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* L #H# Abstract in English

The Poisson-Boltzmann (PB) equation serves as a fundamental model for describ-
ing ionic concentration distributions in electrolyte solutions, with significant ap-
plications in both biochemical and electrochemical fields. One prominent example
arises in the study of ion channels on cellular membranes. However, the classical PB
equation treats ions as point particles without volume, which becomes inadequate
when ions pass through narrow channels so the steric effect should not be negligible.
Although several modified models incorporating steric effects have been proposed
in the literature, they cannot capture the non-monotonic behavior of total ionic
charge density observed in density functional theory. This motivates us to derive
a more general Poisson—Boltzmann framework that not only includes the classical
and modified PB models, but also includes the model that has non-monotonic total

ionic charge density.

Further, motivated by the complex geometry of ion channels, we investigate
the boundary layer behavior of Poisson-Boltzmann type equations as the dielectric
constant tends to zero in general smooth domains. Here the PB type equations
include the classical PB, modified PB, and charge-conserving PB models with the
electroneutrality condition. Due to the presence of nonlocal nonlinear terms arising
from the charge conservation, the analysis of charge-conserving PB models presents
the analytical challenges and leads to different behaviors compared to that of other
models. By employing principal coordinate systems, exponential-type estimates,
and the moving plane arguments, we rigorously derive second-order asymptotic ex-
pansions of boundary layer solutions, incorporating curvature-dependent terms. We
also compute asymptotic expansions for several key physical quantities, including the
electrostatic potential, electric field, total charge density, and total charge, thereby

revealing the influence of domain geometry on the ionic distributions.

In contrast to the electroneutral regime, where the electrostatic potential remains
uniformly bounded, the potential exhibits blow-up behavior under non-electroneutral
conditions as the dielectric constant tends to zero. To explore this extreme case,
we examine the one-dimensional charge-conserving PB model with a single species.

Under an appropriate shift assumption, we reformulate the problem as a boundary

doi:10.6342/NTU202501331



blow-up problem. Thanks to the explicit solution representation, we can analyze
both near-field and far-field expansions and hence provide a complete characteri-
zation of the asymptotic behavior near the boundary. In addition, we rigorously
establish the boundary concentration phenomenon of the total ionic charge density.
On the other hand, we also investigate the differences arising in charge-conserving
PB models with two ionic species. Formally, such two-species model would approach
to the single-species model when the total concentration of one ions species becomes

sufficiently small. We provide a sufficient condition to justify this conjecture.
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1 Introduction

The Poisson-Boltzmann (PB) equation arises as a central model in electrostatics for
describing ionic distributions in electrolytes, particularly in biophysics and materials
science (cf. [6,23,29,99]). It plays a crucial role in the study of charged interfaces in
electrodes, colloidal science, and biological membranes (cf. [3,17,22,24,27 62,114,
115]). In this thesis, we shall investigate various extensions and analytical aspects
of the PB equation in the presence of steric effect and boundary layer structure.

In Chapter 2, we introduce the classical and several modified PB equations, which

all can be represented as in the following form (cf. [9,11,12,33,43,69,80,82,88,90]):

=V (eVg) =po+ f(9) = po + Z zici(9).

Here ¢ denotes the electrostatic potential, pg is the permanent charge, f is the total
ionic charge density, and ¢ is the dielectric constant. In addition, I is the number of
ion species, ¢; is the ith concentration and z; is its valence for i = 1, ..., I. However,
duo to simulations based on density functional theory (cf. [39,60,95,111]), the total
ionic charge density f could be oscillatory while ionic charge density f of classical
and modified PB equations must be strictly decreasing. This inspires us to derive a
general PB model, called the PB-steric equations, which not only include classical
and modified PB equations but also produce oscillatory charge density.

To obtain the PB-steric equations, we consider to empoly the Lennard-Jones (LJ)
potential, which is a well-known model for the interaction between a pair of ions
(and solvent molecules) and is usually used in the density functional theory and
molecular dynamics simulation. Due to the strong singularity from the repulsive
part of the LJ potential, we replace it by the approximated LJ potential to describe
the steric repulsion of ions and solvent moleculus and get the following PB-steric

equations:
I
— V- (eVen) = po+ D #cia,
i=1

I
In(c;n) + zida + AZgijcj,A =pu; = Nj; +p; fori=0,1,...,1,
=0

1 doi:10.6342/NTU202501331



where ¢ 5 is the concentration of solvent molecules, ¢; o is the concentration of ith
ion species, and Ag;; > 0 represents the strength of steric repulsion between the ith
and jth ions (or solvent molecules). The parameter A comes from the approximated
LJ potential. In [84], Lin and Eisenberg showed the approximated LJ potential
tends to LJ potential in some sense when A goes to infinity. Hence it is natural to
expect that the PB-steric equations will approach modified PB equations as A goes
to infinity. Under suitable assumptions on g;; and fi;, we prove that ¢, converges to
the solution ¢* to the modified PB equations in C"™(Q2) for m € N (cf. Theorems 2.1
and 2.2). On the other hand, we also propose a concrete assumption on g;; and
fi; to obtain oscillatory total ionic charge density (see Remark 2.4). Therefore, the
PB-steric equations can be regarded as a general model of PB equations.

Under suitable assumptions on g¢;; and fi;, we can obtain the concentration
¢ia(¢), which is determined by the Lambert type functions. Moreover, we study
the properties of the total ionic charge density fa(¢) = ZI: zicia(@). As A goes to
infinity, it is not hard to show ¢;, and f) converge to gland f* in C™([a, b]) for
m € N and a < b, respectively. Note that fj is unbounded on R while f* is bounded
on R so we cannot obtain the uniform convergence of fy on R as A goes to infinity.
Hence it is crucial to establish the uniform boundedness of the solution ¢, with
respect to A. Such uniform boundedness cannot simply be obtained by maximum
principle under the Robin boundary condition, which leads to a difficutly in analysis.

In Chapter 3, we study the boundary layer solutions to PB type equations in
general bounded smooth domains (including multiply connected domains). Here
PB type equations include classical, modified and charge-conserving PB (CCPB)

equations. The classical PB and modified PB equations can be represented by

_5A¢s = f((bs) in Qa

where the dielectric constant £ > 0 is assumed to be independent of spatial variable
and ¢. is the electric potential. Here f is a smooth function for the total ionic charge

density which satisfies the following conditions
(F1) The function f = f(¢) is smooth, strictly decreasing in ¢, and satisfies

ms=msK) = /- rga,é( f'(¢) >0 for any compact interval K C R.
S
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(F2) The function f has a unique zero point ¢*, i.e., f(¢*) = 0, where ¢* is called

as reference potential (cf. [4,41]).

For instance, function f(¢) = Ele zicP exp(—2;¢) describes the total ionic charge
density of the classical PB equation, and satisfies (F1)—(F2), where I is the number
of ion species, z; # 0 is the valence and c? is the concentration of the ith species in

the bulk (cf. [33,69]). On the other hand, the CCPB equation can be denoted as

mzzexp( Z’L¢6) .
—eA¢p, = Zfexp Cai0e(y) dy in Q,

where m; > 0 and z; are the total concentration and the valence of ith ion species
(cf. [34,70,73,105,112]) for i« = 1,...,1. For the CCPB equation, we assume the

electroneualtiry condition holds, i.e.,

1
i=1

Due to the integral term [, exp(—z;¢<(y)) dy, the CCPB equation has nonlocal non-
linearity, which makes it more difficult than classical and modified PB equations.

I
Note that the CCPB equation can be written as —eA¢. = f.(¢:) == D zic]f’e exp(—z;o:)
i=1

in €2, which has the same form as the classical PB equation. Here f.(¢) = i zicl . exp(—zp)
presents the total ionic charge density and 028 = m; / ( Joexp(—zio:(y )) ) is the
concentration of the ith ion species in the bulk.

For the general bounded smooth domain Q@ C R? (d > 2), we consider the

following assumption.

(D) Q =Qy— UkK:1 Q, K € NU{0} (the number of holes) and €, are bounded,
smooth, simply connected domains with € CC Qq for & € {1,..., K} and
dist(€2,;, ;) > 0ford,j € {1,..., K} and i # j. Here dist denotes the distance.

The boundary condition of PB type equations is the Robin boundary condition given
by
be + WNVED, P = pay. on O for k=0,1,..., K,
where ¢pq is a constant for the given external electric potential, and v, > 0 is the
ratio of Stern-layer width to the Debye screening length (cf. [8,18,96,100]).
To study the singularly perturbation problems of PB type equations with the

Robin boundary condition, we assume € > 0 (related to the Debye length) as a small

3 doi:10.6342/NTU202501331



parameter tending to zero (cf. [7,31,37,61,94]). We characterize the asymptotic
expansions of solution ¢. across three distinct regions based on their distance from

the boundary (cf. Theorems 3.1 and 3.2):
e Region I, where the distance from the boundary is at most T/e,
e Region II, where the distance ranges between T/ and &”,
e Region III, where the distance is at least £”,

for given parameters 7' > 0 and 0 < 5 < 1/2. In region I, we derive second-order
asymptotic formulas explicitly incorporating the effect of boundary mean curvature
while expoential decay estimate are established for Regions II and III. Furthermore,
we obtain the asymptotic expnasions for several crucial physical quantites, including
the electric potential, electric field, total ionic charge density and total ionic charge,
revealing how domain geometry regulates electrostatic interactions. Based on the
total ionic charge across three distinct regions, we find that the marjority of charged
particles concentrate within the region I whose volume is smaller than Region II as
e goes to zero. In addition, the toal ionic charge in Region III decays exponentially
as € tends to zero, which demostrates the emergence of electroneutrality in the bulk
region.

To rigorously prove the asymptotic expansions of PB type equations, we es-
tablish the uniform boundedness of the solution ¢. and then employ the principal
coordinate system to get the local convergence in ]Ri. Using the expoential-type
estimate and the moving plane arguments, we derive the second-order asymptotic
expansions of ¢. and V¢.. However, unlike the case of classical and modified PB
equations, the unique zero ¢! of total ionic charge density f. may depend on the
parameter £, which presents particular analytical challenges from its nonlocal non-
linearity term. We use the electroneutrality condition to prove, by contradiction,
the uniform boundedness of ¢} — ¢§|/v/e, where ¢ is the limit of ¢} as € goes to
zero. Based on the uniform boundedness of |¢* — ¢§|/+/, we are able to derive the
second order term of [ exp(—z4-(y))dy, f., and ¢., which shows the nonlocal ef-
fect appears in the second-order asymptotic expansion of the solution to the CCPB

equation.
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In Chapter 4, we pay a particular attention on the one-dimensional CCPB equa-

tion with single species, which can be represented as

y )\efuk(r)
—us(r) = pa(r) = R for r € (0, 1).
INC ds

Clearly, the electroneutrality condition cannot not hold on the interval (0,1). To
understand the non-electroneutral phenomenon near the charged surface, A(= 1/¢)
is assumed a large positive parameter corresponding to the number of ions occupying
an electrolytic region. Due to the shift invariance of the CCPB equation with single

species, we impose the following condition at r = 0:

which immediately implies

uh (1) = =\ — —o0.

Then by mean value theorem, there exists an interior point 7, € (0,1) depending

int

A

on A such that when A — oo, the net charge density py(r3,) = A asymptotically
blows up. Such a phenomenon occurs only when the interior point 77\, is sufficiently
close to the boundary point » = 1 as A tends to infinity.

To clarify the boundary structure of the CCPB equation with single species, we
study the near- and far-field expansions. The near-field expansion focuses on the
), where o and p are positive constants

) and ) (r))

refined asymptotics of uy (7} S

p?a

independent of A and
Ro=1-Lecon (>

is sufficiently close to the boundary point » = 1. The far-field expansion focuses on
the refined asymptotics for uy in C'(K) as A — oo, where K (independent of \) is
a compact subset of [0,1) (cf. [44,45]). We prove that the solution asymptotically
blows up in a thin region attached to the boundary and establishes the refined near-
and far-field expansions in Theorems 4.2 and 4.3. Moreover, we obtain the boundary
concentration phenomenon of the net charge density, which mathematically confirms
the physical description that the non-neutral phenomenon occurs near the charge

surface Corollary 4.1.
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Moreover, we develope a novel comparison with the CCPB equation for mono-

valent binary ions, which is represented as

NG JURNG
UZ)\(’F): {wu — 16 ’ for r € (0,1),
’ Joern G ds  [Temvua®)ds

with the same boundary condition of wy:
0 (0) = 0,,(0) = 0.

Here p and \ are positive parameters related to the total number of anions and
cations, respectively. When p = A, the electroneutrality condition holds and v,y =
0, which is a trivial solution. For the case that 0 < p < A, i.e., the total number of
cations is great larger than that of anions, it seems that v, y approaches u,. However,

the asymptotic beahvior of those nonlocal terms are unknown, it is not clear that

L < A . Hence a question is naturally raised:
fole'u“»\(s) ds fole—'u#’A(s) ds q. y

What does the relation between 1 and A\ make

0 < p < X implies

Jim {Jv, = ualler o,y = 0

holds? Here || - [|cx(po,1) is the standard C'-norm over the interval [0,1]. We prove
the C'-convergence under the assumption /\lim pA = 0 (cf. Theorem 4.1) and show
—00

the relation between v, and u, as below.

(uniformly) U (pointwise)

Up\ > U » U = lim u,
A fixed and u — 0 A— o0 A—00
Y — Uiy (uniformly) 0

A —oo0and uA — 0
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2 PB-steric equations: A general model of Poisson—

Boltzmann equations!

2.1 Introduction

Understanding the distribution of ions in the electrolyte is one of the most crucial
problems in many physical and electrochemical fields. As a well-known mathematical
model, the Poisson—-Boltzmann (PB) equations play a central role in the study of
ionic distribution. The classical PB equations [69, 87] treat ions as point particles

without size and can be denoted as
I

— V- (Vo) = dmpy + 47 Y _ zieaci(9), (2.1)
i=1
kT In(c;) + ziegp = p; fori=1,...,1, (2.2)

where ¢ is the electrostatic potential, ¢ is the dilelectric function, and py is the
permanent charge density function. In addition, I is the number of ion species,
¢; is the concentration of ith ion species with the valence z; # 0 for i = 1,...,1.
Moreover, ¢; = cP exp(—z;e0p/kpT), where c? is the concentration of the ith ion
species in the bulk, kg is the Boltzmann constant, 7" is the absolute temperature, e
is the elementary charge, and p; = kT In(cP) is the chemical potential. However,
when ions are crowded, steric repulsions may appear due to ion sizes, so the classical
PB equations should be modified [25,26,65,66].

Under the hypothesis of volume exclusion, one may study the case of two-species
ions with the same radius and obtain the following modified PB equations (cf. [9,

10,12, 58)):

-V (€V¢) = 47’(’(216001 + 226002), (23)
—Z;€ ¢/kBT
b e
Ci =6 1— v+ ol (C%e—zleodz/kBT + C2e—zgeo¢/kBT)’ (24)

21 —%2

IThis chapter is adapted from an article co-authored with my advisor, Professor Tai-Chia
Lin, and published in [90]. In this work, my main contributions include providing the rigorous
mathematical proofs, producing the numerical figures, and constructing the oscillatory total ionic

charge density.
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for i = 1,2, where 7 is the total bulk volume fraction of ions, and z; >0 and z5 < 0
are the valence of cations and anions, respectively. Moreover, the concentrations
of ion species in bulk are given by ¢} = —z, and ¢§ = 2,. For the background
and development of (2.3)—(2.4), we refer the interested reader to [43,67]. Further-
more, when ions and solvent molecules may have different sizes, the associated PB

equations become
I
—V - (Vo) =4mpy + 4w Z zieoci(0), (2.5)

=1

kT In(c;) — k‘BT% In(cy) + ziegp = j1; fori=1,....1, (2.6)
0
I
ZUZ’CZ' = 1, (27)
i=0

I
where ¢y = % (1 -3 vici> is the concentration of solvent molecules with the vol-
i=1
ume vy and the valence zy = 0, v; is the volume of ith ion species, and fi; is the
associated chemical potential for i = 1,..., I (cf. [80-82,88]). Equations (2.1)—(2.7)

can be denoted as

I

— V- (eVo) =dmpy + 4m Z 2;€0Ci, (2.8)
i=1

wi = kT In(c;) + ziegp + ps* + ina“ fori=0,1,...,1, (2.9)

with different p; and p§*, where p; is the chemical potential, p§* is the excess chemical
potential which describes the interaction potential of ions and solvent molecules.
Besides, U;*!! is the potential which comes from the interactions of ions and solvent
molecules with the wall. Under U} = 0 and conditions of p; and u$*, equations

(2.8)—(2.9) become the following equations.
o (2.1)(2.2) if p; = kgTIn(c?) and p* =0 fori=1,...,1.

o (2.3)—(2.4) if u; = kT In(c?) and

:U’?X = kgTIn (1 — 7+ (Cli)efzwod)/kBT + CS@ZQeOd)/kBT))

21 — 22
fori=1,2.

o (2.5)—(2.7) if p; = f; and p* = —k‘BTﬂ In(co) for i = 1,...,I, where ¢y =

Yo
1 I
P 1— Z-_E . V;Ci ).
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The steric interactions of ions can produce oscillations in concentration (den-
sity) profiles but such oscillations cannot be obtained by equations (2.1)~(2.4) (cf.
[39,60,95,111]). In [117], the oscillatory concentrations can be found in equations
(2.5)—(2.7) so it is natural to ask if there exists oscillatory total ionic charge density.
However, the total ionic charge density ZI: zici(¢) of equations (2.1)—(2.7) is decreas-
ing to ¢ (see [82] and Propositions 2.6 arzlzdl2.10 below). This motivates us to derive a
general model of PB equations, called the Poisson—Boltzmann equations with steric
effects (PB-steric equations), which not only include equations (2.1)-(2.7) but also
have oscillatory total ionic charge density ZI: zic;(¢) under different assumptions of
steric effects and chemical potentials. -

To get the PB-steric equations, we consider to use the Lennard-Jones (LJ) po-
tential which is a well-known model for the interaction between a pair of ions (and
solvent molecules) and is important in the density functional theory and molec-
ular dynamics simulation (cf. [5, 64, 72,79, 101]). We set the energy functional

[ ¥(x — y)ei(x)e;(y) dady to describe the energy of steric repulsion of ¢; and
c]fdfor i,j = 0,1,...,1. Here ¢(z) = |2|7'? comes from the repulsive part of LJ
potential with strong singularity at the origin which makes the energy functional

J[¥(z — y)ei(x)e;(y) de dy hard to study. Hence we replace the LJ potential by
t]ﬁde approximate LJ potentials (cf. [50,84]) to describe the steric repulsion of ions

and solvent molecules and we obtain the following PB-steric equations:

I

— V- (Vo) =4rpy + 4w Z 2€0C4, (2.10)
i=1
I
kBTln(Ci)+zi€0¢+AZgijcj :A[J/Z—f—ﬂz for ¢ :0,1,...,1, (211)
j=0

where ¢g is the concentration of solvent molecules, ¢; is the concentration of ith ion
species, and Ag;; > 0 represents the strength of steric repulsion between the 7th and
jth ions (or solvent molecules). One may see Appendix 2A for the derivation of
(2.10)-(2.11) when matrix (g;;) is symmetric.

In this chapter, we generalize (2.10)—(2.11) to all matrices (g;;) (which may
include nonsymmetric matrices) such that (2.11) has a unique solution ¢; = ¢;(¢)
for ¢ € R and ¢ = 0,1,...,/. The nonsymmetry of matrix (g;;) may come from

the potential U which describes how the ions and solvent molecules interact with
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the wall. Note that (2.10)—(2.11) can be expressed by (2.8)-(2.9) with the chemical
potential j; = Afi; + fi; and the excess chemical potential p* and the potential U;!
satisfying pug* + Uyl = A i gije; for i =0,1,...,I. For the sake of simplify, we set
kgT = ey = 1 and write 4]7:50 instead of € so (2.10)—(2.11) become

1
~V-(eVo)=po+ Y zc inQ, (2.12)
i=1
1
7=0

where 2 is a bounded smooth domain in R? (d > 2). Under suitable conditions of

gi; such that system (2.13) has a unique solution ¢; = ¢;(¢) (which may depend on

parameter A) for ¢ € R and i = 0,1,...,1, equation (2.12) becomes a nonlinear
elliptic equation
I
—V - (eVe) = po+ Z zici(¢) in Q. (2.14)
i=1

Then for all possible g;; > 0, equation (2.14) and its limiting equation (as A — o0)
are called as the PB-steric equations. Hereafter, the boundary condition of (2.14)

is considered as the Robin boundary condition

9¢

E Opg  On S, (2.15)

¢+

where ¢pg € C(0N2) is the extra electrostatic potential and n > 0 is a constant
related to the surface dielectric constant (cf. [8,94, 116]).

The strength of steric effect is determined by Ag;;’s in the PB-steric equations
(2.13)-(2.14). As A = 0 (or g;; = 0), (2.13) has the same form as (2.2) and the
PB-steric equations (2.13)—(2.14) become the classical PB equations (2.1)—(2.2).
On the other hand, when g;;’s are positive constants, a larger A produces stronger
steric repulsion. This motivates us to expect that as A tends to infinity, the steric
repulsion becomes extremely strong so that volume exclusion holds true and ions
can be described by the lattice gas model as for the mean-field approximation of
the modified PB equations (2.3)—(2.4) (cf. [12,43]). To justify this, we prove that
as A — oo, the PB-steric equations (2.13)—(2.14) may approach to the modified PB
equations (2.3)—(2.4) (see Theorem 2.1 and Remark 2.1). Moreover, we prove that
as A — oo, the PB-steric equations (2.13)—(2.14) may approach to the modified PB
equations (2.5)—(2.7) (see Theorem 2.2 and Remark 2.5).
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In order to obtain equations (2.3)—(2.4), we need the assumptions of steric effects

(gi;) and chemical potentials (fi;) given by
(A1) gio=goo=1—~and g;; = go; =7/Z fori,j=1,...,1,
(A2) ji; = fip fori =1,...,1,

I

where 0 < v <1, fip > 0, fig (in (2.13)) and Z = >_ |z;| are constants independent
i=1

of A. Then by (A1) and (A2), system (2.13) has a unique solution ¢; x = ¢; 2 (¢) for

p€eRandi=0,1,...,I, which satisfies

cin = cope’i " forgcRandi=1,...,1, (2.16)

In(con) + AH (7, 21, ..., 21, 0)con = Mo + f1o  for ¢ € R, (2.17)
I

H(v,21,..0 2, 8) = 1— v+ %Z¢ (2.18)
J:

where [i; = fi; — fip is a constant independent of A for ¢ = 1,...,I. Note that
(2.17) can be solved in terms of the principal branch of Lambert W function (cf.
[93]), which implies that ¢; 5 are positive smooth functions for ¢ = 0,1,...,I (see
Proposition 2.1). Recall that the Lambert W function Wy(x) can be defined by
Wo(z)e"o®@) = gz for all > e~!, and the range of Wy(z) is [~1,00). Hence the

PB-steric equation (2.14) can be expressed as

-V - (8V¢A) = pPo + fA(¢A) n Q, (2.19)

where function fy = fo(¢) is denoted as

I

fa(d) =D zicia(¢) for g €R. (2.20)

i=1
By the standard method of a nonlinear elliptic equation, we may obtain the existence
and uniqueness of (2.19) with the Robin boundary condition (2.15).

Using the implicit function theorem on Banach spaces (cf. [21, Theorem 15.1]),
we prove that ¢; o converges to ¢} in space C™[a, b] as A tends to infinity for m € N
and a < b, where ¢} satisfies

H(77217"'az17¢)

i (¢) = forp e Randi=0,1,...,1. (2.21)
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120 - (a) fa(¢) and f*(¢) 70+ (b) fa(@a(z)) and f*(¢"(x))

—-————1:A=10 —-———1:A=10

2:A=20 2:A=20
7777777 3:A=40
4: ' (¢"(x))

pl
Wworss 3:A=40

1:£0) €0

Figure 2.1: The profiles of fa(¢) and fa(éa(x)) and their limiting functions under
assumptions (A1)—(A2). In (a), curves 1-3 are profiles of function f, (defined in
(2.20)) with A = 10, 20, 40, and curve 4 is the profile of function f* (defined in
(2.22)). In (b), curves 1-3 are the profiles of function f) o ¢ with A = 10, 20, 40,

and curve 4 is the profile of function f* o ¢*.

Thus function fy also converges to f* in space C™[a,b] as A goes to infinity for

m € N and a < b, where

I
f(9) =) zci(¢) forpeR (2.22)

i=1
(see Corollary 2.5 and Figure 2.1). Moreover, for the asymptotic limit of (2.19), we

obtain the following theorem.

Theorem 2.1. Let Q C R? be a bounded smooth domain, ¢ € C*(Q) be a positive
function, py € C®(2), ¢pa € C®(90N), 20 = 0, and z;2; < 0 for somei,j € {1,...,1}.
Assume that (A1) and (A2) hold true. Then the solution ¢ to PB-steric equation
(2.19) with the Robin boundary condition (2.15) satisfies

A {[ox = ¢ emy =0 form €N,
where ¢* 1s the solution to
=V - (eVe*) = po + f (@) inQ (2.23)

with the Robin boundary condition (2.15).
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Remark 2.1. When I =2, (2.21)—(2.23) become (2.3)—(2.4). Besides, (2.23) is the
limiting equation of (2.19) as A — oco. This shows the PB-steric equations include

the modified PB equations (2.3)—(2.4).

Remark 2.2. When I = 2, we replace the assumption (A1) by

(A]), gio = Joo = 1— Y5 Gij = goj = V5 fOT' Zaj = 07 172; and T="N +P)/2
Then by (A1) and (A2), system (2.13) has a unique solution c;x = c; a(¢) for
peR andi=0,1,2. Due to 2129 <0, we can calculate directly to get

dfa _ (yziz — 2im — Zgmp)efrtiem(F22)0 — (pfel =219 4 2felam229) (Aco,) "' +1 )
d¢ - (ACO,A)i1 41—y +yef1—510 | ypefa—22¢

co,A < 0,

which implies function fn is decreasing to ¢. Hence one can follow the similar

argument in Sections 2.2 and 2.3 to obtain the same conclusion of Theorem 2.1.

Remark 2.3. When I > 2, we replace the assumption (A1) by

(A1)" gio = goo = 1 — 7, and gij = goj = V|2|/Z fori,j=1,...,N.

Then by (A1)" and (A2), system (2.13) has a unique solution c;n = c; a(¢) for
peRandi=0,1,...,1. Since z;z; <0 for some i,5 € {1,...,1}, we can calculate
directly to get dfpy/d¢ < 0, which implies function fa is decreasing to ¢. Hence
one can follow the similar argument in Sections 2.2 and 2.3 to obtain the same

conclusion of Theorem 2.1.

Remark 2.4. As [ = 3, we replace the assumption (A1) by

(A1)" gio = goo =1 =7, gij = go; =5 fori,5 =0,1,2,3 and v = 71 + y2 + 3.

Then by (A1)" and (A2), system (2.13) has a unique solution c;x = c;a(¢) for
¢ € Rand i = 0,1,2,3. But for some A, function fx and fp o ¢p (total ionic
charge density) may become oscillatory (see Figure 2.2). One can see the proof in
Appendiz 2C and numerical methods in Section 2.4. Such oscillatory total ionic
charge density fao = fa(¢) cannot be obtained in the classical and modified PB
equations (2.1)-(2.7).
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Figure 2.2: The profiles of fo(¢) and fy(¢a(z)) under assumptions (A1)” and (A2).

3

In (a), curves 1-4 are profiles of function fn = > z;c;a with A = 0.5, 1, 2, 4. In
i=1

(b), curves 1-4 are the profiles of function f) o ¢ with A = 0.5, 1, 2, 4.

To obtain (2.5)-(2.7), we need the assumptions of g;; and f; given by
(A?)) gzj:)\z/\] for i,j:0,17...,],
(A4) ﬁi:)\iﬁofOri:O,l,...,I,

where \; > 0, fip > 0 and fi; (in (2.13)) are constants independent of A. Here fi is
replaced by A\ofip and Ao might not be 1. By (A3)—(A4), system (2.13) has a unique

solution ¢; p = ¢;A(¢) for ¢ € Rand i =0,1,..., 1, which satisfies

cin = (con)/Mefi™#¢ for g cRandi=1,...,1, (2.24)
I
IH(CO7A) + A Z )\0)\]' (CO7A)/\j/>\0€ﬂj_zj¢ = A)\oﬂo + ﬂo for qb S R, (225)
7=0

where ji; = fi; — :\\—éﬂo is a constant independent of A for i = 0,1,...,I. Note that as
Aj/Ao=1forj=1,...,1,(2.25) can be solved by the Lambert W function, but here
some \; /Ao may not be equal to one so we may call ¢y 5 as a Lambert-type function.
Then we apply the implicit function theorem on (2.25) and obtain that ¢y (¢) is a
positive smooth function (see Proposition 2.7). Hence the PB-steric equation (2.14)

can be expressed as

—V - (eVor) = po + falda) inQ, (2.26)
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() fa(¢) and f*() i (b) fa(éa(2)) and f*(¢*(x))

————1:A=10 \ ————1:A=10

. 2:A=20 \ 2:A=20

5b——>—+ L 0 3:A=40 N N 3:A=40
h 4:17(9) \ 4: (9" (@)

Figure 2.3: The profiles of f(¢) and f(¢a(z)) and their limiting functions under
assumptions (A3)-(A4). In (a), curves 1-3 are profiles of function f (defined in
(2.27)) with A = 10, 20, 40, and curve 4 is the profile of function f* (defined in
(2.30)). In (b), curves 1-3 are the profiles of function f o ¢, with A = 10, 20, 40,

and curve 4 is the profile of function f* o ¢*.

where function fy = fu(¢) is denoted as

I
fa(@) =D zicia(¢) for g €R. (2.27)

Note that the existence and uniqueness of (2.26) with the Robin boundary condition
(2.15) can be obtain by the standard method of the nonlinear elliptic equation, but

(2.19) and (2.26) are different because they have different nonlinear terms fj and

fa
By the implicit function theorem on Banach spaces (cf. [21, Theorem 15.1]), we
prove that ¢; o converges to ¢ in space C™[a,b] as A tends to infinity for m € N and

a < b (See Proposition 2.8). Here function ¢ satisfies

() = (ch(p))N/Mefi=#¢ > 0 for p € Randi=1,...,1, (2.28)
I I
S onc(0) = Y N(ep(@) o = iy for 6 € R, (2.29)
=0 i=0
where [; = fi; — f\‘—éﬂo for ¢ = 0,1,...,I. Thus function fA also converges to f* in
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space C™[a,b] as A goes to infinity for m € N and a < b, where

F(9) = Z 2} (9) (2.30)

(see Corollary 2.9 and Figure 2.3). Moreover, for the asymptotic limit of (2.26), we

have the following theorem.

Theorem 2.2. Let Q C R? be a bounded smooth domain, ¢ € C*(Q) be a positive
function, py € C®(2), ¢pa € C®(90N), 20 = 0, and z;2; < 0 for somei,j € {1,...,1}.
Assume that (A3)—(A4) hold true. Then the solution ¢ to PB-steric equation (2.26)

with the Robin boundary condition (2.15) satisfies
Tim [l6s 6" lleny =0 Jorm €N,
where ¢* 1s the solution to
—V - (eVe") = po + f5(¢) inQ (2.31)
with the Robin boundary condition (2.15).

Remark 2.5. As \; = v;/vo, fio = 1/vo, ¢f = ¢; and ¢* = ¢, (2.28)—(2.31) become
(2.5)—(2.7) (up to scalar multiples). Besides, (2.31) is the limiting equation of (2.26)
as N — oo. This shows the PB-steric equations include the modified PB equations
(2.5)—(2.7).

Before proving Theorems 2.1 and 2.2, we note that f, and fA are strictly de-
creasing and unbounded on R (see Propositions 2.1 and 2.7) but f* and f* are
strictly decreasing and bonunded on R (see Propositions 2.6 and 2.10) so we cannot
obtain the uniform convergence of fy on R as A goes to infinity. Since we only have
the uniform boundedness of fy and fy on any bounded interval [a,b] but not the
entire space R, we first have to prove the uniform boundedness of ¢, (the solution
to (2.19) and (2.26)) with respect to A (see Lemmas 2.11 and 2.13) in order to use
the convergence of f and fx in space C™[a, b] for m € N and a < b. Here (2.16) and
(2.28) are crucial for the proofs of Lemmas 2.11 and 2.13, respectively. Notice that
po = po(x) may be any nonzero smooth function and the boundary condition may
be the Robin boundary condition but not Dirichlet boundary condition so one can-

not simply use the maximum principle on (2.19) and (2.26) to prove Lemmas 2.11
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and 2.13. Then we can apply W?? estimate (cf. [2, Theorem 15.2]), the Schauder’s
estimate (cf. [38, Theorem 6.30]) and the uniqueness of solution to prove that ¢,
converges to ¢* in space C™(2) as A tends to infinity for m € N and obtain the
proofs of Theorems 2.1 and 2.2.

In Section 2.4, we provide numerical simulation on nonlinear elliptic equations
(2.19), (2.23), (2.26) and (2.31) with the Robin boundary condition (2.15). The
one-dimensional domain 2 = (—1, 1) is discretized by the Legendre-Gauss—Lobatto
(LGL) points (cf. [28]). Then we use the LGL points to discretize equations (2.19),
(2.23), (2.26), (2.31) and the Robin boundary condition (2.15), and then solve them
numerically with the command fsolve in Matlab. Under assumptions (A1)—(A2)
and (A3)—(A4), we show the profiles of numerical solutions ¢, and ¢* to support
Theorems 2.1 and 2.2, respectively. In addition, under assumption (A1)"” and (A2),
we present the profiles of numerical solution ¢, whose total ionic charge density is
oscillatory in Figure 2.2(b).

Organization. The rest of the chapter is organized as follows. In Section 2.2, we
analyze of functions fy, f*, fx and f* under the assumptions (A1)-(A2) and (A3)-
(A4), respectively. The proof of Theorems 2.1 and 2.2 are stated in Section 2.3.

Numerical schemes are shown in Section 2.4.

2.2 Analysis of nonlinear terms under (A1)—(A2) and (A3)—
(A4)

2.2.1 Analysis of ¢; , and fy under (Al)—(A2)

In this section, we first show how to use assumptions (A1) and (A2) to apply Gaus-
sian elimination to solve system (2.13) and obtain a unique positive smooth solution
cin = cia(¢) for ¢ € Rand i = 0,1,...,1. Then we establish the asymptotic be-
havior of ¢;, (as ¢ tends to infinity) and the strict decrease and unboundedness of
fa= ilzicw\ (see Proposition 2.1).

For functions ¢; 5 and f, under the assumptions (Al) and (A2), we have the

following.

Proposition 2.1. Assume that zo =0, (A1) and (A2) hold true. Suppose z;z; < 0
for somei,j € {1,... 1}
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(a) System (2.13) can be solved uniquely by

WO (AH("}/, Ry -y 2T, ¢)€A'EO+'&0)

eli=#i9 0.8
AH (v, 21, ..., 21,0) ( )

cin(P) =

foro e Randi=0,1,...,1, where Wy denotes the principal branch of Lambert
W function (cf. [95]).

I
(b) Function fao = zic;p is strictly decreasing on R.
i=1
(¢c) Let Jy ={j: 2 = Org}géclzk} and Jo={j: 2z = Orgnklglzk}. Then
(i) Jim cjpa(@) = o0 for jo € T, and lim cpa(¢) =0 fork & Ji;
(i1) (bh_{n Cioa (@) = 00 for jo € Jo, and ¢11_>m cea(@) =0 fork & J.

(d) For each A > 0, the range of fy is entire space R, and ¢1in1[1 falo) = Foo.
—+oo

Proof. By (A1)—(A2), system (2.13) can be expressed as

I
In(cin) + 20+ A (( v)eon + %Z ) = Aig+ju; fori=0,1,... 1. (2.33)
Subtracting (2.33) for i # 0 from that for i = 0, we get

In(cin/con) + 20 = fli — flo = [hi,

which implies (2.16) under the assumption zy = 0. Then we plug (2.16) into (2.33)
for i = 0 to get (2.17), which implies

[AH (v, 21, ..., 21,0)Co ] M (v212r.0)c0.8 — AH (v, 21,..., 21, gb)eAﬂﬁﬂo (2.34)
for ¢ € R. From theorems of Lambert W function in [93], (2.34) has a unique

smooth positive solution ¢y p denoted by

WO (AH(’% Rly«- 3 I, ¢)6Aﬁo+ﬂ0)
AH(v,21,...,21,0)

By (2.16) and (2.35), we arrive at (2.32) and complete the proof of (a).

con(P) = for ¢ € R. (2.35)

Next we state the proof of (b). We differentiate (2.17) with respect to ¢ and get

1 dC()’A

dCOA
s AH(y, 21, ... A § : =2 —
Co.A d¢ + (77217 7ZI7¢) CoA+ zZj€ 0

do
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which gives

NlQ

dCO’A -
dp ~ (Acpa) !

I
IR
]:

7 (2.36)

(’}/7217" Zla(b)

I

On the other hand, by (2.16), we write fa as fa(¢) = > zco e %9 for ¢ € R.
=1

Then differentiating fj with respect to ¢ and using (2.36), we get

I 1

de dcz A ch A i— 2 fii—2i
S
i

I I
% (Z zeli 7 ) (Z zieli™ Z“ﬁ) (2.37)
i=1 (,Y i=1 Zz eFi— mﬁ c

(ACO,A)71+H 7217"'7217¢ 04

Note the inequality

=1

I I 2
> % (Z Z?@Mi_zi(b) (Z efi—zi ) > L (Z Zieui—ZW) ’

i=1 i=1

(Z Zﬁ%mm) [(ACQ7A)71 + H(vy, 21, .., 21, ¢)}
(2.38)

where we have used the fact that z;z; < 0 for some 4,j € {1,...,}. Therefore, by
(2.37)—(2.38), we have dfs/d¢ < 0 on R and the proof of (b) is complete.
To prove (c), we need the following claim.

Claim 2.2. There holds that

hm WO(AH(’Y’ Zl, e ,Z]7 ¢)6Aﬁ0+ﬂ0)
¢p—too IN A+ In(H (7, 21,. .., 21,0)) + Ao + fio

= 1. (2.39)

Proof of Claim 2.2. Recall the asymptotic behavior of Lambert W function in [49,
93]

Inl Inl
Inz—Inlnz + ——" <Wo(z) <lnzx—Inlnz + e >e. (2.40)
2lnx e—1 Inz
Since z;z; < 0 for some 4, j € {1,...,I}, it is clear that ¢hrin Z eli=#9 = oo, which
—T00 ;—1
implies that
lim AH(v,z,...,25, qﬁ)eAﬂOJrﬂo = 0.
¢p—Foo
Then by (2.40), we obtain (2.39) and complete the proof of Claim 2.2. O
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Now we state the proof of (c). Since z;z; < 0 for some ¢, 5 € {1,...,1}, we know
zi, > 0 for ig € Jq and zj, < 0 for jo € Jo. Then for ig € J;, we may use (2.16),
(2.35) and Claim 2.2 to get

lim ¢,a(¢p) = lim CO7A(¢)6M07'Z¢0¢
¢p——00 ¢p——00

— lim elio—%ig® W()(AH(’Y 2 qb)ef\,&o-i-ﬂo)
¢p—>—00 NH (V,21,...,21,0) R

: ' Afio+fioy _
= o5 a A Wo(AH (21, o, )N = oo
i€J1

On the other hand, for k& ¢ J;, we have

ek =21 - s
lim ¢ = lim Wo(AH (7, 21, . . ., 21, §)eMotho
p——00 kA (9) ¢p——o0 NH (v, 21,...,21,0) o(AH (7,2 19) )
ePk—2kd ~ .
= lim (InA+In(H (v, 21, .., 21,0)) + Ao + fig) = 0.

¢p——o00 NH (v, 21,...,21,0)

Thus the proof of (c)(i) is complete. Similarly, for j, € J5, we combine (2.16),
(2.17), and Claim 2.2 to get

hm CjOaA(gb) — hm CO7A(¢)6p‘jO_Zjo¢
$—00 p—o00

~ i eﬁjo_zjo¢ WO(AH(’)/ P ¢)€Aﬂ0+ﬂo)
¢—>ooAH(’y,21,---,ZI>¢) o o

z ' o
= A’y E elti—Hjg aﬁh—{go WO(AH(’Y, AT 7ZI,¢)6 o Mo) - .
JET2

On the other hand, for k ¢ J5, we have

elk—2kd o
li — i AH Afio+ito
A e ©) = 0 R gy M0 B2 O

elk—2kd
=1 InA+1In(H Afi (o) = 0.
¢1%H010AH(’7721,...,Z[7¢)(H + H( (/77Z17 7Z17¢))+ :U’0+1u0)

Therefore, we complete the proof of (c).

Finally, we give the proof of (d). From (2.20), function f) can be denoted as
fa(@) = X2 zicia(9) + X2 zicin(¢) for ¢ € R, where J is defined in (c)(i). Then
by (c)(i) ,Zivje1 have d)gmooﬁ{(l@ = 0o. Similarly, by (c)(ii), we have (ﬁlgr;o falp) = —o0.
Therefore, we conclude (d) and complete the proof of Proposition 2.1. ]
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2.2.2 Analysis of ¢/ and f* under (A1)—(A2)

Function ¢f is the limit Alim co.n, where function ¢y, is the solution to (2.17) for
—00

A>0. Let 6 = A~! and é5 = coa. Then by (2.17), ¢ s satisfies
(51[1(6075(@) + H(’}/, Zly -y 2T, ¢)6075 = /10 + 5,&0 for Qb € R. (241)

Notice that A — oo is equivalent to 6 — 0T so ¢ also equals the limit 61im+ Co,s-
—0

Moreover ¢ is defined by (2.21) wtih ¢ = 0, which is (2.41) with 6 = 0. The

convergence of ¢ as § — 0%, i.e. the convergence of ¢y as A — oo is proved in

Proposition 2.3, so by (2.16), we obtain the convergence of ¢; » as A — oo.
Proposition 2.3. Let ¢; 5 and ¢ be defined in (2.32) and (2.21), respectively.
(a) For ¢ € R, Ah_r}go cin(@) =ci(p) fori=0,1,...,1.
(b) Ah_r)rolo llcia = ¢illemay = 0 for i = 0,1,...,1, m € N, and a < b, where
IAllenian := 3= WPl for h € C™la.b)
Proof. To prove (a), we need the following claim.

Claim 2.4. Assume that (A1)-(A2) hold ture. Then there holds that

_ Wo(AH(7, 21, ..., 2y, ¢)etfotio)
lim g
A—oo ANO

=1 forgpeR.

Note that H (7, z1,..., 21, ¢) is independent of A so the proof of Claim 2.4 follows
directly from (2.40) and we omit it here.
By Proposition 2.1(a) and Claim 2.4, it follows that

1 i — et zi¢ l — — *
AI_I)EOC’A((é) ‘ Al_r)lgoAH(f%Zl?"'athﬁ) H(f}/?'zla"'?zla(b) CZ(¢)

for i =0,1..., I, which implies (a).

To prove (b), we fix m € N, a,b € R and a < b arbitrarily. Let ||-[[cm := ||-[|cmap
for notational convenience. For A > 0, let § = A™!, éy5 = o, ws = In(Go5), and

w* = In(c). Obviously, 6 — 07 is equivalent to A — co. Hence by (2.16), it suffices

to show that 6lim+ |e¥s — e ||em = 0. Because ws = In(éys) and ¢y 5 = ¢, equation
—0
(2.41) can be denoted as K;(ws(¢),d) = 0 for § > 0 and ¢ € [a,b], where K is a

C!-function on C™[a,b] x R defined by

Ki(w(),0) = dw(p) + H(y, 21, . .., 21, $)e” ) — iy — 81 (2.42)
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for all w € C™[a,b] and ¢ € [a,b]. Note that K;(w*,0) = 0 by (a). A direct

calculation for Fréchet derivative of (2.42) gives
Dle(w(¢)v 5) =0+ H(ﬁ)/a Rly+-+3y”Ns ¢)ew(¢)

for all w € C™[a,b] and ¢ € [a,b]. Then by (a), we get D, K;(w*(¢),0) = fip > 0
for all ¢ € [a,b]. This implies that D, K;(w*,0)I is a bounded and invertible
linear map on the Banach space C™[a,b], where I is an identity map. Hence by
the implicit function theorem on Banach spaces (cf. [21, Corollary 15.1]), there
exists an open subset Bj,(w*) X (—dg,d0) S C™[a,b] x R and a unique C'-function
w(+,0) of § € (—dy,dp) with w(-,0) € Bs,(w*) C C™[a,b] for 6 € (—dy,do) such that
Ki(w(-,6),6) = 0 for all § € (—dy,dp), which gives 51_1}12[)1+ ||(:,0) — w*||em = 0. By
Proposition 2.1(a), equation Ki(w,d) = 0 has a unique solution w = wg, which
implies w(+,d) = ws(-) for 6 € (—dy, d). Therefore, we obtain 6lir(r)1+ |ws —w*||em =0,

ie., 5lim+ |e“s — e*"||em = 0, and complete the proof of Proposition 2.3(ii). O
—0

Corollary 2.5. Alim |fa = f*llemap) = 0 for m € N and a < b.
—00
I
Proof. 1t follows from Proposition 2.3(b) and the fact that fA(¢) = > zic; a(¢) and
i=1

I
[r(@) =3 zici(¢) for ¢ € R. O
i=1
For function f*, we have the following proposition.
Proposition 2.6. Let f* be the function defined in (2.22).

(a) Function f* is strictly decreasing on R.
(b) Function f* satisfies m* < f*(¢) < M* for all ¢ € R, where

m* = lim f*(¢) <0 and M*= lim f*(¢)> 0.
p—o0 ¢p——00
Proof. By (2.21)—(2.22), f* can be expressed as

~ 1

* = Fo =2
(o) = HOvo, o1 0) ;zle for ¢ € R. (2.43)

Then differentiating (2.43) with respect to ¢ gives

I 2 I
b <Z Zieﬁi—zm) Z 21:26/12'—21'¢

LA Z\S O
dgb (H(’yvzla"wzlaqs))? H(77217"'a217¢>
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( I 2 I I

Z Zie‘aizid)) — Z ehi—zid Z Zl?eﬂifzms

< FoY \'i=1 i=1 1'2:1 <0 forgeR.
Z (H(Vazlw'wzlugb))

Here the last inequality comes from the Cauchy-Schwarz inequality and the fact

that z;z; < 0 for some ¢, 5 € {1,...,I}. Therefore, we complete the proof of (a).

To prove (b), we note that

Z + Z zjeﬁj_zjd) ) Z Zjeﬂj

J€ET  jET o2 jed

* = fip li = <0
m Ho ¢gglo . ”y Z o7t
=7tz DOED DN K ET2
Jj€T2  jET>
and
i i (102 i
M* = [ig lim Sh N — HoZ ien — > 0,
p——00 ¥ imzid Y Z e,ui
a2 (Zex)e
€J1 ¢

where J; and J are defined in Proposition 2.1(c). By (a), f* is strictly decreasing,
so we have m* < f*(¢) < M* for all ¢ € R and complete the proof of Proposition 2.6.
O

2.2.3 Analysis of ¢;, and f, under (A3)—(A4)

In this section, we use assumptions (A3)—(A4) and apply Gaussian elimination to
solve system (2.13) and obtain a unique positive smooth solution ¢; x = ¢; A(¢) for

¢ € Rand i =0,1,...,I. Then we establish the asymptotic behavior of ¢; 5 (as ¢
I

tends to infinity), and the strict decrease and unboundedness of fA = Z zici A (see
i=1
Proposition 2.7).

For functions ¢; o and fA, we have the following proposition.

Proposition 2.7. Assume that zo = 0, (A3)-(A4) hold true. Suppose z;z; <0 for
some 1,7 € {1,...,1}.

(a) System (2.13) has a unique, smooth, and positive solution c;x = c;a(¢p) for

peERandi=0,1,...,1.
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. I
(b) Function fo = zic;p is strictly decreasing on R.
i=1

‘ b= =1 < ekt 1,Ak0) B 8 WA,
(¢c) (i) If zx > 0 (21, < 0), then sup cx o (9) < el (gup cp, 4 (@) < eArAotin )
¢>0 #<0

(ii) There existig, jo € {1,...,1}, 2, > 0 and z;, < 0 such that lim sup ¢, A (@) =

¢p——00
oo and limsup ¢j, A(¢) = oo.
$—00

(d) For each A > 0, the range of fa is entire space R, and ¢hI:E fa (¢) = Foo.
— 00

Proof. By (A3)—(A4), system (2.13) can be expressed as

I
In(cin) + 26+ A Ndjeja = ANifig + fi; for g € Rand i =0,1,...,1. (2.44)

=0

Multiplying (2.44) for i = 0 by A;/Ag, we obtain

I
Ai _ A
)\—0 In Co,A + A Jgo >\i/\jcj,A = A)\Z,uo + )\—Ouo (245)
Then we subtract (2.44) from (2.45) to get
>\i ~ )\z ~ —
In CiA — IHCQA + Zi¢ = l; — — Mo = Uy,
Ao Ao

which implies (2.24). Plugging (2.24) into (2.44) for i = 0, we get (2.25). Then we
denote (2.25) as gi1(coa, ¢) = 0, where g, is defined by

I
g1(t, ) =1Int + AZ AO)\thj/)‘Oe’jj_zj‘b — AXofig — ji9 fort >0 and ¢ € R.

§=0
Notice that, for any ¢ € R, function ¢, is strictly increasing for ¢ > 0, and the range
of gy is entire space R. Then there exists a unique positive number ¢y s (¢) such that

g1(con(¢),¢) =0 for ¢ € R. Moreover, since g; is smooth for ¢ > 0, ¢ € R, and

g 1 - 24 (\j—X0)/No fij—2jb

E(t,qﬁ) — Z+A;AJ¢ im20)M0eli=2i% 5 () for t > 0 and ¢ € R,
then by the implicit function theorem (cf. [68, Theorem 3.3.1}), coa = coa(¢) is a
smooth and positive function on R. Therefore, by (2.24), each ¢; o is smooth and

positive on R and we complete the proof of (a).

To prove (b), we differentiate (2.44) with respect to ¢ and obtain

(D + AG)% =—z for ¢ € R, (2.46)
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where Dy = diag((con) ™", -+, (cra)7") is positive definite, G = [Ag =+ AT [Ao ==+ A,
cy =[coa -+ cra]T,and z = [29 -+ z7]T. It is obvious that D+ AG is positive def-
inite and invertible with inverse matrix (Dj + AG) ™! which is also positive definite.
Then (2.46) gives dcy /d¢ = —(Dp + AG) "'z, and df, /d¢ becomes

I

de dCi,A TdCA T 1
@:;zi 10 =z @:_Z (Dy+AG) z<0 for¢geR.

Here we have used the fact that z # 0 and we complete the proof of (b).
To prove (c), we first suppose that z;, > 0 for some k € {0,...,I}. Then (2.44)

implies

I
sup Incpa (@) = sup <A)\kﬁ0 + i — ) — A AiAjCj,A(cﬁ)) < AXgfio + fie < 00,

=0
and sup cx p(¢) < eMwfotie  Here we have used the fact that ¢; z(¢) > 0 for ¢ € R

$=>0
and i =0,1,---,I. Similarly, if z; <0 and k € {0,1,..., I}, then (2.44) implies

I
sup In ¢, A(¢p) = sup <A)\k/10 + [y — 2pp — AZ AiAjcj’A(gb)) < Adgfig + fir < 00,

$<0 $<0 =0

and sup cx A (@) < eMwiotin Hence the proof of (c)(i) is complete. To see (c)(ii),

since¢§i()zj < 0 for some 7,j € {1,...,I}, then both index sets J = {i : z; > 0} and

Js ={j : zj < 0} are nonempty. Now we claim that there exists j; € J/ such that

libm sup ¢j, A(¢) = co. We prove this by contradiction. Suppose sg;g cja(¢) < oo for
——00

<
all 7 € J{. Then there exists K; > 0 such that 0 < ¢;a(¢) < K; for ¢ < 0 and
J € J/. By equation (2.44) and (c)(i), we have

I
26 = Mjfio + fi; — In(c;a(0)) — AN Y Meca(6)
k=0

> ANjjio + i — () = AN [ D7 NG+ ) Apetwioti
keJ| k¢ Ty
for j € J/ and ¢ < 0, which leads a contradiction by letting ¢ — —oo. Hence there
exists j; € J{ such that limsupcj, o(¢) = co. We also prove this by contradiction.
¢p——00

Suppose supcja(¢) < oo for all j € Jj. Then there exists Ky > 0 such that
¢>0
0 <cja(¢p) < Ky for ¢ >0 and j € J;. By equation (2.44) and (c)(i), we have

1
26 = Mjio + fi; — In(c;a(0)) — AN Y Meca(0)
k=0
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> ANjjio + i — In(Fp) — AN [ D7 NEo + ) Ape ot
kETS kg Js
for 7 € J; and ¢ < 0, which leads a contradiction by letting ¢ — oco. Hence there
exists jo € Jy such that limsupcj, A(¢) = oo. Therefore, the proof of (¢)(ii) is
p—00

complete.

Finally, we give the proof of (d). From (2.27), function f can be denoted as
fA(¢) = Z 2icin(¢) + Z zicia(¢p) for ¢ € R. (2.47)
€] i€y
Then by (c)(i), we note that
Z zicin(¢) < Z zieNiot - for ¢ > 0. (2.48)
ieJ| ieJ{

Moreover, by (c)(ii), there exists iy € J; and a sequence {¢,}22, with lim ¢, = co
n—oo

such that lim,, e 2i,¢i, A(¢n) = —00. Thus, by (2.47)—(2.48), we get

Faldn) <D 2ot 4 2ca (@) = —00 asn — 00,
ieJ|

which implies that ¢lim fa(¢) = —oo because of the strict decrease of fy (see (b)).
—00
On the other hand, by (c)(i), we also note that

Z ziciA(@) > Z ziehioT for ¢ < 0. (2.49)
i€eJ, i€Jy
Moreover, by (c)(ii), there exists iy € J and a sequence {¢,}22; with lim ¢, = —cc
n—oo

such that lim z;,¢;, A(¢n) = co. Thus, by (2.47) and (2.49), we obtain
n—oo

Ialdn) > ziyciy a(dn) + Z zieMiotl 0 g — o0,
i€Jy

which implies that ¢lim fa(®) = 0o because of (b). Therefore, we conclude (d) and
——00

complete the proof of Proposition 2.7. n

2.2.4 Analysis of ¢t and f* under (A3)—(A4)

In this section, we apply the implicit function theorem to show the existence of ¢}

and use the implicit function theorem on Banach space to show the convergence of
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co.n a8 A — oo (see Proposition 2.8). More precisely, we let § = A~ and €05 = CoA-

Then by (2.25), function &4 satisifes

I
§In(Ep5()) + Ao Z Ai(Go,5(0))N/M0ePi2¢ = \ofig + Sfig  for ¢ € R. (2.50)
=0

Notice that A — oo is equivalent to 6 — 0T so ¢ also equals the limit 61ir(r)1+ Cos-
Moreover, cf satisfies (2.29) which is equation (2.50) with ¢ = 0. Besides, by (2.24),
functions ¢} satisfy the equation (2.28) fori = 1,..., I. The existence and uniqueness
of equations (2.28)—(2.29) and the convergence of ¢y 5 as § — 07, i.e., the convergence
of ¢on as A — oo, are proved in Proposition 2.8. Then by (2.24) and (2.27), we can

obtain the convergence of ¢; , and f) as A — oo.

Now we state Proposition 2.8 as follows.

Proposition 2.8. Let ¢; o be defined in (2.24)(2.25) fori=0,1,...,1 and A >0
(¢f. Proposition 2.7(a)).

(a) Equations (2.28)—(2.29) have a unique solution (¢, ..., cy) and each function

ek = c(¢) is a smooth and positive function for ¢ € R and i =0,1,..., 1.
(b) Alim llcia = ¢ llemap) =0 fori=0,1,...,I, m € N and a < b.
—00

Proof. We first observe that equations (2.28)—(2.29) can be solved by the following

problem.
I

Z Nj(co(@) M 0efi=2% — fip = 0 for ¢ € R,

=0
which can be represented by ga(cj(4),¢) = 0 for ¢ € R. Here the function g, is
defined by

I
ga(t, @) = Y \th/ e ¢ — iy fort >0 and ¢ € R.
5=0
Notice that, for any ¢ € R, function g, is strictly increasing for ¢ > 0, and the range
of go is entire space R. Then there exists a unique positivie number ci(¢) such that

g2(c(9), ») = 0 for ¢ € R. Moreover, since g is smooth for t > 0, ¢ € R, and

I

1 )

%(t, ¢) = » D N0 =¢ 5 0 for t > 0 and ¢ € R,
0

j=0
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then by the implicit function theorem (cf. [68, Theorem 3.3.1}), ¢i(¢) is a smooth
and positive function on R. Therefore, by (2.28), we obtain the smooth and positive
functions ¢ for i = 1,..., I, and complete the proof of (a).

To prove (b), we fix m € N, a,b € R and a < b arbitrarily. Let ||-|cm = || [|em[an
for notational convenience. For A > 0, let § = A, ¢o5 = o, ws = In(Go5), and

w* = In(cf). Obviously, 6 — 07 is equivalent to A — oco. Hence by (2.24), it suffices

cm = 0. Because ws = In(éy5) and ¢y 5 = ¢ o, equation
(2.50) can be denoted as Ks(ws(¢),d) = 0 for § > 0 and ¢ € [a,b], where K, is a
C!-function on C™[a, b] x R defined by

to show that lim [|e¥s — e
§—0+

1
Ks(w(),6) = dw(¢) + Ao Y _ Aiexp (ﬁw(@ + ;i — zi¢> — Nojio — 0fig (2.51)

=0 Ao
for all w € C™[a,b] and ¢ € [a,b]. Note that Ky(w*,0) = 0 by (a). A direct

calculation for Fréchet derivative of (2.51) gives

I
Dy Ks(w(9),0) = Y A (c5(9))/ e >0 for ¢ € [a,b].

i=0

Here we have used the fact that w* = In(¢j). This implies that D, Ks(w*,0)1 is
a bounded and invertible limear map on the Banach space C™[a,b], where I is an
identity map. Hence by the implicit function theorem on Banach space (cf. [21,
Corollary 15.1]), there exists an open subset Bs,(w*) x (—dg,09) € C™[a,b] x R
and a unique C!-function w(-,d) of § € (—dy, &) with w(-,d) € Bs,(w*) C C™[a, ]
for 6 € (—dp,0p) such that Ky(w(-,6),6) = 0 for all § € (—do, ), which gives
6l_i)r(§1+ ||w(-,0) — w*||em = 0. By Proposition 2.7(a), equation Ks(w,d) = 0 has a
unique solution w = ws, which implies w(+,0) = ws(-) for § € (—dy, dp). Therefore,
we obtain 61_1}1(1]1+ |lws — w*||em = 0, ie., 611)151+ |e¥® — e ||em = 0, and complete the

proof of Proposition 2.8(b). O
Corollary 2.9. Alim | fa — f*‘|(jm[a7b] =0 formeN and a <b.
— 00
_ I
Proof. 1t follows from Proposition 2.8(b) and the fact that fA(¢) = > zic; a(¢) and
i=1

N I
f (o) = ; z;ici(¢) for ¢ € R. H
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For function f*, we have the following propositions.
Proposition 2.10. Let f* be defined in (2.30).

(a) Function f* is strictly decreasing on R.
(b) Function f* satisfies m* < f*(qb) < M* for all ¢ € R, where

= lim f*(¢) <0 and M* = lim f*(¢) >
p—r00 ¢——00
Proof. Differentiating (2.28)—(2.29) with respect to ¢ gives

I

de; N ¢ dc ,
$TA Lo NG C% e Randi=1,...,1,
jdgb 0, Q6 hoc do zic;, for ¢ € Rand i

J=0

d
which implies fg = )\Oc*”— for ¢ € R. Consequently, we have

I 2
df* Lo gqe o I (Z Zi)\icf> .
* =1 N
d¢ :Z:Zld )\()Cod¢z _szci: 7 _'_ Z?Ci<0
i=1 =1 i=1 Z )\26* i—1

1=0

for ¢ € R. Here the last inequality comes from the Cauchy—-Schwarz inequality
and the fact that \; > 0, ¢ > 0 for ¢ € {0,1,...,I}, and z;2; < 0 for some
i,j € {1,...,1}. Therefore, we complete the proof of (a).

To prove boundedness of f*, we note that (2.28)-(2.29) imply 0 < ¢(¢) < fio/\;
forp e Randi=0,1,...,1, and

for ¢ € R. (2.52)
On the other hand, by (2.29) and (2.30), function f* can be represented as

F(6) = D 2i(cg(9)M/ exp(u — z¢)  for ¢ € R, (2.53)

i=1
By (a) and (2.52), function f* is strictly decreasing and bounded on R so the limit
q}im f*(#), denoted by m*, exists and is finite. Since cf < fig/ N fori=0,1...,1,
—00
(2.28) implies

lim ¢ (¢) = Lim [ (@) exp(—ji; 4+ 2:0)] =0 for z; < 0. (2.54)

p—o0 p—o0
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Moreover, we use (2.28) and (2.54) to get

lim ¢} (¢) = lim [(c§(¢))*/* exp(fi; — z:¢)] =0 for z > 0, (2.55)

p—00 ¢p—00
and hence (2.53) and (2.55) imply m* = <Z5lim f*(¢) < 0. Now, we prove m* < 0 by
— 00
contradiction. Suppose m* = 0. Then (2.55) gives (blim ci(p)=0fori=0,1,...,1,
—00
which contradicts with (2.29) (by letting ¢ — oo) and jip > 0. Similarly, we may
prove ¢lim f*(¢) = M* > 0 and complete the proof of Proposition 2.10. O
——00

2.3 Proof of Theorems 2.1 and 2.2

Since f, and fx are unbounded on R but f* and f* are bounded on R so we cannot
obtain the uniform convergence of fa and fa on R as A goes to infinity (see Propo-
sitions 2.1, 2.6, 2.7 and 2.10). In order to use the convergence of f, and fa in space
C™[a,b] for m € N and a < b, we first have to prove the uniform boundedness of ¢,
(the solution to (2.21) and (2.26)) with respect to A (see Lemmas 2.11 and 2.13).
Here we notice that pg may be any nonzero smooth function and the boundary con-
dition may be the Robin boundary condition but not Dirichlet boundary condition
so one cannot simply use the maximum principle on (2.19) and (2.20) to obtain the

uniform boundedness of ¢,.

2.3.1 Uniform boundedness of ¢, and cya(¢,) under (Al)—(A2)

Lemma 2.11. There exist positive constants My > 1, My, and M3 independent of
A such that

(a) maxcoa(pa(x)) < My for A > 1.
e
(b) [|oallLoe) < My for A > 1.

(¢) mincop(oa(z)) > Ms for A > 1.
€2

I
Proof. Since z;z; < 0 for some 4,5 € {1,...,I}, then lim Z efi=#1® = 0, and
¢—+oo Py

I
(o _ A SR
K= (M0+M0)/ (1 v+ Zr(z{lelﬂg};exp(uz chb)) < o0.
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Let M; = max{K,1} and A > 1. We claim that coa(¢a(z)) < M;. Suppose
that O = {x € Q : coa(¢a(r)) > 1} is nonempty. Otherwise, due to My > 1,
conr(oa(r)) <1< M, for z € Q, which is trivial. By (2.17), we have

fio + A~ fig
H(f}/a Rly« -y Rl ¢A(x))

Here we have used the fact that In(co s (¢a(z))) > 0 for z € Q; and A > 1. Therefore,

coa(pa(z)) < <K <M forxef.

we complete the proof of (a).

To prove (b), let ¥ be the solution to equation —V - (eVt)) = py in Q with the
Robin boundary condition ¢ 4 ng—‘f =0 on 09, and let ¢y = ¢ — 1. Then function
o, satisfies

—V - (eVgn) = fa(ga) in € (2.56)

Since ) is independent of A and is continuous on 2, then ¢, is uniformly bounded
if and only if ¢, is uniformly bounded, it suffices to show that max ¢, < M, and
min ¢, > —M, for A > 1, where M, is a positive constant indepengzient of A.

"’ Now we prove that max dn < M,y for A > 1, where M, is a positive constant
independent of A. Suppoie by contradiction that there exists a sequence A, with
leIEO A, = oo such that mﬁax QBA;C > k for £ € N. Then there exists z; € (2 such
that ¢a, (rx) = max¢@,,, which implies Vou, (zr) = 0 and Ay, () < 0. Note
that because of th: Robin boundary condition of ¢,,, maximum point z;, cannot be
located on the boundary 0f2 as k sufficiently large. Hence without loss of generality,
we assume each zp € Q for £ € N. For the sake of simplicity, in this proof, we set

Cik = Cing, Ok = Ons [x = fa,, and ¢y == @p,. By (2.56) with Ve (z) = 0,

Aék(:ck) < 0 and function ¢ is positive, we have

I
Since fi(ér) = > zicik(or), we can use (2.57) to get
i=1

0< Y (=zi)ein(@(mn) + drlxe)) < zicin(W(wn) + drlx)). (2.58)

2;<0 2z >0

By Proposition 2.1(c)(ii) and (2.58), klim S (—zi)ein(W(xr) + or(xr)) = 0. This
- 2;<0
leads a contradiction with Proposition 2.1(c)(ii). Hence we complete the proof to

show that max ¢y < M, for A > 1, where M, is a positive constant independent of
)

A.
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On the other hand, we prove min ¢, > — M, for A > 1. Suppose by contradiction
that there exists a sequence Ay vx?ith klgg@ = 0o such that mﬁin o < —k for k € N.
Then there exists x5 € € such that ¢, (zx) = min ¢y, which implies Vo (zx) = 0
and A¢i(r;) > 0. Note that because of the %obin boundary condition of ¢y,
minimum point z; cannot be located on the boundary 02 as k sufficiently large.
Hence without loss of generality, we assume each x; € Q for £k € N. As in (2.58),
we have

0< Z zicin (Y (xx) + or(x1)) < Z(—Zi)ci,k(¢($k) + r (k). (2.59)
2>0 %<0
By Proposition 2.1(c)(i) and (2.59), khlEO ZZZ;O zicin(V(y) + dp(xy)) = 0. This leads a
contradiction with Proposition 2.1(c)(i). Hence we complete the proof to show that
min bdn > —M, for A > 1, where M, is a positive constant independent of A. Thus,
tlr(lze proof of (b) is complete.

Finally, we state the proof of (c¢). Suppose to the contrary that there exists Ay
with kll_}I{.lo Ay = oo, and x; € Q is the minimum point of ¢, (¢a,(z)) such that
]}1_{20 con, (@a, (z1)) = 0. Notice that by (2.17), coa(¢da) > 0 for A > 1 and x € Q.
Then there exists N7 € N such that In(coa, (¢a, (2x))) < 0 for & > N;. By (2.17)
with ¢ = ¢a, (zx), we get

H(v, 21, -, 21, 6, () o, (6, (22)) > fio + i—z for k > N). (2.60)
Taking k — oo, (2.60) and (b) imply 0 > fip, which contradicts assumption (A2).
Therefore, we complete the proof of (c¢). The proof of Lemma 2.11 is complete. [

Remark 2.6. By Lemma 2.11 and (2.16), we have My < ¢; a(¢pa(x)) < M for x €

Q, A>1andi=0,1,...,1, where My and Ms are positive constants independent
I

of A. Moreover, due to fa(pa) = > zicin(Pn), there exists a positive constant Mg
i=1

independent of A such that || fa(oa)|| @ < Ms for A > 1.

2.3.2 Convergence of ¢, under (A1l)—(A2)

Since ¢, is the solution to equation —V - (eVpr) = po + fa(pa) in Q with the
Robin boundary condition ¢, + 778(%A = ¢pq on O, we use the WP estimate (cf. [2,
Theorem 15.2]) to get ||dallwzr) < C(llpo + fa(oa)llzr) + |@ballwrr(e)) for all

p > 1, where C' is a positive constant independent of A. Hence by Remark 2.6, we
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have the uniform bound estimate of ¢, in W?2P norm. This implies that there exists
a sequence of functions {¢a, }72,, with klggO Ar = oo, such that ¢,, converges to
¢* weakly in W2?(Q). By Corollary 2.5, we have the convergence of function fj,
to f* in C™[—My, Ms] for m € N, so ¢* satisfies (2.20) in a weak sense, where the
positive constant M; comes from Lemma 2.11(b). Let wy = ¢, — ¢*, Cix = Cia,,
and fy := fa,. Then by Sobolev embedding, w, € C“*(Q) for a € (0,1), and
kh_)m |willera@ = 0. Moreover, wy, satisfies =V - (eVwy) = fy(wi + ¢*) — f*(¢7) in
Q) with the boundary condition wy, +n%* w’“ = 0 on 0f2. Using the Schauder’s estimate
(cf. [38, Theorem 6.30]) with the mathematical induction, we get

[willemiza@ < Cllfu(we +6%) = ()l emamy

I
< O3 (llesslwn + 6) = et (wy + 6 lemagg + et (wx + 6) = (6 lemogm) )

. (2.61)

for all m € N and a € (0, 1), where C' and C” are positive constants independent of

k. By Proposition 2.6(a) and induction hypothesis lim |wkllem.o @ = 0, we may use

(2.61) to get hm ||wk||cm+2a( o =0, ie. hm oA, — gb H0m+2a( =0 for m € N and

€ (0,1). Therefore, ¢* is the solution to (2.23) with the Robin boundary condition

(2.15). To complete the proof of Theorem 2.1, we need to prove the following claim.
Claim 2.12. For any m € N, we have Alim [¢a — &*llem@@ = 0.
—00

Proof. Suppose that there exist the sequences {Az} and {A;} tending to infinity
such that sequences {¢a, } and {¢3, } have limits ¢} and ¢3, respectively. It is clear
that ¢7 and ¢3 satisfy (2.23) with the Robin boundary condition (2.15). Now we
want to prove that ¢} = ¢5. Let u = ¢] — ¢5. Subtracting (2.23) with ¢* = ¢3 from
that with ¢* = ¢7, we obtain —V - (eVu) = ¢;(x)u in 2, where

L) =G 1410 4 g0
cl(x): i o1 (z) — ¢3(2) if ¢1( )7&%( )7
i 9i@) if 91(z) = 05(x).

By Proposition 2.6, we have ¢; < 0 in {2 which comes from the fact that if f is a
strictly decreasing function on R, then %é(ﬁ) < 0 for a # B. Since V - (eVu) +
ci(z)u = 0 with ¢; < 0 in €, it is obvious that u cannot be a nonzero constant.
Then by the strong maximum principle, we have that u attains its nonnegative

maximum value and nonnpositive minimum value at the boundary point. Suppose
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u has nonnegative maximum value and attains its maximum value at z* € 9f).
Then by the boundary condition of w which is u + ng—z = 0 on 09, we get u(x*) =
—n%(x*) < 0, and hence u < u(z*) < 0 on Q. Similarly, we obtain « > 0 in Q,
and hence u = 0. Therefore, we conclude that ¢7 = ¢35 and complete the proof of

Theorem 2.1. O

2.3.3 Uniform boundedness of ¢, and ¢y a(¢,) under (A3)—(A4)

Lemma 2.13. There exist positive constants M; > 1, Mg, and My independent of
A such that

(a) maxcoa(pa(x)) < My for A > 1.

z€Q

(0) ||oallLee() < Mg for A> 1.
(c) mincy(oa(z)) > My for A > 1.
€N

Proof. Let M; = max{% + %, 1} > 1 and A > 1. We claim that coa(¢a(z)) <
M; for x € Q. Suppose tha?t Q0 i {r €Q : coa(pa(z) > 1} is nonempty. Otherwise,
due to M; > 1, coa(da(z)) < 1 < My for x € Q, which is trivial. By (2.25) and
(A4), we obtain
or(da(e)) < 50+ A“—gg < M; forz € Q.

Here we ahve used the fact that Incoa(¢pa(x)) > 0for z € Q;, A > 1, and 2o = fip =
0. Therefore, we complete the proof of (a).

To prove (b), let 1) be the solution to equation —V - (eV)) = py with the Robin
boundary condition ) + ng—qf = 0 on 012, and let ¢, = ¢p — 1. Then function ¢,

satisfies
—V - (eVpa) = falon) in Q. (2.62)
By (2.24), ¢; a(¢a) satisfies
cin(dn) = (con(@n)) ¥/ Poefi—2=20  forj =1, . . 1. (2.63)

Since 1 is independent of A and is continuous on £, then ¢, is uniformly bounded

if and only if ¢ is uniformyl bounded, and it suffices to show that max ¢, (x) < Mg
€N

and min ¢, > —Mjg for A > 1, where Mj is a positive constant independent of A.
TS
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Now we prove that max &A(x) < Mg for A > 1, where My is a positive constant
independent of A. Sup;(e)ge by contradiction that there exists a sequence Ay with
kh_{go Aj;, = oo such that mﬁax gEAk > k for £k € N. Then there exists z; € ) such
that ¢a, (vx) = max ¢y, , which implies Vo, (vx) = 0 and Agy, (zx) < 0. Note
that because of thé2 Robin boundary condition of &Ak, maximum point x; cannot be
located on the boundary 02 as k sufficiently large. Hence without loss of generality,
we assume each x;, € () for £ € N. For a sake of simplicity, in this proof, we set
Cik = Cihn, Ok = Oas fx := fa,, and ¢y := ¢n,. Hence by equation (2.62) with

Vor(zr) =0, Agr(z)) < 0 and function ¢ is positive, we have
0 < —Ve(xyg) - V&k(mk) - 5(93k)A<5k(37k) = fr(or(zr)). (2.64)

I
Since fi(ér) = Y. zicik(or), we can use (2.63) and (2.64) to get
i=1

0 < Z(_Zi)[Co’k(gbk(l.k))])\i/)\oeﬂi*ziw(xk)*ziék(xk)

2;<0

< Z 2 [Co7k<¢k(xk))]/\z'/Aoeﬁi*zw(wk)*zz@k(m)_
2;>0

(2.65)

Applying (a) to (2.63) for z; > 0, we obtain klim Cix(ok(zx)) = 0 for all i with z; > 0.
—00
Together with (2.65), it follows that

lim Z(—Zi)[COJC(¢k(Ik))])\i/)\oeﬁi—ziw(-’ﬂk)—zid_)k(wk) =0,

k—o0
2;<0

which means klim Cik(on(zr)) = 0 for all ¢ with z; < 0. Inserting « = z;, into (2.63)
—00

with z; < 0, we obtain
cor(Pr(zE)) = [ci7k(¢k(xk))]>\0/>\i[eﬁi—ZﬂZ}(lfk)_zi@k(Ik)]>\0/>\z’ 50 ask— oo,

Hence klim Cik(ok(z)) =0fori=0,1,...,1. By (2.24)-(2.25), we get the following
—00

contradiction:
I
- In(c T ) . 1 N
0> JE& ( O,k%:( k) _ ]}fgo (/\O'LLO + K_Z B ;AOMCM(%(%)) = Nojfip > 0.

(2.66)

Thus, we complete the proof and show that max ¢, (x) < Mg, where Mg is a positive
€

constant independent of A.
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On the other hand, we prove min ¢, > —Mjg for A > 1. Suppose by contradiction
that there exists a sequence Ay vx?ith klgg@ = 0o such that mﬁin o < —k for k € N.
Then there exists x;, € Q such that ¢ (x;) = min ¢, which implies Ve (23) = 0
and Agy(z;) > 0. Notice that because of theQRobin boundary condition of ¢,
minimum point z; cannot be located on the boundary 02 as k sufficiently large.
Hence without loss of generality, we assume each x; € ) for £k € N. Thus, as in

(2.65), we have

0 < Z Zi[CO,k(¢k($k))]Ai/Ao6ﬂi_2iw($k)_2i($k(l‘k)

2; >0

< Z(_ZZ) [COJC(¢k(xk))]/\i/Aoeﬂi—ziw(xk)—zz&k(xk)

2;<0

(2.67)

Applying (a) to (2.63) for z; < 0, we obtain klgg() Cik(ok(zr)) = 0 for all ¢ with
z; < 0. Then (2.63) and (2.67) give I};Igoczk(¢k(xk)) = 0 for all 7 with z; > 0.
Inserting = = zj, into (2.63) with z; > 0, we have kh_)Iglo cor(Pr(zr)) = 0, and hence
]}1_{20 Cik(or(zy)) =0foreachi =0,1,...,I. Asin (2.66), we also get a contradiction
and complete the proof to show that min ¢, (z) > —Ms for A > 1, where Mg is a
positive constant independent of A. Tﬁg?efore, we complete the proof of (b).
Finally, we state the proof of (c¢). Suppose to the contrary that there exists
A, with khj{.lo Ay = oo, and x, € € is the minimum point of ¢y, (¢4, (1)) such
that kh_g)lo con, (@A, (k) = 0. Notice that by (2.25), coa(pa(x)) > 0 for A > and
x € €. Then, there exists N; € N such that In(co, (¢, (zx))) <0 for & > N;. By

(2.24)—(2.25) at ¢ = ¢, (vx), we get

I N
Z NiCin (Oa, (x)) > fig + A'ug\ for k > N;. (2.68)
kA

=0

On the other hand, by (2.63) and (b), we obtain klim cing (0a, (zx)) = 0 for i =
— 00
0,1,...,1, which contradicits (2.68) as k — oo. Hence we complete the proof of (c)

and hence complete the proof Lemma 2.13. O]

Remark 2.7. By Lemma 2.13 and (2.24), we have My < ¢; p(oa(x)) < Myy forx €

Q,A>1andi=0,1,...,1, where My and My, are positive constants independent
- I -
of A. Moreover, due to fa(on) = 3 sicia(@a), [1Fa(@n) e < Mas for A > 1,
i=1

where Mo 1s a positive constant independent of A.
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2.3.4 Convergence of ¢, under (A3)—(A4)

Since ¢, is the solution to equation —V - (eV@a) = po + fa(oa) in Q with the
Robin boundary condition ¢, + 7788%“ = ¢pqg on O, we use the WP estimate (cf. [2,
Theorem 15.2]) to get [|¢allwzr@) < C(llpo + faldn)llir) + || Gvallwiriay) for all
p > 1, where C is a positive constant independent of A. Hence by Remark 2.7, we
have the uniform bound estimate of ¢, in W?2P norm. This implies that there exists
a sequence of functions {¢a, }32,, with klggc} A = oo, such that ¢,, converges to
¢* weakly in W2?(Q). By Corollary 2.9, we have the convergence of function fj,
to f* in C™[—Ms, Mg| for m € N, so ¢* satisfies (2.20) in a weak sense, where the
positive constant Mg comes from Lemma 2.13(b). Let wy = ¢, — ¢*, Cix = Cia,,
and fy := fa,. Then by Sobolev embedding, w, € C**(Q) for a € (0,1), and
kll_)I(r)lo |willera@ = 0. Moreover, wy, satisfies =V - (eVwy) = fy(wi + ¢*) — f*(¢7) in

Owy, _

Q) with the boundary condition wy +7%% = 0 on 9€2. Using the Schauder’s estimate

(cf. [38, Theorem 6.30]) with the mathematical induction, we get
[willgm 2.0y < Cllfi(wr + %) = fH(@)lemo@)
I
< "3 (llesslwn + 6) = ciwe + 6 lemagg + et (wx + 6) = (6 lemog@) )
i=1
(2.69)
for allm € Nand a € (0,1), where C' and C" are positive constants independent of k.
By Proposition 2.10(a) and induction hypothesis klim |wi[lem.a@) = 0, we may use
—00
(2.69) to get klggj |willem+2.0@) =0, ie. klg]go [¢a, — ¢l gmiza@ = 0 for m € N and
a € (0,1). Therefore, ¢* is the solution to (2.31) with the Robin boundary condition

(2.15). To complete the proof of Theorem 2.2, we need to prove the following claim.
Claim 2.14. For any m € N, we have Alim |oa — ¢*||Cm(§) =0.
—00

Proof. Suppose that there exist the sequences {A;} and {]\k} tending to infinity
such that sequences {¢a, } and {¢3, } have limits ¢} and ¢3, respectively. It is clear
that ¢f and ¢3 satisfy (2.31) with the Robin boundary condition (2.15). Now we
want to prove that ¢ = ¢3. Let u = ¢7 — ¢5. Subtracting (2.31) with ¢* = ¢} from
that with ¢* = ¢}, we obtain —V - (eVu) = ¢;(x)u in 2, where

PO~ PG
i) —age) A F A

(61(2)) if ¢7(x) = ¢5(x).

Cl(x) = df
de
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By Proposition 2.10, we have ¢; < 0 in 2 which comes from the fact that if f is a
strictly decreasing function on R, then %ﬁ(ﬁ) < 0 for o # B. Since V - (eVu) +
ci(x)u = 0 with ¢; < 0 in €, it is obvious that u cannot be a nonzero constant.
Then by the strong maximum principle, we have that u attains its nonnegative
maximum value and nonnpositive minimum value at the boundary point. Suppose
u has nonnegative maximum value and attains its maximum value at z* € 0.
Then by the boundary condition of v which is u + ng—g = 0 on 09, we get u(z*) =
—n%%(z*) < 0, and hence u < u(z*) < 0 on €. Similarly, we obtain u > 0 in €,
and hence u = 0. Therefore, we conclude that ¢; = ¢} and complete the proof of

Theorem 2.2. O

2.4 Numerical methods

In this section, we introduce numerical methods to solve the PB-steric equations
(2.13)—(2.14) and its aossciated limiting equations (under different assumptions)
with the Robin boundary condition (2.15). Throughout this section, we consider
one dimensional domain = (—1,1) and assume I = 3, 20 =0, z; = 1, 2z = —1,
23 =2, fip =1, jig =0, pp =0, n = e = 0.1, and ¢py(£1) = +10. For different

assumptions, the parameters are given in Table 2.1

Assumption Parameter
(Al) and (A2) |y=0.1,1,=0(=0,1,2,3)
(AD)"” and (A2) [ 1 =y =7 =7 =0.01, v =0.97, ig = 1 =0, fis = i3 = =5
(A3) and (A4) M=X=X=1, =2 1=0(=01,2,3)

Table 2.1: The list of parameters under different assumptions.

I
To solve (2.14) and obtain the profiles of fo = > z;c; a(¢), we use the command
i=0
fsolve in Matlab to perform the trust-region algorithm on the following discretized
equation

I
In(ein) + 29+ A gijejn = Mg+ i fori=0,1,...,1, (2.70)
j=0

where ¢ = [¢g,...,¢1]" is the regular partition of the interval [—10,10] with L =
1024, and ¢;n = [cia(do),.--,cin(er)]T. For (A1)—(A2), we use the initial data
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cg?jz = jige™*® JH (¥, 21, ..., 21, ¢) and obtain the profiles of fy, which are presented
in Figure 2.1(a). Moreover, the maximum norms of fy — f* are listed in Table 2.2,
which supports Corollary 2.5.

A ‘ 1 ‘ 10 ‘ 102 ‘ 103 ‘ 10

s = F*lloc \ 5.7112E02 \ 6.4188E01 \ 6.7394E00 \ 6.7950E-01 \ 6.8010E-02

Table 2.2: The maximum norms of fy — f* under assumptions (A1) and (A2).

3 —
R .
7j=1

we use fsolve to obtain the profiles of fy(¢) is shown in Figure 2.2(a), and the

. Then

For (A1)” and (A2), the initial data 05’0[2 is given by

relative errors are given in Table 2.3.

nth step 2 4 8 16 32

A =0.5 | 3.9224E-01 | 4.5460E-01 | 1.0164E00 | 3.5219E-01 | 2.6628E-01
A=1 2.4876E-01 | 3.5486E-01 | 3.4606E-01 | 1.7767E-01 | 1.3938E-01
A=2 2.3087E-01 | 1.6632E-01 | 4.5570E-02 | 1.2473E-01 | 6.4245E-02
A=14 1.2868E-01 | 9.3210E-02 | 6.9030E-02 | 3.65641E-02 | 5.3454E-02

Table 2.3: The relative errors || f” — "™ |lo/Ilf\ |l under assumptions (A1)

and (A2), where gbs\k) denotes the solution after £ iterations.

For (A3)-(A4), we use the initial data 0 =

A = C;, where ¢ is the solution to

limiting equation (2.28)-(2.29). Here equations (2.28)-(2.29) can be discreitzed as

clo) =ci(¢) o fori=1,...,1, (2.71)
I

D@ o e = iy (2.72)

=0

Equations (2.71)—(2.72) can be solved by the command fsolve with the initial
data (c!)® = 1. Then we obtain the profiles of fi(¢), which are presented in
Figure 2.3(a). Moreover, we list the maximum norms of fy — f* in Table 2.4, which

supports Corollary 2.9.
v | o

102 ‘ 103 ‘ 10%
HfA —f

3.4208E01 | 3.7875E00 | 3.9638E-01 | 3.9960E-02 | 3.9996E-03

Table 2.4: The maximum norms of fy — f* under assumptions (A3)-(A4).
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To get the solution ¢, to (2.13)—(2.14), we employ the Legendre-Gauss—Lobatto
(LGL) points {zx}£_, (cf. [28]) as the partition of the interval [—1, 1] with L = 256
to discrtize (2.13)—(2.14) as the following algebraic equations:

1

—Dr11€Dpiipy = po + Z ZiCi A (2.73)
i=1
1
IH(CZ"A) +2i¢A+AZQijCj,A :A,&l—’_,&z for 4 :O,l,...,[, (274)
7=0
where DL+1 = [dij]OSi,ng is the matrix Satisfying DL+1¢ = [1/},(370), R ,wl(IL)]T for

¢ - [@Z)(I’O)a SR 7¢($L)]Tv € = [5(330)7 - ’5<xL)]T7 Po = [,OQ(ZL'O), s 7p0(IL)]T’ ¢A =
[oa(0), -, da(zr)]T, and ¢;a = [cia(Pa(20)), - cin(Pa(zr))]" fori=0,1,... 1.
For (A1)-(A2), equations (2.73)—(2.74) can be rewritten as

1

— DL+1€DL+1¢A = Py + Z ZiCp,A © eﬁi_zi¢/\, (275)
i=1
~ I
In(eon) + A (1 Tty > euj_zj%) o con = Afig + flo. (2.76)
j=1

On the other hand, the limiting equation of (2.19)-(2.20) (i.e., (2.23)) can be discr-

tized as
- ji
—Dr11€Dr11¢) = po + Z Z OI o efimHe, (2.77)
=1 TN oti—z¢°
I—~+ 7 ]Zl e

where ¢* = [¢*(2¢),...,¢"(x1)]"T. In addition, we discretize the Robin boundary
condition (2.15) as

O(x0) —n Y doxd(ax) = doa(=1),  d(ar) +n) _ dixd(y) = dra(1),  (2.78)

k=0
which replaces the first and last equations of (2.75) and (2.77). Then we use the
command fsolve with the initial data cyp = 1 and ¢5\0) = (¢")® = 0 to obtain
the profiles ¢p and fr(¢pa(z)) and their limiting functions shown in Figure 2.4.
Moreover, we provide the maximum norms of ¢, — ¢* given in Table 2.5, which

supports Theorem 2.1.
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(a) ¢a(z) and ¢*(x) _ (b) fa(é(=)) and f*(¢"(z))

5 70

T A=10 S C1:A=10
4l A=20 2:A=20

7777777 A =40 1 ——m—3:A =40

() 60 1 4: (' @)
3r \
2 N

ol 50,

Figure 2.4: The numerical profiles of ¢ and fa(¢a(z)) and their limiting functions
under assumptions (A1)—(A2), where the red curves are the profiles of function ¢,
and fj o ¢y with A = 10,20, 40 and the blue curve is the profiles of function ¢* and
frog®.
A ‘ 1 ‘ 10 ‘ 102 ‘ 103 ‘ 10*
fa — ¢*[loo ‘ 1.1425E00 ‘ 3.2045E-01 ‘ 4.3358E-02 ‘ 4.4900E-03 ‘ 4.5062E-04

Table 2.5: The maximum norms of ¢, — ¢* under assumptions (A1)—(A2).

For (A1)” and (A2), equations (2.73)—(2.74) can be denoted as

I
—Dp1eDrigy = po+ > ziCon 0 exp(fii — ziy), (2.79)
=1
I
In(eo,n) + A (1 — 7+ > vexp(ii; - zjch)) ocon=Mjio+ 0. (2.80)
j=1

For the Robin boundary condition, we replace the first and last equation of (2.79)
by (2.78). Then using the command fsolve with the initial data ¢5€) = 0 and
c(()?/)\ = 1, we obtain the profiles of ¢, and fy(¢a) in Figure 2.5. The relative erros

are given in Table 2.6.

41 doi:10.6342/NTU202501331



(a) da(2) } (0)fa(¢a(e))

=

QIS
=

Figure 2.5: The numerical profiles of ¢ and fa(¢,(z)) and their limiting functions
under assumptions (A1)"” and (A2), where the red curves are the profiles of function

éx and fr o @5 with A = 0.5, 1,2, 4.

nth step 1 2 4 8 16

A=0.5 | 1.0929E-04 | 1.1032E-04 | 1.1049E-04 | 1.1081E-04 | 1.1148E-04
A=1 1.2228E-04 | 1.2525E-04 | 1.2543E-04 | 1.2581E-04 | 1.2656E-04
A=2 1.4320E-04 | 1.5051E-04 | 1.5076E-04 | 1.5125E-04 | 1.5224E-04
A=14 1.7579E-04 | 1.8585E-04 | 1.8623E-04 | 1.8695E-04 | 1.8837E—04

Table 2.6: The relative errors [|¢V” — ¢V " |loo/|60]|s under assumptions (A1)”

and (A2), where gbgk) denotes the solution after k iterations.

For (A3)—(A4), equations (2.73)—(2.74) can be denoted as

I
— Dr11€Dr1d0) = py + Z Zi(CO,A)/\i//\O o exp(fl; — ziPy ), (2.81)
i=1
I
In(epn) +A Z AoAj(€o0) " 0 exp(ji; — 2j¢p5) = Adojio + fio. (2.82)
§=0

On the other hand, the limiting equations of (2.26)-(2.27) (i.e., (2.31)) can be
discretized as

I
— DL+1€DL+1¢* = Po + Z Zi(Cé))\i/)\O e} exp(ﬂi — sz)*), (283)

=1
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I
> AP o explji; — 29" = fio, (2.84)
j=0

For the Robin boundary condition, the first and last equations of (2.81) and (2.83)
are replaced by (2.78). Using the command fsolve with the initial data c(()?[)\ =
(c)® =1 and ¢\ = (¢")® = 0, then the profiles of ¢, and fu(¢y) and their

limiting functions are presented in Figure 2.6. Moreover, the maximum norms of

op — ¢* are listed in Table 2.7, which supports Theorem 2.2.

(a) ¢a(x) and ¢*(z) (b) fa(¢a(x)) and f*(¢*(x))

. N T
\ 2:A=20
1S p— 3:A=40

. 4: £ (@)

-1 -0.5 0 0.5 1

Figure 2.6: The numerical profiles of ¢, and fi(¢(z)) and their limiting functions
under assumptions (A3)—(A4), where the red curves are the profiles of function ¢,

and fA o ¢p with A = 10, 20,40, and the blue curves are the profiles of function ¢*
and f* o ¢*.

A \1‘10\102\103‘104
[¢a — & loo ‘ 3.4820E00 ‘ 1.0872E00 ‘ 1.5170E-01 ‘ 1.5879E-02 ‘ 1.5956E-03

Table 2.7: The maximum norms of ¢, — ¢* under assumptions (A3)-(A4).
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Conclusions

In this chapter, we derive the PB-steric equations with a parameter A, and prove

that as A — oo, the solution to PB-steric equations (2.13)—(2.14) converges to

the solution to modified PB equations (2.3)—(2.4) and (2.5)—(2.7) under different

assumptions of steric effects and chemical potentials. Equations (2.1)—(2.2), (2.3)—

(2.4), and (2.5)—(2.7) were derived based on mean-field approximation (cf. [12,80]),

whereas equations (2.13)—(2.14) are derived via adding the approximate Lennard—

Jones potential. We compare equations (2.1)-(2.7) and (2.13)—(2.14) in the following

table to show that the PB-steric equations (2.13)—(2.14) can be regarded as a general

model of PB equations.

I
Model Total ionic charge density > z;ci(¢) | ci(¢) (i =0,1,...,1)
i=1
c1, Co are monotonic,
(2.1)—(2.2) decreasing
co=0(1=2).
c1, Co are monotonic,
(2.3)-(2.4) decreasing
Co = 0 (I = 2)
Some of ¢;’s are oscillatory;
(2.5)-(2.7) decreasing the others are monotonic.

(I>2)

(2.13)~(2.14)

oscillatory (Remark 2.4)

Some of ¢;’s are oscillatory;

the others are monotonic.

(1=3)

decreasing

(Propositions 2.6 and 2.10)

44

Some of ¢;’s are oscillatory;

the others are monotonic.

(I >2)
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Appendix

2A  Derivation of (2.10) and (2.11)

In [84], the approximate LJ potential U;; , between the ith ion and the jth ion can
be expressed as Wy, (z) = (V;jXo * po)(x) for v € R and 4,5 = 0,1,..., I, where *
denotes the standard convolution, ¥;; is the conventional LJ potential between ith
and jth ions defined by W (z) = % forz e Reandi,j=0,1,....1, and
¢, () is the spatially band-limited function defined by ¢, (z) = F (1 — x,—(£)).
Here €;; denotes energy coupling constant between the 7th and the jth ions, ag is the
radius of solvent molecules, a; is the radius of the ¢th ion. In addition, y, and x,—~
are the characteristic function of the exterior ball R? — B,(0) and R% — B, (0) for
0 < v < 1, respectively, and F~! is the inverse Fourier transform. More precisely,
the characteristic function x; is defined by xs(z) = 01if |z| < s;1if |2| > s. With the

approximate LJ potential, we may define the approximate energy functional Ey;,

and show that (cf. [84])

Evysle ci] = Ags / () (x) dr ~ / ei(x) (W % ¢;) () de = Epyles ¢;], (2.85)

R Rd
12
_ . . We€ii \a; + a;
where A = a'20971? satisfies lim A = oo, and g;; = i 12J> denotes a
o—0t 12 —-d a
dimensionless quantity. Here a = min{a; : i = 0,1...,1} and wy is the surface area

of a d-dimensional unit ball. To derive (2.10)—(2.11), we let energy functional

I
1
E[CO,Cl,...,CN,¢] :EPB[Co,Cl,...,C[,¢]+§ E ELJJ[CZ‘,CJ'],
=0

where Ey ;, is defined in (2.85) and

I I
1
EPB[CO7017 T 701705] = /Rd [—55 ‘Véﬁ’? + kBTZCi(lnci - 1) +4dm (Po + Z%’%Q‘) ¢] dz.

=0 i=1

Notice that Epp is the energy functional of classical PB equation with the form —V -
I

(eVo) = po+ Z z;¢"%% which can be obtained by 6 Epp/d¢ = 0 and 6 Epp/dc; =
i=1

p; for i = 0,1,...,1. Here p,; is the chemical potential. Besides, Ef;, is the

energy functional of the approximate LJ potentials (cf. [84]), and we may derive the

equations

I
—V - (eVe) =4dnpy + 47 Z 2:€0C;i, (2.86)

i=1
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1
kBT hl(Ci) + Zi€0¢ + AZ GgijCj = i for i = O, 1, <.l I, (287)
7=0

by dE/0¢ = 0 and dE/dc; = p; for i = 0,1,..., 1] when matrix (g;;) is symmetric.

From (2.87), constant yu; can be expressed by
wi = Ny +p; fori=0,1,...,1. (2.88)

Therefore, by (2.86)—(2.88), we have (2.10)—(2.11).

2B The existence and uniqueness of ¢, to (2.14)—(2.15)

To prove the existence of ¢, to equations (2.14)—(2.15), we study the following

energy minimization problem:
Minimize E[¢] := Eeq[¢] + B,[¢] subject to ¢ € H, (),

where the functionals

1
Puél = 5 [ V6P ds = [ moda = [ Plo)da,

3 [ o= awPas, itn>o,
Bn[¢] = T Joe
0 if n =20,

and defined on the space

HY(Q) it n >0,

{U € HI(Q) U — Ppg € H&(Q)} lfn = 0.
Here the function F(¢) = fo(bf(s) ds, and f = f(¢) is strict decreasing (cf. Proposi-
tions 2.1 and 2.7) on R. Hence we may apply the Direct method (cf. [109]) to solve

the minimization problem.

To apply the Direct method, we need the following lemma.
Lemma 2B.1. Functional E is coercive on H*(Q) for n > 0.

Proof. By Young’s inequality, we have

1 1
B, [¢] > —/ 5¢2d8$——/ ez, dS,. 2.89
CES-N 3 |, 9 (2.89)
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By the strict decrease of f, function F' is strictly concave and has an absolute

maximum denoted by Mp. Hence by (2.89), we obtain

1
B¢ > C, (/|V¢|2da:+/ ¢2ds$) - [imoldo - oo [ cotds. < Mg,
0 a0 Q 1 Joq

(2.90)

where C, = %min{l,%]} mine > 0 and || denotes the Lebesuge measure of €.
Q

Moreover, for any ¢ € H'(Q), Friedrichs’ inequality gives

/|V¢]2daz+ ; »?dS, > 01/¢2 dz, (2.91)
Q Q Q

where (] is a positive constant depending on the dimension d and the measures of

2 and 0. Besides, Cauchy—Schwarz inequality gives

/yp()(p\dx < </p0 dx> " </§2¢2 d:c) 1/2. (2.92)

Then by (2.90)—(2.92), Lemma 2B.1 follows. O
By Lemma 2B.1, we may prove the existence of minimizer as follows.

Proposition 2B.2. Functional E has a minimizer ¢ € H,, for any n > 0.

Proof. Suppose n > 0 and H,(Q) = H'(Q). By (2.90)—(2.92), , gllf )E[d)] exists so
€

there exists a minimizing sequence {¢,}°°, C H'(Q) such that

lim E[p,] = inf FE¢|:=

n—00 peH! ()
Due to the coerciveness of E (see Lemma 2B.1), we have Sup | @0 1) < 0. Along
with (2.90), we can get sup | ®nllz2(50) < oo. Thus, there exists a subsequence
{dn, 332, of {pn}52, and qb € H'(Q) such that ¢,, — ¢ weakly in H'(Q2) and
G, — T'¢ weakly in L?(99Q) as k — oo, where I'¢ is the trace of ¢ on 9. Since
Gn, — ¢ weakly in H'(Q) implies V¢, — V¢ weakly in L*(Q), then we obtain

hm1nf/|V¢nk]2dx > /|V¢|2d:c liminf/ |Gy, —Ppal” A5, z/ ITp—ppa|* A5,
k=oo Jan o0

and
lim ¢, =¢ a.e. in Q.
k—o0

Applying the Fatou’s lemma, we have

liminf/—F(gzﬁnk)dx > /—F(gzﬁ) dz,
Q

k—o00 Q
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which gives

m = lim E[gn,] > El¢] > mp,

and F attains its minimum mg at ¢ € H'(Q) = H, (Q) for n > 0. As for n = 0 (Le.,
the Dirichlet boundary condition), B,[¢] = 0 we may use the similar argument to

prove the existence of minimizer and complete the proof. O

The minimizer of Proposition 2B.2 satisfies equation (2.14) with the Robin
boundary condition (2.15) in weak sense. Now we prove the regularity of solution ¢
as follows. Because ¢ is a minimizer of the functional E on H'(Q), ¢ satisfies

1
/[Eng Vv —wvpy —vf(¢p)]de + p / e(¢p — dpa)vdS, =0 (2.93)
Q o9

for any v € H'(Q2). Let ® be the solution to the auxiliary Poisson equation
V- (eV®) = o+ f(6) inQ (2.04)

with the Robin boundary condition ¢ + ng—f = ¢pg on 0N2. We multiply equation
(2.94) by (® — ¢) and integrate it over 2. Then applying the integration by parts,
we obtain

1
/Qew V(@ ¢)dr /Q@ — o)l -+ fO)de+ /ma@ ) (@ — ¢)dS, = 0.

(2.95)

Here we have used the fact that 2 = L (¢, — @) on 9€2. Besides, we subtract (2.93)

T

with v = & — ¢ from (2.95) and get

e+t C$12dS. —
/95|V(<I> o) dx+n/me(<1> ¢»)*dS, =0,

which implies that ® = ¢ a.e. in ). Thus, by a standard bootstrap argument
on eqaution (2.94), solution ¢ becomes a classical solution. On the other hand, as
for the case n = 0, we can follow a similar argument to improve the regularity of
solution ¢.

Now we prove the uniqueness of equation (2.14) with the Robin boundary con-
dition (2.15). Suppose that ¢;, ¢o € C(2) N C3(Q) are solutions to (2.14)—(2.15).
Subtracting (2.14) with ¢ = ¢, from that with ¢ = ¢;, we have

=V - (eV(p1 — ¢2)) = f(d1) — f(¢2) in Q. (2.96)
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Multiplying the equation (2.96) by ¢ — ¢2 and integrating it over €, we get

- /a (01— 0a)V - V(61— ) do = / (61 — d2)lf (&) — f(dw)] Az

Then using the integration by parts, we obtain

[V —opas+a [ A
Q o0

v dsS, = /Q(¢1 — $2)[f(d1) — f(¢2)] da.

(2.97)

Here we have used the fact that ¢, — ¢o = _UW on 02, which comes from the

Robin boundary condition (2.15). Due to the strict decrease of f, we note that

(91— d2)[f(¢1) — f(d2)] <O in Q. (2.98)

Thus, by (2.97)-(2.98), we arrive at

/ewl—@)\?dxm/ .
QO o0

which implies that ¢; — ¢ in Q. Therefore, we complete the proof of uniqueness of

(2.14)~(2.15).

2

0(¢1 — ¢2) ds, <0

ov
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2C An example of oscillatory f, for Remark 2.4

Under the assumptions (A1)"” and (A2), system (2.13) can be solved by

3
W (A (1 -7+ Z vje“fzj‘b) eAﬂ”ﬂO)
Jj=1 eﬂi_zi¢
3

J=1

cin(P) =

for ¢ € Rand i = 0,1,2,3. Suppose that A =4, z0 =0, 21 = —20 = 1 23 = 2,
ﬂo = ﬂl = 0, ﬁg = ﬂg = —5, ﬁo = 1, /ALO = O, Y= 099, Y1 = V2 = 001, and Y3 = 0.97.
de . W()(l’)

de (1 + Wy(x))

Recall the derivative of the Lambert W function (cf. [49,93]) is

for x > —1/e. Differentiating c¢; 4 with respect to ¢, we obtain

deig  Wo(0.04e* (14 €% 4 771 + 97e72729))
dp ~ 0.04(1+ e ¢+ e 5+ + 97e5-29)
(€79 — e + 194e75722) W (0.04e*(1 + e7¢ + 7579 4 97e5729))

<(1 +e? +e 50 + 97e75729) (1 4+ Wy(0.04e (1 + e~ + e 5+ + 9723_5_2;’)))
2.99

for ¢ € Rand i = 0,1,2,3. Let K; = 0.04(1 +¢e* +e 7+ 97¢7!) and K, =

exp(fi; — %)

e2 — e 7"+ 194e~!. Then we have

dfs

i (2

_ Wo(e'Ky) [ FKoWo(e*K))

2 _ o T 1907 _ (24T 4+ 40~ 1|
e 25K1(1+W0(64K1))(€ e "+2 ) —(e“F+e " +4de )

(2.100)
It is easy to check that Ky/K; > 44 and 3.3¢>3 < ¢'K; < 3.4e**. Due to the
monotonic increase of Wy, we have 3.3 < Wy(e*K;) < 3.4. Along with (2.100),
we arrive at the fact C(li—];l(—Q) > 0. On the other hand, from (2.99), we apply

d03’4

d d
L’Hospital’s law to get ¢hm ‘14 (¢) = 0, lim 52’4 (¢) = 25, lim

Soo do oo do gm0 do (¢) =0,
df4 df4

which implies lim ——(¢) = —25. This shows ——(¢) < 0 when ¢ is sufficiently
oo do do

large. Therefore, f; is oscillatory and the profile of f; is in Figure 2.2(a).
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3 Asymptotic analysis of boundary layer solutions
to Poisson—Boltzmann type equations in gen-

eral bounded smooth domains

3.1 Introduction

When a charged surface (e.g., electrode, membrane, colloid) is in contact with an
electrolyte, a structured layer of charge known as the electric double layer (EDL)
forms. The EDL plays a crucial role in various physical, engineering, and biological

systems (cf. [23,29,99]). It typically consists of two distinct regions:

e Stern Layer — The region closest to the surface, where ions are strongly ad-

sorbed, governed by the surface charge density;

e Diffuse Layer — A region extending into the electrolyte, where ion distribu-

tions are influenced by electrostatic interactions and thermal fluctuations.

The behavior of the diffuse layer can be described by different types of Poisson—

Boltzmann (PB) equations, including:

e The classical PB equation, which models charge screening in electrolytes (cf.

[11,33,69]);

e The modified PB equation, which incorporates ion size effects and steric in-

teractions (cf. [9,12,43,80,82,88,90]);

e The charge-conserving PB equation, which enforces global charge neutrality

(cf. [34,70,73,105,112]).

To analyze the structure of the diffuse layer, we study boundary layer solutions
to PB-type equations in general bounded smooth domains (including multiply con-
nected domains). This analysis provides key insights into electrostatic interactions in
complex geometries, with applications in electrochemistry, biophysics, and materials

science (cf. [3,6,17,22,24,27,62,114,115]).
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The classical PB and modified PB equations can be represented by

—eA¢. = f(¢e) 1in Q, (3.1)

where € > 0 is the dielectric constant and ¢, is the electric potential. Here f = f(¢)
is a smooth function for the total ionic charge density which satisfies the following

conditions.

(F1) The function f = f(¢) is smooth, strictly decreasing in ¢, and satisfies

my=my(K) =, /— max f'(¢) >0 for any compact interval K C R.
S

(F2) The function f has a unique zero point ¢*, i.e., f(¢*) = 0, where ¢* is called

as reference potential (cf. [4,41]).

For example, function f(¢) = .1, zic? exp(—2z¢) describes the total ionic charge
density of the classical PB equation, and satisfies conditions (F1) and (F2), where
I is the number of ion species, z; # 0 is the valence and c? is the concentration of
the ith species in the bulk (cf. [33,69]).

The charge-conserving PB (CCPB) equation was derived from the static limit of
the Poisson—Nernst—Planck equations in order to guarantee charge neutrality within

electrolyte domains (cf. [112]). The CCPB equation can be denoted as

miziexp(—zigs) .
—eAp. = Z (=20 4y in Q, (3.2)

where the constant m; > 0 is the total concentration of species ¢ with valence z; # 0

for i =1,...,I. For charge neutrality, we assume

I
> miz =0, (3.3)
=1

Due to the integral term [,exp(—zp<(y))dy, (3.2) has nonlocal nonlinearity which

makes (3.2) more difficult than (3.1). Note that equation (3.2) can be denoted as
I

—eAp. = fo(pe) =D zicks exp(—z;¢.) in €, which has the same form as the clas-

i=1
I

sical PB equation. Here f.(¢) = > zic}. exp(—z¢) presents the total ionic charge
i=1

density (also see (3.127)) and ¢}, = m;/ ([ exp(—zp-(y)) dy) is the concentration

of the ith ion species in the bulk.

For the general bounded smooth domain Q2 C R¢ (d > 2), we assume
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(D) Q= — Ui, %, K € NU{0} (the number of holes) and €, are bounded,
smooth, simply connected domains with € CC Qq for & € {1,..., K} and
dist(€2;,8;) > 0 for 4,5 € {1,...,K} and i # j (see Figure 3.1). Here dist

denotes the distance.

EioN

Figure 3.1: We sketch the schematic diagram of bounded smooth domain 2 =
Qo — Ule Q and K =1, where Q has (K + 1) boundaries 09, for k =0,1,..., K.

The boundary condition of (3.1) and (3.2) is the Robin boundary condition given
by

b + VeV/ED, . = Gpar on 09 for k=0,1,... K, (3.4)

where ¢pq is a constant for the given external electric potential, and v, > 0 is
the ratio of Stern-layer width to the Debye screening length (cf. [8, 18,96, 100]).
As ¢par = ¢* for k = 0,1,..., K, equation (3.1) with condition (3.4) has only a
trivial solution ¢. = ¢* so we study equation (3.1) with condition (3.4) under the
assumption that ¢pqs # ¢* for k = 0,1,..., K. When constants ¢,q ) are equal, the
solution ¢, to equation (3.2) with condition (3.4) is trivial. This leads us to assume
that constants ¢pq are not equal. When the domain 2 = € is simply connected
(i.e., condition (D) with K = 0), the solution ¢. to equation (3.2) with condition
(3.4) is also trivial. Thus, we study equation (3.2) with condition (3.4) under the
assumptions that ¢pqx are not equal and the domain €2 satisfies (D) with K € N.
To find the boundary layer solutions to PB type equations in domain €2, we
assume ¢ > 0 (related to the Debye length) as a small parameter tending to zero
(cf. [7,31,37,61,94]), and study the singular perturbation problems of (3.1) and
(3.2) with the Robin boundary condition (3.4). We characterize the asymptotic
expansions of solution ¢. to equation (3.1) with condition (3.4) across three distinct

regions based on their distance from the boundary:
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e Region I (1), where the distance from the boundary 02 is at most T'y/e,

e Region II (€24 7. 3), where the distance from the boundary 02, ranges between

T\/¢ and &°,
e Region III (. ), where the distance from the boundary 9 is at least &7,

for given parameters 7' > 0 and 0 < § < 1/2. Regions I and II are called tubular
neighborhoods around 0, (cf. [40]). A schematic illustration of these regions is

shown in Figure 3.2.

K

< K
Q= Q% U U Q1esUQep
k=0 k=0

p € 0

(b)

Figure 3.2: Let 0 < 8 < 1/2, T > 0 and K = 1. In (a), we present the schematic
diagram of regions Q7. = {z € Q : dist(z,00) < TW/e} for k = 0,1 (blue
regions), Qprcp = {v € Q 1 T/ < dist(z,0Q) < e} for k = 0,1 (red regions),
and Q.3 = {z € Q : dist(z,0Q) > £°} (white region) as ¢ > 0 sufficiently small.
The union of these regions constitutes Q. In (b), we sketch the point p — t\/cv, near
the boundary 99, for k = 0,1, where p € 9Q; and 0 < t < ¢?8-D/2 a5 ¢ — 0F.

Here v, is the unit outer normal at p with respect to €.

The results for equation (3.1) with condition (3.4) are stated as follows.

Theorem 3.1. Assume that (F1)-(F2) and (D) hold true, and that ¢pqy # ¢* for
k=0,1,...,K. Let ¢. € C=(Q) be the unique solution to equation (3.1) with
condition (3.4). Let k € {0,1,..., K}, p € 0%, and T > 0 be arbitrary. Then

(a)

0:(p — tv/Ew) = un(t) + VE((d = DHp)u(t) + 0:(1)). (35)
Voulp ~ tvEn) = - ( (0 + (= DHOIO ) vy +o) (30
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for 0 <t < T ase — 0%, where p—t\/ev, € Yr. = {r € Q + 0 <
dist(z,0Q%) < T\/e} (see Figure 3.2). Here H(p) and v, denote the mean
curvature and unit outer normal at p with respect to €1, respectively. The term
0:(1), tending to zero as € goes to zero, depends on T but is independent of
p € 08, which means

lim sup
e=0" peoQy,, te[0,T]

%(@(p — tV/ev,) —up(t)) — (d — 1)H(p)vk(t)’ =0,

)

1
i sup (V6 0vE) + (S20h0) + (4= DEGILD ) ] =0
e=0" peaqy,, te[0,T] Ve
The functions uy(t) and vy(t) are the unique solutions to
uy + f(ug) =0 in (0, 00), (3.7)
we(0) — 1w (0) = doar, (3.8)
Jim (1) = ", 39
and
vy + f(ug)vr = up,  in (0, 00), (3.10)
vk(0) — vy, (0) =0, (3.11)
tlgglo ve(t) = 0. (3.12)
(b) There exists a positive constant €* > 0 such that
(i)
|6(p — tVery) — ¢7| < M exp(—Mt), (3.13)
M/
V.(p — 0vEw,)| < 2 exp(-M1) (3.14)

forO<e<e, 0<B<1/2andT <t <e® D2 je p—t/ev,c
ﬁk,T,e,g ={z€Q : Te <dist(x,00) < °};

(i)
|6(z) — ¢*| < M exp (—Me® D7) | (3.15)
V0.(0)] < - exp (~M= ) (3.16)

forO0<e<e', 0<B<1/2andx € Q.p5={xe€Q: dist(z,00) > }.
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Here M > 0 and M’ > 0 are constants independent of ¢.

Remark 3.1. In electrostatics, the solution ¢. represents the electric potential,
which is of order O.(1) (cf. (3.5)), while the associated electric field —V . is of
order O-(1/+/¢) (cf. (3.6)) in Region I, denoted Q.r.. Reflecting geometric en-
hancement or suppression, the boundary mean curvature H(p) contributes to the
second-order corrections in the asymptotic expansions (3.5) and (3.6), where wy
and vy are solutions to equations (3.7)—(3.12) and satisfy the following properties.
When the external electric potential ¢par > ¢* and k € {0,1,..., K}, the func-
tion ug(t) € (¢*, dpar) is strictly decreasing for t € (0,00), and vy is positive on
(0,00), strictly increasing on (0,t}) and strictly decreasing on (t},00), where ;0 is
a constant. Conversely, when ¢par < ¢*, ug(t) € (Ppak, ¢*) is strictly increasing for
t € (0,00), and vy, is negative on (0,00), strictly decreasing on (0,t}) and strictly
increasing on (ti,00) (cf. Propositions 3B.1 and 3C.1). The asymptotic formulas
(3.5)—(3.6) thus provide approzimations for the electric potential and electric field in-
duced by an applied potential difference. In addition, the exponential decay estimates
are given by (3.13)—(3.14) with respect to the variable t in Region II (Qyr1.5), and
by (3.15)-(3.16) with respect to the parameter € in Region Il (Q. ), highlighting

the localized nature of boundary layer phenomena.

The total ionic charge density plays crucial roles in the behavior of biological and
physical systems (cf. [104]). Using formulas (3.5), (3.13)—(3.14) and (3.15)—(3.16)
along with Taylor expansion of f, we derive the asymptotic expansion of the total
ionic charge density f(¢.) as follows. Let k € {0,1,..., K}, p € 0Q, T > 0, and
0 < 8 < 1/2 be arbitrary.

e In Region T (1.,
F(be(p = tVewy)) = flu(t)) + Vel(d = 1) H (p) £ (un(t))vr(t) + 0=(1)] (3.17)
for 0 <t < T;
e In Region IT (7. p),

|f(de(p — tVew))| < M'exp(—Mt) for T <t < £(28-1)/2.

e In Region III (€2 3),

| f(¢e(x))] < M’ eXP(—Me(Zﬂ_l)/Q) for z € Q. 5,

56 doi:10.6342/NTU202501331



as 0 < e < £*, where €* comes from Theorem 3.1(b), M’ and M are generic positive
constants independent of . Here we have used the condition f(¢*) = 0, which
follows from assumption (F2).

The total ionic charge within regions Qy 7., Qprep and Q. 53 can be expressed
by the integral of the total ionic charge density f(é.) over Qp 7., Qprep and Q. g,

respectively. By Theorem 3.1, we have the following results.

Corollary 3.1. Under the hypothesis of Theorem 3.1, if ppar > ¢* (0T Gpar < ¢*),

then we have

(0) Ja, . f(¢<(x)) dz = /E|OQu|(u}(0) — ui(T))
+2(d = 1) (oo, H(p) S, ) (Tu(T) + 0},(0) = vi(T)) + 20.(1) < 0 (o7 > 0),

() fo, F(6u(2)) do = VEOULuL(T)
te(d—1) <fmkH(p) dsp) (=Twl(T) + vi(T)) + 20-(1) < 0 (or > 0),

(C) ‘fﬁg,ﬁf(@(ﬂ?)) dx) < \/EM’ exp (—M5(25—1)/2)
for 0 <e<e* and 0 < < 1/2, where |0SY| is the surface area of OSY,.

Corollary 3.1(a) and (b) imply that the total ionic charge in the near-boundary
regions (2 7. and Q7. is negative (or positive) when ¢pqr > ¢* (or gpar < ¢*),
the external electric potential is greater (or less) than the reference potential. This
gives a way for the redistribution of ionic species by the applied electric potential

difference. Moreover,

fﬁk’T,E’ﬁf(QSS(x)) dz wy(T)

|§k Ts|
< — and =
Jo, J(6:(@)) dz

0 —
uf,(0) — up(T) 192%,7c.5]

—0 ase—0",

(3.18)

forT>0,0<e<1/2andk=0,1,..., K. Since u}(T) decays exponentially to zero
as T goes to infinity (cf. Proposition 3B.2(a)), then (3.18) shows that for sufficiently
large 7', the majority of charged particles concentrate within the region 2, ., whose
volume satisfies | 7..| < |Qk 14| as € — 07. In addition, Corollary 3.1(c) implies
that the total ionic charge in the region .3 decays exponentially as ¢ — 07,
demonstrating the emergence of electroneutrality in this bulk region. This result

provides a rigorous justification for the commonly used electroneutrality assumption
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in bulk electrolyte solutions, while also quantifying the rate at which neutrality is
approached in terms of the parameter 5.

Analogously to Theorem 3.1, we characterize the asymptotic expansions of so-
lution ¢. to equation (3.2) with condition (3.4) across three distinct regions. The

results can be stated as below.

Theorem 3.2. Assume that the domain Q) satisfies condition (D) with K € N, ¢pa
are not equal, and the charge neutrality condition (3.3) holds true, where m; > 0

and z; # 0 fori=1,...,1. Let ¢. € C*(2) be the unique solution to equation (3.2)
with condition (3.4). Let k € {0,1,..., K}, p € 00k, and T > 0 be arbitrary. Then

(a)

b (p — tvevy) = ug(t) + Vel(d — 1) H(p)vg(t) + wi(t) + o-(1)], (3.19)
Vo.(p - tv/E,) = - (%uw) T (d— DHE)L) + w;<t>) vy + 0.(1)
(3.20)

for 0 <t < T ase — 0F, where p — t\/ev, € Q1. (see Figure 3.2). Here
H(p) and v, denote the mean curvature and the unit outer normal at p with
respect to §), respectively. The term o.(1), tending to zero as ¢ — 07, depends
on T but is independent of p € 0, which means

lim sup
e=0" peaqy,, te[0,7]

T = tEn) — () ~ (@~ DHG) () - w(t)] 0,

lim sup
e=0" peaqy, te[0,7]

= 0.

V6. (0 — tv/Fn,) + (%u;m (d - DH@)) + ww)) ,

The functions ug(t), vg(t), and wi(t) are the unique solutions to

up + folur) =0 in (0, 00), (3.21)
ue(0) = 1w (0) = doar, (3.22)
Jim . (t) = ¢, (3.23)
vp + folug)op = u,  in (0, 00) (3.24)
0k (0) = 34 (0) = 0, (3.25)
Jim v (1) = 0, (3.26)
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and

wy, + folup)w, = —fi(ug) in (0,00), (3.27)
wi(0) — yw(0) = 0, (3.28)
tlgilo wi(t) = Q. (3.29)

The constants ¢fy and Q) are determined uniquely by (3.150)—(3.151) and (3.238),

respectively. The functions fo and fi are given by

fO |Q| Z miz; eXp Z@<¢ (bO)) fO?“ (ZS € R? (330>

f1(8) = =Qfs(d) + fi(¢) for 6 €R, (3.31)

where || is the volume of Q, and

N

I
fi(¢) = ﬁ Zmzzz exp(—2i(¢ — ¢p)) for ¢ €R,

m; = |Q|Z|an|/ [1 —exp(—zi(ug(s) — ¢p))]ds  fori=1,... 1.
Furthermore, the constant () satisfies

K100 B (ue(0)) + (d = 1) ([0, H(p)dS, ) (J5up(s) ds)

Q= lim ¢ — B k=0 . (0) + 7k.fo(uk(0))
e—0+ \/g XK: ’an’fO Uk( )) )
— 1,(0) + . fo(ur(0))

(3.32)

where gb*

£

is the unique zero of function f. for e >0 (cf. Proposition 3.14) and
— J2 fu(s) ds = & ST 1 — exp(—z(6 — 64)] for 6 € R.

(b) There exists a positive constant €* > 0 such that

(1)
|6(p — t/ey) — ¢Z| < M'exp(—Mt), (3.33)
IVo.(p — t\/ev,)| < % exp(—Mt) (3.34)

forO0<e<e", 0<B<1/2andT <t <e®V2 je p—tey, €
ﬁk,T,E,,B;
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(ii)
|6=(2) — ¢%| < M exp (—MePF=D/2) (3.35)

/

M
Voo (z)] < —=exp (— M~/ 3.36
| ¢(l’)|_\/gexp( 2 ) (3-36)
forO<e<e*and0< B <1/2.
Here M > 0 and M' > 0 are constants independent of .

The main difference of Theorems 3.1 and 3.2 comes from the integral terms in
(3.2) which give the solution wy, to (3.27)—(3.29) and (3.32). This reflects the effect

of nonlocal nonlinearity in (3.2).

Remark 3.2. Recall that f.(¢) = Y1, zicl. exp(—z;¢) represents the total ionic
charge density and 026 = mi/ (erXp(—zigba(y))dy) is the concentration of the ith
ion species in the bulk. From (3.32), we find

CEE _ C? n \/E (mzZzQ eXp<Zi¢Tg)]|‘|‘ m; eXp(Zi(bO) + 06(1)) fori=1,...,1,

(3.37)
fo(9) = fo(9) + Ve(f1(9) +0:(1)) for ¢ € R, (3.38)

(cf. Remark 3.7 and (3.220) in Section 3.83.4), where cP = m;exp(zi05)/|Q| (is
the concentration of the ith ion species in the bulk) may correspond to the bulk
concentration in the classical PB equation —eA¢. = S zicl exp(—2z¢.) = fo(¢.)
in Q. Here fy and fi are given in (3.30)—(3.31).

As in Remark 3.1, we have the following observation.

Remark 3.3. In electrostatics, the solution ¢. represents the electric potential, and
its gradient —V ¢. represents the electric potential, with orders O.(1) and OL(1/+/¢),
respectively, in the region Qyr.. Similar to Remark 5.1, the boundary curvature
H(p) contributes to the second-order corrections in the asymptotic expansions (3.19)—
(3.20), where uy, vg, and wy are the solutions to (3.21)—(3.29) and satisfy the follow-
ing properties. When the external electric potential ¢par > ¢ and k € {0,1,..., K},
the function uy(t) € (Pf, Goar) is strictly decreasing for t € (0,00), and vy is positive
on (0,00), strictly increasing on (0,t;) and strictly decreasing on (t},00), where t}
is a constant. Conversely, when ¢par < ¢, ur(t) € (Ppak, ¢4) is strictly increasing
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fort € (0,00), and vy, is negative on (0,00), strictly decreasing on (0,t}) and strictly
increasing on (t,00) (cf. Propositions 3B.1 and 3C.1). The asymptotic formulas
(3.19)—(3.20) thus provide approzimations for the electric potential and electric field
induced by an applied potential difference. Additionally, the exponential decay esti-
mates are given by (3.33)—(3.34) with respect to the variable t in Region II (1. 5),
and by (3.35)—(3.36) with respect to the parameter € in Region III (. 5), highlight-
ing the localized nature of boundary layer phenomena. However, wy, which arises
from the nonlocal nonlinearity, may not behave like u, and vy, because the constants

m; do not have the same sign.

As the previous discussion for total ionic charge density of (3.1), we use formulas
(3.19), (3.33)—(3.34), (3.35)—(3.36), (3.38), and the Taylor expansions of fy and f to
derive the asymptotic expansion of the total ionic charge density f.(¢.) as follows.

Let k € {0,1,..., K}, p€ 9, T >0, and 0 < 8 < 1/2 be arbitrary.
e In Region I (%7.),

fo(8=(p — tVery)) = folun(t))
+Vel(d = D) H(p) folur(t))vr(t) + folur(®))wi(t) + fi(ur(t)) + o (1)]
(3.39)

for 0 <t<T;
e In Region IT (Q.7.5),

| fo(pe(p — tVewy))| < M'exp(—=Mt) for T <t < e®-D/2,

e In Region III (€. 5),

| fe(@e(x))] < M’ eXp(—Mﬁ(Qﬁ_l)/z) for z € ﬁsﬂ,

as 0 < e < &*, where ¢* comes from Theorem 3.2(b), M’ and M are generic positive
constants independent of €. Here we have used the condition f.(¢) = 0, which
follows from Proposition 3.14, and fy(¢g) = 0.

As in Corollary 3.1, we use Theorem 3.2 to derive the asymptotic expansions of
total ionic charge within regions Q. 7., Q105 and Q. 5 as below.
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Corollary 3.2. Under the hypothesis of Theorem 3.2, if ppar > &4 (0T Gpar < 5,

then we have

(a) kaT 2 @(w))dw—ﬂmu(ukm) u(T)
te [(@=1) (o, H)4S,) (T (T) + v4(0) ~ v4(1))]
+ = 19 (1},(0) - < ) +0:(1)] <0 (or>0),

) Jo ., J ))d:v— \/_Ianluk( )
e [ ( Sy H(p) dS, ) (=T (T) + v(T)]
+ e (|09 wl (T)] —1—505( )} <0 (or>0),

() | o, F2(6-@)) da| < VEM exp (~M=9-D12)
for 0 <e <e* and 0 < B8 < 1/2, where |0Q2| is the surface area of 0.

Corollary 3.2 is consistent with the charge neutrality condition (3.3), as demon-
strated by equations (3.151) and (3.239) in Section 3.3. Corollary 3.2(a) and 3.2(b)
also indicate that the total ionic charge in the near-boundary regions 2 7. and
Qy.7c 5 is negative (or positive) when ¢pgr > ¢f (or ¢par < ¢f). Such behavior is
analogous to that described in Corollary 3.1, where the sign of the total ionic charge
is similarly determined by the comparison between ¢y, and ¢f. This redistribution
of ionic species is driven by the applied electric potential difference, consistent with

the behavior in Corollary 3.1. Moreover, analogously to (3.18),

S 1,0 e (0e(2)) ui(T) Q|
k,Te, d 125k Tie
ST, i@ dr G0 —i@ " s

—0 ase—0".

Since u},(T") decays exponentially to zero as T' — oo (cf. Proposition 3B.2(a)), this
implies that for sufficiently large T', the majority of charged particles are concen-
trated within the region € 1., despite its volume being significantly smaller than
that of the region Q. 5. Additionally, Corollary 3.2(c) implies that the total ionic
charge in the region (2. 3 decays exponentially as ¢ — 07 as in Corollary 3.1(c).
For the proof of Theorem 3.1, we first establish the uniform boundedness of the
solution ¢. (cf. Proposition 3.3), and then employ the principal coordinate system
(cf. [38, Section 14.6]) and rescale spatial variables by 1/ to obtain the local conver-
gence and to derive equation (3.52) in R? with condition (3.53) (cf. Lemma 3.5). Us-

ing the exponential-type estimate of (3.52)—(3.53) (cf. Lemma 3.6) and the moving
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plane arguments (cf. Proposition 3.7), we prove the first-order asymptotic expansion
of ¢. (see (3.84)-(3.85)). Using the first-order asymptotic expansion, we derive the
exponential-type estimate of ¢. and |V¢.| (cf. Proposition 3.9), which implies The-
orem 3.1(b) holds true. For the second-order asymptotic expansion of ¢., we study
Ore(r) = e V2[po (1) — up(6p(2)/+/E)] for & € Qpep = {x € Q : Gi(z) < £°} and
k=0,1,..., K. We prove the uniform boundedness of ¢;. (cf. Proposition 3.10)
and the local convergence to get equation (3.112) in RZ with condition (3.113) (cf.
Lemma 3.11). Using the exponential-type estimate (3.114) and the moving plane
arguments (cf. Proposition 3.12), we obtain (3.5) and (3.6) in Theorem 3.1(a).

For the proof of Theorem 3.2, we rewrite equation (3.2) as —eA¢. = f.(¢.) in
Q, where f.(¢) = Zle(mizi/Ai,E) exp(—z;¢) for ¢ € R, A;. = [exp(—2zp:(y)) dy
for i = 1,...,1, and ¢, is the solution to equation (3.2) with condition (3.4). In
Section 3.3.1, we first prove the uniform boundedness of ¢. and show that f. also sat-
isfies conditions (F1)—(F2) with the unique zero ¢f. As in the proof in Section 3.2.1,
we establish the first-order asymptotic expansions of ¢. and V¢.. Moreover, we
also determine the unique value of ¢ by the algebraic equations (3.150)—(3.151).
However, unlike the proof of Theorem 3.1, the unique zero ¢} of f. may depend on
the parameter € so it is pivotal to prove, by contradiction, the uniform bounded-
ness of |¢* — ¢g|/+/e (cf. Section 3.3.3). More specifically, in Section 3.3.3, under
the assumption |¢f — ¢f|/\/e — o0 as € goes to zero, we obtain the second-order
asymptotic expansions of A;., f., and ¢. and the total ionic charge over three
distinct regions, which contradicts the electroneutrality condition (3.3). Then in
Section 3.3.4, we use the uniform boundedness of |¢F — ¢§|/+/c to get the asymp-
totic expansion of A;. (see Remark 3.7). This implies that the function f; has the
asymptotic expansion f.(¢) = fo(¢) +/2(f1(¢) +0-(1)) for ¢ € R, where fy and f;
are smooth functions (see (3.30)—(3.31)). Thus, equation (3.2) can be transformed
into —eA¢. = fo(o:) + Ve(fi(d:) + 0(1)) in Q (cf. (3.221)), where f; satisfies
(F1)-(F2) with a unique zero ¢§ and f; is bounded on any compact subsets of R.
Therefore, as in the proof of Theorem 3.1, we may apply the principal coordinate

system and the moving plane arguments to prove Theorem 3.2(a).

The electric forces play a central role in the behavior of biological and physical

systems (cf. [112]). In [42,104], the Maxwell stress tensor .7 of equation (3.1) is
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defined as
T = eV, @ Vo, — g\VqﬁE]QId, (3.40)

where ® denotes the tensor product. Then by (3.6) and (3.40), we get the Maxwell

stress tensor Fy at p — ty/evy:

Talp — /) = (0 + 20E( - DGR (10, — 310) + Vo)

for 0 <t < T and p € 09 By (3.265) and (3.270) with U = wuy, we have
u?(t) = 2(F(¢*) — F(ug(t))) = —2F (ug(t)) for all ¢ > 0, where F(¢) = f;if(s) ds

and ¢* is the unique zero of f. Hence

Fu(p = tvery) = [=F(up(t)) + Ve(d — D H(p)ui(t)vi (1)) (20, ® v, — 1a) + Veo (1),

which gives

Tralp — Vav)vy = — (i), + VEI(d — DHp) (000 (1), + 0. (1)) (341)

for 0 <t < T and p € 0. Note that F(ug(t)) < 0 for ¢ > 0 because F(¢*) =
F'(¢*) =0and F"(¢) = f'(¢) < 0for ¢ € R. In (3.41), Fu(p—1t+/evp)v, is the stress
tensor J(p — ty/ev,) acting on v, which provides the electric force at p — t\/cv,
for 0 <t <T,pe€ 0, and k € {0,1,...,K}.

For equation (3.2) with condition (3.4), we can use (3.5)—(3.12), (3.20), and

(3.40) directly to derive the asymptotic formula of the Maxwell stress tensor Z:

Faalp — tV7vy) = {u2(t) + 2V (D[ — DH(p)o4(1) + wh()]} ( ® v, - %fd) T VEou(1)

for 0 <t < T and p € 09 By (3.265) and (3.270) with U = wuy, we have
u?(t) = 2(Fo(¢*) — Fo(ug(t))) = —2Fy(ug(t)) for all ¢ > 0, where Fy(¢) = fj})fo(s) ds

and ¢} is the unique zero of f,. Hence

Fu(p = tvevy) = {=Fo(ux(t)) + Veuy(t)[(d — D) H(p)vi () + wi ()]} 20 @ v — 1a) + veoe (1),

which implies

Falp — tvevp)vy = —Folur(t))vp + Veup (O{[(d — 1) H (p)vi(t) + wi 0]y, + 0=(1)}
(3.42)
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for 0 <t < T and p € 9. Note that Fy(ux(t)) < 0 for t > 0 because Fo(og) =
Fi(¢y) = 0 and FJ(¢) = fi(¢) < 0 for ¢ € R. In (3.42), Fu(p — t\/evp)v, is
the stress tensor Ju(p — t\/ev,) acting on v, which provides the electric force at
p—tyev, for 0 <t <T,pe€ dQy, and k € {0,1,..., K}.

Throughout the chapter we shall use the following notations.

e O.(1) is a bounded quantity independent of €, and o.(1) is a small quantity

tending to zero as € goes to zero.

e R = {(z=(¢,2%) e R*: 27 > 0}, OR? = {2 = (/,2%) € R?: 2¢ = 0}, and
% _ pd d
R, = R% UOJRY.

e ¢, stands for the unit vector in the positive direction of z%-axis.

e |2| denotes the volume of 2, and [0 | stands for the surface area of 9 for

k=0,1,... K.

° Qk,T,a = {.T e Q dlSt(.ﬁE,an) < T\/g}, ij’gwg = {x c Q : T\/E <
dist(z,00) < €7}, Qs = {r € Q : dist(z,00) <&’} and Q.5 ={xr € Q :
dist(z,0Q) > £°}, where dist denotes the distance.

o Oi(x) = dist(x, 08%) and d(z) = dist(x, 0Q) = min{dg(x), d1(z),...,0x(z)}.

° = min and ¢p; = max .
@ N Db Dbd oA Db,k

*

e ¥ > 0 is a sufficiently small constant, and M > 0 is a generic constant

independent of € > 0.

The rest of the chapter is organized as follows. The proofs of Theorems 3.1
and 3.2 are given in Sections 3.2 and 3.3, respectively. For the analysis of ordinary
differential equations (3.7)—(3.12), (3.21)—(3.23) and (3.24)—(3.29), one may refer to
Appendices 3A to 3D.
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3.2 Proof of Theorem 3.1

In this section, we derive the first- and second-order terms in the asymptotic ex-
pansion of the solution ¢. to equation (3.1) with condition (3.4) near 0 for
k = 0,1,..., K. For the first-order term, we use the principal coordinate sys-
tem (3.43) to straighten the boundary 0 locally and rescale spatial variables by
Ve so that equations (3.1) with condition (3.4) can be transformed into (3.50)—
(3.51) in the upper half-ball Blj}ﬁ' We then show that the solution to (3.50)—(3.51)
converges (locally) to the solution to (3.52)—(3.53) in the upper half-space R% (cf.
Lemma 3.5). By the moving plane arguments on (3.52)—(3.53), we prove that the
solution to (3.52)—(3.53) depends only on the single variable 2% (cf. Proposition 3.7),
which is the unique solution to (3.7)-(3.9). Here we have to assume that ¢uq are
constants. Hence we obtain the asymptotic expansions ¢.(p—t\/cv,,) = ux(t) +o0-(1)
and V. (p — t/ev,) = —e Y2 (u)(t)v, + 0-(1)) for T > 0, p € 90 and 0 <t < T,
where wy, is the unique solution to (3.7)-(3.9) and v, is the unit outer normal at p
(cf. Section 3.2.1).

For the second-order term, we set ¢p.(7) = e 2(¢e(x) — up(dp(z)/+/2)) for
r € Qep and k = 0,1,..., K, where Q.5 = {z € Q : §(2) < &7} and
0 < 8 < 1/2. Then by the exponential-type estimate of uy, and ¢, (cf. Lemma 3.6
and Proposition 3.9), we may prove the uniform boundedness of ¢ . (cf. Propo-
sition 3.10). Moreover, following similar arguments as in Section 3.2.1, we use the
principal coordinate system and the moving plane arguments to prove the local
convergence of ¢ . and obtain ¢y .(p — t\/ev,) = (d — 1)H(p)vk(t) + o-(1) and
Vore(p — tv/ey,) = —e VY2[(d — 1) H(p)v,(t)v, + 0.(1)] for T > 0, p € 98, and
0 <t <T (as € > 0 sufficiently small), where vy is the unique solution to (3.10)—
(3.12) (cf. Section 3.2.2). Therefore, we obtain equations (3.5)-(3.6) and complete
the proof of Theorem 3.1.

3.2.1 First-order asymptotic expansion of ¢.

Equation (3.1) with the boundary condition (3.4) is the Euler-Lagrange equation of

the following energy functional
K
€ 1
Elg] = / (51012 = F(9)) do+vEY 5 / (6= bras)?dS for ¢ € H'(Q).
Q o 2Tk Joy
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Since F” = f’ < 0 in R, we can apply the direct method in the calculus of variations
to get the unique minimizer of E[@] over H*(Q2) (cf. [109]). Then by the standard
bootstrap argument and smoothness of f, we obtain the existence and uniqueness
of the smooth solution ¢ € C>®(Q) to equation (3.1) with condition (3.4) (cf. [38]).

Because the nonlinear term f is strictly decreasing (cf. (F1)), we can prove the

uniform boundedness of the solution ¢. as follows.

Proposition 3.3 (Uniform boundedness of ¢.). For e > 0, let ¢. € C®(S2) be the
solution to equation (3.1) with condition (3.4). Then |¢.(x) — ¢*| < Oy for x € Q
and € > 0, where ¢* is the unique zero of [ (cf. (F2)) and Cy > 0 is a constant

independent of €.

Proof. We first prove that ¢.(z) < max{¢*, ¢pq} for € Q and ¢ > 0. Suppose that
¢e attains its maximum value at an interior point z,, which implies A¢.(xy) < 0.
Then by (3.1) and (F2), we obtain f(¢*) = 0 < —eA¢p.(z9) = f(¢:(x0)). Due to
the strict decrease of f (cf. (F1)), we have ¢.(z9) < ¢*, which implies ¢.(z) < ¢*
for x € Q. On the other hand, we suppose that ¢, attains its maximum value at a
boundary point z¢ € 9, for some ko € {0,1,..., K}, which implies 0,¢.(x¢) > 0.
By the boundary condition (3.4) with 75, > 0, we get

0 () < 0(T0) = Pbake — Vho VEDD=(T0) < Poaky < Poa := Jmax Opay  for z € Q.

Thus, ¢.(z) < max{¢*, dpe} for # € Q and ¢ > 0. Similarly, we can get ¢.(z) >
min{¢*, ¢pa} for z € Q and € > 0, where ¢pq := OE}CLHK Ppa,k- Hence min{e*, gpa} <
O-(r) < max{o*, ppa}, i.€., [P (x) — ¢*| < C) for x € Q and € > 0, where C; > 0 is a
constant independent of ¢ > 0. Therefore, we complete the proof of Proposition 3.3.

]

Now we introduce the principal coordinate system and the associated diffeomor-
phism W,, which straightens the boundary portion near each point p € 08 for
ke{0,1,...,K}. Fix k € {0,1,..., K} arbitrarily. After a suitable rotation of the
coordinate system, we may write the boundary point as p = (p/,p?) € R x R
and assume that the inner normal to 0€); at p points in the direction of the posi-

d

tive z%-axis. To straighten the portion of 02, we employ the principal coordinate

system y = (v, y%) (cf. [38, Section 14.6]). Thus, there exist a neighborhood N, of
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p, a constant b > 0 (depending on p and 9€);) and a smooth function v, = 1, (z")
(defined for |2" — p'| < b)) satisfying

(D1) 4y (p') = p*,
(D2) Vi (p) = 0,
(D3) IUNN, ={z = (2,27) e R? : 2 = 4, (2)), |2/ — p/| <},
(D4) NJF == QNN = {z = (2/,2%) € R : 2 > ¢p(a), [2' — p/| < B} NN, and
N, =0y (By).
Here the diffeomorphism U, : B, — R is defined by
r= (2 = Uyly) = 0 +o/ 0 + )~y fory=(yy") € By (3.43)

where E: ={y = (v,y?) € R : |y| < b, y? > 0}, b is a positive constant
(depending on Q) and v = (V,v%) = (Vy,(p' + ¢/), —1)//1+ [VU,(p + ¢)|? is
the unit outer normal at (p' + ¢/, ¢,(p’ + v')) with respect to Q (see Figure 3.3).
Moreover, y* = dist(z, 9Q) and (y,y?) = W1 (2/, 27) for x = (2/,29) € N;.

24 4 24
N =w,(B) ? 1 B
= A _ gl — b/ Ve
b r 90 y=19, () B;r z=1y/\e e
z? =4 (2) —Up k — —
p : .T/ — y’ — : Z/
p= (p/7pd) T = lIJp(y) 0 y= \/EZ 0

Figure 3.3: The function ), describes the portion of 9€ near p € 0. The
diffeomorphism x = W,(y) maps an upper half ball E; to the neighborhood A ; ,
and z = y/,/¢ dilates B, into E:/ﬁ.

By (3.43) and rescaling y by /¢, we obtain

Lemma 3.4. For ¢ € C>*(Q)), p € 00 = UkK:0 0 and € > 0, let uy, : EZF/\/E — R
satisfy up.(2) = ¢(V,(ve2)) for z € E;L/ﬁ (see Figure 3.3). Then u,. € COO(EZF/\/E),

and

d d
eNP(V,(VeER)) = Z; a”(z)gz:g; (z) + JZ_; b](z)%(z) for z € B;}ﬁ, (3.44)
0, 0(V,(Ve(2%q))) = —e Y20,0u, . (2%q)  for 0 < 2% < b/V/E, (3.45)
d(p — t\/ev,) = uy(teq) for 0 <t < b/\/e, (3.46)
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where eq and v, are the unit vector in the positive direction of 2%-azis and the unit

outer normal at p with respect to 2, respectively. The coefficients a;; and b; satisfy
aij(2) = 0y + 202" + e|zPO(1) for 1<4,j <d and z € B;;\/g, (3.47)
bj(2) = —=d;av/e(d — 1)H(p) +¢|z|O(1) for1<j<dandzE€ B;;\/g. (3.48)

1 ifi=y
Here 6,5 = is the Kronecker symbol, O(1) is a bounded quantity inde-

0 ifi#y

pendent of € and z, and
¢ij = %sz‘ = 83:1'331'%(17/) fOT 1< Za] < d— 1,
=
Yig = Vg = 52%’71 for1<i¢<d-1,
Vaq = 0.

Besides, H(p) = (d — 1)"" 2" 4y stands for the mean curvature at the boundary
point p with respect to Q due to (D2) (see [38, (14.92)]).

Note that (3.47)-(3.48) imply that a;; and b; satisfy

lim a;j(z) = 6; lim bj(z) =0 for R>0,1<4,j<d, |2|] < Rand 2% > 0.

e—0t e—0t

The proof of Lemma 3.4 follows standard calculations of the principal coordinate
system (cf. [38]) so we omit it here.
To get the first-order asymptotic expansion of ¢. near the boundary 0€), we

define
Upe(2) = 0:(U,(VE2)) for 2 € By, s, p€ O and k=0,1,..., K,  (3.49)

where ¢, is the solution to equation (3.1) with condition (3.4). Then by (3.44),
(3.45), and (3.49), ug . satisfies
d 82uk 8uk
D a2 o Y bi(2) 2 A+ fluye) =0 in By g, (3.50)

< 027
1,j=1 j=1

-+
Uk pe — VeOzatlkpe = Ppak O By 2N 6Ri, (3.51)

where OR? = {z = (2/,2%) € R? : 2% = 0}, a;; and b; are given in (3.47)-(3.48).
Based on the uniform boundedness of ¢. (cf. Proposition 3.3), together with the
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2.«

loc ~estimate

standard elliptic L%-estimate and Schauder’s estimate, we obtain the C
of uy .. Using a diagonal process, we can prove the convergence of uy, . in CZ"’(E:;L)

as € tends to zero (up to a subsequence) for m € N. The result is stated below.

Lemma 3.5. For any sequence {e,}>2 | of positive numbers with nh_)nolo Brmagae® ©
(0,1) and p € 0. (k € {0,1,...,K}), there exists a subsequence {e,,}2, such
that nlgg(} [—— uk7p||02,a(§;) =0 for m € N, where F; ={z=(,2%) e R :
2| <m, 2% >0} and uy, € CQ’a(@i) satisfies

loc

Aupy + flury) =0 inRY, (3.52)

Ukp = WOzt p = dpa  on ORY. (3.53)
Here R = {z = (¢, 2%) e R? : 2% > 0}.

Proof. Let {€,}5%, be a sequence of positive numbers with lim €, =0, « € (0,1),
n—oo
p € 0Q and k € {0,1,..., K}. We first prove the recompactness of {u., }7; in
CQ’O‘(E:;) for m € N. Fix m € N arbitrarily. Without loss of generality, we may
assume that 0 < g, < b*>/(9m?) for n € N. Then we have E;rm C F;r/\/a so by
(3.49), ugpe, is well-defined in E;m. For the sake of simplicity, up., is denoted
as u., for n € N. By Proposition 3.3, we have “Uan”Loo(B; y < M, which gives
e, | popy y < M and |[f o ue, || popr ) < M (by the condition (F1)) for ¢ > 1,
where M is independent of n. In this proof, we use the genric constant M which

is independent of n for notational convenience. Then by the standard elliptic L9-

estimates to (3.50)—(3.51) (cf. [2,38]), we have

lte, ez, < M (tealliagag, ) + 15 0 el agag,,)) < M

for ¢ > 1 and n € N. Hence by Sobolev’s compact embedding theorem, we get
[te, [lerasz ) < M and {u., }732, is precompact in clva(ij). Applying Schauder’s
estimate to (3.50)—(3.51) (cf. [2,38]), we get

ltealemnggty < M (e oozt s + 1 0 telloonqsy, ) ) < M

for n € N, and {u., }32, is precompact in C2’a(§;) for m € N.
Now we use the precompactness of {u., }°°, in C2’°‘(§;) for m € N, and the
diagonal process argument to obtain the solution uy, to (3.52)-(3.53). As m = 1,

the precompactness of {u., }5° ;| in Cz7a(§f) implies that there exist a subsequence
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: —+ :
{e1n,}22, of {€,}°2, and a function u; € C>*(B, ) such that nh_}ﬂ(f)lo Husm_ull‘cz,a(ﬁi") =

0. As m = 2, the precompactness of {u.,, }22, in CQ’O‘(FQF) implies that there ex-
ist a subsequence {e9,}5°, of {€1,}22, and a function uy € CQ’O‘(FJ) such that

lim ||ue,, — uszl/c2.e (E;L) = 0. Note that uy|_, = u; because {u.,,}s2,; is a subse-
n—oo Bl
quence of {u.,, }>2,. Consequently, for m € N, the precompactness of {u.,  }°°,

in CQ’O‘(EL) implies that there exist a subsequence {€(my1)n oz, of {emn}re, and

. =+ .
a function w41 € C**(B,, ;) such that nlglgo - um+1||cz,a(§n+1+1) = 0 and

||u£(m+l)n

Umt1|_, = Up. Note that {e,,};2,, is a subsequence of {&,,, }52; for m € N. Hence

m

nh_>n010 | we,, — umﬂcm @ty = 0 form € N. For z € R L+, we define uy ,(2) = un(2),

where m € N is sufficiently large such that z € Fm. Here we have used the fact that

Uy = Uy, for £ > m and ¢ € N because of w1 = Uy, for m € N. Clearly,

m m

—d .
upp € CL2(RY,) satisfies

Uk,p|—
Y B+

m

= Uy, and lim ||u.,, — ukp||02a w =0 for m € N. (3.54)
n—oo

Now we show that wy, satisfies (3.52)—(3.53). From (3.50)—(3.51), u.,, satisfies

d d
usnn Oue,, . B N
z:: i(2) s + Zb ()55 + flue, ) =0 in B, (3.55)

8u€

Ue,, — Vi = Qpa)r OL E; N oR: (3.56)

for m,n € N, where B} = {z = (2/,2%) € R : |z] < m, 24 > 0}. Fixm € N
arbitrarily and let n — co. Then by (3.47)-(3.48) and (3.54)-(3.56), wy,, satisfies

Auk,p -+ f(uk p) =0 n BT—;,

8'& —t
Ukp — (9 kd = ¢pa, on B, N 6Ri

for m € N, which implies (3.52)—(3.53). Hence we complete the proof of Lemma 3.5.
[

For the equation (3.52) together with the boundary condition (3.53), we can

establish the following exponential-type estimate of wuy, .

Lemma 3.6. Forp € 09 and k € {0,1,..., K}, the solution uy, to (3.52)(3.53)

satisfies

[upp(2) — ¢*| < 2C) exp(—Cy2?) (3.57)
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for z = (¢, 2%) € @i and 2z > (d — 1)/(4Cy), where Cy > 0 is a constant (inde-
pendent of €) given in Proposition 3.3 such that |¢.(z) — ¢*| < Oy for z € Q, and
Cg = mf([¢* — Cl, ¢* + 01])/8 > 0.

Proof. Let 7 = (7,79 € @i arbitrarily with z¢ > (d — 1)/(4C5). Then let u* be

the solution to

Aut + f(ut) =0 in B.a(%), (3.58)
ut =¢*+C; on 0B.a(%). (3.59)

We claim that
u” < up, <utoin Bu(z). (3.60)

We first prove u® > uy,, and set @, := u™ — uy,, in B.i(Z). Then by (3.52) and

(3.58)~(3.59), @, satisfies

ATy, + o(2)T, = 0 in Bua(3), (3.61)

uf, = Ci— (ugy — ¢7) >0 on 9B.(3), (3.62)

where ¢(z) = (f(u™(2)) = flurp(2)))/ (" (2) = urp(2)) If w7(2) # wip(2); c(2) =
f(ugp(2)) if ut(z) = wugp(z). Here we have used (3.49), Proposition 3.3 and
Lemma 3.5. Note that ¢(z) < 0 for z € B;a(Z) because f is strictly decreasing
on R (cf. (F1)). Thus, we apply the maximum principle to (3.61)—(3.62) and obtain
w,, > 0 in B.a(%), which implies u™ > wy,, in Bs«(%). Similarly, we can prove
u~ < ugy, in Bsa(Z), and get (3.60). Since u® are the radial solutions to (3.58)-
(3.59), then by Proposition 3A.2 in Appendix 3A with € = 1 and replacing Bg(0),
r, ., pg, my by Ba(Z), |z — Z|, uF, ¢* £ C}, we obtain

|ut(2) — ¢*| < 201 exp(—Ca(z* — |z — Z|)) for z € B.a(3). (3.63)

Here we have used the fact that z% > (d — 1)/(4C5). Along with (3.60) and (3.63),
we obtain
[urp(2) = ¢ = Jurp(Z,2) — ¢7| < [uF (7, 2%) — ¢| < 2C1 exp(—C77)

for z € RY and z¢ > (d — 1)/(4C>), which gives (3.57). Therefore, we complete the

proof of Lemma 3.6. O
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From Lemma 3.5, the solution uy, to (3.52)-(3.53) may, a priori, depend on the
sequence {£,}5°, and on the point p € 0§2. To establish the independence from
the sequence and the point, we employ the moving plane arguments to prove that
uyp satisfies uy,(2) = ug(2?) for z = (2,29 € Ri (see Proposition 3.7), where uy
is the unique solution to (3.7)—(3.9), and uy is independent of the sequence {e, }5°,

and the point p € 9);. Consequently, we improve the results of Lemma 3.5 as

El_igl+ |k pe — uk||62,a(§;) =0 formeNandae(0,1), (3.64)
and
lilgl+ Uppe(2) = up(2?) for z = (¢, 2% € Ei, (3.65)
e—

where uy, - is defined in (3.49). Below are the details.

Proposition 3.7. Forp € 0 and k € {0,1,..., K}, the solution ug, to (3.52)—
(3.53) satisfies

(a) uy, depends only on the variable 2%, i.e., up,(2) = ugp(2%) for z = (2/,2%) €

R},

(b) uk, is independent of p and depends only on k, i.e., u,(2%) = ui(2?) for

24 € [0,00), where uy is the unique solution to (3.7)~(3.9).

Proof. To prove (a), we fix p € O, k € {0,1,..., K} and h € R*"'—{0} arbitrarily.
For notational convenience, we denote uy, by w in the proof of (a). To use the moving

plane arguments, we define u by

i(2) = u(2 + h, 2%) —u(z) for z = (¢, 2%) € R}. (3.66)
For the proof of (a), it suffices to show @ = 0, which is equivalent to showing
supu = 0 and igf u = 0. We first prove supu = 0. Suppose by contradiction that
RS Ry R
¢ :=supu > 0.
Ry

By (3.57) and (3.66), we have
[a(2)] < Ju(2' + R, 2%) = 6" + [u(z) — ¢"| < 4Cy exp(—Csz2")
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for z = (2, 2%) € R} and 2¢ > (d—1)/(4Cs). Clearly, there exists L > (d=1)/(4C,)
such that 4C) exp(—CyL) < (/2 and

()] < ¢/2 forz=(2,2%)€RL and 2% > L. (3.67)

Note that @ (defined in (3.66)) may depend on h, but L is independent of h (because
(4 and Cy are independent of h). Thus

(=supu= sup u>0. (3.68)
R Rd-1x][0,L]
+

Then from (3.52)—(3.53), @ satisfies

Ati+c(2)a=0 inR%, (3.69)
i — 0.t =0 on ORY, (3.70)
where

flu(z' +h,2%) = f(u(2))
u(z + h, z4) — u(z)

' (u(z2)) if u(2' + h, 2%) = u(z).

if u(z' + h,2%) # u(z),
c(z) =

Note that ¢1(z) < 0 for z € R% because of the strict decrease of f (cf. (F1)). By the
strong maximum principle applied to (3.69) in R?~! x (0, L) (cf. [38, Theorem 3.5]),
@ has no interior maximum point in R4 x (0, L). Moreover, by (3.67) and (3.68),
the maximum point of @& cannot be located on R4"! x {L} . On the other hand,
by (3.70), the maximum point of @ cannot be located on IR because 0,4u(z',0) =
w(Z',0) /v = (/v > 0 if (¢,0) is the maximum point of @, i.e., a(z’,0) = (. Hence

there exists a sequence z, = (z/,,24) € R¥! x [0, L] with lim |2/| = co and
n—o0

Tim =24 €0, L] (3.71)
such that
Tim 4z, 2% = ¢. (3.72)
Let
U (2) = u(z' +2,,2%) forn € Nand z = (¢, 2% € Ei. (3.73)

By the translation invariance (to z’) of (3.52)—(3.53), u,, satisfies

Au, + f(u,) =0 inRY,

74 doi:10.6342/NTU202501331



d
Up — YOy, = Ppay  on ORY.

Note that by (3.49), Proposition 3.3, and Lemma 3.5, ||ty || Lo ge) < C1 + [¢7] for
n € N. Then similar to Lemma 3.5, we can apply the elliptic Li-estimate, Sobolev’s
compact embedding theorem, Schauder’s estimate and the diagonal process to get

a subsequence {u,,;}52; of {u,};2, such that
jli_)rglo (|, — uooHCQ,a(E;) =0 formeNandae(0,1), (3.74)

where 1y, € C2’a(@i) satisfies

loc

At + f(tus) =0 in RY, (3.75)
Uso — VkOydlUoo = Ppa e  ON 8]1%1. (3.76)
Now we derive the contradiction and conclude that ( = supu = sup u =10
@j_ R4-1x[0,L]
(cf. (3.68)). Let
lioo(2) = Uoo (2 + hy 2%) —use(2)  for z = (2, 2%) € R x [0, L]. (3.77)

From (3.68), we have ¢ > (z) for z € R4~! x [0, L]. Then by (3.66) and (3.73) with

n =mn;j;, we get

¢ > up,, (2" + h, 27) — Up,,(z) for z € R4 x [0, L] and j € N. (3.78)
We prove that ¢ is the maximum value of 4., as follows.
Claim 3.8. iy, attains its mazimum value ¢ at (0, z%) € R x [0, L.

Proof of Claim 3.8. Fix z = (2/,2%) € R4 x [0, L] arbitrarily. Then there exists
my € N such that z € E:n and (2'+ h,2%) € E;ﬂ. By (3.74) with m = m4, we have

lm w,,, (2 + R, 2%) = us(z' + h, 2% and  lim u,,,(2) = us(2). (3.79)

j—o0 j—o0

Taking j — oo in (3.78), we use (3.77) and (3.79) to obtain

C > Uso (2 + Dy 2Y) — oo (2) = Tioo(2). (3.80)
By (3.71), lim z¢ = 2% € [0, L] and hence there exists a positive integer msy such
j—oo

that (h, zgjj) € E;Z and (0, zﬁjj) € E:w for j € N. Then we use (3.74) with m = my

to get
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By (3.66), (3.72) and (3.73) with n = n;;,

¢ = lim [unjj (h, Zgjj) — Uny; 0, szjﬂ’

j—o0
and then along with (3.77), (3.80) and (3.81), we have
¢ = too(h, 25) = 100 (0, 25) = oo (0, 25),
which completes the proof of Claim 3.8. n
By (3.75)—(3.77), 1 satisfies
Al + ¢2(2)lle = 0 in R*™ x (0, L), (3.82)
fioo — Y50salice = 0 on ORY, (3.83)

where
f(uoo(zl + h7 Zd)) - f(uoo(z))
Uso (2 4 Dy 2%) — Uno(2)

[ (uss(2)) if Uoo (2 + R, 2%) = uso(2).

if Uoo (2" + N, 20) # Uso(2),

ca(z) =

Note that ¢y(z) < 0 for z € R% because of (F1). Then by the strong maximum
principle to (3.82) (cf. [38, Theorem 3.5]), the maximum point (0, 2% ) of @4, cannot
be an interior point of R¥~ x (0, L). Hence either 24 = 0 or 24 = L. From (3.67),
(3.73) with n = n;;, (3.77) and (3.81), we have 1, (0, L) < /2. Thus, by Claim 3.8,
24 £ L, 24 =0, 15(0,0) = ¢ and (0,0) is the maximum point of i, in R*1 x [0, L].

However, (3.83) gives
0 < ¢ = G (0,0) = 7Duaing (0,0) < 0,

which leads to a contradiction. Hence we obtain ( = supu = 0. Similarly, we can

R}
prove ir}ifﬂ = 0 by contradiction. Suppose that (' == — ir}ifﬁ > 0. Then by (3.57)
R B

and (3.66), we have |u(z)| < ¢'/2 for z = (2/,2%) € R% and 2¢ > L for some L > 0
independent of h, and thus (' = _]Rli*ilriﬁo,L] @. Arguing as in (3.69)—(3.81), we can
prove iy, attains its minimum value at (0, 2%), where z% € [0, L]. Then we can
apply the maximum principle to (3.82)—(3.83) to get a contradiction and complete
the proof of (a).

To complete the proof, it remains to prove (b). By (a), uy, = ug(2%) solves

the ordinary differential equation (3.7) with the initial condition (3.8). Moreover,
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by the exponential-type estimate (3.57), uy,, satisfies the asymptotic formula (3.9).
Note that the equations (3.7)—(3.9) are independent of p. Hence by the uniqueness
of (3.7)-(3.9) (cf. Appendix 3B), uy, is independent of p; we therefore denote it by
uy for k € {0,1,..., K}, which finalizes the proof of (b). Therefore, we complete
the proof of Proposition 3.7. m

Using Proposition 3.7, we prove (3.64) and (3.65). Let T > 0, k € {0,1,..., K},
and p € 0. Then by (3.46), (3.49), and (3.64)—(3.65), we find the first-order

asymptotic expansions of ¢. and V,:

b (p — tV/evy) = upp(ted) = uk(t) + o-(1), (3.84)
Voo = Van) = == (w00, +o(1) (3.85)

for0<t<Tase—0".
To derive the second-order asymptotic expansions of ¢. and V¢. and capture
the asymptotic behavior of the term o.(1)/4/¢ in the next section, it is crucial to

establish the following exponential-type estimates of ¢. and V¢.:

Proposition 3.9 (Exponential-type estimates of ¢. and V¢.). Let Q satisfy the
uniform interior sphere condition, i.e., there exists R > 0 such that Br(p— Rv,) C Q
and OBr(p — Rv,) N0 = {p} for p € 00, where v, is the unit outer normal to 02

at p. Then we have

|<(x) — ¢*| < 2C) exp <—02\i<;)> , (3.86)

)

forz € Q and 0 < & < &, where Cy and Cy are positive constants given in Propo-

Ve (z)| < —=exp ( (3.87)

sition 3.3 and Lemma 3.6, respectively. Here €* is a sufficiently small constant,

M > 0 is a positive constant independent of €, and 6(z) = dist(z, Q) for x € Q.

Hereafter ¢* > 0 is a sufficiently small constant, and M > 0 is a generic constant

independent of € > 0.

Proof of Proposition 3.9. For x € (), then by the uniform interior sphere condition
of Q, there exists Bg,(xo) C 2 with Ry > R such that x € Bg, (o) and 0Bg,(x¢) N
0 # . Note that if 6(z) > R, then we may set o = x and Ry = d(x); if §(z) < R,
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then we take zg = p, + (¢ — p.) R/|z — p.| and Ry = R, where p, € 0 is the unique

closest point to . Hence we have
Ry — |x — xo| = dist(z, 0Bg,(x)) = 6(x) for x € Q. (3.88)
To show (3.86), we let ¢= be radial solutions to

_‘C’:A(ﬁsi = f(¢5i) in Bpg, (x())? (389>
¢oF = ¢* £ C, on 0Bg,(w). (3.90)

The existence of solutions to (3.89)—(3.90) follows from the standard variational

method. Now we claim
¢ () < ¢o(v) < ¢ (z) for € Br,(x0). (3.91)

We first prove ¢ > ¢.. Let 5; = ¢F — ¢. in By, (7). Then by (3.1), (3.89)(3.90)

and Proposition 3.3, g_zS: satisfies

eAG, + c(z)p. =0 in B, (z0), (3.92)
b =Cy— (6. — ") >0 on OB, (x0), (3.93)

where c(z) = (f(¢Z(2)) = f(¢e(2)))/ (¢ (x) = ¢e()) if S (z) # ¢=(2); c(x) =
' (¢e(x)) if ¢ (x) = ¢e(x). Note that ¢(z) < 0 for & € Br,(xo) because f is strictly
decreasing on R (cf. (F1)). Thus, we apply the maximum principle to (3.92)—(3.93)
and obtain 5; > 0 in Bg,(20), which implies ¢ > ¢. in Bp, (7). Similarly, we
prove ¢- < ¢. in Bpg, (o), and get (3.91). Since ¢ are the radial solutions to
(3.89)—(3.90), then by (3.88) and Proposition 3A.2 (in Appendix 3A) by replacing
Bgr(0) with Bg,(z0), we may use the fact that Ry > R and obtain

6% () — ¢"| < 2C exp (— Ca dist(z, 0B, (”’0))) — 2C} exp (- 02‘5<x>) (3.94)

Ve
for € Br,(x0) and 0 < £ < 8(CoR)?/(d — 1)2, which gives (3.86).
To get (3.87), we first claim

IVo.(x)| < M/ye forz €Q and 0<e < (6(z))? (3.95)

where M > 0 is independent of ¢ > 0. When x € 02, we may use (3.85) to obtain
(3.95). Note that B z(x1) C Qforz; € Qand 0 < e < (6(x1))?. Sety = (x—x1)/+/€
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and @.(y) = ¢-(r1 + \/2y). Then from (3.1), we have —A¢. = f(¢.) in B;(0). By
the uniform boundedness of ¢. (cf. Proposition 3.3), we can apply the elliptic L?-
estimate and obtain ||§Z~55‘|W2vq(31/2(0)) < M for ¢ > 1. Using Sobolev’s compact
embedding theorem, we get ||q58||c1,a(31/4(0)) < M for a € (0,1). In particular, we
have |V.(0)| < M, which implies (3.95) holds true for z € Q.
Now we prove (3.87). By (3.1), we have
d 9 2 d
eAIVO|* = 2e Z (831((2;@) + 25; gi;%Aqﬁa

2,j=1

(3.96)
> =2V - V(f(¢:)) = =2 (¢=)|Ve-*  in Bry(o).

Along with Proposition 3.3 and (F1), we have eA|V¢.|? > 128C%|V¢.|* in Bg,(z0),

where Cy = my([¢p* — C1,¢* + C1])/8 > 0 is given in Lemma 3.6. Let ¢, be the

solution to eAd. = 128C2¢. in By, (o) with the Dirichlet boundary condition ¢, =

) J;na(x : V. |* on OBg,(z0). Then by the standard comparison principle, we obtain
Ry (To

P Cs di 0B
lwe«c)i?s|¢e<x>rs2(a£;i§0)rv¢€\2) exp (Jﬁ 2 t<f Ro<xo>>>

for € Bg,(x0) and 0 < £ < 16(C2R)?/(d — 1)2. Combining (3.95), we obtain

|V (z0)| < %exp (— Czjé_io)) for 0 < e < 16(CoR)*/(d — 1),

which implies (3.87). Therefore, we complete the proof of Proposition 3.9. n

By Proposition 3.9, it is clear that Theorem 3.1(b) holds true.

3.2.2 Second-order asymptotic expansion of ¢. in (),

In this section, we prove the second-order asymptotic expansion of ¢. near the
boundary 0€; for k € {0,1,..., K}. Since dist(§2;,Q;) > 0fori # j € {0,1,..., K}
(cf. (D)), there exists ¢* > 0 sufficiently small such that dist(€2; . 3,2, 5) > do > 0
for i # j and Q.5 = {z € Q : d(x) := dist(x,00) < &’} contains no focal
points for 0 < § < 1/2 and 0 < e < &* (cf. [16]), where dy > 0 is independent of
¢. Then for z € ﬁk,a,g, there exists a unique p, € 9 (the closest point to x) and
0 < t, = 6(x)/veE < e?1/2 such that x = p, — t,\/V,p,, where v, is the unit
outer normal at p, with respect to Q = Qy — (Jr—, Q. Hence (3.84)(3.85) become

¢c(x) = u(dp(2)/VE) + 0:(1), (3.97)
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V() = —%[%(51@(33)/\/5)%1 +o(1)]. (3.98)

For the second-order term of ¢., we use (3.97) to define the following function:

P=(x) — ur(0x(7)/VE)

Yre(z) = NG forz € Q.pand k=0,1,..., K, (3.99)

where uy, is the unique solution to (3.7)—(3.9), and dx(z) = dist(z, 08) for k =
0,1,..., K. Then by (3.1), (3.7), and (3.99), ¢y satisfies

AL (2) + () pre(x) = go(x) for o € Qe 5, (3.100)
where
F6ue) = FonG@VE)
c.(z) = e () — ur(du(z)/VE) Lo 2O V2 (3.101)
f'(¢(x)) if ¢e () = wk(dk()/VE),
ge(x) = (d — 1) H (p)u},(6x () //E) + 2 O(1). (3.102)

Here we have used the fact that 0 < &,(z) < &P, |[Vi(z)| = 1, and
d-1

R
i=1

where r; are the principal curvatures at p, € 9, and H(p,) = (d — 1)} Cfm»
is the mean curvature at p, € 90Q (cf. [38, Lemma 14.17]). By (F1), (3.57)Z:;nd
Proposition 3.3, c.(r) < —64C2% < 0 for x € Qi 5, where Cy = my([¢* — C, ¢* +
C1])/8. Moreover, g. is uniformly bounded with respect to € in ;. because uj, is

bounded on [0, 00) by Proposition 3B.1 in Appendix 3B. For the boundary condition
of i, we use (3.4), (3.8), (3.45) and (3.99) to get

Pre + Ve Pre =0 on 0. (3.104)
Then we prove the uniform boundedness of ¢y, . as follows.

Proposition 3.10 (Uniform boundedness of ¢y ). There exists a constant M > 0

independent of € such that max |pr| < M fork=0,1,...,K and 0 < ¢ < *.

Qe

Proof. Fix k € {0,1,...,K}. It is equivalent to proving that max ¢ . < M and
k,e,B

min ¢ . > —M for some constant M > 0 independent of ¢. First, we show that

Qe
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max ¢p. < M for 0 < € < €*. Suppose by contradiction that there exists a se-
Qe

quence {,}22, of positive numbers with lim &, = 0 and {z,}°2, C Q.. 5 such
n—oo

that ¢k, (r,) = max ., > n for n € N. Since 0 < § < 1/2, we may, with-

ka«fnaﬁ

out loss of generality, assume that 8C' eXp(_CQ€7(7,25 -/ 2) < &, forall n € N,
where C and C5 are given in Proposition 3.3 and Lemma 3.6, respectively. Note
that the maximum point x,, cannot lie on the boundary 02 because from (3.104),

O Phen(Tn) = —Qren(@n)/(Vev/En) < —n/(Vey/En) < 0 if the maximum point
z, € 0. On the other hand, by (3.57) (with Proposition 3.7) and (3.86), we

have
€ — 9" d n) — * 4C _ 1
e, (2)] < |Pe,, (2) — ¢*| + ’ii/k;_nk(@/\/g—) ¢"| < \/%exp (_026512/3 1)/2) < 5
(3.105)

for 0x(z) = €8 and n € N. This shows that z,, cannot lie on the boundary 9., 3.
Hence z,, € Q. s for all n € N, which implies Vi ., (x,) = 0 and Apy, (x,) <0
for n € N. Thus by (3.100),

0 S _gnAQOk,sn (xn) = Cg, ('%n)@k,en (xn) — Ye, (xn) (3106)

Recall that g. is uniformly bounded, ¢ ., (x,) > n for n € N, and ¢. < —64C37 < 0

in Q. for e > 0. Letting n — oo, we obtain nhi& Ce, () Phe, (T) = —00, which

contradicts (3.106). Thus, énax e < M for some constant M > 0 independent of

e. Similarly, we may use (3.[’)’67’5)’,5(3.86)7 (3.100) and (3.104) to prove %nin Ve > —M
ko8

for 0 < e < &*, where M > 0 is independent of € > 0. Therefore, we complete the

proof of Proposition 3.10. n

To study the asymptotic expansion of ¢y ., we first claim that \DP(E:(QEJA)/Z) C

Q.5 for p € O, k € {0,1,..., K} and sufficiently small ¢ > 0 because

5e(Wp(y)) = 16(Wp(y)) — Or(p)] < CWy(y) — p| < C'ly| < &°

for y € E:(Qﬁ+1)/2, p € O, ke{0,1,..., K} and sufficiently small € > 0, where V¥,
is the diffeomorphism in (3.43), C' = C'(Q2) and C" = C’(p, §2) are positive constants
independent of y. Here we have used the facts that dx(p) = 0, ¥,(p) = p? (cf. (D1))
and the smoothness of 1, and d;. Hence there exists ¢* > 0 sufficiently small such

that \IIP(EIQMU/Q) C Qe \IJP(EZF) for 0 < e < e*. As in Section 3.2.1, we apply
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the principal coordinate system (3.43) to the neighborhood \Dp(§;26+1)/2), rescale
the spatial variable y by /¢ and define

Wipe(2) = 0re(V,(vez)) for z € E;r(zg_n/z and 0 < e < &, (3.107)

Note that W, is well-defined due to ¥, (F:(2B+1)/2) C ﬁ;ﬁeﬁﬁ@p(gb for0 <e <e*.
By Lemma 3.4 and equations (3.100)—(3.104), W), satisfies

d d

Wi pe Wi p.e _
.E 1aij(z) 5o T E‘ 1bj(z) o e (Wipe = ge(2) in Bl s (3.108)
1,]= J=

—+
Wk,p,E - ’ykazdwk,p,s =0 on 85(2,871)/2 N 8]1%1

(3.109)
for 0 < e < ¢*, where a;; and b; are given in (3.47)-(3.48), and
Pl 4 VW) ~ Sl
e.(z) = VEWkpe(2) el 70 (3.110)
f'(u (%)) if Wipe(2) =0,
9:(2) = (d = D H(p)uy (=) + 7O.(1). (3.111)

As in the proofs of Lemmas 3.5 and 3.6, we may use the uniform boundedness of ¢y,
(cf. Proposition 3.10) to prove the convergence of W, . in C2’°‘(§;) as € tends to

zero (up to a subsequence) for m € N and then prove the exponential-type estimate

of Wk,p-

Lemma 3.11. For any sequence {€,}22, of positive numbers with lim e, = 0,
n—oo

a € (0,1), and p € 0 (k € {0,1,...,K}), there exists a subsequence {€,,}5°,
such that lim Wipewn = Wepllgeagty = 0 for m € N, where W, € C2,Q(Ri)

loc

satisfies

AWy + f/(ue)Whp = (d — 1)H(p)uj (%)  in RY, (3.112)
Wip — 10:aWhp =0 on OR%. (3.113)

Moreover, there exists M > 0 such that Wy, satisfies
Wip(2) — (d — 1) H(p)vp(24)| < M exp(—Cyz?) (3.114)

forz= (2,29 € @i and z% > (d—1)/(4Cy), where vy, is the solution to (3.10)—(3.12)
and Cy is given in Lemma 3.0.
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From Lemma 3.11, the solution Wj,, to (3.112)-(3.113) may, a priori depend on
the sequence {e,}52,. To establish the independence from the sequence, we apply
the moving plane arguments to prove Wy ,(2) = Wi, (2%) = (d — 1)H(p)ve(2?) for
z= (2,29 € @i (see Proposition 3.12 below), where vy is the unique solution to
(3.10)—(3.12), and vy is independent of the choice of sequence {&,}22, and point

p € 0. Therefore, the results of Lemma 3.11 can be improved as

lim [[Wype — (d = 1)H(p)vg|lpoa 5ty =0 form € Nand a € (0,1), (3.115)
e—0t 77 (B

m)
and

lim Wy,o(2) = (d — ) H(p)vr(z?) for z = (¢, 2%) € @i, (3.116)

e—0t

where W, - is defined in (3.107). Below are the details.

Proposition 3.12. For p € 0Q and k € {0,1,...,K}, the solution Wy, to
(3.112)~(3.113) satisfies

(a) Wy, depends only on the variable 2%, i.e., Wy »(2) = Wi ,(2%) forz = (#/,29) €

R},

(b) Wi p(29) = (d — 1)H (p)v(2%) for 2¢ € [0,00), where vy, is the unique solution
to (3.10)~(3.12).

As in Proposition 3.7, we may use the moving plane arguments to prove Propo-
sition 3.12. The proof of Proposition 3.12 is similar to that of Proposition 3.7 so we
omit it here.

We may use Proposition 3.12 to prove (3.115), (3.116), and Wy ,(2) = (d —
1)H (p)vg(29) for z = (2, 2%) € Ei, where vy, is the solution to (3.10)—(3.12). Let
T>0,ke{0,1,...,K}, and p € 99Qk. Then by (3.43), (3.107), (3.115)—(3.116)
and Vo (p — ty/ev,) = —v,, we have

Pre(p — 1Vevy) = Wipe(tea) = Wip(t) + 0-(1) = (d = 1)H (p)ug(t) + 0(1)
(3.117)

and

Viore(p — tvev,) = _%(Wl::,p(t)yp +0:(1)) = ——=((d = D H(p)v;(t)vp + 0:(1))

(3.118)

L
NG
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for 0 <t < T ase— 0". Combining (3.99), (3.107), and (3.117)—(3.118), we obtain
0-(p — tVE0y) = wlt) + VE((d = DH(p)ur(t) + 0-(1)),
1
Vng(p - t\/gyp) == (%u;@) + (d - 1)H(p)v;€(t)> Vp + OE(]‘)
for 0 <t < T as e — 07, which implies (3.5)—(3.6). Therefore, we complete the

proof of Theorem 3.1(a).

3.2.3 Proof of Corollary 3.1

We present the proof of Corollary 3.1. To prove (a), we integrate (3.17) over Q7.
and apply the coarea formula (see [30,83]) to obtain

/Q F(6-()) di = V& / [ pn(e) + VA = DHE)P (uelt)uelt) + 0 (D]} () Sy .
(3.119)

where
J(t,p)=1—tye(d—1)H(p) + t/z0.(1) for p € 8y, and t > 0, (3.120)

follows from Steiner’s formula (cf. [1,38,40]). Combining (3.7), (3.10), and (3.119)—
(3.120), we have

[ s dx—f/ Fun(t)) dS, di
Qi T.e O,

veta=0) ([ r61as,) ([ 17 o)~ stueniar) +co.01

O

= —\/e|0Q| /OTu t) dt
+e(d—1) ( H(p) dSp) (/OT[u;(t) — vy (t) + tu(t)] dt> +eo.(1)
= VE|0Qu| (u(0) — u(T))

fe(d—1) ( [ 1w dsp) (Tl (T) + 4(0) — Wh(T)) + co.(1),

0,

which completes the proof of (a).
We now prove (b). Note that

8Qk’T@5 :{p—T\/EVp e pEan}U{p—ﬁ'BVp e pE@Qk}
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is the union of two disjoint parallel surfaces to the boundary 0. Integrating (3.1)

over Q7.5 and applying the divergence theorem, we obtain

/  Sodaar = [ sewma

Qe 1e,8

= —5/ 0y, ¢ () dS,
O, 7.c,8

(3.121)
[ o,0.l0-TVERNI (T s,

i / (gan¢5<p - 6BVP>>‘7(€(2571)/27P> dSPv
oy,
where v, is the unit outer normal at z € 9, r. g With respect to ;1. 5 and

J(T,p) =1—Tve(d—1)H(p) + Veo(1),

(3.122)
T (V2 py =1 —P(d—1)H(p) + Po.(1).

Here we have used Steiner’s formula in differential geometry (cf. [1,40]). By (3.6),

we have

- /a (0,00~ TVER) T (T.p) 5,
- / (€000~ TVER)IL - TVE(W ~ DH(p) + VEo.(1)] dS,
— Ve [ Q)+ VEId — DHEWLT) + o (DL — TVE(d — DH(p) + veo.(1)]dS,

aQy,

— VEOU(T) +eld - 1) ([ H@)aS, ) (~T(T) + D) + o)

00y,
(3.123)

On the other hand, by Theorem 3.1(b,ii), we have

< Ve|oQ| M exp (—MePP12)

/8 (0,00 P T2 ) s,
(3.124)

Combining (3.121)—(3.124) with 0 < 8 < 1/2, we get (b). By an argument similar
to that used in the proof of (b), one may use (3.124) to establish (c). Therefore, we

complete the proof of Corollary 3.1.
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3.3 Proof of Theorem 3.2

In this section, we derive the first- and second-order asymptotic expansions of the
solution ¢. to equation (3.2) with condition (3.4) under the charge neutrality con-

dition (3.3). Equation (3.2) with condition (3.4) can be denoted by

—eAp. = fe(¢€> in €2, (3125>
b + NVED, G = pay  on Oy for k=0,1,..., K, (3.126)

where f. = f.(¢) is defined as

I
m;z
:;A

Zexp(—zp) for g €R, and A, = /GXP(—Zi¢a(?J))dy
9,€ Q

(3.127)

In Section 3.3.1, we prove the uniform boundedness of ¢. and show that f. satisfies
conditions (F1)—(F2) with the unique zero ¢ for ¢ > 0. Thus, f.(¢) = fo(¢) 4+ 0-(1)
for ¢ € R, and (3.125) can be approximated by —eA¢. = fo(de) + 0:(1) in 2, where

fo(o |Q\ Zmlzl exp(—z;(¢ — ¢p)) for ¢ € R,

and ¢} is the pointwise limit of ¢. as ¢ tends to zero (see Remark 3.4). Note that f
is strictly decreasing on R and has a unique zero ¢;. Hence we can use the method
of Section 3.2.1 to prove the first-order asymptotic expansions ¢.(p — ty/cv,) =
ug(t) + 0-.(1) and V. (p — t/zv,) = —e V2 (U, (t)v, + 0.(1)) for T > 0, p € I,
and 0 <t < T, where uy, is the unique solution to (3.21)—(3.23) (cf. Section 3.3.2).
To obtain the second-order asymptotic expansions of ¢. and V., it is essential to
show the uniform boundedness of |¢f — ¢5|/+/c in Section 3.3.3. We suppose, by
contradiction, that |¢* — ¢j|/v/e — o0 as € — 0T, and then derive the asymptotic
expansions of the integral terms A;. in (3.127) and the nonlinear term f.. Then,
as in Sections 3.2.2 and 3.2.3, we obtain the asymptotic expansions of ¢. and V.,
and hence the asymptotic expansions of total ionic charge over the regions Qy 7.,
Qprep, and Q.5 (see Proposition 3.25), which contradicts the charge neutrality
condition (3.3). As a result, we show ¢* = ¢f + /2(Q + 0:(1)) (see (3.200) in
Remark 3.6). In Section 3.3.4, we use ¢F = ¢f + /(Q + 0-(1)) and follow a similar

argument of Section 3.3.3 to establish the asymptotic expansions of A;. and get the
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further asymptotic expansion of f.: f.(¢) = fo(é) + vVe(f1(¢) +0-(1)) for ¢ € R (cf
(3.220)), where

fi(9) = —Qfs(®) + fi(¢) for ¢ € R. (3.128)

Here

1
= ﬁ‘ Z miz; eXp —Z ¢ ¢0)) for QS € R?
=1

K

] /0 [1 —exp(—zi(ug(s) — ¢g))]ds fori=1,... 1I.

k=0

Consequently, equation (3.125) becomes

—€A¢€ - f0(¢€) + \/g(fl(gbe) + 06(]‘)) in Qa

and we can apply the method of Section 3.2.2 to prove the second-order asymptotic
expansions of ¢. and V¢, (cf. (3.19)—(3.20)). In Section 3.3.4, using the asymptotic
expansions of ¢. and V¢., we prove Corollary 3.2 and then apply Corollary 3.2 to
determine the unique value of ), which verifies Remark 3.6. Therefore, we complete

the proof of Theorem 3.2.

3.3.1 Estimate of the solution ¢. and f.

Equation (3.2) with the boundary condition (3.4) is the Euler-Lagrange equation of

the following energy functional

/’V¢’2dx Zml In (/exp Zz dl’) +\/_Z 2/}%/a (b ¢bdk

for ¢ € H'()). The existence and uniqueness of the smooth solution ¢, € C>=(9)
was proved in [71]. Due to the charge neutrality condition (3.3), we prove the

uniform boundedness of the solution ¢. as follows.

Proposition 3.13 (Uniform boundedness of ¢.). Assume that ¢par are not equal
and (3.3) holds true. Let ¢. € C=(2) be the unique solution to equations (3.125)-
(3.126). Then ¢. satisfies

Ooa < ¢-(2) < Ppa forz € Q and e > 0, (3.129)

where = min and ¢py = Mmax .
% o Obvd b o Db ke
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Proof. We first prove that ¢. attains its maximum value at a boundary point. Sup-
pose by contradiction that ¢. attains the maximum value at an interior point xy € €.
It is clear that ¢.(z¢) > ¢.(y) for y € Q and A¢.(z¢) < 0. Then by (3.3) with m; > 0
fori=1,...,1, (3.125) and (3.127),

m;z; exp(—z;p(x))
Z Tooxp(—220-(9)) dy

I
m;z;
Z exp —2i(Pe(y) — ¢<(70)) ;

=1

0 < —eAo ()

which implies ¢.(z) = ¢.(w) for x € Q. Hence by (3.4), ¢pa are equal but this
contradicts the assumption that ¢, are not equal. Thus, ¢. must attain the
maximum value at a boundary point zy, € 9, for some ko € {0,1,..., K} and

0y de(xy,) > 0. Moreover, from (3.4) with 7y, > 0, we obtain

Pe(7) < Pe(wpy) = Pod, ko — Vo \/Eau¢s(xko) < Gvd gy < % for z € Q.

Similarly, we can prove that ¢. attains the minimum value at a boundary point and

hence ¢ > ¢pq in Q. Therefore, we complete the proof of Proposition 3.13. O
By (3.127) and Proposition 3.13, we prove f. satisfies conditions (F1)-(F2).

Proposition 3.14. Assume that ¢pqy are not equal and (3.3) holds true. Function
fe = fe(@) is strictly decreasing on R and has a unique zero denoted by ¢f € (Ppa, Dba)
(which depends on e). Moreover, f. satisfies

f-(¢)| < M for ¢ € [Ppa, dva) and & > 0, (3.130)
fi(¢) < =C5 for¢p €R and e >0, (3.131)

where M and C5 are positive constants independent of € > 0.
Hereafter M > 0 denotes a generic constant independent of € > 0.
Proof. By (3.129), the integral term A, . satisfies the following estimate:
ap < A= /exp(—zigbs(y)) dy<ay fori=1,...,1, (3.132)
Q

where ;7 and s are positive constants independent of . Note that z; # 0 for

i=1,...,1. Then from (3.127), we can use (3.132) to find

I
o oxpl(—z0) (z Z) S ep(—z0)

2;>0 2;<0

]8 doi:10.6342/NTU202501331



> Z T2 op(—2i) + (—26) == gi1(¢) for € R,
. >0 0
fo(0) = (ZO ZO> —z0)
<D T esp(—nd) + 3 240) == g2(0) for ¢ € R,
which gives o -
91(0) < [o(0) < g2(0) for ¢ €R. (3.133)

Clearly, g; and go are independent of ¢, strictly decreasing on R and

¢grf 9i(9)

Hence by (3.133), g1(dwa) < fo(0) < 92(Ppa) for ¢ € [Pua, ¢pa, which implies (3.130).
Moreover, by (3.127) and (3.132), there exists C3 > 0 independent of ¢ such that

= Foo fori=1,2. (3.134)

I
‘ 3 mizf
exp(—
aq

zi¢) < —C3F for ¢ €R,

€ -
) i=1

which gives (3.131). Here C2 = af mln{ ST miz? > myz

} comes from
2;<0 2;>0

I
Z exp —2;0 > Z i for o > 0
i=1 2;<0

and
> hexp(—zg) 2yt for ¢ <0
- M so0 M

because of z;z; < 0 for some i,j € {1,...,1}. By (3.131) and (3.133)-(3.134), f. is

strictly decreasing and has a unique zero ¢? € R. To complete the proof, it remains

to show ¢f € (qﬁbd,%) for £ > 0. If ¢* > ¢pq for some € > 0, then by (3.129), ¢* >

¢-(r) for x € Q. Due to the strict decrease of f., we have 0 = f.(¢) < fo(¢.(z))

for z € Q. Then by (3.3) and (3.127), we obtain

0—/f5 d:c</fs be(x dw_/zmlzzexp —2i(2)) dx—Zmlzl—O
2i¢:(y)) dy

erXp i=1

which implies f.(¢.) = f-(¢?) = 0 and hence ¢. = ¢ in Q. By (3.4), dpax are

equal but this is impossible because ¢y are not equal. Thus ¢! < opa for € > 0.

Similarly, we can prove ¢ > ¢yq for € > 0. Therefore, the proof of Proposition 3.14

is complete.
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By Propositions 3.13 and 3.14, we prove the asymptotic limit of ¢, in £ as below.

Proposition 3.15. There exists a constant ¢} € [dpa, Poa| such that 1ir51+ oe(T) =&
I e—

for x € Q (up to a subsequence).
Proof. We begin by proving
Voo (z) < M'/\/e forzeQand0<e< (6(z)) (3.135)

where M’ > 0 is generic constant independent of ¢ > 0 and d(z) = dist(x, 00Q)
for z € Q. Let zo € Q be arbitrary and B z(z9) € Q for 0 < ¢ < (0(z0))*. Set
y = (x — 20)//Z and ¢.(y) = ¢.(xo + v/y). Then from (3.125), we have —A¢, =
f-(¢.) in B1(0). By the uniform boundedness of ¢, and f.(¢.) (cf. Propositions 3.13
and 3.14), we apply the elliptic L9-estimate to obtain H¢~55]|W2,q(31/2(0)) < M’ for ¢ >
1. Then using Sobolev’s compact embedding theorem, we get ||<;3€||C1,a(31/4(0)) <M
for o € (0,1). In particular, we have |V (0)| < M’, which gives |Vo.(zo)| < M'/\/z
and (3.135).

Suppose that €' is a smooth subdomain of Q such that ' cc €. We claim that

M’ V205 dist(2,09)
=P 16+/2

) forz € QY and 0 <e <&, (3.136)

where £* > 0 is a sufficiently small constant depending on " and C5 > 0 is given in
(3.131). Let &1 € Q' be arbitrary. Clearly, Bg, (x1) CC Q with Ry = dist(Q,09Q)/2.
Then we use (3.125) to obtain

d ) 2 d
AV =2 ( o ) +2: 3 0%,
i,j=1

0xI0xt ‘= oxd OxI
> =2V, - V(fe(¢e)) = =2fL(6) Vo>  in Bg,(x1).

Along with (3.129) and (3.131), we obtain eA|V¢.|? > 2C2|V¢.|? in B, (z1). Let ¢,
be the solution to eA¢. = 202¢,_ in By, (x1) with the Dirichlet boundary condition

0. = ) ma(x : |V |>. Then the standard comparison principle yields
Br, (z1

OB, (1 8/

Vo (@) < [3.(2)] < 2 ( x| |v¢5|2) e <_ V20, dist(x,aBm(xl)))

(3.137)
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for ¥ € Bg,(71) and 0 < ¢ < ¢*. By (3.135) and (3.137), there exists ¢ > 0

(depending on €’) such that

M’ exp (_ \/§CSR1> - %’ (_ V2C; dist (€2, 09))

V(1) S% 8—\/5 = \/EGXP 161/2

for 0 < ¢ < ¢*, which gives (3.136).

To complete the proof, let {,}°°, be a sequence of positive numbers with
nh_)rgo en = 0. Since the sequence {¢., (1)}, is bounded (cf. Proposition 3.13), by
the Bolzano—Weierstrass theorem, there exists a subsequence {e,, }32; of {e,}5,
such that {¢., (z1)}32, converges to a number denoted by ¢;. Let y € €' arbi-
trarily. Then by (3.136) and Proposition 3.13, we have [¢., (y) — &, (v1)] = 0 as
k — oo, which implies /}Lnolo ¢e, (y) = ¢ Due to the arbitrary choice of €', this

finalizes the proof of Proposition 3.15. O

Remark 3.4. In Section 3.5.2, we will prove that ¢§ € (dpa, Gpa) is uniquely de-
termined by the algebraic equations (3.150)—(3.151), which improves upon Proposi-
tion 3.15 to yield

111(1)1+ o-(x) = @5 for x € Q. (3.138)

Moreover, we will use the first-order asymptotic expansion of V. near the boundary
to improve the interior exponential-type estimate (3.136) (in the proof of Propo-
sition 3.15) and obtain the global exponential-type estimate (3.161) in Proposi-
tion 3.20.

By (3.138) and the uniform boundedness of ¢. (cf. Proposition 3.13), we apply

Lebesgue’s dominated convergence theorem to get

! 121 EXP\— %4 1 d
lim f.(5) = ) — A OEAG) T 2 s exp(=2(0 = 60) = folo)
- =t lim [ exp(—zi6e(y)) dy i=1
e—=0t Jo
(3.139)
for ¢ € R, and
! 22 Xp(—Z; 1 !
lim fl(0) = - —7 pzd) Qi > mizexp(—zi(6 — &) = fo(0)
e— i=1 Elir(r){r Qexp(—zi¢£(y)) dy i=1
(3.140)
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for ¢ € R. Note that ¢ may depend on the choice of sequence {e,}°, so may fj.
By (3.3), (3.131), and (3.139)—(3.140), it is clear that ¢} is the unique zero of fj,

and fj satisfies

fold) < =C5 for g eR. (3.141)

3.3.2 First-order asymptotic expansion of ¢.

To obtain the first-order asymptotic expansion of ¢. near the boundary 0€), we

define

U pe(2) = 0o (¥p(\/e2)) for z € BbJ;ﬁ and p € 0, (3.142)

where ¢, is the solution to (3.125)—(3.126) and ¥, is defined in (3.43). Asin (3.50)-
(3.51), we substitute (3.44)—(3.45) into (3.125)—(3.126) and get

d d
82uk € auk c .
D a2 gt D b2 T A felupe) =0 i By (3.143)
i,j=1 j=1
Ukp,e — VeOzaUppe = Ppak  ON E;r/\@ NORYL, (3.144)

where a;; and b; are given in (3.47)-(3.48) and f. is defined in (3.127). As for Lem-
mas 3.5 and 3.6, we may use the uniform boundedness of ¢. (cf. Proposition 3.13)

and (3.139) to prove

Lemma 3.16. For any sequence {£,}>°, of positive numbers with lim ¢, = 0,
n—0o0

a € (0,1), and p € 0 (k € {0,1,...,K}), there exists a subsequence {e,,}5°,

. —d .
such that lim ||ugpe,.. —Uk,p||cz,a(§+) =0 form € N, where uy,, € Cp.2(R',) satisfies
n—oo m

Aupy + folury) =0 in R, (3.145)

Upp = WOzatiy = Gpap  on ORL. (3.146)
Moreover, uy, satisfies the following exponential-type estimate
|t p(2) = D5] < 2(Ppa — Poa) exp(—Cs2?/8) (3.147)

for 2= (2, 2% € Ki and z? > 2(d — 1)/Cs, where ¢} is defined in Proposition 3.15
and Cs is the positive constant given in (3.131).
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From Lemma 3.16, the solution wuy, to (3.145)—(3.146) may, a priori, depend on
the sequence {e,}>°, and on the point p € 99Qk. To establish the independence,
we first use the moving plane arguments (as in Proposition 3.7) to prove that wuy,,
satisfies uy,(2) = ux(2?) for z = (2/,29) € Ri, where uy, is the unique solution to
(3.21)-(3.23), and wy, is independent of the point p € 0€);. However, unlike Sec-
tion 3.2, the solution wuy to (3.21)—(3.23) may still depend on the sequence {g,}7°,
because ¢ (the unique zero of fy) may depend on the sequence {&,}5°, (see Propo-
sition 3.15). To remove the dependence on the sequence, we prove that ¢f is the
unique solution to the algebraic equations (3.150)—(3.151), which are independent
of the sequence {g,}>2;, in Proposition 3.18. Consequently, as in (3.64)—(3.65),
we may apply Propositions 3.17 and 3.18 to prove that wy,. (defined in (3.142))

satisfies

alir[% |tk pe — uk||02,a(§;) =0 form e Nanda e (0,1), (3.148)

and

lm g, (2) = up(2?)  for z = (2, 2% Gﬁd, 3.149
7p7 +

e—0t

which improve the results of Lemma 3.16. Below are the details.

Proposition 3.17. Forp € 0§ and k € {0,1,..., K}, the solution uy, to (3.145)—
(3.146) satisfies

(a) ug, depends only on the variable 2%, i.e., up,(2) = ugp(2%) for z = (7', 2%) €
—=d

R
(b) uk, is independent of p and depends only on k, i.e., u,(2%) = ui(2?) for

24 €]0,00), where uy is the unique solution to (3.21)—(3.23).

The proof of Proposition 3.17 is similar to that of Proposition 3.7 because (3.145)—
(3.146) have the same form as (3.52)—(3.53) with f = fy, and f, satisfies (F1)—(F2)
(cf. Proposition 3.15).

For the uniqueness of ¢f; in Remark 3.4, we use Propositions 3.15 and 3.17 to

prove
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Proposition 3.18. The value of ¢f € (%,%), defined in Proposition 3.15, s

uniquely determined by the following equations.

I
Prar — ur(0) = sgn(dpar — &p) & Zmi[exp(_zi(uk(o) —¢3) —1] fork=0,1,..., K,
i—1
(3.150)

= = Svak — ux(0)
D 10 fuf (0) = 90, —HE— =0, (3.151)
k=0 k=0 Tk

where uy, is the unique solution to (3.21)—(3.23).

Proof. 1t is clear that (3.150) follows from (3.267) (in Appendix 3B) with ®; = ¢pa,
Up = u(0), ¢ = ¢, v = w and F(¢) = Fo(¢) = Q71 2iy ma(1l — exp(—zi(o —
#;)))- On the other hand, we integrate (3.125) over 2 and apply the divergence
theorem to get

K

Ptk =% qo o [ 96,45 = = / Aé.(z) dz
=0 Y 0% Tk o0 Ve Jo
(3.152)

1 1 o
= —%/Qfs(qbe) dz = —% izlmizz' = 0.

Here we have used the conditions (3.3) and (3.4). By (3.46) and (3.149), Elir(r)1+ oe(p) =
61_i>I(1)1+ Uk pe(0) = ug(0) for p € 0. Thus, letting ¢ — 07, (3.152) implies (3.151).
Hence ¢f satisfies (3.150)—(3.151).

We now prove ¢ € (¢pa, $va). Recall that ¢ € [Ppa, dra] (cf. Proposition 3.15).
If ¢ = Gpa, then ¢ > dpap for k = 0,1,..., K. When ¢ = ¢pap, ux = ¢ on
[0,00); when ¢f > ¢dpar, uy is strictly increasing on [0, 00) and ug(0) > ¢par (cf.
Proposition 3B.1). Thus, ug(0) > ¢par for k£ = 0,1,..., K. Along with (3.151),
uk(0) = @pax for k =0,1,..., K, which means ¢ = ¢pax for k =0,1,..., K. This
cannot happen because ¢yq ) are not equal. Hence ¢f < ¢pq. Similarly, we can prove
P65 # ¢ra- Consequently, @5 € (@ud; Dbd)-

To complete the proof, it remains to show that algebraic equations (3.150)—
(3.151) admit a unique solution ¢§. Suppose that there exist {,}°°, and {&,}22,
such that nh_)rrgo ¢. = ¢ and nll_{go(b:n = (}58 For k = 0,1,..., K, let u; be the

solutions to

uy + fo(ug) =0 in (0, 00),
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ug(0) — yeuy,(0) = Ppa,
Jim (1) = oy,
and let % be the solutions to

@+ fol@) =0 in (0,00)
1 (0) = 1, (0) = Poa,
Jim (1) = ¢p.

where

I I
fol@) = ﬁ S mizexp(—zi(6—¢3) and  fo(g) = ﬁ S iz exp(—z(9—dy) ford € R.
i=1 i=1

As ¢f = QES, it is clear that f, = fo and u, = uy for £ = 0,1,..., K. Note that
(uo(0), u1(0), . .., ug(0), ¢3) and (7g(0), 11 (0), . .., ix (0), ¢%) satisfy (3.150)(3.151).
Consequently, the values of u;,(0) and @, (0) depend on ¢* and @Z, respectively. Now
we prove

Claim 3.19. ¢} > ¢% (¢ < ¢, resp.) if and only if u(0) > @ (0) (ug(0) < (0,
resp.) for allk =0,1,... K.

Proof of Claim 5.19. We first suppose ¢j > ég. Let
1 J
g(¢,s) = 9] ZmzzZ exp(—zi(p —s)) for ¢,s € R.
i=1
It is obvious that g(¢, ¢%) = fo(¢) and g(¢, &%) = fo(@) for ¢ € R. Since
1 J
asg(¢7 S) = @ Zmlzzz exp(—zl(qﬁ - S)) >0 forse R?
i=1

the function g is increasing in s for ¢ € R. Hence by the assumption ¢ > &3, we

get

fo(®) > fo(¢) for ¢ € R. (3.153)

Suppose, to the contrary, that ug,(0) < g, (0) for some ko € {0,1,..., K}. Let
Ug, = Uk, — Uk, o0 [0,00). Then it is easy to verify that g, (0) < 0 and

ﬂgo + fo(uko) - fo(ﬂko) =0 in (0, OO), (3154)
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ako (0> - ’)/kﬂﬁco (0) = 07 (3155)

Lim 7, (8) = ¢ — oy > 0. (3.156)

Since W, (0) < 0, we have u;, (0) < 0 by (3.155). Moreover, since fo is strictly
decreasing, we use (3.153)—(3.154) to obtain

ey (0) = foliny (0)) — folury(0)) < folury(0)) = folur, (0)) < 0.

Thus, by (3.156), there exists t; € (0, 00) such that @y, (t) < 0 on (0,1), U, (t1) =0
and @, (1) > 0. Integrating (3.154) over [0,%;], we get

Uy, (t1) — U, (0) + /0 1[fo(uko(s)) — foliig,(s))] ds = 0,

which implies

/0 l[fo<uko(s)) — foliigy(s))] ds = @}, (0) — ), (1) < 0. (3.157)

Since fp is strictly decreasing on R (cf. (3.141)) and wug, (t) — g, (t) = U, (t) < 0 on
(0,t1), it follows that

Jolurg (1)) = fol@ny (1)) > folting (1)) — folan, (1)) > 0 for 0 <t <t

which contradicts (3.157). Here we have used (3.153) in the last inequality. There-
fore, we arrive at W,(0) > 0, which means u;(0) > @(0) for all £ = 0,1,..., K.
Similarly, we can prove ¢f < q?)g implies ux(0) < ux(0) and thus complete proof of

Claim 3.19. 0

To complete the proof of Proposition 3.18, we combine Claim 3.19 and (3.151)
for u; and uy to get the following contradiction:

K

K ~
0= joeu A=) 5 o =g g g4 5
k=0

k=0 k
which implies ¢ = ¢% and u,(0) = @(0). Therefore, we complete the proof of
Proposition 3.18. O]

Consequently, we can use (3.43), (3.46), (3.142), and (3.148)—(3.149) to obtain
the first-order asymptotic expansions of ¢. and V¢.:

b:(p — tv/evy) = ug(t) + o.(1), (3.158)
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Voo = tvEp) = ——=(uh(t)y + 0.(1) (3:159)
for 0 <t <Tase— 0", where T >0, k € {0,1,...,K}, and p € 9 (as in
(3.84)—(3.85)).

To derive the second-order asymptotic expansions of ¢. and V¢, and capture the
asymptotic behavior of the term o.(1)//c in the subsequent analysis, it is crucial
to establish the following exponential-type estimates of ¢. and V. analogously to

Proposition 3.9:

Proposition 3.20 (Exponential-type estimates of ¢. and V¢.). Under the hypoth-
esis of Theorem 3.2, let Q) satisfy the uniform interior sphere condition, i.e., there
exists R > 0 such that Br(p — Rv,) C Q and O0Bgr(p — Rv,) N 0QL = {p} for p € 092,

where v, is the unit outer normal of OS2 at p. Then we have

6.(2) — 621 < 2(Fma — bod) exp (—Cga—y) , (3.160)
V.| < % exp (— M\‘j(;)> (3.161)

forz € Q and 0 < e < &*, where C3 (given in (3.131)) is independent of € and ¢* is
defined in Proposition 3.14.

Proof. As in the proof of Proposition 3.9, the uniform interior sphere condition of
2 ensures that there exists Bg,(xg) C Q2 with Ry > R; hence (3.88) holds. To show
(3.160), we let ¢F be the solutions to

—eA¢E = f.(¢F) in Bg, (7o), (3.162)
¢z = ¢F £ (dpa — dpa) on OBry(x0), (3.163)

The existence of solutions to (3.162)—(3.163) follows from the standard variational
method because of the strict decrease of f. (cf. Proposition 3.14). Following the
argument of Proposition 3.9 for (3.91), with replacing f by f., we obtain ¢_ < ¢. <
¢+ in Bg, (7). Then by (3.88) and Proposition 3A.4 in Appendix 3A with M = Cs,
|®pq — @2 = Poa — Ppa and Bg(0) = Bg,(x0), we have

03(5(1')

65 0) — ] < 26— ) v (0

) for # € Bp, (7o) and 0 < ¢ < &%,

(3.164)
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which implies (3.160). As in (3.95), we can use (3.159) to improve the estimate
(3.135) as |Vo.(z)| < M'/\/z for x € Q and 0 < ¢ < (§(x))?. Then (3.161) follows
from (3.131) and the standard comparison principle on (3.96) (with replacing f by
fe). Therefore, we complete the proof of Proposition 3.20. [

Recall that 6(x) = dist(z,0Q). By Proposition 3.20, it is clear that Theo-
rem 3.2(b) holds true.

3.3.3 Uniform boundedness of |¢f — ¢j|/\/c

From (3.138)-(3.139) and (3.160), the first-order asymptotic expansions of ¢}, A, .,

and f. are represented by

d): = ¢3 + Oa(l)v
A = |Q|exp(—zip5) +0.(1) fori=1,... 1,

fe(@) = fo(@) +0-(1) for ¢ € R,

where A;. = [ exp(—z¢:(y)) dy, f-(¢) = S (mazi)Ail) exp(—2¢), and fo(¢) is
given in (3.30). To obtain the second-order asymptotic expansion of ¢., we require
the second-order asymptotic expansions of f. and A; .. Thus, it is necessary to show
the uniform boundedness of (¢* — ¢§)/v/e.

Suppose by contradiction that there exists a sequence {e,, }°° ; such that nhg)lo oz —
®pl/+/En = 00 and nh_}rgo e, = 0. For notational convenience, we henceforth drop the

subscript n in this section so the assumption becomes

lim 122 =%l _ (3.165)

e—0t \/g

A direct computation gives

fe(9) — fo(9)

f175<¢> = (b:; o ¢8
R | .
= o — on me (w - @) exp(—2;(¢ — ¢p))
€ i=1 he

miZiBi,a

I
- Zl QU[1Qf exp(—z:95) + (62 — ¢5)Bi]

exp(—zi(p — ¢p)) for ¢ € R,
(3.166)
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where

o = e BlDl) _ [ o)~ (o) g,
¢5 - gbO Q qbe o ¢0
fori=1,...,1 and € > 0. Note that B;. can be expressed by
K
Bio=Jin+ Y Jiga fori=1,..1 (3.168)
k=0
where
Ji :/ eXp(—zicba(?i)) —fxp(—zmbo) dy. (3.160)
ﬁe,ﬁ ¢€ - ¢0
Tiko = / OP(Za0ev) ~ OPa%) g g o1, K. (3.070)
Qe ¢e - ¢0

Here Q.5 ={z € Q : §(z) >’} and Q.5 ={r € Q : dp(z) <l for 0 < B < 1/2
and £ = 0,1,..., K. Clearly, Q. s are disjoint for sufficiently small ¢ > 0. Then
we may apply (3.160), (3.165), and (3.167) to get

Lemma 3.21. B;. = —z;exp(—z;¢8)|| + 0:(1) fori=1,...,1.

Henceforth * > 0 is a sufficiently small constant, and M and M’ are generic con-

stants independent of e.

Proof. Fix i € {1,...,1}. In view of (3.168), it suffices to determine the limits of

Jip and J; ;2. We begin with an analysis of J;; when z; > 0. By (3.160), we have

exp | —z;¢; — z;M" exp (_ Mj(;))] < exp(—2zi¢e(x)) < exp | —z¢F + 2z M exp (_ M\i(;)ﬂ

for x € Q and 0 < € < &*, which implies
exp(—2i9p) { exp[—2 M’ exp(=Md(z) /V/e)| exp[—zi(¢; — ¢5)] — 1}
< exp(—2i¢:(7)) — exp(—zi¢p) (3.171)
< exp(—zi¢;) {explzi M’ exp(—Md(x)/Ve) expl—zi(¢: — ¢p)] — 1}
for v € Qand 0 < e < &*. Forz € Q.5 (ie., §(z) > &%) and 0 < e < &, (3.171)
becomes
oxp(—zi05) { exp[—z M’ exp(=Me®* V%) exp[—z(6% — ¢5)] — 1}
< exp(—2i¢:(7)) — exp(—zi¢p) (3.172)
< exp(—2i60) {expleiM’ exp(—Me®=D/2)] exp[—2i(d7 — ¢7)] — 1}
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Now we can combine (3.169) and (3.172) to get

e expl—z M exp(—Me® D) exp[—z(¢F — ¢p)] — 1
exp(—260)[T 5 [ ( )] exp[—2i( 0)]

Pr — %
— explziM’ exp(—Me@B=1/2)] exp[—z;(d* — )] — 1
<Ji1 < exp(—2z0%) Q. ] pl p( ¢*_£* pl—2i(¢2 = $p)l=1
€ 0

Along with the fact that
explzi M exp(—Me®* D) exp[—2i(¢F — ¢F)] — 1

|
0t o1 — 6

— lim explzi M’ exp(—Me®=D/2) — »(¢* — ¢2)] — 1 _ .
e—0Tt (b: — (bs

which follows from (3.165) and 0 < 5 < 1/2, we obtain
Ji,l = —Z; exp(—zlqﬁg)]Q] + 0€<1> for i = 1, . ,[. (3173)

For the case of z; < 0, we can follow a similar argument to get (3.173).

Now it remains to estimate J; ;2. Fix k € {0,1,...,K}. For y € ﬁkyswg and
sufficiently small € > 0, there exist unique p € 9§, and 0 < s < ¢2#=1)/2 such that
Yy = p — $\/ev,. By the coarea formula (cf. [30,83]), (3.170) becomes

exp(—z;0. — exp(—z;0ph
o= [ R0 oo,
Qk,s,ﬂ

P: — P
N
¢2‘—¢8/o

(28-1)/2
| lexpl 0o = svEw)) = exp(—260))7(5,p) dS, ds
09
fori=1,...,7and k=0,1,..., K. Along with (3.120), we have
NG £(28-1)/2

[ AJQXP(_WP—S evy)) — exp(—2i5)| dS, ds.

(3.174)

| Ji k2| <

From Propositions 3.13 and 3.15, |¢. — ¢%| is uniformly bounded in Q and & > 0,
which implies that there exists M > 1 such that |exp[—z;(¢-(z) — ¢5)] — 1] <
M|pe(x) — @3] for x € Q and 0 < & < &*. Then by (3.160), we get

| exp(—2i¢e(r)) — exp(—zip)| = exp(—zip)| exp[—2i(¢(z) — d5)] — 1
Mo (x) o
< M’exp (— NG >+M/|¢a_¢0‘

for x € Q and 0 < ¢ < ¢*. Combining (3.165), (3.174) and (3.175), we arrive at

| Jiko| < 2¢/¢ /a(wl)
el < 2V
2= 0 — ol Jo

M/
= ﬁ(l —exp(Me®P=V/2)) 4 M'e? -0 ase — 0F,
e Y0

(3.175)

/2
| exp(=0s) 4 2o~ 6i]) s, ds
O (3.176)
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fori=1,...,7 and k =0,1,..., K. Thus, combining (3.168), (3.173), and (3.176),

we complete the proof of Lemma 3.21. [

Applying Lemma 3.21 to (3.166), we obtain

miZiBi,s o —2 (b — &
hel? Z|Q| [ exp(—=08) + (07 — ) Bua] PO~ )

|Q|ZW exp(—2(¢ — 95)) + 0c(1) = = f3(9) + 0=(1),
which implies

fe(9) = fo(@) — (67 = #5) fo(0) + (67 — @g)o=(1)  for ¢ € R. (3.177)

Regarding (3.99), we now define

() — ur(dr(z)/VE)
Pr — 9%

where uy, is the unique solution to (3.21)—(3.23) and dx(z) = dist(x, 0€y) for k =

0,1,..., K. Then by (3.2), (3.21), (3.103), and (3.177)—(3.178), ¢y . satisfies

Phe = forz € Q.p5and k=0,1,..., K, (3.178)

EASOk,a + Ca(x)sak‘,a = fé(uk(ék(x)/\/g)) + 05(1) for x € ﬁkﬁ,,@v (3179)

where

1:(@e(@)) — Jelus(0n(z)/ VE)) i x) #u x)/\/E);
(o) =4 (@) —un(0k(a) /v/E) £ de(w) # un(On(2)/VE);

fi¢e(x)) if ¢c(z) = uk(de(2)/V/E).

For the boundary condition of ¢y ., we use (3.4), (3.21), (3.45) and (3.178) to get

Pre + MVED Pre =0 on Q. (3.180)

Following Proposition 3.10, we prove the uniform boundedness of ¢y .:

Proposition 3.22. Suppose that (3.165) holds true. Then there exists a constant
M > 0 independent of € such that max |py.| < M for k=0,1,...,K and 0 < ¢ <

Qe
*

E".

Proof. Fix k € {0,1,..., K}. It is equivalent to showing that max ¢, . < M and

k,e,B
min ¢, > —M for some constant M > 0 independent of . We first prove that
Qe
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max . < M for 0 < e < e*. Suppose by contradiction that there exists a sequence
Qe

{e,}52, of positive numbers with lim &, = 0 and {z,}°%, C .., 5 such that

n—o0

Oken(Tn) = max @, >n for n € N. Since 0 < < 1/2, we may, without loss of

kafnyﬁ

generality, assume that 8(¢us — Ppa) exp(— CselZP™ 1)/2/8) < |¢: — ¢p| for all n € N,
, respectively. Note that the maximum point z, cannot lie on the boundary 0€2;

because from (3.180), 0, ¢k.z, () = =Pk, (Tn)/(Ver/En) < —1/(Vin/En) < 0 if the
maximum point z, € 0Q. On the other hand, by (3.147) (with Proposition 3.17)

and (3.160), we have

|fen (2) — 02, | + |un(0k(2)/ /2n) — &5l + |02, — 0

| Pren ()] < ;
|9z, — &%l
A(dr; —
<14 M exp (—%52251)/2> < 3 for 6 (z) = & and n € N.
|9z, — &%l 8 2

This shows that x,, cannot lie on the boundary 0€. ., s. Hence z,, € ., 3 for
all n € N, which implies Vi ., (2,) = 0 and Ay, (x,) < 0 for n € N. Thus by
(3.179),

0 < —enA@pe, (@) = co, (Tn)Phe, (Tn) — folur(0k(x)/V/En)) + 0c, (1) (3.181)

Recall that f{j(u(t)) is uniformly bounded for t € [0,00), @i, (2,) > n for n € N,
and ¢, < —C? < 0in Q. fore > 0. Letting n — 0o, we obtain nh_{](r)lo Cen (Tn)Pre, (Tn) =
—o0, which contradicts (3.181). Thus, Inax gy ¢ < M for some constant M > 0 in-
dependent of e. Similarly, we may use (3364’1137), (3.160), (3.179), and (3.180) to prove
min ¢, > —M for 0 < ¢ < ¢*, where M > 0 is independent of ¢ > 0. Therefore,
zlkéiycﬁomplete the proof of Proposition 3.22. [

To derive a contradiction from (3.165), we study the asymptotic expansion of

ke in Q5 and define
Wipe(2) = 0re(V,(VVe2)) for 2 € Ezml)/g and 0 < e <& (3.182)

(cf. (3.107)), where W, is given in (3.43). Similar to (3.108)—(3.111), W, satisfies

d

8W e 8W . .
D> ai(2) 7t Zb LS (2 Wepe = folun(zh) +0:(1) in Bl
i.j=1 j=1

—+
Wi pe — W0, Wik pe =0 on B_p-1)2 N 8Rd+
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for 0 < e < ¢*, where a;; and b; are given in (3.47)-(3.48), and
felun(z?) + (87 = G Whpe(2)) — folun(2?)

c(2) = (92 = 5)Whpe(2)
filu(2)) if W pe(2) = 0.

if Wype(2) # 0;

As in Lemma 3.11 of Section 3.2.2, we use the uniform boundedness of ¢y . (cf.

Proposition 3.22) to prove

Lemma 3.23. Suppose that (3.165) holds true. For any sequence {e,}>°, of positive
numbers with lim e, =0, a € (0,1), andp € 0, (k € {0,1,...,K}), there exists a
n—0o0

subsequence {€,, 152, such that lim || Wi e, — Wk7p||02,a(§+) =0 form € N, where
n—o0 m

Wep € CQ’O‘(Ri) satisfies

loc

AWy + fo(ue)Wip = fo(ur) in RY, (3.183)
Wiy — W0,aWi, =0 on ORL. (3.184)

Moreover, there exists M > 0 such that Wy, satisfies the following estimate

Wip(2) = 01(2Y)] < M exp(—C32?/8)  for z = (¢,2%) € Ri and 2% > 2(d — 1) /Cs,
(3.185)

where Cs is given in (3.131) and 0, = Ox(t) is the solution to ordinary differential

equation,
0 + folur)0r = fo(ug) in (0,00), (3.186)
0k(0) — 116,(0) = 0, (3.187)
tlim Or(t) = 1. (3.188)

Remark 3.5. By the standard linear ODE theory, the unique solution 6y, to (3.186)—

(3.188) can be expressed explicitly as

_ up(t)
Op(t) =1 — R skfo(uk(O)) fort > 0. (3.189)

By (F1)-(F2), Proposition 3B.1, together with (3.189), it follows that

Jo(ur(0))
;. (0) + Yk fo(ux(0))

From Lemma 3.23, the solution Wy, to (3.183)—(3.184) may, a priori, depend

01,(0) =

> 0. (3.190)

on the sequence {&,}°, and on the point. To establish the independence from the
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sequence and the point, we apply the moving plane arguments, as in Propositions 3.7
and 3.12, to prove that Wy, = Wy, (2%) = 0x(29) for z = (2/,29) € Ei, where 6y,
is the unique solution to (3.186)—(3.188). Here 6, is independent of the sequence
{en}, and the point p € 0. Consequently, the results of Lemma 3.23 can be

improved as

51_1}1(% Wip — gk”cza@;) =0 form e Nanda e (0,1), (3.191)
and
lim Wipe(2) = 0,(z%) for z = (¢, 2%) € Ei, (3.192)
e—0

where W, . is defined in (3.182). The details are provided below.

Proposition 3.24. Suppose that (3.165) holds true. Forp € 0Q and k € {0,1,..., K},
the solution Wy, to (3.183)—(3.184) satisfies

(a) W, depends only on the variable 2%, i.e., Wy »(2) = Wi, (2%) forz = (¢, 29) €

R}

(b) Wy, is independent of p and depends only on k, i.e., Wy (2%) = 0x(29) for
24 € [0,00), where Oy is the unique solution to (3.186)—(3.188).

Proof. Following Proposition 3.12, we replace f with fy and apply the moving plane
arguments to obtain (a). By (a), (3.185), and (3.188), Wi, = Wi ,(2%) satisfies

Wi, + folur) Wy = folur) in (0, 00),
Wk,p — ’YkW,;p(O) = O,

tlir?o W/ap(t) =1.

By the uniqueness of the solution to (3.186)—(3.188), it follows that Wy, = 6, which

gives (b). This completes the proof of Proposition 3.24. ]

We may use Proposition 3.24 to prove (3.191), (3.192), and Wi ,(z) = 05(2%)
for z = (2/,29) € @i. Let T > 0, k € {0,1,..., K}, and p € 0. Then, under
the assumption (3.165), we can use (3.43), (3.182), (3.191)—(3.192), and Vdx(p —
t\/ev,) = —1, to get

Pre(p — t\/gl/p) = Ox(t) + 0:(1), Vore(p — Zf\/gl/p) = _%[‘%(t)yp + 0(1)]
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for 0 <t <T as e — 0". Together with (3.178) and (3.182), we arrive at
02 (p — v/E0y) = wilt) + (6% — G)0u(1) + (6% — d)ou(1), (3.193)
Vo:(p — tVew,) = —%{[Uk(t) + (62 — 90)0(D)]vp + (67 — d)o=(1)} (3.194)

for0<t<Tase—0".

By (3.177) and (3.193), we have

f£(¢a(p - t\/gyp)) = f0(¢£(p - t\/gyp)) - (¢: - ¢8)f(l)(¢£(p - t\/gyp)) + (¢: - ¢;)05(1)

= folur(t)) + (62 — ¢5) fo(ur () [0 () — 1] + (62 — ¢5)oc(1)
(3.195)

for 0 <t <T ase — 07. Combining (3.194)—(3.195), we then follow an argument

similar to that in Section 3.2.3 to obtain

Proposition 3.25. Suppose that (3.165) holds true. Then we have

(0) Jo, . fe(b(x)) du = V/E|O| (uf (0) =i (T)) +/E(62—65) |02 (6, (0) =6, (1)) +
VE(QE — ¢5)o=(1),

(0) foy o ol0e(@)) do = VEDULT) + VES: — 6)OUIOLT) + VED: -
#5)co-(1),

(¢ ‘fﬁe,ﬁf (0e(2)) dz| < EM' exp (—MePFD72)
for0<e<e* and 0 < B < 1/2, where |0Q4] is the surface area of 0.

Proof. Following Corollary 3.1, we begin with (a). Integrating (3.195) over Q7.
and applying the coarea formula (cf. [30,83]) with (3.120), we get

/ fe(pe(z)) do = f/ folug(t))dsS, dt
Qk,T Oy,
T
VRGO = 5) [ [ Sumle)en) - 1dS,d - VEQ: - 6o.l1).
0 0
Together with (3.21) and (3.186), we obtain

/ f-(6(2)) dx = vE|O / ) dt + VE(6 — 63)0%] / (—00(8)) dt + V(6 — dL)o. (1)
Qp.1.e
= VZ 09 (1 (0) — U (T)) + V(S — 65)OI(04(0) — BL(T)) + VE(D: — d2)o(1),

which gives (a).
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We now prove (b). As in (3.121), we integrate (3.2) over Q7. 5 and then apply

the divergence theorem to obtain

/ fe(@e(z))dx = —5/ A¢.(z)dx
Qk.Tep Qk,T.e8

= —E/ Oy, () dS
O, T.e.8

(3.196)
= [ (0.0~ TVEIT a5,
+/m (£0,,6.(p — 1)) T (€72, p) S,

where v, is the unit outer normal at x € 0 7. with respect to ;7. 3, and
J(T,p) and J(?0=V/2 p) are given in (3.122). Then by (3.165) and (3.194), we

have

- [ 00— TVER) I (T p) s,
-/ (60,0up — TVER )1~ TVE( ~ DHO) + Ve (1] S
= [ IVEW(T) + VE(: — AT~ TVE - DHG) + VEou(1)dS
— VRO + VE(6: — G)IORUIT) + VE(S: — 6i)o-(1).

(3.197)
On the other hand, by (3.161) in Proposition 3.20, we have
/8Q (€8, 0-(p — £713,)) T (e®P~D/2 p) AS, | < VE|dU| M exp (—Me@P-D/2)
K
(3.198)

Combining (3.196)—(3.198) with 0 < 5 < 1/2, we get (b). Following the argument
for (b), one may use (3.198) to prove (c). Therefore, we complete the proof of
Proposition 3.25. [

We are now in a position to derive a contradiction from (3.165). By (3.2)—(3.3),

we observe that

B m;z; exp( zz@: B
/fa (bs d.%' Z erXp Zngg d$ Zmzzz = O

which implies

K
(¢e(x)) da = (6 () da. |
S o= [ fedas (3.100)
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Along with (3.151), (3.165), and Proposition 3.25, we have

VEW: = 05) D> 109%]6,,(0) = Va(¢r — ¢5)o-(1),

k=0

which gives
K
> 109%6,(0) = 0.
k=0

However, since #;(0) > 0 for all k =0,1,..., K (see (3.190) in Remark 3.5), we get
a contradiction, which shows (3.165) cannot hold true. Consequently, we establish

the uniform boundedness of |¢* — ¢5|/v/c.

Remark 3.6. Due to the uniform boundedness of |¢t — ¢5|/\/e, there exists a se-

quence {e, }p2y with lim e, = 0 and a constant Q € R such that (¢X —¢5)/+/En — @
n—oo

asn — oo. In Section 3.3.5, we will prove that Q is uniquely determined by (3.238),

which implies
¢r = ¢y +e(Q +0:(1)) ase— 0" (3.200)

3.3.4 Second-order asymptotic expansion of ¢. in (),

In this section, we will use uniform boundedness of |¢* — ¢5|/+/€ (cf. (3.200)) to
derive the second-order asymptotic expansions of ¢, and V.. As in Section 3.3.3,
we first study the second-order asymptotic expansions of f. and A;.. A direct

computation of f. shows

_ [e(9) = fo(9)

f1,8(¢> = \/g
I
m;iz; B
=— - exp(—zi(¢p — @) for ¢ € R,
2 T exp(—ss09) T vEBL] P40 = %)
(3.201)
where
Bi7€ _ Ai,e - |Q| eXp(_Zz¢3> — /eXp(_ZZ¢€(y)) — eXp(_quba) dy (3202)
Ve Q Ve
fori=1,...,1 and € > 0. Note that B;. can be expressed by
K
Bie=Jii+ Y Jiga fori=1.1, (3.203)

k=0
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where

exp(—2i0:(y)) — exp(—2i)
Ji -
O

_ exp(—2i0:(y)) — exp(—2ip)
Ji,k,2 - /QME,B \/E

Here Q.5 ={z € Q : §(z) >’} and Q.5 ={r € Q : dp(z) <l for 0 < B < 1/2

dy, (3.204)

dy fork=0,1,..., K. (3.205)

and £ =0,1,..., K. Clearly, . s are disjoint for sufficiently small ¢ > 0. Using
(3.160), (3.202), and (3.200), we obtain the following result, similar to Lemma 3.2
in Section 3.3.3:

Lemma 3.26. B;. = exp(—2z;¢5)[—z:Q| — (1i/m;)|Q] + 0-(1) fori=1,...
where uy, is the unique solution to (3.21)—(3.23), and

my;

e

m;

K o0

S 100u] [ lexp(—(usls) ~ 69) ~ s fori =L,
k=0 0

Remark 3.7. By (3.202) and Lemma 3.26, we obtain

A; . = |Q] exp(—zid5)+v/e exp(—2d) (—z,-Q|Q] - E|Q| + 05(1)) fori=1,...,1.
This allows us to compute the expansion of CEE =m;/A;.:

YA [Qf exp(—2igy)
|2 exp(—zi¢p)

=Pt e (miZiQeXp(ngzr i expladh) oe(l)> fori=1,...,1,

(2

(1 + Ve lziQ + % + og(l)D

(2

<1 + e {—ziQ - % + og(l)D_1

where c? = m;|Q| ' exp(z;¢3) fori=1,... 1.

. =

Proof of Lemma 3.26. To prove Lemma 3.26, we analyze J;; and J; ;2 as in Sec-

tion 3.3.3. First, we compute the limit of .J; ; using (3.160) and (3.200).
Claim 3.27. J;; = —zQ exp(—z¢))|Q| + 0-(1) fori=1,... 1.

Henceforth * > 0 is a sufficiently small constant, and M, M’ > 0 are generic

constants independent of € > 0.

Proof of Claim 3.27. Fix 1 € {1,...,1}. We first consider the case of z; > 0. Then
by (3.160), we may follow the approach of (3.171)—(3.172) in Lemma 3.21 (with /e
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scaling instead of ¢f — ¢f) and apply (3.200) and (3.204) to obtain

K
. exp(—2z,Q/e) exp[—z M’ exp(—Me@=1/2) 1=\ /eo.(1)] — 1
exp(—zigp) (€2 — UQ’C,E,,B ( V) [ \;_ a0 )]
k=0 €
K
exp(—zQ\E) explz M exp(—Me@P-D/2) 4 (Jfeo.(1)] — 1
k=0

Along with the fact that

L exp(—HQVE) explkz M exp(~MeD12) + o, (1) — 1
e—0t \/_
o OPlEQVE £ M exp(— M) 4 o (1) — 1

e—0t \/E

m

= _Zin

we obtain
Ji1 = —ziQexp(—zi¢5) | +0:(1) fori=1,... 1.

For the case of z; < 0, we can follow a similar argument and complete the proof of

Claim 3.27. ]

To obtain the boundedness of J; ;2 (defined in (3.205)), we employ (3.160),
(3.200), the principal coordinate system (cf. [38]), and the coarea formula (cf. [30,
83]), adapting techniques analogous to those in Section 3.3.3. Below are the details.

Claim 3.28. There exists M > 0 independent of € such that |J; 2| < M for i =

1,....,0 and k=0,1,..., K and 0 < € < €*, where €* > 0 is sufficiently small.

Proof of Claim 5.28. Similar to the analysis in Section 3.3.3, we consider y € ﬁk,e,g =
{x € Q: §(x) < &P}, For sufficiently small € > 0, the point y can be expressed as
y = p — 8v/2Vp, where p € 9y, v, is the unit outer normal, and 0 < s < £26-1/2,
Then we apply the corea formula and (3.120) to get
(28-1)/2
Jiko = /agk/o lexp(—zid:(p — sVevy)) — exp(—zidg) {1 — sv/e[(d — 1)H(p) + 0-(1)]} dsdS,
=Jiks — Jiga fori=1,...,Jand k=0,1,..., K,
(3.206)

where

L(28-1)/2

Jikz = / / (exp(—2;¢:(p — sv/evy)) — exp(—zidy)) ds dS,, (3.207)
09,0
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L(28-1)/2

Jijea = f/m / slexp(—2i0:(p — svery)) — exp(—z:9p)][(d = D) H(p) + 0-(1)] ds dS),.
(3.208)

By Propositions 3.13 and 3.15, |¢.(z) — ¢} is uniformly bounded for x €  and
e > 0, which implies that there exists M > 1 such that |exp(—z;(¢-(z) — ¢g)) — 1] <
M|¢.(x) — ¢j| for x € Q and 0 < & < &*. Then by (3.160), we have

exp(— i () — exp(—z60)| < M exp (—M6(x)/VE) + M'|é2 — 65 (3.209)

for z € Q and 0 < ¢ < &*. Using (3.200) and (3.209) with x = p — s\/ev,, Jix3 can
be estimated by

£(28-1)/2

| Jik,3| = /asz / [exp(—2;0-(p — sv/Ev,)) — exp(—zd5)] dsdS,

c(26-1)/2
< [ (=) [0 - g} ds
0
= M'(1 — exp(—Me®P=D/2)) 1 MDD\ — | < M for k=0,1,..., K.
(3.210)

On the other hand, due to the smoothness of 0€), there exists a positive constant
M independent of ¢ such that |(d — 1)H(p) + 0-(1)] < M for 0 < ¢ < &*. Using
(3.200) and (3.209) with = p — sv/cv,, J; x4 can be estimated by

c(26-1)/2

ol = /8 ) / slexp(—zi6-(p — svEw,)) — exp(—zg)|[(d — D H(p) + 0-(1)] ds dS,

e(28-1)/2

<M’\/_/ slexp(—Ms) + |¢r — ¢y|] ds = VeO.(1) for k=0,1,..., K.
(3.211)

Combining (3.206)—(3.211), we arrive at |J; k2| < |Ji k3| +|Jika] < M for 0 <e < e,
which completes the proof of Claim 3.28. n

To complete the proof of Lemma 3.26, we define

() = O<(@) — u(O@)/VE) p o Quepand k=0,1,..., K, (3.212)

NG
where uy, is the unique solution to (3.21)(3.23), & (x) = dist(z, 9,) and Qi 5 =
{x € Q: 0p(x) <Y for k=0,1,..., K. Note that (3.212) has the same form as

(3.99). Following the approach of Proposition 3.10 in Section 3.3.3, we claim
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Claim 3.29. There ezists a constant M > 0 independent of € such that max |pge| <
kye,08
M fork=0,1,...,K and 0 < e < &*.

Proof of Claim 3.29. Following the method of Section 3.2.2, we derive the partial
differential equation for ¢y . in Q5. As in (3.100), we use (3.2), (3.21), (3.103)
and (3.212) to get

fe(9e(x)) = folux(0k(x)/VE))

eAppe(r) = N +1(d = DH(py) + 20 (1] () V)
L00) — FnBu0)/VE)) _ Felm(0ul2)/VE)) — folin(Gel) /)
Ve Ve

+[(d = 1) H(p,) + ° Oc(1)]u;, (0 () / Ve)

= —Cg(l')@k,s + gs(l’) for x € Qk@lg,

where
fe(@e(2)) = fe(un(Ou(@)/VE)) o v v s 500/ /2
=) e ub@e A F AN
fL(¢e()) if ¢-(z) = ur(de(z)/Ve),

6:(x) = (d — V) H(p, )l (3u(2)/VE) — fic(u(04(2)/v/E)) + £O(1).  (3.214)

Here we have used the definition of f; . (cf. (3.201)) and the fact that uj, is bounded
on [0,00) (cf. Proposition 3B.1). Note that functions c. and g. are different from
(3.101)-(3.102) because fi. is a nonzero function. Along with (3.4), (3.22), (3.45)
and (3.144), we obtain

gASOIC,E + Ca(x>90k,a — ga(x) for x € Qk,aa (3.215)

ke + Ve P =0 on 08), fork=0,1,... K. (3.216)

Note that c.(z) < 0 for x € Q. because f!(¢) < —C% for ¢ € R and & > 0 (cf
(3.131)). By (3.201), (3.203), Claims 3.27 and 3.28, f; . is uniformly bounded on the
interval [@pq, %] with respect to € and then ¢. is uniformly bounded with respect
to e. By (3.160), (3.200) and (3.147) with Proposition 3.17, we find the following

inequality:

|0 () — 5l + |ur(0r(z)/VE) — &5
’@k,e(xﬂ < \/g

M/ * * 1

NG
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for 8(z) = €'/® as e sufficiently small, which has the same form as (3.105) in
Proposition 3.10. Hence as in Proposition 3.10, we conclude that ¢y . is uniformly
bounded in ﬁkﬁ, i.e., there exists a positive constant M independent of € such that
max g | < M for k=0,1,..., K and sufficiently small € > 0. Therefore, this ends
tsffég proof of Claim 3.29. O]

By (3.212) and Claim 3.29, we have

exp(—2i0-(p — svEw,)) = exp(—zui(s)) + VEO(1) for 0 < s < @3-D/2,

(3.217)
Thus, by (3.207) and (3.217), we get
L(26-1)/2
Jiks = / / lexp(—z;p:(p — s\/gup)) —exp(—z¢g)] dsdS,
a0
’ L(28-1)/2
= / / lexp(—2zjup(s)) — exp(—zid5) + VeO-(1)] ds ds,
o0y,
L(26-1)/2
= exp(—z;P;) / / lexp(—zi(ur(s) — ¢5)) — 1] dsdS, +°0.(1)
a0,

— exp(—2i65) |0 / fexp(—2(un(s) = 65)) — Uds +0.(1) fori=1,...,1,

which implies

Jiks = eXP(—2i¢3)|an|/ lexp(—z;(uk(s) — ¢g)) —1]ds +o.(1) fori=1,...,1I.
0

(3.218)

Here we have used the fact that [ Texp(—z;(uy(s) —¢5)) —1] ds is convergent because
of (3.147) and Proposition 3.17. Therefore, we can use (3.203), (3.206)—(3.208),
(3.211), (3.218) and Claim 3.27 to get

K
Bi. = Ji1+ Z Ji k2
k=0
K
:(_ZiQeXp< Zz¢0 +Oe +Z zk3+<]zk4
k=0

= exp(—2z;¢p) [—zz |2 +Z|8§2k|/ exp(—z;(uk(s) — ¢5)) — 1] ds| + o0-(1)

forv=1,...,1, and complete the proof of Lemma 3.26. O
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Applying Lemma 3.26 to (3.201), we obtain

leZBZ %
fl e Z 12| exp( Zz¢0) T \ﬁBi,e] exp(—2zi(¢ — ¢p))
m;z;
- Z o

= f1(®) + 0=(1),

K o)
—z;Q|Q + Z !fmkl/ [exp(—2i(ur(s) — ¢p)) — 1] ds | exp(—zi(¢ — ¢g)) + 0c(1)
k=0 0

which implies

fie(®) = fi(¢) +0-(1) for ¢ € R. (3.219)

Note that f; is given in (3.128). Hence the nonlinear term f. of the CCPB equation

(3.125) can be expressed as

f:(8) = fo(d) + VE(f1(9) + 0=(1)) for ¢ €R, (3.220)

where fo(¢) = |7 SO0, mazi exp(—2i(¢ — ¢%)) (defined in (3.139)). Consequently,
the CCPB equation (3.125) can be rewritten as

_5A¢a = f0(¢a) + \/g(f1<¢a) + 06(1>) in €. (3'221)

Moreover, by (3.212)-(3.216) and (3.220)—(3.221), we have

€A90k,€ + 06(17)@16,6 = gs(l') for x € Qk@B’ (3222)
Pre + MVED PR = 0 on 9%y for k=0,1,..., K, (3.223)
where
c.(z) = Jo(ée(2)) — folur(dr(z)/VE))

5. () — u(3u() /)
Fu(6.(2)) — fr (1 (0(2) /) + 0.(1)
T ) - w0 @)/ ve)

if ¢ (a) # un(0k(2)/Ve),

(3.224)

ce(x) = fo(de(2)) + Ve(fi(¢=(x)) + 0:(1)) if ¢e(x) = ur(dr(z)/VE),  (3.225)

and

9:(x) = (d = 1) H(p)uy,(0x(2)/VE) — fi(ur(dn(x)/V/E)) + 0-(1). (3.226)

Here the nonzero function f;, defined in (3.128), distinguishes (3.224)-(3.226) from
(3.101)-(3.102).
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To get the asymptotic expansion of . in 4., we apply the methods of
Lemma 3.11 and Proposition 3.12 (cf. Section 3.2.2) to (3.222)—(3.223) and define

Wipe(2) = 0pe(U,(vEz)) for z € Blos 1y and 0 < & < &* (3.227)

(cf. (3.107)) where ¥, is given in (3.43). Analogously to (3.108)—(3.111), Wi,

satisfies
d d
82Wk7 ) aka ) 3
Z:l O%'J'(Z”)T;M + Z bj(Z)ijE + Ce(2)Wipe = g:(2) in B:Z2B71)/2a
1,]= =

Wipe — 7k8Zde,p,g =0 on B_p-1)/2 N 8R+,

for 0 < e < ¢*, where a;; and b; are given in (3.47)—(3.48), and
o) = Do) VW () = ol ()
) VeWipe(2)
L S () + VEWpe(2)) = filun(z)) + o-(1)
Wipe(2)

ce(2) = folun(2)) + Ve(fi(ur(z") +0:(1))  if Wipe(2) =0

if Wk,p’E(Z) % 0,

and
9:(2) = (d = D) H(p)uj(=") — fi(ux(2*)) + 02(1).
Asin Lemma 3.11, we use the uniform boundedness of ¢y (cf. Claim 3.29) to prove

Lemma 3.30. For any sequence {£,}>2, of positive numbers with lim g, = 0,
n—oo

a € (0,1), and p € 0 (k € {0,1,...,K}), there exists a subsequence {€,,}5°,

such that Tm [[Wipe,, = Wipllgsags) = 0 for m € N, where Wy, € Cit (RY)
satisfies

AWip + fo(ug)Wiyp = (d — 1) H(p)uj, — fi(u) in RL, (3.228)

Wip — 10:aWip = 0 on ORY. (3.229)

Moreover, there exists M > 0 such that Wy, satisfies the following estimate
(Wip(2) = (d = D) H (p)or(2) — wi(27)] < M exp(—Cs2?/8) (3.230)

for z = (#,2%) € Ri and 2% > 2(d — 1)/Cs, where vy and wy are solutions to
(3.24)—(3.26) and (3.27)—(3.29), respectively. In addition, the constant Cs is given
in (3.131).
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From Lemma 3.30, the solution Wi, to (3.228)—(3.229) may, a priori, depend
on the sequence {e,}52,. To establish the indepedence from the sequence, we em-
ploy the moving plane arguments, as in Proposition 3.12 to prove that Wy ,(z) =
Wip(2%) = (d—1)H (p)vg(2?) +wg(2?) for z = (2/, 2%) € R%, where v, and wy, are the
unique solutions to (3.24)—(3.26) and (3.27)—(3.29). Here v;, and wy, are independent
of the choice of sequence {e,}°2, and point p € 9. Consequently, we can improve

the results of Lemma 3.30 as

lim [Wipe = (d = DHp) = tillgn gy =0 form € Nand a € (0,1),

(3.231)

and

lim Wy,e(2) = (d — V) H(p)vp(2?) + wp(2%)  for z = (¢, 2%) € Ri, (3.232)

e—0t

where W, - is defined in (3.227). The details are stated as follows.

Proposition 3.31. For p € 0Q and k € {0,1,..., K}, the solution Wy, to
(3.228)—(3.229) satisfies

(a) W, depends only on the variable 2%, i.e., Wy »(2) = Wi ,(2%) forz = (¢, 2¢9) €

R},

(b) Wi.p(2%) = (d — 1)H(p)vr(2?) + wi(29) for z4 € [0,00), where vy and wy, are
the unique solutions to (3.24)—(3.26) and (3.27)—(3.29), respectively.

Proof. Following Proposition 3.12, we replace f with f; and apply the moving plane
arguments to obtain (a). By (a), (3.26), (3.29), and (3.230), Wi, = Wi ,(z9)

satisfies

Wip + folur)Wep = (d — 1) H (p)uy, — fi(ux) in (0,00),
Wip(0) = W, (0) = 0,

z‘liiinoo Wk:,p(zd) = Q.

By the uniqueness of solutions to (3.24)—(3.26) and (3.27)—(3.29) (cf. (3.279) and (3.293)),
we can conclude that Wy, = (d — 1)H (p)vy + wy, which gives (b). This completes
the proof of Proposition 3.31. O
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We may use Proposition 3.31 to prove (3.231), (3.232), and Wy ,(2) = (d —
1) H (p)vg(29) + wy(2?) for 2 = (2, 2%) € Ei. Let T > 0, k € {0,1,..., K}, and
p € 0Qk. Analogously to (3.117)—(3.118), we use (3.43), (3.227), (3.231)—(3.232),
and Vo (p — tv/evp) = —1, to get

ore(p — tVevy) = (d — 1) H(p)vr(t) + wi(t) + o-(1), (3.233)
Vorp(p — tVey,) = —%{[(d — D) H(p)vi,(t) + wy,(8)]vp + 0-(1)] (3.234)

for 0 <t < T ase— 0. Combining (3.212), (3.227) and (3.233)—(3.234), we arrive

at

Ge(p — tverp) = ur(t) + Ve ((d — D) H (p)ve(t) + wi(t) + 0:(1)),

Voo~ tvE) = = (Suhl6) + (0~ DHOILE) + k(1)) v +0.(1)

for 0 <t < T as e — 07, which implies (3.19)—(3.20). Therefore, we complete the
proof of Theorem 3.2(a).

3.3.5 Proof of Corollary 3.2

We present the proof of Corollary 3.2, following the structure of Corollary 3.1.
We first prove (a). Integrating (3.39) over (7. and applying the coarea formula
(cf. [30,83]) with (3.120), we get

| oo = v /8 ) /O folus(t)) dt 4,
= | . | HEi©)) = o) aeas,
= . / (0 w(t) + i (un(6))] 42 S, + 0.(1).
Together with (3.21), (3.24), and (3.27), we obtain
| ttodenas = vEom) [ (—ite a
Qi 7,e 0
vella=1) ([ #was,) ([0 -0+ o) )
+|an\/0 (—wg(t))dt] +c0.(1)

= Vel 0| (u},(0) — ui(T))
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vela-n [ 0 a5y ) (T(T) + 4(0) = 1)

+|082%| (w,(0) — wi,(T))] + £0(1),

which gives (a).
We now prove (b) as follows. As in (3.121), we integrate (3.2) over Q7.5 and

apply the divergence theorem to obtain

/ o= [ sewa

Qk,1,e,8

- / 0,.6.(x) dS,
T, (3.235)

= — /aQ (€0, 0-(p — TV/er,)) T (T, p) dS,

* / (Ea'/p¢5(p - 55Vp))j<5(2ﬂ_l)/2>p) dSy,
oQy

where v, is the unit outer normal at x € 0 . with respect to ;1. s, and

J(T,p) and J(27=D/2 p) are given in (3.122). Then by (3.20), we have

— /aQ (e0y,0-(p — Tev,)) T (T, p) dS,
= /8(2 (e0,,0:(p — T\/zv,))[L — TVE(d — 1) H(p) + z0.(1)] dS,

=e ., {ui,(T) + Ve(d = D H(p)vi(T) + wi,(T) + o-(1)]}1 — TVe(d — 1) H(p) + Veo(1)]dS,

=ﬁ|aszk|u;<T>+e[<d—1>( H(p)dsp) (—Te(T) + () + [0 [w(T)| + 20.(1).

a0,
(3.236)

On the other hand, by Theorem 3.2(b,ii), we have

< V|00 M exp (—Me@PD/2)

/89 (0, 0:(p — €°15)) T (277172, p) dS,

(3.237)

Combining (3.235)—(3.237) with 0 < 8 < 1/2, we get (b). Following the argument
as in (b), one may use (3.237) to prove (c). Therefore, we complete the proof of

Corollary 3.2.
As aforementioned in Remark 3.6, to complete the proof of (3.200), it is necessary
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to show that () is uniquely determined by

K \3Qk|ﬁl(uk(0))+ d—1) (fag H( )dSp> (foooug(s)ds)

O = A= _ ;. (0) + Ve fo(ur(0)) ‘ (3.238)

|an|f0 Uk( ))
Z . (0) + 7. fo(ux (0))

Using (3.151), (3.199), and Corollary 3.2, we find

(L

0 o

=0

H(p dSp) v, (0) + Z |E)Qk|w;€(0)] = co(1),
k=0

which implies

(d—1) kz:; ( . H(p)ds, ) ) + Z |02 |, (0) (3.239)

By (3.25), (3.28), (3.280) (in Appendix 3C), and (3.294) (in Appendix 3D), a
straightforward calculation gives (3.238). Therefore, we complete the proof of (3.200)
in Remark 3.6.

Final Remark

When the Robin boundary condition (3.4) is replaced by the Dirichlet boundary
condition ¢. = ¢pay on O, for k=0,1,..., K (e, v =0for k=0,1,...,K), the
conclusions of Theorems 3.1 and 3.2 hold true, particularly the asymptotic expan-
sions (3.5)—(3.6) and (3.19)—(3.20), remain valid. In (3.5)—(3.6) and (3.19)—(3.20),
the solutions ug, vp and w, to ODEs satisfy the Dirichlet boundary conditions
uk(0) = ¢pax and vg(0) = wy(0) = 0, which can be directly regarded as the Robin
boundary conditions (3.8), (3.11), (3.22), (3.25) and (3.28) with v, = 0. By ap-
plying the maximum principle, the L9-theory and Schauder estimate, the proofs of
Theorems 3.1 and 3.2 remain valid without other modifications for the Dirichlet
boundary condition except Proposition 3.18. When v, = 0 for all £ = 0,1,..., K,
equations (3.150)—(3.151) are replaced by

K K

9 I
> 109 uj,(0) = > [0%] sgn(¢h—dak) @Z milexp(—2i(gpar — ¢p)) — 1] =0,
=1

k=0 k=0
which determines the value of ¢ (given in (3.138)). The properties of ODEs remains
true whenever v, > 0 (see Appendices 3B to 3D).
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Conclusion

In this work, we present a rigorous analysis of boundary layer solutions to Poisson—
Boltzmann (PB) type equations in general smooth domains. We extend the clas-
sical boundary layer theory to multiply connected domains via the moving plane
arguments, and address the challenge posed by the nonlocal nonlinearity in charge-
conserving PB equations using novel integral estimates. In the near-boundary region
(where the distance to the boundary is of order /cO(1)), we construct asymptotic
expansions based on solutions to associated ordinary differential equations, cap-
turing the effect of mean curvature through second-order approximations. In the
far-field region, we establish exponential decay estimates, which reveal the localized
nature of boundary layer phenomena. Our analysis quantifies how domain geometry;,
particularly mean curvature, influences electrostatic characteristics such as electric
potential, electric field, total ionic charge and total ionic charge density. These
results highlight the explicit dependence of electrostatic screening on geometric fea-
tures and provide analytical tools for applications in electrochemistry (e.g., porous

electrodes), biophysics (e.g. ion channels), and microfluidics.

Appendix

3A Exponential-type estimate of radial solution

Here we study the radial solutions ®. = ®.(r) to equations (3.1) and (3.125) in the
ball Br(0) with the Dirichlet boundary condition, respectively. Equation (3.1) with

the Dirichlet boundary condition can be denoted as

—e(rtOL(r)) = rTf(D(r)) for r € (0, R), (3.240)
©.(0) =0, (3.241)
. (R) = Dpa, (3.242)

where f € C!(R) is a strictly decreasing function satisfying (F1)-(F2), and @, is a
constant independent of €. Note that if &y = ¢* (¢* is the unique zero of f), then
by the uniqueness of (3.240)—(3.242), &. = ¢* is a trivial solution. Hence we assume

Oy # ¢*. By (F1)—(F2), it is easy to prove
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Proposition 3A.1. Assume that f satisfies (F1)-(F2). Let ®. be the solution to
(3.240)~(3.242) for £ > 0.

(a) If ®pg > ¢*, then ®.(0) > ¢* and D, is strictly increasing,
(b) if Ppg < ¢, then ®.(0) < ¢* and . is strictly decreasing.

Proof. To prove (a), we first assume ®py > ¢* and prove ®.(0) > ¢*. Suppose by
contradiction that ®.(0) < ¢*. If ®.(0) = ¢*, then by the uniqueness of solution to
(3.240)—(3.242), we have ®. = ¢* on [0, R], which contradicts (3.242) and ®pq > ¢*.
If ®.(0) < ¢*, then there exists r; > 0 such that ®.(r) < ¢* for r € [0,7,). By (F1)
and (3.240), we get —e(r1®.(r)) > 0 for r € (0,7), which implies r¢1®’(r) is
decreasing on [0,71). Thus, by (3.241), r¢1®’(r) < 0 for r € [0,7;), which means
®. is decreasing on [0,71). Along with ®.(0) < ¢*, we get ¢.(r) < &.(0) < ¢*
for r € [0,71]. Following this process, we can extend the interval [0,7] to [0, R]
so ®. < ¢* on [0, R], which contradicts (3.242) and ®p; > ¢*. Hence we obtain
$.(0) > o*.

To complete the proof of (a), it suffices to show the strict increase of ®.. Since
®.(0) > ¢*, there exists ro > 0 such that ®.(r) > ¢* for r € [0,75). Then by (F1)
and (3.240), we have —e(r¢=1®.(r))" < 0 for r € (0,ry), which implies r?1®’(r) is
increasing on [0,7;). Thus, by (3.241), r¢=1®.(r) > 0 for r € (0, ry), which means
®, is increasing on [0,73). From ®.(0) > ¢*, we get ®.(r) > ¢* for r € [0, rs]. Thus,
we can extend the interval [0,75] to [0, R] and ®. is strictly increasing on [0, R].
Suppose by contradiction that there exist two distinct points r3 < 74 such that
O (r3) = ®.(ry). Then by mean value theorem, there exists r5 € (r3,ry) such that
O’ (r5) = 0. Moreover, by (3.240) and mean value theorem, there exists rg € (0,775)
such that ®”(rg) = 0. Hence by (F1)—(F2) and (3.240), we get ®.(rg) = ¢*, which
contradicts to the fact that ®.(0) > ¢* and . is increasing. Thus, ®. is strictly
increasing, and the proof of (a) is complete.

For the proof of (b), we may follow a similar argument to (a) and complete the

proof of Proposition 3A.1. O

Proposition 3A.2. Assume that f satisfies (F1)-(F2). Let ®. be the solution to
(3.240)—(3.242) for e > 0. Then

|D.(r) — ¢"| < 2[Ppg — ¢"| exp (—%) (3.243)
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forr €0, R] and0 < e < (m;R)?*/[8(d—1)?], where my = m([min{¢*, ®ps}, max{o*, ®pi}])
is given in (F'1).

Proof. Let @, := ®.— ¢* on [0, R] for ¢ > 0. Then from (3.240)—(3.242), ®_ satisfies

— e(rDL(r)) = r* 1 f (6" + B(r)) for r € (0, R), (3.244)
_(0) =0, (3.245)
D (R) = Oyg — ¢". (3.246)

for 7 € (0, R). Here we have used the fact that ®. = ®. — ¢* is uniformly bounded
(cf. Proposition 3.3 also works for the Dirichlet boundary condition (3.242)). By
(3.244) and (3.247), we obtain

e(@2(r))" = 2:B7(r) + 25" (r)B.(r)

= 2:0.(r) — wi(r)@(r) —2f(¢" + (1)) () (3.248)
> 207 (1) — 2e(d - 1)6’6(@@(7«) +2m2®.(r) for r € (0, R).

On the other hand, by Young’s inequality, we have

—25(‘1; DE (8. (r) < 2:8°(r) + —6(d2;21)25§(r)
8e(d —1)% =2
TCIDE(r) for r € [R/4, R).

(3.249)
< 255/:(7“) +

Combining (3.248) and (3.249), we get

5(63(7"))" > (Qm? — %_21)2) 5:(7‘) > m?@i(r} forr € [R/4,R). (3.250)

Here we have used that 0 < ¢ < (m;R)?/[8(d — 1)?]. Applying the comparison
theorem to (3.250), it yields

B(r) < max(@ (/) B ()} [exp (LI ) g oy ()

(3.251)
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for 7 € [R/4,R]. By Proposition 3A.1, (®-(r)) = 2&.(r)®.(r) > 0 on (0,R),
and O is strictly increasing on [0, R]. Consequently, we have Ei(R/ 4) < Ei(R) =
(®pg — ¢*)%. From (3.251), we get

()| < |Gt — & [exp (-%) + exp (—g—jg)} for r € [BR/4; R,

which implies

mys(R—r)

’650")‘ S 2|(Dbd — ¢*’ exp (—T

) for r € [3R/4, R]. (3.252)

Since 5: is strictly increasing on [0, R], |®] is also strictly increasing on [0, R]. Then

by (3.252), we have

B.(r)| < [B.(3R/4)| < 20Pps — 6| exp (—Z—ﬁ) < 2Py — 6" exp (—M)

for r € [0,3R/4]. Combining (3.252) and (3.253), we arrive at (3.243) and complete
the proof of Proposition 3A.2. O]

Now we consider the radial solution ®. = ®.(r) to equation (3.125) with the

Dirichlet boundary condition, which satisfies

—e(r®'@L(r)) = r £ (D.(r) forr € (0, R), (3.254)
¥(0) = 0, (3.255)
.(R) = By, (3.256)

where f. has a unique zero ¢ € R and satisfies f/(¢) < —M? < 0 for ¢ € R. Note
that f. and its zero ¢! may depend on € but M is independent of «.
Analogous to Propositions 3A.1 and 3A.2 (with ¢* replaced by ¢?), we can prove

Proposition 3A.3. Assume that f. has a unique zero ¢* € R and satisfies fL(¢) <
—M? <0 for g €R and e > 0, where M is independent of . Let ®. be the solution
to (3.254)—(3.256) for e > 0.

(a) If Opg > @k for e >0, then ®.(0) > ¢f and D, is strictly increasing for € > 0;

€

(b) if Opq < @ for e >0, then ®.(0) < ¢ and D, is strictly decreasing for e > 0.
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Proposition 3A.4. Assume that f. has a unique zero ¢* € R and satisfies fi(¢) <
—M? <0 for ¢ € R and e > 0, where M is independent of €. Let ®. be the solution
to (3.254)—(3.256) for e > 0. Then

62(r) — 6] < 2/pa — 7] exp (—%f‘)) (3.257)

forr €[0,R] and 0 < e < (MR)?*/[8(d — 1)?].

3B Properties of the solution to (3.7)—(3.9) and (3.21)—(3.23)

In this appendix, we establish the existence, uniqueness, qualitative properties, and
asymptotic behaviors of solutions to (3.7)-(3.9) and (3.21)-(3.23). For the sake of
simplicity, equations (3.7)—(3.9) and (3.21)—(3.23) can be represented as follows.

U+ f(U)=0 in (0,00), (3.258)
U(0) —yU'(0) = Ppa, (3.259)
Jim U(t) = ¢*, (3.260)

where v > 0 and ®py # ¢* are fixed constants. (When &y = ¢*, the solution U = ¢*
is trivial.) Here the function f € C*(R) satisfies assumptions (F1) and (F2). It
is clear that the existence and uniqueness of solution to equations (3.7)-(3.9) and
(3.21)-(3.23) for k = 0,1,..., K follow from that of solution to equations (3.258)—
(3.260). We may approach (3.258)—(3.260) by the following initial-value problem

U+ f(U)=0 in (0,00), (3.261)
U(0) = Uy, (3.262)
U'0) =0, (3.263)

where Uy (between ¢* and ®py) and U] are constants to be determined such that
U = U on [0,00). The existence and uniqueness of (3.261)-(3.263) follow from the
standard ODE theory. From (3.259) and (3.262)—(3.263), Uy and Uj must satisfy

U(] — ’YU(/) = q)bd- (3264)

Multiplying (3.261) by U’ and then integrating it over [0,t], we can use (3.262)-
(3.263) to get

U2(t) + 2F(U(t)) = U? + 2F(Uy) for t > 0, (3.265)

123 doi:10.6342/NTU202501331



where F(¢) = f(ff(s) ds for ¢ € R. Note that F'(¢*) = f(¢*) = 0 and F"(¢) =
f'(¢) <0 for ¢ € R (by (F1)-(F2)) so

0=F(¢*) > F(¢) for ¢ # ¢ (3.266)

Suppose that z‘/lim U'(t) = 0. Then we use (3.260) and (3.264)(3.265) to find that
—00
Up (between ¢* and ®py) must satisfy

q)bd - Uo = sgn(@bd — ¢*)’}/ —2F(U0) (3267)

To show that there exists a unique Uy, between ¢* and @4, satisfying (3.267), we
define a function g : R — R by

g(s) = Poqg — 5 — sgn(Ppqg — ¢*)y/ —2F(s) for s € R,

which is well-defined because of (3.266). Since g(¢*)g(Pps) < 0 and ¢'(s) < 0 for
s between ¢* and ®,4, function g has a unique zero U, between ¢* and ®,4, which
means that equation (3.267) has a unique solution. Here one may use the facts that
(1) if ®pg > ¢*, then f(s) < 0 for s € (¢*, Ppg) and (ii) if Ppq < ¢*, then f(s) > 0 for
s € [Dpg, ¢*) due to (F1)—(F2). Therefore, the initial-value problem (3.261)—(3.263)

can be reformulated as

U"+ f(U)=0 in (0,00), (3.268)
U(0) = Uy, (3.269)
U'(0) = sgn(¢" — ®ua)y/—2F (Uy), (3.270)

where Uy (between ¢* and ®py) is uniquely determined by (3.267).
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0.9 (a) q’bfl > ¢ 0 (b) ‘I>bfi < ¢*
0.8 1 -01
0.7 1 -0.2
0.6 1 -0.3
05r 1 -04 1
U(t) U(t)

0.4r 1 -0.5 [
031 1 -0.6
0.2 1 -0.7
01r 1 -0.8

0 -0.9

0 5 10 15 20 0 5 10 15 20

Figure 3.4: We sketch the numerical profile for the solution U to (3.258)—(3.260)
for the case (a) ®py = 1 and the case (b) &,y = —1, which is consistent with

Proposition 3B.1. Here f(¢) = exp(¢) — exp(—¢) and v = 0.1.

To prove U = U on [0,00), we need the following proposition.
Proposition 3B.1. Let U be the solution to (3.268)(3.270).
(a) If Ppg > ¢*, then Ppg > ﬁ(t) > ¢* and U’(t) <0 fort>0;
(b) if By < ¢*, then Bpg < U(t) < ¢* and U'(t) > 0 fort > 0.

Proof. We first claim that U’(t) # 0 for t > 0. Suppose by contradiction that
there exists t; € (0,00) such that U’(t;) = 0. Multiplying (3.268) by U and then

integrating it over [0, t], we obtain
U(t) = U(0) + 2(F(U(0)) — F(U(t))) = —2F(U(t)) fort > 0. (3.271)

Here we have used (3.269)(3.270). By (3.271) and U’(t;) = 0, we get U(t;) = ¢*,
which implies U = ¢* on [t1, 00). Due to the unique continuation, U = ¢* on [0, 00),
which contradicts to (3.269). Hence U'(t) # 0 for t > 0. By (3.266) and (3.271), it
is clear that U(t) # ¢* for t > 0 because U'(t) # 0 for ¢t > 0.

Now we prove (a) and (b). For the case of (a), we assume that ®py > ¢*.
From (3.267) and (3.269)(3.270), we have ®; > U(0) > ¢* and U’(0) < 0. Since
U(t) # ¢* and U'(t) # 0 for t > 0, which implies ¥y > U(t) > ¢* and U'(t) < 0
for ¢ > 0. Thus, the proof of (a) is complete. The proof of (b) is similar to (a).
Therefore, we complete the proof of Proposition 3B.1. O
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Now we are in the position to show that U solves equations (3.258)~(3.260) and
the uniqueness of (3.258)-(3.260), which implies U = U in [0,00). By (3.267) and
(3.269)—(3.270), we have

U(0) — ~U'(0) = Uyysgn(¢* — Opg)/—2F (Uy) = Ppa,
which means U satisfies (3.259). By Proposition 3B.1, U is bounded and strictly
monotonic on [0, 00), which implies that there exists a constant C' such that

lim U(t) =C.

t—o00

Suppose by contradiction that C' # ¢*. By (3.266) and (3.269)—(3.271), we get

lim U(t) = U"(0) 4 2(F(Uy) — F(C)) = —2F(C) > 0. (3.272)

t—o00

Since U'(t) # 0 for t > 0, we can use (3.272) to get tliglo |U(t)| = oo, which leads to
a contradiction. Thus, tlgilo U(t) = ¢", i.e., U satisfies (3.260). Hence U solves equa-
tions (3.258)—(3.260). To prove U = U on [0, 00), it suffices to show the uniqueness
of solution to (3.258)—(3.260). Suppose that there exist two solutions U; and Us to
equations (3.258)(3.260). Let U = U; — U,. Then U satisfies

U’ +¢(t)U =0 in (0,00), (3.273)
U(0)—~T'(0) =0, (3.274)
lim U(t) =0, (3.275)

where

f(UL()) — f(U(1))
c(t) = Ui(t) — Us(t)
f'(UL(1)) if Uy(t) = Us(?).

Note that ¢(t) < 0 for ¢ > 0 by (F1). Thus, by the standard maximum principle,

if Uy(t) # Us();

U = 0 on [0,00), and we obtain the uniqueness of solution to (3.258)—(3.260).
Therefore, U = U on [0, 00) and hence U satisfies Proposition 3B.1 and (3.271).
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The following result will be used in Appendix 3C to prove the existence of solu-

tion to (3.10)—(3.12) and (3.24)—(3.26).

Proposition 3B.2. Let U be the solution to (3.258)~(3.260). Then we have

(a) [U'(1)] < |U'(0)| exp(=myt) fort > 0, wheremy = m([min{¢", Dy}, max{e*, Bp,}]).
(b) [ U(t) dt = sgn(¢* — @pq) [ /—2F(s) ds < oo,

(c) Jo(U'(s)72ds > (J;U™(s)ds) ™" for t > 0.

(d) lim [F(U)/U'(1)] = —v/=F(67).

(e) Jo (U (1)) 72 [27U™(52) dsy disy = 00

Proof. By (F1) and the standard comparison theorem, we can easily get (a). For

(b), we can use the change of variable and (3.260) to obtain

/ U(t) dt = sgn(¢*—Ppq) / V2R (U )U'(t) dt = sgn(¢* —Ppq) \/—2F )ds < oo,
0

which gives (b). Part (c) follows directly from (b) and Cauchy—Schwarz inequality.

For (d), we first note that f(U(t))/U’(t) > 0 for ¢t > 0 by (F1) and Proposition 3B.1.

Then applying L’Hopital’s rule, we have

MJWWZ¢MVWWP

t—oo U'(2) U™(t)
e 2f(U@)fu)u T _ e
_\/}Lm OUED —\/—tlggof =V —=f'(¢),

which implies (d). To prove (e), we combine (a), (c), (d) and (3.258) and then apply
L’Hopital’s rule to get

/t ds 1

im U"? " ds im =2 2(s) = lim U2 () :1 im oY) _ !

tim 0°(0) [ s = fim T BT U TR I00) T 2y o)
12(¢ U/3(t)

Thus, one may apply the Fubini’s theorem to get

[e'e] 1 [ele} o0 S92 1
o | U"(s2)dsydsy = [ U” / dsy d
/0 U/2<31> /81 (52) S92 A5 /0 (32) ; U’2( ) §1dSy =

which implies (e). Therefore, the proof of Proposition 3B.2 is complete. O
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3C Properties of the solution to (3.10)—(3.12) and (3.24)—
(3.26)
In this appendix, we establish the existence, uniqueness, and qualitative properties

for solutions to (3.10)—(3.12) and (3.24)—(3.26). For the sake of simplicity, equations
(3.10)—(3.12) and (3.24)—(3.26) can be represented as follows.

V' + f(U)V =U" in (0,00), (3.276)
V(0) =y V'(0) =0, (3.277)
lim V() =0, (3.278)

where U is the solution to equations (3.258)—(3.260), f € C*(R) and v > 0 are
as given in (3.258)—(3.259). By standard ODE theory, the solution V' to equations
(3.276)—(3.278) can be represented as

V(t) = UZOO) U'(t) — U’(t)/o % /OOU’2(32) dsyds;  for t >0, (3.279)

where V| is given by

_ Y R
Vo= U’(O)—i—’yf(Uo)/o U™ (t) dt. (3.280)

Note that Vj is well-defined due to Proposition 3B.2(b) and U’(0) + ~f(Uy) # 0.
Clearly, (3.279) with (3.280) satisfies (3.276)—(3.277). It suffices to verify that (3.279)
satisfies (3.278). By (3.258), (3.260), (F1)—(F2), Proposition 3B.2 and L’Hopital’s

rule, we obtain

t 1 o0 1 00
- U(s9)dssd S 2(s5)d
. /OU'2(81) /S1 (s2) dsadsy L U/Z(t)/t U"(s2)dsz

lim V(t) = lim = lim
t—00 t—00 1 t—o00 - 1 U”(t)
Ur(t) U(t)
- [ v as . ,
= lim L zlimU—(t)—im U(t) = 0 = 0.

oo f(U(1)) o fUMU(E) = fIUR)  f(e7)
Thus, (3.279) defines a solution to (3.276)—(3.278).
Now we prove the uniqueness of the solution to (3.276)—(3.278). Suppose that
there exist two solutions V and V to (3.276)(3.278). Let V. =V — V. Then V

satisfies

V'+ f()V =0 in (0,00), (3.281)
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V(0) = ~V'(0) =0, (3.282)
lim V(t)=0. (3.283)

Hence by (F1) and the standard maximum principle, V' = 0 on [0,00), and the
solution to (3.276)—(3.278) must be given by (3.279).

Proposition 3C.1. Let V' be the unique solution to (3.276)—(3.278).

(a) If ®pg > ¢, then V' is nonnegative on [0,00), and there ezists a unique t* €
(0,00) such that V is strictly increasing on [0,t*) and strictly decreasing on

(t*,00). Moreover, if v > 0, then V is positive on [0, 00).

(b) If ®py < ¢*, then V is nonpositive on [0,00), and there exists a unique t* €
(0,00) such that V is strictly decreasing on [0,t*) and strictly increasing on

(t*,00). Moreover, if v > 0, then V is negative on [0,00).
Proof. We first note that
Claim 3C.2. tlggo V'(t) = 0.
Proof of Claim 3C.2. By (3.258) and (3.279), we have

V() = ~ s AU U0) [ s [0 dsdsi— s [T020s

By (F2), (3.258) and Proposition 3B.2(d), we apply the L’Hopital’s rule to obtain

e 1 > 12 >
- d d 12
| / U (s dsadss [ U (5)as

tlgglo Vi) = tliglo [f(U@)]! B U'(t)

[ 1

UT(t) /t U/2<8) ds U/2<t>

~ SR | FO@) OO | U

| U / U g

(07 e Us(t) =00 [(U(1))
12
=—lim*“*%+—ruu / U lim U/Q(t) = — lim U,2(t) =
o t—o0 5o U”(t) - t—o00 f(U(t)) o
which completes the proof of Claim 3C.2. O
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We now assume ®p; > ¢* and prove (a). By Proposition 3B.1(a), we have
U'(0) < 0 and f(Up) < 0. Along with (3.280), we get V(0) = Vi > 0, and V/(0) =
—(U"(0) +~f(Up)) ™" J;TU™(t)dt > 0. Suppose by contradiction that there exists
to € (0,00) such that V(¢y) < 0. Since tlg(r)lo V(t) = 0, we may assume that V" attains
its minimum value at ¢y € (0,00), which implies V" (ty) > 0. Then by (3.276), we
have U'(ty) = V" (to) + f'(U(to))V (to) > 0, which contradicts Proposition 3B.1(a).
This shows that V' is positive on [0,00). Since V'(0) > 0 and tlgilo V(t) = 0, there
exists t* € (0,00) such that V attains its maximum value at t* and V’(t*) = 0.
Suppose by contradiction that there exists another maximum point ¢; such that
V'(t;) = 0. Without loss of generality, we may assume that ¢; < t*, and there exists
ty € (t1,t*) such that V attains its local minimum value at ¢, with V’(¢3) = 0 and
V'(t) > 0 on (ta,t*). Integrating (3.276) over [t,00) and using (a), we obtain

fFU@)V(E) + [ U?(s)ds

= =0

for ¢t > 0. (3.284)

Clearly, V'(t;) = V'(t*) = 0. Let G(t) = f(U(t))V(t)+ [,"U™(s) ds for t € R. Then
G(t2) = G(t*) = 0. Differentiating G gives

G'(t) = f(U@)U' V() + FU)V'(t) = U™(t) fort € R.

By Proposition 3B.1(a) and (F1)-(F2), we find that U'(¢t) < 0, f(U(¢)) < 0 and
f({U(t)) < 0. Since V(t) > 0 and V'(t) > 0 on (t2,t*), we get G'(t) < 0 on
(to,t*), which contradcits with g(t3) = g(t*) = 0. Therefore, there exists a unique
€ (0,00) such that V attains its maximum value. The proof of (a) is complete.
Next we assume ®,q < ¢* and prove (b). By Proposition 3B.1(b), we have
U'(0) > 0 and f(Up) > 0. Along with (3.280), we get V' (0) =V, < 0, and V'(0) =
—(U'(0) +~f(Uy))~" J;7U™(t)dt < 0. Suppose by contradiction that there exists
to € (0, 00) such that V(ty) > 0. Since tlg(r)lo V(t) = 0, we may assume that V' attains
its maximum value at ¢y € (0,00), which implies V" (t;) < 0. Then by (3.276), we
have U'(tg) = V" (to)+ f'(U(to))V (to) < 0, which contradicts to Proposition 3B.1(b).
This shows that V' is negative on [0, 00). Since V'(0) < 0 and tlgglo V(t) = 0, there
exists t* € (0,00) such that V' attains its minimum value at t* and V'(t*) = 0.
Suppose by contradiction that there exists another minimum point t; such that

V'(t1) = 0. Then by a similar fashion of (b), we can use (3.284) to get a contradiction
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because U'(t) > 0, f(U(t)) > 0 and f'(U(t)) < 0 (cf. Proposition 3B.1(b) and (F1)—
(F2)). Hence there exists a unique t* € (0,00) such that V' attains its minimum

value, which implis (b). Therefore, we complete the proof of Proposition 3C.1. [

0.14 (a) q>b‘d > (f)* 0 (b) <1>de < gb*
0.12 -0.02
0.1 -0.04
0.08 0.06

V() V()
0.06 0.08
0.04 0.1
0.02 1 0.12
0 -0.14
0 5 10 15 20 0 5 10 15 20

Figure 3.5: We sketch the numerical profile for the solution V to (3.276)—(3.278)
for the case (a) ®,q = 1 and the case (b) ®,;, = —1, which is consistent with

Proposition 3C.1. Here f(¢) = exp(¢) — exp(—¢) and v = 0.1.

Proposition 3C.3. Let U and V be the unique solutions to (3.258)—(3.260) and
(3.276)—(3.278), respectively. If ®pqg # ¢*, then function g = f({U)V + UV’ is

negative on [0, 00).
Proof. By (3.258), (3.276) and Proposition 3B.1, we have
g(t) = FU@)U V() + FUR)V' () + T V() + U'([)V"(t) = U(t) > 0

for t > 0 and ®py # ¢*, which implies ¢ is strictly increasing on [0,00). By (F2),

(3.260), (3.278) and Claim 3C.2, it is clear that tlim g(t) = 0. Hence g(t) < 0 for
— 00

t > 0, and the proof of Proposition 3C.3 is complete. [
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3D Properties of the solution to (3.27)—(3.29)

In this appendix, we establish the existence, uniqueness, and qualitative properties

for solutions to (3.27)—(3.29).

wy + folup)wr, = —f1(ug) in (0, 00), (3.285)
wi(0) — w(0) = 0, (3.286)
lim wy (1) = Q, (3.287)

where uy are the solutions to equations (3.21)—(3.23), and ~, > 0 are given fixed

constants for £ =0,1,..., K. Here fy and f; are smooth functions defined by

1
7(6) = g omisexpl—s(0 = 65)) and i(0) = ~QUi(0) + fl6) for s € R,
(3.288)

where @ € R (defined in (3.32)), m; > 0 and
I
fi(g) = |_§12| me exp(—zi(¢ — ¢5)) for ¢ € R, (3.289)

g — |Q|Z\3Qk|/ (1 — exp(—zi(un(s) — o) ds fori=1,....1, (3.200)

In addition, ¢f and wu(0) satisfy (cf. (3.150)—(3.151))

I
Gvar — uk(0) = sgn(dpar — %)%\l & Zmi[exp(—zi(uk(O) — o) —1] fork=0,1,... K,
=1
(3.291)

Z 0% |/ (0 Z |90, | AT Podik (bb‘“‘f = 0. (3.292)

By standard ODE theory, the solution wy, to equations (3.285)-(3.287) can be rep-

resented as

wi(t) = Z},k((g)) ujy(£) + () Qo (SBZ(;)F ) 4o >0, (3.203)

where wy,(0) and F} are given by

_ w(@fo(ur(0) — Fi(ur(0))) (3.204)

wi(0) w},(0) + i fo(ux(0))

132 doi:10.6342/NTU202501331



b 1
Fi(¢) = p fi(s)ds = ﬁ Zmz[l —exp(—zi(¢ — @p))] for ¢ € R. (3.295)
0 =1

Note that (3.294) is well-defined because u} (0) + & fo(ur(0)) # 0. Clearly, (3.293)
with (3.294)—(3.295) satisfies (3.285)—(3.286). To verify that (3.293) satisfies (3.287),

we need the following claim.

Claim 3D.1. Let uy be the solution to (3.21)-(3.23), fi and Fy defined in (3.289)
and (3.295), respectively, and ¢y be the unique zero of fo. Then we have

(@) fi(95) = 1927 3, vz = 0

(6) | Jy ()2 [Qo(uals)) = Fi(un(s))ds| = o0 if Q 0.

Proof of Claim 3D.1. By (3.288) and .1, m,z; = 0 (cf. (3.3)), we have
A L L J K o
Fl69) = g S iz = e Somis 30100 [ 1= exp(—(un(s) = 9l s
i=1 i=1 k=0 0
| K o /I I
= @ Z |0 | / <Z mizi — Zmizi exp(—z;(ux(s) — qbz‘)))) ds
= |Q| Z\aQﬂ/ fo Uk

Along with (3.21)-(3.22), (3.292) and Proposition 3B.2(a), we get

K

3 1 - Prar — ur(0)

fi(og) = — |8§2k|/ uy(s)d 10| (—u; |8Qk|— =0.
1(00) = 1oy 2 109%] | wis)ds = 1qy Z {0 =157 2 Z "

which shows (a). To prove (b), we use (3.21) and L’Hopital’s rule to get

o Qo (®) = Fu(un(t) _ o Q)i (8) = fiu(®)ui (1)

) —
tro0 uP(t) t—o0 2u) (t)ufl (1)

By (3.23)—(3.30), (3.141), Proposition 3B.1, we have fo(ug(t)) # 0 for t > 0 and
tlim fo(ur(t)) = 0. By (3.23), (3.141), (a) and the condition @ # 0, we get
—00

lim (—Qf (wn(t)) + fi(ui(1))) = —Qf(95) # 0.

t—

[l (8)) 2@ folur(s)) — Fi(ug(s))] ds| = 0o, which gives (b) and completes
the proof of Claim 3D.1. O

Hence
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Now we show that (3.293) satisfies (3.287) and obtain the existence of (3.285)—
(3.287). For the case that @ # 0, we can use (3.258), Claim 3D.1 and L’Hopital’s

rule to get

A0) | /"Gl ~ Au()

;Lrsowkw—;;w 40 1
u;<t>
Qfolun(t)) — F(uy (1)
| )
= Jim 0 (3.296)
“uP)
Qfvlult) — Biun(®) Fu(ue(0))u(0)
=l ) SO )
O pi D ®) _ 5 A(6E) _
=@ ) 9 ey @

which gives (3.287) for @@ # 0. This shows the existence of a solution (3.285)-
(3.287) for Q # 0. For the case of Q = 0, we define w) and w; by (3.293) for
Q) =0 and @ = +1, respectively. Then due to the linearity of (3.293) (with respect
to @), w) = (w; + w;)/2. By (3.296) with Q = +1, we find that tliglow,g(t) =
lim (wif (t) +w;, (t))/2 = (1 + (—1))/2 = 0, which implies that w) satisfies (3.287)
for @ = 0. Therefore, we get the existence of the solution to (3.285)—(3.287) for
Q<R

It remains to prove the uniqueness of the solution to (3.285)—(3.287). Suppose
that there exist two solutions wy and wy of (3.285)—(3.287). Let Wy = wy — wy.

Then w,, satisfies

wy + fo(ug)wy =0 in (0, 00),
Wy (0) — 3w, (0) =0,

t—o0

By the standard maximum principle, it is easy to obtain w; = 0 on [0, 00), which

gives the uniqueness of solution to (3.285)—(3.287).
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4 Near- and far-field expansions for stationary so-

lutions to Poisson—Nernst—Planck equations?

4.1 Introduction

With the development of current nanotechnology in electrochemistry [46,102], anal-
ysis of solutions to mathematical models with regulated parameters plays a more
and more important role in investigating the distribution of electrostatic poten-
tial in electrolyte-like solutions (cf. [35,48,53,55,63,91,98,106, 108]). In the past
few decades, a key ingredient for understanding of such microscopic phenomena is
the Poisson—Boltzmann equation [20,110,112], but which suffered from deficiencies
that are well known. Different types of nonlinear electrochemistry systems (see,
e.g., [19,45,51,52,54,56,57,77,84,85,92,103,105,107]) have already been modeled
and the corresponding computational confirmation is expected to reach theoretical

prediction.

Among such phenomena in electrochemistry, an unstable one relates to the non-
electroneutrality characterized by the localization of excess charge distributions. For
instance, a faradaic current drives ions from one electrode surface to another and
results in an ionic distribution which is non-uniform near the electrode surface. We
refer the reader to [36,78]. Other instabilities including the electroconvective in-
stability in channels have been investigated; see, e.g., [86] and references therein.
Despite the intensive investigation yielding detailed information and the reasonable
success, little is known about the non-electroneutral phenomenon near the charged
surface. In [14,15], employing the one dimensional Poisson—Nernst—Planck (PNP)
system provides an underlying framework for such phenomena, where it is reason-

ably assumed that all ions transport in the same direction along a tubular-like

2This chapter is adapted from an article co-authored with Professor Chiun-Chang Lee and my
advisor, Professor Tai-Chia Lin, which has been published in [89]. T am grateful to Professor
Chiun-Chang Lee for suggesting the problem and to both professors for their valuable suggestions
on the manuscript. My main contributions include establishing the rigorous mathematical proofs

and producing the numerical figures.
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mircodomain with finite-length so that the physical domain can be set as a one-
dimensional interval 2 = (0,1). At the beginning of this work we consider the

model for single-ion species which is represented as

op o (0p 2p€0 ou

- _ D 2 £ el

2t) = Dy (P00 + 20t S0 ) o
0%u '

— ﬁ(t’ r) = Xps(r) + zpeop(t, 1)), (t,r) € (0,00) x (0,1),
with the no-flux boundary conditions
Op  zeo Ou _ (Op | zeo Ou B
(87’ + k:BTpﬁr) (¢,0) = (0r + kBTpar (t,1)=0, t >0, (4.2)

and initial conditions p(0,7) = po(r) > 0 and u(0,7) = ue(r), for r € [0, 1], which
are compatible with the boundary conditions (4.2). Notice that (4.1)—(4.2) satisfies
shift in variance in v and so we will set the boundary condition for u later.
Physically, u is the electrostatic potential, p is the density of cations, D, is the
diffusion coefficient, 2, is the valency of cations, e is the elementary charge, kp is the
Boltzmann constant, 7" is the absolute temperature, and ps is the fixed permanent
charge density in the physical domain. Besides, A\ = d%eyS/(goUr) where g is the
dielectric constant of the electrolyte, Ur is the thermal voltage, d is the diameter of
the domain Q = (0, 1), and S is the appropriate concentration scale [97]. Note that

the no-flux boundary conditions (4.2) ensure the conservation of ions, i.e.,

/0 ot r)dr = /0 (P, Vi > 0. (4.3)

To see the non-electroneutral phenomenon near the charged surface, A is assumed
a large positive parameter corresponding to the number of ions occupying an elec-
trolytic region, as was studied in [14]. To basically understand the non-electroneutral
phenomenon of u and p as A > 1, we neglect the effect of fixed permanent charges by
setting pr = 0 and focus mainly on their steady-state solutions. Under the standard

dimensionless formulation, we may set
Zp = 1, eo/kBT = 1, Dp = 1, (44)

and regard A as a positive parameter. Without loss of generality, we may assume

fol po(r)dr = 1. Then by (4.3) and (4.4), the steady-states of (4.1)-(4.2) verify

e Ux (r)

u(t,r) = ux(r) and the nonlocal relation p(t,r) = Temoa
0 e S

(see also, [13, equation
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(1.1) with p = 1], [14, Section 2.1] and [70] and references therein). As a consequence,
uy satisfies
AG_UA(T)

- re(0,1) 4.5
oy "€ O (4

—(r) = pa(r)

Physically, p) represents the net charge density of the ion species and the parameter
fol pa(r)dr denotes the total charges of ions. It should be mentioned that in [47,
Chapter 10.6.1], (4.5) is named the reverse Liouville-Brati—Gelfand (LBG) equation
which can be regarded as the nonlocal LBG equation (see, e.g., [59] and references
therein).

For (4.5), we consider the following condition at r = 0:
ux(0) = u3(0) =0, (4.6)

as was presented in [14], where assumption u,(0) = 0 is actually due to a fact that
equation (4.5) satisfies the shift invariance; that is, for any ¢ € R, u, + ¢ also satisfies

(4.5). We emphasize that such a setting immediately implies
uh (1) = =\ (4.7)

This along with (4.6) asserts that there exists an interior point 7, € (0,1) depending

int
on A such that when A\ — oo, the net charge density py(r?,) = —ui(r,) = uA(0) —
u) (1) = X asymptotically blows up. As will be clarified later, such a phenomenon
occurs only when 7\, is sufficiently close to the boundary point r = 1 as A tends
to infinity. The boundary blow-up behavior theoretically represents the non-neutral
phenomenon near the charged surface. We further refer the reader to [70, 75, 76]
for the different boundary blow-up phenomena related models with multiple species
under various boundary conditions.

It should be stressed that equation (4.5)—(4.6) has recently been studied by J.
Cartailler et al [14], who used the phase-plane analysis to obtain the uniqueness
of equation (4.5)—(4.6). A more general argument for the uniqueness can also be
found in [71]. Moreover, the authors in [14] showed that as A — oo, the numerical
solution to (4.5)—(4.7) develops boundary layers near » = 1. They further studied
the leading order term of the asymptotic expansions of uy (1) with respect to A > 1,

and compared the result with their numerical simulation. However, the more refined

pointwise asymptotics for solutions, which is crucial for describing the sharp change
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of uy near the boundary, remains unclear. The issue will be addressed in detail in

this work.

4.1.1 Near-field and far-field expansions

The main difficulty lies in the lack of available asymptotic analysis for such singularly

perturbed nonlocal models, which we shall explain as follows. Firstly, one observes

from (4.5) and (4.6) that
ux(r), ui(r), ui(r) <0 for re (0,1). (4.8)
In particular, (4.5)—(4.7) and (4.8) imply that fol e~ ()ds > 1 and
A 1
ux(1l) = —log (1 + 5/ 6_”*(5)ds) — —00 as A — 00. (4.9)
0

This illustrates the importance of the refined asymptotic expansions of fol e~ ) ds
with respect to A > 1. A perspective on obtaining such asymptotics is to consider

the following nonlinear eigenvalue problem with £ > 0 (see also, [14, Appendix]):

—U"(r) = ke %0 re(0,1), (410)

U.(0) = U.(0) = 0.
When & € (0,7%/2), (4.10) has a unique solution U, (r) = 2log cos(r+/r/2) which is
uniformly bounded on [0, 1], and U, (1) — —oo as x approaches 72/2 from the left.
However, when k > 72/2, (4.10) does not have solutions defined in the whole domain
(0,1). As a consequence, by (4.9) it is expected that a solution wuy of (4.5)—(4.6)
satisfies

A 72 A A—oo 2

< — for A > 0, and > —. (4.11)

fOl e—ur(8)ds 2 fOl e—ux(s)ds 2

We will prove (4.11) rigorously and establish a more refined asymptotic expansion
of fol e~ ()ds with respect to A > 1; see the detail in (4.27) and Remark 4.2.

Moreover, it yields the limiting equation for (4.5)—(4.6) formally as follows:

2

m
—U"(r) = —=e Y0 e (0,1),
2 (4.12)
U(0) =U'(0) =0,
and the unique solution
U(r) := U (r) = 2logcos <gr) , r€|0,1), (4.13)
2

138 doi:10.6342/NTU202501331



represents the zeroth-order outer-solution to (4.5)—(4.6) with respect to A > 1; see
also, Remark 4.1. In passing we note that U(r) — —oo and U'(r) = —7 tan(57) —
—o0 as r T 1, which formally coincide with the boundary asymptotic blow-up be-
havior of uy and u) obtained respectively in (4.9) and (4.7). In summary, equation
(4.5)~(4.6) is a nonlocal singularly perturbed model with small parameter 1 in front
of its Laplace operator, and its limiting equation connects to a boundary blow-up
problem (4.12).

What we want to point out is that the limiting model (4.12) of (4.5)-(4.6) cannot
be directly obtained from applying the standard method of matched asymptotic

expansions since the nonlocal coefficient is involved with the parameter

S S
fol e~ ua(s)ds
A and its corresponding zeroth order outer solution U(r) diverges near r = 1. To
achieve the pointwise description of uy with respect to A > 1, our first task is
concerned with the asymptotic expansions for the solution wu,, consisting of the
near-field expansion and the far-field expansion. In order for the reader to realize

the difference from the method of matched asymptotic expansions, we present the

argument as follows:

e The near-field expansion focuses mainly on the refined asymptotics of u) (T;,a)

and u), (7“;3\,04)’ where « and p are positive constants independent of X, and
b
e =1- = (0,1), A>1, (4.14)

is sufficiently close to the boundary point » = 1. Let us emphasize again that
as A > 1, uy develops boundary layers and asymptotically blows up near the
boundary » = 1 so that the asymptotic behavior of u, has dramatic changes in
a thin neighborhood of » = 1. To better understand the structure of boundary
layers, we are devoted to the pointwise asymptotics of ux(r;,) and u)(r),)
with various « and p; see, for example, (4.18) and (4.19). Such a consideration

essentially points out the difference between the analysis of (4.5)—(4.6) and the

standard singularly perturbed equations.

e the far-field expansion focuses on the refined asymptotics for uy in C!(K)
as A — oo, where K independent of A is a compact subset of [0,1). We will

frequently use the norm || - [|¢1(py defined by
1fller oy = sup (1f1 + 11°]) (4.15)

139 doi:10.6342/NTU202501331



where D is a bounded set of R and f € C'(D). When D = K is a com-
pact subset of [0, 1), (4.15) is used for convenience to describe the asymptotic

expansions of u in K.

We refer the reader to [44,113] for the more detailed physical background of these
two terminologies.

We are now in a position to draw the asymptotic behavior of uy. As will be
presented in detail in Theorem 4.2, for any compact subset K (independent of \)
of [0,1), we establish the far-field expansion of u) with the precise asymptotic

expansions up to the order of %:

1 2 si u A—00
ux(r) = U(r)+nr <smg\7rr) e /\szm(m’)) sec’ (gr> + u);\(;") and skl{p [uy] —— 0,

(4.16)
where U defined in (4.13) is the unique solution to (4.12). In contrast to the asymp-
totics of uy in any compact subset of [0, 1), our near-field analysis reveals a totally
different asymptotic behaviour of uy near the boundary » = 1. In Theorem 4.3, we
show that u) asymptotically blows up near the boundary » = 1 and obtain a novel
asymptotics

ux (r),) = min{2, 20} 1og§ + Op s (4.17)

where O, , depends mainly on p and o and satisfies

limsup |O,4] < o0
A—00

(see Theorem 4.3 for the detailed expression of O,,). As it was mentioned pre-
viously, we shall stress that the concept of the near-field expansions focus on the
pointwise asymptotic behavior of solutions sufficiently near the boundary, which is
different from the standard matched inner solution. As a consequence, by (4.16)

and (4.17) we know that a strong change of uy with A — oo merely occurs near the

A
boundary r = 1, and there hold: (i) as 0 < o < 1, /\lim qgg(gf’f;) = 2a shows that
—00

the blow-up asymptotics of uy(r? ) varies with «; (ii) for 0 < a; < as < 1, interior

X
points 1 —A"%_ ¢ = 1, 2, are sufficiently close to the boundary, but the corresponding
potential difference |uy(1 — A7) — uy(1 — A72)| tends to infinity as A > 1. Fur-
thermore, we show the following properties that emphasize the significant change of
uy near the boundary r = 1 as A > 1 (which can be obtained from (4.32), (4.34)

and (4.36)):
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(A)

(B)

(C)

For ), satisfying (4.14) with 0 < a < 1, the second order term of ux(r7,)
(i.e., the leading order term of O, , as A > 1) relies exactly on p; however,

when a > 1, the second order term of u,(r; ,) is independent of p.

Various potential differences |ux(r) ) —ux(1)] and |uy (1) ., ) —ux (7),.4) | with

p1 # po can be presented as follows:

p

00, if0<a<l,
lim [uy(rp,) — ux (1)] = ¢ 210 p+2 fa=1 (4.18)
A—00 L ) 2 B
k0, if > 1,
and
.
2 log 21| | if0<a<l,
D2
lim |U)\ (rg\l'a) — U (7"22'04)’ - 2 (lo h i 2 € (0,2 lo ]ﬂ fa=1
A—00 gp2_|_2 ( 9 gp2 )7 )
\0, if a > 1.
(4.19)

Since dist(r,, 1) = 0 and dist(r) ..,

p1;a? " p2ia

) — 0 as A — oo, (4.18) and (4.19)
present that the potential u) has a sharp change in a quite thin region next to
the boundary r = 1. We refer the reader to Theorem 4.3 for the asymptotic
expansions (at most the exact first three order terms) of u(r),) and u) (7))

with respect to A > 1.

Based on (4.16) and (4.17), the far-field and near-field expansions of p, with

respect to A > 1 are established. Moreover, we show in Corollary 4.1 that as

e U\

A — o0, the net charge density TTooids
0

= 2 behaves exactly as a Dirac
measure supported at boundary point » = 1. This mathematically confirms

that the non-neutral phenomenon occurs near the charged surface.

4.1.2 A new comparison with charge-conserving Poisson—Boltzmann equa-

tions

In this section, we pay attention to a bi-nonlocal Poisson—Boltzmann equation for

monovalent binary ions (usually called the charge-conserving Poisson-Boltzmann
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equation [112])

vm)\(r) A 7UM7A(T)
va(r) = e S . re(0,1), (4.20)
o evnA(8)dg Jo e )ds

with the same boundary condition of uy as (4.6):
0r(0) = v/, 1(0) = 0. (4.21)

Equation (4.20) is derived from the steady-state of PNP equation for monovalent
binary electrolytes (cf. [70,73,74,76]), where u and A are positive parameters related
to the total number of anions and cations, respectively. When we take a formal look
at the case 0 < p < A, i.e., the total number of cations is great larger than that of
anions, it seems that equation (4.20)—(4.21) approaches equation (4.5)—(4.6). How-
ever, since the rigorous asymptotic behavior of those nonlocal terms are unknown, it

is not obvious that 0 < p < A implies

< A . Hence, a question
S

o
f()l evu,A(S)d fol efvu,A(S)ds

is naturally raised:

(Q) Assume that p depends on X. What does the relation between p and \ make
)\llﬁ\I{.lo HUM)\ — u)\Hcl([O,l]) =0 (422)
hold? Here |- [|¢o.1)) ts defined in (4.15) with K = [0, 1].

Let us first make a brief review on (4.20)—(4.21) and point out the difficulty in
studying the question (Q). It is known (cf. [70,76]) that for the case

A—00

=9\ —— 00 (v >0 independent of \), (4.23)

there holds )\lim |v,,a| = 0 exponentially in any compact subset K of [0, 1). Moreover,
—00

under (4.23), by following the similar arguments as in [76, (2.23)], we have that

and are divergent as A — oo since

o A
f01 ENORE fol e A3 g

1
+—>7 and —4——— — 7y as A = 0.
)‘fo evrA(8)ds fo e~ (8)dg

In this case, the asymptotic behavior of v, ) is totally different from that of wuy

since lim sup |uy — U| = 0 (see (4.16)) and )\lirn = 0 (see (4.27)). As
— 00

1
A—oo K Jo e A ds

a consequence, (4.22) never holds under the condition (4.23). We shall stress that

the study of (Q) is different from the case in most recent work [76] since the main
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analysis technique in [76] needs the constraint (4.23). Because of the limitation of
analysis technique in these literatures, as A — oo, the asymptotic behavior of the

nonlocal coefficient and v, , without assumption (4.23) remains unknown.

P TR
fol " A dg

We take an essential viewpoint to answer question (Q). Thanks to the inverse
Holder type estimate established in [75, (3.8)], we have, for g > 0 and A > 0, the

estimate 1 < fol evnA(9)d s fol e A (®)ds < max{ﬁ, &}, This implies, for A > p > 0,

A
2 < H : < L. 4.94
= fol evua(8)ds fOl e~ vun(s)ds a ( )

When A > 0 is fixed and p — 0%, equation (4.20)—(4.21) of v, » formally approaches
equation (4.5)—(4.6) of uy since (4.24) implies lim —

u—0+ Jo e’nAds

A — oo and g — 0T independently, it is not intuitive to claim

= 0. However, when

o
S SN
fol 61’“*)‘(3)(18

because we do not have the further information about pA. From another viewpoint,

if we first assume that p depends on A and (4.22) holds, then we have

A
- o~
fol e A g

f1’+*<‘°‘>d — %2 as A — oo (cf. (4.27)). Along with (4.24), we find that the condition
0 e S

lim puA =0 (4.25)

A—00

Veriﬁes hm S
A—00 fol A ds

we obtain

= 0, together with v, \(r) < v,(0) = 0 (cf. Lemma 4.3),

penA 7

max — = —
CRT A evur(8)ds Jo evur(8)ds

— 0 as A\ = oo,

and equation (4.20) formally approaches equation (4.5). The following theorem
confirms such an observation and establishes convergence of v, with y — 0. In

particular, (4.25) is a sufficient condition for (4.22).

Theorem 4.1. For A > pu > 0, let v, \ € C*([0,1]) be the unique solution to (4.20)-
(4.21) (cf. [71,76]), and let uy € C*([0,1]) be the unique solution to (4.5)—(4.6).
Then both v, » and uy are monotonically decreasing, but v, — uy s monotonically

increasing. Moreover, we have:
(a) Assume (4.25). Then (4.22) is achieved.

(b) For A > 0 fized, there holds

A [vur = wrller o1y = 0.
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Equation (4.20)-(4.21) with various z and A = 10*

2 —
0 t
2+ 2
4t 1: p=104
2: u=10°
6 3: =102
4: =10
81 5: ;=0
5
10
12t
14 +
_16 1 1 1 1 1 1 1 1 1 |

Figure 4.1: For A > 0 fixed, equation (4.20)—(4.21) of v, \ approximates equation
(4.5)-(4.6) of uy as u tends to zero. Given A = 10%, the curve 1-5 are associated with
u = 10% 103,102, 10, 0, respectively. Note that the curve 1 presents the neutrality
(= A =10%), which implies v, = 0.

Here we provide a numerical result to support Theorem 4.1(b) in Figure 4.1.

Setting w,, y := v, » — Uy, we obtain
1A HyA A

2v,, 2 (1) by eV A)
wz/\ (r) = e_”“’*(r)WW\(T) with W, \(r) = ﬁw ’ — = + — cr .
’ IN evur(8)ds Jo e vur(s)ds Jo e7e)ds

We shall briefly sketch the proof of Theorem 4.1 as follows.

e The basic properties of v, » and wy will be stated in Section 4.4.1. Further-
more, in Lemma 4.4 we carefully deal with W, 5 for the case A > > 0, and

show that w,, ) has neither local maximum nor local minimum in (0,1). Along

/

with wj, \

(1) = v, \(1) —u)\(1) = p > 0, this particularly shows the monotonic

increase of w,, x with r.

e A significant idea for proving Theorem 4.1(a) and (b) is to establish the fol-

lowing estimates:
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(1) For w,, », we obtain

" 9 I efuk(l) A fixed or A—o0
0 < maxw,, = w, (1) < log (1 - _) A ( B _) Y

[0,1] A A N i LA—0
uniforml;/rbounded
as A — 0o
(4.26)
(cf. (4.78)—(4.79) for A — o0; (4.85) for A > 0 fixed). Here we shall stress
that in (4.26), the condition (4.25) seems optimal since lim e_f\;(l) =2

A—00

(see (4.31)).

(2) For wj, ,, we obtain

26V Tin) — 1)
[071} TN ,U,,)\( H/1>\) — fol evlﬂ»\(s)ds

1 1 A fixed or A—o00
+A 1 S 0
f(] e~ V()]s fO e—ur(s)ds HA—0

(cf. (4.83) and Lemma 4.6 for A — oo; (4.88)—(4.89) for A > 0 fixed).

Consequently, we obtain R ﬁxeélgl/(\)_m H’LU,L,AHCl([O,lD = 0. The detailed proof of The-
X —

orem 4.1 will be stated in Sections 4.4.2-4.4.4.

In Theorems 4.2-4.3 below, we will establish the refined far-field and near-field
expansions for uy with respect to A > 1. Combining Theorem 4.1(a) with The-
orems 4.2-4.3, we can obtain refined asymptotic expansions of v, ) as A > 1 and

0 < pA < 1. Various asymptotics of v,y and u, can be presented as follows.

(uniformly) u (pointwise)

Vp,\ » U) > U = lim u,
A fixed and p — 0 A — 00 A—00
U — iy (uniformly) -0

A — o0 and pA — 0

Organization of the chapter. The rest of the chapter is organized as fol-
lows. In Section 4.2 we will state the main results about the far-field expansions
and the near-field expansions of uy in Theorems 4.2 and 4.3, respectively. Based
on such asymptotic expansions, we establish in Corollary 4.1 for the refined asymp-
totic expansions of py and the related concentration phenomenon of & as A — oo.
Afterwards, we prove Theorems 4.2-4.3 and Corollary 4.1 in Section 4.3. We shall
stress that Theorem 4.3 plays a crucial role in the proof of Theorem 4.1. In Sec-

tion 4.4.1 we introduce some basic properties of v, y. For Theorem 4.1, we will state
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the proof of (a) in Sections 4.4.2-4.4.3 and the proof of (b) in Section 4.4.4. Finally,
we provide an application to calculating the capacitances and discuss such result in

Section 4.5.

4.2 The main results of (4.5)—(4.6)

Throughout the whole chapter, we denote o) as the quantity tending to zero as A
goes to infinity. We are now in a position to state the main results about the far-field

and near-field expansions of the solution to (4.5)—(4.6) as follows.

Theorem 4.2 (Far-field expansions of wuy). For A > 0, let uy € C*([0,1]) be the
unique solution to (4.5)—(4.6). Then as A > 1,

1 2 4
/ et dqs = = ()\ +44+ -1+ 0)\)> — 00. (4.27)
0

2 A

Moreover, for any compact subset K of [0,1), there holds

un(r) — U(r) — 7r (sin(m") Tt 2sin(7m~)> o? (L)

A—00
— 0,
CH(K)

2
A A A2 2

(4.28)

s

where U(r) = 2logcos (57) is the unique solution to (4.12) and || - ler(rey 15 defined
in (4.15).

Remark 4.1. (4.28) gives the precise first three terms of ux(r) and u),(r) with respect
to A>1, forr €[0,1):

onlr) = () oy (2L RS o (B 0 (1),

) A2 2 23
i = U'(r) + 27 tan(7r/2) —i—)\7r27° sec?(mr/2)
4 tan(mr/2) + 4w’ sec? (mr/2) + w3r? sec? (7r/2) tan(mr/2) 1
— +0 | —
A2 A3
(4.29)
In particular, one obtains
. 3 /! !/ m
lim uy(r) = U(r) and lim u\(r) = U'(r) = —w tan (—r) : (4.30)
A—00 A—00 2

We stress that (4.30) can be derived directly from [14]. However, the argument
in [14] seems difficult to establish (4.29) due to the lack of (4.44).
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Theorem 4.3 (Near-field expansions of uy). Under the same hypotheses as in The-
orem 4.2, as A > 1, we have

1 4
ux(1) = 2log X + 2logm — X(l + 0y). (4.31)

Moreover, for a, p > 0 independent of X, U/\(””{},a

) asymptotically blows up, which is
depicted as follows:

(a) If a > 2, i.e., Ndist(r),, 1) — 0, then uy (r),) = —2log A+2logm—3(1+0,),
which shares the same first three terms with ux(1), and u\(r),) and u)(1)

shares the same leading order term, which asymptotically blows up. In partic-

ular,

U (1) o) — u\(1)] = 0 as A — oo.

(b) If 1 < a <2, then

(b1) ux(ry,) and ux(1) share the same first two terms:

—14
1 pT(l—FO)\) if()z:2,
u(r) ) = 2log X +2logm + (4.32)
p .
Yoo (I+o0y) fae(l,2).
(b2) uj\(ry.,) and u)\(1) share the same leading order term:
() = A+ EN (14 0y), ae (1,2, (4.33)

2

Hence, the effect of p and o occurs at the third order term of u,\(rga) and the

! (A
second order term u\(r; ).

(c) If « =1, then

(c1) ux(ry,) and ux(1) share the same leading order terms:

1 +2)r 4
ur(ry,) = 2log 5 +21og % — 51+, (4.34)

(c2) The leading order term of u\(r ) depends on p:

2
" )= —— )\ ) 4.
u\ (17 ,) P + 0y (4.35)

Hence, the effect of p occurs at the second order term ofu,\(r;\a) and the leading

order term of uj(r),).
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(d) If 0 < a < 1, then

(d1) The leading order term of uA(r;"a) depends on o« and second order term

depends on p:

1
u(ry,) = 2alog X + 2log Zg + 0,. (4.36)
(d2) The leading order term of u}(r) ) depends on p and c:
2
U’/)\(T;))\,a) = —5/\a + Ox. (4.37)

Thanks to Theorems 4.2 and 4.3, we are able to obtain the pointwise asymptotics
of A7 py. Moreover, we have (cf. (4.38) and (4.39)) that as A > 1:

e For 0 <a<1/2, sup A 'py and sup A 'u} tend to zero.

[Ovrg);\,a] [077';);\,&}

e Fora =1/2, \"'ps(r),) and A~ 'u(r) ) are bounded and have positive lower

bound.

e For a>1/2, X'pa(r),) and A" 'uR(r) ) asymptotically blow up.

More precisely, we obtain the refined far-field and near-field expansions of the net
charge density p and the boundary concentration phenomena of A~ py and A~ 1u/,

which are stated as follows.

Corollary 4.1. Under the same hypotheses as in Theorem 4.2, as A approaches

infinity, we have

(a) (Far-field expansions of py) For any compact subset K (independent of \) of
[0,1),

pa(r) = 7T—28e<32 (Er) - % [2%2 sec? (gr> + 7% sec? <ZT> tan <gr>] (1+o0y)
(4.38)

uniformly in K.

(b) (Near-field expansions of px) The asymptotics of px near the boundary is de-

picted as follows:

4 )\2
?(1—’_0)\) ZfOéE (1700)7
A 22 .
= = 4.39
p/\<rp,a) (p T 2)2 (1 + O)\) ZfO./ 17 ( )
2)\204
2 (1+0y) if a € (0,1).
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(¢c) (Concentration phenomenon) Both A" py and (2\)~'u? behave exactly as Dirac

measures supported at boundary point r =1, i.e.,

Jim 1 ’OAT(T)h(r)dr — h(1), (4.40)
im0 ar = w1, (4.41)

A—00 0 2

for any continuous function h : [0,1] — R independent of \.

4.3 Proof of Theorems 4.2 and 4.3 and Corollary 4.1

It is well-known (cf. [14, Appendix]) that u) and p, can be expressed as

ux(r) = 2log cos (\/ %r) and py(r) = Jy sec? (\/%7‘) for r € [0,1], (4.42)

where
A w2

Jy=—<—=
AL T2

1
, and I,\:/ e s, (4.43)
0

To study the asymptotic behaviour of uy, it suffices to establish the refined

asymptotic expansions of I, and J, which are stated as follows.

Lemma 4.2. Under the same hypothesis in Theorem 4.2, we have

1 2 6 48— 2n’
Iy = (E_XJFF_TSW(HOA)) as A>> 1. (4.44)

The proof of Lemma 4.2 is elementary so we state it in Appendix.

Remark 4.2. Since (4.5) has a unique solution uy and corresponds to the nonlinear
eigenvalue problem (4.10) with (Uy, k) = (uy, Jy), this results in W < %2 for

any positive X. We want to point out that (4.44) implies a squeezed estimate

1 2 6-—¢ A 1 2 6
o (L 2 . ST 5 S
m (2 DY )<f016_u>\(5)d8<7r (2 )\+)\2) as A > \e),

for any sufficiently small e > 0, where A(g) is a positive constant depending on €.

Now, we are in a position to state the proof of Theorem 4.2.

Proof of Theorem 4.2. (4.27) follows from (4.44) since we have

-1

2 4
L=—"="(1-—+2(1 == 4+ (1 :
YT 7T2( BTl —|—0)\)) 7T2<A+ + 5 +0)\))
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To prove (4.28), we need to establish the precise first third order terms of w,(r) and
v, (r) in K. Firstly, by (4.42) and (4.44), there holds that

2
ux(r) = 2log cos <gr — XT + Fr(l + o,\)) uniformly in K, as A — oo.  (4.45)

Note that r € K is independent of A\. For a sake of convenience, let us set

E(r) = _XT + i—Qr(l + 0)). (4.46)

Then, as A — oo, we have £(r) — 0 and

m TN 42 2 (T 3

2log cos <2r+§(r)> = 2log cos (2 ) 2¢(r) tan <2r> &(r) sec <27‘>+0(§ (r)),
(4.47)

uniformly in K. (4.47) can be obtained directly from the Taylor expansions so we

omit the detailed derivation. As a consequence, by (4.45)—(4.47),

T 2mr T T T 9 (T

uy(r) =21log cos (§r> + —— tan (§r> 5] <4 tan <2 ) + 7 sec <§r)) (14 o0y)

A
5
=21log cos (gr> + 7r sec? (Er> (smg\m’) L ;m(ﬂr)) (1+ o)),

2
(4.48)

which gives the precise first third order terms of u,(r).

On the other hand, differentiating (4.42) to r gives

uh(r) = =2 JQ/\ tan (\/%T) . (4.49)

Hence, by virtue of (4.44), (4.46) and (4.49), an expansion of ) (r) with respect to

A > 1 can be expressed as

2 4 2
U/A(T) = (—w + ; — )\—7;(1 + ok)) tan (gr — gr + )\—7;7“(1 + 0)\>>

w’r + wsin(nr) (7T )
sec” (=7
A 2

V] [4 tan (;T ) + 47 sec? (g'r’> + 721? sec (gr> tan <gr>} (1+o0y),
(4.50)

tan (1) +
=—mtan (=7
2

uniformly in K. Here we have used the approximation

tan (gr+§(r)> —tan<2 >—|—§( )Sec <2 )—i—f (r )sec2 (;r >tan<2 >+0(€3( ).

Therefore, (4.28) follows immediately from (4.48) and (4.50), and we complete the
proof of Theorem 4.2. O
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4.3.1 Proof of Theorem 4.3

(4.31) follows from (4.9) and (4.43)—(4.44). By (4.42) and (4.49), we have

J J
ux(r) ) = 2log cos (7“;706 7’\) = 2log sin (g — 7/ é‘) : (4.51)
uh(r),) = —/2Jytan | r) o (4.52)
A\ pa A p,o 2 )

where 7, is defined in (4.14). On the other hand, by (4.14) and (4.44), we have

J T w27
A A _ P L _ 2420
o\ 5 = (1 Aa) (2 S+ A2(1+0A)). (4.53)

Note that the asymptotic expansion of 7"2;\7(1\/ Jy/2 varies with a. To obtain the re-

and

fined asymptotic expansions of (4.51) and (4.52), we shall deal with the asymptotics
of Tz’)\’a\/J,\/Q under situations a > 2, 1 < a <2, a=1and 0 < a < 1 individually.
Case 1. a > 2:

In this case, we have 0 < /\% < /\—12 as A > 1. Hence,

Jy P T w 2w T w27
o/ ; ( )\a> (2 X + )\2( —i—o)\)) 57X + )\2( +0,) (4.54)

Along with (4.51), one may make appropriate manipulations to obtain

4
+logm* — X(l +0y).  (4.55)

. (T 27 1
uy (r),) = 2logsin (X - ﬁ(l + 0,\)) = logﬁ

On the other hand, by (4.52), (4.54) and Taylor expansions of the cotangent function,

one may check that

sieha = (= o Yo (1= 2) (5 5+ v

2 4 2
:(—77+77T—/\—72T(1+O,\))C0t (z——ﬂ-(l—i-O)\)) = —-A+o0,.

Therefore, Theorem 4.3(a) follows from (4.55) and (4.56).

Case 2. 1<a<2:

In this case, (4.53) gives

Jy P T w27 T m  pw 27
Ao fA (o 2V (D oD 2t =—————4+—(1 . (4.
"pa\l 5 ( )\a) (2 N el +0A)) 27X o Tzt (457)
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Along with (4.51) one obtains

A Y olog (T4 PT_ 2T —9log © A
ux(ry, ) =2log <)\ tow T e (1+ 0)\)) = 2log 3t 2log (1 + 5yest )\(1 + o,\)>
—4
. pT(l—I—o,\) if o =2,
:logﬁ+log7r2—|—
P .
)\a—1(1+0>\) if € (1,2),

and (4.32) immediately follows from this result. Combining (4.52) with (4.57) and
following similar argument, we get (4.33) and complete the proof of Theorem 4.3(b).

Case 3. o= 1:

In this case, (4.53) becomes

I\ p\ (7 w® 27 T (p+2)r (p+2)7
A —_— = - = —_ = - [
"pall <1 )\> (2 e +0A)) SRRy S R G Y

(4.58)
Hence, by inserting (4.58) into (4.51) and following the similar argument as in (4.55),
we obtain
2 2 1 2212 4
u,\(rga) = 2logsin <(p ;—)\ ) _ —;2 )W(l + 0,\)) = log p—l—IOg w_x<1+o/\)_

This implies (4.34). Finally, (4.35) can be obtained from (4.52) and (4.58). The

proof of Theorem 4.3(c) is complete.

Case 4. 0 <a<1:

We want to emphasize that due to 0 < § < 55 as A > 1, the asymptotics of ux(r) o)
is more complicated than previous three cases.

Firstly, by plugging (4.53) into (4.51), one may obtain

u,\(r;,\a) =2logsin (% + X(l + ok)>
4.59)
T T 1 T T 3 (
=2log |:<2pw + X(l + 0>\)> — 6 (% + X(l + 0)\)> (1 + O)\):| .

Note also that /\3% < % as 3a > 1, and /\%a > % as 0 < 3a < 1. We shall deal
with (4.59) under three situations 0 < a < 1/3, « =1/3 and o > 1/3. After simple
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calculations, we can establish the precise first three terms of u,(r) ,) as follows:

(2log<%+§(1+o,\)) ifae(1/3,1),
u,\(r;a): 2log(§;+487r4;f37r3 (1—|—o)\)) if « =1/3,
\210g (%—%(1+O,\)> if a € (0,1/3),
:log%-i—log 212(1—#@).

Thus, we obtain (4.36).
To prove (4.37), we shall deal with the asymptotics of (4.52) with 0 < a < 1.

The argument is similar as the previous cases. Indeed, by (4.53) one may check that

o (5Z) <[ 2) G- 50 o) o (85 S0 00

1 N N
—pm ™ = Ox-
QPA—Q + X(l + O)\) pm

(4.60)
Combining (4.44), (4.52) and (4.60), we obtain

2 20\ 2
u/,\(T;\,a) = (—7T+ Tﬂ(l + O)\)) (p—ﬂ + 0/\) — _5/\o¢ + 0y.

Therefore, we get (4.37) and complete the proof of Theorem 4.3.

4.3.2 Proof of Corollary 4.1

(4.38) follows from the combination of (4.42) and (4.44) as follows:
2

s 2% 672 Tr ar  27r
pA(T) = (? — T+V<1+O>\)> sec2 (? — T—i‘v(l—i‘O)\))

2
=y et (5r) =5 [ortsect (5r) e (5 an (57)]

5 sec (57 ) 27 sec 57 + 7° sec 57 tan 5" (1+o0y),
This completes the proof of Corollary 4.1(a).

Now, we shall prove (4.39). Putting r = r}, into the expression of py in (4.42)

«

and using (4.44), we can obtain

p,\(rgﬂ) = J, sec? (7‘;}’&\/ %)

= (%Q—QTﬁﬁA—ﬂf(HoA)) sec? Kg_§+i_§(””)) (1-%)} .
(4.61)
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Note that the expansion of (5 — ¥ + 33(1 + 0y)) (1 — &) depends variously on a €
(0,1), a =1 and « € (1,00). Firstly, we deal with (4.61) for the case of 0 < v < 1

and obtain
2
Ay (T2 6 2 (T _pT T
P a) = (2 3 + 2 (1—1—0,\)) sec (2 2)\a—l—>\(1+0,\))
2/\204
= 1+o
e (1+o0x),

Here we have used the standard expansion of the cosecant function to obtain the
last identity. Hence, we obtain (4.39) for the case of 0 < o < 1. By a similar
argument, we can also prove (4.39) for the two cases @ = 1 and « > 1, and the proof
of Corollary 4.1(b) is complete.

1
It remains to prove Corollary 4.1(c). Note that lim —————— =0 (by (4.27)).
A—00 0 €_u>\(5)d8

Along with (4.5), we arrive at

(pmh(r) B uf(r>h<r>> _

5 ) = 0 uniformly on [0,1] as A — oo,

lim sup
A—00

where h is a continuous function on [0, 1]. This indicates that (4.40) and (4.41) are

equivalent. Hence, it suffices to claim (4.40), i.e

/\h_)rgo/ f - uA(S dr = h(1). (4.62)

Let k € (0,1) be fixed. Then we observe that

7u>\(r

nr —nl [ [ g
+  max r)—h(l / —dar | .
re[l-A—x1] 1_)\—F f()l e~u(s)ds

(4.63)
Moreover, from (4.5) and Theorem 4.2(d), a direct computation gives
1 —ux(r) 1 " (1= X" — (1
lim e—dr: — lim wr )d = lim U ) — () =1,
A=00 J1x—~ f e~ (s)ds A—=00 J1_\-n A A—00 A
which also implies
1A ()
lim — dr=0. (4.64)

A—oo fg fol e—ur(s)ds
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Finally, we notice that the continuity of A implies lim  max } |h(r) = h(1)] = 0.

A—oore[l-A—F,1

As a consequence, (4.62) immediately follows (4.63)—(4.64) and we prove Corol-
lary 4.1(c).
Therefore, the proof of Corollary 4.1 is completed.

4.4 Proof of Theorem 4.1

In order to deal with the convergence of the v, — u, with respect to uA — 0%,

throughout the whole section we shall set
Wy = Uy — Uy (465)

Subtracting (4.5) from (4.20) and using (4.65) gives

0ua(r) —ua(r) NG
Wi\ (r) = S 4 < ‘ ¢ ) (4.66)

B f()l evu,A(S)ds fol e—ur(s)ds B fOl €_U“v>‘(5)d5
and
20,2 (r) A A wy A (1)
wy (1) = e~ UnA () 'iw YT S— + =3 e_ . (4.67)
Jo €2 ®ds  [Jemualds [ emn)ds

We will sometimes use identity (4.66) or identity (4.67) to estimate w,x and wy, ,
for a sake of convenience.

Since we know that both uy and v, » are strictly decreasing on [0, 1] (by Lemma 4.3),
the main difficulty of Theorem 4.1 is to obtain the monotonicity of w, x, which will be
presented in Lemma 4.4. To complete the proof of Theorem 4.1(a), in Sections 4.4.2

and 4.4.3, we will prove

lim max |w, | =0 (4.68)
A—o0  [0,1]
puA — 0

and

. / -
/\h_}rgo I[%fﬁ(‘ww\‘ =0, (4.69)
puA — 0

respectively. When A > 0 is fixed and p — 07, the proof of Theorem 4.1(b) is based
on preliminary estimates in Sections 4.4.1 to 4.4.3. We will briefly state the proof

in Section 4.4.4.
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4.4.1 Some basic properties

Since A > p > 0, one can follow the same argument as in [70, Proposition 2.1]
v (r) —v T
and [76, Lemma 2.1] to obtain v}, , (r) = -5 “2 de () fop all v € (0, 1].

fol e (9 g - f01 e A g
Along with (4.21), it yields

v, A (1) <0, ,(0) = 0 and v, x(r) < v,A(0) = 0 for all r € (0,1].
As a consequence, we obtain the following property.

Lemma 4.3. For A > p > 0, let v, € C*([0,1]) be the unique solution to (4.20)-

(4.21). Then v, is strictly decreasing and strictly concave downward on [0, 1].

Lemma 4.3 and (4.8) present that v, ) and uy are strictly decreasing on [0, 1],
but do not provide further information for w, ) := v, — ux. To prove (4.68), we
need two crucial lemmas. Firstly, we obtain that v, > uy on (0,1] and w,, is

monotonically increasing as A > p > 0, which is stated as follows.

Lemma 4.4. For 0 < p < X, wy,» defined in (4.65) is positive and monotonically
increasing on (0,1]. In particular, w, » attains its mazimum value at the boundary

point r = 1.

Proof. Due to the continuity of w,, y, there exists r; € [0,1] such that w, \ attains
its minimum value at r = r,. Since w}, ,(1) = p > 0, we have 7, € [0, 1).

We first show 7 = 0. Suppose by contradiction that r; € (0, 1), which implies
that w,x(r1) <0, w:M(rl) = 0 and w;”/\(rl) > 0. Since v, (1) < v,2(0) = 0 (by

Lemma 4.3) and w, (1) < 0, it is easy to obtain

Y €20 (r1) AeWna(r1)

e > b (4.70)

Jo € ®ds  [Jemmds  [Feval®ds  [J e )ds
Along with (4.67), we find
A A
w” (0) = K — +
M)\( ) f()l e”#,A(S)dS f[)l @UA(S)dS fol e*UA(S)dS
Me%u,A(H) A AeWna(rn) (4'71>

— + = e”W(”)wg’/\(rl) > 0.

> 1 1 1
fO evu,k(s)ds fO @UA(S)dS fO e_UA(S)ds

Recall that wj,,(0) = 0. Hence, by (4.71), there exists v, € (0,71) such that

wu,,\(Tz) = I[na}]c wy,x > 0. In particular,
Ozrl

wy, 5 (r2) < 0. (4.72)
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Since vy \(12) > vua(r1) and wya(r2) > 0 > w,A(r1), we can repeat the same

argument as in (4.70) to obtain

MGQUAM(T?) AeWrA(ra) HGQU%A(N) AePrAr)

Along with (4.67), we can follow the similar argument as in (4.71) to get wy, ,(r2) > 0,
which contradicts (4.72). Thus, r; = 0 and w,» > 0 on [0, 1].

Next, we want to show that w, ) attains its absolute maximum value at r = 1.
Suppose by contradiction that there exists r5 € (0, 1) such that w,, » attains its local
maximum at r = r3. In particular, w, x(r3) > 0 and wj (r3) < 0, and there exists
0" > 0 such that wy, \(r) < wya(r3) and w), \(r) < 0 for r € (13,73 +0%). On the
other hand, since wj, ,(1) = p > 0, there exists 74 € (r3,1) such that w, ) attains
its local minimum at 7 = ry with w} \(r4) > 0. Note that wy,(rs) < wy,x(r3) and

VA (rs) < vy a(rs). Thus, we can apply the similar argument as in (4.70) and (4.71)

to get wy, ,(r3) > 0, which contradicts the fact wy ,(r3) < 0. As a consequence,
wy, attains its maximum value at r = 1. Furthermore, throughout the above

argument, we also prove that w, » has neither local maximum nor local minimum,
and w’ reserves the same sign. Consequently, w,, , is monotonically increasin
A D gn. quently, wy, y g

since wy, A(0) < wy, A(1). Therefore, we complete the proof of Lemma 4.4. O

4.4.2 Proof of (4.68)

Thanks to Lemma 4.4, it suffices to show that w, \(1) tends to zero as A — oo and

puA — 0.
Lemma 4.5. If /\lim puA =0, then
—00
)\11_{130 w, (1) = 0. (4.73)

Proof. Multiplying (4.5) by «) and integrating the expression over [0, 7] gives

, Mew ™ —1
() = X :

1
- AL T 7 trreo1]. 4.74
2 [Teutds 0.1] (4.74)

Applying the same argument to (4.20), we have

Cop(evea ) — 1) Aemvea ) — 1)
T Temds | [Te e
o €V s Jo e )ds

1
511}’3)\(7') for r € [0,1]. (4.75)
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Putting » = 1 into (4.74) and (4.75), one arrives at
A &2(1)
ol emOds era® — 1 [l emnldds emua®
A fOl ev“'k(s)ds e_uk(l) -1 fol e_UH,A(S)dS e_u)‘(l) —1
fol e~ () ds e—wua(l) _ gua(l)

[lema@ds  1—en®

(4.76)

Here we have used (4.65) and the fact v, x(1) < 0. Since —v,» > —w, (1) — uy on
[0,1] (cf. Lemma 4.4), we have

_w‘u)\(l) < fU e e )dS

4.77
f e—urn(s)ds ( )
Along with (4.76), we can obtain
2 1 — ewua(D)Fux(l)
(1-8) <= ,
A 1 — ew()
which implies
2
1< e < (1 %) +(2- %) Lemn, (4.78)
Note finally that (4.31) implies the uniform boundness of 67“3(” with respect to
)

A > 1. Along with /\lim puA =0, we get
—00

lim Eemn® = g, (4.79)

A—00

Combining (4.78) with (4.79), we deduce (4.73) and complete the proof of Lemma 4.5.
0

Applying Finally, by Lemmas 4.4 and 4.5, it is easy to see hm max |w, \(r)| =
A—o0 reg(0,1]
A — 0

/\hm w, (1) = 0, which gives (4.68).
,u)\—>—(>)00

4.4.3 Proof of (4.69)

Note that w;, , > 0, w;, ,(0) = 0 and hm wu/\( )= )}Lr{olou =0. For A>1> >0,

we may assume that w;L » attains its maximum value at interior point 7y, . It suffices

to claim

Jim g\ (r70) = 0. (4.80)
puA — 0
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Claim of (4.80). Firstly, by wy, ,(r7; ) = 0 and (4.66), we have

Mevu,)\(r,i)\) )\e_vﬂv/\(TZ,A) )\e_UA(TZ,A)

= — + )
fol evnr(8)ds fol e~ vur(8)ds fol e~ (s)ds
On the other hand, subtracting (4.74) from (4.75) gives

1 p(e?eA ™ — 1) AeuA™ — 1) A(emn () — 1)
5 (W (r) —u(r) = = + o ~- S . (4.82)
2 fO evu,)\(s)dg fO e Uu,/\(s)ds fO e UA(S)dS

Putting 7 = r} , into (4.82) and using (4.81), we observe that

1 * * * 1 * *
_w:J,,)\(rp,,)\>(U:J,,)\<ry,)\> + UlA(U,A)) =3 (Uﬁ,\@’w\) - uf(rw\))
2 2

v (e”‘“(rfwk) — 1)
= + A —
fol evur(8)ds (fol e~ vur()ds fol e“A(S)d8>

efvu,/\(T;A) Q*UA(T;,A)

_ Y - .
fol evu,A(S)dS (fol e—vy,)\(s)ds fOl eUA(S)ds)

3 / _ / / /
Since 0 < wj, \ = v, , —u) < — (UW\ + u}y), we have

wﬁ/\(r;’/\) < —wy, 5 (1) (U (1) Ul () ))

_ ety 1 1 (4.83)
fol evur(8)ds fol e vur(s)ds fol e~urn(s)ds |

To deal with (4.83), we need the following lemma.

Lemma 4.6. There hold

1 1
() lim X[ — - — =0.
Avoe\ [y et ®ds [ emn)ds

puA — 0
I (2e”w(’”b> — 1)
i) lim —0
" % fol et ds

Proof. From Lemma 4.4 and (4.77), we have

A A A

- < — < — evur(), (4.84)
fO e—uu(s)ds fO B*UH,A(S)dS fO e—uw(8)ds

By (4.27), (4.84) and Lemma 4.5, we get Lemma 4.6(i).
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On the other hand, note that fol e’nr(9)ds fol e »2)ds > 1 (by Holder’s inequal-

ity). This along with (4.27) and Lemma 4.4 immediately implies

1 1
20U\
0 < 1# S M/ e—vH,A(S)dS S :U’/ e_“)‘(s)ds — L (1 + 0}\) — 5 0.
fo evnA(8)ds 0 0

Since v,y <0 (by Lemma 4.3), we obtain

T <3 — 0 as A — oo.
IN evnA(8)ds Jy € ds

This proves Lemma 4.6(ii). Therefore, the proof of Lemma 4.6 is completed. H
Finally, by (4.83) and Lemma 4.6, we arrive at (4.80) and complete the proof of

(4.69).

4.4.4 Proof of Theorem 4.1(b)

In this section, we fix A > 0. Note that Lemmas 4.3-4.4 and the estimates (4.74)-
(4.78) still hold for A > > 0. Hence, as p — 07, we have

2
1< ewna) < <1 _ ﬁ) + (2 _ ﬁ) Fp—ua(1) A0 fixed (4.85)
A A p—0+

Here we have used the fact that wy(1) is independent of p. As a consequence, by

(4.85) and the monotonicity of w, » (cf. Lemma 4.4), we arrive at

lim max m =0. 4.86

1 0] |U} ,)\| ( )
It remains to Claim

lim ma ! =0. 4.87

We assume that wj, , attains its maximum value at r = ry. If r, € (0,1), then one
may check that (4.81)—(4.83) with 77 \ = r}; still hold for A >y > 0. Moreover, by
(4.84) and (4.86), we obtain

A A
lim — = — , (4.88)
p—0t fO e~ vuA(s)ds fO e—ur(s)ds
This along with (4.83) yields
w/Q (T‘*) < I + A 1 . 1 A>0 fixed 0. (489)
AN = fol evnA () dg fol e~ ()ds fol e~ur(s)ds p—0+

Therefore, we obtain (4.87) and complete the proof of Theorem 4.1(b).
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4.5 Applications and discussion

In this section we provide an application to calculating capacitances for the doubler-
layer capacitantors in single-ion electrolyte solutions. As was studied in [76, Section
6], we define a quantity € (uy; K) related to the capacitance in a physical region
Ky C[0,1] as

iy X oalr)dr

max _|ux(z) —ux(y)|
x,yEK)\;a

Ct (ur; Kyo) =

(4.90)

For a sake of simplicity, we shall set K)o = [r),,1]. We show that when K
attached to the boundary (the charge surface) has the thickness of the order A=
and a > 1, €7 (uy; K).o) has a positive infimum as A tends to infinity. However,
if the thickness of K),, is far larger compared to the order A™! as A > 1, then

€T (uy; Ky.o) tends to zero. Such results are based on the following refined asymp-

totics of € (uy; [7“;},047 1]).

Theorem 4.4. Under the same hypothese as in Theorem 4.2, as X > 1 and p > 0,

the asymptotic expansions of €+ (uy;[r) ., 1]) are precisely depicted as follows:

P,
(a) If a > 1, then
1 P 2
[ _
©t (u)\, [Tp,a7 1}) = 5 -+ (—le (Oé) -+ w){z (CY)) (1 -+ 0)\> ,
where
0, ifa>3, 1, ifa>3,
X1 () = and X2 (o) =
1, ifl<a<s, 0, ifl<a<3.

Note that x1 (o) = x2 (@) =1 as o = 3.
(b) If a« =1, then

+ (a1 _ p H
D) = oo ()

where H is defined by

7 (p? + 6p + 12) P’ (p +6)

H= 6(p+2) 24(p+2)log (1+8)

(c) If 0 < a < 1, then

1

Cg"' (’LLA, [TI)’:CW 1]) = W(l + O)\).
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Since the proof of Theorem 4.4 requires a huge amount of elementary compu-
tations based on refined asymptotics of u) and u) in Theorem 4.3, we omit the

details.

Finally, we make brief summaries for Theorem 4.4 as follows.

e For ), defined in (4.14), we have

(
5(1 + o)) for a > 1,
p
e [ _ (1+o0y) for a =1,
4 (U’)\u [Tp,ou 1]) - 2(p + 2) IOg (1 + g) (491>
1
\W(1+O>\) fOI'O<Q{<1.

e For r € [0,1) independent of \, € (uy; [r,1]) ~ tending to zero.

og \?

Note that in (4.91), g (p) := is strictly increasing to the variable p >

p
2(p+2) log(1+5)
0 and lim g(p) = % Since the amount of electrical energy which the capacitor
p—00
can store depends on its capacitance, (4.91) confirms an important property of
the “double-layer capacitance” that the corresponding capacitance (4.90) of the

electrostatic model (4.5)—(4.6) stores much more energy in thinner region attached

to the charged surface.

Before closing this section, we want to stress that the double-layer capacitance
in binary electrolytes has been introduced in [76, Theorem 6.1]. Let us consider
the same region [}, 1] having the thickness O(A™*) with a > 1 attached to the

charged surface and explain why we are interested in calculating the correspond-

ing capacitance in single-ion electrolytes. A reason is that for binary electrolytes,
A

2o 1] 18 too small to get the precise value

the maximum potential difference in [r
of /\h_g)lo Ct (uy; [r;’a, 1]). However, for the case of single-ion electrolytes, we exactly
obtain the precise value of /\11_{210 C " (uy; [7“;7047 1]) shown in (4.91). Such a result pro-
vides a practical application for calculating the double-layer capacitance in elec-
trolytes [32].
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Appendix

4A Proof of Lemma 4.2

In this appendix, we state the proof of Lemma 4.2.

By (4.42) and (4.43), one may check that

1 1 5
I,\:/ e“*(s)ds:/ sec? \/ér dr = 1/—tan\/£,
0 0 2 J)\ 2

which implies
V2
JA \/ = tan (f - %) . (4.92)

We shall now establish the precise first third order terms of the asymptotic

expansion of Jy with respect to A > 1. Firstly, by (4.43) we have 0 < J\ < 72/2 for
all A > 0. Along with (4.92), it immediately yields

2

. ™
SR

This gives the precise leading order term of J, with respect to A > 1. Moreover,

applying the approximation tan s = s+ o(s) for s =  — % — 0 to the right-hand

2
side of (4.92), one obtains

V2 s J
5 A = (5 - ;) (1+ 0y). (4.93)

To deal with the second order term of J, with respect to A > 1, let us set

2
ay = (J,\—%> A

Then we can express the asymptotic expansion of |/ as

R CRE LR = A

Along with (4.93) arrives at T+ 2 (140,) = 3 (g - @/‘]—2*> (1+0y)) = —2(1+o0y),
and consequently ay = —272 + 0y, as A > 1, which stands the second order term of

expansion of Jy. As a conclusion,

2 2n?
J)\: ?—T(l—i‘O)\). (494)
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To further get the precise third order term of J, with respect to A, we consider the

difference between J, and its first two order terms shown in the right-hand side of

(4.94) and set
w27t |,
b>\— (JA_E—{_T))\

Then we have

)\ ™ 7w by w™ w 1 [by
N Y Kt N S S N 1 S _ 1.95
5 T ataoeTs Tl ) (0to) (4.95)

Rewriting (4.93) as /2 = 2 (% — ,/%) (1 + o)) and putting (4.95) into this

expression, after a simple calculation we can get

by = 612 40y, as A > 1.

Similarly, to obtain the precise the fourth order term of J, with respect to A\, we

set

72 27?67
=\ -t ———]. 4.
Cx <J,\ 5 + \ 2 ) (4.96)
One may follow same argument to get

,  2mt
cy = —16m° + 5 +oy, as A > 1 (4.97)

Therefore, (4.44) directly follows from (4.96) and (4.97), and the proof of Lemma 4.2

is complete.
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