γ, z1, . . . , zI , ϕ)e

Λµ̃0+µ̂0)

= lim
ϕ→∞

eµ̄k−zkϕ

ΛH(γ, z1, . . . , zI , ϕ)
(lnΛ + ln(H(γ, z1, . . . , zI , ϕ)) + Λµ̃0 + µ̂0) = 0.

Therefore, we complete the proof of (c).

Finally, we give the proof of (d). From (2.20), function fΛ can be denoted as

fΛ(ϕ) =
∑
i∈J1

zici,Λ(ϕ) +
∑
i/∈J1

zici,Λ(ϕ) for ϕ ∈ R, where J1 is defined in (c)(i). Then

by (c)(i), we have lim
ϕ→−∞

fΛ(ϕ) = ∞. Similarly, by (c)(ii), we have lim
ϕ→∞

fΛ(ϕ) = −∞.

Therefore, we conclude (d) and complete the proof of Proposition 2.1.
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2.2.2 Analysis of c∗i and f ∗ under (A1)–(A2)

Function c∗0 is the limit lim
Λ→∞

c0,Λ, where function c0,Λ is the solution to (2.17) for

Λ > 0. Let δ = Λ−1 and c̃0,δ = c0,Λ. Then by (2.17), c̃0,δ satisfies

δ ln(c̃0,δ(ϕ)) +H(γ, z1, . . . , zI , ϕ)c̃0,δ = µ̃0 + δµ̂0 for ϕ ∈ R. (2.41)

Notice that Λ → ∞ is equivalent to δ → 0+ so c∗0 also equals the limit lim
δ→0+

c̃0,δ.

Moreover c∗0 is defined by (2.21) wtih i = 0, which is (2.41) with δ = 0. The

convergence of c̃0,δ as δ → 0+, i.e. the convergence of c0,Λ as Λ → ∞ is proved in

Proposition 2.3, so by (2.16), we obtain the convergence of ci,Λ as Λ → ∞.

Proposition 2.3. Let ci,Λ and c∗i be defined in (2.32) and (2.21), respectively.

(a) For ϕ ∈ R, lim
Λ→∞

ci,Λ(ϕ) = c∗i (ϕ) for i = 0, 1, . . . , I.

(b) lim
Λ→∞

∥ci,Λ − c∗i ∥Cm[a,b] = 0 for i = 0, 1, . . . , I, m ∈ N, and a < b, where

∥h∥Cm[a,b] :=
m∑
k=0

∥h(k)∥∞ for h ∈ Cm[a, b].

Proof. To prove (a), we need the following claim.

Claim 2.4. Assume that (A1)–(A2) hold ture. Then there holds that

lim
Λ→∞

W0(ΛH(γ, z1, . . . , zN , ϕ)e
Λµ̃0+µ̂0)

Λµ̃0

= 1 for ϕ ∈ R.

Note that H(γ, z1, . . . , zI , ϕ) is independent of Λ so the proof of Claim 2.4 follows

directly from (2.40) and we omit it here.

By Proposition 2.1(a) and Claim 2.4, it follows that

lim
Λ→∞

ci,Λ(ϕ) = eµ̄i−ziϕ lim
Λ→∞

Λµ̃0

ΛH(γ, z1, . . . , zI , ϕ)
=

µ̃0e
µ̄i−ziϕ

H(γ, z1, . . . , zI , ϕ)
= c∗i (ϕ)

for i = 0, 1 . . . , I, which implies (a).

To prove (b), we fixm ∈ N, a, b ∈ R and a < b arbitrarily. Let ∥·∥Cm := ∥·∥Cm[a,b]

for notational convenience. For Λ > 0, let δ = Λ−1, c̃0,δ = c0,Λ, wδ = ln(c̃0,δ), and

w∗ = ln(c∗0). Obviously, δ → 0+ is equivalent to Λ → ∞. Hence by (2.16), it suffices

to show that lim
δ→0+

∥ewδ −ew∗∥Cm = 0. Because wδ = ln(c̃0,δ) and c̃0,δ = c0,Λ, equation

(2.41) can be denoted as K1(wδ(ϕ), δ) = 0 for δ > 0 and ϕ ∈ [a, b], where K1 is a

C1-function on Cm[a, b]× R defined by

K1(w(ϕ), δ) = δw(ϕ) +H(γ, z1, . . . , zI , ϕ)e
w(ϕ) − µ̃0 − δµ̂0 (2.42)
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for all w ∈ Cm[a, b] and ϕ ∈ [a, b]. Note that K1(w
∗, 0) = 0 by (a). A direct

calculation for Fréchet derivative of (2.42) gives

DwK1(w(ϕ), δ) = δ +H(γ, z1, . . . , zN , ϕ)e
w(ϕ)

for all w ∈ Cm[a, b] and ϕ ∈ [a, b]. Then by (a), we get DwK1(w
∗(ϕ), 0) = µ̃0 > 0

for all ϕ ∈ [a, b]. This implies that DwK1(w
∗, 0)I is a bounded and invertible

linear map on the Banach space Cm[a, b], where I is an identity map. Hence by

the implicit function theorem on Banach spaces (cf. [21, Corollary 15.1]), there

exists an open subset Bδ0(w
∗) × (−δ0, δ0) ⊊ Cm[a, b] × R and a unique C1-function

w̃(·, δ) of δ ∈ (−δ0, δ0) with w̃(·, δ) ∈ Bδ0(w
∗) ⊂ Cm[a, b] for δ ∈ (−δ0, δ0) such that

K1(w̃(·, δ), δ) = 0 for all δ ∈ (−δ0, δ0), which gives lim
δ→0+

∥w̃(·, δ) − w∗∥Cm = 0. By

Proposition 2.1(a), equation K1(w, δ) = 0 has a unique solution w = wδ, which

implies w̃(·, δ) = wδ(·) for δ ∈ (−δ0, δ0). Therefore, we obtain lim
δ→0+

∥wδ−w∗∥Cm = 0,

i.e., lim
δ→0+

∥ewδ − ew
∗∥Cm = 0, and complete the proof of Proposition 2.3(ii).

Corollary 2.5. lim
Λ→∞

∥fΛ − f ∗∥Cm[a,b] = 0 for m ∈ N and a < b.

Proof. It follows from Proposition 2.3(b) and the fact that fΛ(ϕ) =
I∑
i=1

zici,Λ(ϕ) and

f ∗(ϕ) =
I∑
i=1

zic
∗
i (ϕ) for ϕ ∈ R.

For function f ∗, we have the following proposition.

Proposition 2.6. Let f ∗ be the function defined in (2.22).

(a) Function f ∗ is strictly decreasing on R.

(b) Function f ∗ satisfies m∗ < f ∗(ϕ) < M∗ for all ϕ ∈ R, where

m∗ = lim
ϕ→∞

f ∗(ϕ) < 0 and M∗ = lim
ϕ→−∞

f ∗(ϕ) > 0.

Proof. By (2.21)–(2.22), f ∗ can be expressed as

f ∗(ϕ) =
µ̃0

H(γ, z1, . . . , zI , ϕ)

I∑
i=1

zie
µ̄i−ziϕ for ϕ ∈ R. (2.43)

Then differentiating (2.43) with respect to ϕ gives

df ∗

dϕ
= µ̃0


γ

Z

(
I∑
i=1

zie
µ̄i−ziϕ

)2

(H(γ, z1, . . . , zI , ϕ))
2 −

I∑
i=1

z2i e
µ̄i−ziϕ

H(γ, z1, . . . , zI , ϕ)


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≤ µ̃0γ

Z

(
I∑
i=1

zie
µ̄i−ziϕ

)2

−
I∑
i=1

eµ̄i−ziϕ
I∑
i=1

z2i e
µ̄i−ziϕ

(H(γ, z1, . . . , zI , ϕ))
2 < 0 for ϕ ∈ R.

Here the last inequality comes from the Cauchy–Schwarz inequality and the fact

that zizj < 0 for some i, j ∈ {1, . . . , I}. Therefore, we complete the proof of (a).

To prove (b), we note that

m∗ := µ̃0 lim
ϕ→∞

∑
j∈J2

+
∑
j /∈J2

 zje
µ̄j−zjϕ

1− γ +
γ

Z

∑
j∈J2

+
∑
j /∈J2

 eµ̄j−zjϕ

=
µ̃0Z

γ

∑
j∈J2

zje
µ̄j

∑
j∈J2

eµ̄j
< 0

and

M∗ := µ̃0 lim
ϕ→−∞

(∑
i∈J1

+
∑
i/∈J1

)
zie

µ̄i−ziϕ

1− γ +
γ

Z

(∑
i∈J1

+
∑
i/∈J1

)
eµ̄i−ziϕ

=
µ̃0Z

γ

∑
i∈J1

zie
µ̄i

∑
i∈J1

eµ̄i
> 0,

where J1 and J2 are defined in Proposition 2.1(c). By (a), f ∗ is strictly decreasing,

so we havem∗ < f ∗(ϕ) < M∗ for all ϕ ∈ R and complete the proof of Proposition 2.6.

2.2.3 Analysis of ci,Λ and f̃Λ under (A3)–(A4)

In this section, we use assumptions (A3)–(A4) and apply Gaussian elimination to

solve system (2.13) and obtain a unique positive smooth solution ci,Λ = ci,Λ(ϕ) for

ϕ ∈ R and i = 0, 1, . . . , I. Then we establish the asymptotic behavior of ci,Λ (as ϕ

tends to infinity), and the strict decrease and unboundedness of f̃Λ =
I∑
i=1

zici,Λ (see

Proposition 2.7).

For functions ci,Λ and f̃Λ, we have the following proposition.

Proposition 2.7. Assume that z0 = 0, (A3)–(A4) hold true. Suppose zizj < 0 for

some i, j ∈ {1, . . . , I}.

(a) System (2.13) has a unique, smooth, and positive solution ci,Λ = ci,Λ(ϕ) for

ϕ ∈ R and i = 0, 1, . . . , I.
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(b) Function f̃Λ =
I∑
i=1

zici,Λ is strictly decreasing on R.

(c) (i) If zk ≥ 0 (zk ≤ 0), then sup
ϕ≥0

ck,Λ(ϕ) ≤ eΛλkµ̃0+µ̂k (sup
ϕ≤0

ck,Λ(ϕ) ≤ eΛλkµ̃0+µ̂k).

(ii) There exist i0, j0 ∈ {1, . . . , I}, zi0 > 0 and zj0 < 0 such that lim sup
ϕ→−∞

ci0,Λ(ϕ) =

∞ and lim sup
ϕ→∞

cj0,Λ(ϕ) = ∞.

(d) For each Λ > 0, the range of f̃Λ is entire space R, and lim
ϕ→±∞

f̃Λ (ϕ) = ∓∞.

Proof. By (A3)–(A4), system (2.13) can be expressed as

ln(ci,Λ) + ziϕ+ Λ
I∑
j=0

λiλjcj,Λ = Λλiµ̃0 + µ̂i for ϕ ∈ R and i = 0, 1, . . . , I. (2.44)

Multiplying (2.44) for i = 0 by λi/λ0, we obtain

λi
λ0

ln c0,Λ + Λ
I∑
j=0

λiλjcj,Λ = Λλiµ̃0 +
λi
λ0
µ̂0. (2.45)

Then we subtract (2.44) from (2.45) to get

ln ci,Λ − λi
λ0

ln c0,Λ + ziϕ = µ̂i −
λi
λ0
µ̂0 := µ̄i,

which implies (2.24). Plugging (2.24) into (2.44) for i = 0, we get (2.25). Then we

denote (2.25) as g1(c0,Λ, ϕ) = 0, where g1 is defined by

g1(t, ϕ) = ln t+ Λ
I∑
j=0

λ0λjt
λj/λ0eµ̄j−zjϕ − Λλ0µ̃0 − µ̂0 for t > 0 and ϕ ∈ R.

Notice that, for any ϕ ∈ R, function g1 is strictly increasing for t > 0, and the range

of g1 is entire space R. Then there exists a unique positive number c0,Λ(ϕ) such that

g1(c0,Λ(ϕ), ϕ) = 0 for ϕ ∈ R. Moreover, since g1 is smooth for t > 0, ϕ ∈ R, and

∂g1
∂t

(t, ϕ) =
1

t
+ Λ

I∑
j=0

λ2j t
(λj−λ0)/λ0eµ̄j−zjϕ > 0 for t > 0 and ϕ ∈ R,

then by the implicit function theorem (cf. [68, Theorem 3.3.1]), c0,Λ = c0,Λ(ϕ) is a

smooth and positive function on R. Therefore, by (2.24), each ci,Λ is smooth and

positive on R and we complete the proof of (a).

To prove (b), we differentiate (2.44) with respect to ϕ and obtain

(DΛ + ΛG)
dcΛ
dϕ

= −z for ϕ ∈ R, (2.46)
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whereDΛ = diag((c0,Λ)
−1, · · · , (cI,Λ)−1) is positive definite, G = [λ0 · · · λI ]T[λ0 · · · λI ],

cΛ = [c0,Λ · · · cI,Λ]T, and z = [z0 · · · zI ]T. It is obvious that DΛ+ΛG is positive def-

inite and invertible with inverse matrix (DΛ +ΛG)−1 which is also positive definite.

Then (2.46) gives dcΛ/dϕ = −(DΛ + ΛG)−1z, and df̃Λ/dϕ becomes

df̃Λ
dϕ

=
I∑
i=1

zi
dci,Λ
dϕ

= zT
dcΛ
dϕ

= −zT (DΛ + ΛG)−1 z < 0 for ϕ ∈ R.

Here we have used the fact that z ̸= 0 and we complete the proof of (b).

To prove (c), we first suppose that zk ≥ 0 for some k ∈ {0, . . . , I}. Then (2.44)

implies

sup
ϕ≥0

ln ck,Λ(ϕ) = sup
ϕ≥0

(
Λλkµ̃0 + µ̂k − zkϕ− Λ

I∑
j=0

λiλjcj,Λ(ϕ)

)
≤ Λλkµ̃0 + µ̂k <∞,

and sup
ϕ≥0

ck,Λ(ϕ) ≤ eΛλkµ̃0+µ̂k . Here we have used the fact that ci,Λ(ϕ) > 0 for ϕ ∈ R

and i = 0, 1, · · · , I. Similarly, if zk ≤ 0 and k ∈ {0, 1, . . . , I}, then (2.44) implies

sup
ϕ≤0

ln ck,Λ(ϕ) = sup
ϕ≤0

(
Λλkµ̃0 + µ̂k − zkϕ− Λ

I∑
j=0

λiλjcj,Λ(ϕ)

)
≤ Λλkµ̃0 + µ̂k <∞,

and sup
ϕ≤0

ck,Λ(ϕ) ≤ eΛλkµ̃0+µ̂k . Hence the proof of (c)(i) is complete. To see (c)(ii),

since zizj < 0 for some i, j ∈ {1, . . . , I}, then both index sets J ′
1 = {i : zi > 0} and

J ′
2 = {j : zj < 0} are nonempty. Now we claim that there exists j1 ∈ J ′

1 such that

lim sup
ϕ→−∞

cj1,Λ(ϕ) = ∞. We prove this by contradiction. Suppose sup
ϕ≤0

cj,Λ(ϕ) < ∞ for

all j ∈ J ′
1. Then there exists K1 > 0 such that 0 < cj,Λ(ϕ) < K1 for ϕ ≤ 0 and

j ∈ J ′
1. By equation (2.44) and (c)(i), we have

zjϕ = Λλjµ̃0 + µ̂j − ln(cj,Λ(ϕ))− Λλj

I∑
k=0

λkck,Λ(ϕ)

≥ Λλjµ̃0 + µ̂j − ln(K1)− Λλj

∑
k∈J ′

1

λkK1 +
∑
k/∈J ′

1

λke
Λλkµ̃0+µ̂k


for j ∈ J ′

1 and ϕ ≤ 0, which leads a contradiction by letting ϕ→ −∞. Hence there

exists j1 ∈ J ′
1 such that lim sup

ϕ→−∞
cj1,Λ(ϕ) = ∞. We also prove this by contradiction.

Suppose sup
ϕ≥0

cj,Λ(ϕ) < ∞ for all j ∈ J ′
2. Then there exists K2 > 0 such that

0 < cj,Λ(ϕ) ≤ K2 for ϕ ≥ 0 and j ∈ J ′
2. By equation (2.44) and (c)(i), we have

zjϕ = Λλjµ̃0 + µ̂j − ln(cj,Λ(ϕ))− Λλj

I∑
k=0

λkck,Λ(ϕ)
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≥ Λλjµ̃0 + µ̂j − ln(K2)− Λλj

∑
k∈J ′

2

λkK2 +
∑
k/∈J ′

2

λke
Λλkµ̃0+µ̂k


for j ∈ J ′

2 and ϕ ≤ 0, which leads a contradiction by letting ϕ → ∞. Hence there

exists j2 ∈ J ′
2 such that lim sup

ϕ→∞
cj2,Λ(ϕ) = ∞. Therefore, the proof of (c)(ii) is

complete.

Finally, we give the proof of (d). From (2.27), function f̃Λ can be denoted as

f̃Λ(ϕ) =
∑
i∈J ′

1

zici,Λ(ϕ) +
∑
i∈J ′

2

zici,Λ(ϕ) for ϕ ∈ R. (2.47)

Then by (c)(i), we note that

∑
i∈J ′

1

zici,Λ(ϕ) ≤
∑
i∈J ′

1

zie
Λλiµ̃0+µ̂i for ϕ ≥ 0. (2.48)

Moreover, by (c)(ii), there exists i2 ∈ J ′
2 and a sequence {ϕn}∞n=1 with lim

n→∞
ϕn = ∞

such that limn→∞ zi2ci2,Λ(ϕn) = −∞. Thus, by (2.47)–(2.48), we get

f̃Λ(ϕn) ≤
∑
i∈J ′

1

zie
Λλiµ̃0+µ̂i + zi2ci2,Λ(ϕn) → −∞ as n→ ∞,

which implies that lim
ϕ→∞

f̃Λ(ϕ) = −∞ because of the strict decrease of f̃Λ (see (b)).

On the other hand, by (c)(i), we also note that

∑
i∈J ′

2

zici,Λ(ϕ) ≥
∑
i∈J ′

2

zie
Λλiµ̃0+µ̂i for ϕ ≤ 0. (2.49)

Moreover, by (c)(ii), there exists i1 ∈ J ′
1 and a sequence {ϕn}∞n=1 with lim

n→∞
ϕn = −∞

such that lim
n→∞

zi1ci1,Λ(ϕn) = ∞. Thus, by (2.47) and (2.49), we obtain

f̃Λ(ϕn) ≥ zi1ci1,Λ(ϕn) +
∑
i∈J ′

2

zie
Λλiµ̃0+µ̂i → ∞ as n→ ∞,

which implies that lim
ϕ→−∞

f̃Λ(ϕ) = ∞ because of (b). Therefore, we conclude (d) and

complete the proof of Proposition 2.7.

2.2.4 Analysis of c∗i and f̃ ∗ under (A3)–(A4)

In this section, we apply the implicit function theorem to show the existence of c∗i

and use the implicit function theorem on Banach space to show the convergence of
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c0,Λ as Λ → ∞ (see Proposition 2.8). More precisely, we let δ = Λ−1 and c̃0,δ = c0,Λ.

Then by (2.25), function c̃0,δ satisifes

δ ln(c̃0,δ(ϕ)) + λ0

I∑
i=0

λi(c̃0,δ(ϕ))
λi/λ0eµ̄i−ziϕ = λ0µ̃0 + δµ̂0 for ϕ ∈ R. (2.50)

Notice that Λ → ∞ is equivalent to δ → 0+ so c∗0 also equals the limit lim
δ→0+

c̃0,δ.

Moreover, c∗0 satisfies (2.29) which is equation (2.50) with δ = 0. Besides, by (2.24),

functions c∗i satisfy the equation (2.28) for i = 1, . . . , I. The existence and uniqueness

of equations (2.28)–(2.29) and the convergence of c̃0,δ as δ → 0+, i.e., the convergence

of c0,Λ as Λ → ∞, are proved in Proposition 2.8. Then by (2.24) and (2.27), we can

obtain the convergence of ci,Λ and f̃Λ as Λ → ∞.

Now we state Proposition 2.8 as follows.

Proposition 2.8. Let ci,Λ be defined in (2.24)–(2.25) for i = 0, 1, . . . , I and Λ > 0

(cf. Proposition 2.7(a)).

(a) Equations (2.28)–(2.29) have a unique solution (c∗0, . . . , c
∗
N) and each function

c∗i = c∗i (ϕ) is a smooth and positive function for ϕ ∈ R and i = 0, 1, . . . , I.

(b) lim
Λ→∞

∥ci,Λ − c∗i ∥Cm[a,b] = 0 for i = 0, 1, . . . , I, m ∈ N and a < b.

Proof. We first observe that equations (2.28)–(2.29) can be solved by the following

problem.
I∑
j=0

λj(c
∗
0(ϕ))

λj/λ0eµ̄j−zjϕ − µ̃0 = 0 for ϕ ∈ R,

which can be represented by g2(c
∗
0(ϕ), ϕ) = 0 for ϕ ∈ R. Here the function g2 is

defined by

g2(t, ϕ) =
I∑
j=0

λjt
λj/λ0eµ̄j−zjϕ − µ̃0 for t > 0 and ϕ ∈ R.

Notice that, for any ϕ ∈ R, function g2 is strictly increasing for t > 0, and the range

of g2 is entire space R. Then there exists a unique positivie number c∗0(ϕ) such that

g2(c
∗
0(ϕ), ϕ) = 0 for ϕ ∈ R. Moreover, since g2 is smooth for t > 0, ϕ ∈ R, and

∂g2
∂t

(t, ϕ) =
1

λ0

I∑
j=0

λ2j t
(λj−λ0)/λ0eµ̄j−zjϕ > 0 for t > 0 and ϕ ∈ R,
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then by the implicit function theorem (cf. [68, Theorem 3.3.1]), c∗0(ϕ) is a smooth

and positive function on R. Therefore, by (2.28), we obtain the smooth and positive

functions c∗i for i = 1, . . . , I, and complete the proof of (a).

To prove (b), we fixm ∈ N, a, b ∈ R and a < b arbitrarily. Let ∥·∥Cm := ∥·∥Cm[a,b]

for notational convenience. For Λ > 0, let δ = Λ−1, c̃0,δ = c0,Λ, wδ = ln(c̃0,δ), and

w∗ = ln(c∗0). Obviously, δ → 0+ is equivalent to Λ → ∞. Hence by (2.24), it suffices

to show that lim
δ→0+

∥ewδ −ew∗∥Cm = 0. Because wδ = ln(c̃0,δ) and c̃0,δ = c0,Λ, equation

(2.50) can be denoted as K2(wδ(ϕ), δ) = 0 for δ > 0 and ϕ ∈ [a, b], where K2 is a

C1-function on Cm[a, b]× R defined by

K2(w(ϕ), δ) = δw(ϕ) + λ0

I∑
i=0

λi exp

(
λi
λ0
w(ϕ) + µ̄i − ziϕ

)
− λ0µ̃0 − δµ̂0 (2.51)

for all w ∈ Cm[a, b] and ϕ ∈ [a, b]. Note that K2(w
∗, 0) = 0 by (a). A direct

calculation for Fréchet derivative of (2.51) gives

DwK2(w(ϕ), δ) = δ +
I∑
i=0

λ2i exp

(
λi
λ0
w(ϕ) + µ̄i − ziϕ

)
for all w ∈ Cm[a, b] and ϕ ∈ [a, b]. By (a), we get

DwK2(w
∗(ϕ), 0) =

I∑
i=0

λ2i (c
∗
0(ϕ))

λi/λ0eµ̄i−ziϕ > 0 for ϕ ∈ [a, b].

Here we have used the fact that w∗ = ln(c∗0). This implies that DwK2(w
∗, 0)I is

a bounded and invertible limear map on the Banach space Cm[a, b], where I is an

identity map. Hence by the implicit function theorem on Banach space (cf. [21,

Corollary 15.1]), there exists an open subset Bδ0(w
∗) × (−δ0, δ0) ⊊ Cm[a, b] × R

and a unique C1-function w̃(·, δ) of δ ∈ (−δ0, δ0) with w̃(·, δ) ∈ Bδ0(w
∗) ⊂ Cm[a, b]

for δ ∈ (−δ0, δ0) such that K2(w̃(·, δ), δ) = 0 for all δ ∈ (−δ0, δ0), which gives

lim
δ→0+

∥w̃(·, δ) − w∗∥Cm = 0. By Proposition 2.7(a), equation K2(w, δ) = 0 has a

unique solution w = wδ, which implies w̃(·, δ) = wδ(·) for δ ∈ (−δ0, δ0). Therefore,

we obtain lim
δ→0+

∥wδ − w∗∥Cm = 0, i.e., lim
δ→0+

∥ewδ − ew
∗∥Cm = 0, and complete the

proof of Proposition 2.8(b).

Corollary 2.9. lim
Λ→∞

∥f̃Λ − f̃ ∗∥Cm[a,b] = 0 for m ∈ N and a < b.

Proof. It follows from Proposition 2.8(b) and the fact that f̃Λ(ϕ) =
I∑
i=1

zici,Λ(ϕ) and

f̃ ∗(ϕ) =
I∑
i=1

zic
∗
i (ϕ) for ϕ ∈ R.
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For function f̃ ∗, we have the following propositions.

Proposition 2.10. Let f̃ ∗ be defined in (2.30).

(a) Function f̃ ∗ is strictly decreasing on R.

(b) Function f̃ ∗ satisfies m∗ < f̃ ∗(ϕ) < M∗ for all ϕ ∈ R, where

m∗ = lim
ϕ→∞

f̃ ∗(ϕ) < 0 and M∗ = lim
ϕ→−∞

f̃ ∗(ϕ) > 0.

Proof. Differentiating (2.28)–(2.29) with respect to ϕ gives

I∑
j=0

λj
dc∗j
dϕ

= 0,
dc∗i
dϕ

=
λi
λ0

c∗i
c∗0

dc∗0
dϕ

− zic
∗
i , for ϕ ∈ R and i = 1, . . . , I,

which implies
dc∗0
dϕ

= λ0c
∗
0

I∑
i=1

ziλic
∗
i

I∑
i=0

λ2i c
∗
i

for ϕ ∈ R. Consequently, we have

df̃ ∗

dϕ
=

I∑
i=1

zi
dc∗i
dϕ

=
1

λ0c∗0

dc∗0
dϕ

I∑
i=1

ziλic
∗
i −

I∑
i=1

z2i c
∗
i =

(
I∑
i=1

ziλic
∗
i

)2

I∑
i=0

λ2i c
∗
i

−
I∑
i=1

z2i c
∗
i < 0

for ϕ ∈ R. Here the last inequality comes from the Cauchy–Schwarz inequality

and the fact that λi > 0, c∗i > 0 for i ∈ {0, 1, . . . , I}, and zizj < 0 for some

i, j ∈ {1, . . . , I}. Therefore, we complete the proof of (a).

To prove boundedness of f̃ ∗, we note that (2.28)–(2.29) imply 0 < c∗i (ϕ) < µ̃0/λi

for ϕ ∈ R and i = 0, 1, . . . , I, and

|f̃ ∗(ϕ)| ≤
I∑
i=1

|zi|c∗i (ϕ) ≤ µ̃0

I∑
i=1

|zi|
λi

≤ µ̃0I max
0≤i≤I

|zi|
λi

for ϕ ∈ R. (2.52)

On the other hand, by (2.29) and (2.30), function f̃ ∗ can be represented as

f̃ ∗(ϕ) =
I∑
i=1

zi(c
∗
0(ϕ))

λi/λ0 exp(µ̄i − ziϕ) for ϕ ∈ R. (2.53)

By (a) and (2.52), function f̃ ∗ is strictly decreasing and bounded on R so the limit

lim
ϕ→∞

f̃ ∗(ϕ), denoted by m∗, exists and is finite. Since c∗i < µ̃0/λi for i = 0, 1 . . . , I,

(2.28) implies

lim
ϕ→∞

c∗0(ϕ) = lim
ϕ→∞

[c∗i (ϕ) exp(−µ̄i + ziϕ)]
λ0/λi = 0 for zi < 0. (2.54)
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Moreover, we use (2.28) and (2.54) to get

lim
ϕ→∞

c∗i (ϕ) = lim
ϕ→∞

[
(c∗0(ϕ))

λi/λ0 exp(µ̄i − ziϕ)
]
= 0 for zi > 0, (2.55)

and hence (2.53) and (2.55) imply m∗ = lim
ϕ→∞

f̃ ∗(ϕ) ≤ 0. Now, we prove m∗ < 0 by

contradiction. Suppose m∗ = 0. Then (2.55) gives lim
ϕ→∞

c∗i (ϕ) = 0 for i = 0, 1, . . . , I,

which contradicts with (2.29) (by letting ϕ → ∞) and µ̃0 > 0. Similarly, we may

prove lim
ϕ→−∞

f̃ ∗(ϕ) =M∗ > 0 and complete the proof of Proposition 2.10.

2.3 Proof of Theorems 2.1 and 2.2

Since fΛ and f̃Λ are unbounded on R but f ∗ and f̃ ∗ are bounded on R so we cannot

obtain the uniform convergence of fΛ and f̃Λ on R as Λ goes to infinity (see Propo-

sitions 2.1, 2.6, 2.7 and 2.10). In order to use the convergence of fΛ and f̃Λ in space

Cm[a, b] for m ∈ N and a < b, we first have to prove the uniform boundedness of ϕΛ

(the solution to (2.21) and (2.26)) with respect to Λ (see Lemmas 2.11 and 2.13).

Here we notice that ρ0 may be any nonzero smooth function and the boundary con-

dition may be the Robin boundary condition but not Dirichlet boundary condition

so one cannot simply use the maximum principle on (2.19) and (2.20) to obtain the

uniform boundedness of ϕΛ.

2.3.1 Uniform boundedness of ϕΛ and c0,Λ(ϕΛ) under (A1)—(A2)

Lemma 2.11. There exist positive constants M1 ≥ 1, M2, and M3 independent of

Λ such that

(a) max
x∈Ω

c0,Λ(ϕΛ(x)) ≤M1 for Λ ≥ 1.

(b) ∥ϕΛ∥L∞(Ω) ≤M2 for Λ ≥ 1.

(c) min
x∈Ω

c0,Λ(ϕΛ(x)) ≥M3 for Λ ≥ 1.

Proof. Since zizj < 0 for some i, j ∈ {1, . . . , I}, then lim
ϕ→±∞

I∑
i=1

eµ̄i−ziϕ = ∞, and

K := (µ̃0 + µ̂0)
/(

1− γ +
γ

Z
min
ϕ∈R

I∑
i=1

exp(µ̄i − ziϕ)

)
<∞.
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Let M1 = max{K, 1} and Λ ≥ 1. We claim that c0,Λ(ϕΛ(x)) ≤ M1. Suppose

that Ω1 = {x ∈ Ω : c0,Λ(ϕΛ(x)) > 1} is nonempty. Otherwise, due to M1 ≥ 1,

c0,Λ(ϕΛ(x)) ≤ 1 ≤M1 for x ∈ Ω, which is trivial. By (2.17), we have

c0,Λ(ϕΛ(x)) ≤
µ̃0 + Λ−1µ̂0

H(γ, z1, . . . , zI , ϕΛ(x))
≤ K ≤M1 for x ∈ Ω1.

Here we have used the fact that ln(c0,Λ(ϕΛ(x))) > 0 for x ∈ Ω1 and Λ ≥ 1. Therefore,

we complete the proof of (a).

To prove (b), let ψ be the solution to equation −∇ · (ε∇ψ) = ρ0 in Ω with the

Robin boundary condition ψ+ η ∂ψ
∂ν

= 0 on ∂Ω, and let ϕ̄Λ = ϕΛ −ψ. Then function

ϕ̄Λ satisfies

−∇ · (ε∇ϕ̄Λ) = fΛ(ϕΛ) in Ω. (2.56)

Since ψ is independent of Λ and is continuous on Ω, then ϕ̄Λ is uniformly bounded

if and only if ϕΛ is uniformly bounded, it suffices to show that max
Ω

ϕ̄Λ ≤ M2 and

min
Ω
ϕ̄Λ ≥ −M2 for Λ ≥ 1, where M2 is a positive constant independent of Λ.

Now we prove that max
Ω

ϕ̄Λ ≤ M2 for Λ ≥ 1, where M2 is a positive constant

independent of Λ. Suppose by contradiction that there exists a sequence Λk with

lim
k→∞

Λk = ∞ such that max
Ω

ϕ̄Λk
≥ k for k ∈ N. Then there exists xk ∈ Ω such

that ϕ̄Λk
(xk) = max

Ω
ϕ̄Λk

, which implies ∇ϕ̄Λk
(xk) = 0 and ∆ϕ̄Λk

(xk) ≤ 0. Note

that because of the Robin boundary condition of ϕ̄Λk
, maximum point xk cannot be

located on the boundary ∂Ω as k sufficiently large. Hence without loss of generality,

we assume each xk ∈ Ω for k ∈ N. For the sake of simplicity, in this proof, we set

ci,k := ci,Λk
, ϕk := ϕΛk

, fk := fΛk
, and ϕ̄k := ϕ̄Λk

. By (2.56) with ∇ϕ̄k(xk) = 0,

∆ϕ̄k(xk) ≤ 0 and function ε is positive, we have

0 ≤ −∇ε(xk) · ∇ϕ̄k(xk)− ε(xk)∆ϕ̄k(xk) = fk(ϕk(xk)). (2.57)

Since fk(ϕk) =
I∑
i=1

zici,k(ϕk), we can use (2.57) to get

0 <
∑
zi<0

(−zi)ci,k(ψ(xk) + ϕ̄k(xk)) ≤
∑
zi>0

zici,k(ψ(xk) + ϕ̄k(xk)). (2.58)

By Proposition 2.1(c)(ii) and (2.58), lim
k→∞

∑
zi<0

(−zi)ci,k(ψ(xk) + ϕ̄k(xk)) = 0. This

leads a contradiction with Proposition 2.1(c)(ii). Hence we complete the proof to

show that max
Ω

ϕ̄Λ ≤ M2 for Λ ≥ 1, where M2 is a positive constant independent of

Λ.
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On the other hand, we prove min
Ω
ϕ̄Λ ≥ −M2 for Λ ≥ 1. Suppose by contradiction

that there exists a sequence Λk with lim
k→∞

= ∞ such that min
Ω
ϕ̄k ≤ −k for k ∈ N.

Then there exists xk ∈ Ω such that ϕ̄Λk
(xk) = min

Ω
ϕ̄k, which implies ∇ϕ̄k(xk) = 0

and ∆ϕ̄k(xk) ≥ 0. Note that because of the Robin boundary condition of ϕ̄k,

minimum point xk cannot be located on the boundary ∂Ω as k sufficiently large.

Hence without loss of generality, we assume each xk ∈ Ω for k ∈ N. As in (2.58),

we have

0 <
∑
zi>0

zici,k(ψ(xk) + ϕ̄k(xk)) ≤
∑
zi<0

(−zi)ci,k(ψ(xk) + ϕ̄k(xk)). (2.59)

By Proposition 2.1(c)(i) and (2.59), lim
k→∞

∑
zi>0

zici,k(ψ(xk)+ ϕ̄k(xk)) = 0. This leads a

contradiction with Proposition 2.1(c)(i). Hence we complete the proof to show that

min
Ω
ϕ̄Λ ≥ −M2 for Λ ≥ 1, where M2 is a positive constant independent of Λ. Thus,

the proof of (b) is complete.

Finally, we state the proof of (c). Suppose to the contrary that there exists Λk

with lim
k→∞

Λk = ∞, and xk ∈ Ω is the minimum point of c0,Λk
(ϕΛk

(x)) such that

lim
k→∞

c0,Λk
(ϕΛk

(xk)) = 0. Notice that by (2.17), c0,Λ(ϕΛ) > 0 for Λ ≥ 1 and x ∈ Ω.

Then there exists N1 ∈ N such that ln(c0,Λk
(ϕΛk

(xk))) < 0 for k > N1. By (2.17)

with ϕ = ϕΛk
(xk), we get

H(γ, z1, . . . , zI , ϕΛk
(xk))c0,Λk

(ϕΛk
(xk)) > µ̃0 +

µ̂0

Λk
for k > N1. (2.60)

Taking k → ∞, (2.60) and (b) imply 0 ≥ µ̃0, which contradicts assumption (A2).

Therefore, we complete the proof of (c). The proof of Lemma 2.11 is complete.

Remark 2.6. By Lemma 2.11 and (2.16), we have M4 ≤ ci,Λ(ϕΛ(x)) ≤M5 for x ∈

Ω, Λ ≥ 1 and i = 0, 1, . . . , I, where M4 and M5 are positive constants independent

of Λ. Moreover, due to fΛ(ϕΛ) =
I∑
i=1

zici,Λ(ϕΛ), there exists a positive constant M6

independent of Λ such that ∥fΛ(ϕΛ)∥L∞(Ω) ≤M6 for Λ ≥ 1.

2.3.2 Convergence of ϕΛ under (A1)–(A2)

Since ϕΛ is the solution to equation −∇ · (ε∇ϕΛ) = ρ0 + fΛ(ϕΛ) in Ω with the

Robin boundary condition ϕΛ + η ∂ϕΛ
∂ν

= ϕbd on ∂Ω, we use the W
2,p estimate (cf. [2,

Theorem 15.2]) to get ∥ϕΛ∥W 2,p(Ω) ≤ C(∥ρ0 + fΛ(ϕΛ)∥Lp(Ω) + ∥ϕbd∥W 1,p(Ω)) for all

p > 1, where C is a positive constant independent of Λ. Hence by Remark 2.6, we
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have the uniform bound estimate of ϕΛ in W 2,p norm. This implies that there exists

a sequence of functions {ϕΛk
}∞k=1, with lim

k→∞
Λk = ∞, such that ϕΛk

converges to

ϕ∗ weakly in W 2,p(Ω). By Corollary 2.5, we have the convergence of function fΛk

to f ∗ in Cm[−M2,M2] for m ∈ N, so ϕ∗ satisfies (2.20) in a weak sense, where the

positive constant M2 comes from Lemma 2.11(b). Let wk = ϕΛk
− ϕ∗, ci,k := ci,Λk

,

and fk := fΛk
. Then by Sobolev embedding, wk ∈ C1,α(Ω) for α ∈ (0, 1), and

lim
k→∞

∥wk∥C1,α(Ω) = 0. Moreover, wk satisfies −∇ · (ε∇wk) = fk(wk + ϕ∗)− f ∗(ϕ∗) in

Ω with the boundary condition wk+η
∂wk

∂ν
= 0 on ∂Ω. Using the Schauder’s estimate

(cf. [38, Theorem 6.30]) with the mathematical induction, we get

∥wk∥Cm+2,α(Ω) ≤ C∥fk(wk + ϕ∗)− f ∗(ϕ∗)∥Cm,α(Ω)

≤ C ′
I∑
i=1

(
∥ci,k(wk + ϕ∗)− c∗i (wk + ϕ∗)∥Cm,α(Ω) + ∥c∗i (wk + ϕ∗)− c∗i (ϕ

∗)∥Cm,α(Ω)

)
,

(2.61)

for all m ∈ N and α ∈ (0, 1), where C and C ′ are positive constants independent of

k. By Proposition 2.6(a) and induction hypothesis lim
k→∞

∥wk∥Cm,α(Ω) = 0, we may use

(2.61) to get lim
k→∞

∥wk∥Cm+2,α(Ω) = 0, i.e. lim
k→∞

∥ϕΛk
−ϕ∗∥Cm+2,α(Ω) = 0 for m ∈ N and

α ∈ (0, 1). Therefore, ϕ∗ is the solution to (2.23) with the Robin boundary condition

(2.15). To complete the proof of Theorem 2.1, we need to prove the following claim.

Claim 2.12. For any m ∈ N, we have lim
Λ→∞

∥ϕΛ − ϕ∗∥Cm(Ω) = 0.

Proof. Suppose that there exist the sequences {Λk} and {Λ̃k} tending to infinity

such that sequences {ϕΛk
} and {ϕΛ̃k

} have limits ϕ∗
1 and ϕ

∗
2, respectively. It is clear

that ϕ∗
1 and ϕ∗

2 satisfy (2.23) with the Robin boundary condition (2.15). Now we

want to prove that ϕ∗
1 ≡ ϕ∗

2. Let u = ϕ∗
1 − ϕ∗

2. Subtracting (2.23) with ϕ∗ = ϕ∗
2 from

that with ϕ∗ = ϕ∗
1, we obtain −∇ · (ε∇u) = c1(x)u in Ω, where

c1(x) =


f ∗(ϕ∗

1(x))− f ∗(ϕ∗
2(x))

ϕ∗
1(x)− ϕ∗

2(x)
if ϕ∗

1(x) ̸= ϕ∗
2(x);

df ∗

dϕ
(ϕ∗

1(x)) if ϕ∗
1(x) = ϕ∗

2(x).

By Proposition 2.6, we have c1 < 0 in Ω which comes from the fact that if f is a

strictly decreasing function on R, then f(α)−f(β)
α−β < 0 for α ̸= β. Since ∇ · (ε∇u) +

c1(x)u = 0 with c1 < 0 in Ω, it is obvious that u cannot be a nonzero constant.

Then by the strong maximum principle, we have that u attains its nonnegative

maximum value and nonnpositive minimum value at the boundary point. Suppose

33



doi:10.6342/NTU202501331

u has nonnegative maximum value and attains its maximum value at x∗ ∈ ∂Ω.

Then by the boundary condition of u which is u + η ∂u
∂ν

= 0 on ∂Ω, we get u(x∗) =

−η ∂u
∂ν
(x∗) ≤ 0, and hence u ≤ u(x∗) ≤ 0 on Ω. Similarly, we obtain u ≥ 0 in Ω,

and hence u ≡ 0. Therefore, we conclude that ϕ∗
1 ≡ ϕ∗

2 and complete the proof of

Theorem 2.1.

2.3.3 Uniform boundedness of ϕΛ and c0,Λ(ϕΛ) under (A3)—(A4)

Lemma 2.13. There exist positive constants M7 ≥ 1, M8, and M9 independent of

Λ such that

(a) max
x∈Ω

c0,Λ(ϕΛ(x)) ≤M7 for Λ ≥ 1.

(b) ∥ϕΛ∥L∞(Ω) ≤M8 for Λ ≥ 1.

(c) min
x∈Ω

c0,Λ(ϕΛ(x)) ≥M9 for Λ ≥ 1.

Proof. Let M7 = max

{
µ̃0

λ0
+
µ̂0

λ20
, 1

}
≥ 1 and Λ ≥ 1. We claim that c0,Λ(ϕΛ(x)) ≤

M7 for x ∈ Ω. Suppose that Ω1 = {x ∈ Ω : c0,Λ(ϕΛ(x) > 1} is nonempty. Otherwise,

due to M7 ≥ 1, c0,Λ(ϕΛ(x)) ≤ 1 ≤ M7 for x ∈ Ω, which is trivial. By (2.25) and

(A4), we obtain

c0,Λ(ϕΛ(x)) ≤
µ̃0

λ0
+

µ̂0

Λλ20
≤M7 for x ∈ Ω1.

Here we ahve used the fact that ln c0,Λ(ϕΛ(x)) > 0 for x ∈ Ω1, Λ ≥ 1, and z0 = µ̄0 =

0. Therefore, we complete the proof of (a).

To prove (b), let ψ be the solution to equation −∇ · (ε∇ψ) = ρ0 with the Robin

boundary condition ψ + η ∂ψ
∂ν

= 0 on ∂Ω, and let ϕ̄Λ = ϕΛ − ψ. Then function ϕ̄Λ

satisfies

−∇ · (ε∇ϕ̄Λ) = fΛ(ϕΛ) in Ω. (2.62)

By (2.24), ci,Λ(ϕΛ) satisfies

ci,Λ(ϕΛ) = (c0,Λ(ϕΛ))
λi/λ0eµ̄i−ziψ−ziϕ̄Λ for i = 1, . . . , I. (2.63)

Since ψ is independent of Λ and is continuous on Ω, then ϕ̄Λ is uniformly bounded

if and only if ϕΛ is uniformyl bounded, and it suffices to show that max
x∈Ω

ϕ̄Λ(x) ≤M8

and min
x∈Ω

ϕ̄Λ ≥ −M8 for Λ ≥ 1, where M8 is a positive constant independent of Λ.
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Now we prove that max
x∈Ω

ϕ̄Λ(x) ≤ M8 for Λ ≥ 1, where M8 is a positive constant

independent of Λ. Suppose by contradiction that there exists a sequence Λk with

lim
k→∞

Λk = ∞ such that max
Ω

ϕ̄Λk
≥ k for k ∈ N. Then there exists xk ∈ Ω such

that ϕ̄Λk
(xk) = max

Ω
ϕ̄Λk

, which implies ∇ϕ̄Λk
(xk) = 0 and ∆ϕ̄Λk

(xk) ≤ 0. Note

that because of the Robin boundary condition of ϕ̄Λk
, maximum point xk cannot be

located on the boundary ∂Ω as k sufficiently large. Hence without loss of generality,

we assume each xk ∈ Ω for k ∈ N. For a sake of simplicity, in this proof, we set

ci,k := ci,Λk
, ϕk := ϕΛk

, fk := fΛk
, and ϕ̄k := ϕ̄Λk

. Hence by equation (2.62) with

∇ϕ̄k(xk) = 0, ∆ϕ̄k(xk) ≤ 0 and function ε is positive, we have

0 ≤ −∇ε(xk) · ∇ϕ̄k(xk)− ε(xk)∆ϕ̄k(xk) = fk(ϕk(xk)). (2.64)

Since fk(ϕk) =
I∑
i=1

zici,k(ϕk), we can use (2.63) and (2.64) to get

0 <
∑
zi<0

(−zi)[c0,k(ϕk(xk))]λi/λ0eµ̄i−ziψ(xk)−ziϕ̄k(xk)

≤
∑
zi>0

zi[c0,k(ϕk(xk))]
λi/λ0eµ̄i−ziψ(xk)−ziϕ̄k(xk).

(2.65)

Applying (a) to (2.63) for zi > 0, we obtain lim
k→∞

ci,k(ϕk(xk)) = 0 for all i with zi > 0.

Together with (2.65), it follows that

lim
k→∞

∑
zi<0

(−zi)[c0,k(ϕk(xk))]λi/λ0eµ̄i−ziψ(xk)−ziϕ̄k(xk) = 0,

which means lim
k→∞

ci,k(ϕk(xk)) = 0 for all i with zi < 0. Inserting x = xk into (2.63)

with zi < 0, we obtain

c0,k(ϕk(xk)) = [ci,k(ϕk(xk))]
λ0/λi [eµ̄i−ziψ(xk)−ziϕ̄k(xk)]λ0/λi → 0 as k → ∞.

Hence lim
k→∞

ci,k(ϕk(xk)) = 0 for i = 0, 1, . . . , I. By (2.24)–(2.25), we get the following

contradiction:

0 ≥ lim
k→∞

ln(c0,k(ϕk(xk)))

Λk
= lim

k→∞

(
λ0µ̃0 +

µ̂0

Λk
−

I∑
i=0

λ0λici,k(ϕk(xk)

)
= λ0µ̃0 > 0.

(2.66)

Thus, we complete the proof and show that max
x∈Ω

ϕ̄Λ(x) ≤M8, whereM8 is a positive

constant independent of Λ.
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On the other hand, we prove min
Ω
ϕ̄Λ ≥ −M8 for Λ ≥ 1. Suppose by contradiction

that there exists a sequence Λk with lim
k→∞

= ∞ such that min
Ω
ϕ̄k ≤ −k for k ∈ N.

Then there exists xk ∈ Ω such that ϕ̄k(xk) = min
Ω
ϕ̄k, which implies ∇ϕ̄k(xk) = 0

and ∆ϕ̄k(xk) ≥ 0. Notice that because of the Robin boundary condition of ϕ̄k,

minimum point xk cannot be located on the boundary ∂Ω as k sufficiently large.

Hence without loss of generality, we assume each xk ∈ Ω for k ∈ N. Thus, as in

(2.65), we have

0 <
∑
zi>0

zi[c0,k(ϕk(xk))]
λi/λ0eµ̄i−ziψ(xk)−ziϕ̄k(xk)

≤
∑
zi<0

(−zi)[c0,k(ϕk(xk))]λi/λ0eµ̄i−ziψ(xk)−ziϕ̄k(xk)
(2.67)

Applying (a) to (2.63) for zi < 0, we obtain lim
k→∞

ci,k(ϕk(xk)) = 0 for all i with

zi < 0. Then (2.63) and (2.67) give lim
k→∞

ci,k(ϕk(xk)) = 0 for all i with zi > 0.

Inserting x = xk into (2.63) with zi > 0, we have lim
k→∞

c0,k(ϕk(xk)) = 0, and hence

lim
k→∞

ci,k(ϕk(xk)) = 0 for each i = 0, 1, . . . , I. As in (2.66), we also get a contradiction

and complete the proof to show that min
x∈Ω

ϕ̄Λ(x) ≥ −M8 for Λ ≥ 1, where M8 is a

positive constant independent of Λ. Therefore, we complete the proof of (b).

Finally, we state the proof of (c). Suppose to the contrary that there exists

Λk with lim
k→∞

Λk = ∞, and xk ∈ Ω is the minimum point of c0,Λk
(ϕΛk

(xk)) such

that lim
k→∞

c0,Λk
(ϕΛk

(xk)) = 0. Notice that by (2.25), c0,Λ(ϕΛ(x)) > 0 for Λ ≥ and

x ∈ Ω. Then, there exists N1 ∈ N such that ln(c0,Λk
(ϕΛk

(xk))) < 0 for k > N1. By

(2.24)–(2.25) at ϕ = ϕΛk
(xk), we get

I∑
i=0

λici,Λk
(ϕΛk

(xk)) > µ̃0 +
µ̂0

Λkλ0
for k > N1. (2.68)

On the other hand, by (2.63) and (b), we obtain lim
k→∞

ci,Λk
(ϕΛk

(xk)) = 0 for i =

0, 1, . . . , I, which contradicits (2.68) as k → ∞. Hence we complete the proof of (c)

and hence complete the proof Lemma 2.13.

Remark 2.7. By Lemma 2.13 and (2.24), we haveM10 ≤ ci,Λ(ϕΛ(x)) ≤M11 for x ∈

Ω, Λ ≥ 1 and i = 0, 1, . . . , I, where M10 and M11 are positive constants independent

of Λ. Moreover, due to f̃Λ(ϕΛ) =
I∑
i=1

zici,Λ(ϕΛ), ∥f̃Λ(ϕΛ)∥L∞(Ω) ≤ M12 for Λ ≥ 1,

where M12 is a positive constant independent of Λ.
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2.3.4 Convergence of ϕΛ under (A3)–(A4)

Since ϕΛ is the solution to equation −∇ · (ε∇ϕΛ) = ρ0 + fΛ(ϕΛ) in Ω with the

Robin boundary condition ϕΛ + η ∂ϕΛ
∂ν

= ϕbd on ∂Ω, we use the W
2,p estimate (cf. [2,

Theorem 15.2]) to get ∥ϕΛ∥W 2,p(Ω) ≤ C(∥ρ0 + fΛ(ϕΛ)∥Lp(Ω) + ∥ϕbd∥W 1,p(Ω)) for all

p > 1, where C is a positive constant independent of Λ. Hence by Remark 2.7, we

have the uniform bound estimate of ϕΛ in W 2,p norm. This implies that there exists

a sequence of functions {ϕΛk
}∞k=1, with lim

k→∞
Λk = ∞, such that ϕΛk

converges to

ϕ∗ weakly in W 2,p(Ω). By Corollary 2.9, we have the convergence of function f̃Λk

to f̃ ∗ in Cm[−M8,M8] for m ∈ N, so ϕ∗ satisfies (2.20) in a weak sense, where the

positive constant M8 comes from Lemma 2.13(b). Let wk = ϕΛk
− ϕ∗, ci,k := ci,Λk

,

and fk := fΛk
. Then by Sobolev embedding, wk ∈ C1,α(Ω) for α ∈ (0, 1), and

lim
k→∞

∥wk∥C1,α(Ω) = 0. Moreover, wk satisfies −∇ · (ε∇wk) = fk(wk + ϕ∗)− f ∗(ϕ∗) in

Ω with the boundary condition wk+η
∂wk

∂ν
= 0 on ∂Ω. Using the Schauder’s estimate

(cf. [38, Theorem 6.30]) with the mathematical induction, we get

∥wk∥Cm+2,α(Ω) ≤ C∥fk(wk + ϕ∗)− f ∗(ϕ∗)∥Cm,α(Ω)

≤ C ′
I∑
i=1

(
∥ci,k(wk + ϕ∗)− c∗i (wk + ϕ∗)∥Cm,α(Ω) + ∥c∗i (wk + ϕ∗)− c∗i (ϕ

∗)∥Cm,α(Ω)

)
,

(2.69)

for allm ∈ N and α ∈ (0, 1), where C and C ′ are positive constants independent of k.

By Proposition 2.10(a) and induction hypothesis lim
k→∞

∥wk∥Cm,α(Ω) = 0, we may use

(2.69) to get lim
k→∞

∥wk∥Cm+2,α(Ω) = 0, i.e. lim
k→∞

∥ϕΛk
−ϕ∗∥Cm+2,α(Ω) = 0 for m ∈ N and

α ∈ (0, 1). Therefore, ϕ∗ is the solution to (2.31) with the Robin boundary condition

(2.15). To complete the proof of Theorem 2.2, we need to prove the following claim.

Claim 2.14. For any m ∈ N, we have lim
Λ→∞

∥ϕΛ − ϕ∗∥Cm(Ω) = 0.

Proof. Suppose that there exist the sequences {Λk} and {Λ̃k} tending to infinity

such that sequences {ϕΛk
} and {ϕΛ̃k

} have limits ϕ∗
1 and ϕ

∗
2, respectively. It is clear

that ϕ∗
1 and ϕ∗

2 satisfy (2.31) with the Robin boundary condition (2.15). Now we

want to prove that ϕ∗
1 ≡ ϕ∗

2. Let u = ϕ∗
1 − ϕ∗

2. Subtracting (2.31) with ϕ∗ = ϕ∗
2 from

that with ϕ∗ = ϕ∗
1, we obtain −∇ · (ε∇u) = c1(x)u in Ω, where

c1(x) =


f ∗(ϕ∗

1(x))− f ∗(ϕ∗
2(x))

ϕ∗
1(x)− ϕ∗

2(x)
if ϕ∗

1(x) ̸= ϕ∗
2(x);

df ∗

dϕ
(ϕ∗

1(x)) if ϕ∗
1(x) = ϕ∗

2(x).
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By Proposition 2.10, we have c1 < 0 in Ω which comes from the fact that if f is a

strictly decreasing function on R, then f(α)−f(β)
α−β < 0 for α ̸= β. Since ∇ · (ε∇u) +

c1(x)u = 0 with c1 < 0 in Ω, it is obvious that u cannot be a nonzero constant.

Then by the strong maximum principle, we have that u attains its nonnegative

maximum value and nonnpositive minimum value at the boundary point. Suppose

u has nonnegative maximum value and attains its maximum value at x∗ ∈ ∂Ω.

Then by the boundary condition of u which is u + η ∂u
∂ν

= 0 on ∂Ω, we get u(x∗) =

−η ∂u
∂ν
(x∗) ≤ 0, and hence u ≤ u(x∗) ≤ 0 on Ω. Similarly, we obtain u ≥ 0 in Ω,

and hence u ≡ 0. Therefore, we conclude that ϕ∗
1 ≡ ϕ∗

2 and complete the proof of

Theorem 2.2.

2.4 Numerical methods

In this section, we introduce numerical methods to solve the PB-steric equations

(2.13)–(2.14) and its aossciated limiting equations (under different assumptions)

with the Robin boundary condition (2.15). Throughout this section, we consider

one dimensional domain Ω = (−1, 1) and assume I = 3, z0 = 0, z1 = 1, z2 = −1,

z3 = 2, µ̃0 = 1, µ̂0 = 0, ρ0 ≡ 0, η = ε = 0.1, and ϕbd(±1) = ±10. For different

assumptions, the parameters are given in Table 2.1

Assumption Parameter

(A1) and (A2) γ = 0.1, µ̄i = 0 (i = 0, 1, 2, 3)

(A1)′′′ and (A2) 1− γ = γ1 = γ2 = 0.01, γ3 = 0.97, µ̄0 = µ̄1 = 0, µ̄2 = µ̄3 = −5

(A3) and (A4) λ0 = λ2 = λ3 = 1, λ1 = 2, µ̄i = 0 (i = 0, 1, 2, 3)

Table 2.1: The list of parameters under different assumptions.

To solve (2.14) and obtain the profiles of fΛ =
I∑
i=0

zici,Λ(ϕ), we use the command

fsolve in Matlab to perform the trust-region algorithm on the following discretized

equation

ln(ci,Λ) + ziϕ+ Λ
I∑
j=0

gijcj,Λ = Λµ̃i + µ̂i for i = 0, 1, . . . , I, (2.70)

where ϕ = [ϕ0, . . . , ϕL]
T is the regular partition of the interval [−10, 10] with L =

1024, and ci,Λ = [ci,Λ(ϕ0), . . . , ci,Λ(ϕL)]
T. For (A1)–(A2), we use the initial data
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c
(0)
i,Λ = µ̃0e

µ̄i−ziϕ/H(γ, z1, . . . , zI , ϕ) and obtain the profiles of fΛ, which are presented

in Figure 2.1(a). Moreover, the maximum norms of fΛ − f ∗ are listed in Table 2.2,

which supports Corollary 2.5.

Λ 1 10 102 103 104

∥fΛ − f ∗∥∞ 5.7112E02 6.4188E01 6.7394E00 6.7950E-01 6.8010E-02

Table 2.2: The maximum norms of fΛ − f ∗ under assumptions (A1) and (A2).

For (A1)′′′ and (A2), the initial data c
(0)
i,Λ is given by

µ̃0e
µ̄i−ziϕ

1− γ +
3∑
j=1

γjeµ̄j−zjϕ
. Then

we use fsolve to obtain the profiles of fΛ(ϕ) is shown in Figure 2.2(a), and the

relative errors are given in Table 2.3.

nth step 2 4 8 16 32

Λ = 0.5 3.9224E-01 4.5460E-01 1.0164E00 3.5219E-01 2.6628E-01

Λ = 1 2.4876E-01 3.5486E-01 3.4606E-01 1.7767E-01 1.3938E-01

Λ = 2 2.3087E-01 1.6632E-01 4.5570E-02 1.2473E-01 6.4245E-02

Λ = 4 1.2868E-01 9.3210E-02 6.9030E-02 3.6541E-02 5.3454E-02

Table 2.3: The relative errors ∥f (n)
Λ − f

(n−1)
Λ ∥∞/∥f (n)

Λ ∥∞ under assumptions (A1)′′

and (A2), where ϕ
(k)
Λ denotes the solution after k iterations.

For (A3)–(A4), we use the initial data c
(0)
i,Λ = c∗i , where c∗i is the solution to

limiting equation (2.28)–(2.29). Here equations (2.28)–(2.29) can be discreitzed as

c
(
iϕ) = c

∗
0(ϕ) ◦ eµ̄i−ziϕ for i = 1, . . . , I, (2.71)

I∑
j=0

λj(c
∗
0(ϕ))

λj/λ0 ◦ eµ̄j−zjϕ = µ̃0. (2.72)

Equations (2.71)–(2.72) can be solved by the command fsolve with the initial

data (c∗i )
(0) ≡ 1. Then we obtain the profiles of fΛ(ϕ), which are presented in

Figure 2.3(a). Moreover, we list the maximum norms of f̃Λ − f̃ ∗ in Table 2.4, which

supports Corollary 2.9.

Λ 1 10 102 103 104∥∥∥f̃Λ − f̃ ∗
∥∥∥
∞

3.4208E01 3.7875E00 3.9638E-01 3.9960E-02 3.9996E-03

Table 2.4: The maximum norms of f̃Λ − f̃ ∗ under assumptions (A3)–(A4).
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To get the solution ϕΛ to (2.13)–(2.14), we employ the Legendre–Gauss–Lobatto

(LGL) points {xk}Lk=0 (cf. [28]) as the partition of the interval [−1, 1] with L = 256

to discrtize (2.13)–(2.14) as the following algebraic equations:

−DL+1εDL+1ϕΛ = ρ0 +
I∑
i=1

zici,Λ, (2.73)

ln(ci,Λ) + ziϕΛ + Λ
I∑
j=0

gijcj,Λ = Λµ̃i + µ̂i for i = 0, 1, . . . , I, (2.74)

where DL+1 = [dij]0≤i,j≤L is the matrix satisfying DL+1ψ = [ψ′(x0), . . . , ψ
′(xL)]

T for

ψ = [ψ(x0), . . . , ψ(xL)]
T, ε = [ε(x0), . . . , ε(xL)]

T, ρ0 = [ρ0(x0), . . . , ρ0(xL)]
T, ϕΛ =

[ϕΛ(x0), . . . , ϕΛ(xL)]
T, and ci,Λ = [ci,Λ(ϕΛ(x0)), . . . , ci,Λ(ϕΛ(xL))]

T for i = 0, 1, . . . , I.

For (A1)–(A2), equations (2.73)–(2.74) can be rewritten as

−DL+1εDL+1ϕΛ = ρ0 +
I∑
i=1

zic0,Λ ◦ eµ̄i−ziϕΛ , (2.75)

ln(c0,Λ) + Λ

(
1− γ +

γ

Z

I∑
j=1

eµ̄j−zjϕΛ

)
◦ c0,Λ = Λµ̃0 + µ̂0. (2.76)

On the other hand, the limiting equation of (2.19)–(2.20) (i.e., (2.23)) can be discr-

tized as

−DL+1εDL+1ϕΛ = ρ0 +
I∑
i=1

zi
µ̃0

1− γ +
γ

Z

I∑
j=1

eµ̄j−zjϕ
∗

◦ eµ̄i−ziϕ∗
, (2.77)

where ϕ∗ = [ϕ∗(x0), . . . , ϕ
∗(xL)]

T. In addition, we discretize the Robin boundary

condition (2.15) as

ϕ(x0)− η

L∑
k=0

d0kϕ(xk) = ϕbd(−1), ϕ(xL) + η
L∑
k=0

dLkϕ(xk) = ϕbd(1), (2.78)

which replaces the first and last equations of (2.75) and (2.77). Then we use the

command fsolve with the initial data c0,Λ ≡ 1 and ϕ
(0)
Λ = (ϕ∗)(0) ≡ 0 to obtain

the profiles ϕΛ and fΛ(ϕΛ(x)) and their limiting functions shown in Figure 2.4.

Moreover, we provide the maximum norms of ϕΛ − ϕ∗ given in Table 2.5, which

supports Theorem 2.1.
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Figure 2.4: The numerical profiles of ϕΛ and fΛ(ϕΛ(x)) and their limiting functions

under assumptions (A1)–(A2), where the red curves are the profiles of function ϕΛ

and fΛ ◦ ϕΛ with Λ = 10, 20, 40 and the blue curve is the profiles of function ϕ∗ and

f ∗ ◦ ϕ∗.

Λ 1 10 102 103 104

∥ϕΛ − ϕ∗∥∞ 1.1425E00 3.2945E-01 4.3358E-02 4.4900E-03 4.5062E-04

Table 2.5: The maximum norms of ϕΛ − ϕ∗ under assumptions (A1)–(A2).

For (A1)′′′ and (A2), equations (2.73)–(2.74) can be denoted as

−DL+1εDL+1ϕΛ = ρ0 +
I∑
i=1

zic0,Λ ◦ exp(µ̄i − ziϕΛ), (2.79)

ln(c0,Λ) + Λ

(
1− γ +

I∑
j=1

γj exp(µ̄j − zjϕΛ)

)
◦ c0,Λ = Λµ̃0 + µ̂0. (2.80)

For the Robin boundary condition, we replace the first and last equation of (2.79)

by (2.78). Then using the command fsolve with the initial data ϕ
(0)
Λ ≡ 0 and

c
(0)
0,Λ ≡ 1, we obtain the profiles of ϕΛ and fΛ(ϕΛ) in Figure 2.5. The relative erros

are given in Table 2.6.
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Figure 2.5: The numerical profiles of ϕΛ and fΛ(ϕΛ(x)) and their limiting functions

under assumptions (A1)′′′ and (A2), where the red curves are the profiles of function

ϕΛ and fΛ ◦ ϕΛ with Λ = 0.5, 1, 2, 4.

nth step 1 2 4 8 16

Λ = 0.5 1.0929E-04 1.1032E-04 1.1049E-04 1.1081E-04 1.1148E-04

Λ = 1 1.2228E-04 1.2525E-04 1.2543E-04 1.2581E-04 1.2656E-04

Λ = 2 1.4320E-04 1.5051E-04 1.5076E-04 1.5125E-04 1.5224E-04

Λ = 4 1.7579E-04 1.8585E-04 1.8623E-04 1.8695E-04 1.8837E−04

Table 2.6: The relative errors ∥ϕ(n)
Λ − ϕ

(n−1)
Λ ∥∞/∥ϕ(n)

Λ ∥∞ under assumptions (A1)′′′

and (A2), where ϕ
(k)
Λ denotes the solution after k iterations.

For (A3)–(A4), equations (2.73)–(2.74) can be denoted as

−DL+1εDL+1ϕΛ = ρ0 +
I∑
i=1

zi(c0,Λ)
λi/λ0 ◦ exp(µ̄i − ziϕΛ), (2.81)

ln(c0,Λ) + Λ
I∑
j=0

λ0λj(c0,Λ)
λj/λ0 ◦ exp(µ̄j − zjϕΛ) = Λλ0µ̃0 + µ̂0. (2.82)

On the other hand, the limiting equations of (2.26)–(2.27) (i.e., (2.31)) can be

discretized as

−DL+1εDL+1ϕ
∗ = ρ0 +

I∑
i=1

zi(c
∗
0)
λi/λ0 ◦ exp(µ̄i − ziϕ

∗), (2.83)
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I∑
j=0

λj(c
∗
0)
λj/λ0 ◦ exp(µ̄j − zjϕ

∗) = µ̃0, (2.84)

For the Robin boundary condition, the first and last equations of (2.81) and (2.83)

are replaced by (2.78). Using the command fsolve with the initial data c
(0)
0,Λ =

(c∗0)
(0) ≡ 1 and ϕ

(0)
Λ = (ϕ∗)(0) ≡ 0, then the profiles of ϕΛ and f̃Λ(ϕΛ) and their

limiting functions are presented in Figure 2.6. Moreover, the maximum norms of

ϕΛ − ϕ∗ are listed in Table 2.7, which supports Theorem 2.2.
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Figure 2.6: The numerical profiles of ϕΛ and f̃Λ(ϕΛ(x)) and their limiting functions

under assumptions (A3)–(A4), where the red curves are the profiles of function ϕΛ

and f̃Λ ◦ ϕΛ with Λ = 10, 20, 40, and the blue curves are the profiles of function ϕ∗

and f̃ ∗ ◦ ϕ∗.

Λ 1 10 102 103 104

∥ϕΛ − ϕ∗∥∞ 3.4820E00 1.0872E00 1.5170E-01 1.5879E-02 1.5956E-03

Table 2.7: The maximum norms of ϕΛ − ϕ∗ under assumptions (A3)–(A4).
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Conclusions

In this chapter, we derive the PB-steric equations with a parameter Λ, and prove

that as Λ → ∞, the solution to PB-steric equations (2.13)–(2.14) converges to

the solution to modified PB equations (2.3)–(2.4) and (2.5)–(2.7) under different

assumptions of steric effects and chemical potentials. Equations (2.1)–(2.2), (2.3)–

(2.4), and (2.5)–(2.7) were derived based on mean-field approximation (cf. [12,80]),

whereas equations (2.13)–(2.14) are derived via adding the approximate Lennard–

Jones potential. We compare equations (2.1)–(2.7) and (2.13)–(2.14) in the following

table to show that the PB-steric equations (2.13)–(2.14) can be regarded as a general

model of PB equations.

Model Total ionic charge density
I∑
i=1

zici(ϕ) ci(ϕ) (i = 0, 1, . . . , I)

(2.1)–(2.2) decreasing
c1, c2 are monotonic,

c0 ≡ 0 (I = 2).

(2.3)–(2.4) decreasing
c1, c2 are monotonic,

c0 ≡ 0 (I = 2).

(2.5)–(2.7) decreasing

Some of ci’s are oscillatory;

the others are monotonic.

(I ≥ 2)

(2.13)–(2.14)

oscillatory (Remark 2.4)

Some of ci’s are oscillatory;

the others are monotonic.

(I = 3)

Some of ci’s are oscillatory;

decreasing the others are monotonic.

(Propositions 2.6 and 2.10) (I ≥ 2)
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Appendix

2A Derivation of (2.10) and (2.11)

In [84], the approximate LJ potential Ψij,σ between the ith ion and the jth ion can

be expressed as Ψij,σ(x) = (Ψijχσ ∗ φσ)(x) for x ∈ Rd and i, j = 0, 1, . . . , I, where ∗

denotes the standard convolution, Ψij is the conventional LJ potential between ith

and jth ions defined by Ψij(x) =
εij(ai + aj)

12

2|x|12
for x ∈ Rd and i, j = 0, 1, . . . , I, and

φσ(x) is the spatially band-limited function defined by φσ(x) = F−1(1 − χσ−γ (ξ)).

Here εij denotes energy coupling constant between the ith and the jth ions, a0 is the

radius of solvent molecules, ai is the radius of the ith ion. In addition, χσ and χσ−γ

are the characteristic function of the exterior ball Rd −Bσ(0) and Rd −Bσ−γ (0) for

0 < γ < 1, respectively, and F−1 is the inverse Fourier transform. More precisely,

the characteristic function χs is defined by χs(z) = 0 if |z| ≤ s; 1 if |z| > s. With the

approximate LJ potential, we may define the approximate energy functional ELJ,σ

and show that (cf. [84])

ELJ,σ[ci, cj] := Λgij

∫
Rd

ci(x)cj(x) dx ∼
∫
Rd

ci(x)(Ψij ∗ cj)(x) dx = ELJ [ci, cj], (2.85)

where Λ = a12σd−12 satisfies lim
σ→0+

Λ = ∞, and gij =
ωdεij
12− d

(ai + aj)
12

a12
denotes a

dimensionless quantity. Here a = min{ai : i = 0, 1 . . . , I} and ωd is the surface area

of a d-dimensional unit ball. To derive (2.10)–(2.11), we let energy functional

E[c0, c1, . . . , cN , ϕ] = EPB[c0, c1, . . . , cI , ϕ] +
1

2

I∑
i,j=0

ELJ,σ[ci, cj],

where ELJ,σ is defined in (2.85) and

EPB[c0, c1, · · · , cI , ϕ] =
∫
Rd

[
−1

2
ε |∇ϕ|2 + kBT

I∑
i=0

ci(ln ci − 1) + 4π

(
ρ0 +

I∑
i=1

zie0ci

)
ϕ

]
dx.

Notice that EPB is the energy functional of classical PB equation with the form −∇·

(ε∇ϕ) = ρ0 +
I∑
i=1

zie
µi−ziϕ which can be obtained by δEPB/δϕ = 0 and δEPB/δci =

µi for i = 0, 1, . . . , I. Here µi is the chemical potential. Besides, ELJ,σ is the

energy functional of the approximate LJ potentials (cf. [84]), and we may derive the

equations

−∇ · (ε∇ϕ) = 4πρ0 + 4π
I∑
i=1

zie0ci, (2.86)
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kBT ln(ci) + zie0ϕ+ Λ
I∑
j=0

gijcj = µi for i = 0, 1, . . . , I, (2.87)

by δE/δϕ = 0 and δE/δci = µi for i = 0, 1, . . . , I when matrix (gij) is symmetric.

From (2.87), constant µi can be expressed by

µi = Λµ̃i + µ̂i for i = 0, 1, . . . , I. (2.88)

Therefore, by (2.86)–(2.88), we have (2.10)–(2.11).

2B The existence and uniqueness of ϕΛ to (2.14)–(2.15)

To prove the existence of ϕΛ to equations (2.14)–(2.15), we study the following

energy minimization problem:

Minimize E[ϕ] := Eeq[ϕ] +Bη[ϕ] subject to ϕ ∈ Hη(Ω),

where the functionals

Eeq[ϕ] =
1

2

∫
Ω

ε|∇ϕ|2 dx−
∫
Ω

ρ0ϕ dx−
∫
Ω

F (ϕ) dx,

Bη[ϕ] =


1

2η

∫
∂Ω

ε(ϕ− ϕbd)
2 dSx if η > 0,

0 if η = 0,

and defined on the space

Hη[ϕ] =

H
1(Ω) if η > 0,

{u ∈ H1(Ω) : u− ϕbd ∈ H1
0 (Ω)} if η = 0.

Here the function F (ϕ) =
∫ ϕ
0
f(s) ds, and f = f(ϕ) is strict decreasing (cf. Proposi-

tions 2.1 and 2.7) on R. Hence we may apply the Direct method (cf. [109]) to solve

the minimization problem.

To apply the Direct method, we need the following lemma.

Lemma 2B.1. Functional E is coercive on H1(Ω) for η > 0.

Proof. By Young’s inequality, we have

Bη[ϕ] ≥
1

4η

∫
∂Ω

εϕ2 dSx −
1

2η

∫
∂Ω

εϕ2
bd dSx. (2.89)
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By the strict decrease of f , function F is strictly concave and has an absolute

maximum denoted by MF . Hence by (2.89), we obtain

E[ϕ] ≥ Cη

(∫
Ω

|∇ϕ|2 dx+
∫
∂Ω

ϕ2 dSx

)
−
∫
Ω

|ρ0ϕ| dx−
1

2η

∫
∂Ω

εϕ2
bd dSx −MF |Ω|,

(2.90)

where Cη = 1
4η

min{1, 2η}min
Ω
ε > 0 and |Ω| denotes the Lebesuge measure of Ω.

Moreover, for any ϕ ∈ H1(Ω), Friedrichs’ inequality gives∫
Ω

|∇ϕ|2 dx+
∫
∂Ω

ϕ2 dSx ≥ C1

∫
Ω

ϕ2 dx, (2.91)

where C1 is a positive constant depending on the dimension d and the measures of

Ω and ∂Ω. Besides, Cauchy–Schwarz inequality gives∫
Ω

|ρ0ϕ| dx ≤
(∫

Ω

ρ20 dx

)1/2(∫
Ω

ϕ2 dx

)1/2

. (2.92)

Then by (2.90)–(2.92), Lemma 2B.1 follows.

By Lemma 2B.1, we may prove the existence of minimizer as follows.

Proposition 2B.2. Functional E has a minimizer ϕ ∈ Hη for any η ≥ 0.

Proof. Suppose η > 0 and Hη(Ω) = H1(Ω). By (2.90)–(2.92), inf
ϕ∈H1(Ω)

E[ϕ] exists so

there exists a minimizing sequence {ϕn}∞n=1 ⊊ H1(Ω) such that

lim
n→∞

E[ϕn] = inf
ϕ∈H1(Ω)

E[ϕ] := mE.

Due to the coerciveness of E (see Lemma 2B.1), we have sup
n∈N

∥ϕn∥H1(Ω) <∞. Along

with (2.90), we can get sup
n∈N

∥ϕn∥L2(∂Ω) < ∞. Thus, there exists a subsequence

{ϕnk
}∞k=1 of {ϕn}∞n=1 and ϕ ∈ H1(Ω) such that ϕnk

⇀ ϕ weakly in H1(Ω) and

ϕnk
⇀ Γϕ weakly in L2(∂Ω) as k → ∞, where Γϕ is the trace of ϕ on ∂Ω. Since

ϕnk
⇀ ϕ weakly in H1(Ω) implies ∇ϕnk

⇀ ∇ϕ weakly in L2(Ω), then we obtain

lim inf
k→∞

∫
Ω

|∇ϕnk
|2 dx ≥

∫
Ω

|∇ϕ|2 dx, lim inf
k→∞

∫
∂Ω

|ϕnk
−ϕbd|2 dSx ≥

∫
∂Ω

|Γϕ−ϕbd|2 dSx,

and

lim
k→∞

ϕnk
= ϕ a.e. in Ω.

Applying the Fatou’s lemma, we have

lim inf
k→∞

∫
Ω

−F (ϕnk
) dx ≥

∫
Ω

−F (ϕ) dx,
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which gives

mE = lim
k→∞

E[ϕnk
] ≥ E[ϕ] ≥ mE,

and E attains its minimum mE at ϕ ∈ H1(Ω) = Hη(Ω) for η > 0. As for η = 0 (i.e.,

the Dirichlet boundary condition), Bη[ϕ] = 0 we may use the similar argument to

prove the existence of minimizer and complete the proof.

The minimizer of Proposition 2B.2 satisfies equation (2.14) with the Robin

boundary condition (2.15) in weak sense. Now we prove the regularity of solution ϕ

as follows. Because ϕ is a minimizer of the functional E on H1(Ω), ϕ satisfies∫
Ω

[ε∇ϕ · ∇v − vρ0 − vf(ϕ)] dx+
1

η

∫
∂Ω

ε(ϕ− ϕbd)v dSx = 0 (2.93)

for any v ∈ H1(Ω). Let Φ be the solution to the auxiliary Poisson equation

−∇ · (ε∇Φ) = ρ0 + f(ϕ) in Ω (2.94)

with the Robin boundary condition Φ + η ∂Φ
∂ν

= ϕbd on ∂Ω. We multiply equation

(2.94) by (Φ− ϕ) and integrate it over Ω. Then applying the integration by parts,

we obtain∫
Ω

ε∇Φ · ∇(Φ− ϕ) dx−
∫
Ω

(Φ− ϕ)[ρ0 + f(ϕ)] dx+
1

η

∫
∂Ω

ε(Φ− ϕbd)(Φ− ϕ) dSx = 0.

(2.95)

Here we have used the fact that ∂Φ
∂ν

= 1
η
(ϕbd−Φ) on ∂Ω. Besides, we subtract (2.93)

with v = Φ− ϕ from (2.95) and get∫
Ω

ε|∇(Φ− ϕ)|2 dx+ 1

η

∫
∂Ω

ε(Φ− ϕ)2 dSx = 0,

which implies that Φ ≡ ϕ a.e. in Ω. Thus, by a standard bootstrap argument

on eqaution (2.94), solution ϕ becomes a classical solution. On the other hand, as

for the case η = 0, we can follow a similar argument to improve the regularity of

solution ϕ.

Now we prove the uniqueness of equation (2.14) with the Robin boundary con-

dition (2.15). Suppose that ϕ1, ϕ2 ∈ C∞(Ω) ∩ C2(Ω) are solutions to (2.14)–(2.15).

Subtracting (2.14) with ϕ = ϕ2 from that with ϕ = ϕ1, we have

−∇ · (ε∇(ϕ1 − ϕ2)) = f(ϕ1)− f(ϕ2) in Ω. (2.96)
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Multiplying the equation (2.96) by ϕ1 − ϕ2 and integrating it over Ω, we get

−
∫
∂Ω

(ϕ1 − ϕ2)∇ · (ε∇(ϕ1 − ϕ2)) dx =

∫
Ω

(ϕ1 − ϕ2)[f(ϕ1)− f(ϕ2)] dx.

Then using the integration by parts, we obtain∫
Ω

ε|∇(ϕ1 − ϕ2)|2 dx+ η

∫
∂Ω

ε

∣∣∣∣∂(ϕ1 − ϕ2)

∂ν

∣∣∣∣2 dSx =

∫
Ω

(ϕ1 − ϕ2)[f(ϕ1)− f(ϕ2)] dx.

(2.97)

Here we have used the fact that ϕ1 − ϕ2 = −η ∂(ϕ1−ϕ2)
∂ν

on ∂Ω, which comes from the

Robin boundary condition (2.15). Due to the strict decrease of f , we note that

(ϕ1 − ϕ2)[f(ϕ1)− f(ϕ2)] ≤ 0 in Ω. (2.98)

Thus, by (2.97)–(2.98), we arrive at∫
Ω

ε|∇(ϕ1 − ϕ2)|2 dx+ η

∫
∂Ω

ε

∣∣∣∣∂(ϕ1 − ϕ2)

∂ν

∣∣∣∣2 dSx ≤ 0,

which implies that ϕ1 − ϕ2 in Ω. Therefore, we complete the proof of uniqueness of

(2.14)–(2.15).
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2C An example of oscillatory fΛ for Remark 2.4

Under the assumptions (A1)′′′ and (A2), system (2.13) can be solved by

ci,Λ(ϕ) =

W0

(
Λ

(
1− γ +

3∑
j=1

γje
µ̄j−zjϕ

)
eΛµ̃0+µ̂0

)

Λ

(
1− γ +

3∑
j=1

γje
µ̄j−zjϕ

) eµ̄i−ziϕ

for ϕ ∈ R and i = 0, 1, 2, 3. Suppose that Λ = 4, z0 = 0, z1 = −z2 = 1 z3 = 2,

µ̄0 = µ̄1 = 0, µ̄2 = µ̄3 = −5, µ̃0 = 1, µ̂0 = 0, γ = 0.99, γ1 = γ2 = 0.01, and γ3 = 0.97.

Recall the derivative of the Lambert W function (cf. [49,93]) is
dW0

dx
=

W0(x)

x(1 +W0(x))
for x > −1/e. Differentiating ci,4 with respect to ϕ, we obtain

dci,4
dϕ

=
W0(0.04e

4(1 + e−ϕ + e−5+ϕ + 97e−5−2ϕ))

0.04(1 + e−ϕ + e−5+ϕ + 97e−5−2ϕ)
exp(µ̄i − ziϕ)

×
(

(e−ϕ − e−5+ϕ + 194e−5−2ϕ)W0(0.04e
4(1 + e−ϕ + e−5+ϕ + 97e−5−2ϕ))

(1 + e−ϕ + e−5+ϕ + 97e−5−2ϕ)(1 +W0(0.04e4(1 + e−ϕ + e−5+ϕ + 97e−5−2ϕ)))
− zi

)
(2.99)

for ϕ ∈ R and i = 0, 1, 2, 3. Let K1 = 0.04(1 + e2 + e−7 + 97e−1) and K2 =

e2 − e−7 + 194e−1. Then we have

df4
dϕ

(−2) =
W0(e

4K1)

K1

[
K2W0(e

4K1)

25K1(1 +W0(e4K1))
(e2 − e−7 + 2e−1)− (e2 + e−7 + 4e−1)

]
.

(2.100)

It is easy to check that K2/K1 > 44 and 3.3e3.3 < e4K1 < 3.4e3.4. Due to the

monotonic increase of W0, we have 3.3 < W0(e
4K1) < 3.4. Along with (2.100),

we arrive at the fact
df4
dϕ

(−2) > 0. On the other hand, from (2.99), we apply

L’Hôspital’s law to get lim
ϕ→∞

dc1,4
dϕ

(ϕ) = 0, lim
ϕ→∞

dc2,4
dϕ

(ϕ) = 25, lim
ϕ→∞

dc3,4
dϕ

(ϕ) = 0,

which implies lim
ϕ→∞

df4
dϕ

(ϕ) = −25. This shows
df4
dϕ

(ϕ) < 0 when ϕ is sufficiently

large. Therefore, f4 is oscillatory and the profile of f4 is in Figure 2.2(a).
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3 Asymptotic analysis of boundary layer solutions

to Poisson–Boltzmann type equations in gen-

eral bounded smooth domains

3.1 Introduction

When a charged surface (e.g., electrode, membrane, colloid) is in contact with an

electrolyte, a structured layer of charge known as the electric double layer (EDL)

forms. The EDL plays a crucial role in various physical, engineering, and biological

systems (cf. [23, 29,99]). It typically consists of two distinct regions:

• Stern Layer — The region closest to the surface, where ions are strongly ad-

sorbed, governed by the surface charge density;

• Diffuse Layer — A region extending into the electrolyte, where ion distribu-

tions are influenced by electrostatic interactions and thermal fluctuations.

The behavior of the diffuse layer can be described by different types of Poisson–

Boltzmann (PB) equations, including:

• The classical PB equation, which models charge screening in electrolytes (cf.

[11,33,69]);

• The modified PB equation, which incorporates ion size effects and steric in-

teractions (cf. [9, 12,43,80,82, 88,90]);

• The charge-conserving PB equation, which enforces global charge neutrality

(cf. [34, 70,73,105,112]).

To analyze the structure of the diffuse layer, we study boundary layer solutions

to PB-type equations in general bounded smooth domains (including multiply con-

nected domains). This analysis provides key insights into electrostatic interactions in

complex geometries, with applications in electrochemistry, biophysics, and materials

science (cf. [3, 6, 17,22,24,27,62,114,115]).
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The classical PB and modified PB equations can be represented by

−ε∆ϕε = f(ϕε) in Ω, (3.1)

where ε > 0 is the dielectric constant and ϕε is the electric potential. Here f = f(ϕ)

is a smooth function for the total ionic charge density which satisfies the following

conditions.

(F1) The function f = f(ϕ) is smooth, strictly decreasing in ϕ, and satisfies

mf = mf (K) :=
√

−max
ϕ∈K

f ′(ϕ) > 0 for any compact interval K ⊆ R.

(F2) The function f has a unique zero point ϕ∗, i.e., f(ϕ∗) = 0, where ϕ∗ is called

as reference potential (cf. [4, 41]).

For example, function f(ϕ) =
∑I

i=1 zic
b
i exp(−ziϕ) describes the total ionic charge

density of the classical PB equation, and satisfies conditions (F1) and (F2), where

I is the number of ion species, zi ̸= 0 is the valence and cbi is the concentration of

the ith species in the bulk (cf. [33,69]).

The charge-conserving PB (CCPB) equation was derived from the static limit of

the Poisson–Nernst–Planck equations in order to guarantee charge neutrality within

electrolyte domains (cf. [112]). The CCPB equation can be denoted as

−ε∆ϕε =
I∑
i=1

mizi exp(−ziϕε)∫
Ω
exp(−ziϕε(y)) dy

in Ω, (3.2)

where the constant mi > 0 is the total concentration of species i with valence zi ̸= 0

for i = 1, . . . , I. For charge neutrality, we assume

I∑
i=1

mizi = 0. (3.3)

Due to the integral term
∫
Ω
exp(−ziϕε(y)) dy, (3.2) has nonlocal nonlinearity which

makes (3.2) more difficult than (3.1). Note that equation (3.2) can be denoted as

−ε∆ϕε = fε(ϕε) :=
I∑
i=1

zic
b
i,ε exp(−ziϕε) in Ω, which has the same form as the clas-

sical PB equation. Here fε(ϕ) =
I∑
i=1

zic
b
i,ε exp(−ziϕ) presents the total ionic charge

density (also see (3.127)) and cbi,ε = mi

/ (∫
Ω
exp(−ziϕε(y)) dy

)
is the concentration

of the ith ion species in the bulk.

For the general bounded smooth domain Ω ⊆ Rd (d ≥ 2), we assume
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(D) Ω = Ω0 −
⋃K
k=1Ωk, K ∈ N ∪ {0} (the number of holes) and Ωk are bounded,

smooth, simply connected domains with Ωk ⊂⊂ Ω0 for k ∈ {1, . . . , K} and

dist(Ωi,Ωj) > 0 for i, j ∈ {1, . . . , K} and i ̸= j (see Figure 3.1). Here dist

denotes the distance.

Figure 3.1: We sketch the schematic diagram of bounded smooth domain Ω =

Ω0 −
⋃K
k=1 Ωk and K = 1, where Ω has (K + 1) boundaries ∂Ωk for k = 0, 1, . . . , K.

The boundary condition of (3.1) and (3.2) is the Robin boundary condition given

by

ϕε + γk
√
ε∂νϕε = ϕbd,k on ∂Ωk for k = 0, 1, . . . , K, (3.4)

where ϕbd,k is a constant for the given external electric potential, and γk > 0 is

the ratio of Stern-layer width to the Debye screening length (cf. [8, 18, 96, 100]).

As ϕbd,k = ϕ∗ for k = 0, 1, . . . , K, equation (3.1) with condition (3.4) has only a

trivial solution ϕε ≡ ϕ∗ so we study equation (3.1) with condition (3.4) under the

assumption that ϕbd,k ̸= ϕ∗ for k = 0, 1, . . . , K. When constants ϕbd,k are equal, the

solution ϕε to equation (3.2) with condition (3.4) is trivial. This leads us to assume

that constants ϕbd,k are not equal. When the domain Ω = Ω0 is simply connected

(i.e., condition (D) with K = 0), the solution ϕε to equation (3.2) with condition

(3.4) is also trivial. Thus, we study equation (3.2) with condition (3.4) under the

assumptions that ϕbd,k are not equal and the domain Ω satisfies (D) with K ∈ N.

To find the boundary layer solutions to PB type equations in domain Ω, we

assume ε > 0 (related to the Debye length) as a small parameter tending to zero

(cf. [7, 31, 37, 61, 94]), and study the singular perturbation problems of (3.1) and

(3.2) with the Robin boundary condition (3.4). We characterize the asymptotic

expansions of solution ϕε to equation (3.1) with condition (3.4) across three distinct

regions based on their distance from the boundary:
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• Region I (Ωk,T,ε), where the distance from the boundary ∂Ωk is at most T
√
ε,

• Region II (Ωk,T,ε,β), where the distance from the boundary ∂Ωk ranges between

T
√
ε and εβ,

• Region III (Ωε,β), where the distance from the boundary ∂Ω is at least εβ,

for given parameters T > 0 and 0 < β < 1/2. Regions I and II are called tubular

neighborhoods around ∂Ωk (cf. [40]). A schematic illustration of these regions is

shown in Figure 3.2.

Figure 3.2: Let 0 < β < 1/2, T > 0 and K = 1. In (a), we present the schematic

diagram of regions Ωk,T,ε = {x ∈ Ω : dist(x, ∂Ωk) < T
√
ε} for k = 0, 1 (blue

regions), Ωk,T,ε,β = {x ∈ Ω : T
√
ε ≤ dist(x, ∂Ωk) ≤ εβ} for k = 0, 1 (red regions),

and Ωε,β = {x ∈ Ω : dist(x, ∂Ω) > εβ} (white region) as ε > 0 sufficiently small.

The union of these regions constitutes Ω. In (b), we sketch the point p− t
√
ενp near

the boundary ∂Ωk for k = 0, 1, where p ∈ ∂Ωk and 0 ≤ t ≤ ε(2β−1)/2, as ε → 0+.

Here νp is the unit outer normal at p with respect to Ω.

The results for equation (3.1) with condition (3.4) are stated as follows.

Theorem 3.1. Assume that (F1)–(F2) and (D) hold true, and that ϕbd,k ̸= ϕ∗ for

k = 0, 1, . . . , K. Let ϕε ∈ C∞(Ω) be the unique solution to equation (3.1) with

condition (3.4). Let k ∈ {0, 1, . . . , K}, p ∈ ∂Ωk, and T > 0 be arbitrary. Then

(a)

ϕε(p− t
√
ενp) = uk(t) +

√
ε
(
(d− 1)H(p)vk(t) + oε(1)

)
, (3.5)

∇ϕε(p− t
√
ενp) = −

(
1√
ε
u′k(t) + (d− 1)H(p)v′k(t)

)
νp + oε(1) (3.6)
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for 0 ≤ t ≤ T as ε → 0+, where p − t
√
ενp ∈ Ωk,T,ε = {x ∈ Ω : 0 ≤

dist(x, ∂Ωk) ≤ T
√
ε} (see Figure 3.2). Here H(p) and νp denote the mean

curvature and unit outer normal at p with respect to Ω, respectively. The term

oε(1), tending to zero as ε goes to zero, depends on T but is independent of

p ∈ ∂Ωk, which means

lim
ε→0+

sup
p∈∂Ωk, t∈[0,T ]

∣∣∣∣ 1√
ε
(ϕε(p− t

√
ενp)− uk(t))− (d− 1)H(p)vk(t)

∣∣∣∣ = 0,

lim
ε→0+

sup
p∈∂Ωk, t∈[0,T ]

∣∣∣∣∇ϕε(p− t
√
ενp) +

(
1√
ε
u′k(t) + (d− 1)H(p)v′k(t)

)
νp

∣∣∣∣ = 0.

The functions uk(t) and vk(t) are the unique solutions to

u′′k + f(uk) = 0 in (0,∞), (3.7)

uk(0)− γku
′
k(0) = ϕbd,k, (3.8)

lim
t→∞

uk(t) = ϕ∗, (3.9)

and

v′′k + f ′(uk)vk = u′k in (0,∞), (3.10)

vk(0)− γkv
′
k(0) = 0, (3.11)

lim
t→∞

vk(t) = 0. (3.12)

(b) There exists a positive constant ε∗ > 0 such that

(i)

|ϕε(p− t
√
ενp)− ϕ∗| ≤M ′ exp(−Mt), (3.13)

|∇ϕε(p− t
√
ενp)| ≤

M ′
√
ε
exp(−Mt) (3.14)

for 0 < ε < ε∗, 0 < β < 1/2 and T ≤ t ≤ ε(2β−1)/2, i.e., p − t
√
ενp ∈

Ωk,T,ε,β = {x ∈ Ω : T
√
ε ≤ dist(x, ∂Ωk) ≤ εβ};

(ii)

|ϕε(x)− ϕ∗| ≤M ′ exp
(
−Mε(2β−1)/2

)
, (3.15)

|∇ϕε(x)| ≤
M ′
√
ε
exp

(
−Mε(2β−1)/2

)
(3.16)

for 0 < ε < ε∗, 0 < β < 1/2 and x ∈ Ωε,β = {x ∈ Ω : dist(x, ∂Ω) ≥ εβ}.
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Here M > 0 and M ′ > 0 are constants independent of ε.

Remark 3.1. In electrostatics, the solution ϕε represents the electric potential,

which is of order Oε(1) (cf. (3.5)), while the associated electric field −∇ϕε is of

order Oε(1/
√
ε) (cf. (3.6)) in Region I, denoted Ωk,T,ε. Reflecting geometric en-

hancement or suppression, the boundary mean curvature H(p) contributes to the

second-order corrections in the asymptotic expansions (3.5) and (3.6), where uk

and vk are solutions to equations (3.7)–(3.12) and satisfy the following properties.

When the external electric potential ϕbd,k > ϕ∗ and k ∈ {0, 1, . . . , K}, the func-

tion uk(t) ∈ (ϕ∗, ϕbd,k) is strictly decreasing for t ∈ (0,∞), and vk is positive on

(0,∞), strictly increasing on (0, t∗k) and strictly decreasing on (t∗k,∞), where t∗k0 is

a constant. Conversely, when ϕbd,k < ϕ∗, uk(t) ∈ (ϕbd,k, ϕ
∗) is strictly increasing for

t ∈ (0,∞), and vk is negative on (0,∞), strictly decreasing on (0, t∗k) and strictly

increasing on (t∗k,∞) (cf. Propositions 3B.1 and 3C.1). The asymptotic formulas

(3.5)–(3.6) thus provide approximations for the electric potential and electric field in-

duced by an applied potential difference. In addition, the exponential decay estimates

are given by (3.13)–(3.14) with respect to the variable t in Region II (Ωk,T,ε,β), and

by (3.15)–(3.16) with respect to the parameter ε in Region III (Ωε,β), highlighting

the localized nature of boundary layer phenomena.

The total ionic charge density plays crucial roles in the behavior of biological and

physical systems (cf. [104]). Using formulas (3.5), (3.13)–(3.14) and (3.15)–(3.16)

along with Taylor expansion of f , we derive the asymptotic expansion of the total

ionic charge density f(ϕε) as follows. Let k ∈ {0, 1, . . . , K}, p ∈ ∂Ωk, T > 0, and

0 < β < 1/2 be arbitrary.

• In Region I (Ωk,T,ε),

f(ϕε(p− t
√
ενp)) = f(uk(t)) +

√
ε[(d− 1)H(p)f ′(uk(t))vk(t) + oε(1)] (3.17)

for 0 ≤ t ≤ T ;

• In Region II (Ωk,T,ε,β),

|f(ϕε(p− t
√
ενp))| ≤M ′ exp(−Mt) for T ≤ t ≤ ε(2β−1)/2;

• In Region III (Ωε,β),

|f(ϕε(x))| ≤M ′ exp(−Mε(2β−1)/2) for x ∈ Ωε,β,
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as 0 < ε < ε∗, where ε∗ comes from Theorem 3.1(b), M ′ and M are generic positive

constants independent of ε. Here we have used the condition f(ϕ∗) = 0, which

follows from assumption (F2).

The total ionic charge within regions Ωk,T,ε, Ωk,T,ε,β and Ωε,β can be expressed

by the integral of the total ionic charge density f(ϕε) over Ωk,T,ε, Ωk,T,ε,β and Ωε,β,

respectively. By Theorem 3.1, we have the following results.

Corollary 3.1. Under the hypothesis of Theorem 3.1, if ϕbd,k > ϕ∗ (or ϕbd,k < ϕ∗),

then we have

(a)
∫
Ωk,T,ε

f(ϕε(x)) dx =
√
ε|∂Ωk|(u′k(0)− u′k(T ))

+ ε(d− 1)
(∫

∂Ωk
H(p) dSp

)
(Tu′k(T ) + v′k(0)− v′k(T )) + εoε(1) < 0 (or > 0),

(b)
∫
Ωk,T,ε,β

f(ϕε(x)) dx =
√
ε|∂Ωk|u′k(T )

+ ε(d− 1)
(∫

∂Ωk
H(p) dSp

)
(−Tu′k(T ) + v′k(T )) + εoε(1) < 0 (or > 0),

(c)
∣∣∣∫Ωε,β

f(ϕε(x)) dx
∣∣∣ ≤ √

εM ′ exp
(
−Mε(2β−1)/2

)
for 0 < ε < ε∗ and 0 < β < 1/2, where |∂Ωk| is the surface area of ∂Ωk.

Corollary 3.1(a) and (b) imply that the total ionic charge in the near-boundary

regions Ωk,T,ε and Ωk,T,ε,β is negative (or positive) when ϕbd,k > ϕ∗ (or ϕbd,k < ϕ∗),

the external electric potential is greater (or less) than the reference potential. This

gives a way for the redistribution of ionic species by the applied electric potential

difference. Moreover,

0 <

∫
Ωk,T,ε,β

f(ϕε(x)) dx∫
Ωk,T,ε

f(ϕε(x)) dx
→ u′k(T )

u′k(0)− u′k(T )
and

|Ωk,T,ε|
|Ωk,T,ε,β|

→ 0 as ε→ 0+,

(3.18)

for T > 0, 0 < ε < 1/2 and k = 0, 1, . . . , K. Since u′k(T ) decays exponentially to zero

as T goes to infinity (cf. Proposition 3B.2(a)), then (3.18) shows that for sufficiently

large T , the majority of charged particles concentrate within the region Ωk,T,ε, whose

volume satisfies |Ωk,T,ε| ≪ |Ωk,T,ε,β| as ε→ 0+. In addition, Corollary 3.1(c) implies

that the total ionic charge in the region Ωε,β decays exponentially as ε → 0+,

demonstrating the emergence of electroneutrality in this bulk region. This result

provides a rigorous justification for the commonly used electroneutrality assumption
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in bulk electrolyte solutions, while also quantifying the rate at which neutrality is

approached in terms of the parameter β.

Analogously to Theorem 3.1, we characterize the asymptotic expansions of so-

lution ϕε to equation (3.2) with condition (3.4) across three distinct regions. The

results can be stated as below.

Theorem 3.2. Assume that the domain Ω satisfies condition (D) with K ∈ N, ϕbd,k
are not equal, and the charge neutrality condition (3.3) holds true, where mi > 0

and zi ̸= 0 for i = 1, . . . , I. Let ϕε ∈ C∞(Ω) be the unique solution to equation (3.2)

with condition (3.4). Let k ∈ {0, 1, . . . , K}, p ∈ ∂Ωk, and T > 0 be arbitrary. Then

(a)

ϕε(p− t
√
ενp) = uk(t) +

√
ε[(d− 1)H(p)vk(t) + wk(t) + oε(1)], (3.19)

∇ϕε(p− t
√
ενp) = −

(
1√
ε
u′k(t) + (d− 1)H(p)v′k(t) + w′

k(t)

)
νp + oε(1)

(3.20)

for 0 ≤ t ≤ T as ε → 0+, where p − t
√
ενp ∈ Ωk,T,ε (see Figure 3.2). Here

H(p) and νp denote the mean curvature and the unit outer normal at p with

respect to Ω, respectively. The term oε(1), tending to zero as ε→ 0+, depends

on T but is independent of p ∈ ∂Ωk, which means

lim
ε→0+

sup
p∈∂Ωk, t∈[0,T ]

∣∣∣∣ 1√
ε
(ϕε(p− t

√
ενp)− uk(t))− (d− 1)H(p)vk(t)− wk(t)

∣∣∣∣ = 0,

lim
ε→0+

sup
p∈∂Ωk, t∈[0,T ]

∣∣∣∣∇ϕε(p− t
√
ενp) +

(
1√
ε
u′k(t) + (d− 1)H(p)v′k(t) + w′

k(t)

)
νp

∣∣∣∣ = 0.

The functions uk(t), vk(t), and wk(t) are the unique solutions to

u′′k + f0(uk) = 0 in (0,∞), (3.21)

uk(0)− γku
′
k(0) = ϕbd,k, (3.22)

lim
t→∞

uk(t) = ϕ∗
0, (3.23)

v′′k + f ′
0(uk)vk = u′k in (0,∞) (3.24)

vk(0)− γkv
′
k(0) = 0, (3.25)

lim
t→∞

vk(t) = 0, (3.26)
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and

w′′
k + f ′

0(uk)wk = −f1(uk) in (0,∞), (3.27)

wk(0)− γkw
′
k(0) = 0, (3.28)

lim
t→∞

wk(t) = Q. (3.29)

The constants ϕ∗
0 and Q are determined uniquely by (3.150)–(3.151) and (3.238),

respectively. The functions f0 and f1 are given by

f0(ϕ) =
1

|Ω|

I∑
i=1

mizi exp(−zi(ϕ− ϕ∗
0)) for ϕ ∈ R, (3.30)

f1(ϕ) = −Qf ′
0(ϕ) + f̂1(ϕ) for ϕ ∈ R, (3.31)

where |Ω| is the volume of Ω, and

f̂1(ϕ) =
1

|Ω|

I∑
i=1

m̂izi exp(−zi(ϕ− ϕ∗
0)) for ϕ ∈ R,

m̂i =
mi

|Ω|

K∑
k=0

|∂Ωk|
∫ ∞

0

[1− exp(−zi(uk(s)− ϕ∗
0))] ds for i = 1, . . . , I.

Furthermore, the constant Q satisfies

Q = lim
ε→0+

ϕ∗
ε − ϕ∗

0√
ε

=

K∑
k=0

|∂Ωk|F̂1(uk(0)) + (d− 1)
(∫

∂Ωk
H(p) dSp

) (∫∞
0
u′2k (s) ds

)
u′k(0) + γkf0(uk(0))

K∑
k=0

|∂Ωk|f0(uk(0))
u′k(0) + γkf0(uk(0))

,

(3.32)

where ϕ∗
ε is the unique zero of function fε for ε > 0 (cf. Proposition 3.14) and

F̂1(ϕ) =
∫ ϕ
ϕ∗
f̂1(s) ds =

1
|Ω|
∑I

i=1 m̂i[1− exp(−zi(ϕ− ϕ∗
0))] for ϕ ∈ R.

(b) There exists a positive constant ε∗ > 0 such that

(i)

|ϕε(p− t
√
ενp)− ϕ∗

ε| ≤M ′ exp(−Mt), (3.33)

|∇ϕε(p− t
√
ενp)| ≤

M ′
√
ε
exp(−Mt) (3.34)

for 0 < ε < ε∗, 0 < β < 1/2 and T ≤ t ≤ ε(2β−1)/2, i.e., p − t
√
ενp ∈

Ωk,T,ε,β;
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(ii)

|ϕε(x)− ϕ∗
ε| ≤M ′ exp

(
−Mε(2β−1)/2

)
, (3.35)

|∇ϕε(x)| ≤
M ′
√
ε
exp

(
−Mε(2β−1)/2

)
(3.36)

for 0 < ε < ε∗ and 0 < β < 1/2.

Here M > 0 and M ′ > 0 are constants independent of ε.

The main difference of Theorems 3.1 and 3.2 comes from the integral terms in

(3.2) which give the solution wk to (3.27)–(3.29) and (3.32). This reflects the effect

of nonlocal nonlinearity in (3.2).

Remark 3.2. Recall that fε(ϕ) =
∑I

i=1 zic
b
i,ε exp(−ziϕ) represents the total ionic

charge density and cbi,ε = mi

/ (∫
Ω
exp(−ziϕε(y)) dy

)
is the concentration of the ith

ion species in the bulk. From (3.32), we find

cbi,ε = cbi +
√
ε

(
miziQ exp(ziϕ

∗
0) + m̂i exp(ziϕ

∗
0)

|Ω|
+ oε(1)

)
for i = 1, . . . , I,

(3.37)

fε(ϕ) = f0(ϕ) +
√
ε(f1(ϕ) + oε(1)) for ϕ ∈ R, (3.38)

(cf. Remark 3.7 and (3.220) in Section 3.3.4), where cbi := mi exp(ziϕ
∗
0)/|Ω| (is

the concentration of the ith ion species in the bulk) may correspond to the bulk

concentration in the classical PB equation −ε∆ϕε =
∑I

i=1 zic
b
i exp(−ziϕε) = f0(ϕε)

in Ω. Here f0 and f1 are given in (3.30)–(3.31).

As in Remark 3.1, we have the following observation.

Remark 3.3. In electrostatics, the solution ϕε represents the electric potential, and

its gradient −∇ϕε represents the electric potential, with orders Oε(1) and Oε(1/
√
ε),

respectively, in the region Ωk,T,ε. Similar to Remark 3.1, the boundary curvature

H(p) contributes to the second-order corrections in the asymptotic expansions (3.19)–

(3.20), where uk, vk, and wk are the solutions to (3.21)–(3.29) and satisfy the follow-

ing properties. When the external electric potential ϕbd,k > ϕ∗
0 and k ∈ {0, 1, . . . , K},

the function uk(t) ∈ (ϕ∗
0, ϕbd,k) is strictly decreasing for t ∈ (0,∞), and vk is positive

on (0,∞), strictly increasing on (0, t∗k) and strictly decreasing on (t∗k,∞), where t∗k

is a constant. Conversely, when ϕbd,k < ϕ∗
0, uk(t) ∈ (ϕbd,k, ϕ

∗
0) is strictly increasing
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for t ∈ (0,∞), and vk is negative on (0,∞), strictly decreasing on (0, t∗k) and strictly

increasing on (t∗k,∞) (cf. Propositions 3B.1 and 3C.1). The asymptotic formulas

(3.19)–(3.20) thus provide approximations for the electric potential and electric field

induced by an applied potential difference. Additionally, the exponential decay esti-

mates are given by (3.33)–(3.34) with respect to the variable t in Region II (Ωk,T,ε,β),

and by (3.35)–(3.36) with respect to the parameter ε in Region III (Ωε,β), highlight-

ing the localized nature of boundary layer phenomena. However, wk, which arises

from the nonlocal nonlinearity, may not behave like uk and vk because the constants

m̂i do not have the same sign.

As the previous discussion for total ionic charge density of (3.1), we use formulas

(3.19), (3.33)–(3.34), (3.35)–(3.36), (3.38), and the Taylor expansions of f0 and f1 to

derive the asymptotic expansion of the total ionic charge density fε(ϕε) as follows.

Let k ∈ {0, 1, . . . , K}, p ∈ ∂Ωk, T > 0, and 0 < β < 1/2 be arbitrary.

• In Region I (Ωk,T,ε),

fε(ϕε(p− t
√
ενp)) = f0(uk(t))

+
√
ε[(d− 1)H(p)f ′

0(uk(t))vk(t) + f ′
0(uk(t))wk(t) + f1(uk(t)) + oε(1)]

(3.39)

for 0 ≤ t ≤ T ;

• In Region II (Ωk,T,ε,β),

|fε(ϕε(p− t
√
ενp))| ≤M ′ exp(−Mt) for T ≤ t ≤ ε(2β−1)/2;

• In Region III (Ωε,β),

|fε(ϕε(x))| ≤M ′ exp(−Mε(2β−1)/2) for x ∈ Ωε,β,

as 0 < ε < ε∗, where ε∗ comes from Theorem 3.2(b), M ′ and M are generic positive

constants independent of ε. Here we have used the condition fε(ϕ
∗
ε) = 0, which

follows from Proposition 3.14, and f0(ϕ
∗
0) = 0.

As in Corollary 3.1, we use Theorem 3.2 to derive the asymptotic expansions of

total ionic charge within regions Ωk,T,ε, Ωk,T,ε,β and Ωε,β as below.
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Corollary 3.2. Under the hypothesis of Theorem 3.2, if ϕbd,k > ϕ∗
0 (or ϕbd,k < ϕ∗

0),

then we have

(a)
∫
Ωk,T,ε

fε(ϕε(x)) dx =
√
ε|∂Ωk|(u′k(0)− u′k(T ))

+ ε
[
(d− 1)

(∫
∂Ωk

H(p) dSp

)
(Tu′k(T ) + v′k(0)− v′k(T ))

]
+ ε [|∂Ωk|(w′

k(0)− w′
k(T )) + oε(1)] < 0 (or > 0),

(b)
∫
Ωk,T,ε,β

fε(ϕε(x)) dx =
√
ε|∂Ωk|u′k(T )

+ ε
[
(d− 1)

(∫
∂Ωk

H(p) dSp

)
(−Tu′k(T ) + v′k(T ))

]
+ ε [|∂Ωk|w′

k(T )] + εoε(1)
]
< 0 (or > 0),

(c)
∣∣∣∫Ωε,β

fε(ϕε(x)) dx
∣∣∣ ≤ √

εM ′ exp
(
−Mε(2β−1)/2

)
for 0 < ε < ε∗ and 0 < β < 1/2, where |∂Ωk| is the surface area of ∂Ωk.

Corollary 3.2 is consistent with the charge neutrality condition (3.3), as demon-

strated by equations (3.151) and (3.239) in Section 3.3. Corollary 3.2(a) and 3.2(b)

also indicate that the total ionic charge in the near-boundary regions Ωk,T,ε and

Ωk,T,ε,β is negative (or positive) when ϕbd,k > ϕ∗
0 (or ϕbd,k < ϕ∗

0). Such behavior is

analogous to that described in Corollary 3.1, where the sign of the total ionic charge

is similarly determined by the comparison between ϕbd,k and ϕ
∗
0. This redistribution

of ionic species is driven by the applied electric potential difference, consistent with

the behavior in Corollary 3.1. Moreover, analogously to (3.18),

0 <

∫
Ωk,T,ε,β

fε(ϕε(x)) dx∫
Ωk,T,ε

fε(ϕε(x)) dx
→ u′k(T )

u′k(0)− u′k(T )
and

|Ωk,T,ε|
|Ωk,T,ε,β|

→ 0 as ε→ 0+.

Since u′k(T ) decays exponentially to zero as T → ∞ (cf. Proposition 3B.2(a)), this

implies that for sufficiently large T , the majority of charged particles are concen-

trated within the region Ωk,T,ε, despite its volume being significantly smaller than

that of the region Ωk,T,ε,β. Additionally, Corollary 3.2(c) implies that the total ionic

charge in the region Ωε,β decays exponentially as ε→ 0+ as in Corollary 3.1(c).

For the proof of Theorem 3.1, we first establish the uniform boundedness of the

solution ϕε (cf. Proposition 3.3), and then employ the principal coordinate system

(cf. [38, Section 14.6]) and rescale spatial variables by
√
ε to obtain the local conver-

gence and to derive equation (3.52) in Rd
+ with condition (3.53) (cf. Lemma 3.5). Us-

ing the exponential-type estimate of (3.52)–(3.53) (cf. Lemma 3.6) and the moving
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plane arguments (cf. Proposition 3.7), we prove the first-order asymptotic expansion

of ϕε (see (3.84)–(3.85)). Using the first-order asymptotic expansion, we derive the

exponential-type estimate of ϕε and |∇ϕε| (cf. Proposition 3.9), which implies The-

orem 3.1(b) holds true. For the second-order asymptotic expansion of ϕε, we study

φk,ε(x) = ε−1/2[ϕε(x) − uk(δk(x)/
√
ε)] for x ∈ Ωk,ε,β := {x ∈ Ω : δk(x) ≤ εβ} and

k = 0, 1, . . . , K. We prove the uniform boundedness of φk,ε (cf. Proposition 3.10)

and the local convergence to get equation (3.112) in Rd
+ with condition (3.113) (cf.

Lemma 3.11). Using the exponential-type estimate (3.114) and the moving plane

arguments (cf. Proposition 3.12), we obtain (3.5) and (3.6) in Theorem 3.1(a).

For the proof of Theorem 3.2, we rewrite equation (3.2) as −ε∆ϕε = fε(ϕε) in

Ω, where fε(ϕ) =
∑I

i=1(mizi/Ai,ε) exp(−ziϕ) for ϕ ∈ R, Ai,ε =
∫
Ω
exp(−ziϕε(y)) dy

for i = 1, . . . , I, and ϕε is the solution to equation (3.2) with condition (3.4). In

Section 3.3.1, we first prove the uniform boundedness of ϕε and show that fε also sat-

isfies conditions (F1)–(F2) with the unique zero ϕ∗
ε. As in the proof in Section 3.2.1,

we establish the first-order asymptotic expansions of ϕε and ∇ϕε. Moreover, we

also determine the unique value of ϕ∗
0 by the algebraic equations (3.150)–(3.151).

However, unlike the proof of Theorem 3.1, the unique zero ϕ∗
ε of fε may depend on

the parameter ε so it is pivotal to prove, by contradiction, the uniform bounded-

ness of |ϕ∗
ε − ϕ∗

0|/
√
ε (cf. Section 3.3.3). More specifically, in Section 3.3.3, under

the assumption |ϕ∗
ε − ϕ∗

0|/
√
ε → ∞ as ε goes to zero, we obtain the second-order

asymptotic expansions of Ai,ε, fε, and ϕε and the total ionic charge over three

distinct regions, which contradicts the electroneutrality condition (3.3). Then in

Section 3.3.4, we use the uniform boundedness of |ϕ∗
ε − ϕ∗

0|/
√
ε to get the asymp-

totic expansion of Ai,ε (see Remark 3.7). This implies that the function fε has the

asymptotic expansion fε(ϕ) = f0(ϕ) +
√
ε(f1(ϕ) + oε(1)) for ϕ ∈ R, where f0 and f1

are smooth functions (see (3.30)–(3.31)). Thus, equation (3.2) can be transformed

into −ε∆ϕε = f0(ϕε) +
√
ε(f1(ϕε) + oε(1)) in Ω (cf. (3.221)), where f0 satisfies

(F1)–(F2) with a unique zero ϕ∗
0 and f1 is bounded on any compact subsets of R.

Therefore, as in the proof of Theorem 3.1, we may apply the principal coordinate

system and the moving plane arguments to prove Theorem 3.2(a).

The electric forces play a central role in the behavior of biological and physical

systems (cf. [112]). In [42, 104], the Maxwell stress tensor TM of equation (3.1) is
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defined as

TM = ε∇ϕε ⊗∇ϕε −
ε

2
|∇ϕε|2Id, (3.40)

where ⊗ denotes the tensor product. Then by (3.6) and (3.40), we get the Maxwell

stress tensor TM at p− t
√
ενp:

TM(p− t
√
ενp) = [u′2k (t) + 2

√
ε(d− 1)H(p)u′k(t)v

′
k(t)]

(
νp ⊗ νp −

1

2
Id

)
+
√
εoε(1)

for 0 ≤ t ≤ T and p ∈ ∂Ωk. By (3.265) and (3.270) with U = uk, we have

u′2k (t) = 2(F (ϕ∗) − F (uk(t))) = −2F (uk(t)) for all t ≥ 0, where F (ϕ) =
∫ ϕ
ϕ∗
f(s) ds

and ϕ∗ is the unique zero of f . Hence

TM(p− t
√
ενp) = [−F (uk(t)) +

√
ε(d− 1)H(p)u′k(t)v

′
k(t)](2νp ⊗ νp − Id) +

√
εoε(1),

which gives

TM(p− t
√
ενp)νp = −F (uk(t))νp +

√
ε[(d− 1)H(p)u′k(t)v

′
k(t)νp + oε(1)] (3.41)

for 0 ≤ t ≤ T and p ∈ ∂Ωk. Note that F (uk(t)) < 0 for t ≥ 0 because F (ϕ∗) =

F ′(ϕ∗) = 0 and F ′′(ϕ) = f ′(ϕ) < 0 for ϕ ∈ R. In (3.41), TM(p−t
√
ενp)νp is the stress

tensor TM(p − t
√
ενp) acting on νp, which provides the electric force at p − t

√
ενp

for 0 ≤ t ≤ T , p ∈ ∂Ωk, and k ∈ {0, 1, . . . , K}.

For equation (3.2) with condition (3.4), we can use (3.5)–(3.12), (3.20), and

(3.40) directly to derive the asymptotic formula of the Maxwell stress tensor TM:

TM(p− t
√
ενp) = {u′2k (t) + 2

√
εu′k(t)[(d− 1)H(p)v′k(t) + w′

k(t)]}
(
νp ⊗ νp −

1

2
Id

)
+
√
εoε(1)

for 0 ≤ t ≤ T and p ∈ ∂Ωk. By (3.265) and (3.270) with U = uk, we have

u′2k (t) = 2(F0(ϕ
∗)−F0(uk(t))) = −2F0(uk(t)) for all t ≥ 0, where F0(ϕ) =

∫ ϕ
ϕ∗0
f0(s) ds

and ϕ∗
0 is the unique zero of f0. Hence

TM(p− t
√
ενp) = {−F0(uk(t)) +

√
εu′k(t)[(d− 1)H(p)v′k(t) + w′

k(t)]}(2νp ⊗ νp − Id) +
√
εoε(1),

which implies

TM(p− t
√
ενp)νp = −F0(uk(t))νp +

√
εu′k(t){[(d− 1)H(p)v′k(t) + w′

k(t)]νp + oε(1)}

(3.42)
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for 0 ≤ t ≤ T and p ∈ ∂Ωk. Note that F0(uk(t)) < 0 for t ≥ 0 because F0(ϕ
∗
0) =

F ′
0(ϕ

∗
0) = 0 and F ′′

0 (ϕ) = f ′
0(ϕ) < 0 for ϕ ∈ R. In (3.42), TM(p − t

√
ενp)νp is

the stress tensor TM(p − t
√
ενp) acting on νp, which provides the electric force at

p− t
√
ενp for 0 ≤ t ≤ T , p ∈ ∂Ωk, and k ∈ {0, 1, . . . , K}.

Throughout the chapter we shall use the following notations.

• Oε(1) is a bounded quantity independent of ε, and oε(1) is a small quantity

tending to zero as ε goes to zero.

• Rd
+ = {(z = (z′, zd) ∈ Rd : zd > 0}, ∂Rd

+ = {z = (z′, zd) ∈ Rd : zd = 0}, and

Rd

+ = Rd
+ ∪ ∂Rd

+.

• ed stands for the unit vector in the positive direction of zd-axis.

• |Ω| denotes the volume of Ω, and |∂Ωk| stands for the surface area of ∂Ωk for

k = 0, 1, . . . , K.

• Ωk,T,ε = {x ∈ Ω : dist(x, ∂Ωk) < T
√
ε}, Ωk,T,ε,β = {x ∈ Ω : T

√
ε <

dist(x, ∂Ωk) < εβ}, Ωk,ε,β = {x ∈ Ω : dist(x, ∂Ωk) < εβ} and Ωε,β = {x ∈ Ω :

dist(x, ∂Ω) > εβ}, where dist denotes the distance.

• δk(x) = dist(x, ∂Ωk) and δ(x) = dist(x, ∂Ω) = min{δ0(x), δ1(x), . . . , δK(x)}.

• ϕbd = min
0≤k≤K

ϕbd,k and ϕbd = max
0≤k≤K

ϕbd,k.

• ε∗ > 0 is a sufficiently small constant, and M > 0 is a generic constant

independent of ε > 0.

The rest of the chapter is organized as follows. The proofs of Theorems 3.1

and 3.2 are given in Sections 3.2 and 3.3, respectively. For the analysis of ordinary

differential equations (3.7)–(3.12), (3.21)–(3.23) and (3.24)–(3.29), one may refer to

Appendices 3A to 3D.
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3.2 Proof of Theorem 3.1

In this section, we derive the first- and second-order terms in the asymptotic ex-

pansion of the solution ϕε to equation (3.1) with condition (3.4) near ∂Ωk for

k = 0, 1, . . . , K. For the first-order term, we use the principal coordinate sys-

tem (3.43) to straighten the boundary ∂Ωk locally and rescale spatial variables by
√
ε so that equations (3.1) with condition (3.4) can be transformed into (3.50)–

(3.51) in the upper half-ball B+
b/
√
ε
. We then show that the solution to (3.50)–(3.51)

converges (locally) to the solution to (3.52)–(3.53) in the upper half-space Rd
+ (cf.

Lemma 3.5). By the moving plane arguments on (3.52)–(3.53), we prove that the

solution to (3.52)–(3.53) depends only on the single variable zd (cf. Proposition 3.7),

which is the unique solution to (3.7)–(3.9). Here we have to assume that ϕbd,k are

constants. Hence we obtain the asymptotic expansions ϕε(p−t
√
ενp) = uk(t)+oε(1)

and ∇ϕε(p − t
√
ενp) = −ε−1/2(u′k(t)νp + oε(1)) for T > 0, p ∈ ∂Ωk and 0 ≤ t ≤ T ,

where uk is the unique solution to (3.7)–(3.9) and νp is the unit outer normal at p

(cf. Section 3.2.1).

For the second-order term, we set φk,ε(x) = ε−1/2(ϕε(x) − uk(δk(x)/
√
ε)) for

x ∈ Ωk,ε,β and k = 0, 1, . . . , K, where Ωk,ε,β = {x ∈ Ω : δk(x) < εβ} and

0 < β < 1/2. Then by the exponential-type estimate of uk,p and ϕε (cf. Lemma 3.6

and Proposition 3.9), we may prove the uniform boundedness of φk,ε (cf. Propo-

sition 3.10). Moreover, following similar arguments as in Section 3.2.1, we use the

principal coordinate system and the moving plane arguments to prove the local

convergence of φk,ε and obtain φk,ε(p − t
√
ενp) = (d − 1)H(p)vk(t) + oε(1) and

∇φk,ε(p − t
√
ενp) = −ε−1/2[(d − 1)H(p)v′k(t)νp + oε(1)] for T > 0, p ∈ ∂Ωk and

0 ≤ t ≤ T (as ε > 0 sufficiently small), where vk is the unique solution to (3.10)–

(3.12) (cf. Section 3.2.2). Therefore, we obtain equations (3.5)–(3.6) and complete

the proof of Theorem 3.1.

3.2.1 First-order asymptotic expansion of ϕε

Equation (3.1) with the boundary condition (3.4) is the Euler–Lagrange equation of

the following energy functional

E[ϕ] =

∫
Ω

(ε
2
|∇ϕ|2 − F (ϕ)

)
dx+

√
ε

K∑
k=0

1

2γk

∫
∂Ωk

(ϕ− ϕbd,k)
2 dS for ϕ ∈ H1(Ω).
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Since F ′′ = f ′ < 0 in R, we can apply the direct method in the calculus of variations

to get the unique minimizer of E[ϕ] over H1(Ω) (cf. [109]). Then by the standard

bootstrap argument and smoothness of f , we obtain the existence and uniqueness

of the smooth solution ϕ ∈ C∞(Ω) to equation (3.1) with condition (3.4) (cf. [38]).

Because the nonlinear term f is strictly decreasing (cf. (F1)), we can prove the

uniform boundedness of the solution ϕε as follows.

Proposition 3.3 (Uniform boundedness of ϕε). For ε > 0, let ϕε ∈ C∞(Ω) be the

solution to equation (3.1) with condition (3.4). Then |ϕε(x) − ϕ∗| ≤ C1 for x ∈ Ω

and ε > 0, where ϕ∗ is the unique zero of f (cf. (F2)) and C1 > 0 is a constant

independent of ε.

Proof. We first prove that ϕε(x) ≤ max{ϕ∗, ϕbd} for x ∈ Ω and ε > 0. Suppose that

ϕε attains its maximum value at an interior point x0, which implies ∆ϕε(x0) ≤ 0.

Then by (3.1) and (F2), we obtain f(ϕ∗) = 0 ≤ −ε∆ϕε(x0) = f(ϕε(x0)). Due to

the strict decrease of f (cf. (F1)), we have ϕε(x0) ≤ ϕ∗, which implies ϕε(x) ≤ ϕ∗

for x ∈ Ω. On the other hand, we suppose that ϕε attains its maximum value at a

boundary point x0 ∈ ∂Ωk0 for some k0 ∈ {0, 1, . . . , K}, which implies ∂νϕε(x0) ≥ 0.

By the boundary condition (3.4) with γk0 > 0, we get

ϕε(x) ≤ ϕε(x0) = ϕbd,k0 − γk0
√
ε∂νϕε(x0) ≤ ϕbd,k0 ≤ ϕbd := max

0≤k≤K
ϕbd,k for x ∈ Ω.

Thus, ϕε(x) ≤ max{ϕ∗, ϕbd} for x ∈ Ω and ε > 0. Similarly, we can get ϕε(x) ≥

min{ϕ∗, ϕbd} for x ∈ Ω and ε > 0, where ϕbd := min
0≤k≤K

ϕbd,k. Hence min{ϕ∗, ϕbd} ≤

ϕε(x) ≤ max{ϕ∗, ϕbd}, i.e., |ϕε(x)−ϕ∗| ≤ C1 for x ∈ Ω and ε > 0, where C1 > 0 is a

constant independent of ε > 0. Therefore, we complete the proof of Proposition 3.3.

Now we introduce the principal coordinate system and the associated diffeomor-

phism Ψp, which straightens the boundary portion near each point p ∈ ∂Ωk for

k ∈ {0, 1, . . . , K}. Fix k ∈ {0, 1, . . . , K} arbitrarily. After a suitable rotation of the

coordinate system, we may write the boundary point as p = (p′, pd) ∈ Rd−1 × R

and assume that the inner normal to ∂Ωk at p points in the direction of the posi-

tive xd-axis. To straighten the portion of ∂Ωk, we employ the principal coordinate

system y = (y′, yd) (cf. [38, Section 14.6]). Thus, there exist a neighborhood Np of
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p, a constant b′p > 0 (depending on p and ∂Ωk) and a smooth function ψp = ψp(x
′)

(defined for |x′ − p′| < b′p) satisfying

(D1) ψp(p
′) = pd,

(D2) ∇ψp(p′) = 0,

(D3) ∂Ωk ∩Np = {x = (x′, xd) ∈ Rd : xd = ψp(x
′), |x′ − p′| < b′p},

(D4) N+
p := Ω ∩ Np = {x = (x′, xd) ∈ Rd : xd > ψp(x

′), |x′ − p′| < b′p} ∩ Np and

Np
+
= Ψp(B

+

b ).

Here the diffeomorphism Ψp : B
+

b → Rd is defined by

x = (x′, xd) = Ψp(y) = (p′ + y′, ψp(p
′ + y′))− ydν for y = (y′, yd) ∈ B

+

b , (3.43)

where B
+

b = {y = (y′, yd) ∈ Rd : |y| ≤ b, yd ≥ 0}, b is a positive constant

(depending on Ω) and ν = (ν ′, νd) = (∇ψp(p′ + y′),−1)/
√

1 + |∇ψp(p′ + y′)|2 is

the unit outer normal at (p′ + y′, ψp(p
′ + y′)) with respect to Ω (see Figure 3.3).

Moreover, yd = dist(x, ∂Ωk) and (y′, yd) = Ψ−1
p (x′, xd) for x = (x′, xd) ∈ N+

p .

Figure 3.3: The function ψp describes the portion of ∂Ωk near p ∈ ∂Ωk. The

diffeomorphism x = Ψp(y) maps an upper half ball B
+

b to the neighborhood N+

p ,

and z = y/
√
ε dilates B

+

b into B
+

b/
√
ε.

By (3.43) and rescaling y by
√
ε, we obtain

Lemma 3.4. For ϕ ∈ C∞(Ω), p ∈ ∂Ω =
⋃K
k=0 ∂Ωk and ε > 0, let up,ε : B

+

b/
√
ε → R

satisfy up,ε(z) = ϕ(Ψp(
√
εz)) for z ∈ B

+

b/
√
ε (see Figure 3.3). Then up,ε ∈ C∞(B

+

b/
√
ε),

and

ε∆xϕ(Ψp(
√
εz)) =

d∑
i,j=1

aij(z)
∂2up,ε
∂zi∂zj

(z) +
d∑
j=1

bj(z)
∂up,ε
∂zj

(z) for z ∈ B+
b/
√
ε
, (3.44)

∂νpϕ(Ψp(
√
ε(zded))) = −ε−1/2∂zdup,ε(z

ded) for 0 ≤ zd < b/
√
ε, (3.45)

ϕ(p− t
√
ενp) = up,ε(ted) for 0 ≤ t < b/

√
ε, (3.46)
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where ed and νp are the unit vector in the positive direction of zd-axis and the unit

outer normal at p with respect to Ω, respectively. The coefficients aij and bj satisfy

aij(z) = δij + 2ψij
√
εzd + ε|z|2O(1) for 1 ≤ i, j ≤ d and z ∈ B+

b/
√
ε
, (3.47)

bj(z) = −δjd
√
ε(d− 1)H(p) + ε|z|O(1) for 1 ≤ j ≤ d and z ∈ B+

b/
√
ε
. (3.48)

Here δij =

1 if i = j

0 if i ̸= j

is the Kronecker symbol, O(1) is a bounded quantity inde-

pendent of ε and z, and

ψij = ψji := ∂xixjψp(p
′) for 1 ≤ i, j ≤ d− 1,

ψid = ψdi :=
1

2

d−1∑
n=1

ψin for 1 ≤ i ≤ d− 1,

ψdd := 0.

Besides, H(p) = (d − 1)−1
∑d−1

i=1 ψii stands for the mean curvature at the boundary

point p with respect to Ω due to (D2) (see [38, (14.92)]).

Note that (3.47)–(3.48) imply that aij and bj satisfy

lim
ε→0+

aij(z) = δij lim
ε→0+

bj(z) = 0 for R > 0, 1 ≤ i, j ≤ d, |z| < R and zd > 0.

The proof of Lemma 3.4 follows standard calculations of the principal coordinate

system (cf. [38]) so we omit it here.

To get the first-order asymptotic expansion of ϕε near the boundary ∂Ωk, we

define

uk,p,ε(z) = ϕε(Ψp(
√
εz)) for z ∈ B

+

b/
√
ε, p ∈ ∂Ωk and k = 0, 1, . . . , K, (3.49)

where ϕε is the solution to equation (3.1) with condition (3.4). Then by (3.44),

(3.45), and (3.49), uk,p,ε satisfies

d∑
i,j=1

aij(z)
∂2uk,p,ε
∂zi∂zj

+
d∑
j=1

bj(z)
∂uk,p,ε
∂zj

+ f(uk,p,ε) = 0 in B+
b/
√
ε
, (3.50)

uk,p,ε − γk∂zduk,p,ε = ϕbd,k on B
+

b/
√
ε ∩ ∂Rd

+, (3.51)

where ∂Rd
+ = {z = (z′, zd) ∈ Rd : zd = 0}, aij and bj are given in (3.47)–(3.48).

Based on the uniform boundedness of ϕε (cf. Proposition 3.3), together with the
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standard elliptic Lq-estimate and Schauder’s estimate, we obtain the C2,α
loc -estimate

of uk,p,ε. Using a diagonal process, we can prove the convergence of uk,p,ε in C2,α(B
+

m)

as ε tends to zero (up to a subsequence) for m ∈ N. The result is stated below.

Lemma 3.5. For any sequence {εn}∞n=1 of positive numbers with lim
n→∞

εn = 0, α ∈

(0, 1) and p ∈ ∂Ωk (k ∈ {0, 1, . . . , K}), there exists a subsequence {εnn}∞n=1 such

that lim
n→∞

∥uk,p,εnn − uk,p∥C2,α(B
+
m)

= 0 for m ∈ N, where B+

m = {z = (z′, zd) ∈ Rd :

|z| ≤ m, zd ≥ 0} and uk,p ∈ C2,α
loc (R

d

+) satisfies

∆uk,p + f(uk,p) = 0 in Rd
+, (3.52)

uk,p − γk∂zduk,p = ϕbd,k on ∂Rd
+. (3.53)

Here Rd
+ = {z = (z′, zd) ∈ Rd : zd > 0}.

Proof. Let {εn}∞n=1 be a sequence of positive numbers with lim
n→∞

εn = 0, α ∈ (0, 1),

p ∈ ∂Ωk and k ∈ {0, 1, . . . , K}. We first prove the recompactness of {uk,p,εn}∞n=1 in

C2,α(B
+

m) for m ∈ N. Fix m ∈ N arbitrarily. Without loss of generality, we may

assume that 0 < εn < b2/(9m2) for n ∈ N. Then we have B
+

3m ⊆ B
+

b/
√
εn so by

(3.49), uk,p,εn is well-defined in B
+

3m. For the sake of simplicity, uk,p,εn is denoted

as uεn for n ∈ N. By Proposition 3.3, we have ∥uεn∥L∞(B+
3m) ≤ M , which gives

∥uεn∥Lq(B+
3m) ≤ M and ∥f ◦ uεn∥Lq(B+

3m) ≤ M (by the condition (F1)) for q ≥ 1,

where M is independent of n. In this proof, we use the genric constant M which

is independent of n for notational convenience. Then by the standard elliptic Lq-

estimates to (3.50)–(3.51) (cf. [2, 38]), we have

∥uεn∥W 2,q(B+
2m) ≤M

(
∥uεn∥Lq(B+

3m) + ∥f ◦ uεn∥Lq(B+
3m)

)
≤M

for q > 1 and n ∈ N. Hence by Sobolev’s compact embedding theorem, we get

∥uεn∥C1,α(B+
2m) ≤ M and {uεn}∞n=1 is precompact in C1,α(B

+

2m). Applying Schauder’s

estimate to (3.50)–(3.51) (cf. [2, 38]), we get

∥uεn∥C2,α(B
+
m)

≤M
(
∥uεn∥C0,α(B

+
2m)

+ ∥f ◦ uεn∥C0,α(B
+
2m)

)
≤M

for n ∈ N, and {uεn}∞n=1 is precompact in C2,α(B
+

m) for m ∈ N.

Now we use the precompactness of {uεn}∞n=1 in C2,α(B
+

m) for m ∈ N, and the

diagonal process argument to obtain the solution uk,p to (3.52)–(3.53). As m = 1,

the precompactness of {uεn}∞n=1 in C2,α(B
+

1 ) implies that there exist a subsequence
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{ε1n}∞n=1 of {εn}∞n=1 and a function u1 ∈ C2,α(B
+

1 ) such that lim
n→∞

∥uε1n−u1∥C2,α(B
+
1 )

=

0. As m = 2, the precompactness of {uε1n}∞n=1 in C2,α(B
+

2 ) implies that there ex-

ist a subsequence {ε2n}∞n=1 of {ε1n}∞n=1 and a function u2 ∈ C2,α(B
+

2 ) such that

lim
n→∞

∥uε2n − u2∥C2,α(B
+

2 ) = 0. Note that u2

∣∣∣
B

+
1

= u1 because {uε2n}∞n=1 is a subse-

quence of {uε1n}∞n=1. Consequently, for m ∈ N, the precompactness of {uεmn}∞n=1

in C2,α(B
+

m) implies that there exist a subsequence {ε(m+1)n}∞n=1 of {εmn}∞n=1 and

a function um+1 ∈ C2,α(B
+

m+1) such that lim
n→∞

∥uε(m+1)n
− um+1∥C2,α(B

+
m+1)

= 0 and

um+1

∣∣∣
B

+
m

= um. Note that {εnn}∞n=m is a subsequence of {εmn}∞n=1 for m ∈ N. Hence

lim
n→∞

∥uεnn − um∥C2,α(B
+
m)

= 0 for m ∈ N. For z ∈ Rd

+, we define uk,p(z) = um(z),

where m ∈ N is sufficiently large such that z ∈ B
+

m. Here we have used the fact that

uℓ

∣∣∣
B

+
m

= um for ℓ ≥ m and ℓ ∈ N because of um+1

∣∣∣
B

+
m

= um for m ∈ N. Clearly,

uk,p ∈ C2,α
loc (R

d

+) satisfies

uk,p

∣∣∣
B

+
m

= um and lim
n→∞

∥uεnn − uk,p∥C2,α(B
+
m)

= 0 for m ∈ N. (3.54)

Now we show that uk,p satisfies (3.52)–(3.53). From (3.50)–(3.51), uεnn satisfies

d∑
i,j=1

aij(z)
∂2uεnn

∂zi∂zj
+

d∑
j=1

bj(z)
∂uεnn

∂zj
+ f(uεnn) = 0 in B+

m, (3.55)

uεnn − γk
∂uεnn

∂zd
= ϕbd,k on B

+

m ∩ ∂Rd
+ (3.56)

for m,n ∈ N, where B+
m = {z = (z′, zd) ∈ Rd : |z| < m, zd > 0}. Fix m ∈ N

arbitrarily and let n→ ∞. Then by (3.47)–(3.48) and (3.54)–(3.56), uk,p satisfies

∆uk,p + f(uk,p) = 0 in B+
m,

uk,p − γk
∂uk,p
∂zd

= ϕbd,k on B
+

m ∩ ∂Rd
+

for m ∈ N, which implies (3.52)–(3.53). Hence we complete the proof of Lemma 3.5.

For the equation (3.52) together with the boundary condition (3.53), we can

establish the following exponential-type estimate of uk,p.

Lemma 3.6. For p ∈ ∂Ωk and k ∈ {0, 1, . . . , K}, the solution uk,p to (3.52)–(3.53)

satisfies

|uk,p(z)− ϕ∗| ≤ 2C1 exp(−C2z
d) (3.57)
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for z = (z′, zd) ∈ Rd

+ and zd ≥ (d − 1)/(4C2), where C1 > 0 is a constant (inde-

pendent of ε) given in Proposition 3.3 such that |ϕε(x) − ϕ∗| ≤ C1 for x ∈ Ω, and

C2 = mf ([ϕ
∗ − C1, ϕ

∗ + C1])/8 > 0.

Proof. Let z = (z′, zd) ∈ Rd

+ arbitrarily with zd ≥ (d − 1)/(4C2). Then let u± be

the solution to

∆u± + f(u±) = 0 in Bzd(z), (3.58)

u± = ϕ∗ ± C1 on ∂Bzd(z). (3.59)

We claim that

u− ≤ uk,p ≤ u+ in Bzd(z). (3.60)

We first prove u+ ≥ uk,p and set u+k,p := u+ − uk,p in Bzd(z). Then by (3.52) and

(3.58)–(3.59), u+k,p satisfies

∆u+k,p + c(z)u+k,p = 0 in Bzd(z), (3.61)

u+k,p = C1 − (uk,p − ϕ∗) ≥ 0 on ∂Bzd(z), (3.62)

where c(z) = (f(u+(z)) − f(uk,p(z)))/(u
+(z) − uk,p(z)) if u+(z) ̸= uk,p(z); c(z) =

f ′(uk,p(z)) if u+(z) = uk,p(z). Here we have used (3.49), Proposition 3.3 and

Lemma 3.5. Note that c(z) < 0 for z ∈ Bzd(z) because f is strictly decreasing

on R (cf. (F1)). Thus, we apply the maximum principle to (3.61)–(3.62) and obtain

u+k,p ≥ 0 in Bzd(z), which implies u+ ≥ uk,p in Bzd(z). Similarly, we can prove

u− ≤ uk,p in Bzd(z), and get (3.60). Since u± are the radial solutions to (3.58)–

(3.59), then by Proposition 3A.2 in Appendix 3A with ε = 1 and replacing BR(0),

r, Φε, Φbd, mf by Bzd(z), |z − z|, u±, ϕ∗ ± C1, we obtain

|u±(z)− ϕ∗| ≤ 2C1 exp(−C2(z
d − |z − z|)) for z ∈ Bzd(z). (3.63)

Here we have used the fact that zd ≥ (d− 1)/(4C2). Along with (3.60) and (3.63),

we obtain

|uk,p(z)− ϕ∗| = |uk,p(z′, zd)− ϕ∗| ≤ |u±(z′, zd)− ϕ∗| ≤ 2C1 exp(−C2z
d)

for z ∈ Rd
+ and zd ≥ (d− 1)/(4C2), which gives (3.57). Therefore, we complete the

proof of Lemma 3.6.
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From Lemma 3.5, the solution uk,p to (3.52)–(3.53) may, a priori, depend on the

sequence {εn}∞n=1 and on the point p ∈ ∂Ωk. To establish the independence from

the sequence and the point, we employ the moving plane arguments to prove that

uk,p satisfies uk,p(z) = uk(z
d) for z = (z′, zd) ∈ Rd

+ (see Proposition 3.7), where uk

is the unique solution to (3.7)–(3.9), and uk is independent of the sequence {εn}∞n=1

and the point p ∈ ∂Ωk. Consequently, we improve the results of Lemma 3.5 as

lim
ε→0+

∥uk,p,ε − uk∥C2,α(B
+
m)

= 0 for m ∈ N and α ∈ (0, 1), (3.64)

and

lim
ε→0+

uk,p,ε(z) = uk(z
d) for z = (z′, zd) ∈ Rd

+, (3.65)

where uk,p,ε is defined in (3.49). Below are the details.

Proposition 3.7. For p ∈ ∂Ωk and k ∈ {0, 1, . . . , K}, the solution uk,p to (3.52)–

(3.53) satisfies

(a) uk,p depends only on the variable zd, i.e., uk,p(z) = uk,p(z
d) for z = (z′, zd) ∈

Rd

+.

(b) uk,p is independent of p and depends only on k, i.e., uk,p(z
d) = uk(z

d) for

zd ∈ [0,∞), where uk is the unique solution to (3.7)–(3.9).

Proof. To prove (a), we fix p ∈ ∂Ωk, k ∈ {0, 1, . . . , K} and h ∈ Rd−1−{0} arbitrarily.

For notational convenience, we denote uk,p by u in the proof of (a). To use the moving

plane arguments, we define ũ by

ũ(z) = u(z′ + h, zd)− u(z) for z = (z′, zd) ∈ Rd

+. (3.66)

For the proof of (a), it suffices to show ũ ≡ 0, which is equivalent to showing

sup
Rd
+

ũ = 0 and inf
Rd
+

ũ = 0. We first prove sup
Rd
+

ũ = 0. Suppose by contradiction that

ζ := sup
Rd
+

ũ > 0.

By (3.57) and (3.66), we have

|ũ(z)| ≤ |u(z′ + h, zd)− ϕ∗|+ |u(z)− ϕ∗| ≤ 4C1 exp(−C2z
d)
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for z = (z′, zd) ∈ Rd

+ and zd ≥ (d−1)/(4C2). Clearly, there exists L > (d−1)/(4C2)

such that 4C1 exp(−C2L) ≤ ζ/2 and

|ũ(z)| ≤ ζ/2 for z = (z′, zd) ∈ Rd
+ and zd ≥ L. (3.67)

Note that ũ (defined in (3.66)) may depend on h, but L is independent of h (because

C1 and C2 are independent of h). Thus

ζ = sup
Rd
+

ũ = sup
Rd−1×[0,L]

ũ > 0. (3.68)

Then from (3.52)–(3.53), ũ satisfies

∆ũ+ c1(z)ũ = 0 in Rd
+, (3.69)

ũ− γk∂zdũ = 0 on ∂Rd
+, (3.70)

where

c1(z) =


f(u(z′ + h, zd))− f(u(z))

u(z′ + h, zd)− u(z)
if u(z′ + h, zd) ̸= u(z),

f ′(u(z)) if u(z′ + h, zd) = u(z).

Note that c1(z) < 0 for z ∈ Rd
+ because of the strict decrease of f (cf. (F1)). By the

strong maximum principle applied to (3.69) in Rd−1× (0, L) (cf. [38, Theorem 3.5]),

ũ has no interior maximum point in Rd−1 × (0, L). Moreover, by (3.67) and (3.68),

the maximum point of ũ cannot be located on Rd−1 × {L} . On the other hand,

by (3.70), the maximum point of ũ cannot be located on ∂Rd
+ because ∂zdũ(z

′, 0) =

ũ(z′, 0)/γk = ζ/γk > 0 if (z′, 0) is the maximum point of ũ, i.e., ũ(z′, 0) = ζ. Hence

there exists a sequence zn = (z′n, z
d
n) ∈ Rd−1 × [0, L] with lim

n→∞
|z′n| = ∞ and

lim
n→∞

zdn = zd∞ ∈ [0, L] (3.71)

such that

lim
n→∞

ũ(z′n, z
d
n) = ζ. (3.72)

Let

un(z) = u(z′ + z′n, z
d) for n ∈ N and z = (z′, zd) ∈ Rd

+. (3.73)

By the translation invariance (to z′) of (3.52)–(3.53), un satisfies

∆un + f(un) = 0 in Rd
+,
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un − γk∂zdun = ϕbd,k on ∂Rd
+.

Note that by (3.49), Proposition 3.3, and Lemma 3.5, ∥un∥L∞(Rd
+) ≤ C1 + |ϕ∗| for

n ∈ N. Then similar to Lemma 3.5, we can apply the elliptic Lq-estimate, Sobolev’s

compact embedding theorem, Schauder’s estimate and the diagonal process to get

a subsequence {unjj
}∞j=1 of {un}∞n=1 such that

lim
j→∞

∥unjj
− u∞∥C2,α(B

+
m)

= 0 for m ∈ N and α ∈ (0, 1), (3.74)

where u∞ ∈ C2,α
loc (R

d

+) satisfies

∆u∞ + f(u∞) = 0 in Rd
+, (3.75)

u∞ − γk∂zdu∞ = ϕbd,k on ∂Rd
+. (3.76)

Now we derive the contradiction and conclude that ζ = sup
Rd
+

ũ = sup
Rd−1×[0,L]

ũ = 0

(cf. (3.68)). Let

ũ∞(z) = u∞(z′ + h, zd)− u∞(z) for z = (z′, zd) ∈ Rd−1 × [0, L]. (3.77)

From (3.68), we have ζ ≥ ũ(z) for z ∈ Rd−1× [0, L]. Then by (3.66) and (3.73) with

n = njj, we get

ζ ≥ unjj
(z′ + h, zd)− unjj

(z) for z ∈ Rd−1 × [0, L] and j ∈ N. (3.78)

We prove that ζ is the maximum value of ũ∞ as follows.

Claim 3.8. ũ∞ attains its maximum value ζ at (0, zd∞) ∈ Rd−1 × [0, L].

Proof of Claim 3.8. Fix z = (z′, zd) ∈ Rd−1 × [0, L] arbitrarily. Then there exists

m1 ∈ N such that z ∈ B
+

m1
and (z′+h, zd) ∈ B

+

m1
. By (3.74) with m = m1, we have

lim
j→∞

unjj
(z′ + h, zd) = u∞(z′ + h, zd) and lim

j→∞
unjj

(z) = u∞(z). (3.79)

Taking j → ∞ in (3.78), we use (3.77) and (3.79) to obtain

ζ ≥ u∞(z′ + h, zd)− u∞(z) = ũ∞(z). (3.80)

By (3.71), lim
j→∞

zdnjj
= zd∞ ∈ [0, L] and hence there exists a positive integer m2 such

that (h, zdnjj
) ∈ B

+

m2
and (0, zdnjj

) ∈ B
+

m2
for j ∈ N. Then we use (3.74) with m = m2

to get

lim
j→∞

unjj
(h, zdnjj

) = u∞(h, zd∞) and lim
j→∞

unjj
(0, zdnjj

) = u∞(0, zd∞). (3.81)
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By (3.66), (3.72) and (3.73) with n = njj,

ζ = lim
j→∞

[unjj
(h, zdnjj

)− unjj
(0, zdnjj

)],

and then along with (3.77), (3.80) and (3.81), we have

ζ = u∞(h, zd∞)− u∞(0, zd∞) = ũ∞(0, zd∞),

which completes the proof of Claim 3.8.

By (3.75)–(3.77), ũ∞ satisfies

∆ũ∞ + c2(z)ũ∞ = 0 in Rd−1 × (0, L), (3.82)

ũ∞ − γk∂zdũ∞ = 0 on ∂Rd
+, (3.83)

where

c2(z) =


f(u∞(z′ + h, zd))− f(u∞(z))

u∞(z′ + h, zd)− u∞(z)
if u∞(z′ + h, zd) ̸= u∞(z),

f ′(u∞(z)) if u∞(z′ + h, zd) = u∞(z).

Note that c2(z) < 0 for z ∈ Rd
+ because of (F1). Then by the strong maximum

principle to (3.82) (cf. [38, Theorem 3.5]), the maximum point (0, zd∞) of ũ∞ cannot

be an interior point of Rd−1 × (0, L). Hence either zd∞ = 0 or zd∞ = L. From (3.67),

(3.73) with n = njj, (3.77) and (3.81), we have ũ∞(0, L) ≤ ζ/2. Thus, by Claim 3.8,

zd∞ ̸= L, zd∞ = 0, ũ∞(0, 0) = ζ and (0, 0) is the maximum point of ũ∞ in Rd−1×[0, L].

However, (3.83) gives

0 < ζ = ũ∞(0, 0) = γk∂zdũ∞(0, 0) ≤ 0,

which leads to a contradiction. Hence we obtain ζ = sup
Rd
+

ũ = 0. Similarly, we can

prove inf
Rd
+

ũ = 0 by contradiction. Suppose that ζ ′ := − inf
Rd
+

ũ > 0. Then by (3.57)

and (3.66), we have |ũ(z)| ≤ ζ ′/2 for z = (z′, zd) ∈ Rd
+ and zd ≥ L for some L > 0

independent of h, and thus ζ ′ = − inf
Rd−1×[0,L]

ũ. Arguing as in (3.69)–(3.81), we can

prove ũ∞ attains its minimum value at (0, zd∞), where zd∞ ∈ [0, L]. Then we can

apply the maximum principle to (3.82)–(3.83) to get a contradiction and complete

the proof of (a).

To complete the proof, it remains to prove (b). By (a), uk,p = uk,p(z
d) solves

the ordinary differential equation (3.7) with the initial condition (3.8). Moreover,
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by the exponential-type estimate (3.57), uk,p satisfies the asymptotic formula (3.9).

Note that the equations (3.7)–(3.9) are independent of p. Hence by the uniqueness

of (3.7)–(3.9) (cf. Appendix 3B), uk,p is independent of p; we therefore denote it by

uk for k ∈ {0, 1, . . . , K}, which finalizes the proof of (b). Therefore, we complete

the proof of Proposition 3.7.

Using Proposition 3.7, we prove (3.64) and (3.65). Let T > 0, k ∈ {0, 1, . . . , K},

and p ∈ ∂Ωk. Then by (3.46), (3.49), and (3.64)–(3.65), we find the first-order

asymptotic expansions of ϕε and ∇ϕε:

ϕε(p− t
√
ενp) = uk,p,ε(ted) = uk(t) + oε(1), (3.84)

∇ϕε(p− t
√
ενp) = − 1√

ε
(u′k(t)νp + oε(1)) (3.85)

for 0 ≤ t ≤ T as ε→ 0+.

To derive the second-order asymptotic expansions of ϕε and ∇ϕε and capture

the asymptotic behavior of the term oε(1)/
√
ε in the next section, it is crucial to

establish the following exponential-type estimates of ϕε and ∇ϕε:

Proposition 3.9 (Exponential-type estimates of ϕε and ∇ϕε). Let Ω satisfy the

uniform interior sphere condition, i.e., there exists R > 0 such that BR(p−Rνp) ⊆ Ω

and ∂BR(p−Rνp) ∩ ∂Ω = {p} for p ∈ ∂Ω, where νp is the unit outer normal to ∂Ω

at p. Then we have

|ϕε(x)− ϕ∗| ≤ 2C1 exp

(
−C2δ(x)√

ε

)
, (3.86)

|∇ϕε(x)| ≤
M√
ε
exp

(
−C2δ(x)√

2ε

)
(3.87)

for x ∈ Ω and 0 < ε < ε∗, where C1 and C2 are positive constants given in Propo-

sition 3.3 and Lemma 3.6, respectively. Here ε∗ is a sufficiently small constant,

M > 0 is a positive constant independent of ε, and δ(x) = dist(x, ∂Ω) for x ∈ Ω.

Hereafter ε∗ > 0 is a sufficiently small constant, and M > 0 is a generic constant

independent of ε > 0.

Proof of Proposition 3.9. For x ∈ Ω, then by the uniform interior sphere condition

of Ω, there exists BR0(x0) ⊆ Ω with R0 ≥ R such that x ∈ BR0(x0) and ∂BR0(x0)∩

∂Ω ̸= ∅. Note that if δ(x) ≥ R, then we may set x0 = x and R0 = δ(x); if δ(x) < R,
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then we take x0 = px+(x− px)R/|x− px| and R0 = R, where px ∈ ∂Ω is the unique

closest point to x. Hence we have

R0 − |x− x0| = dist(x, ∂BR0(x0)) = δ(x) for x ∈ Ω. (3.88)

To show (3.86), we let ϕ±
ε be radial solutions to

−ε∆ϕ±
ε = f(ϕ±

ε ) in BR0(x0), (3.89)

ϕ±
ε = ϕ∗ ± C1 on ∂BR0(x0). (3.90)

The existence of solutions to (3.89)–(3.90) follows from the standard variational

method. Now we claim

ϕ−
ε (x) ≤ ϕε(x) ≤ ϕ+

ε (x) for x ∈ BR0(x0). (3.91)

We first prove ϕ+
ε ≥ ϕε. Let ϕ

+

ε := ϕ+
ε −ϕε in BR0(x0). Then by (3.1), (3.89)–(3.90)

and Proposition 3.3, ϕ
+

ε satisfies

ε∆ϕ
+

ε + c(x)ϕ
+

ε = 0 in BR0(x0), (3.92)

ϕ
+

ε = C1 − (ϕε − ϕ∗) ≥ 0 on ∂BR0(x0), (3.93)

where c(x) = (f(ϕ+
ε (x)) − f(ϕε(x)))/(ϕ

+
ε (x) − ϕε(x)) if ϕ+

ε (x) ̸= ϕε(x); c(x) =

f ′(ϕε(x)) if ϕ
+
ε (x) = ϕε(x). Note that c(x) < 0 for x ∈ BR0(x0) because f is strictly

decreasing on R (cf. (F1)). Thus, we apply the maximum principle to (3.92)–(3.93)

and obtain ϕ
+

ε ≥ 0 in BR0(x0), which implies ϕ+
ε ≥ ϕε in BR0(x0). Similarly, we

prove ϕ−
ε ≤ ϕε in BR0(x0), and get (3.91). Since ϕ±

ε are the radial solutions to

(3.89)–(3.90), then by (3.88) and Proposition 3A.2 (in Appendix 3A) by replacing

BR(0) with BR0(x0), we may use the fact that R0 ≥ R and obtain

|ϕ±
ε (x)− ϕ∗| ≤ 2C1 exp

(
−C2 dist(x, ∂BR0(x0))√

ε

)
= 2C1 exp

(
−C2δ(x)√

ε

)
(3.94)

for x ∈ BR0(x0) and 0 < ε < 8(C2R)
2/(d− 1)2, which gives (3.86).

To get (3.87), we first claim

|∇ϕε(x)| ≤M/
√
ε for x ∈ Ω and 0 < ε < (δ(x))2, (3.95)

where M > 0 is independent of ε > 0. When x ∈ ∂Ω, we may use (3.85) to obtain

(3.95). Note that B√
ε(x1) ⊆ Ω for x1 ∈ Ω and 0 < ε < (δ(x1))

2. Set y = (x−x1)/
√
ε
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and ϕ̃ε(y) = ϕε(x1 +
√
εy). Then from (3.1), we have −∆ϕ̃ε = f(ϕ̃ε) in B1(0). By

the uniform boundedness of ϕε (cf. Proposition 3.3), we can apply the elliptic Lq-

estimate and obtain ∥ϕ̃ε∥W 2,q(B1/2(0)) ≤ M for q > 1. Using Sobolev’s compact

embedding theorem, we get ∥ϕ̃ε∥C1,α(B1/4(0)) ≤ M for α ∈ (0, 1). In particular, we

have |∇ϕ̃ε(0)| ≤M , which implies (3.95) holds true for x ∈ Ω.

Now we prove (3.87). By (3.1), we have

ε∆|∇ϕε|2 = 2ε
d∑

i,j=1

(
∂2ϕε
∂xj∂xi

)2

+ 2ε
d∑
j=1

∂ϕε
∂xj

∂

∂xj
∆ϕε

≥ −2∇ϕε · ∇(f(ϕε)) = −2f ′(ϕε)|∇ϕε|2 in BR0(x0).

(3.96)

Along with Proposition 3.3 and (F1), we have ε∆|∇ϕε|2 ≥ 128C2
2 |∇ϕε|2 in BR0(x0),

where C2 = mf ([ϕ
∗ − C1, ϕ

∗ + C1])/8 > 0 is given in Lemma 3.6. Let ϕε be the

solution to ε∆ϕε = 128C2
2ϕε in BR0(x0) with the Dirichlet boundary condition ϕε =

max
∂BR0

(x0)
|∇ϕε|2 on ∂BR0(x0). Then by the standard comparison principle, we obtain

|∇ϕε(x)|2 ≤ |ϕε(x)| ≤ 2

(
max

∂BR0
(x0)

|∇ϕε|2
)
exp

(
−
√
2C2 dist(x, ∂BR0(x0))√

ε

)
for x ∈ BR0(x0) and 0 < ε < 16(C2R)

2/(d− 1)2. Combining (3.95), we obtain

|∇ϕε(x0)| ≤
M√
ε
exp

(
−C2δ(x0)√

2ε

)
for 0 < ε < 16(C2R)

2/(d− 1)2,

which implies (3.87). Therefore, we complete the proof of Proposition 3.9.

By Proposition 3.9, it is clear that Theorem 3.1(b) holds true.

3.2.2 Second-order asymptotic expansion of ϕε in Ωk,ε

In this section, we prove the second-order asymptotic expansion of ϕε near the

boundary ∂Ωk for k ∈ {0, 1, . . . , K}. Since dist(Ωi,Ωj) > 0 for i ̸= j ∈ {0, 1, . . . , K}

(cf. (D)), there exists ε∗ > 0 sufficiently small such that dist(Ωi,ε,β,Ωj,ε,β) ≥ d0 > 0

for i ̸= j and Ωk,ε,β = {x ∈ Ω : δk(x) := dist(x, ∂Ωk) < εβ} contains no focal

points for 0 < β < 1/2 and 0 < ε < ε∗ (cf. [16]), where d0 > 0 is independent of

ε. Then for x ∈ Ωk,ε,β, there exists a unique px ∈ ∂Ωk (the closest point to x) and

0 ≤ tx = δk(x)/
√
ε ≤ ε(2β−1)/2 such that x = px − tx

√
ενpx , where νpx is the unit

outer normal at px with respect to Ω = Ω0 −
⋃K
k=1Ωk. Hence (3.84)–(3.85) become

ϕε(x) = uk(δk(x)/
√
ε) + oε(1), (3.97)
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∇ϕε(x) = − 1√
ε
[u′k(δk(x)/

√
ε)νpx + oε(1)]. (3.98)

For the second-order term of ϕε, we use (3.97) to define the following function:

φk,ε(x) =
ϕε(x)− uk(δk(x)/

√
ε)√

ε
for x ∈ Ωk,ε,β and k = 0, 1, . . . , K, (3.99)

where uk is the unique solution to (3.7)–(3.9), and δk(x) = dist(x, ∂Ωk) for k =

0, 1, . . . , K. Then by (3.1), (3.7), and (3.99), φk,ε satisfies

ε∆φk,ε(x) + cε(x)φk,ε(x) = gε(x) for x ∈ Ωk,ε,β, (3.100)

where

cε(x) =


f(ϕε(x))− f(uk(δk(x)/

√
ε))

ϕε(x)− uk(δk(x)/
√
ε)

if ϕε(x) ̸= uk(δk(x)/
√
ε);

f ′(ϕε(x)) if ϕε(x) = uk(δk(x)/
√
ε),

(3.101)

gε(x) = (d− 1)H(px)u
′
k(δk(x)/

√
ε) + εβOε(1). (3.102)

Here we have used the fact that 0 ≤ δk(x) ≤ εβ, |∇δk(x)| = 1, and

∆δk(x) = −
d−1∑
i=1

κi
1− κiδk(x)

= −(d− 1)H(px) + εβOε(1) for x ∈ Ωk,ε,β, (3.103)

where κi are the principal curvatures at px ∈ ∂Ωk, and H(px) = (d − 1)−1
d−1∑
i=1

κi

is the mean curvature at px ∈ ∂Ωk (cf. [38, Lemma 14.17]). By (F1), (3.57) and

Proposition 3.3, cε(x) ≤ −64C2
2 < 0 for x ∈ Ωk,ε,β, where C2 = mf ([ϕ

∗ − C1, ϕ
∗ +

C1])/8. Moreover, gε is uniformly bounded with respect to ε in Ωk,ε because u
′
k is

bounded on [0,∞) by Proposition 3B.1 in Appendix 3B. For the boundary condition

of φk,ε, we use (3.4), (3.8), (3.45) and (3.99) to get

φk,ε + γk
√
ε∂νφk,ε = 0 on ∂Ωk. (3.104)

Then we prove the uniform boundedness of φk,ε as follows.

Proposition 3.10 (Uniform boundedness of φk,ε). There exists a constant M > 0

independent of ε such that max
Ωk,ε,β

|φk,ε| ≤M for k = 0, 1, . . . , K and 0 < ε < ε∗.

Proof. Fix k ∈ {0, 1, . . . , K}. It is equivalent to proving that max
Ωk,ε,β

φk,ε ≤ M and

min
Ωk,ε,β

φk,ε ≥ −M for some constant M > 0 independent of ε. First, we show that
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max
Ωk,ε,β

φk,ε ≤ M for 0 < ε < ε∗. Suppose by contradiction that there exists a se-

quence {εn}∞n=1 of positive numbers with lim
n→∞

εn = 0 and {xn}∞n=1 ⊂ Ωk,εn,β such

that φk,εn(xn) = max
Ωk,εn,β

φk,εn ≥ n for n ∈ N. Since 0 < β < 1/2, we may, with-

out loss of generality, assume that 8C1 exp(−C2ε
(2β−1)/2
n ) ≤ √

εn for all n ∈ N,

where C1 and C2 are given in Proposition 3.3 and Lemma 3.6, respectively. Note

that the maximum point xn cannot lie on the boundary ∂Ωk because from (3.104),

∂νφk,εn(xn) = −φk,εn(xn)/(γk
√
εn) ≤ −n/(γk

√
εn) < 0 if the maximum point

xn ∈ ∂Ωk. On the other hand, by (3.57) (with Proposition 3.7) and (3.86), we

have

|φk,εn(x)| ≤
|ϕεn(x)− ϕ∗|+ |uk(δk(x)/

√
εn)− ϕ∗|

√
εn

≤ 4C1√
εn

exp
(
−C2ε

(2β−1)/2
n

)
≤ 1

2

(3.105)

for δk(x) = εβn and n ∈ N. This shows that xn cannot lie on the boundary ∂Ωk,εn,β.

Hence xn ∈ Ωk,εn,β for all n ∈ N, which implies ∇φk,εn(xn) = 0 and ∆φk,εn(xn) ≤ 0

for n ∈ N. Thus by (3.100),

0 ≤ −εn∆φk,εn(xn) = cεn(xn)φk,εn(xn)− gεn(xn). (3.106)

Recall that gε is uniformly bounded, φk,εn(xn) ≥ n for n ∈ N, and cε ≤ −64C2
2 < 0

in Ωk,ε for ε > 0. Letting n → ∞, we obtain lim
n→∞

cεn(xn)φk,εn(xn) = −∞, which

contradicts (3.106). Thus, max
Ωk,ε,β

φk,ε ≤ M for some constant M > 0 independent of

ε. Similarly, we may use (3.57), (3.86), (3.100) and (3.104) to prove min
Ωk,ε,β

φk,ε ≥ −M

for 0 < ε < ε∗, where M > 0 is independent of ε > 0. Therefore, we complete the

proof of Proposition 3.10.

To study the asymptotic expansion of φk,ε, we first claim that Ψp(B
+

ε(2β+1)/2) ⊆

Ωk,ε,β for p ∈ ∂Ωk, k ∈ {0, 1, . . . , K} and sufficiently small ε > 0 because

δk(Ψp(y)) = |δk(Ψp(y))− δk(p)| ≤ C|Ψp(y)− p| ≤ C ′|y| ≤ εβ

for y ∈ B
+

ε(2β+1)/2 , p ∈ ∂Ωk, k ∈ {0, 1, . . . , K} and sufficiently small ε > 0, where Ψp

is the diffeomorphism in (3.43), C = C(Ω) and C ′ = C ′(p,Ω) are positive constants

independent of y. Here we have used the facts that δk(p) = 0, ψp(p
′) = pd (cf. (D1))

and the smoothness of ψp and δk. Hence there exists ε∗ > 0 sufficiently small such

that Ψp(B
+

ε(2β+1)/2) ⊂ Ωk,ε,β ∩ Ψp(B
+

b ) for 0 < ε < ε∗. As in Section 3.2.1, we apply
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the principal coordinate system (3.43) to the neighborhood Ψp(B
+

ε(2β+1)/2), rescale

the spatial variable y by
√
ε and define

Wk,p,ε(z) = φk,ε(Ψp(
√
εz)) for z ∈ B

+

ε(2β−1)/2 and 0 < ε < ε∗. (3.107)

Note thatWk,p,ε is well-defined due to Ψp(B
+

ε(2β+1)/2) ⊂ Ωk,ε,β∩Ψp(B
+

b ) for 0 < ε < ε∗.

By Lemma 3.4 and equations (3.100)–(3.104), Wk,p,ε satisfies

d∑
i,j=1

aij(z)
∂2Wk,p,ε

∂zi∂zj
+

d∑
j=1

bj(z)
∂Wk,p,ε

∂zj
+ cε(z)Wk,p,ε = gε(z) in B+

ε(2β−1)/2 , (3.108)

Wk,p,ε − γk∂zdWk,p,ε = 0 on B
+

ε(2β−1)/2 ∩ ∂Rd
+

(3.109)

for 0 < ε < ε∗, where aij and bj are given in (3.47)–(3.48), and

cε(z) =


f(uk(z

d) +
√
εWk,p,ε(z))− f(uk(z

d))√
εWk,p,ε(z)

if Wk,p,ε(z) ̸= 0;

f ′(uk(z
d)) if Wk,p,ε(z) = 0,

(3.110)

gε(z) = (d− 1)H(p)u′k(z
d) + εβOε(1). (3.111)

As in the proofs of Lemmas 3.5 and 3.6, we may use the uniform boundedness of φk,ε

(cf. Proposition 3.10) to prove the convergence of Wk,p,ε in C2,α(B
+

m) as ε tends to

zero (up to a subsequence) for m ∈ N and then prove the exponential-type estimate

of Wk,p.

Lemma 3.11. For any sequence {εn}∞n=1 of positive numbers with lim
n→∞

εn = 0,

α ∈ (0, 1), and p ∈ ∂Ωk (k ∈ {0, 1, . . . , K}), there exists a subsequence {εnn}∞n=1

such that lim
n→∞

∥Wk,p,εnn − Wk,p∥C2,α(B
+
m)

= 0 for m ∈ N, where Wk,p ∈ C2,α
loc (R

d

+)

satisfies

∆Wk,p + f ′(uk)Wk,p = (d− 1)H(p)u′k(z
d) in Rd

+, (3.112)

Wk,p − γk∂zdWk,p = 0 on ∂Rd
+. (3.113)

Moreover, there exists M > 0 such that Wk,p satisfies

|Wk,p(z)− (d− 1)H(p)vk(z
d)| ≤M exp(−C2z

d) (3.114)

for z = (z′, zd) ∈ Rd

+ and zd ≥ (d−1)/(4C2), where vk is the solution to (3.10)–(3.12)

and C2 is given in Lemma 3.6.
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From Lemma 3.11, the solution Wk,p to (3.112)–(3.113) may, a priori depend on

the sequence {εn}∞n=1. To establish the independence from the sequence, we apply

the moving plane arguments to prove Wk,p(z) = Wk,p(z
d) = (d − 1)H(p)vk(z

d) for

z = (z′, zd) ∈ Rd

+ (see Proposition 3.12 below), where vk is the unique solution to

(3.10)–(3.12), and vk is independent of the choice of sequence {εn}∞n=1 and point

p ∈ ∂Ωk. Therefore, the results of Lemma 3.11 can be improved as

lim
ε→0+

∥Wk,p,ε − (d− 1)H(p)vk∥C2,α(B
+
m)

= 0 for m ∈ N and α ∈ (0, 1), (3.115)

and

lim
ε→0+

Wk,p,ε(z) = (d− 1)H(p)vk(z
d) for z = (z′, zd) ∈ Rd

+, (3.116)

where Wk,p,ε is defined in (3.107). Below are the details.

Proposition 3.12. For p ∈ ∂Ωk and k ∈ {0, 1, . . . , K}, the solution Wk,p to

(3.112)–(3.113) satisfies

(a) Wk,p depends only on the variable zd, i.e., Wk,p(z) = Wk,p(z
d) for z = (z′, zd) ∈

Rd

+.

(b) Wk,p(z
d) = (d− 1)H(p)vk(z

d) for zd ∈ [0,∞), where vk is the unique solution

to (3.10)–(3.12).

As in Proposition 3.7, we may use the moving plane arguments to prove Propo-

sition 3.12. The proof of Proposition 3.12 is similar to that of Proposition 3.7 so we

omit it here.

We may use Proposition 3.12 to prove (3.115), (3.116), and Wk,p(z) = (d −

1)H(p)vk(z
d) for z = (z′, zd) ∈ Rd

+, where vk is the solution to (3.10)–(3.12). Let

T > 0, k ∈ {0, 1, . . . , K}, and p ∈ ∂Ωk. Then by (3.43), (3.107), (3.115)–(3.116)

and ∇δk(p− t
√
ενp) = −νp, we have

φk,ε(p− t
√
ενp) = Wk,p,ε(ted) = Wk,p(t) + oε(1) = (d− 1)H(p)vk(t) + oε(1)

(3.117)

and

∇φk,ε(p− t
√
ενp) = − 1√

ε
(W ′

k,p(t)νp + oε(1)) = − 1√
ε
((d− 1)H(p)v′k(t)νp + oε(1))

(3.118)
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for 0 ≤ t ≤ T as ε→ 0+. Combining (3.99), (3.107), and (3.117)–(3.118), we obtain

ϕε(p− t
√
ενp) = uk(t) +

√
ε
(
(d− 1)H(p)vk(t) + oε(1)

)
,

∇ϕε(p− t
√
ενp) = −

(
1√
ε
u′k(t) + (d− 1)H(p)v′k(t)

)
νp + oε(1)

for 0 ≤ t ≤ T as ε → 0+, which implies (3.5)–(3.6). Therefore, we complete the

proof of Theorem 3.1(a).

3.2.3 Proof of Corollary 3.1

We present the proof of Corollary 3.1. To prove (a), we integrate (3.17) over Ωk,T,ε

and apply the coarea formula (see [30,83]) to obtain∫
Ωk,T,ε

f(ϕε(x)) dx =
√
ε

∫ T

0

∫
∂Ωk

{f(uk(t)) +
√
ε[(d− 1)H(p)f ′(uk(t))vk(t) + oε(1)]}J (t, p) dSp dt,

(3.119)

where

J (t, p) = 1− t
√
ε(d− 1)H(p) + t

√
εoε(1) for p ∈ ∂Ωk and t ≥ 0, (3.120)

follows from Steiner’s formula (cf. [1,38,40]). Combining (3.7), (3.10), and (3.119)–

(3.120), we have∫
Ωk,T,ε

f(ϕε(x)) dx =
√
ε

∫ T

0

∫
∂Ωk

f(uk(t)) dSp dt

+ ε(d− 1)

(∫
∂Ωk

H(p) dSp

)(∫ T

0

[f ′(uk(t))vk(t)− tf(uk(t))] dt

)
+ εoε(1)

= −
√
ε|∂Ωk|

∫ T

0

u′′k(t) dt

+ ε(d− 1)

(∫
∂Ωk

H(p) dSp

)(∫ T

0

[u′k(t)− v′′k(t) + tu′′k(t)] dt

)
+ εoε(1)

=
√
ε|∂Ωk|(u′k(0)− u′k(T ))

+ ε(d− 1)

(∫
∂Ωk

H(p) dSp

)
(Tu′k(T ) + v′k(0)− v′k(T )) + εoε(1),

which completes the proof of (a).

We now prove (b). Note that

∂Ωk,T,ε,β = {p− T
√
ενp ∈ Ω : p ∈ ∂Ωk} ∪ {p− εβνp ∈ Ω : p ∈ ∂Ωk}

84



doi:10.6342/NTU202501331

is the union of two disjoint parallel surfaces to the boundary ∂Ωk. Integrating (3.1)

over Ωk,T,ε,β and applying the divergence theorem, we obtain∫
Ωk,T,ε,β

f(ϕε(x)) dx = −ε
∫
Ωk,T,ε,β

∆ϕε(x) dx

= −ε
∫
∂Ωk,T,ε,β

∂νxϕε(x) dSx

= −
∫
∂Ωk

(ε∂νpϕε(p− T
√
ενp))J (T, p) dSp

+

∫
∂Ωk

(ε∂νpϕε(p− εβνp))J (ε(2β−1)/2, p) dSp,

(3.121)

where νx is the unit outer normal at x ∈ ∂Ωk,T,ε,β with respect to Ωk,T,ε,β and

J (T, p) = 1− T
√
ε(d− 1)H(p) +

√
εoε(1),

J (ε(2β−1)/2, p) = 1− εβ(d− 1)H(p) + εβoε(1).
(3.122)

Here we have used Steiner’s formula in differential geometry (cf. [1, 40]). By (3.6),

we have

−
∫
∂Ωk

(ε∂νpϕε(p− T
√
ενp))J (T, p) dSp

= −
∫
∂Ωk

(ε∂νpϕε(p− T
√
ενp))[1− T

√
ε(d− 1)H(p) +

√
εoε(1)] dSp

=
√
ε

∫
∂Ωk

{u′k(T ) +
√
ε[(d− 1)H(p)v′k(T ) + oε(1)]}[1− T

√
ε(d− 1)H(p) +

√
εoε(1)] dSp

=
√
ε|∂Ωk|u′k(T ) + ε(d− 1)

(∫
∂Ωk

H(p) dSp

)
(−Tu′k(T ) + v′k(T )) + εoε(1).

(3.123)

On the other hand, by Theorem 3.1(b,ii), we have∣∣∣∣∫
∂Ωk

(ε∂νpϕε(p− εβνp))J (ε(2β−1)/2, p) dSp

∣∣∣∣ ≤ √
ε|∂Ωk|M ′ exp

(
−Mε(2β−1)/2

)
.

(3.124)

Combining (3.121)–(3.124) with 0 < β < 1/2, we get (b). By an argument similar

to that used in the proof of (b), one may use (3.124) to establish (c). Therefore, we

complete the proof of Corollary 3.1.
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3.3 Proof of Theorem 3.2

In this section, we derive the first- and second-order asymptotic expansions of the

solution ϕε to equation (3.2) with condition (3.4) under the charge neutrality con-

dition (3.3). Equation (3.2) with condition (3.4) can be denoted by

−ε∆ϕε = fε(ϕε) in Ω, (3.125)

ϕε + γk
√
ε∂νϕε = ϕbd,k on ∂Ωk for k = 0, 1, . . . , K, (3.126)

where fε = fε(ϕ) is defined as

fε(ϕ) =
I∑
i=1

mizi
Ai,ε

exp(−ziϕ) for ϕ ∈ R, and Ai,ε =

∫
Ω

exp(−ziϕε(y)) dy.

(3.127)

In Section 3.3.1, we prove the uniform boundedness of ϕε and show that fε satisfies

conditions (F1)–(F2) with the unique zero ϕ∗
ε for ε > 0. Thus, fε(ϕ) = f0(ϕ)+ oε(1)

for ϕ ∈ R, and (3.125) can be approximated by −ε∆ϕε = f0(ϕε)+ oε(1) in Ω, where

f0(ϕ) =
1

|Ω|

I∑
i=1

mizi exp(−zi(ϕ− ϕ∗
0)) for ϕ ∈ R,

and ϕ∗
0 is the pointwise limit of ϕε as ε tends to zero (see Remark 3.4). Note that f0

is strictly decreasing on R and has a unique zero ϕ∗
0. Hence we can use the method

of Section 3.2.1 to prove the first-order asymptotic expansions ϕε(p − t
√
ενp) =

uk(t) + oε(1) and ∇ϕε(p − t
√
ενp) = −ε−1/2(u′k(t)νp + oε(1)) for T > 0, p ∈ ∂Ωk,

and 0 ≤ t ≤ T , where uk is the unique solution to (3.21)–(3.23) (cf. Section 3.3.2).

To obtain the second-order asymptotic expansions of ϕε and ∇ϕε, it is essential to

show the uniform boundedness of |ϕ∗
ε − ϕ∗

0|/
√
ε in Section 3.3.3. We suppose, by

contradiction, that |ϕ∗
ε − ϕ∗

0|/
√
ε → ∞ as ε → 0+, and then derive the asymptotic

expansions of the integral terms Ai,ε in (3.127) and the nonlinear term fε. Then,

as in Sections 3.2.2 and 3.2.3, we obtain the asymptotic expansions of ϕε and ∇ϕε,

and hence the asymptotic expansions of total ionic charge over the regions Ωk,T,ε,

Ωk,T,ε,β, and Ωε,β (see Proposition 3.25), which contradicts the charge neutrality

condition (3.3). As a result, we show ϕ∗
ε = ϕ∗

0 +
√
ε(Q + oε(1)) (see (3.200) in

Remark 3.6). In Section 3.3.4, we use ϕ∗
ε = ϕ∗

0 +
√
ε(Q+ oε(1)) and follow a similar

argument of Section 3.3.3 to establish the asymptotic expansions of Ai,ε and get the
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further asymptotic expansion of fε: fε(ϕ) = f0(ϕ)+
√
ε(f1(ϕ)+ oε(1)) for ϕ ∈ R (cf.

(3.220)), where

f1(ϕ) = −Qf ′
0(ϕ) + f̂1(ϕ) for ϕ ∈ R. (3.128)

Here

f̂1(ϕ) =
1

|Ω|

I∑
i=1

m̂izi exp(−zi(ϕ− ϕ∗
0)) for ϕ ∈ R,

m̂i =
mi

|Ω|

K∑
k=0

|∂Ωk|
∫ ∞

0

[1− exp(−zi(uk(s)− ϕ∗
0))] ds for i = 1, . . . , I.

Consequently, equation (3.125) becomes

−ε∆ϕε = f0(ϕε) +
√
ε(f1(ϕε) + oε(1)) in Ω,

and we can apply the method of Section 3.2.2 to prove the second-order asymptotic

expansions of ϕε and ∇ϕε (cf. (3.19)–(3.20)). In Section 3.3.4, using the asymptotic

expansions of ϕε and ∇ϕε, we prove Corollary 3.2 and then apply Corollary 3.2 to

determine the unique value of Q, which verifies Remark 3.6. Therefore, we complete

the proof of Theorem 3.2.

3.3.1 Estimate of the solution ϕε and fε

Equation (3.2) with the boundary condition (3.4) is the Euler–Lagrange equation of

the following energy functional

E[ϕ] =
ε

2

∫
Ω

|∇ϕ|2 dx−
I∑
i=1

mi ln

(∫
Ω

exp(−ziϕ) dx
)
+
√
ε

K∑
k=0

1

2γk

∫
∂Ωk

(ϕ−ϕbd,k)2 dS

for ϕ ∈ H1(Ω). The existence and uniqueness of the smooth solution ϕε ∈ C∞(Ω)

was proved in [71]. Due to the charge neutrality condition (3.3), we prove the

uniform boundedness of the solution ϕε as follows.

Proposition 3.13 (Uniform boundedness of ϕε). Assume that ϕbd,k are not equal

and (3.3) holds true. Let ϕε ∈ C∞(Ω) be the unique solution to equations (3.125)–

(3.126). Then ϕε satisfies

ϕbd ≤ ϕε(x) ≤ ϕbd for x ∈ Ω and ε > 0, (3.129)

where ϕbd = min
0≤k≤K

ϕbd,k and ϕbd = max
0≤k≤K

ϕbd,k.

87



doi:10.6342/NTU202501331

Proof. We first prove that ϕε attains its maximum value at a boundary point. Sup-

pose by contradiction that ϕε attains the maximum value at an interior point x0 ∈ Ω.

It is clear that ϕε(x0) ≥ ϕε(y) for y ∈ Ω and ∆ϕε(x0) ≤ 0. Then by (3.3) withmi > 0

for i = 1, . . . , I, (3.125) and (3.127),

0 ≤ −ε∆ϕε(x0) =
I∑
i=1

mizi exp(−ziϕε(x0))∫
Ω
exp(−ziϕε(y)) dy

=
I∑
i=1

mizi∫
Ω
exp(−zi(ϕε(y)− ϕε(x0))) dy

≤
I∑
i=1

mizi
|Ω|

= 0,

which implies ϕε(x) = ϕε(x0) for x ∈ Ω. Hence by (3.4), ϕbd,k are equal but this

contradicts the assumption that ϕbd,k are not equal. Thus, ϕε must attain the

maximum value at a boundary point xk0 ∈ ∂Ωk0 for some k0 ∈ {0, 1, . . . , K} and

∂νϕε(xk0) ≥ 0. Moreover, from (3.4) with γk0 > 0, we obtain

ϕε(x) ≤ ϕε(xk0) = ϕbd,k0 − γk0
√
ε∂νϕε(xk0) ≤ ϕbd,k0 ≤ ϕbd for x ∈ Ω.

Similarly, we can prove that ϕε attains the minimum value at a boundary point and

hence ϕε ≥ ϕbd in Ω. Therefore, we complete the proof of Proposition 3.13.

By (3.127) and Proposition 3.13, we prove fε satisfies conditions (F1)–(F2).

Proposition 3.14. Assume that ϕbd,k are not equal and (3.3) holds true. Function

fε = fε(ϕ) is strictly decreasing on R and has a unique zero denoted by ϕ∗
ε ∈ (ϕbd, ϕbd)

(which depends on ε). Moreover, fε satisfies

|fε(ϕ)| ≤M for ϕ ∈ [ϕbd, ϕbd] and ε > 0, (3.130)

f ′
ε(ϕ) ≤ −C2

3 for ϕ ∈ R and ε > 0, (3.131)

where M and C3 are positive constants independent of ε > 0.

Hereafter M > 0 denotes a generic constant independent of ε > 0.

Proof. By (3.129), the integral term Ai,ε satisfies the following estimate:

α1 ≤ Ai,ε =

∫
Ω

exp(−ziϕε(y)) dy ≤ α2 for i = 1, . . . , I, (3.132)

where α1 and α2 are positive constants independent of ε. Note that zi ̸= 0 for

i = 1, . . . , I. Then from (3.127), we can use (3.132) to find

fε(ϕ) =
I∑
i=1

mizi
Ai,ε

exp(−ziϕ) =

(∑
zi>0

+
∑
zi<0

)
mizi
Ai,ε

exp(−ziϕ)
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≥
∑
zi>0

mizi
α2

exp(−ziϕ) +
∑
zi<0

mizi
α1

exp(−ziϕ) := g1(ϕ) for ϕ ∈ R,

and

fε(ϕ) =

(∑
zi>0

+
∑
zi<0

)
mizi
Ai,ε

exp(−ziϕ)

≤
∑
zi>0

mizi
α1

exp(−ziϕ) +
∑
zi<0

mizi
α2

exp(−ziϕ) := g2(ϕ) for ϕ ∈ R,

which gives

g1(ϕ) ≤ fε(ϕ) ≤ g2(ϕ) for ϕ ∈ R. (3.133)

Clearly, g1 and g2 are independent of ε, strictly decreasing on R and

lim
ϕ→±∞

gi(ϕ) = ∓∞ for i = 1, 2. (3.134)

Hence by (3.133), g1(ϕbd) ≤ fε(ϕ) ≤ g2(ϕbd) for ϕ ∈ [ϕbd, ϕbd], which implies (3.130).

Moreover, by (3.127) and (3.132), there exists C3 > 0 independent of ε such that

f ′
ε(ϕ) = −

I∑
i=1

miz
2
i

Ai,ε
exp(−ziϕ) ≤ −

I∑
i=1

miz
2
i

α1

exp(−ziϕ) ≤ −C2
3 for ϕ ∈ R,

which gives (3.131). Here C2
3 = α−1

1 min

{∑
zi<0

miz
2
i ,
∑
zi>0

miz
2
i

}
comes from

I∑
i=1

miz
2
i

α1

exp(−ziϕ) ≥
∑
zi<0

miz
2
i

α1

for ϕ ≥ 0

and
I∑
i=1

miz
2
i

α1

exp(−ziϕ) ≥
∑
zi>0

miz
2
i

α1

for ϕ ≤ 0

because of zizj < 0 for some i, j ∈ {1, . . . , I}. By (3.131) and (3.133)–(3.134), fε is

strictly decreasing and has a unique zero ϕ∗
ε ∈ R. To complete the proof, it remains

to show ϕ∗
ε ∈ (ϕbd, ϕbd) for ε > 0. If ϕ∗

ε ≥ ϕbd for some ε > 0, then by (3.129), ϕ∗
ε ≥

ϕε(x) for x ∈ Ω. Due to the strict decrease of fε, we have 0 = fε(ϕ
∗
ε) ≤ fε(ϕε(x))

for x ∈ Ω. Then by (3.3) and (3.127), we obtain

0 =

∫
Ω

fε(ϕ
∗
ε) dx ≤

∫
Ω

fε(ϕε(x)) dx =

∫
Ω

I∑
i=1

mizi exp(−ziϕε(x))∫
Ω
exp(−ziϕε(y)) dy

dx =
I∑
i=1

mizi = 0,

which implies fε(ϕε) ≡ fε(ϕ
∗
ε) = 0 and hence ϕε ≡ ϕ∗

ε in Ω. By (3.4), ϕbd,k are

equal but this is impossible because ϕbd,k are not equal. Thus ϕ∗
ε < ϕbd for ε > 0.

Similarly, we can prove ϕ∗
ε > ϕbd for ε > 0. Therefore, the proof of Proposition 3.14

is complete.
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By Propositions 3.13 and 3.14, we prove the asymptotic limit of ϕε in Ω as below.

Proposition 3.15. There exists a constant ϕ∗
0 ∈ [ϕbd, ϕbd] such that lim

ε→0+
ϕε(x) = ϕ∗

0

for x ∈ Ω (up to a subsequence).

Proof. We begin by proving

|∇ϕε(x)| ≤M ′/
√
ε for x ∈ Ω and 0 < ε < (δ(x))2, (3.135)

where M ′ > 0 is generic constant independent of ε > 0 and δ(x) = dist(x, ∂Ω)

for x ∈ Ω. Let x0 ∈ Ω be arbitrary and B√
ε(x0) ⊆ Ω for 0 < ε < (δ(x0))

2. Set

y = (x − x0)/
√
ε and ϕ̃ε(y) = ϕε(x0 +

√
εy). Then from (3.125), we have −∆ϕ̃ε =

fε(ϕ̃ε) in B1(0). By the uniform boundedness of ϕε and fε(ϕε) (cf. Propositions 3.13

and 3.14), we apply the elliptic Lq-estimate to obtain ∥ϕ̃ε∥W 2,q(B1/2(0)) ≤M ′ for q >

1. Then using Sobolev’s compact embedding theorem, we get ∥ϕ̃ε∥C1,α(B1/4(0)) ≤M ′

for α ∈ (0, 1). In particular, we have |∇ϕ̃ε(0)| ≤M ′, which gives |∇ϕε(x0)| ≤M ′/
√
ε

and (3.135).

Suppose that Ω′ is a smooth subdomain of Ω such that Ω′ ⊂⊂ Ω. We claim that

|∇ϕε(x)| ≤
M ′
√
ε
exp

(
−
√
2C3 dist(Ω

′, ∂Ω)

16
√
ε

)
for x ∈ Ω′ and 0 < ε < ε∗, (3.136)

where ε∗ > 0 is a sufficiently small constant depending on Ω′ and C3 > 0 is given in

(3.131). Let x1 ∈ Ω′ be arbitrary. Clearly, BR1(x1) ⊂⊂ Ω with R1 = dist(Ω′, ∂Ω)/2.

Then we use (3.125) to obtain

ε∆|∇ϕε|2 = 2ε
d∑

i,j=1

(
∂2ϕε
∂xj∂xi

)2

+ 2ε
d∑
j=1

∂ϕε
∂xj

∂

∂xj
∆ϕε

≥ −2∇ϕε · ∇(fε(ϕε)) = −2f ′
ε(ϕε)|∇ϕε|2 in BR1(x1).

Along with (3.129) and (3.131), we obtain ε∆|∇ϕε|2 ≥ 2C2
3 |∇ϕε|2 in BR1(x1). Let ϕε

be the solution to ε∆ϕε = 2C2
3ϕε in BR1(x1) with the Dirichlet boundary condition

ϕε = max
∂BR1

(x1)
|∇ϕε|2. Then the standard comparison principle yields

|∇ϕε(x)|2 ≤ |ϕε(x)| ≤ 2

(
max

∂BR1
(x1)

|∇ϕε|2
)
exp

(
−
√
2C3 dist(x, ∂BR1(x1))

8
√
ε

)
(3.137)
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for x ∈ BR1(x1) and 0 < ε < ε∗. By (3.135) and (3.137), there exists ε∗ > 0

(depending on Ω′) such that

|∇ϕε(x1)| ≤
M ′
√
ε
exp

(
−
√
2C3R1

8
√
ε

)
=
M ′
√
ε
exp

(
−
√
2C3 dist(Ω

′, ∂Ω)

16
√
ε

)

for 0 < ε < ε∗, which gives (3.136).

To complete the proof, let {εn}∞n=1 be a sequence of positive numbers with

lim
n→∞

εn = 0. Since the sequence {ϕεn(x1)}∞n=1 is bounded (cf. Proposition 3.13), by

the Bolzano–Weierstrass theorem, there exists a subsequence {εnk
}∞k=1 of {εn}∞n=1

such that {ϕεnk
(x1)}∞k=1 converges to a number denoted by ϕ∗

0. Let y ∈ Ω′ arbi-

trarily. Then by (3.136) and Proposition 3.13, we have |ϕεnk
(y)− ϕεnk

(x1)| → 0 as

k → ∞, which implies lim
k→∞

ϕεnk
(y) = ϕ∗

0. Due to the arbitrary choice of Ω′, this

finalizes the proof of Proposition 3.15.

Remark 3.4. In Section 3.3.2, we will prove that ϕ∗
0 ∈ (ϕbd, ϕbd) is uniquely de-

termined by the algebraic equations (3.150)–(3.151), which improves upon Proposi-

tion 3.15 to yield

lim
ε→0+

ϕε(x) = ϕ∗
0 for x ∈ Ω. (3.138)

Moreover, we will use the first-order asymptotic expansion of ∇ϕε near the boundary

to improve the interior exponential-type estimate (3.136) (in the proof of Propo-

sition 3.15) and obtain the global exponential-type estimate (3.161) in Proposi-

tion 3.20.

By (3.138) and the uniform boundedness of ϕε (cf. Proposition 3.13), we apply

Lebesgue’s dominated convergence theorem to get

lim
ε→0+

fε(ϕ) =
I∑
i=1

mizi exp(−ziϕ)

lim
ε→0+

∫
Ω

exp(−ziϕε(y)) dy
=

1

|Ω|

I∑
i=1

mizi exp(−zi(ϕ− ϕ∗
0)) := f0(ϕ)

(3.139)

for ϕ ∈ R, and

lim
ε→0+

f ′
ε(ϕ) = −

I∑
i=1

miz
2
i exp(−ziϕ)

lim
ε→0+

∫
Ω

exp(−ziϕε(y)) dy
= − 1

|Ω|

I∑
i=1

miz
2
i exp(−zi(ϕ− ϕ∗

0)) = f ′
0(ϕ)

(3.140)
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for ϕ ∈ R. Note that ϕ∗
0 may depend on the choice of sequence {εn}∞n=1, so may f0.

By (3.3), (3.131), and (3.139)–(3.140), it is clear that ϕ∗
0 is the unique zero of f0,

and f0 satisfies

f ′
0(ϕ) ≤ −C2

3 for ϕ ∈ R. (3.141)

3.3.2 First-order asymptotic expansion of ϕε

To obtain the first-order asymptotic expansion of ϕε near the boundary ∂Ωk, we

define

uk,p,ε(z) = ϕε(Ψp(
√
εz)) for z ∈ B+

b/
√
ε
and p ∈ ∂Ωk, (3.142)

where ϕε is the solution to (3.125)–(3.126) and Ψp is defined in (3.43). As in (3.50)–

(3.51), we substitute (3.44)–(3.45) into (3.125)–(3.126) and get

d∑
i,j=1

aij(z)
∂2uk,p,ε
∂zi∂zj

+
d∑
j=1

bj(z)
∂uk,p,ε
∂zj

+ fε(uk,p,ε) = 0 in B+
b/
√
ε
, (3.143)

uk,p,ε − γk∂zduk,p,ε = ϕbd,k on B
+

b/
√
ε ∩ ∂Rd

+, (3.144)

where aij and bj are given in (3.47)–(3.48) and fε is defined in (3.127). As for Lem-

mas 3.5 and 3.6, we may use the uniform boundedness of ϕε (cf. Proposition 3.13)

and (3.139) to prove

Lemma 3.16. For any sequence {εn}∞n=1 of positive numbers with lim
n→∞

εn = 0,

α ∈ (0, 1), and p ∈ ∂Ωk (k ∈ {0, 1, . . . , K}), there exists a subsequence {εnn}∞n=1

such that lim
n→∞

∥uk,p,εnn −uk,p∥C2,α(B
+
m)

= 0 for m ∈ N, where uk,p ∈ C2,α
loc (R

d

+) satisfies

∆uk,p + f0(uk,p) = 0 in Rd
+, (3.145)

uk,p − γk∂zduk,p = ϕbd,k on ∂Rd
+. (3.146)

Moreover, uk,p satisfies the following exponential-type estimate

|uk,p(z)− ϕ∗
0| ≤ 2(ϕbd − ϕbd) exp(−C3z

d/8) (3.147)

for z = (z′, zd) ∈ Rd

+ and zd ≥ 2(d− 1)/C3, where ϕ
∗
0 is defined in Proposition 3.15

and C3 is the positive constant given in (3.131).
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From Lemma 3.16, the solution uk,p to (3.145)–(3.146) may, a priori, depend on

the sequence {εn}∞n=1 and on the point p ∈ ∂Ωk. To establish the independence,

we first use the moving plane arguments (as in Proposition 3.7) to prove that uk,p

satisfies uk,p(z) = uk(z
d) for z = (z′, zd) ∈ Rd

+, where uk is the unique solution to

(3.21)–(3.23), and uk is independent of the point p ∈ ∂Ωk. However, unlike Sec-

tion 3.2, the solution uk to (3.21)–(3.23) may still depend on the sequence {εn}∞n=1

because ϕ∗
0 (the unique zero of f0) may depend on the sequence {εn}∞n=1 (see Propo-

sition 3.15). To remove the dependence on the sequence, we prove that ϕ∗
0 is the

unique solution to the algebraic equations (3.150)–(3.151), which are independent

of the sequence {εn}∞n=1, in Proposition 3.18. Consequently, as in (3.64)–(3.65),

we may apply Propositions 3.17 and 3.18 to prove that uk,p,ε (defined in (3.142))

satisfies

lim
ε→0+

∥uk,p,ε − uk∥C2,α(B
+
m)

= 0 for m ∈ N and α ∈ (0, 1), (3.148)

and

lim
ε→0+

uk,p,ε(z) = uk(z
d) for z = (z′, zd) ∈ Rd

+, (3.149)

which improve the results of Lemma 3.16. Below are the details.

Proposition 3.17. For p ∈ ∂Ωk and k ∈ {0, 1, . . . , K}, the solution uk,p to (3.145)–

(3.146) satisfies

(a) uk,p depends only on the variable zd, i.e., uk,p(z) = uk,p(z
d) for z = (z′, zd) ∈

Rd

+.

(b) uk,p is independent of p and depends only on k, i.e., uk,p(z
d) = uk(z

d) for

zd ∈ [0,∞), where uk is the unique solution to (3.21)–(3.23).

The proof of Proposition 3.17 is similar to that of Proposition 3.7 because (3.145)–

(3.146) have the same form as (3.52)–(3.53) with f = f0, and f0 satisfies (F1)–(F2)

(cf. Proposition 3.15).

For the uniqueness of ϕ∗
0 in Remark 3.4, we use Propositions 3.15 and 3.17 to

prove
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Proposition 3.18. The value of ϕ∗
0 ∈ (ϕbd, ϕbd), defined in Proposition 3.15, is

uniquely determined by the following equations.

ϕbd,k − uk(0) = sgn(ϕbd,k − ϕ∗
0)γk

√√√√ 2

|Ω|

I∑
i=1

mi[exp(−zi(uk(0)− ϕ∗
0))− 1] for k = 0, 1, . . . , K,

(3.150)

K∑
k=0

|∂Ωk|u′k(0) =
K∑
k=0

|∂Ωk|
ϕbd,k − uk(0)

γk
= 0, (3.151)

where uk is the unique solution to (3.21)–(3.23).

Proof. It is clear that (3.150) follows from (3.267) (in Appendix 3B) with Φbd = ϕbd,k,

U0 = uk(0), ϕ
∗ = ϕ∗

0, γ = γk and F (ϕ) = F0(ϕ) = |Ω|−1
∑I

i=1mi(1 − exp(−zi(ϕ −

ϕ∗
0))). On the other hand, we integrate (3.125) over Ω and apply the divergence

theorem to get

K∑
k=0

∫
∂Ωk

ϕbd,k − ϕε
γk

dS =
√
ε

∫
∂Ω

∂νϕε dS =
1√
ε

∫
Ω

∆ϕε(x) dx

= − 1√
ε

∫
Ω

fε(ϕε) dx = − 1√
ε

I∑
i=1

mizi = 0.

(3.152)

Here we have used the conditions (3.3) and (3.4). By (3.46) and (3.149), lim
ε→0+

ϕε(p) =

lim
ε→0+

uk,p,ε(0) = uk(0) for p ∈ ∂Ωk. Thus, letting ε → 0+, (3.152) implies (3.151).

Hence ϕ∗
0 satisfies (3.150)–(3.151).

We now prove ϕ∗
0 ∈ (ϕbd, ϕbd). Recall that ϕ∗

0 ∈ [ϕbd, ϕbd] (cf. Proposition 3.15).

If ϕ∗
0 = ϕbd, then ϕ∗

0 ≥ ϕbd,k for k = 0, 1, . . . , K. When ϕ∗
0 = ϕbd,k, uk ≡ ϕ∗

0 on

[0,∞); when ϕ∗
0 > ϕbd,k, uk is strictly increasing on [0,∞) and uk(0) > ϕbd,k (cf.

Proposition 3B.1). Thus, uk(0) ≥ ϕbd,k for k = 0, 1, . . . , K. Along with (3.151),

uk(0) = ϕbd,k for k = 0, 1, . . . , K, which means ϕ∗
0 = ϕbd,k for k = 0, 1, . . . , K. This

cannot happen because ϕbd,k are not equal. Hence ϕ
∗
0 < ϕbd. Similarly, we can prove

ϕ∗
0 ̸= ϕbd. Consequently, ϕ

∗
0 ∈ (ϕbd, ϕbd).

To complete the proof, it remains to show that algebraic equations (3.150)–

(3.151) admit a unique solution ϕ∗
0. Suppose that there exist {εn}∞n=1 and {ε̃n}∞n=1

such that lim
n→∞

ϕ∗
εn = ϕ∗

0 and lim
n→∞

ϕ∗
ε̃n = ϕ̃∗

0. For k = 0, 1, . . . , K, let uk be the

solutions to

u′′k + f0(uk) = 0 in (0,∞),
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uk(0)− γku
′
k(0) = ϕbd,k,

lim
t→∞

uk(t) = ϕ∗
0,

and let ũk be the solutions to

ũ′′k + f̃0(ũk) = 0 in (0,∞),

ũk(0)− γkũ
′
k(0) = ϕbd,k,

lim
t→∞

ũk(t) = ϕ̃∗
0.

where

f0(ϕ) =
1

|Ω|

I∑
i=1

mizi exp(−zi(ϕ−ϕ∗
0)) and f̃0(ϕ) =

1

|Ω|

I∑
i=1

mizi exp(−zi(ϕ−ϕ̃∗
0)) for ϕ ∈ R.

As ϕ∗
0 = ϕ̃∗

0, it is clear that f0 = f̃0 and uk = ũk for k = 0, 1, . . . , K. Note that

(u0(0), u1(0), . . . , uK(0), ϕ
∗
0) and (ũ0(0), ũ1(0), . . . , ũK(0), ϕ̃

∗
0) satisfy (3.150)–(3.151).

Consequently, the values of uk(0) and ũk(0) depend on ϕ∗
0 and ϕ̃

∗
0, respectively. Now

we prove

Claim 3.19. ϕ∗
0 > ϕ̃∗

0 (ϕ∗
0 < ϕ̃∗

0, resp.) if and only if uk(0) > ũk(0) (uk(0) < ũk(0),

resp.) for all k = 0, 1, . . . , K.

Proof of Claim 3.19. We first suppose ϕ∗
0 > ϕ̃∗

0. Let

g(ϕ, s) =
1

|Ω|

I∑
i=1

mizi exp(−zi(ϕ− s)) for ϕ, s ∈ R.

It is obvious that g(ϕ, ϕ∗
0) = f0(ϕ) and g(ϕ, ϕ̃

∗
0) = f̃0(ϕ) for ϕ ∈ R. Since

∂sg(ϕ, s) =
1

|Ω|

I∑
i=1

miz
2
i exp(−zi(ϕ− s)) > 0 for s ∈ R,

the function g is increasing in s for ϕ ∈ R. Hence by the assumption ϕ∗
0 > ϕ̃∗

0, we

get

f0(ϕ) > f̃0(ϕ) for ϕ ∈ R. (3.153)

Suppose, to the contrary, that uk0(0) ≤ ũk0(0) for some k0 ∈ {0, 1, . . . , K}. Let

uk0 = uk0 − ũk0 on [0,∞). Then it is easy to verify that uk0(0) ≤ 0 and

u′′k0 + f0(uk0)− f̃0(ũk0) = 0 in (0,∞), (3.154)

95



doi:10.6342/NTU202501331

uk0(0)− γku
′
k0
(0) = 0, (3.155)

lim
t→∞

uk0(t) = ϕ∗
0 − ϕ̃∗

0 > 0. (3.156)

Since uk0(0) ≤ 0, we have u′k0(0) ≤ 0 by (3.155). Moreover, since f̃0 is strictly

decreasing, we use (3.153)–(3.154) to obtain

u′′k0(0) = f̃0(ũk0(0))− f0(uk0(0)) ≤ f̃0(uk0(0))− f0(uk0(0)) < 0.

Thus, by (3.156), there exists t1 ∈ (0,∞) such that uk0(t) < 0 on (0, t1), uk0(t1) = 0

and u′k0(t1) ≥ 0. Integrating (3.154) over [0, t1], we get

u′k0(t1)− u′k0(0) +

∫ t1

0

[f0(uk0(s))− f̃0(ũk0(s))] ds = 0,

which implies ∫ t1

0

[f0(uk0(s))− f̃0(ũk0(s))] ds = u′k0(0)− u′k0(t1) ≤ 0. (3.157)

Since f0 is strictly decreasing on R (cf. (3.141)) and uk0(t)− ũk0(t) = uk0(t) < 0 on

(0, t1), it follows that

f0(uk0(t))− f̃0(ũk0(t)) > f0(ũk0(t))− f̃0(ũk0(t)) > 0 for 0 < t < t1,

which contradicts (3.157). Here we have used (3.153) in the last inequality. There-

fore, we arrive at uk(0) > 0, which means uk(0) > ũk(0) for all k = 0, 1, . . . , K.

Similarly, we can prove ϕ∗
0 < ϕ̃∗

0 implies uk(0) < ũk(0) and thus complete proof of

Claim 3.19.

To complete the proof of Proposition 3.18, we combine Claim 3.19 and (3.151)

for uk and ũk to get the following contradiction:

0 =
K∑
k=0

|∂Ωk|
ϕbd,k − uk(0)

γk
̸=

K∑
k=0

|∂Ωk|
ϕbd,k − ũk(0)

γk
= 0 if ϕ∗

0 ̸= ϕ̃∗
0,

which implies ϕ∗
0 = ϕ̃∗

0 and uk(0) = ũk(0). Therefore, we complete the proof of

Proposition 3.18.

Consequently, we can use (3.43), (3.46), (3.142), and (3.148)–(3.149) to obtain

the first-order asymptotic expansions of ϕε and ∇ϕε:

ϕε(p− t
√
ενp) = uk(t) + oε(1), (3.158)
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∇ϕε(p− t
√
ενp) = − 1√

ε
(u′k(t)νp + oε(1)) (3.159)

for 0 ≤ t ≤ T as ε → 0+, where T > 0, k ∈ {0, 1, . . . , K}, and p ∈ ∂Ωk (as in

(3.84)–(3.85)).

To derive the second-order asymptotic expansions of ϕε and ∇ϕε and capture the

asymptotic behavior of the term oε(1)/
√
ε in the subsequent analysis, it is crucial

to establish the following exponential-type estimates of ϕε and ∇ϕε analogously to

Proposition 3.9:

Proposition 3.20 (Exponential-type estimates of ϕε and ∇ϕε). Under the hypoth-

esis of Theorem 3.2, let Ω satisfy the uniform interior sphere condition, i.e., there

exists R > 0 such that BR(p−Rνp) ⊆ Ω and ∂BR(p−Rνp)∩ ∂Ω = {p} for p ∈ ∂Ω,

where νp is the unit outer normal of ∂Ω at p. Then we have

|ϕε(x)− ϕ∗
ε| ≤ 2(ϕbd − ϕbd) exp

(
−C3δ(x)

8
√
ε

)
, (3.160)

|∇ϕε| ≤
M ′
√
ε
exp

(
−Mδ(x)√

ε

)
(3.161)

for x ∈ Ω and 0 < ε < ε∗, where C3 (given in (3.131)) is independent of ε and ϕ∗
ε is

defined in Proposition 3.14.

Proof. As in the proof of Proposition 3.9, the uniform interior sphere condition of

Ω ensures that there exists BR0(x0) ⊆ Ω with R0 ≥ R; hence (3.88) holds. To show

(3.160), we let ϕ±
ε be the solutions to

−ε∆ϕ±
ε = fε(ϕ

±
ε ) in BR0(x0), (3.162)

ϕ±
ε = ϕ∗

ε ± (ϕbd − ϕbd) on ∂BR0(x0), (3.163)

The existence of solutions to (3.162)–(3.163) follows from the standard variational

method because of the strict decrease of fε (cf. Proposition 3.14). Following the

argument of Proposition 3.9 for (3.91), with replacing f by fε, we obtain ϕ
−
ε ≤ ϕε ≤

ϕ+
ε in BR0(x0). Then by (3.88) and Proposition 3A.4 in Appendix 3A withM = C3,

|Φbd − ϕ∗
ε| = ϕbd − ϕbd and BR(0) = BR0(x0), we have

|ϕ±
ε (x)− ϕ∗

ε| ≤ 2(ϕbd − ϕbd) exp

(
−C3δ(x)

8
√
ε

)
for x ∈ BR0(x0) and 0 < ε < ε∗,

(3.164)
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which implies (3.160). As in (3.95), we can use (3.159) to improve the estimate

(3.135) as |∇ϕε(x)| ≤ M ′/
√
ε for x ∈ Ω and 0 < ε < (δ(x))2. Then (3.161) follows

from (3.131) and the standard comparison principle on (3.96) (with replacing f by

fε). Therefore, we complete the proof of Proposition 3.20.

Recall that δ(x) = dist(x, ∂Ω). By Proposition 3.20, it is clear that Theo-

rem 3.2(b) holds true.

3.3.3 Uniform boundedness of |ϕ∗
ε − ϕ∗

0|/
√
ε

From (3.138)–(3.139) and (3.160), the first-order asymptotic expansions of ϕ∗
ε, Ai,ε,

and fε are represented by

ϕ∗
ε = ϕ∗

0 + oε(1),

Ai,ε = |Ω| exp(−ziϕ∗
0) + oε(1) for i = 1, . . . , I,

fε(ϕ) = f0(ϕ) + oε(1) for ϕ ∈ R,

where Ai,ε =
∫
Ω
exp(−ziϕε(y)) dy, fε(ϕ) =

∑I
i=1(mizi/Ai,ε) exp(−ziϕ), and f0(ϕ) is

given in (3.30). To obtain the second-order asymptotic expansion of ϕε, we require

the second-order asymptotic expansions of fε and Ai,ε. Thus, it is necessary to show

the uniform boundedness of (ϕ∗
ε − ϕ∗

0)/
√
ε.

Suppose by contradiction that there exists a sequence {εn}∞n=1 such that lim
n→∞

|ϕ∗
εn−

ϕ∗
0|/

√
εn = ∞ and lim

n→∞
εn = 0. For notational convenience, we henceforth drop the

subscript n in this section so the assumption becomes

lim
ε→0+

|ϕ∗
ε − ϕ∗

0|√
ε

= ∞. (3.165)

A direct computation gives

f1,ε(ϕ) :=
fε(ϕ)− f0(ϕ)

ϕ∗
ε − ϕ∗

0

=
1

ϕ∗
ε − ϕ∗

0

I∑
i=1

mizi

(
exp(−ziϕ∗

0)

Ai,ε
− 1

|Ω|

)
exp(−zi(ϕ− ϕ∗

0))

= −
I∑
i=1

miziBi,ε

|Ω|[|Ω| exp(−ziϕ∗
0) + (ϕ∗

ε − ϕ∗
0)Bi,ε]

exp(−zi(ϕ− ϕ∗
0)) for ϕ ∈ R,

(3.166)
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where

Bi,ε =
Ai,ε − |Ω| exp(−ziϕ∗

0)

ϕ∗
ε − ϕ∗

0

=

∫
Ω

exp(−ziϕε(y))− exp(−ziϕ∗
0)

ϕ∗
ε − ϕ∗

0

dy (3.167)

for i = 1, . . . , I and ε > 0. Note that Bi,ε can be expressed by

Bi,ε = Ji,1 +
K∑
k=0

Ji,k,2 for i = 1, . . . , I, (3.168)

where

Ji,1 =

∫
Ωε,β

exp(−ziϕε(y))− exp(−ziϕ∗
0)

ϕ∗
ε − ϕ∗

0

dy, (3.169)

Ji,k,2 =

∫
Ωk,ε,β

exp(−ziϕε(y))− exp(−ziϕ∗
0)

ϕ∗
ε − ϕ∗

0

dy for k = 0, 1, . . . , K. (3.170)

Here Ωε,β = {x ∈ Ω : δ(x) ≥ εβ} and Ωk,ε,β = {x ∈ Ω : δk(x) < εβ} for 0 < β < 1/2

and k = 0, 1, . . . , K. Clearly, Ωk,ε,β are disjoint for sufficiently small ε > 0. Then

we may apply (3.160), (3.165), and (3.167) to get

Lemma 3.21. Bi,ε = −zi exp(−ziϕ∗
0)|Ω|+ oε(1) for i = 1, . . . , I.

Henceforth ε∗ > 0 is a sufficiently small constant, and M and M ′ are generic con-

stants independent of ε.

Proof. Fix i ∈ {1, . . . , I}. In view of (3.168), it suffices to determine the limits of

Ji,1 and Ji,k,2. We begin with an analysis of Ji,1 when zi > 0. By (3.160), we have

exp

[
−ziϕ∗

ε − ziM
′ exp

(
−Mδ(x)√

ε

)]
≤ exp(−ziϕε(x)) ≤ exp

[
−ziϕ∗

ε + ziM
′ exp

(
−Mδ(x)√

ε

)]
for x ∈ Ω and 0 < ε < ε∗, which implies

exp(−ziϕ∗
0)
{
exp[−ziM ′ exp(−Mδ(x)/

√
ε)] exp[−zi(ϕ∗

ε − ϕ∗
0)]− 1

}
≤ exp(−ziϕε(x))− exp(−ziϕ∗

0)

≤ exp(−ziϕ∗
0)
{
exp[ziM

′ exp(−Mδ(x)/
√
ε)] exp[−zi(ϕ∗

ε − ϕ∗
0)]− 1

} (3.171)

for x ∈ Ω and 0 < ε < ε∗. For x ∈ Ωε,β (i.e., δ(x) ≥ εβ) and 0 < ε < ε∗, (3.171)

becomes

exp(−ziϕ∗
0)
{
exp[−ziM ′ exp(−Mε(2β−1)/2)] exp[−zi(ϕ∗

ε − ϕ∗
0)]− 1

}
≤ exp(−ziϕε(x))− exp(−ziϕ∗

0)

≤ exp(−ziϕ∗
0)
{
exp[ziM

′ exp(−Mε(2β−1)/2)] exp[−zi(ϕ∗
ε − ϕ∗

0)]− 1
}
.

(3.172)
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Now we can combine (3.169) and (3.172) to get

exp(−ziϕ∗
0)|Ωε,β|

exp[−ziM ′ exp(−Mε(2β−1)/2)] exp[−zi(ϕ∗
ε − ϕ∗

0)]− 1

ϕ∗
ε − ϕ∗

0

≤Ji,1 ≤ exp(−ziϕ∗
0)|Ωε,β|

exp[ziM
′ exp(−Mε(2β−1)/2)] exp[−zi(ϕ∗

ε − ϕ∗
0)]− 1

ϕ∗
ε − ϕ∗

0

.

Along with the fact that

lim
ε→0+

exp[ziM
′ exp(−Mε(2β−1)/2)] exp[−zi(ϕ∗

ε − ϕ∗
0)]− 1

ϕ∗
ε − ϕ∗

0

= lim
ε→0+

exp[ziM
′ exp(−Mε(2β−1)/2)− zi(ϕ

∗
ε − ϕ∗

0)]− 1

ϕ∗
ε − ϕ∗

0

= −zi,

which follows from (3.165) and 0 < β < 1/2, we obtain

Ji,1 = −zi exp(−ziϕ∗
0)|Ω|+ oε(1) for i = 1, . . . , I. (3.173)

For the case of zi < 0, we can follow a similar argument to get (3.173).

Now it remains to estimate Ji,k,2. Fix k ∈ {0, 1, . . . , K}. For y ∈ Ωk,ε,β and

sufficiently small ε > 0, there exist unique p ∈ ∂Ωk and 0 ≤ s ≤ ε(2β−1)/2 such that

y = p− s
√
ενp. By the coarea formula (cf. [30, 83]), (3.170) becomes

Ji,k,2 =

∫
Ωk,ε,β

exp(−ziϕε(y))− exp(−ziϕ∗
0)

ϕ∗
ε − ϕ∗

0

dy

=

√
ε

ϕ∗
ε − ϕ∗

0

∫ ε(2β−1)/2

0

∫
∂Ωk

[exp(−ziϕε(p− s
√
ενp))− exp(−ziϕ∗

0)]J (s, p) dSp ds

for i = 1, . . . , I and k = 0, 1, . . . , K. Along with (3.120), we have

|Ji,k,2| ≤
2
√
ε

|ϕ∗
ε − ϕ∗

0|

∫ ε(2β−1)/2

0

∫
∂Ωk

| exp(−ziϕε(p− s
√
ενp))− exp(−ziϕ∗

0)| dSp ds.

(3.174)

From Propositions 3.13 and 3.15, |ϕε − ϕ∗
0| is uniformly bounded in Ω and ε > 0,

which implies that there exists M > 1 such that | exp[−zi(ϕε(x) − ϕ∗
0)] − 1| ≤

M |ϕε(x)− ϕ∗
0| for x ∈ Ω and 0 < ε < ε∗. Then by (3.160), we get

| exp(−ziϕε(x))− exp(−ziϕ∗
0)| = exp(−ziϕ∗

0)| exp[−zi(ϕε(x)− ϕ∗
0)]− 1|

≤M ′ exp

(
−Mδ(x)√

ε

)
+M ′|ϕ∗

ε − ϕ∗
0|

(3.175)

for x ∈ Ω and 0 < ε < ε∗. Combining (3.165), (3.174) and (3.175), we arrive at

|Ji,k,2| ≤
2
√
ε

|ϕ∗
ε − ϕ∗

0|

∫ ε(2β−1)/2

0

∫
∂Ωk

[M ′ exp(−Ms) +M ′|ϕ∗
ε − ϕ∗

0|] dSp ds

=
M ′√ε

|ϕ∗
ε − ϕ∗

0|
(1− exp(Mε(2β−1)/2)) +M ′εβ → 0 as ε→ 0+,

(3.176)
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for i = 1, . . . , I and k = 0, 1, . . . , K. Thus, combining (3.168), (3.173), and (3.176),

we complete the proof of Lemma 3.21.

Applying Lemma 3.21 to (3.166), we obtain

f1,ε(ϕ) = −
I∑
i=1

miziBi,ε

|Ω|[|Ω| exp(−ziϕ∗
0) + (ϕ∗

ε − ϕ∗
0)Bi,ε]

exp(−zi(ϕ− ϕ∗
0))

=
1

|Ω|

I∑
i=1

miz
2
i exp(−zi(ϕ− ϕ∗

0)) + oε(1) = −f ′
0(ϕ) + oε(1),

which implies

fε(ϕ) = f0(ϕ)− (ϕ∗
ε − ϕ∗

0)f
′
0(ϕ) + (ϕ∗

ε − ϕ∗
0)oε(1) for ϕ ∈ R. (3.177)

Regarding (3.99), we now define

φk,ε =
ϕε(x)− uk(δk(x)/

√
ε)

ϕ∗
ε − ϕ∗

0

for x ∈ Ωk,ε,β and k = 0, 1, . . . , K, (3.178)

where uk is the unique solution to (3.21)–(3.23) and δk(x) = dist(x, ∂Ωk) for k =

0, 1, . . . , K. Then by (3.2), (3.21), (3.103), and (3.177)–(3.178), φk,ε satisfies

ε∆φk,ε + cε(x)φk,ε = f ′
0(uk(δk(x)/

√
ε)) + oε(1) for x ∈ Ωk,ε,β, (3.179)

where

cε(x) =


fε(ϕε(x))− fε(uk(δk(x)/

√
ε))

ϕε(x)− uk(δk(x)/
√
ε)

if ϕε(x) ̸= uk(δk(x)/
√
ε);

f ′
ε(ϕε(x)) if ϕε(x) = uk(δk(x)/

√
ε).

For the boundary condition of φk,ε, we use (3.4), (3.21), (3.45) and (3.178) to get

φk,ε + γk
√
ε∂νφk,ε = 0 on ∂Ωk. (3.180)

Following Proposition 3.10, we prove the uniform boundedness of φk,ε:

Proposition 3.22. Suppose that (3.165) holds true. Then there exists a constant

M > 0 independent of ε such that max
Ωk,ε,β

|φk,ε| ≤ M for k = 0, 1, . . . , K and 0 < ε <

ε∗.

Proof. Fix k ∈ {0, 1, . . . , K}. It is equivalent to showing that max
Ωk,ε,β

φk,ε ≤ M and

min
Ωk,ε,β

φk,ε ≥ −M for some constant M > 0 independent of ε. We first prove that
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max
Ωk,ε,β

φk,ε ≤M for 0 < ε < ε∗. Suppose by contradiction that there exists a sequence

{εn}∞n=1 of positive numbers with lim
n→∞

εn = 0 and {xn}∞n=1 ⊂ Ωk,εn,β such that

φk,εn(xn) = max
Ωk,εn,β

φk,εn ≥ n for n ∈ N. Since 0 < β < 1/2, we may, without loss of

generality, assume that 8(ϕbd − ϕbd) exp(−C3ε
(2β−1)/2
n /8) ≤ |ϕ∗

εn − ϕ∗
0| for all n ∈ N,

, respectively. Note that the maximum point xn cannot lie on the boundary ∂Ωk

because from (3.180), ∂νφk,εn(xn) = −φk,εn(xn)/(γk
√
εn) ≤ −n/(γk

√
εn) < 0 if the

maximum point xn ∈ ∂Ωk. On the other hand, by (3.147) (with Proposition 3.17)

and (3.160), we have

|φk,εn(x)| ≤
|ϕεn(x)− ϕ∗

εn|+ |uk(δk(x)/
√
εn)− ϕ∗

0|+ |ϕ∗
εn − ϕ∗

0|
|ϕ∗
εn − ϕ∗

0|

≤ 1 +
4(ϕbd − ϕbd)

|ϕ∗
εn − ϕ∗

0|
exp

(
−C3

8
ε(2β−1)/2
n

)
≤ 3

2
for δk(x) = εβn and n ∈ N.

This shows that xn cannot lie on the boundary ∂Ωk,εn,β. Hence xn ∈ Ωk,εn,β for

all n ∈ N, which implies ∇φk,εn(xn) = 0 and ∆φk,εn(xn) ≤ 0 for n ∈ N. Thus by

(3.179),

0 ≤ −εn∆φk,εn(xn) = cεn(xn)φk,εn(xn)− f ′
0(uk(δk(x)/

√
εn)) + oεn(1). (3.181)

Recall that f ′
0(uk(t)) is uniformly bounded for t ∈ [0,∞), φk,εn(xn) ≥ n for n ∈ N,

and cε ≤ −C2
3 < 0 in Ωk,ε for ε > 0. Letting n→ ∞, we obtain lim

n→∞
cεn(xn)φk,εn(xn) =

−∞, which contradicts (3.181). Thus, max
Ωk,ε,β

φk,ε ≤ M for some constant M > 0 in-

dependent of ε. Similarly, we may use (3.147), (3.160), (3.179), and (3.180) to prove

min
Ωk,ε,β

φk,ε ≥ −M for 0 < ε < ε∗, where M > 0 is independent of ε > 0. Therefore,

we complete the proof of Proposition 3.22.

To derive a contradiction from (3.165), we study the asymptotic expansion of

φk,ε in Ωk,ε,β and define

Wk,p,ε(z) = φk,ε(Ψp(
√
εz)) for z ∈ B

+

ε(2β−1)/2 and 0 < ε < ε∗ (3.182)

(cf. (3.107)), where Ψp is given in (3.43). Similar to (3.108)–(3.111), Wk,p,ε satisfies

d∑
i,j=1

aij(z)
∂2Wk,p,ε

∂zi∂zj
+

d∑
j=1

bj(z)
∂Wk,p,ε

∂zj
+ cε(z)Wk,p,ε = f0(uk(z

d)) + oε(1) in B+
ε(2β−1)/2 ,

Wk,p,ε − γk∂zdWk,p,ε = 0 on B
+

ε(2β−1)/2 ∩ ∂Rd
+
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for 0 < ε < ε∗, where aij and bj are given in (3.47)–(3.48), and

cε(z) =


fε(uk(z

d) + (ϕ∗
ε − ϕ∗

0)Wk,p,ε(z))− fε(uk(z
d)

(ϕ∗
ε − ϕ∗

0)Wk,p,ε(z)
if Wk,p,ε(z) ̸= 0;

f ′
ε(uk(z

d)) if Wk,p,ε(z) = 0.

As in Lemma 3.11 of Section 3.2.2, we use the uniform boundedness of φk,ε (cf.

Proposition 3.22) to prove

Lemma 3.23. Suppose that (3.165) holds true. For any sequence {εn}∞n=1 of positive

numbers with lim
n→∞

εn = 0, α ∈ (0, 1), and p ∈ ∂Ωk (k ∈ {0, 1, . . . , K}), there exists a

subsequence {εnn}∞n=1 such that lim
n→∞

∥Wk,p,εnn −Wk,p∥C2,α(B
+
m)

= 0 for m ∈ N, where

Wk,p ∈ C2,α
loc (R

d

+) satisfies

∆Wk,p + f ′
0(uk)Wk,p = f ′

0(uk) in Rd
+, (3.183)

Wk,p − γk∂zdWk,p = 0 on ∂Rd
+. (3.184)

Moreover, there exists M > 0 such that Wk,p satisfies the following estimate

|Wk,p(z)− θk(z
d)| ≤M exp(−C3z

d/8) for z = (z′, zd) ∈ Rd

+ and zd ≥ 2(d− 1)/C3,

(3.185)

where C3 is given in (3.131) and θk = θk(t) is the solution to ordinary differential

equation

θ′′k + f ′
0(uk)θk = f ′

0(uk) in (0,∞), (3.186)

θk(0)− γkθ
′
k(0) = 0, (3.187)

lim
t→∞

θk(t) = 1. (3.188)

Remark 3.5. By the standard linear ODE theory, the unique solution θk to (3.186)–

(3.188) can be expressed explicitly as

θk(t) = 1− u′k(t)

u′k(0) + γkf0(uk(0))
for t ≥ 0. (3.189)

By (F1)–(F2), Proposition 3B.1, together with (3.189), it follows that

θ′k(0) =
f0(uk(0))

u′k(0) + γkf0(uk(0))
> 0. (3.190)

From Lemma 3.23, the solution Wk,p to (3.183)–(3.184) may, a priori, depend

on the sequence {εn}∞n=1 and on the point. To establish the independence from the
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sequence and the point, we apply the moving plane arguments, as in Propositions 3.7

and 3.12, to prove that Wk,p = Wk,p(z
d) = θk(z

d) for z = (z′, zd) ∈ Rd

+, where θk

is the unique solution to (3.186)–(3.188). Here θk is independent of the sequence

{εn}∞n=1 and the point p ∈ ∂Ωk. Consequently, the results of Lemma 3.23 can be

improved as

lim
ε→0+

∥Wk,p − θk∥C2,α(B
+
m)

= 0 for m ∈ N and α ∈ (0, 1), (3.191)

and

lim
ε→0+

Wk,p,ε(z) = θk(z
d) for z = (z′, zd) ∈ Rd

+, (3.192)

where Wk,p,ε is defined in (3.182). The details are provided below.

Proposition 3.24. Suppose that (3.165) holds true. For p ∈ ∂Ωk and k ∈ {0, 1, . . . , K},

the solution Wk,p to (3.183)–(3.184) satisfies

(a) Wk,p depends only on the variable zd, i.e., Wk,p(z) = Wk,p(z
d) for z = (z′, zd) ∈

Rd

+.

(b) Wk,p is independent of p and depends only on k, i.e., Wk,p(z
d) = θk(z

d) for

zd ∈ [0,∞), where θk is the unique solution to (3.186)–(3.188).

Proof. Following Proposition 3.12, we replace f with f0 and apply the moving plane

arguments to obtain (a). By (a), (3.185), and (3.188), Wk,p = Wk,p(z
d) satisfies

W ′′
k,p + f ′

0(uk)Wk,p = f ′
0(uk) in (0,∞),

Wk,p − γkW ′
k,p(0) = 0,

lim
t→∞

Wk,p(t) = 1.

By the uniqueness of the solution to (3.186)–(3.188), it follows thatWk,p ≡ θk, which

gives (b). This completes the proof of Proposition 3.24.

We may use Proposition 3.24 to prove (3.191), (3.192), and Wk,p(z) = θk(z
d)

for z = (z′, zd) ∈ Rd

+. Let T > 0, k ∈ {0, 1, . . . , K}, and p ∈ ∂Ωk. Then, under

the assumption (3.165), we can use (3.43), (3.182), (3.191)–(3.192), and ∇δk(p −

t
√
ενp) = −νp to get

φk,ε(p− t
√
ενp) = θk(t) + oε(1), ∇φk,ε(p− t

√
ενp) = − 1√

ε
[θ′k(t)νp + oε(1)]
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for 0 ≤ t ≤ T as ε→ 0+. Together with (3.178) and (3.182), we arrive at

ϕε(p− t
√
ενp) = uk(t) + (ϕ∗

ε − ϕ∗
0)θk(t) + (ϕ∗

ε − ϕ∗
0)oε(1), (3.193)

∇ϕε(p− t
√
ενp) = − 1√

ε
{[u′k(t) + (ϕ∗

ε − ϕ∗
0)θ

′
k(t)]νp + (ϕ∗

ε − ϕ∗
0)oε(1)} (3.194)

for 0 ≤ t ≤ T as ε→ 0+.

By (3.177) and (3.193), we have

fε(ϕε(p− t
√
ενp)) = f0(ϕε(p− t

√
ενp))− (ϕ∗

ε − ϕ∗
0)f

′
0(ϕε(p− t

√
ενp)) + (ϕ∗

ε − ϕ∗
0)oε(1)

= f0(uk(t)) + (ϕ∗
ε − ϕ∗

0)f
′
0(uk(t))[θk(t)− 1] + (ϕ∗

ε − ϕ∗
0)oε(1)

(3.195)

for 0 ≤ t ≤ T as ε → 0+. Combining (3.194)–(3.195), we then follow an argument

similar to that in Section 3.2.3 to obtain

Proposition 3.25. Suppose that (3.165) holds true. Then we have

(a)
∫
Ωk,T,ε

fε(ϕε(x)) dx =
√
ε|∂Ωk|(u′k(0)−u′k(T ))+

√
ε(ϕ∗

ε−ϕ∗
0)|∂Ωk|(θ′k(0)−θ′k(T ))+

√
ε(ϕ∗

ε − ϕ∗
0)oε(1),

(b)
∫
Ωk,T,ε,β

fε(ϕε(x)) dx =
√
ε|∂Ωk|u′k(T ) +

√
ε(ϕ∗

ε − ϕ∗
0)|∂Ωk|θ′k(T ) +

√
ε(ϕ∗

ε −

ϕ∗
0)εoε(1),

(c)
∣∣∣∫Ωε,β

fε(ϕε(x)) dx
∣∣∣ ≤ √

εM ′ exp
(
−Mε(2β−1)/2

)
for 0 < ε < ε∗ and 0 < β < 1/2, where |∂Ωk| is the surface area of ∂Ωk.

Proof. Following Corollary 3.1, we begin with (a). Integrating (3.195) over Ωk,T,ε

and applying the coarea formula (cf. [30, 83]) with (3.120), we get∫
Ωk,T,ε

fε(ϕε(x)) dx =
√
ε

∫ T

0

∫
∂Ωk

f0(uk(t)) dSp dt

+
√
ε(ϕ∗

ε − ϕ∗
0)

∫ T

0

∫
∂Ωk

f ′
0(uk(t))[θk(t)− 1] dSp dt+

√
ε(ϕ∗

ε − ϕ∗
0)oε(1).

Together with (3.21) and (3.186), we obtain∫
Ωk,T,ε

fε(ϕε(x)) dx =
√
ε|∂Ωk|

∫ T

0
(−u′′k(t)) dt+

√
ε(ϕ∗

ε − ϕ∗
0)|∂Ωk|

∫ T

0
(−θ′′k(t)) dt+

√
ε(ϕ∗

ε − ϕ∗
0)oε(1)

=
√
ε|∂Ωk|(u′k(0)− u′k(T )) +

√
ε(ϕ∗

ε − ϕ∗
0)|∂Ωk|(θ′k(0)− θ′k(T )) +

√
ε(ϕ∗

ε − ϕ∗
0)oε(1),

which gives (a).
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We now prove (b). As in (3.121), we integrate (3.2) over Ωk,T,ε,β and then apply

the divergence theorem to obtain∫
Ωk,T,ε,β

fε(ϕε(x)) dx = −ε
∫
Ωk,T,ε,β

∆ϕε(x) dx

= −ε
∫
∂Ωk,T,ε,β

∂νxϕε(x) dSx

= −
∫
∂Ωk

(ε∂νpϕε(p− T
√
ενp))J (T, p) dSp

+

∫
∂Ωk

(ε∂νpϕε(p− εβνp))J (ε(2β−1)/2, p) dSp,

(3.196)

where νx is the unit outer normal at x ∈ ∂Ωk,T,ε,β with respect to Ωk,T,ε,β, and

J (T, p) and J (ε(2β−1)/2, p) are given in (3.122). Then by (3.165) and (3.194), we

have

−
∫
∂Ωk

(ε∂νpϕε(p− T
√
ενp))J (T, p) dSp

= −
∫
∂Ωk

(ε∂νpϕε(p− T
√
ενp))[1− T

√
ε(d− 1)H(p) +

√
εoε(1)] dSp

=

∫
∂Ωk

[
√
εu′k(T ) +

√
ε(ϕ∗

ε − ϕ∗
0)θ

′
k(T )][1− T

√
ε(d− 1)H(p) +

√
εoε(1)] dSp

=
√
ε|∂Ωk|u′k(T ) +

√
ε(ϕ∗

ε − ϕ∗
0)|∂Ωk|θ′k(T ) +

√
ε(ϕ∗

ε − ϕ∗
0)oε(1).

(3.197)

On the other hand, by (3.161) in Proposition 3.20, we have∣∣∣∣∫
∂Ωk

(ε∂νpϕε(p− εβνp))J (ε(2β−1)/2, p) dSp

∣∣∣∣ ≤ √
ε|∂Ωk|M ′ exp

(
−Mε(2β−1)/2

)
.

(3.198)

Combining (3.196)–(3.198) with 0 < β < 1/2, we get (b). Following the argument

for (b), one may use (3.198) to prove (c). Therefore, we complete the proof of

Proposition 3.25.

We are now in a position to derive a contradiction from (3.165). By (3.2)–(3.3),

we observe that∫
Ω

fε(ϕε(x)) dx =
I∑
i=1

mizi exp(−ziϕε(x))∫
Ω
exp(−ziϕε(y)) dy

dx =
I∑
i=1

mizi = 0,

which implies

K∑
k=0

∫
Ωk,T,ε∪Ωk,T,ε,β

fε(ϕε(x)) dx =

∫
Ωε,β

fε(ϕε(x)) dx. (3.199)

106



doi:10.6342/NTU202501331

Along with (3.151), (3.165), and Proposition 3.25, we have

√
ε(ϕ∗

ε − ϕ∗
0)

K∑
k=0

|∂Ωk|θ′k(0) =
√
ε(ϕ∗

ε − ϕ∗
0)oε(1),

which gives
K∑
k=0

|∂Ωk|θ′k(0) = 0.

However, since θ′k(0) > 0 for all k = 0, 1, . . . , K (see (3.190) in Remark 3.5), we get

a contradiction, which shows (3.165) cannot hold true. Consequently, we establish

the uniform boundedness of |ϕ∗
ε − ϕ∗

0|/
√
ε.

Remark 3.6. Due to the uniform boundedness of |ϕ∗
ε − ϕ∗

0|/
√
ε, there exists a se-

quence {εn}∞n=1 with lim
n→∞

εn = 0 and a constant Q ∈ R such that (ϕ∗
εn−ϕ

∗
0)/

√
εn → Q

as n→ ∞. In Section 3.3.5, we will prove that Q is uniquely determined by (3.238),

which implies

ϕ∗
ε = ϕ∗

0 +
√
ε(Q+ oε(1)) as ε→ 0+. (3.200)

3.3.4 Second-order asymptotic expansion of ϕε in Ωk,ε

In this section, we will use uniform boundedness of |ϕ∗
ε − ϕ∗

0|/
√
ε (cf. (3.200)) to

derive the second-order asymptotic expansions of ϕε and ∇ϕε. As in Section 3.3.3,

we first study the second-order asymptotic expansions of fε and Ai,ε. A direct

computation of fε shows

f1,ε(ϕ) :=
fε(ϕ)− f0(ϕ)√

ε

= −
I∑
i=1

miziBi,ε

|Ω|[|Ω| exp(−ziϕ∗
0) +

√
εBi,ε]

exp(−zi(ϕ− ϕ∗
0)) for ϕ ∈ R,

(3.201)

where

Bi,ε =
Ai,ε − |Ω| exp(−ziϕ∗

0)√
ε

=

∫
Ω

exp(−ziϕε(y))− exp(−ziϕ∗
0)√

ε
dy (3.202)

for i = 1, . . . , I and ε > 0. Note that Bi,ε can be expressed by

Bi,ε = Ji,1 +
K∑
k=0

Ji,k,2 for i = 1, . . . , I, (3.203)
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where

Ji,1 =

∫
Ωε,β

exp(−ziϕε(y))− exp(−ziϕ∗
0)√

ε
dy, (3.204)

Ji,k,2 =

∫
Ωk,ε,β

exp(−ziϕε(y))− exp(−ziϕ∗
0)√

ε
dy for k = 0, 1, . . . , K. (3.205)

Here Ωε,β = {x ∈ Ω : δ(x) ≥ εβ} and Ωk,ε,β = {x ∈ Ω : δk(x) < εβ} for 0 < β < 1/2

and k = 0, 1, . . . , K. Clearly, Ωk,ε,β are disjoint for sufficiently small ε > 0. Using

(3.160), (3.202), and (3.200), we obtain the following result, similar to Lemma 3.2

in Section 3.3.3:

Lemma 3.26. Bi,ε = exp(−ziϕ∗
0)[−ziQ|Ω| − (m̂i/mi)|Ω|] + oε(1) for i = 1, . . . , I,

where uk is the unique solution to (3.21)–(3.23), and

m̂i =
mi

|Ω|

K∑
k=0

|∂Ωk|
∫ ∞

0

[exp(−zi(uk(s)− ϕ∗
0))− 1] ds for i = 1, . . . , I.

Remark 3.7. By (3.202) and Lemma 3.26, we obtain

Ai,ε = |Ω| exp(−ziϕ∗
0)+

√
ε exp(−ziϕ∗

0)

(
−ziQ|Ω| −

m̂i

mi

|Ω|+ oε(1)

)
for i = 1, . . . , I.

This allows us to compute the expansion of cbi,ε = mi/Ai,ε:

cbi,ε =
mi

Ai,ε
=

mi

|Ω| exp(−ziϕ∗
0)

(
1 +

√
ε

[
−ziQ− m̂i

mi

+ oε(1)

])−1

=
mi

|Ω| exp(−ziϕ∗
0)

(
1 +

√
ε

[
ziQ+

m̂i

mi

+ oε(1)

])
= cbi +

√
ε

(
miziQ exp(ziϕ

∗
0) + m̂i exp(ziϕ

∗
0)

|Ω|
+ oε(1)

)
for i = 1, . . . , I,

where cbi = mi|Ω|−1 exp(ziϕ
∗
0) for i = 1, . . . , I.

Proof of Lemma 3.26. To prove Lemma 3.26, we analyze Ji,1 and Ji,k,2 as in Sec-

tion 3.3.3. First, we compute the limit of Ji,1 using (3.160) and (3.200).

Claim 3.27. Ji,1 = −ziQ exp(−ziϕ∗
0)|Ω|+ oε(1) for i = 1, . . . , I.

Henceforth ε∗ > 0 is a sufficiently small constant, and M,M ′ > 0 are generic

constants independent of ε > 0.

Proof of Claim 3.27. Fix i ∈ {1, . . . , I}. We first consider the case of zi > 0. Then

by (3.160), we may follow the approach of (3.171)–(3.172) in Lemma 3.21 (with
√
ε
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scaling instead of ϕ∗
ε − ϕ∗

0) and apply (3.200) and (3.204) to obtain

exp(−ziϕ∗
0)

∣∣∣∣∣Ω−
K⋃
k=0

Ωk,ε,β

∣∣∣∣∣ exp(−ziQ
√
ε) exp[−ziM ′ exp(−Mε(2β−1)/2) +

√
εoε(1)]− 1√

ε

≤ Ji,1 ≤ exp(−ziϕ∗
0)

∣∣∣∣∣Ω−
K⋃
k=0

Ωk,ε,β

∣∣∣∣∣ exp(−ziQ
√
ε) exp[ziM

′ exp(−Mε(2β−1)/2) +
√
εoε(1)]− 1√

ε
.

Along with the fact that

lim
ε→0+

exp(−ziQ
√
ε) exp[±ziM ′ exp(−Mε(2β−1)/2) +

√
εoε(1)]− 1√

ε

= lim
ε→0+

exp[−ziQ
√
ε± ziM

′ exp(−Mε(2β−1)/2) +
√
εoε(1)]− 1√

ε
= −ziQ,

we obtain

Ji,1 = −ziQ exp(−ziϕ∗
0)|Ω|+ oε(1) for i = 1, . . . , I.

For the case of zi < 0, we can follow a similar argument and complete the proof of

Claim 3.27.

To obtain the boundedness of Ji,k,2 (defined in (3.205)), we employ (3.160),

(3.200), the principal coordinate system (cf. [38]), and the coarea formula (cf. [30,

83]), adapting techniques analogous to those in Section 3.3.3. Below are the details.

Claim 3.28. There exists M > 0 independent of ε such that |Ji,k,2| ≤ M for i =

1, . . . , I and k = 0, 1, . . . , K and 0 < ε < ε∗, where ε∗ > 0 is sufficiently small.

Proof of Claim 3.28. Similar to the analysis in Section 3.3.3, we consider y ∈ Ωk,ε,β =

{x ∈ Ω : δk(x) ≤ εβ}. For sufficiently small ε > 0, the point y can be expressed as

y = p − s
√
ενp, where p ∈ ∂Ωk, νp is the unit outer normal, and 0 ≤ s ≤ ε(2β−1)/2.

Then we apply the corea formula and (3.120) to get

Ji,k,2 =

∫
∂Ωk

∫ ε(2β−1)/2

0

[exp(−ziϕε(p− s
√
ενp))− exp(−ziϕ∗

0)]{1− s
√
ε[(d− 1)H(p) + oε(1)]} ds dSp

:= Ji,k,3 − Ji,k,4 for i = 1, . . . , I and k = 0, 1, . . . , K,

(3.206)

where

Ji,k,3 =

∫
∂Ωk

∫ ε(2β−1)/2

0

(exp(−ziϕε(p− s
√
ενp))− exp(−ziϕ∗

0)) ds dSp, (3.207)
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Ji,k,4 =
√
ε

∫
∂Ωk

∫ ε(2β−1)/2

0

s[exp(−ziϕε(p− s
√
ενp))− exp(−ziϕ∗

0)][(d− 1)H(p) + oε(1)] ds dSp.

(3.208)

By Propositions 3.13 and 3.15, |ϕε(x)− ϕ∗
0| is uniformly bounded for x ∈ Ω and

ε > 0, which implies that there existsM > 1 such that | exp(−zi(ϕε(x)−ϕ∗
0))−1| ≤

M |ϕε(x)− ϕ∗
0| for x ∈ Ω and 0 < ε < ε∗. Then by (3.160), we have

|exp(−ziϕε(x))− exp(−ziϕ∗
0)| ≤M ′ exp

(
−Mδ(x)/

√
ε
)
+M ′|ϕ∗

ε − ϕ∗
0| (3.209)

for x ∈ Ω and 0 < ε < ε∗. Using (3.200) and (3.209) with x = p− s
√
ενp, Ji,k,3 can

be estimated by

|Ji,k,3| =

∣∣∣∣∣
∫
∂Ωk

∫ ε(2β−1)/2

0

[
exp(−ziϕε(p− s

√
ενp))− exp(−ziϕ∗

0)
]
ds dSp

∣∣∣∣∣
≤M ′

∫ ε(2β−1)/2

0

[exp(−Ms) + |ϕ∗
ε − ϕ∗

0|] ds

=M ′(1− exp(−Mε(2β−1)/2)) +M ′ε(2β−1)/2|ϕ∗
ε − ϕ∗

0| ≤M for k = 0, 1, . . . , K.

(3.210)

On the other hand, due to the smoothness of ∂Ωk, there exists a positive constant

M independent of ε such that |(d − 1)H(p) + oε(1)| ≤ M for 0 < ε < ε∗. Using

(3.200) and (3.209) with x = p− s
√
ενp, Ji,k,4 can be estimated by

|Ji,k,4| =
√
ε

∣∣∣∣∣
∫
∂Ωk

∫ ε(2β−1)/2

0

s[exp(−ziϕε(p− s
√
ενp))− exp(−ziϕ∗

0)][(d− 1)H(p) + oε(1)] ds dSp

∣∣∣∣∣
≤M ′√ε

∫ ε(2β−1)/2

0

s [exp(−Ms) + |ϕ∗
ε − ϕ∗

0|] ds =
√
εOε(1) for k = 0, 1, . . . , K.

(3.211)

Combining (3.206)–(3.211), we arrive at |Ji,k,2| ≤ |Ji,k,3|+|Ji,k,4| ≤M for 0 < ε < ε∗,

which completes the proof of Claim 3.28.

To complete the proof of Lemma 3.26, we define

φk,ε(x) =
ϕε(x)− uk(δk(x)/

√
ε)√

ε
for x ∈ Ωk,ε,β and k = 0, 1, . . . , K, (3.212)

where uk is the unique solution to (3.21)–(3.23), δk(x) = dist(x, ∂Ωk) and Ωk,ε,β =

{x ∈ Ω : δk(x) ≤ εβ} for k = 0, 1, . . . , K. Note that (3.212) has the same form as

(3.99). Following the approach of Proposition 3.10 in Section 3.3.3, we claim
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Claim 3.29. There exists a constantM > 0 independent of ε such that max
Ωk,ε,β

|φk,ε| ≤

M for k = 0, 1, . . . , K and 0 < ε < ε∗.

Proof of Claim 3.29. Following the method of Section 3.2.2, we derive the partial

differential equation for φk,ε in Ωk,ε,β. As in (3.100), we use (3.2), (3.21), (3.103)

and (3.212) to get

ε∆φk,ε(x) = −fε(ϕε(x))− f0(uk(δk(x)/
√
ε))√

ε
+ [(d− 1)H(px) + εβOε(1)]u

′
k(δk(x)/

√
ε)

= −fε(ϕε(x))− fε(uk(δk(x)/
√
ε))√

ε
− fε(uk(δk(x)/

√
ε))− f0(uk(δk(x)/

√
ε))√

ε

+ [(d− 1)H(px) + εβOε(1)]u
′
k(δk(x)/

√
ε)

= −cε(x)φk,ε + gε(x) for x ∈ Ωk,ε,β,

where

cε(x) =


fε(ϕε(x))− fε(uk(δk(x)/

√
ε))

ϕε(x)− uk(δk(x)/
√
ε)

if ϕε(x) ̸= uk(δk(x)/
√
ε);

f ′
ε(ϕε(x)) if ϕε(x) = uk(δk(x)/

√
ε),

(3.213)

gε(x) = (d− 1)H(px)u
′
k(δk(x)/

√
ε)− f1,ε(uk(δk(x)/

√
ε)) + εβOε(1). (3.214)

Here we have used the definition of f1,ε (cf. (3.201)) and the fact that u′k is bounded

on [0,∞) (cf. Proposition 3B.1). Note that functions cε and gε are different from

(3.101)–(3.102) because f1,ε is a nonzero function. Along with (3.4), (3.22), (3.45)

and (3.144), we obtain

ε∆φk,ε + cε(x)φk,ε = gε(x) for x ∈ Ωk,ε, (3.215)

φk,ε + γk
√
ε∂νφk,ε = 0 on ∂Ωk for k = 0, 1, . . . , K. (3.216)

Note that cε(x) < 0 for x ∈ Ωk,ε because f ′
ε(ϕ) ≤ −C2

3 for ϕ ∈ R and ε > 0 (cf

(3.131)). By (3.201), (3.203), Claims 3.27 and 3.28, f1,ε is uniformly bounded on the

interval [ϕbd, ϕbd] with respect to ε and then gε is uniformly bounded with respect

to ε. By (3.160), (3.200) and (3.147) with Proposition 3.17, we find the following

inequality:

|φk,ε(x)| ≤
|ϕε(x)− ϕ∗

0|+ |uk(δk(x)/
√
ε)− ϕ∗

0|√
ε

≤ M ′
√
ε
exp

(
−Mε(2β−1)/2

)
+

|ϕ∗
ε − ϕ∗

0|√
ε

≤ 2|Q|+ 1

2

111



doi:10.6342/NTU202501331

for δk(x) = ε1/8 as ε sufficiently small, which has the same form as (3.105) in

Proposition 3.10. Hence as in Proposition 3.10, we conclude that φk,ε is uniformly

bounded in Ωk,ε, i.e., there exists a positive constant M independent of ε such that

max
Ωk,ε

|φk,ε| ≤M for k = 0, 1, . . . , K and sufficiently small ε > 0. Therefore, this ends

the proof of Claim 3.29.

By (3.212) and Claim 3.29, we have

exp(−ziϕε(p− s
√
ενp)) = exp(−ziuk(s)) +

√
εOε(1) for 0 ≤ s ≤ ε(2β−1)/2.

(3.217)

Thus, by (3.207) and (3.217), we get

Ji,k,3 =

∫
∂Ωk

∫ ε(2β−1)/2

0

[exp(−ziϕε(p− s
√
ενp))− exp(−ziϕ∗

0)] ds dSp

=

∫
∂Ωk

∫ ε(2β−1)/2

0

[exp(−ziuk(s))− exp(−ziϕ∗
0) +

√
εOε(1)] ds dSp

= exp(−ziϕ∗
0)

∫
∂Ωk

∫ ε(2β−1)/2

0

[exp(−zi(uk(s)− ϕ∗
0))− 1] ds dSp + εβOε(1)

= exp(−ziϕ∗
0)|∂Ωk|

∫ ∞

0

[exp(−zi(uk(s)− ϕ∗
0))− 1] ds+ oε(1) for i = 1, . . . , I,

which implies

Ji,k,3 = exp(−ziϕ∗
0)|∂Ωk|

∫ ∞

0

[exp(−zi(uk(s)− ϕ∗
0))− 1] ds+ oε(1) for i = 1, . . . , I.

(3.218)

Here we have used the fact that
∫∞
0
[exp(−zi(uk(s)−ϕ∗

0))−1] ds is convergent because

of (3.147) and Proposition 3.17. Therefore, we can use (3.203), (3.206)–(3.208),

(3.211), (3.218) and Claim 3.27 to get

Bi,ε = Ji,1 +
K∑
k=0

Ji,k,2

= (−ziQ exp(−ziϕ∗
0) + oε(1)) +

K∑
k=0

(Ji,k,3 + Ji,k,4)

= exp(−ziϕ∗
0)

[
−ziQ|Ω|+

K∑
k=0

|∂Ωk|
∫ ∞

0

[exp(−zi(uk(s)− ϕ∗
0))− 1] ds

]
+ oε(1)

for i = 1, . . . , I, and complete the proof of Lemma 3.26.
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Applying Lemma 3.26 to (3.201), we obtain

f1,ε(ϕ) = −
I∑
i=1

miziBi,ε
|Ω|[|Ω| exp(−ziϕ∗

0) +
√
εBi,ε]

exp(−zi(ϕ− ϕ∗
0))

= −
I∑
i=1

mizi
|Ω|2

[
−ziQ|Ω|+

K∑
k=0

|∂Ωk|
∫ ∞

0
[exp(−zi(uk(s)− ϕ∗

0))− 1] ds

]
exp(−zi(ϕ− ϕ∗

0)) + oε(1)

:= f1(ϕ) + oε(1),

which implies

f1,ε(ϕ) = f1(ϕ) + oε(1) for ϕ ∈ R. (3.219)

Note that f1 is given in (3.128). Hence the nonlinear term fε of the CCPB equation

(3.125) can be expressed as

fε(ϕ) = f0(ϕ) +
√
ε(f1(ϕ) + oε(1)) for ϕ ∈ R, (3.220)

where f0(ϕ) = |Ω|−1
∑I

i=1mizi exp(−zi(ϕ− ϕ∗
0)) (defined in (3.139)). Consequently,

the CCPB equation (3.125) can be rewritten as

−ε∆ϕε = f0(ϕε) +
√
ε(f1(ϕε) + oε(1)) in Ω. (3.221)

Moreover, by (3.212)–(3.216) and (3.220)–(3.221), we have

ε∆φk,ε + cε(x)φk,ε = gε(x) for x ∈ Ωk,ε,β, (3.222)

φk,ε + γk
√
ε∂νφk,ε = 0 on ∂Ωk for k = 0, 1, . . . , K, (3.223)

where

cε(x) =
f0(ϕε(x))− f0(uk(δk(x)/

√
ε))

ϕε(x)− uk(δk(x)/
√
ε)

+
√
ε
f1(ϕε(x))− f1(uk(δk(x)/

√
ε)) + oε(1)

ϕε(x)− uk(δk(x)/
√
ε)

if ϕε(x) ̸= uk(δk(x)/
√
ε),

(3.224)

cε(x) = f ′
0(ϕε(x)) +

√
ε(f ′

1(ϕε(x)) + oε(1)) if ϕε(x) = uk(δk(x)/
√
ε), (3.225)

and

gε(x) = (d− 1)H(p)u′k(δk(x)/
√
ε)− f1(uk(δk(x)/

√
ε)) + oε(1). (3.226)

Here the nonzero function f1, defined in (3.128), distinguishes (3.224)–(3.226) from

(3.101)–(3.102).
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To get the asymptotic expansion of φk,ε in Ωk,ε,β, we apply the methods of

Lemma 3.11 and Proposition 3.12 (cf. Section 3.2.2) to (3.222)–(3.223) and define

Wk,p,ε(z) = φk,ε(Ψp(
√
εz)) for z ∈ B

+

ε(2β−1)/2 and 0 < ε < ε∗ (3.227)

(cf. (3.107)) where Ψp is given in (3.43). Analogously to (3.108)–(3.111), Wk,p,ε

satisfies

d∑
i,j=1

aij(z)
∂2Wk,p,ε

∂zizj
+

d∑
j=1

bj(z)
∂Wk,p,ε

∂zj
+ cε(z)Wk,p,ε = gε(z) in B+

ε(2β−1)/2 ,

Wk,p,ε − γk∂zdWk,p,ε = 0 on B
+

ε(2β−1)/2 ∩ ∂Rd
+,

for 0 < ε < ε∗, where aij and bj are given in (3.47)–(3.48), and

cε(z) =
f0(uk(z

d) +
√
εWk,p,ε(z))− f0(uk(z

d))√
εWk,p,ε(z)

+
f1(uk(z

d) +
√
εWk,p,ε(z))− f1(uk(z

d)) + oε(1)

Wk,p,ε(z)
if Wk,p,ε(z) ̸= 0,

cε(z) = f ′
0(uk(z

d)) +
√
ε(f ′

1(uk(z
d)) + oε(1)) if Wk,p,ε(z) = 0

and

gε(z) = (d− 1)H(p)u′k(z
d)− f1(uk(z

d)) + oε(1).

As in Lemma 3.11, we use the uniform boundedness of φk,ε (cf. Claim 3.29) to prove

Lemma 3.30. For any sequence {εn}∞n=1 of positive numbers with lim
n→∞

εn = 0,

α ∈ (0, 1), and p ∈ ∂Ωk (k ∈ {0, 1, . . . , K}), there exists a subsequence {εnn}∞n=1

such that lim
n→∞

∥Wk,p,εnn − Wk,p∥C2,α(B
+
m)

= 0 for m ∈ N, where Wk,p ∈ C2,α
loc (R

d

+)

satisfies

∆Wk,p + f ′
0(uk)Wk,p = (d− 1)H(p)u′k − f1(uk) in Rd

+, (3.228)

Wk,p − γk∂zdWk,p = 0 on ∂Rd
+. (3.229)

Moreover, there exists M > 0 such that Wk,p satisfies the following estimate

|Wk,p(z)− (d− 1)H(p)vk(z
d)− wk(z

d)| ≤M exp(−C3z
d/8) (3.230)

for z = (z′, zd) ∈ Rd

+ and zd ≥ 2(d − 1)/C3, where vk and wk are solutions to

(3.24)–(3.26) and (3.27)–(3.29), respectively. In addition, the constant C3 is given

in (3.131).
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From Lemma 3.30, the solution Wk,p to (3.228)–(3.229) may, a priori, depend

on the sequence {εn}∞n=1. To establish the indepedence from the sequence, we em-

ploy the moving plane arguments, as in Proposition 3.12 to prove that Wk,p(z) =

Wk,p(z
d) = (d−1)H(p)vk(z

d)+wk(z
d) for z = (z′, zd) ∈ Rd

+, where vk and wk are the

unique solutions to (3.24)–(3.26) and (3.27)–(3.29). Here vk and wk are independent

of the choice of sequence {εn}∞n=1 and point p ∈ ∂Ωk. Consequently, we can improve

the results of Lemma 3.30 as

lim
ε→0+

∥Wk,p,ε − (d− 1)H(p)vk − wk∥C2,α(B
+
m)

= 0 for m ∈ N and α ∈ (0, 1),

(3.231)

and

lim
ε→0+

Wk,p,ε(z) = (d− 1)H(p)vk(z
d) + wk(z

d) for z = (z′, zd) ∈ Rd

+, (3.232)

where Wk,p,ε is defined in (3.227). The details are stated as follows.

Proposition 3.31. For p ∈ ∂Ωk and k ∈ {0, 1, . . . , K}, the solution Wk,p to

(3.228)–(3.229) satisfies

(a) Wk,p depends only on the variable zd, i.e., Wk,p(z) = Wk,p(z
d) for z = (z′, zd) ∈

Rd

+.

(b) Wk,p(z
d) = (d − 1)H(p)vk(z

d) + wk(z
d) for zd ∈ [0,∞), where vk and wk are

the unique solutions to (3.24)–(3.26) and (3.27)–(3.29), respectively.

Proof. Following Proposition 3.12, we replace f with f0 and apply the moving plane

arguments to obtain (a). By (a), (3.26), (3.29), and (3.230), Wk,p = Wk,p(z
d)

satisfies

W ′′
k,p + f ′

0(uk)Wk,p = (d− 1)H(p)u′k − f1(uk) in (0,∞),

Wk,p(0)− γkW ′
k,p(0) = 0,

lim
zd→∞

Wk,p(z
d) = Q.

By the uniqueness of solutions to (3.24)–(3.26) and (3.27)–(3.29) (cf. (3.279) and (3.293)),

we can conclude that Wk,p ≡ (d− 1)H(p)vk + wk, which gives (b). This completes

the proof of Proposition 3.31.
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We may use Proposition 3.31 to prove (3.231), (3.232), and Wk,p(z) = (d −

1)H(p)vk(z
d) + wk(z

d) for z = (z′, zd) ∈ Rd

+. Let T > 0, k ∈ {0, 1, . . . , K}, and

p ∈ ∂Ωk. Analogously to (3.117)–(3.118), we use (3.43), (3.227), (3.231)–(3.232),

and ∇δk(p− t
√
ενp) = −νp to get

φk,ε(p− t
√
ενp) = (d− 1)H(p)vk(t) + wk(t) + oε(1), (3.233)

∇φk,p(p− t
√
ενp) = − 1√

ε
{[(d− 1)H(p)v′k(t) + w′

k(t)]νp + oε(1)] (3.234)

for 0 ≤ t ≤ T as ε→ 0+. Combining (3.212), (3.227) and (3.233)–(3.234), we arrive

at

ϕε(p− t
√
ενp) = uk(t) +

√
ε ((d− 1)H(p)vk(t) + wk(t) + oε(1)) ,

∇ϕε(p− t
√
ενp) = −

(
1√
ε
u′k(t) + (d− 1)H(p)v′k(t) + w′

k(t)

)
νp + oε(1)

for 0 ≤ t ≤ T as ε → 0+, which implies (3.19)–(3.20). Therefore, we complete the

proof of Theorem 3.2(a).

3.3.5 Proof of Corollary 3.2

We present the proof of Corollary 3.2, following the structure of Corollary 3.1.

We first prove (a). Integrating (3.39) over Ωk,T,ε and applying the coarea formula

(cf. [30, 83]) with (3.120), we get∫
Ωk,T,ε

fε(ϕε(x)) dx =
√
ε

∫
∂Ωk

∫ T

0

f0(uk(t)) dt dSp

+ (d− 1)ε

∫
∂Ωk

∫ T

0

H(p)[f ′
0(uk(t))vk(t)− tf0(uk(t))] dt dSp

+ ε

∫
∂Ωk

∫ T

0

[f ′
0(uk(t))wk(t) + f1(uk(t))] dt dSp + εoε(1).

Together with (3.21), (3.24), and (3.27), we obtain∫
Ωk,T,ε

fε(ϕε(x)) dx =
√
ε|∂Ωk|

∫ T

0

(−u′′k(t)) dt

+ ε

[
(d− 1)

(∫
∂Ωk

H(p) dSp

)(∫ T

0

[u′k(t)− v′′k(t) + tu′′k(t)] dt

)
+|∂Ωk|

∫ T

0

(−w′′
k(t)) dt

]
+ εoε(1)

=
√
ε|∂Ωk|(u′k(0)− u′k(T ))
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+ ε

[
(d− 1)

(∫
∂Ωk

H(p) dSp

)
(Tu′k(T ) + v′k(0)− v′k(T ))

+|∂Ωk|(w′
k(0)− w′

k(T ))] + εoε(1),

which gives (a).

We now prove (b) as follows. As in (3.121), we integrate (3.2) over Ωk,T,ε,β and

apply the divergence theorem to obtain∫
Ωk,T,ε,β

fε(ϕε(x)) dx = −ε
∫
Ωk,T,ε,β

∆ϕε(x) dx

= −ε
∫
∂Ωk,T,ε,β

∂νxϕε(x) dSx

= −
∫
∂Ωk

(ε∂νpϕε(p− T
√
ενp))J (T, p) dSp

+

∫
∂Ωk

(ε∂νpϕε(p− εβνp))J (ε(2β−1)/2, p) dSp,

(3.235)

where νx is the unit outer normal at x ∈ ∂Ωk,T,ε,β with respect to Ωk,T,ε,β, and

J (T, p) and J (ε(2β−1)/2, p) are given in (3.122). Then by (3.20), we have

−
∫
∂Ωk

(ε∂νpϕε(p− T
√
ενp))J (T, p) dSp

= −
∫
∂Ωk

(ε∂νpϕε(p− T
√
ενp))[1− T

√
ε(d− 1)H(p) +

√
εoε(1)] dSp

=
√
ε

∫
∂Ωk

{u′k(T ) +
√
ε(d− 1)H(p)v′k(T ) + w′

k(T ) + oε(1)]}[1− T
√
ε(d− 1)H(p) +

√
εoε(1)] dSp

=
√
ε|∂Ωk|u′k(T ) + ε

[
(d− 1)

(∫
∂Ωk

H(p) dSp

)
(−Tu′k(T ) + v′k(T )) + |∂Ωk|w′

k(T )

]
+ εoε(1).

(3.236)

On the other hand, by Theorem 3.2(b,ii), we have∣∣∣∣∫
∂Ωk

(ε∂νpϕε(p− εβνp))J (ε(2β−1)/2, p) dSp

∣∣∣∣ ≤ √
ε|∂Ωk|M ′ exp

(
−Mε(2β−1)/2

)
.

(3.237)

Combining (3.235)–(3.237) with 0 < β < 1/2, we get (b). Following the argument

as in (b), one may use (3.237) to prove (c). Therefore, we complete the proof of

Corollary 3.2.

As aforementioned in Remark 3.6, to complete the proof of (3.200), it is necessary
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to show that Q is uniquely determined by

Q =

K∑
k=0

|∂Ωk|F̂1(uk(0)) + (d− 1)
(∫

∂Ωk
H(p) dSp

) (∫∞
0
u′2k (s) ds

)
u′k(0) + γkf0(uk(0))

K∑
k=0

|∂Ωk|f0(uk(0))
u′k(0) + γkf0(uk(0))

. (3.238)

Using (3.151), (3.199), and Corollary 3.2, we find

ε

[
(d− 1)

K∑
k=0

(∫
∂Ωk

H(p) dSp

)
v′k(0) +

K∑
k=0

|∂Ωk|w′
k(0)

]
= εoε(1),

which implies

(d− 1)
K∑
k=0

(∫
∂Ωk

H(p) dSp

)
v′k(0) +

K∑
k=0

|∂Ωk|w′
k(0) = 0. (3.239)

By (3.25), (3.28), (3.280) (in Appendix 3C), and (3.294) (in Appendix 3D), a

straightforward calculation gives (3.238). Therefore, we complete the proof of (3.200)

in Remark 3.6.

Final Remark

When the Robin boundary condition (3.4) is replaced by the Dirichlet boundary

condition ϕε = ϕbd,k on ∂Ωk for k = 0, 1, . . . , K (i.e., γk = 0 for k = 0, 1, . . . , K), the

conclusions of Theorems 3.1 and 3.2 hold true, particularly the asymptotic expan-

sions (3.5)–(3.6) and (3.19)–(3.20), remain valid. In (3.5)–(3.6) and (3.19)–(3.20),

the solutions uk, vk and wk to ODEs satisfy the Dirichlet boundary conditions

uk(0) = ϕbd,k and vk(0) = wk(0) = 0, which can be directly regarded as the Robin

boundary conditions (3.8), (3.11), (3.22), (3.25) and (3.28) with γk = 0. By ap-

plying the maximum principle, the Lq-theory and Schauder estimate, the proofs of

Theorems 3.1 and 3.2 remain valid without other modifications for the Dirichlet

boundary condition except Proposition 3.18. When γk = 0 for all k = 0, 1, . . . , K,

equations (3.150)–(3.151) are replaced by

K∑
k=0

|∂Ωk|u′k(0) =
K∑
k=0

|∂Ωk| sgn(ϕ∗
0−ϕbd,k)

√√√√ 2

|Ω|

I∑
i=1

mi[exp(−zi(ϕbd,k − ϕ∗
0))− 1] = 0,

which determines the value of ϕ∗
0 (given in (3.138)). The properties of ODEs remains

true whenever γk ≥ 0 (see Appendices 3B to 3D).
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Conclusion

In this work, we present a rigorous analysis of boundary layer solutions to Poisson–

Boltzmann (PB) type equations in general smooth domains. We extend the clas-

sical boundary layer theory to multiply connected domains via the moving plane

arguments, and address the challenge posed by the nonlocal nonlinearity in charge-

conserving PB equations using novel integral estimates. In the near-boundary region

(where the distance to the boundary is of order
√
εO(1)), we construct asymptotic

expansions based on solutions to associated ordinary differential equations, cap-

turing the effect of mean curvature through second-order approximations. In the

far-field region, we establish exponential decay estimates, which reveal the localized

nature of boundary layer phenomena. Our analysis quantifies how domain geometry,

particularly mean curvature, influences electrostatic characteristics such as electric

potential, electric field, total ionic charge and total ionic charge density. These

results highlight the explicit dependence of electrostatic screening on geometric fea-

tures and provide analytical tools for applications in electrochemistry (e.g., porous

electrodes), biophysics (e.g. ion channels), and microfluidics.

Appendix

3A Exponential-type estimate of radial solution

Here we study the radial solutions Φε = Φε(r) to equations (3.1) and (3.125) in the

ball BR(0) with the Dirichlet boundary condition, respectively. Equation (3.1) with

the Dirichlet boundary condition can be denoted as

− ε(rd−1Φ′
ε(r))

′ = rd−1f(Φε(r)) for r ∈ (0, R), (3.240)

Φ′
ε(0) = 0, (3.241)

Φε(R) = Φbd, (3.242)

where f ∈ C1(R) is a strictly decreasing function satisfying (F1)–(F2), and Φbd is a

constant independent of ε. Note that if Φbd = ϕ∗ (ϕ∗ is the unique zero of f), then

by the uniqueness of (3.240)–(3.242), Φε ≡ ϕ∗ is a trivial solution. Hence we assume

Φbd ̸= ϕ∗. By (F1)–(F2), it is easy to prove
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Proposition 3A.1. Assume that f satisfies (F1)–(F2). Let Φε be the solution to

(3.240)–(3.242) for ε > 0.

(a) If Φbd > ϕ∗, then Φε(0) > ϕ∗ and Φε is strictly increasing;

(b) if Φbd < ϕ∗, then Φε(0) < ϕ∗ and Φε is strictly decreasing.

Proof. To prove (a), we first assume Φbd > ϕ∗ and prove Φε(0) > ϕ∗. Suppose by

contradiction that Φε(0) ≤ ϕ∗. If Φε(0) = ϕ∗, then by the uniqueness of solution to

(3.240)–(3.242), we have Φε ≡ ϕ∗ on [0, R], which contradicts (3.242) and Φbd > ϕ∗.

If Φε(0) < ϕ∗, then there exists r1 > 0 such that Φε(r) < ϕ∗ for r ∈ [0, r1). By (F1)

and (3.240), we get −ε(rd−1Φ′
ε(r))

′ > 0 for r ∈ (0, r1), which implies rd−1Φ′
ε(r) is

decreasing on [0, r1). Thus, by (3.241), rd−1Φ′
ε(r) ≤ 0 for r ∈ [0, r1), which means

Φε is decreasing on [0, r1). Along with Φε(0) < ϕ∗, we get Φε(r) ≤ Φε(0) < ϕ∗

for r ∈ [0, r1]. Following this process, we can extend the interval [0, r1] to [0, R]

so Φε < ϕ∗ on [0, R], which contradicts (3.242) and Φbd > ϕ∗. Hence we obtain

Φε(0) > ϕ∗.

To complete the proof of (a), it suffices to show the strict increase of Φε. Since

Φε(0) > ϕ∗, there exists r2 > 0 such that Φε(r) > ϕ∗ for r ∈ [0, r2). Then by (F1)

and (3.240), we have −ε(rd−1Φ′
ε(r))

′ < 0 for r ∈ (0, r2), which implies rd−1Φ′
ε(r) is

increasing on [0, r2). Thus, by (3.241), rd−1Φ′
ε(r) ≥ 0 for r ∈ (0, r2), which means

Φε is increasing on [0, r2). From Φε(0) > ϕ∗, we get Φε(r) > ϕ∗ for r ∈ [0, r2]. Thus,

we can extend the interval [0, r2] to [0, R] and Φε is strictly increasing on [0, R].

Suppose by contradiction that there exist two distinct points r3 < r4 such that

Φε(r3) = Φε(r4). Then by mean value theorem, there exists r5 ∈ (r3, r4) such that

Φ′
ε(r5) = 0. Moreover, by (3.240) and mean value theorem, there exists r6 ∈ (0, r5)

such that Φ′′
ε(r6) = 0. Hence by (F1)–(F2) and (3.240), we get Φε(r6) = ϕ∗, which

contradicts to the fact that Φε(0) > ϕ∗ and Φε is increasing. Thus, Φε is strictly

increasing, and the proof of (a) is complete.

For the proof of (b), we may follow a similar argument to (a) and complete the

proof of Proposition 3A.1.

Proposition 3A.2. Assume that f satisfies (F1)–(F2). Let Φε be the solution to

(3.240)–(3.242) for ε > 0. Then

|Φε(r)− ϕ∗| ≤ 2|Φbd − ϕ∗| exp
(
−mf (R− r)

8
√
ε

)
(3.243)
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for r ∈ [0, R] and 0 < ε < (mfR)
2/[8(d−1)2], wheremf = mf ([min{ϕ∗,Φbd},max{ϕ∗,Φbd}])

is given in (F1).

Proof. Let Φε := Φε−ϕ∗ on [0, R] for ε > 0. Then from (3.240)–(3.242), Φε satisfies

− ε(rd−1Φ
′
ε(r))

′ = rd−1f(ϕ∗ + Φε(r)) for r ∈ (0, R), (3.244)

Φ
′
ε(0) = 0, (3.245)

Φε(R) = Φbd − ϕ∗. (3.246)

By (F1)–(F2), we have

f(ϕ∗ + Φε(r))Φε(r) =

(∫ 1

0

d

ds
f(ϕ∗ + sΦε(r)) ds

)
Φε(r)

=

(∫ 1

0

f ′(ϕ∗ + sΦε(r)) ds

)
Φ

2

ε(r) ≤ −m2
fΦ

2

ε(r)

(3.247)

for r ∈ (0, R). Here we have used the fact that Φε = Φε − ϕ∗ is uniformly bounded

(cf. Proposition 3.3 also works for the Dirichlet boundary condition (3.242)). By

(3.244) and (3.247), we obtain

ε(Φ
2

ε(r))
′′ = 2εΦ

′2
ε (r) + 2εΦ

′′
ε(r)Φε(r)

= 2εΦ
′2
ε (r)−

2ε(d− 1)

r
Φ

′
ε(r)Φε(r)− 2f(ϕ∗ + Φε(r))Φε(r)

≥ 2εΦ
′2
ε (r)−

2ε(d− 1)

r
Φ

′
ε(r)Φε(r) + 2m2

fΦ
2

ε(r) for r ∈ (0, R).

(3.248)

On the other hand, by Young’s inequality, we have

2ε(d− 1)

r
Φ

′
ε(r)Φε(r) ≤ 2εΦ

′2
ε (r) +

ε(d− 1)2

2r2
Φ

2

ε(r)

≤ 2εΦ
′2
ε (r) +

8ε(d− 1)2

R2
Φ

2

ε(r) for r ∈ [R/4, R).

(3.249)

Combining (3.248) and (3.249), we get

ε(Φ
2

ε(r))
′′ ≥

(
2m2

f −
8ε(d− 1)2

R2

)
Φ

2

ε(r) ≥ m2
fΦ

2

ε(r) for r ∈ [R/4, R). (3.250)

Here we have used that 0 < ε < (mfR)
2/[8(d − 1)2]. Applying the comparison

theorem to (3.250), it yields

Φ
2

ε(r) ≤ max{Φ2

ε(R/4),Φ
2

ε(R)}
[
exp

(
−mf (R− r)√

ε

)
+ exp

(
−mf (r −R/4)√

ε

)]
(3.251)
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for r ∈ [R/4, R]. By Proposition 3A.1, (Φ
2

ε(r))
′ = 2Φ

′
ε(r)Φε(r) > 0 on (0, R),

and Φ
2
is strictly increasing on [0, R]. Consequently, we have Φ

2

ε(R/4) < Φ
2

ε(R) =

(Φbd − ϕ∗)2. From (3.251), we get

|Φε(r)| ≤ |Φbd − ϕ∗|
[
exp

(
−mf (R− r)

2
√
ε

)
+ exp

(
−mfR

8
√
ε

)]
for r ∈ [3R/4, R],

which implies

|Φε(r)| ≤ 2|Φbd − ϕ∗| exp
(
−mf (R− r)

2
√
ε

)
for r ∈ [3R/4, R]. (3.252)

Since Φ
2

ε is strictly increasing on [0, R], |Φ| is also strictly increasing on [0, R]. Then

by (3.252), we have

|Φε(r)| ≤ |Φε(3R/4)| ≤ 2|Φbd − ϕ∗| exp
(
−mfR

8
√
ε

)
≤ 2|Φbd − ϕ∗| exp

(
−mf (R− r)

8
√
ε

)
(3.253)

for r ∈ [0, 3R/4]. Combining (3.252) and (3.253), we arrive at (3.243) and complete

the proof of Proposition 3A.2.

Now we consider the radial solution Φε = Φε(r) to equation (3.125) with the

Dirichlet boundary condition, which satisfies

− ε(rd−1Φ′
ε(r))

′ = rd−1fε(Φε(r)) for r ∈ (0, R), (3.254)

Φ′
ε(0) = 0, (3.255)

Φε(R) = Φbd, (3.256)

where fε has a unique zero ϕ∗
ε ∈ R and satisfies f ′

ε(ϕ) ≤ −M2 < 0 for ϕ ∈ R. Note

that fε and its zero ϕ∗
ε may depend on ε but M is independent of ε.

Analogous to Propositions 3A.1 and 3A.2 (with ϕ∗ replaced by ϕ∗
ε), we can prove

Proposition 3A.3. Assume that fε has a unique zero ϕ∗
ε ∈ R and satisfies f ′

ε(ϕ) ≤

−M2 < 0 for ϕ ∈ R and ε > 0, where M is independent of ε. Let Φε be the solution

to (3.254)–(3.256) for ε > 0.

(a) If Φbd > ϕ∗
ε for ε > 0, then Φε(0) > ϕ∗

ε and Φε is strictly increasing for ε > 0;

(b) if Φbd < ϕ∗
ε for ε > 0, then Φε(0) < ϕ∗

ε and Φε is strictly decreasing for ε > 0.
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Proposition 3A.4. Assume that fε has a unique zero ϕ∗
ε ∈ R and satisfies f ′

ε(ϕ) ≤

−M2 < 0 for ϕ ∈ R and ε > 0, where M is independent of ε. Let Φε be the solution

to (3.254)–(3.256) for ε > 0. Then

|ϕε(r)− ϕ∗
ε| ≤ 2|Φbd − ϕ∗

ε| exp
(
−M(R− r)

8
√
ε

)
(3.257)

for r ∈ [0, R] and 0 < ε < (MR)2/[8(d− 1)2].

3B Properties of the solution to (3.7)–(3.9) and (3.21)–(3.23)

In this appendix, we establish the existence, uniqueness, qualitative properties, and

asymptotic behaviors of solutions to (3.7)–(3.9) and (3.21)–(3.23). For the sake of

simplicity, equations (3.7)–(3.9) and (3.21)–(3.23) can be represented as follows.

U ′′ + f(U) = 0 in (0,∞), (3.258)

U(0)− γ U ′(0) = Φbd, (3.259)

lim
t→∞

U(t) = ϕ∗, (3.260)

where γ ≥ 0 and Φbd ̸= ϕ∗ are fixed constants. (When Φbd = ϕ∗, the solution U ≡ ϕ∗

is trivial.) Here the function f ∈ C∞(R) satisfies assumptions (F1) and (F2). It

is clear that the existence and uniqueness of solution to equations (3.7)–(3.9) and

(3.21)–(3.23) for k = 0, 1, . . . , K follow from that of solution to equations (3.258)–

(3.260). We may approach (3.258)–(3.260) by the following initial-value problem

Ũ ′′ + f(Ũ) = 0 in (0,∞), (3.261)

Ũ(0) = U0, (3.262)

Ũ ′(0) = U ′
0, (3.263)

where U0 (between ϕ∗ and Φbd) and U ′
0 are constants to be determined such that

Ũ ≡ U on [0,∞). The existence and uniqueness of (3.261)–(3.263) follow from the

standard ODE theory. From (3.259) and (3.262)–(3.263), U0 and U ′
0 must satisfy

U0 − γU ′
0 = Φbd. (3.264)

Multiplying (3.261) by Ũ ′ and then integrating it over [0, t], we can use (3.262)–

(3.263) to get

Ũ ′2(t) + 2F (Ũ(t)) = U ′2
0 + 2F (U0) for t ≥ 0, (3.265)
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where F (ϕ) =
∫ ϕ
ϕ∗
f(s) ds for ϕ ∈ R. Note that F ′(ϕ∗) = f(ϕ∗) = 0 and F ′′(ϕ) =

f ′(ϕ) < 0 for ϕ ∈ R (by (F1)–(F2)) so

0 = F (ϕ∗) > F (ϕ) for ϕ ̸= ϕ∗. (3.266)

Suppose that lim
t→∞

Ũ ′(t) = 0. Then we use (3.260) and (3.264)–(3.265) to find that

U0 (between ϕ∗ and Φbd) must satisfy

Φbd − U0 = sgn(Φbd − ϕ∗)γ
√

−2F (U0). (3.267)

To show that there exists a unique U0, between ϕ
∗ and Φbd, satisfying (3.267), we

define a function g : R → R by

g(s) = Φbd − s− sgn(Φbd − ϕ∗)γ
√
−2F (s) for s ∈ R,

which is well-defined because of (3.266). Since g(ϕ∗)g(Φbd) < 0 and g′(s) < 0 for

s between ϕ∗ and Φbd, function g has a unique zero U0 between ϕ∗ and Φbd, which

means that equation (3.267) has a unique solution. Here one may use the facts that

(i) if Φbd > ϕ∗, then f(s) < 0 for s ∈ (ϕ∗,Φbd] and (ii) if Φbd < ϕ∗, then f(s) > 0 for

s ∈ [Φbd, ϕ
∗) due to (F1)–(F2). Therefore, the initial-value problem (3.261)–(3.263)

can be reformulated as

Ũ ′′ + f(Ũ) = 0 in (0,∞), (3.268)

Ũ(0) = U0, (3.269)

Ũ ′(0) = sgn(ϕ∗ − Φbd)
√

−2F (U0), (3.270)

where U0 (between ϕ∗ and Φbd) is uniquely determined by (3.267).
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Figure 3.4: We sketch the numerical profile for the solution U to (3.258)–(3.260)

for the case (a) Φbd = 1 and the case (b) Φbd = −1, which is consistent with

Proposition 3B.1. Here f(ϕ) = exp(ϕ)− exp(−ϕ) and γ = 0.1.

To prove Ũ ≡ U on [0,∞), we need the following proposition.

Proposition 3B.1. Let Ũ be the solution to (3.268)–(3.270).

(a) If Φbd > ϕ∗, then Φbd ≥ Ũ(t) > ϕ∗ and Ũ ′(t) < 0 for t ≥ 0;

(b) if Φbd < ϕ∗, then Φbd ≤ Ũ(t) < ϕ∗ and Ũ ′(t) > 0 for t ≥ 0.

Proof. We first claim that Ũ ′(t) ̸= 0 for t ≥ 0. Suppose by contradiction that

there exists t1 ∈ (0,∞) such that Ũ ′(t1) = 0. Multiplying (3.268) by Ũ and then

integrating it over [0, t], we obtain

Ũ ′2(t) = Ũ ′2(0) + 2(F (Ũ(0))− F (Ũ(t))) = −2F (Ũ(t)) for t ≥ 0. (3.271)

Here we have used (3.269)–(3.270). By (3.271) and Ũ ′(t1) = 0, we get Ũ(t1) = ϕ∗,

which implies Ũ ≡ ϕ∗ on [t1,∞). Due to the unique continuation, U ≡ ϕ∗ on [0,∞),

which contradicts to (3.269). Hence Ũ ′(t) ̸= 0 for t ≥ 0. By (3.266) and (3.271), it

is clear that Ũ(t) ̸= ϕ∗ for t ≥ 0 because Ũ ′(t) ̸= 0 for t ≥ 0.

Now we prove (a) and (b). For the case of (a), we assume that Φbd > ϕ∗.

From (3.267) and (3.269)–(3.270), we have Φbd ≥ Ũ(0) > ϕ∗ and Ũ ′(0) < 0. Since

Ũ(t) ̸= ϕ∗ and Ũ ′(t) ̸= 0 for t ≥ 0, which implies Φbd ≥ Ũ(t) > ϕ∗ and Ũ ′(t) < 0

for t ≥ 0. Thus, the proof of (a) is complete. The proof of (b) is similar to (a).

Therefore, we complete the proof of Proposition 3B.1.
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Now we are in the position to show that Ũ solves equations (3.258)–(3.260) and

the uniqueness of (3.258)–(3.260), which implies Ũ ≡ U in [0,∞). By (3.267) and

(3.269)–(3.270), we have

Ũ(0)− γŨ ′(0) = U0γ sgn(ϕ
∗ − Φbd)

√
−2F (U0) = Φbd,

which means Ũ satisfies (3.259). By Proposition 3B.1, Ũ is bounded and strictly

monotonic on [0,∞), which implies that there exists a constant C such that

lim
t→∞

Ũ(t) = C.

Suppose by contradiction that C ̸= ϕ∗. By (3.266) and (3.269)–(3.271), we get

lim
t→∞

Ũ ′2(t) = Ũ ′2(0) + 2(F (U0)− F (C)) = −2F (C) > 0. (3.272)

Since Ũ ′(t) ̸= 0 for t ≥ 0, we can use (3.272) to get lim
t→∞

|Ũ(t)| = ∞, which leads to

a contradiction. Thus, lim
t→∞

Ũ(t) = ϕ∗, i.e., Ũ satisfies (3.260). Hence Ũ solves equa-

tions (3.258)–(3.260). To prove Ũ ≡ U on [0,∞), it suffices to show the uniqueness

of solution to (3.258)–(3.260). Suppose that there exist two solutions U1 and U2 to

equations (3.258)–(3.260). Let U = U1 − U2. Then U satisfies

U
′′
+ c(t)U = 0 in (0,∞), (3.273)

U(0)− γ U
′
(0) = 0, (3.274)

lim
t→∞

U(t) = 0, (3.275)

where

c(t) =


f(U1(t))− f(U2(t))

U1(t)− U2(t)
if U1(t) ̸= U2(t);

f ′(U1(t)) if U1(t) = U2(t).

Note that c(t) < 0 for t ≥ 0 by (F1). Thus, by the standard maximum principle,

U ≡ 0 on [0,∞), and we obtain the uniqueness of solution to (3.258)–(3.260).

Therefore, Ũ ≡ U on [0,∞) and hence U satisfies Proposition 3B.1 and (3.271).
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The following result will be used in Appendix 3C to prove the existence of solu-

tion to (3.10)–(3.12) and (3.24)–(3.26).

Proposition 3B.2. Let U be the solution to (3.258)–(3.260). Then we have

(a) |U ′(t)| ≤ |U ′(0)| exp(−mf t) for t ≥ 0, wheremf = mf ([min{ϕ∗,Φbd},max{ϕ∗,Φbd}]).

(b)
∫∞
0
U ′2(t) dt = sgn(ϕ∗ − Φbd)

∫ ϕ∗
U0

√
−2F (s) ds <∞.

(c)
∫ t
0
(U ′(s))−2 ds ≥ t2(

∫∞
0
U ′2(s) ds)−1 for t ≥ 0.

(d) lim
t→∞

[f(U(t))/U ′(t)] = −
√
−f ′(ϕ∗).

(e)
∫∞
0
(U ′(s1))

−2
∫∞
s1
U ′2(s2) ds2 ds1 = ∞.

Proof. By (F1) and the standard comparison theorem, we can easily get (a). For

(b), we can use the change of variable and (3.260) to obtain∫ ∞

0

U ′2(t) dt = sgn(ϕ∗−Φbd)

∫ ∞

0

√
−2F (U(t))U ′(t) dt = sgn(ϕ∗−Φbd)

∫ ϕ∗

U0

√
−2F (s) ds <∞,

which gives (b). Part (c) follows directly from (b) and Cauchy–Schwarz inequality.

For (d), we first note that f(U(t))/U ′(t) > 0 for t ≥ 0 by (F1) and Proposition 3B.1.

Then applying L’Hôpital’s rule, we have

lim
t→∞

f(U(t))

U ′(t)
=

√
lim
t→∞

[f(U(t))]2

U ′2(t)

=

√
lim
t→∞

2f(U(t))f ′(U(t))U ′(t)

2U ′(t)U ′′(t)
=
√
− lim

t→∞
f ′(U(t)) =

√
−f ′(ϕ∗),

which implies (d). To prove (e), we combine (a), (c), (d) and (3.258) and then apply

L’Hôpital’s rule to get

lim
t→∞

U ′2(t)

∫ t

0

ds

U ′2(s)
= lim

t→∞

∫ t

0

ds

U ′2(s)
1

U ′2(t)

= lim
t→∞

1

U ′2(t)

−2
U ′′(t)

U ′3(t)

=
1

2
lim
t→∞

U ′(t)

f(U(t))
=

1

2
√
−f ′(ϕ∗)

> 0.

Thus, one may apply the Fubini’s theorem to get∫ ∞

0

1

U ′2(s1)

∫ ∞

s1

U ′2(s2) ds2 ds1 =

∫ ∞

0

U ′2(s2)

∫ s2

0

1

U ′2(s1)
ds1 ds2 = ∞,

which implies (e). Therefore, the proof of Proposition 3B.2 is complete.
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3C Properties of the solution to (3.10)–(3.12) and (3.24)–

(3.26)

In this appendix, we establish the existence, uniqueness, and qualitative properties

for solutions to (3.10)–(3.12) and (3.24)–(3.26). For the sake of simplicity, equations

(3.10)–(3.12) and (3.24)–(3.26) can be represented as follows.

V ′′ + f ′(U)V = U ′ in (0,∞), (3.276)

V (0)− γ V ′(0) = 0, (3.277)

lim
t→∞

V (t) = 0, (3.278)

where U is the solution to equations (3.258)–(3.260), f ∈ C∞(R) and γ ≥ 0 are

as given in (3.258)–(3.259). By standard ODE theory, the solution V to equations

(3.276)–(3.278) can be represented as

V (t) =
V0

U ′(0)
U ′(t)− U ′(t)

∫ t

0

1

U ′2(s1)

∫ ∞

s1

U ′2(s2) ds2 ds1 for t ≥ 0, (3.279)

where V0 is given by

V0 = − γ

U ′(0) + γf(U0)

∫ ∞

0

U ′2(t) dt. (3.280)

Note that V0 is well-defined due to Proposition 3B.2(b) and U ′(0) + γf(U0) ̸= 0.

Clearly, (3.279) with (3.280) satisfies (3.276)–(3.277). It suffices to verify that (3.279)

satisfies (3.278). By (3.258), (3.260), (F1)–(F2), Proposition 3B.2 and L’Hôpital’s

rule, we obtain

lim
t→∞

V (t) = lim
t→∞

∫ t

0

1

U ′2(s1)

∫ ∞

s1

U ′2(s2) ds2 ds1

1

U ′(t)

= lim
t→∞

1

U ′2(t)

∫ ∞

t

U ′2(s2) ds2

− 1

U ′2(t)
U ′′(t)

= lim
t→∞

−
∫ ∞

t

U ′2(s) ds

f(U(t))
= lim

t→∞

U ′2(t)

f ′(U(t))U ′(t)
= lim

t→∞

U ′(t)

f ′(U(t))
=

0

f ′(ϕ∗)
= 0.

Thus, (3.279) defines a solution to (3.276)–(3.278).

Now we prove the uniqueness of the solution to (3.276)–(3.278). Suppose that

there exist two solutions V and Ṽ to (3.276)–(3.278). Let V = V − Ṽ . Then V

satisfies

V
′′
+ f ′(U)V = 0 in (0,∞), (3.281)
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V (0)− γV
′
(0) = 0, (3.282)

lim
t→∞

V (t) = 0. (3.283)

Hence by (F1) and the standard maximum principle, V ≡ 0 on [0,∞), and the

solution to (3.276)–(3.278) must be given by (3.279).

Proposition 3C.1. Let V be the unique solution to (3.276)–(3.278).

(a) If Φbd > ϕ∗, then V is nonnegative on [0,∞), and there exists a unique t∗ ∈

(0,∞) such that V is strictly increasing on [0, t∗) and strictly decreasing on

(t∗,∞). Moreover, if γ > 0, then V is positive on [0,∞).

(b) If Φbd < ϕ∗, then V is nonpositive on [0,∞), and there exists a unique t∗ ∈

(0,∞) such that V is strictly decreasing on [0, t∗) and strictly increasing on

(t∗,∞). Moreover, if γ > 0, then V is negative on [0,∞).

Proof. We first note that

Claim 3C.2. lim
t→∞

V ′(t) = 0.

Proof of Claim 3C.2. By (3.258) and (3.279), we have

V ′(t) = − V0
U ′(0)

f(U(t))+f(U(t))

∫ t

0

1

U ′2(s1)

∫ ∞

s1

U ′2(s2) ds2 ds1−
1

U ′(t)

∫ ∞

t

U ′2(s) ds.

By (F2), (3.258) and Proposition 3B.2(d), we apply the L’Hôpital’s rule to obtain

lim
t→∞

V ′(t) = lim
t→∞


∫ t

0

1

U ′2(s1)

∫ ∞

s1

U ′2(s2) ds2 ds1

[f(U(t)]−1
−

∫ ∞

t

U ′2(s) ds

U ′(t)



= lim
t→∞


1

U ′2(t)

∫ ∞

t

U ′2(s) ds

[f(U(t))]−2f ′(U(t))U ′(t)
+
U ′2(t)

U ′′(t)



=
1

f ′(ϕ∗)
lim
t→∞

[f(U(t))]2
∫ ∞

t

U ′2(s) ds

U ′3(t)
− lim

t→∞

U ′2(t)

f(U(t))

= − lim
t→∞

∫ ∞

t

U ′2(s) ds

U ′(t)
= lim

t→∞

U ′2(t)

U ′′(t)
= − lim

t→∞

U ′2(t)

f(U(t))
= 0,

which completes the proof of Claim 3C.2.

129



doi:10.6342/NTU202501331

We now assume Φbd > ϕ∗ and prove (a). By Proposition 3B.1(a), we have

U ′(0) < 0 and f(U0) < 0. Along with (3.280), we get V (0) = V0 > 0, and V ′(0) =

−(U ′(0) + γf(U0))
−1
∫∞
0
U ′2(t) dt > 0. Suppose by contradiction that there exists

t0 ∈ (0,∞) such that V (t0) ≤ 0. Since lim
t→∞

V (t) = 0, we may assume that V attains

its minimum value at t0 ∈ (0,∞), which implies V ′′(t0) ≥ 0. Then by (3.276), we

have U ′(t0) = V ′′(t0) + f ′(U(t0))V (t0) ≥ 0, which contradicts Proposition 3B.1(a).

This shows that V is positive on [0,∞). Since V ′(0) > 0 and lim
t→∞

V (t) = 0, there

exists t∗ ∈ (0,∞) such that V attains its maximum value at t∗ and V ′(t∗) = 0.

Suppose by contradiction that there exists another maximum point t1 such that

V ′(t1) = 0. Without loss of generality, we may assume that t1 < t∗, and there exists

t2 ∈ (t1, t
∗) such that V attains its local minimum value at t2 with V ′(t2) = 0 and

V ′(t) ≥ 0 on (t2, t
∗). Integrating (3.276) over [t,∞) and using (a), we obtain

V ′(t) =
f(U(t))V (t) +

∫∞
t
U ′2(s) ds

−U ′(t)
for t ≥ 0. (3.284)

Clearly, V ′(t2) = V ′(t∗) = 0. Let G(t) = f(U(t))V (t)+
∫∞
t
U ′2(s) ds for t ∈ R. Then

G(t2) = G(t∗) = 0. Differentiating G gives

G′(t) = f ′(U(t))U ′(t)V (t) + f(U(t))V ′(t)− U ′2(t) for t ∈ R.

By Proposition 3B.1(a) and (F1)–(F2), we find that U ′(t) < 0, f(U(t)) < 0 and

f ′(U(t)) < 0. Since V (t) > 0 and V ′(t) > 0 on (t2, t
∗), we get G′(t) < 0 on

(t2, t
∗), which contradcits with g(t2) = g(t∗) = 0. Therefore, there exists a unique

t∗ ∈ (0,∞) such that V attains its maximum value. The proof of (a) is complete.

Next we assume Φbd < ϕ∗ and prove (b). By Proposition 3B.1(b), we have

U ′(0) > 0 and f(U0) > 0. Along with (3.280), we get V (0) = V0 < 0, and V ′(0) =

−(U ′(0) + γf(U0))
−1
∫∞
0
U ′2(t) dt < 0. Suppose by contradiction that there exists

t0 ∈ (0,∞) such that V (t0) ≥ 0. Since lim
t→∞

V (t) = 0, we may assume that V attains

its maximum value at t0 ∈ (0,∞), which implies V ′′(t0) ≤ 0. Then by (3.276), we

have U ′(t0) = V ′′(t0)+f
′(U(t0))V (t0) ≤ 0, which contradicts to Proposition 3B.1(b).

This shows that V is negative on [0,∞). Since V ′(0) < 0 and lim
t→∞

V (t) = 0, there

exists t∗ ∈ (0,∞) such that V attains its minimum value at t∗ and V ′(t∗) = 0.

Suppose by contradiction that there exists another minimum point t1 such that

V ′(t1) = 0. Then by a similar fashion of (b), we can use (3.284) to get a contradiction
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because U ′(t) > 0, f(U(t)) > 0 and f ′(U(t)) < 0 (cf. Proposition 3B.1(b) and (F1)–

(F2)). Hence there exists a unique t∗ ∈ (0,∞) such that V attains its minimum

value, which implis (b). Therefore, we complete the proof of Proposition 3C.1.
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Figure 3.5: We sketch the numerical profile for the solution V to (3.276)–(3.278)

for the case (a) Φbd = 1 and the case (b) Φbd = −1, which is consistent with

Proposition 3C.1. Here f(ϕ) = exp(ϕ)− exp(−ϕ) and γ = 0.1.

Proposition 3C.3. Let U and V be the unique solutions to (3.258)–(3.260) and

(3.276)–(3.278), respectively. If Φbd ̸= ϕ∗, then function g := f(U)V + U ′V ′ is

negative on [0,∞).

Proof. By (3.258), (3.276) and Proposition 3B.1, we have

g′(t) = f ′(U(t))U ′(t)V (t) + f(U(t))V ′(t) + U ′′(t)V ′(t) + U ′(t)V ′′(t) = U ′2(t) > 0

for t ≥ 0 and Φbd ̸= ϕ∗, which implies g is strictly increasing on [0,∞). By (F2),

(3.260), (3.278) and Claim 3C.2, it is clear that lim
t→∞

g(t) = 0. Hence g(t) < 0 for

t ≥ 0, and the proof of Proposition 3C.3 is complete.
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3D Properties of the solution to (3.27)–(3.29)

In this appendix, we establish the existence, uniqueness, and qualitative properties

for solutions to (3.27)–(3.29).

w′′
k + f ′

0(uk)wk = −f1(uk) in (0,∞), (3.285)

wk(0)− γkw
′
k(0) = 0, (3.286)

lim
t→∞

wk(t) = Q, (3.287)

where uk are the solutions to equations (3.21)–(3.23), and γk ≥ 0 are given fixed

constants for k = 0, 1, . . . , K. Here f0 and f1 are smooth functions defined by

f0(ϕ) =
1

|Ω|

I∑
i=1

mizi exp(−zi(ϕ− ϕ∗
0)) and f1(ϕ) = −Qf ′

0(ϕ) + f̂1(ϕ) for ϕ ∈ R,

(3.288)

where Q ∈ R (defined in (3.32)), mi > 0 and

f̂1(ϕ) =
1

|Ω|

I∑
i=1

m̂izi exp(−zi(ϕ− ϕ∗
0)) for ϕ ∈ R, (3.289)

m̂i =
mi

|Ω|

K∑
k=0

|∂Ωk|
∫ ∞

0

[1− exp(−zi(uk(s)− ϕ∗
0))] ds for i = 1, . . . , I, (3.290)

In addition, ϕ∗
0 and uk(0) satisfy (cf. (3.150)–(3.151))

ϕbd,k − uk(0) = sgn(ϕbd,k − ϕ∗
0)γk

√√√√ 2

|Ω|

I∑
i=1

mi[exp(−zi(uk(0)− ϕ∗
0))− 1] for k = 0, 1, . . . , K,

(3.291)

K∑
k=0

|∂Ωk|u′(0) =
K∑
k=0

|∂Ωk|
uk(0)− ϕbd,k

γk
= 0. (3.292)

By standard ODE theory, the solution wk to equations (3.285)–(3.287) can be rep-

resented as

wk(t) =
wk(0)

u′k(0)
u′k(t) + u′k(t)

∫ t

0

Qf0(uk(s))− F̂1(uk(s))

u′2k (s)
ds for t ≥ 0, (3.293)

where wk(0) and F̂1 are given by

wk(0) =
γk(Qf0(uk(0))− F̂1(uk(0)))

u′k(0) + γkf0(uk(0))
, (3.294)
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F̂1(ϕ) =

∫ ϕ

ϕ∗0

f̂1(s) ds =
1

|Ω|

I∑
i=1

m̂i[1− exp(−zi(ϕ− ϕ∗
0))] for ϕ ∈ R. (3.295)

Note that (3.294) is well-defined because u′k(0) + γkf0(uk(0)) ̸= 0. Clearly, (3.293)

with (3.294)–(3.295) satisfies (3.285)–(3.286). To verify that (3.293) satisfies (3.287),

we need the following claim.

Claim 3D.1. Let uk be the solution to (3.21)–(3.23), f̂1 and F̂1 defined in (3.289)

and (3.295), respectively, and ϕ∗
0 be the unique zero of f0. Then we have

(a) f̂1(ϕ
∗
0) = |Ω|−1

∑I
i=1 m̂izi = 0;

(b)
∣∣∣∫∞

0
(u′k(s))

−2[Qf0(uk(s))− F̂1(uk(s))] ds
∣∣∣ = ∞ if Q ̸= 0.

Proof of Claim 3D.1. By (3.288) and
∑I

i=1mizi = 0 (cf. (3.3)), we have

f̂1(ϕ
∗
0) =

1

|Ω|

I∑
i=1

m̂izi =
1

|Ω|

I∑
i=1

mizi

K∑
k=0

|∂Ωk|
∫ ∞

0

[1− exp(−zi(uk(s)− ϕ∗
0))] ds

=
1

|Ω|

K∑
k=0

|∂Ωk|
∫ ∞

0

(
I∑
i=1

mizi −
I∑
i=1

mizi exp(−zi(uk(s)− ϕ∗
0))

)
ds

= − 1

|Ω|

K∑
k=0

|∂Ωk|
∫ ∞

0

f0(uk(s)) ds.

Along with (3.21)–(3.22), (3.292) and Proposition 3B.2(a), we get

f̂1(ϕ
∗
0) =

1

|Ω|

K∑
k=0

|∂Ωk|
∫ ∞

0

u′′k(s) ds =
1

|Ω|

K∑
k=0

|∂Ωk|(−u′k(0)) =
1

|Ω|

K∑
k=0

|∂Ωk|
ϕbd,k − uk(0)

γk
= 0.

which shows (a). To prove (b), we use (3.21) and L’Hôpital’s rule to get

lim
t→∞

Qf0(uk(t))− F̂1(uk(t))

u′2k (t)
= lim

t→∞

Qf ′
0(uk(t))u

′
k(t)− f̂1(uk(t))u

′
k(t)

2u′k(t)u
′′
k(t)

= lim
t→∞

−Qf ′
0(uk(t)) + f̂1(uk(t))

2f0(uk(t))
.

By (3.23)–(3.30), (3.141), Proposition 3B.1, we have f0(uk(t)) ̸= 0 for t ≥ 0 and

lim
t→∞

f0(uk(t)) = 0. By (3.23), (3.141), (a) and the condition Q ̸= 0, we get

lim
t→∞

(−Qf ′
0(uk(t)) + f̂1(uk(t))) = −Qf ′

0(ϕ
∗
0) ̸= 0.

Hence
∣∣∣∫∞

0
(u′k(s))

−2[Qf0(uk(s))− F̂1(uk(s))] ds
∣∣∣ = ∞, which gives (b) and completes

the proof of Claim 3D.1.
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Now we show that (3.293) satisfies (3.287) and obtain the existence of (3.285)–

(3.287). For the case that Q ̸= 0, we can use (3.258), Claim 3D.1 and L’Hôpital’s

rule to get

lim
t→∞

wk(t) = lim
t→∞

wk(0)

u′k(0)
+

∫ t

0

Qf0(uk(s))− F̂1(uk(s))

u′2k (s)
ds

1

u′k(t)

= lim
t→∞

Qf0(uk(t))− F̂1(uk(t))

u′2k (t)

− u′′k(t)

u′2k (t)

= lim
t→∞

Qf0(uk(t))− F̂1(uk(t))

f0(uk(t))
= Q+ lim

t→∞

−f̂1(uk(t))u′k(t)
f ′
0(uk(t))u

′
k(t)

= Q− lim
t→∞

f̂1(uk(t))

f ′
0(uk(t))

= Q− f̂1(ϕ
∗
0)

f ′
0(ϕ

∗
0)

= Q,

(3.296)

which gives (3.287) for Q ̸= 0. This shows the existence of a solution (3.285)–

(3.287) for Q ̸= 0. For the case of Q = 0, we define w0
k and w±

k by (3.293) for

Q = 0 and Q = ±1, respectively. Then due to the linearity of (3.293) (with respect

to Q), w0
k = (w+

k + w−
k )/2. By (3.296) with Q = ±1, we find that lim

t→∞
w0
k(t) =

lim
t→∞

(w+
k (t) + w−

k (t))/2 = (1 + (−1))/2 = 0, which implies that w0
k satisfies (3.287)

for Q = 0. Therefore, we get the existence of the solution to (3.285)–(3.287) for

Q ∈ R.

It remains to prove the uniqueness of the solution to (3.285)–(3.287). Suppose

that there exist two solutions wk and w̃k of (3.285)–(3.287). Let wk = wk − w̃k.

Then wk satisfies

w′′
k + f ′

0(uk)wk = 0 in (0,∞),

wk(0)− γkw
′
k(0) = 0,

lim
t→∞

wk(t) = 0.

By the standard maximum principle, it is easy to obtain wk ≡ 0 on [0,∞), which

gives the uniqueness of solution to (3.285)–(3.287).
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4 Near- and far-field expansions for stationary so-

lutions to Poisson–Nernst–Planck equations2

4.1 Introduction

With the development of current nanotechnology in electrochemistry [46,102], anal-

ysis of solutions to mathematical models with regulated parameters plays a more

and more important role in investigating the distribution of electrostatic poten-

tial in electrolyte-like solutions (cf. [35, 48, 53, 55, 63, 91, 98, 106, 108]). In the past

few decades, a key ingredient for understanding of such microscopic phenomena is

the Poisson–Boltzmann equation [20, 110, 112], but which suffered from deficiencies

that are well known. Different types of nonlinear electrochemistry systems (see,

e.g., [19, 45, 51, 52, 54, 56, 57, 77, 84, 85, 92, 103, 105, 107]) have already been modeled

and the corresponding computational confirmation is expected to reach theoretical

prediction.

Among such phenomena in electrochemistry, an unstable one relates to the non-

electroneutrality characterized by the localization of excess charge distributions. For

instance, a faradaic current drives ions from one electrode surface to another and

results in an ionic distribution which is non-uniform near the electrode surface. We

refer the reader to [36, 78]. Other instabilities including the electroconvective in-

stability in channels have been investigated; see, e.g., [86] and references therein.

Despite the intensive investigation yielding detailed information and the reasonable

success, little is known about the non-electroneutral phenomenon near the charged

surface. In [14, 15], employing the one dimensional Poisson–Nernst–Planck (PNP)

system provides an underlying framework for such phenomena, where it is reason-

ably assumed that all ions transport in the same direction along a tubular-like

2This chapter is adapted from an article co-authored with Professor Chiun-Chang Lee and my

advisor, Professor Tai-Chia Lin, which has been published in [89]. I am grateful to Professor

Chiun-Chang Lee for suggesting the problem and to both professors for their valuable suggestions

on the manuscript. My main contributions include establishing the rigorous mathematical proofs

and producing the numerical figures.
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mircodomain with finite-length so that the physical domain can be set as a one-

dimensional interval Ω = (0, 1). At the beginning of this work we consider the

model for single-ion species which is represented as
∂p

∂t
(t, r) = Dp

∂

∂r

(
∂p

∂r
(t, r) +

zpe0
kBT

p(t, r)
∂u

∂r
(t, r)

)
,

− ∂2u

∂r2
(t, r) = λ(ρf(r) + zpe0p(t, r)), (t, r) ∈ (0,∞)× (0, 1),

(4.1)

with the no-flux boundary conditions(
∂p

∂r
+
zpe0
kBT

p
∂u

∂r

)
(t, 0) =

(
∂p

∂r
+
zpe0
kBT

p
∂u

∂r

)
(t, 1) = 0, t > 0, (4.2)

and initial conditions p(0, r) = p0(r) > 0 and u(0, r) = u0(r), for r ∈ [0, 1], which

are compatible with the boundary conditions (4.2). Notice that (4.1)–(4.2) satisfies

shift in variance in u and so we will set the boundary condition for u later.

Physically, u is the electrostatic potential, p is the density of cations, Dp is the

diffusion coefficient, zp is the valency of cations, e0 is the elementary charge, kB is the

Boltzmann constant, T is the absolute temperature, and ρf is the fixed permanent

charge density in the physical domain. Besides, λ = d2e0S/(ε0UT ) where ε0 is the

dielectric constant of the electrolyte, UT is the thermal voltage, d is the diameter of

the domain Ω = (0, 1), and S is the appropriate concentration scale [97]. Note that

the no-flux boundary conditions (4.2) ensure the conservation of ions, i.e.,∫ 1

0

p(t, r)dr =

∫ 1

0

p0(r)dr, ∀ t > 0. (4.3)

To see the non-electroneutral phenomenon near the charged surface, λ is assumed

a large positive parameter corresponding to the number of ions occupying an elec-

trolytic region, as was studied in [14]. To basically understand the non-electroneutral

phenomenon of u and p as λ≫ 1, we neglect the effect of fixed permanent charges by

setting ρf = 0 and focus mainly on their steady-state solutions. Under the standard

dimensionless formulation, we may set

zp = 1, e0/kBT = 1, Dp = 1, (4.4)

and regard λ as a positive parameter. Without loss of generality, we may assume∫ 1

0
p0(r)dr = 1. Then by (4.3) and (4.4), the steady-states of (4.1)–(4.2) verify

u(t, r) = uλ(r) and the nonlocal relation p(t, r) = e−uλ(r)∫ 1
0 e

−uλ(s)ds
(see also, [13, equation
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(1.1) with p = 1], [14, Section 2.1] and [70] and references therein). As a consequence,

uλ satisfies

−u′′λ(r) = ρλ(r) :=
λe−uλ(r)∫ 1

0
e−uλ(s)ds

, r ∈ (0, 1). (4.5)

Physically, ρλ represents the net charge density of the ion species and the parameter∫ 1

0
ρλ(r)dr denotes the total charges of ions. It should be mentioned that in [47,

Chapter 10.6.1], (4.5) is named the reverse Liouville–Bratú–Gelfand (LBG) equation

which can be regarded as the nonlocal LBG equation (see, e.g., [59] and references

therein).

For (4.5), we consider the following condition at r = 0:

uλ(0) = u′λ(0) = 0, (4.6)

as was presented in [14], where assumption uλ(0) = 0 is actually due to a fact that

equation (4.5) satisfies the shift invariance; that is, for any c ∈ R, uλ+c also satisfies

(4.5). We emphasize that such a setting immediately implies

u′λ(1) = −λ. (4.7)

This along with (4.6) asserts that there exists an interior point rλint ∈ (0, 1) depending

on λ such that when λ→ ∞, the net charge density ρλ(r
λ
int) = −u′′λ(rλint) = u′λ(0)−

u′λ(1) = λ asymptotically blows up. As will be clarified later, such a phenomenon

occurs only when rλint is sufficiently close to the boundary point r = 1 as λ tends

to infinity. The boundary blow-up behavior theoretically represents the non-neutral

phenomenon near the charged surface. We further refer the reader to [70, 75, 76]

for the different boundary blow-up phenomena related models with multiple species

under various boundary conditions.

It should be stressed that equation (4.5)–(4.6) has recently been studied by J.

Cartailler et al [14], who used the phase-plane analysis to obtain the uniqueness

of equation (4.5)–(4.6). A more general argument for the uniqueness can also be

found in [71]. Moreover, the authors in [14] showed that as λ → ∞, the numerical

solution to (4.5)–(4.7) develops boundary layers near r = 1. They further studied

the leading order term of the asymptotic expansions of uλ(1) with respect to λ≫ 1,

and compared the result with their numerical simulation. However, the more refined

pointwise asymptotics for solutions, which is crucial for describing the sharp change
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of uλ near the boundary, remains unclear. The issue will be addressed in detail in

this work.

4.1.1 Near-field and far-field expansions

The main difficulty lies in the lack of available asymptotic analysis for such singularly

perturbed nonlocal models, which we shall explain as follows. Firstly, one observes

from (4.5) and (4.6) that

uλ(r), u
′
λ(r), u

′′
λ(r) < 0 for r ∈ (0, 1). (4.8)

In particular, (4.5)–(4.7) and (4.8) imply that
∫ 1

0
e−uλ(s)ds ≥ 1 and

uλ(1) = − log

(
1 +

λ

2

∫ 1

0

e−uλ(s)ds

)
→ −∞ as λ→ ∞. (4.9)

This illustrates the importance of the refined asymptotic expansions of
∫ 1

0
e−uλ(s)ds

with respect to λ ≫ 1. A perspective on obtaining such asymptotics is to consider

the following nonlinear eigenvalue problem with κ > 0 (see also, [14, Appendix]):− U ′′
κ (r) = κe−Uκ(r), r ∈ (0, 1),

Uκ(0) = U ′
κ(0) = 0.

(4.10)

When κ ∈ (0, π2/2), (4.10) has a unique solution Uκ(r) = 2 log cos(r
√
κ/2) which is

uniformly bounded on [0, 1], and Uκ(1) → −∞ as κ approaches π2/2 from the left.

However, when κ > π2/2, (4.10) does not have solutions defined in the whole domain

(0, 1). As a consequence, by (4.9) it is expected that a solution uλ of (4.5)–(4.6)

satisfies

λ∫ 1

0
e−uλ(s)ds

<
π2

2
for λ > 0, and

λ∫ 1

0
e−uλ(s)ds

λ→∞
−−−−→ π2

2
. (4.11)

We will prove (4.11) rigorously and establish a more refined asymptotic expansion

of
∫ 1

0
e−uλ(s)ds with respect to λ ≫ 1; see the detail in (4.27) and Remark 4.2.

Moreover, it yields the limiting equation for (4.5)–(4.6) formally as follows:
−U ′′(r) =

π2

2
e−U(r), r ∈ (0, 1),

U(0) = U ′(0) = 0,

(4.12)

and the unique solution

U(r) := Uπ2

2

(r) = 2 log cos
(π
2
r
)
, r ∈ [0, 1), (4.13)
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represents the zeroth-order outer-solution to (4.5)–(4.6) with respect to λ ≫ 1; see

also, Remark 4.1. In passing we note that U(r) → −∞ and U ′(r) = −π tan(π
2
r) →

−∞ as r ↑ 1, which formally coincide with the boundary asymptotic blow-up be-

havior of uλ and u′λ obtained respectively in (4.9) and (4.7). In summary, equation

(4.5)–(4.6) is a nonlocal singularly perturbed model with small parameter 1
λ
in front

of its Laplace operator, and its limiting equation connects to a boundary blow-up

problem (4.12).

What we want to point out is that the limiting model (4.12) of (4.5)–(4.6) cannot

be directly obtained from applying the standard method of matched asymptotic

expansions since the nonlocal coefficient λ∫ 1
0 e

−uλ(s)ds
is involved with the parameter

λ and its corresponding zeroth order outer solution U(r) diverges near r = 1. To

achieve the pointwise description of uλ with respect to λ ≫ 1, our first task is

concerned with the asymptotic expansions for the solution uλ, consisting of the

near-field expansion and the far-field expansion. In order for the reader to realize

the difference from the method of matched asymptotic expansions, we present the

argument as follows:

• The near-field expansion focuses mainly on the refined asymptotics of uλ(r
λ
p,α)

and u′λ(r
λ
p,α), where α and p are positive constants independent of λ, and

rλp,α = 1− p

λα
∈ (0, 1), λ≫ 1, (4.14)

is sufficiently close to the boundary point r = 1. Let us emphasize again that

as λ ≫ 1, uλ develops boundary layers and asymptotically blows up near the

boundary r = 1 so that the asymptotic behavior of uλ has dramatic changes in

a thin neighborhood of r = 1. To better understand the structure of boundary

layers, we are devoted to the pointwise asymptotics of uλ(r
λ
p,α) and u′λ(r

λ
p,α)

with various α and p; see, for example, (4.18) and (4.19). Such a consideration

essentially points out the difference between the analysis of (4.5)–(4.6) and the

standard singularly perturbed equations.

• the far-field expansion focuses on the refined asymptotics for uλ in C1(K)

as λ → ∞, where K independent of λ is a compact subset of [0, 1). We will

frequently use the norm ∥ · ∥C1(D) defined by

∥f∥C1(D) := sup
D

(|f |+ |f ′|) (4.15)
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where D is a bounded set of R and f ∈ C1(D). When D = K is a com-

pact subset of [0, 1), (4.15) is used for convenience to describe the asymptotic

expansions of u in K.

We refer the reader to [44, 113] for the more detailed physical background of these

two terminologies.

We are now in a position to draw the asymptotic behavior of uλ. As will be

presented in detail in Theorem 4.2, for any compact subset K (independent of λ)

of [0, 1), we establish the far-field expansion of uλ with the precise asymptotic

expansions up to the order of 1
λ2
:

uλ(r) = U(r) + πr

(
sin(πr)

λ
− πr + 2 sin(πr)

λ2

)
sec2

(π
2
r
)
+
ũλ(r)

λ2
and sup

K
|ũλ|

λ→∞
−−−→ 0,

(4.16)

where U defined in (4.13) is the unique solution to (4.12). In contrast to the asymp-

totics of uλ in any compact subset of [0, 1), our near-field analysis reveals a totally

different asymptotic behaviour of uλ near the boundary r = 1. In Theorem 4.3, we

show that uλ asymptotically blows up near the boundary r = 1 and obtain a novel

asymptotics

uλ
(
rλp,α
)
= min{2, 2α} log 1

λ
+Op,α, (4.17)

where Op,α depends mainly on p and α and satisfies

lim sup
λ→∞

|Op,α| <∞

(see Theorem 4.3 for the detailed expression of Op,α). As it was mentioned pre-

viously, we shall stress that the concept of the near-field expansions focus on the

pointwise asymptotic behavior of solutions sufficiently near the boundary, which is

different from the standard matched inner solution. As a consequence, by (4.16)

and (4.17) we know that a strong change of uλ with λ→ ∞ merely occurs near the

boundary r = 1, and there hold: (i) as 0 < α < 1, lim
λ→∞

uλ(r
λ
p,α)

log λ−1 = 2α shows that

the blow-up asymptotics of uλ(r
λ
p,α) varies with α; (ii) for 0 < α1 < α2 < 1, interior

points 1−λ−αi , i = 1, 2, are sufficiently close to the boundary, but the corresponding

potential difference |uλ(1 − λ−α1) − uλ(1 − λ−α2)| tends to infinity as λ ≫ 1. Fur-

thermore, we show the following properties that emphasize the significant change of

uλ near the boundary r = 1 as λ ≫ 1 (which can be obtained from (4.32), (4.34)

and (4.36)):
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(A) For rλp,α satisfying (4.14) with 0 < α ≤ 1, the second order term of uλ(r
λ
p,α)

(i.e., the leading order term of Op,α as λ ≫ 1) relies exactly on p; however,

when α > 1, the second order term of uλ(r
λ
p,α) is independent of p.

(B) Various potential differences |uλ(rλp,α)−uλ(1)| and |uλ
(
rλp1;α

)
−uλ

(
rλp2;α

)
| with

p1 ̸= p2 can be presented as follows:

lim
λ→∞

∣∣uλ(rλp,α)− uλ (1)
∣∣ =


∞, if 0 < α < 1,

2 log
p+ 2

2
, if α = 1,

0, if α > 1,

(4.18)

and

lim
λ→∞

∣∣uλ (rλp1;α)− uλ
(
rλp2;α

)∣∣ =


2

∣∣∣∣log p1p2
∣∣∣∣ , if 0 < α < 1,

2

∣∣∣∣log p1 + 2

p2 + 2

∣∣∣∣ ∈ (0, 2

∣∣∣∣log p1p2
∣∣∣∣), if α = 1,

0, if α > 1.

(4.19)

Since dist(rλp,α, 1) → 0 and dist(rλp1;α, r
λ
p2;α

) → 0 as λ → ∞, (4.18) and (4.19)

present that the potential uλ has a sharp change in a quite thin region next to

the boundary r = 1. We refer the reader to Theorem 4.3 for the asymptotic

expansions (at most the exact first three order terms) of uλ(r
λ
p,α) and u

′
λ(r

λ
p,α)

with respect to λ≫ 1.

(C) Based on (4.16) and (4.17), the far-field and near-field expansions of ρλ with

respect to λ ≫ 1 are established. Moreover, we show in Corollary 4.1 that as

λ → ∞, the net charge density e−uλ∫ 1
0 e

−uλ(s)ds
= ρλ

λ
behaves exactly as a Dirac

measure supported at boundary point r = 1. This mathematically confirms

that the non-neutral phenomenon occurs near the charged surface.

4.1.2 A new comparison with charge-conserving Poisson–Boltzmann equa-

tions

In this section, we pay attention to a bi-nonlocal Poisson–Boltzmann equation for

monovalent binary ions (usually called the charge-conserving Poisson–Boltzmann
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equation [112])

v′′µ,λ(r) =
µevµ,λ(r)∫ 1

0
evµ,λ(s)ds

− λe−vµ,λ(r)∫ 1

0
e−vµ,λ(s)ds

, r ∈ (0, 1), (4.20)

with the same boundary condition of uλ as (4.6):

vµ,λ(0) = v′µ,λ(0) = 0. (4.21)

Equation (4.20) is derived from the steady-state of PNP equation for monovalent

binary electrolytes (cf. [70,73,74,76]), where µ and λ are positive parameters related

to the total number of anions and cations, respectively. When we take a formal look

at the case 0 < µ ≪ λ, i.e., the total number of cations is great larger than that of

anions, it seems that equation (4.20)–(4.21) approaches equation (4.5)–(4.6). How-

ever, since the rigorous asymptotic behavior of those nonlocal terms are unknown, it

is not obvious that 0 < µ ≪ λ implies µ∫ 1
0 e

vµ,λ(s)
ds

≪ λ∫ 1
0 e

−vµ,λ(s)
ds
. Hence, a question

is naturally raised:

(Q) Assume that µ depends on λ. What does the relation between µ and λ make

lim
λ→∞

∥vµ,λ − uλ∥C1([0,1]) = 0 (4.22)

hold? Here ∥ · ∥C([0,1]) is defined in (4.15) with K = [0, 1].

Let us first make a brief review on (4.20)–(4.21) and point out the difficulty in

studying the question (Q). It is known (cf. [70,76]) that for the case

µ = γλ
λ→∞
−−−→ ∞ (γ > 0 independent of λ), (4.23)

there holds lim
λ→∞

|vµ,λ| = 0 exponentially in any compact subsetK of [0, 1). Moreover,

under (4.23), by following the similar arguments as in [76, (2.23)], we have that

µ∫ 1
0 e

vµ,λ(s)
ds

and λ∫ 1
0 e

−vµ,λ(s)
ds

are divergent as λ→ ∞ since

µ

λ
∫ 1

0
evµ,λ(s)ds

→ γ and
1∫ 1

0
e−vµ,λ(s)ds

→ γ as λ→ ∞.

In this case, the asymptotic behavior of vµ,λ is totally different from that of uλ

since lim
λ→∞

sup
K

|uλ − U | = 0 (see (4.16)) and lim
λ→∞

1∫ 1
0 e

−uλ(s)ds
= 0 (see (4.27)). As

a consequence, (4.22) never holds under the condition (4.23). We shall stress that

the study of (Q) is different from the case in most recent work [76] since the main
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analysis technique in [76] needs the constraint (4.23). Because of the limitation of

analysis technique in these literatures, as λ → ∞, the asymptotic behavior of the

nonlocal coefficient µ∫ 1
0 e

vµ,λ(s)
ds

and vµ,λ without assumption (4.23) remains unknown.

We take an essential viewpoint to answer question (Q). Thanks to the inverse

Hölder type estimate established in [75, (3.8)], we have, for µ > 0 and λ > 0, the

estimate 1 ≤
∫ 1

0
evµ,λ(s)ds

∫ 1

0
e−vµ,λ(s)ds ≤ max{λ

µ
, µ
λ
}. This implies, for λ > µ > 0,

µ2 ≤ µ∫ 1

0
evµ,λ(s)ds

· λ∫ 1

0
e−vµ,λ(s)ds

≤ µλ. (4.24)

When λ > 0 is fixed and µ→ 0+, equation (4.20)–(4.21) of vµ,λ formally approaches

equation (4.5)–(4.6) of uλ since (4.24) implies lim
µ→0+

µ∫ 1
0 e

vµ,λ(s)
ds

= 0. However, when

λ → ∞ and µ → 0+ independently, it is not intuitive to claim µ∫ 1
0 e

vµ,λ(s)
ds

→ 0

because we do not have the further information about µλ. From another viewpoint,

if we first assume that µ depends on λ and (4.22) holds, then we have λ∫ 1
0 e

−vµ,λ(s)
ds

∼
λ∫ 1

0 e
−uλ(s)ds

→ π2

2
as λ→ ∞ (cf. (4.27)). Along with (4.24), we find that the condition

lim
λ→∞

µλ = 0 (4.25)

verifies lim
λ→∞

µ∫ 1
0 e

vµ,λ(s)ds
= 0, together with vµ,λ(r) ≤ vµ,λ(0) = 0 (cf. Lemma 4.3),

we obtain

max
[0,1]

µevµ,λ∫ 1

0
evµ,λ(s)ds

=
µ∫ 1

0
evµ,λ(s)ds

→ 0 as λ→ ∞,

and equation (4.20) formally approaches equation (4.5). The following theorem

confirms such an observation and establishes convergence of vµ,λ with µ → 0. In

particular, (4.25) is a sufficient condition for (4.22).

Theorem 4.1. For λ > µ > 0, let vµ,λ ∈ C2([0, 1]) be the unique solution to (4.20)–

(4.21) (cf. [71, 76]), and let uλ ∈ C2([0, 1]) be the unique solution to (4.5)–(4.6).

Then both vµ,λ and uλ are monotonically decreasing, but vµ,λ − uλ is monotonically

increasing. Moreover, we have:

(a) Assume (4.25). Then (4.22) is achieved.

(b) For λ > 0 fixed, there holds

lim
µ→0+

∥vµ,λ − uλ∥C1([0,1]) = 0.
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Equation (4.20)-(4.21) with various µ and λ = 104.
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Figure 4.1: For λ > 0 fixed, equation (4.20)–(4.21) of vµ,λ approximates equation

(4.5)–(4.6) of uλ as µ tends to zero. Given λ = 104, the curve 1–5 are associated with

µ = 104, 103, 102, 10, 0, respectively. Note that the curve 1 presents the neutrality

(µ = λ = 104), which implies vµ,λ ≡ 0.

Here we provide a numerical result to support Theorem 4.1(b) in Figure 4.1.

Setting wµ,λ := vµ,λ − uλ, we obtain

w′′
µ,λ (r) = e−vµ,λ(r)Wµ,λ(r) with Wµ,λ(r) =

µe2vµ,λ(r)∫ 1

0
evµ,λ(s)ds

− λ∫ 1

0
e−vµ,λ(s)ds

+
λewµ,λ(r)∫ 1

0
e−uλ(s)ds

.

We shall briefly sketch the proof of Theorem 4.1 as follows.

• The basic properties of vµ,λ and wλ will be stated in Section 4.4.1. Further-

more, in Lemma 4.4 we carefully deal with Wµ,λ for the case λ > µ > 0, and

show that wµ,λ has neither local maximum nor local minimum in (0, 1). Along

with w′
µ,λ(1) = v′µ,λ(1)− u′λ(1) = µ > 0, this particularly shows the monotonic

increase of wµ,λ with r.

• A significant idea for proving Theorem 4.1(a) and (b) is to establish the fol-

lowing estimates:

144



doi:10.6342/NTU202501331

(1) For wµ,λ, we obtain

0 ≤ max
[0,1]

wµ,λ = wµ,λ(1) < log

((
1− µ

λ

)2
+µλ

(
2− µ

λ

) e−uλ(1)
λ2︸ ︷︷ ︸

uniformly bounded
as λ→ ∞

)
λ fixed or λ→∞

−−−−−−−−−−−→
µλ→0

0

(4.26)

(cf. (4.78)–(4.79) for λ→ ∞; (4.85) for λ > 0 fixed). Here we shall stress

that in (4.26), the condition (4.25) seems optimal since lim
λ→∞

e−uλ(1)

λ2
= π−2

(see (4.31)).

(2) For w′
µ,λ, we obtain

max
[0,1]

w′2
µ,λ := w′2

µ,λ(r
∗
µ,λ) ≤ − µ(2evµ,λ(r

∗
µ,λ) − 1)∫ 1

0
evµ,λ(s)ds

+ λ

(
1∫ 1

0
e−vµ,λ(s)ds

− 1∫ 1

0
e−uλ(s)ds

)
λ fixed or λ→∞

−−−−−−−−−−−→
µλ→0

0

(cf. (4.83) and Lemma 4.6 for λ→ ∞; (4.88)–(4.89) for λ > 0 fixed).

Consequently, we obtain lim
λ fixed or λ→∞

µλ→ 0

∥wµ,λ∥C1([0,1]) = 0. The detailed proof of The-

orem 4.1 will be stated in Sections 4.4.2–4.4.4.

In Theorems 4.2–4.3 below, we will establish the refined far-field and near-field

expansions for uλ with respect to λ ≫ 1. Combining Theorem 4.1(a) with The-

orems 4.2–4.3, we can obtain refined asymptotic expansions of vµ,λ as λ ≫ 1 and

0 < µλ≪ 1. Various asymptotics of vµ,λ and uλ can be presented as follows.

vµ,λ - uλ
(uniformly)

λ fixed and µ → 0

(pointwise)
U := lim

λ→∞
uλ-

λ → ∞

vµ,λ − uλ - 0
(uniformly)

λ → ∞ and µλ → 0

Organization of the chapter. The rest of the chapter is organized as fol-

lows. In Section 4.2 we will state the main results about the far-field expansions

and the near-field expansions of uλ in Theorems 4.2 and 4.3, respectively. Based

on such asymptotic expansions, we establish in Corollary 4.1 for the refined asymp-

totic expansions of ρλ and the related concentration phenomenon of ρλ
λ

as λ → ∞.

Afterwards, we prove Theorems 4.2–4.3 and Corollary 4.1 in Section 4.3. We shall

stress that Theorem 4.3 plays a crucial role in the proof of Theorem 4.1. In Sec-

tion 4.4.1 we introduce some basic properties of vµ,λ. For Theorem 4.1, we will state
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the proof of (a) in Sections 4.4.2–4.4.3 and the proof of (b) in Section 4.4.4. Finally,

we provide an application to calculating the capacitances and discuss such result in

Section 4.5.

4.2 The main results of (4.5)–(4.6)

Throughout the whole chapter, we denote oλ as the quantity tending to zero as λ

goes to infinity. We are now in a position to state the main results about the far-field

and near-field expansions of the solution to (4.5)–(4.6) as follows.

Theorem 4.2 (Far-field expansions of uλ). For λ > 0, let uλ ∈ C2([0, 1]) be the

unique solution to (4.5)–(4.6). Then as λ≫ 1,∫ 1

0

e−uλ(s)ds =
2

π2

(
λ+ 4 +

4

λ
(1 + oλ)

)
→ ∞. (4.27)

Moreover, for any compact subset K of [0, 1), there holds

λ2
∥∥∥∥uλ(r)− U(r)− πr

(
sin(πr)

λ
− πr + 2 sin(πr)

λ2

)
sec2

(π
2
r
)∥∥∥∥

C1(K)

λ→∞
−−−→ 0,

(4.28)

where U(r) = 2 log cos
(
π
2
r
)
is the unique solution to (4.12) and ∥ · ∥C1(K) is defined

in (4.15).

Remark 4.1. (4.28) gives the precise first three terms of uλ(r) and u
′
λ(r) with respect

to λ≫ 1, for r ∈ [0, 1):

uλ(r) = U(r) + πr

(
sin(πr)

λ
− πr + 2 sin(πr)

λ2

)
sec2

(π
2
r
)
+O

(
1

λ3

)
,

u′λ = U ′(r) +
2π tan(πr/2) + π2r sec2(πr/2)

λ

− 4π tan(πr/2) + 4π2r sec2(πr/2) + π3r2 sec2(πr/2) tan(πr/2)

λ2
+O

(
1

λ3

)
(4.29)

In particular, one obtains

lim
λ→∞

uλ(r) = U(r) and lim
λ→∞

u′λ(r) = U ′(r) = −π tan
(π
2
r
)
. (4.30)

We stress that (4.30) can be derived directly from [14]. However, the argument

in [14] seems difficult to establish (4.29) due to the lack of (4.44).
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Theorem 4.3 (Near-field expansions of uλ). Under the same hypotheses as in The-

orem 4.2, as λ≫ 1, we have

uλ(1) = 2 log
1

λ
+ 2 log π − 4

λ
(1 + oλ). (4.31)

Moreover, for α, p > 0 independent of λ, uλ(r
λ
p,α) asymptotically blows up, which is

depicted as follows:

(a) If α > 2, i.e., λ2dist(rλp,α, 1) → 0, then uλ
(
rλp,α
)
= −2 log λ+2 log π− 4

λ
(1+oλ),

which shares the same first three terms with uλ(1), and u′λ(r
λ
p,α) and u′λ(1)

shares the same leading order term, which asymptotically blows up. In partic-

ular,
∣∣u′λ(rλp,α)− u′λ(1)

∣∣→ 0 as λ→ ∞.

(b) If 1 < α ≤ 2, then

(b1) uλ(r
λ
p,α) and uλ(1) share the same first two terms:

uλ(r
λ
p,α) = 2 log

1

λ
+ 2 log π +


p− 4

λ
(1 + oλ) if α = 2,

p

λα−1
(1 + oλ) if α ∈ (1, 2) .

(4.32)

(b2) u′λ(r
λ
p,α) and u

′
λ(1) share the same leading order term:

u′λ(r
λ
p,α) = −λ+

p

2
λ2−α(1 + oλ), α ∈ (1, 2]. (4.33)

Hence, the effect of p and α occurs at the third order term of uλ(r
λ
p,α) and the

second order term u′λ(r
λ
p,α).

(c) If α = 1, then

(c1) uλ(r
λ
p,α) and uλ(1) share the same leading order terms:

uλ(r
λ
p,α) = 2 log

1

λ
+ 2 log

(p+ 2) π

2
− 4

λ
(1 + oλ) . (4.34)

(c2) The leading order term of u′λ(r
λ
p,α) depends on p:

u′λ(r
λ
p,α) = − 2

p+ 2
λ+ oλ. (4.35)

Hence, the effect of p occurs at the second order term of uλ(r
λ
p,α) and the leading

order term of u′λ(r
λ
p,α).
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(d) If 0 < α < 1, then

(d1) The leading order term of uλ(r
λ
p,α) depends on α and second order term

depends on p:

uλ(r
λ
p,α) = 2α log

1

λ
+ 2 log

pπ

2
+ oλ. (4.36)

(d2) The leading order term of u′λ(r
λ
p,α) depends on p and α:

u′λ(r
λ
p,α) = −2

p
λα + oλ. (4.37)

Thanks to Theorems 4.2 and 4.3, we are able to obtain the pointwise asymptotics

of λ−1ρλ. Moreover, we have (cf. (4.38) and (4.39)) that as λ≫ 1:

• For 0 < α < 1/2, sup
[0,rλp,α]

λ−1ρλ and sup
[0,rλp,α]

λ−1u′2λ tend to zero.

• For α = 1/2, λ−1ρλ(r
λ
p,α) and λ

−1u′2λ (r
λ
p,α) are bounded and have positive lower

bound.

• For α > 1/2, λ−1ρλ(r
λ
p,α) and λ

−1u′2λ (r
λ
p,α) asymptotically blow up.

More precisely, we obtain the refined far-field and near-field expansions of the net

charge density ρλ and the boundary concentration phenomena of λ−1ρλ and λ−1u′2λ ,

which are stated as follows.

Corollary 4.1. Under the same hypotheses as in Theorem 4.2, as λ approaches

infinity, we have

(a) (Far-field expansions of ρλ) For any compact subset K (independent of λ) of

[0, 1),

ρλ(r) =
π2

2
sec2

(π
2
r
)
− 1

λ

[
2π2 sec2

(π
2
r
)
+ π3 sec2

(π
2
r
)
tan
(π
2
r
)]

(1 + oλ)

(4.38)

uniformly in K.

(b) (Near-field expansions of ρλ) The asymptotics of ρλ near the boundary is de-

picted as follows:

ρλ(r
λ
p,α) =



λ2

2
(1 + oλ) if α ∈ (1,∞),

2λ2

(p+ 2)2
(1 + oλ) if α = 1,

2λ2α

p2
(1 + oλ) if α ∈ (0, 1).

(4.39)
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(c) (Concentration phenomenon) Both λ−1ρλ and (2λ)
−1u′2λ behave exactly as Dirac

measures supported at boundary point r = 1, i.e.,

lim
λ→∞

∫ 1

0

ρλ(r)

λ
h(r)dr = h(1), (4.40)

lim
λ→∞

∫ 1

0

u′2λ (r)

2λ
h(r)dr = h(1), (4.41)

for any continuous function h : [0, 1] → R independent of λ.

4.3 Proof of Theorems 4.2 and 4.3 and Corollary 4.1

It is well-known (cf. [14, Appendix]) that uλ and ρλ can be expressed as

uλ(r) = 2 log cos

(√
Jλ
2
r

)
and ρλ(r) = Jλ sec

2

(√
Jλ
2
r

)
for r ∈ [0, 1] , (4.42)

where

Jλ =
λ

Iλ
<
π2

2
, and Iλ =

∫ 1

0

e−uλ(s)ds. (4.43)

To study the asymptotic behaviour of uλ, it suffices to establish the refined

asymptotic expansions of Iλ and Jλ which are stated as follows.

Lemma 4.2. Under the same hypothesis in Theorem 4.2, we have

Jλ = π2

(
1

2
− 2

λ
+

6

λ2
− 48− 2π2

3λ3
(1 + oλ)

)
as λ≫ 1. (4.44)

The proof of Lemma 4.2 is elementary so we state it in Appendix.

Remark 4.2. Since (4.5) has a unique solution uλ and corresponds to the nonlinear

eigenvalue problem (4.10) with (Uκ, κ) = (uλ, Jλ), this results in
λ∫ 1

0 e
−uλ(s)ds

< π2

2
for

any positive λ. We want to point out that (4.44) implies a squeezed estimate

π2

(
1

2
− 2

λ
+

6− ε

λ2

)
<

λ∫ 1

0
e−uλ(s)ds

< π2

(
1

2
− 2

λ
+

6

λ2

)
as λ > λ(ε),

for any sufficiently small ε > 0, where λ(ε) is a positive constant depending on ε.

Now, we are in a position to state the proof of Theorem 4.2.

Proof of Theorem 4.2. (4.27) follows from (4.44) since we have

Iλ =
λ

Jλ
=

2λ

π2

(
1− 4

λ
+

12

λ2
(1 + oλ)

)−1

=
2

π2

(
λ+ 4 +

4

λ
(1 + oλ)

)
.
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To prove (4.28), we need to establish the precise first third order terms of uλ(r) and

u′λ(r) in K. Firstly, by (4.42) and (4.44), there holds that

uλ(r) = 2 log cos

(
π

2
r − π

λ
r +

2π

λ2
r(1 + oλ)

)
uniformly in K, as λ→ ∞. (4.45)

Note that r ∈ K is independent of λ. For a sake of convenience, let us set

ξ(r) = −π
λ
r +

2π

λ2
r(1 + oλ). (4.46)

Then, as λ→ ∞, we have ξ(r) → 0 and

2 log cos
(π
2
r + ξ(r)

)
= 2 log cos

(π
2
r
)
−2ξ(r) tan

(π
2
r
)
−ξ2(r) sec2

(π
2
r
)
+o(ξ3(r)),

(4.47)

uniformly in K. (4.47) can be obtained directly from the Taylor expansions so we

omit the detailed derivation. As a consequence, by (4.45)–(4.47),

uλ(r) =2 log cos
(π
2
r
)
+

2πr

λ
tan
(π
2
r
)
− πr

λ2

(
4 tan

(π
2
r
)
+ πr sec2

(π
2
r
))

(1 + oλ)

=2 log cos
(π
2
r
)
+ πr sec2

(π
2
r
)(sin(πr)

λ
− πr + 2 sin(πr)

λ2

)
(1 + oλ),

(4.48)

which gives the precise first third order terms of uλ(r).

On the other hand, differentiating (4.42) to r gives

u′λ(r) = −2

√
Jλ
2

tan

(√
Jλ
2
r

)
. (4.49)

Hence, by virtue of (4.44), (4.46) and (4.49), an expansion of u′λ(r) with respect to

λ≫ 1 can be expressed as

u′λ(r) =

(
−π +

2π

λ
− 4π

λ2
(1 + oλ)

)
tan

(
π

2
r − π

λ
r +

2π

λ2
r(1 + oλ)

)
=− π tan

(π
2
r
)
+
π2r + π sin(πr)

λ
sec2

(π
2
r
)

− π

λ2

[
4 tan

(π
2
r
)
+ 4πr sec2

(π
2
r
)
+ π2r2 sec2

(π
2
r
)
tan
(π
2
r
)]

(1 + oλ),

(4.50)

uniformly in K. Here we have used the approximation

tan
(π
2
r + ξ(r)

)
= tan

(π
2
r
)
+ξ(r) sec2

(π
2
r
)
+ξ2(r) sec2

(π
2
r
)
tan
(π
2
r
)
+o(ξ3(r)).

Therefore, (4.28) follows immediately from (4.48) and (4.50), and we complete the

proof of Theorem 4.2.
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4.3.1 Proof of Theorem 4.3

(4.31) follows from (4.9) and (4.43)–(4.44). By (4.42) and (4.49), we have

uλ(r
λ
p,α) = 2 log cos

(
rλp,α

√
Jλ
2

)
= 2 log sin

(
π

2
− rλp,α

√
Jλ
2

)
, (4.51)

and

u′λ(r
λ
p,α) = −

√
2Jλ tan

(
rλp,α

√
Jλ
2

)
, (4.52)

where rλp,α is defined in (4.14). On the other hand, by (4.14) and (4.44), we have

rλp,α

√
Jλ
2

=
(
1− p

λα

)(π
2
− π

λ
+

2π

λ2
(1 + oλ)

)
. (4.53)

Note that the asymptotic expansion of rλp,α
√
Jλ/2 varies with α. To obtain the re-

fined asymptotic expansions of (4.51) and (4.52), we shall deal with the asymptotics

of rλp,α
√
Jλ/2 under situations α > 2, 1 < α ≤ 2, α = 1 and 0 < α < 1 individually.

Case 1. α > 2:

In this case, we have 0 < 1
λα

≪ 1
λ2

as λ≫ 1. Hence,

rλp,α

√
Jλ
2

=
(
1− p

λα

)(π
2
− π

λ
+

2π

λ2
(1 + oλ)

)
=
π

2
− π

λ
+

2π

λ2
(1 + oλ). (4.54)

Along with (4.51), one may make appropriate manipulations to obtain

uλ
(
rλp,α
)
= 2 log sin

(
π

λ
− 2π

λ2
(1 + oλ)

)
= log

1

λ2
+ log π2 − 4

λ
(1 + oλ). (4.55)

On the other hand, by (4.52), (4.54) and Taylor expansions of the cotangent function,

one may check that

u′λ(r
λ
p,α) =

(
−π +

2π

λ
− 4π

λ2
(1 + oλ)

)
tan

[(
1− p

λα

)(π
2
− π

λ
+

2π

λ2
(1 + oλ)

)]
=

(
−π +

2π

λ
− 4π

λ2
(1 + oλ)

)
cot

(
π

λ
− 2π

λ2
(1 + oλ)

)
= −λ+ oλ.

(4.56)

Therefore, Theorem 4.3(a) follows from (4.55) and (4.56).

Case 2. 1 < α ≤ 2:

In this case, (4.53) gives

rλp,α

√
Jλ
2

=
(
1− p

λα

)(π
2
− π

λ
+

2π

λ2
(1 + oλ)

)
=
π

2
− π

λ
− pπ

2λα
+
2π

λ2
(1+oλ). (4.57)
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Along with (4.51) one obtains

uλ(r
λ
p,α) =2 log

(
π

λ
+

pπ

2λα
− 2π

λ2
(1 + oλ)

)
= 2 log

π

λ
+ 2 log

(
1 +

p

2λα−1
− 2

λ
(1 + oλ)

)

= log
1

λ2
+ log π2 +


p− 4

λ
(1 + oλ) if α = 2,

p

λα−1
(1 + oλ) if α ∈ (1, 2) ,

and (4.32) immediately follows from this result. Combining (4.52) with (4.57) and

following similar argument, we get (4.33) and complete the proof of Theorem 4.3(b).

Case 3. α = 1:

In this case, (4.53) becomes

rλp,α

√
Jλ
2

=
(
1− p

λ

)(π
2
− π

λ
+

2π

λ2
(1 + oλ)

)
=
π

2
− (p+ 2)π

2λ
+

(p+ 2)π

λ2
(1 + oλ).

(4.58)

Hence, by inserting (4.58) into (4.51) and following the similar argument as in (4.55),

we obtain

uλ(r
λ
p,α) = 2 log sin

(
(p+ 2)π

2λ
− (p+ 2)π

λ2
(1 + oλ)

)
= log

1

λ2
+log

(p+ 2)2π2

4
−4

λ
(1+oλ).

This implies (4.34). Finally, (4.35) can be obtained from (4.52) and (4.58). The

proof of Theorem 4.3(c) is complete.

Case 4. 0 < α < 1:

We want to emphasize that due to 0 < 1
λ
≪ 1

λα
as λ≫ 1, the asymptotics of uλ(r

λ
p,α)

is more complicated than previous three cases.

Firstly, by plugging (4.53) into (4.51), one may obtain

uλ(r
λ
p,α) = 2 log sin

( pπ
2λα

+
π

λ
(1 + oλ)

)
=2 log

[( pπ
2λα

+
π

λ
(1 + oλ)

)
− 1

6

( pπ
2λα

+
π

λ
(1 + oλ)

)3
(1 + oλ)

]
.

(4.59)

Note also that 1
λ3α

≪ 1
λ
as 3α > 1, and 1

λ3α
≫ 1

λ
as 0 < 3α < 1. We shall deal

with (4.59) under three situations 0 < α < 1/3, α = 1/3 and α > 1/3. After simple
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calculations, we can establish the precise first three terms of uλ(r
λ
p,α) as follows:

uλ(r
λ
p,α) =



2 log
( pπ
2λα

+
π

λ
(1 + oλ)

)
if α ∈ (1/3, 1) ,

2 log

(
pπ

2λα
+

48π − p3π3

48λ
(1 + oλ)

)
if α = 1/3,

2 log

(
pπ

2λα
− p3π3

48λ3α
(1 + oλ)

)
if α ∈ (0, 1/3) ,

= log
1

λ2α
+ log

p2π2

4
(1 + oλ).

Thus, we obtain (4.36).

To prove (4.37), we shall deal with the asymptotics of (4.52) with 0 < α < 1.

The argument is similar as the previous cases. Indeed, by (4.53) one may check that

tan

(
rλp,α

√
Jλ
2

)
=tan

[(
1− p

λα

)(π
2
− π

λ
(1 + oλ)

)]
= cot

( pπ
2λα

+
π

λ
(1 + oλ)

)
=

1
pπ
2λα

+ π
λ
(1 + oλ)

=
2λα

pπ
+ oλ.

(4.60)

Combining (4.44), (4.52) and (4.60), we obtain

u′λ(r
λ
p,α) =

(
−π +

2π

λ
(1 + oλ)

)(
2λα

pπ
+ oλ

)
= −2

p
λα + oλ.

Therefore, we get (4.37) and complete the proof of Theorem 4.3.

4.3.2 Proof of Corollary 4.1

(4.38) follows from the combination of (4.42) and (4.44) as follows:

ρλ(r) =

(
π2

2
− 2π2

λ
+

6π2

λ2
(1 + oλ)

)
sec2

(
πr

2
− πr

λ
+

2πr

λ2
(1 + oλ)

)
=
π2

2
sec2

(π
2
r
)
− 1

λ

[
2π2 sec2

(π
2
r
)
+ π3 sec2

(π
2
r
)
tan
(π
2
r
)]

(1 + oλ),

This completes the proof of Corollary 4.1(a).

Now, we shall prove (4.39). Putting r = rλp,α into the expression of ρλ in (4.42)

and using (4.44), we can obtain

ρλ(r
λ
p,α) = Jλ sec

2

(
rλp,α

√
Jλ
2

)

=

(
π2

2
− 2π2

λ
+

6π2

λ2
(1 + oλ)

)
sec2

[(
π

2
− π

λ
+

2π

λ2
(1 + oλ)

)(
1− p

λα

)]
.

(4.61)
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Note that the expansion of
(
π
2
− π

λ
+ 2π

λ2
(1 + oλ)

) (
1− p

λα

)
depends variously on α ∈

(0, 1), α = 1 and α ∈ (1,∞). Firstly, we deal with (4.61) for the case of 0 < α < 1

and obtain

ρλ(r
λ
p,α) =

(
π2

2
− 2π2

λ
+

6π2

λ2
(1 + oλ)

)
sec2

(π
2
− pπ

2λα
+
π

λ
(1 + oλ)

)
=

2λ2α

p2
(1 + oλ),

Here we have used the standard expansion of the cosecant function to obtain the

last identity. Hence, we obtain (4.39) for the case of 0 < α < 1. By a similar

argument, we can also prove (4.39) for the two cases α = 1 and α > 1, and the proof

of Corollary 4.1(b) is complete.

It remains to prove Corollary 4.1(c). Note that lim
λ→∞

1∫ 1

0
e−uλ(s)ds

= 0 (by (4.27)).

Along with (4.5), we arrive at

lim sup
λ→∞

(
ρλ(r)h(r)

λ
− u′2λ (r)h(r)

2λ

)
= lim

λ→∞

h(r)∫ 1

0
e−uλ(s)ds

= 0 uniformly on [0, 1] as λ→ ∞,

where h is a continuous function on [0, 1]. This indicates that (4.40) and (4.41) are

equivalent. Hence, it suffices to claim (4.40), i.e.,

lim
λ→∞

∫ 1

0

e−uλ(r)h(r)∫ 1

0
e−uλ(s)ds

dr = h(1). (4.62)

Let κ ∈ (0, 1) be fixed. Then we observe that∣∣∣∣∣
∫ 1

0

e−uλ(r)∫ 1

0
e−uλ(s)ds

h(r)dr − h(1)

∣∣∣∣∣ =
∣∣∣∣∣
(∫ 1−λ−κ

0

+

∫ 1

1−λ−κ

)
e−uλ(r)∫ 1

0
e−uλ(s)ds

(h(r)− h(1))dr

∣∣∣∣∣
≤ 2 max

r∈[0,1]
|h(r)|

(∫ 1−λ−κ

0

e−uλ(r)∫ 1

0
e−uλ(s)ds

dr

)

+ max
r∈[1−λ−κ,1]

|h(r)− h(1)|

(∫ 1

1−λ−κ

e−uλ(r)∫ 1

0
e−uλ(s)ds

dr

)
.

(4.63)

Moreover, from (4.5) and Theorem 4.2(d), a direct computation gives

lim
λ→∞

∫ 1

1−λ−κ

e−uλ(r)∫ 1

0
e−uλ(s)ds

dr = − lim
λ→∞

∫ 1

1−λ−κ

u′′λ(r)

λ
dr = lim

λ→∞

u′λ(1− λ−κ)− u′λ(1)

λ
= 1,

which also implies

lim
λ→∞

∫ 1−λ−κ

0

e−uλ(r)∫ 1

0
e−uλ(s)ds

dr = 0. (4.64)
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Finally, we notice that the continuity of h implies lim
λ→∞

max
r∈[1−λ−κ,1]

|h(r) − h(1)| = 0.

As a consequence, (4.62) immediately follows (4.63)–(4.64) and we prove Corol-

lary 4.1(c).

Therefore, the proof of Corollary 4.1 is completed.

4.4 Proof of Theorem 4.1

In order to deal with the convergence of the vµ,λ − uλ with respect to µλ → 0+,

throughout the whole section we shall set

wµ,λ := vµ,λ − uλ. (4.65)

Subtracting (4.5) from (4.20) and using (4.65) gives

w′′
µ,λ(r) =

µevµ,λ(r)∫ 1

0
evµ,λ(s)ds

+ λ

(
e−uλ(r)∫ 1

0
e−uλ(s)ds

− e−vµ,λ(r)∫ 1

0
e−vµ,λ(s)ds

)
(4.66)

and

w′′
µ,λ(r) = e−vµ,λ(r)

(
µe2vµ,λ(r)∫ 1

0
evµ,λ(s)ds

− λ∫ 1

0
e−vµ,λ(s)ds

+
λewµ,λ(r)∫ 1

0
e−uλ(s)ds

)
. (4.67)

We will sometimes use identity (4.66) or identity (4.67) to estimate wµ,λ and w′
µ,λ

for a sake of convenience.

Since we know that both uλ and vµ,λ are strictly decreasing on [0, 1] (by Lemma 4.3),

the main difficulty of Theorem 4.1 is to obtain the monotonicity of wµ,λ, which will be

presented in Lemma 4.4. To complete the proof of Theorem 4.1(a), in Sections 4.4.2

and 4.4.3, we will prove

lim
λ→∞
µλ→ 0

max
[0,1]

|wµ,λ| = 0 (4.68)

and

lim
λ→∞
µλ→ 0

max
[0,1]

∣∣w′
µ,λ

∣∣ = 0, (4.69)

respectively. When λ > 0 is fixed and µ→ 0+, the proof of Theorem 4.1(b) is based

on preliminary estimates in Sections 4.4.1 to 4.4.3. We will briefly state the proof

in Section 4.4.4.
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4.4.1 Some basic properties

Since λ > µ > 0, one can follow the same argument as in [70, Proposition 2.1]

and [76, Lemma 2.1] to obtain v′′µ,λ(r) =
µe

vµ,λ(r)∫ 1
0 e

vµ,λ(s)
ds
− λe

−vµ,λ(r)∫ 1
0 e

−vµ,λ(s)
ds
< 0 for all r ∈ (0, 1].

Along with (4.21), it yields

v′µ,λ(r) < v′µ,λ(0) = 0 and vµ,λ(r) < vµ,λ(0) = 0 for all r ∈ (0, 1].

As a consequence, we obtain the following property.

Lemma 4.3. For λ > µ > 0, let vµ,λ ∈ C2([0, 1]) be the unique solution to (4.20)–

(4.21). Then vµ,λ is strictly decreasing and strictly concave downward on [0, 1].

Lemma 4.3 and (4.8) present that vµ,λ and uλ are strictly decreasing on [0, 1],

but do not provide further information for wµ,λ := vµ,λ − uλ. To prove (4.68), we

need two crucial lemmas. Firstly, we obtain that vµ,λ > uλ on (0, 1] and wµ,λ is

monotonically increasing as λ > µ > 0, which is stated as follows.

Lemma 4.4. For 0 < µ < λ, wµ,λ defined in (4.65) is positive and monotonically

increasing on (0, 1]. In particular, wµ,λ attains its maximum value at the boundary

point r = 1.

Proof. Due to the continuity of wµ,λ, there exists r1 ∈ [0, 1] such that wµ,λ attains

its minimum value at r = r1. Since w
′
µ,λ(1) = µ > 0, we have r1 ∈ [0, 1).

We first show r1 = 0. Suppose by contradiction that r1 ∈ (0, 1), which implies

that wµ,λ(r1) ≤ 0, w′
µ,λ(r1) = 0 and w′′

µ,λ(r1) ≥ 0. Since vµ,λ(r1) < vµ,λ(0) = 0 (by

Lemma 4.3) and wµ,λ(r1) ≤ 0, it is easy to obtain

µ∫ 1

0
evµ,λ(s)ds

+
λ∫ 1

0
e−uλ(s)ds

>
µe2vµ,λ(r1)∫ 1

0
evµ,λ(s)ds

+
λewµ,λ(r1)∫ 1

0
e−uλ(s)ds

. (4.70)

Along with (4.67), we find

w′′
µ,λ(0) =

µ∫ 1

0
evµ,λ(s)ds

− λ∫ 1

0
euλ(s)ds

+
λ∫ 1

0
e−uλ(s)ds

>
µe2vµ,λ(r1)∫ 1

0
evµ,λ(s)ds

− λ∫ 1

0
euλ(s)ds

+
λewµ,λ(r1)∫ 1

0
e−uλ(s)ds

= evµ,λ(r1)w′′
µ,λ(r1) > 0.

(4.71)

Recall that w′
µ,λ(0) = 0. Hence, by (4.71), there exists r2 ∈ (0, r1) such that

wµ,λ(r2) = max
[0,r1]

wµ,λ > 0. In particular,

w′′
µ,λ(r2) ≤ 0. (4.72)
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Since vµ,λ(r2) > vµ,λ(r1) and wµ,λ(r2) > 0 ≥ wµ,λ(r1), we can repeat the same

argument as in (4.70) to obtain

µe2vµ,λ(r2)∫ 1

0
evµ,λ(s)ds

+
λewµ,λ(r2)∫ 1

0
e−uλ(s)ds

>
µe2vµ,λ(r1)∫ 1

0
evµ,λ(s)ds

+
λewµ,λ(r1)∫ 1

0
e−uλ(s)ds

.

Along with (4.67), we can follow the similar argument as in (4.71) to get w′′
µ,λ(r2) > 0,

which contradicts (4.72). Thus, r1 = 0 and wµ,λ ≥ 0 on [0, 1].

Next, we want to show that wµ,λ attains its absolute maximum value at r = 1.

Suppose by contradiction that there exists r3 ∈ (0, 1) such that wµ,λ attains its local

maximum at r = r3. In particular, wµ,λ(r3) > 0 and w′′
µ,λ(r3) ≤ 0, and there exists

δ∗ > 0 such that wµ,λ(r) ≤ wµ,λ(r3) and w′
µ,λ(r) ≤ 0 for r ∈ (r3, r3 + δ∗). On the

other hand, since w′
µ,λ(1) = µ > 0, there exists r4 ∈ (r3, 1) such that wµ,λ attains

its local minimum at r = r4 with w′′
µ,λ(r4) ≥ 0. Note that wµ,λ(r4) ≤ wµ,λ(r3) and

vµ,λ(r4) < vµ,λ(r3). Thus, we can apply the similar argument as in (4.70) and (4.71)

to get w′′
µ,λ(r3) > 0, which contradicts the fact w′′

µ,λ(r3) ≤ 0. As a consequence,

wµ,λ attains its maximum value at r = 1. Furthermore, throughout the above

argument, we also prove that wµ,λ has neither local maximum nor local minimum,

and w′
µ,λ preserves the same sign. Consequently, wµ,λ is monotonically increasing

since wµ,λ(0) < wµ,λ(1). Therefore, we complete the proof of Lemma 4.4.

4.4.2 Proof of (4.68)

Thanks to Lemma 4.4, it suffices to show that wµ,λ(1) tends to zero as λ→ ∞ and

µλ→ 0.

Lemma 4.5. If lim
λ→∞

µλ = 0, then

lim
λ→∞

wµ,λ(1) = 0. (4.73)

Proof. Multiplying (4.5) by u′λ and integrating the expression over [0, r] gives

1

2
u′2λ (r) =

λ(e−uλ(r) − 1)∫ 1

0
e−uλ(s)ds

for r ∈ [0, 1] . (4.74)

Applying the same argument to (4.20), we have

1

2
v′2µ,λ(r) =

µ(evµ,λ(r) − 1)∫ 1

0
evµ,λ(s)ds

+
λ(e−vµ,λ(r) − 1)∫ 1

0
e−vµ,λ(s)ds

for r ∈ [0, 1] . (4.75)
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Putting r = 1 into (4.74) and (4.75), one arrives at(
1− µ

λ

)2
=
v′2µ,λ(1)

u′2λ (1)

=
µ

λ

∫ 1

0
e−uλ(s)ds∫ 1

0
evµ,λ(s)ds

evµ,λ(1) − 1

e−uλ(1) − 1
+

∫ 1

0
e−uλ(s)ds∫ 1

0
e−vµ,λ(s)ds

e−vµ,λ(1) − 1

e−uλ(1) − 1

<

∫ 1

0
e−uλ(s)ds∫ 1

0
e−vµ,λ(s)ds

e−wµ,λ(1) − euλ(1)

1− euλ(1)
.

(4.76)

Here we have used (4.65) and the fact vµ,λ(1) < 0. Since −vµ,λ ≥ −wµ,λ(1)− uλ on

[0, 1] (cf. Lemma 4.4), we have

e−wµ,λ(1) ≤
∫ 1

0
e−vµ,λ(s)ds∫ 1

0
e−uλ(s)ds

. (4.77)

Along with (4.76), we can obtain(
1− µ

λ

)2
<

1− ewµ,λ(1)+uλ(1)

1− euλ(1)
,

which implies

1 ≤ ewµ,λ(1) <
(
1− µ

λ

)2
+
(
2− µ

λ

) µ
λ
e−uλ(1). (4.78)

Note finally that (4.31) implies the uniform boundness of e−uλ(1)

λ2
with respect to

λ≫ 1. Along with lim
λ→∞

µλ = 0, we get

lim
λ→∞

µ

λ
e−uλ(1) = 0. (4.79)

Combining (4.78) with (4.79), we deduce (4.73) and complete the proof of Lemma 4.5.

Applying Finally, by Lemmas 4.4 and 4.5, it is easy to see lim
λ→∞
µλ→ 0

max
r∈[0,1]

|wµ,λ(r)| =

lim
λ→∞
µλ→ 0

wµ,λ(1) = 0, which gives (4.68).

4.4.3 Proof of (4.69)

Note that w′
µ,λ ≥ 0, w′

µ,λ(0) = 0 and lim
λ→∞

w′
µ,λ(1) = lim

λ→∞
µ = 0. For λ≫ 1 ≫ µ > 0,

we may assume that w′
µ,λ attains its maximum value at interior point r∗µ,λ. It suffices

to claim

lim
λ→∞
µλ→ 0

w′
µ,λ(r

∗
µ,λ) = 0. (4.80)
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Claim of (4.80). Firstly, by w′′
µ,λ(r

∗
µ,λ) = 0 and (4.66), we have

0 = w′′
µ,λ(r

∗
µ,λ) =

µevµ,λ(r
∗
µ,λ)∫ 1

0
evµ,λ(s)ds

− λe−vµ,λ(r
∗
µ,λ)∫ 1

0
e−vµ,λ(s)ds

+
λe−uλ(r

∗
µ,λ)∫ 1

0
e−uλ(s)ds

. (4.81)

On the other hand, subtracting (4.74) from (4.75) gives

1

2

(
v′2µ,λ(r)− u′2λ (r)

)
=
µ(evµ,λ(r) − 1)∫ 1

0
evµ,λ(s)ds

+
λ(e−vµ,λ(r) − 1)∫ 1

0
e−vµ,λ(s)ds

− λ(e−uλ(r) − 1)∫ 1

0
e−uλ(s)ds

. (4.82)

Putting r = r∗µ,λ into (4.82) and using (4.81), we observe that

1

2
w′
µ,λ(r

∗
µ,λ)(v

′
µ,λ(r

∗
µ,λ) + u′λ(r

∗
µ,λ)) =

1

2

(
v′2µ,λ(r

∗
µ,λ)− u′2λ (r

∗
µ,λ)
)

=
µ
(
evµ,λ(r

∗
µ,λ) − 1

)
∫ 1

0
evµ,λ(s)ds

+ λ

(
e−vµ,λ(r

∗
µ,λ)∫ 1

0
e−vµ,λ(s)ds

− e−uλ(r
∗
µ,λ)∫ 1

0
e−uλ(s)ds

)

− λ

(
1∫ 1

0
e−vµ,λ(s)ds

− 1∫ 1

0
e−uλ(s)ds

)

=
µ(2evµ,λ(r

∗
µ,λ) − 1)∫ 1

0
evµ,λ(s)ds

− λ

(
1∫ 1

0
e−vµ,λ(s)ds

− 1∫ 1

0
e−uλ(s)ds

)
.

Since 0 ≤ w′
µ,λ = v′µ,λ − u′λ ≤ −

(
v′µ,λ + u′λ

)
, we have

w′2
µ,λ(r

∗
µ,λ) ≤ −w′

µ,λ(r
∗
µ,λ)(v

′
µ,λ(r

∗
µ,λ) + u′λ(r

∗
µ,λ))

= −2µ(2evµ,λ(r
∗
µ,λ) − 1)∫ 1

0
evµ,λ(s)ds

+ 2λ

(
1∫ 1

0
e−vµ,λ(s)ds

− 1∫ 1

0
e−uλ(s)ds

)
.

(4.83)

To deal with (4.83), we need the following lemma.

Lemma 4.6. There hold

(i) lim
λ→∞
µλ→ 0

λ

(
1∫ 1

0
e−vµ,λ(s)ds

− 1∫ 1

0
e−uλ(s)ds

)
= 0.

(ii) lim
λ→∞
µλ→ 0

µ
(
2evµ,λ(r

∗
µ,λ) − 1

)
∫ 1

0
evµ,λ(s)ds

= 0.

Proof. From Lemma 4.4 and (4.77), we have

λ∫ 1

0
e−uµ(s)ds

<
λ∫ 1

0
e−vµ,λ(s)ds

<
λ∫ 1

0
e−uλ(s)ds

ewµ,λ(1). (4.84)

By (4.27), (4.84) and Lemma 4.5, we get Lemma 4.6(i).
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On the other hand, note that
∫ 1

0
evµ,λ(s)ds

∫ 1

0
e−vµ,λ(s)ds ≥ 1 (by Hölder’s inequal-

ity). This along with (4.27) and Lemma 4.4 immediately implies

0 <
µ∫ 1

0
evµ,λ(s)ds

≤ µ

∫ 1

0

e−vµ,λ(s)ds ≤ µ

∫ 1

0

e−uλ(s)ds =
2µλ

π2
(1 + oλ)

µλ→0
−−−−−−→ 0.

Since vµ,λ ≤ 0 (by Lemma 4.3), we obtain∣∣∣∣∣∣
µ
(
2evµ,λ(r

∗
µ,λ) − 1

)
∫ 1

0
evµ,λ(s)ds

∣∣∣∣∣∣ ≤ 3µ∫ 1

0
evµ,λ(s)ds

→ 0 as λ→ ∞.

This proves Lemma 4.6(ii). Therefore, the proof of Lemma 4.6 is completed.

Finally, by (4.83) and Lemma 4.6, we arrive at (4.80) and complete the proof of

(4.69).

4.4.4 Proof of Theorem 4.1(b)

In this section, we fix λ > 0. Note that Lemmas 4.3–4.4 and the estimates (4.74)–

(4.78) still hold for λ > µ > 0. Hence, as µ→ 0+, we have

1 ≤ ewµ,λ(1) <
(
1− µ

λ

)2
+
(
2− µ

λ

) µ
λ
e−uλ(1)

λ>0 fixed−−−−−−→
µ→0+

1. (4.85)

Here we have used the fact that uλ(1) is independent of µ. As a consequence, by

(4.85) and the monotonicity of wµ,λ (cf. Lemma 4.4), we arrive at

lim
µ→0+

max
[0,1]

|wµ,λ| = 0. (4.86)

It remains to claim

lim
µ→0+

max
[0,1]

∣∣w′
µ,λ

∣∣ = 0. (4.87)

We assume that w′
µ,λ attains its maximum value at r = r∗µ. If rµ ∈ (0, 1), then one

may check that (4.81)–(4.83) with r∗µ,λ = r∗µ still hold for λ > µ > 0. Moreover, by

(4.84) and (4.86), we obtain

lim
µ→0+

λ∫ 1

0
e−vµ,λ(s)ds

=
λ∫ 1

0
e−uλ(s)ds

. (4.88)

This along with (4.83) yields

w′2
µ,λ(r

∗
µ) ≤

µ∫ 1

0
evµ,λ(s)ds

+ λ

(
1∫ 1

0
e−vµ,λ(s)ds

− 1∫ 1

0
e−uλ(s)ds

)
λ>0 fixed−−−−−−→
µ→0+

0. (4.89)

Therefore, we obtain (4.87) and complete the proof of Theorem 4.1(b).
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4.5 Applications and discussion

In this section we provide an application to calculating capacitances for the doubler-

layer capacitantors in single-ion electrolyte solutions. As was studied in [76, Section

6], we define a quantity C +(uλ;K) related to the capacitance in a physical region

Kλ;α ⊂ [0, 1] as

C +(uλ;Kλ;α) :=

∣∣∣∫Kλ;α
λ−1ρλ(r)dr

∣∣∣
max

x,y∈Kλ;α

|uλ(x)− uλ(y)|
. (4.90)

For a sake of simplicity, we shall set Kλ;α = [rλp,α, 1]. We show that when Kλ;α

attached to the boundary (the charge surface) has the thickness of the order λ−α

and α ≥ 1, C +(uλ;Kλ;α) has a positive infimum as λ tends to infinity. However,

if the thickness of Kλ;α is far larger compared to the order λ−1 as λ ≫ 1, then

C +(uλ;Kλ;α) tends to zero. Such results are based on the following refined asymp-

totics of C +(uλ; [r
λ
p,α, 1]).

Theorem 4.4. Under the same hypothese as in Theorem 4.2, as λ≫ 1 and p > 0,

the asymptotic expansions of C +(uλ; [r
λ
p,α, 1]) are precisely depicted as follows:

(a) If α > 1, then

C +
(
uλ;
[
rλp,α, 1

])
=

1

2
+

(
− p

8λα−1
χ1 (α) +

π2

2λ2
χ2 (α)

)
(1 + oλ) ,

where

χ1 (α) =

0, if α > 3,

1, if 1 < α ≤ 3,

and χ2 (α) =

1, if α ≥ 3,

0, if 1 < α < 3.

Note that χ1 (α) = χ2 (α) = 1 as α = 3.

(b) If α = 1, then

C +
(
uλ;
[
rλp,α, 1

])
=

p

2 (p+ 2) log
(
1 + p

2

) (1 + H

λ2
(1 + oλ)

)
,

where H is defined by

H =
π2 (p2 + 6p+ 12)

6 (p+ 2)
+

p2π2 (p+ 6)

24 (p+ 2) log
(
1 + p

2

) .
(c) If 0 < α < 1, then

C +
(
uλ;
[
rλp,α, 1

])
=

1

log λ2−2α
(1 + oλ).
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Since the proof of Theorem 4.4 requires a huge amount of elementary compu-

tations based on refined asymptotics of uλ and u′λ in Theorem 4.3, we omit the

details.

Finally, we make brief summaries for Theorem 4.4 as follows.

• For rλp,α defined in (4.14), we have

C +(uλ; [r
λ
p,α, 1]) =



1

2
(1 + oλ) for α > 1,

p

2(p+ 2) log
(
1 +

p

2

)(1 + oλ) for α = 1,

1

log λ2−2α
(1 + oλ) for 0 < α < 1.

(4.91)

• For r ∈ [0, 1) independent of λ, C +(uλ; [r, 1]) ∼
1

log λ2
tending to zero.

Note that in (4.91), g (p) := p

2(p+2) log(1+ p
2)

is strictly increasing to the variable p >

0 and lim
p→∞

g (p) = 1
2
. Since the amount of electrical energy which the capacitor

can store depends on its capacitance, (4.91) confirms an important property of

the “double-layer capacitance” that the corresponding capacitance (4.90) of the

electrostatic model (4.5)–(4.6) stores much more energy in thinner region attached

to the charged surface.

Before closing this section, we want to stress that the double-layer capacitance

in binary electrolytes has been introduced in [76, Theorem 6.1]. Let us consider

the same region [rλp,α, 1] having the thickness O(λ−α) with α ≥ 1 attached to the

charged surface and explain why we are interested in calculating the correspond-

ing capacitance in single-ion electrolytes. A reason is that for binary electrolytes,

the maximum potential difference in [rλp,α, 1] is too small to get the precise value

of lim
λ→∞

C +(uλ; [r
λ
p,α, 1]). However, for the case of single-ion electrolytes, we exactly

obtain the precise value of lim
λ→∞

C +(uλ; [r
λ
p,α, 1]) shown in (4.91). Such a result pro-

vides a practical application for calculating the double-layer capacitance in elec-

trolytes [32].
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Appendix

4A Proof of Lemma 4.2

In this appendix, we state the proof of Lemma 4.2.

By (4.42) and (4.43), one may check that

Iλ =

∫ 1

0

e−uλ(s)ds =

∫ 1

0

sec2

(√
Jλ
2
r

)
dr =

√
2

Jλ
tan

√
Jλ
2
,

which implies √
2Jλ
λ

= cot

√
Jλ
2

= tan

(
π

2
−
√
Jλ
2

)
. (4.92)

We shall now establish the precise first third order terms of the asymptotic

expansion of Jλ with respect to λ≫ 1. Firstly, by (4.43) we have 0 < Jλ < π2/2 for

all λ > 0. Along with (4.92), it immediately yields

lim
λ→∞

Jλ =
π2

2
.

This gives the precise leading order term of Jλ with respect to λ ≫ 1. Moreover,

applying the approximation tan s = s+ o(s) for s = π
2
−
√

Jλ
2
→ 0 to the right-hand

side of (4.92), one obtains

√
2Jλ
λ

=

(
π

2
−
√
Jλ
2

)
(1 + oλ). (4.93)

To deal with the second order term of Jλ with respect to λ≫ 1, let us set

aλ =

(
Jλ −

π2

2

)
λ.

Then we can express the asymptotic expansion of
√

Jλ
2

as√
Jλ
2

=

√
π2

4
+
aλ
2λ

=
π

2
+

aλ
2πλ

(1 + oλ).

Along with (4.93) arrives at π
2
+ aλ

2πλ
(1+oλ) =

λ
2

(
π
2
−
√

Jλ
2

)
(1+oλ) = −aλ

4π
(1+oλ),

and consequently aλ = −2π2 + oλ, as λ≫ 1, which stands the second order term of

expansion of Jλ. As a conclusion,

Jλ =
π2

2
− 2π2

λ
(1 + oλ). (4.94)
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To further get the precise third order term of Jλ with respect to λ, we consider the

difference between Jλ and its first two order terms shown in the right-hand side of

(4.94) and set

bλ =

(
Jλ −

π2

2
+

2π2

λ

)
λ2.

Then we have√
Jλ
2

=

√
π2

4
− π2

λ
+

bλ
2λ2

=
π

2
− π

λ
+

1

λ2

(
bλ
2π

− π

)
(1 + oλ) . (4.95)

Rewriting (4.93) as
√

Jλ
2

= λ
2

(
π
2
−
√

Jλ
2

)
(1 + oλ) and putting (4.95) into this

expression, after a simple calculation we can get

bλ = 6π2 + oλ, as λ≫ 1.

Similarly, to obtain the precise the fourth order term of Jλ with respect to λ, we

set

cλ = λ3
(
Jλ −

π2

2
+

2π2

λ
− 6π2

λ2

)
. (4.96)

One may follow same argument to get

cλ = −16π2 +
2π4

3
+ oλ, as λ≫ 1 (4.97)

Therefore, (4.44) directly follows from (4.96) and (4.97), and the proof of Lemma 4.2

is complete.
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