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摘要 

 
本文探討一個球形軟質粒子在一個充滿對稱電解質溶液的球形孔洞內之沉降

運動，軟質粒子由一個未帶電的球形硬核和一個包覆在外帶電的均勻多孔層組成。

在假設系統些微偏離平衡狀態的情況下，利用常規微擾法，以多孔層的空間電荷密

度和孔洞的表面電荷密度為微小參數，將主導流場、電位和電化學位能分布的非線

性的電動力方程式簡化成為線性化方程式，並結合適當的邊界條件，求解了線性化

電動力方程式後，再利用重力、流體阻力和電力的合力平衡，求解出軟質粒子沉降

速度的表示式。本研究發現孔洞表面帶電可以增加軟質粒子的沉降速度，主要是由

於沉降電位梯度造成的孔洞內電滲透使流體循環流動加強。除此之外，多孔層中的

空間電荷和孔洞表面電荷電性相同時，粒子速度大致上會因孔洞的影響而增加。當

此二固定電荷電性相反時，孔洞表面電荷密度相對於多孔層空間電荷密度足夠多

時，則會增加粒子速度。孔洞表面電荷對軟質粒子沉降速度的影響會因為硬核與粒

子半徑比、粒子與孔洞半徑比和粒子半徑與流體於多孔層內滲透長度的比值減小

而增加，但此影響不是粒子半徑與電雙層厚度的比值的單調變化函數。 

 

關鍵詞：沉降速度；帶電軟質粒子；帶電孔洞；電動力學；邊界效應 
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Abstract 

 
The sedimentation of a soft particle composed of an uncharged hard sphere core and 

a charged porous surface layer inside a concentric charged spherical cavity full of a 

symmetric electrolyte solution is analyzed in quasi-steady state. By using a regular 

perturbation method with small fixed charge densities of the soft sphere and cavity wall, 

a set of linearized electrokinetic equations relevant to the fluid velocity field, electrical 

potential profile, and ionic electrochemical potential energy distributions are solved. A 

closed-form formula for the sedimentation velocity of the soft sphere is obtained as a 

function of the ratios of core-to-particle radii, particle-to-cavity radii, particle radius to 

the Debye screening length, and particle radius to porous layer permeation length. The 

existence of the surface charge on the cavity wall increases the settling velocity of the 

charged soft sphere, principally because of the electroosmotic enhancement of fluid 

recirculation within the cavity induced by the sedimentation potential gradient. When the 

porous layer space charge and cavity wall surface charge have the same sign, the particle 

velocity is generally enhanced by the presence of the cavity. When these fixed charges 

have opposite signs, the particle velocity will be enhanced/reduced by the presence of the 

cavity if the wall surface charge density is sufficiently large/small relative to the porous 

layer space charge density in magnitude. The effect of the wall surface charge on the 
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sedimentation of the soft sphere increases with decreases in the ratios of core-to-particle 

radii, particle-to-cavity radii, and particle radius to porous layer permeation length, but is 

not a monotonic function of the ratio of particle radius to Debye length. 

 

Keywords: sedimentation velocity; charged soft particle; charged cavity; electrokinetics; 

boundary effect 
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Chapter 1 

Introduction 

 
The sedimentation of charged particles in ionic fluids under gravity is a common 

phenomenon in various fields of colloidal science as well as biomedical, mechanical, 

chemical, civil, and environmental engineering [1,2]. This phenomenon is more complex 

than the migration of uncharged particles because the ambient fluid flow distorts the 

electrical double layer surrounding each charged particle and induces a sedimentation 

potential gradient [3.4]. This induced electric field alters the velocity distribution of the 

ionic fluid via the electrostatic interaction and diminishes the settling velocity of the 

charged particle by an electrophoretic effect.  

Using a regular perturbation method, Booth [5] first obtained analytical formulas for 

the sedimentation velocity and potential in suspensions of hard (impermeable to the ionic 

fluid) spheres with arbitrary double layer thickness as power expansions in their low zeta 

potential. Numerical results relaxing the assumption of low zeta potential in this analysis 

was calculated by Stigter [6]. Ohshima et al. [7] obtained analytical formulas and 

numerical results of the sedimentation velocity and potential in suspensions of hard 

spheres for a wide range of zeta potential and double layer thickness. On the other hand, 

the regular perturbation analyses have been extended to obtain the sedimentation velocity 
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and potential in suspensions of interacting hard spheres [8-12], porous (permeable to the 

ionic fluid) spheres [13,14], and soft (hard core covered with porous surface layer) 

spheres [15,16].  

In various applications of sedimentation, colloid particles are rarely unbounded but 

often settle close to solid boundaries [17,18]. In the past, the boundary effect on 

sedimentation of uncharged particles were studied extensively [19-23], but not much 

information of this effect on charged particles was conveyed. Pujar and Zydney [24] 

calculated the settling velocity of a charged spherical particle in a concentric uncharged 

spherical cavity using perturbation expansions of small zeta potentials and Peclet number. 

This thesis has been extended to numerical calculations in the case of arbitrary zeta 

potentials [25]. More recently, the settling of a charged hard [26] or porous [27] spherical 

particle within a con-centric charged spherical cavity with arbitrary electric double layers 

has been analytically investigated for the case of small fixed charge densities of the 

particle and cavity wall.  

In this thesis, the sedimentation of a charged soft spherical particle inside a 

concentric charged spherical cavity with arbitrary double layer thickness is analytically 

studied. The fluid velocity, electric potential, and ionic electrochemical potential energy 

distributions satisfying the linearized electrokinetic equations are determined as power 

series of the small fixed charge densities of the soft sphere and cavity wall. A closed-form 
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formula for the settling velocity of the soft sphere is obtained as a function of relevant 

parameters. 
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Chapter 2 

Electrokinetic Equations 

 
As illustrated in Figure 1, we consider the quasi-steady sedimentation of a soft 

sphere of radius a  , consisting of an uncharged hard sphere core of radius 0r   and a 

charged porous surface layer of thickness 0a r− , inside a concentric charged spherical 

cavity of radius b   full of the fluid solution of a symmetric electrolyte. The porous 

surface layer is permeable to the electrolyte solution and has fixed charges distributed at 

a uniform space density. The gravitational acceleration field zge  ( ze is the unit vector in 

the z  direction) is acting on the system and the sedimentation velocity zUe  of the soft 

sphere will be determined. The origin of the spherical coordinates ( , , )r θ ϕ  is attached 

to the particle/cavity center (at 0z = ), and the system is independent of ϕ  (symmetric 

about the z  axis). 
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Figure 1. Geometric sketch for the sedimentation of a charged soft particle at the center 

of a charged cavity. 
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2.1. Differential Equations 

The system is assumed to deviate slightly from equilibrium. Therefore, the pressure 

profile ( , )p r θ , electrical potential field ( , )rψ θ , and ionic concentration distributions 

( , )n r θ+  and ( , )n r θ−  can be decomposed into  

( )eqp p pδ= + , (1a) 

( )eqψ ψ δψ= + , (1b) 

( )eqn n nδ± ± ±= + , (1c) 
 

respectively, where ( ) ( , )eqp r θ  , ( ) ( )eq rψ  , and ( ) ( )eqn r±   are the equilibrium pressure, 

electrical potential, and ionic concentrations, respectively [ ( ) ( )eqn r±  and ( ) ( )eq rψ   are 

related by the Boltzmann equation], ( , )p rδ θ , ( , )rδψ θ , and ( , )n rδ θ±  are the small 

perturbed quantities to the relevant equilibrium fields, and the subscripts + and – denote 

the cation and anion, respectively.  

The small perturbations pδ , δψ , nδ ± , and fluid velocity field ( , )r θu  satisfy the 

continuity equation of the incompressible fluid ( 0∇⋅ =u  ) and following linearized 

electrokinetic equations [13]:  

2 2 2 (eq) 2 (eq)[ ( ) ] [ ] ( )h r p h r Qη λ δ ε ψ δψ δψ ψ δψ∇ − = ∇ − ∇ ∇ +∇ ∇ − ∇u , (2) 

( ) ( )
2 [exp( )( ) exp( )( )]

eq eqZen Ze ZeZe Ze
kT kT kT

ψ ψδψ δµ δψ δµ δψ
ε

∞

− +∇ = + − − − , (3) 

2 (eq) (eq){ }Ze kT
kT D

δµ ψ δµ ψ± ±
±

∇ = ± ∇ ⋅∇ − ∇ ⋅u , (4) 

resulting from the modified Stokes/Brinkman equation, Poisson’s equation, and 
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continuity equations of the ionic species, respectively. In Equations (2)-(4), ( , )rδµ θ± are 

the perturbed quantities of the ionic electrochemical potential energies defined in terms 

of δψ  and nδ ± , 

(eq)

kTZe n
n

δµ δψ δ± ±
±

= ± + , (5) 

η and ε  are the viscosity and dielectric permittivity of the fluid, respectively, n∞ and 

Z   are the bulk concentration and valence, respectively, of the symmetric electrolyte, 

D± are the diffusivities of the ionic species, 1/ λ is the square root of the permeability of 

the fluid in the porous surface layer of the soft sphere, ( )h r equals unity if 0r r a≤ ≤  

and zero otherwise, k is Boltzmann’s constant, T is absolute temperature, and e  is the 

charge of a proton.  

For porous particles made of plastic foam slab [28] and steel wool [29], experimental 

data for 1/ λ   can be 400 microns, while in the surface layers of grafted polymer 

microcapsules [30], rat lymphocytes [31], and human erythrocytes [32] in electrolyte 

solutions, 1/ λ was found as low as 3 nm.  
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2.2. Boundary Conditions 

The boundary conditions of the perturbations u  , δψ  , and δµ±   at the interface 

between the hard sphere core and the porous surface layer and at the particle surface are 

[15,33,34]  

0r r= :    =u 0 ,   0r δψ⋅∇ =e ,   0r δµ±⋅∇ =e , (6) 

r a= :    u , r ⋅e τ , δψ , δψ∇ , δµ± , and δµ±∇  are continuous , (7) 

where τ  is the viscous stress and re  is the unit vector in the r  direction. Equation (7) 

are the continuity requirements of the fluid velocity and stress, electrical potential and 

field, as well as ionic concentrations and fluxes at the interface. Various boundary 

conditions describing fluid flow at interfaces between porous media and surrounding 

fluids are discussed in detail in the literature [35,36] related to Darcy’s law and 

Brinkman’s equation, and Equation (7) is physically true and mathematically consistent 

with Equation (2).  

The boundary conditions of the small perturbations at the cavity wall are [26,27]  

r b= :    zU= −u e ,   0r δψ⋅∇ =e ,    0r δµ±⋅∇ =e . (8) 

Equations (6) and (8) take a reference frame moving with the particle and show that the 

Gauss condition holds at the surfaces of the hard sphere core and cavity wall as well as 

no ions can penetrate into these surfaces. 
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Chapter 3 

Solution of Electrokinetic Equations 

 

3.1. Equilibrium Electric Potential 

For the electrolyte solution around a soft spherical particle whose porous surface 

layer has a uniform space charge density Q  located at the center of a spherical cavity 

with a constant surface charge density σ  , the equilibrium electric potential profile 

satisfying proper boundary conditions was obtained as [37]  

(eq)
eq01 eq10( ) ( )r Q rψ ψ ψ σ= + , (9) 

where 

0(2 ) 2
eq01 0 0( ) {[ ( 1)( 1) ( 1)( 1)][ ( 1)

2

r
r aa bkTer e a r e a r e b

ZeA r

κ
κκ κψ κ κ κ κ κ

κ

−
−= − + − + − −   

2 ( 1)]}re bκ κ+ +      for a r b< < , (10a) 

0(2 2 )
( 2 )

eq01 0
1( ) { ( 1)( 1)[ ( 1) 2 ]

2

b a r r
a b a rkTer e b r e a e r

ZeA r A

κ
κ κ κψ κ κ κ κ

κ

− + −
−= + + − − −   

0 0( 2 ) 2 ( )
0e ( 1)( 1)[e ( 1) 2e ] e ( 1)( 1)r r a b r rr ab r a r a bκ κκ κκ κ κ κ κ κ− − − +− − + + − + − +   

0 0 0( 1) [ ( 1) ( 1)( 1)]}r b r b a b rκ κ κ κ κ× + + − − − − − for 0r r a< < , (10b) 

0( )2

eq10 0 0 0
2 ( )( ) { cosh[ ( )] sinh[ ( )]}

b rkT b er r r r r r
ZeA r

κκψ κ κ κ
κ

+

= − + − , (11) 

022
0 0( 1)( 1) ( 1)( 1)rbA e b r e b rκκ κ κ κ κ= − + − + − , (12) 

2Q ZeQ kTεκ=  and Ze kTσ σ εκ=  are the dimensionless fixed charge densities, and 

1 2 2 1 2
0( / 2 )kT Z e nκ ε− ∞=  is the Debye screening length. Note that the contributions of the 
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second-order fixed charge densities (
2

Q , Qσ , and
2

σ ) to (eq)ψ  in Equation (9) vanish 

for the case of symmetric electrolytes and higher order contributions are not needed for 

the calculation of the particle sedimentation velocity to the second orders.  

Experimental data on porous surface layers of poly(N-isopropylacrylamide) 

hydrogels [38], rat lymphocytes [31], and human erythrocytes [32] in electrolyte solutions 

show that Q   has the magnitude of 7 310  C/ m  . Forσ  , experimental studies on AgI 

surfaces in aqueous solution show that it ranges from 0 to 0.035 2C/ m   when pAg 

increases from 5.6 to 11 [39]. For the system of soft particles inside a cavity filled with 

the aqueous solution of monovalent electrolytes with 1 1 nmκ − =  , 7 310 C/ mQ  =  , and

20.01 C/ mσ = , the dimensionless fixed charge densities 0.5Q σ≅ ≅  are obtained.  

Substituting Equations (9)-(12) into the Gauss condition at r b=  , we obtain the 

following relation between the zeta potential ζ  and the surface charge density σ  of 

the cavity wall confining the soft sphere:  

2
0 0 0{ cosh[ ( )] sinh[ ( )]}r b r b r bκ κ κ κ σ− + −   

2 2
0 0 0 0={ ( )cosh[ ( )] ( 1)sinh[ ( )]}b r b r br b rκ κ κ κ εκ ζ− − + − −   

2
0 0 0 0{ ( ) cosh[ ( )] ( 1)sinh[ ( )]}a r a r ar a r Qκ κ κ κ− − − + − − .  (13) 

Namely, ( )eqψ expressed by Equation (9) after substituting Equation (13) is still valid for 

the case of constant zeta potential at the cavity wall.  
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3.2. Small Perturbations 

To solve the small perturbations u  , pδ  , δψ  , and δµ±   in terms of the particle 

velocity U   for small dimensionless charge densities Q   and σ  , these variables are 

expressed as perturbed expansions in powers of Q  and σ  up to the second orders,  

such as  

where the coefficients ijU   with i   and j   equal to 0, 1, or 2 to be determined are 

independent of Q  and σ , but are functions of the ratios of core-to-particle radii 0 /r a , 

particle-to-cavity radii /a b , particle radius to the Debye length aκ , and particle radius to 

porous layer permeation length aλ . In the expansions of δψ  andδµ± , there is no zeroth-

order term of Q   and σ   because no ionic concentration gradient or electric field is 

applied.  

Substituting the expansions ofu , pδ , δψ , δµ± , and U  in the form of Equation 

(14) and Equation (9) for ( )eqψ  into Equations (2)-(8), we obtain the following solution 

for the components of u   in spherical coordinates, pδ  (to the orders 
2

Q  , Qσ  , and 

2
σ ), δψ , and δµ±  (to the orders Q  and σ ): 

2

00 00 01 10 02 00 00 02{ ( )[ ] [ ( ) ( )]r r r ru F r U U Q U U F r U F r Qσ= + + + +   

2

11 00 00 11 20 00 00 20[ ( ) ( )] [ ( ) ( )] }cosr r r rU F r U F r Q U F r U F rσ σ θ+ + + + , (15a) 

2tan ( )
2 r

du r u
r drθ
θ

= − , (15b) 

2 2

00 01 10 02 11 20U U U Q U U Q U Q Uσ σ σ= + + + + + , (14) 
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00 00 01 00 10 00{ ( ) ( ) ( )p p pp U F r U F r Q U F r
a
ηδ σ= + +   

2
2

02 00 00 02 00 eq01 01[ ( ) ( ) ( ) ( )]p p
aU F r U F r U r F r Qψ
εκ ψ
η

+ + +   

2

11 00 00 11 00 eq01 10 eq10 01[ ( ) ( ) { ( ) ( ) ( ) ( )}]p p
aU F r U F r U r F r r F r Qψ ψ
εκ ψ ψ σ
η

+ + + +   

2
2

20 00 00 20 00 eq10 10[ ( ) ( ) ( ) ( )] }cosp p
aU F r U F r U r F rψ
εκ ψ σ θ
η

+ + + , (15c) 

00 01 10[ ( ) ( ) ]cosU F r Q F rψ ψδψ σ θ= + , (16) 

00 01 10[ ( ) ( ) ]cosZeU F r Q F rδµ σ θ± ± ±= + . (17) 

Here, the functions 01( )eq rψ  and 10 ( )eq rψ  have been given by Equations (10) and (11), 

and the functions ( )ijrF r  , ( )pijF r  , ( )ijF rψ  , and ( )ijF r±   are given by Equations (A1)-

(A4), (A9), and (A10) in the Appendix A. Because 01( )F rψ  , 10 ( )F rψ  , 01 ( )F r±  , and 

10 ( )F r±   are influenced by the zeroth-order fluid flow field, the leading orders of the 

relaxation effect on the electrical double layers adjacent to the particle and cavity wall are 

contained in the solutions for δψ   and δµ±   to the first orders Q   and σ   (that are 

sufficient for calculations of the settling velocity to the second orders 2Q , Qσ , and 2σ ).  
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3.3. Forces on the Particle 

The net force exerted on the soft spherical particle undergoing sedimentation 

includes the gravity, electrical, and hydrodynamic forces. The gravity, which has nothing 

to do with the fixed and mobile electric charges, is , 

3 3 3
g 0 c 0 p p

4 π[ ( ) ( )(1 )( )]
3 zr a r gρ ρ ε ρ ρ= − + − − −F e , (18) 

where pρ  and pε  are the mass density and porosity, respectively, of the surface layer 

of the particle, ρ  and cρ  are the mass densities of the fluid and hard core, respectively, 

and zge  is the gravitational acceleration.  

The electrical force acting on the charged soft particle is [26,37]  

2 (eq)

0
2 [ ] sin

π

e r a rπa  dε δψ ψ θ θ== ∇ ∇ ⋅∫F e .  (19) 

Substitution of Equations (9) and (16) into Equation (19) results in  

eq01 eq01 eq1001 2
e 00 01 01

d d dd4 π {[2 ( ) ( ) ( ) ( )] [2 ( ) ( )
3 d d d d

F
aU F a a a a a Q F a a

r r r r
ψ

ψ ψ

ψ ψ ψ
ε= + +F   

eq10 eq01 eq0101 10
10

d d dd d
( ) ( ) 2 ( ) ( ) ( ) ( )]

d d d d d
F F

a a a F a a a a a Q
r r r r r
ψ ψ

ψ

ψ ψ ψ
σ+ + +   

eq10 eq1010 2
10

d dd
[2 ( ) ( ) ( ) ( )] }

d d d z

F
F a a a a a

r r r
ψ

ψ

ψ ψ
σ+ + e . (20) 

Only the second orders 
2

Q  , Qσ  , and 
2

σ   contribute to eF  , since both δψ  

(sedimentation-induced electric potential) and ( )eqψ  are of the first orders Q  and σ . 

The hydrodynamic drag force exerted on the soft particle is given by  
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Substitution of Equation (15) into the previous equation leads to  

006 00 01 104π{ ( )h aC U U Q Uη σ= − + +F   

2 2
026 00 006 02 00 01 eq01

1[ ( ) ( ) ( ) ( )]
3

a C U C U a U F a a Qψη ε κ ψ+ + +   

2
116 00 006 11 00 10 eq01 01 eq10

1[ ( ) ( ) { ( ) ( ) ( ) ( )}]
3

a C U C U a U F a a F a a Qψ ψη ε κ ψ ψ σ+ + + +   

2 2
206 00 006 20 00 10 eq10

1[ ( ) ( ) ( ) ( )] }
3 za C U C U a U F a aψη ε κ ψ σ+ + + e , (22) 

where the coefficients 006C , 026C , 116C , and 206C  are given in Equations (A1)-(A4). 

  

π2 T
h 0

2π { [ ( ) ] } sin dr r r aa pη δ θ θ== ∇ +∇ ⋅ −∫F u u e e . (21) 
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3.4. Sedimentation Velocity 

At the quasi-steady state, the net force acting on the charged soft sphere disappears. 

Using this constraint after adding Equations (18), (20), and (22), we obtain the 

sedimentation velocity of the particle inside the charged cavity in the expansion form of 

Equation (14) with the coefficients as  

3 3 3
00 0 c 0 p p

006

[ ( ) ( )(1 )( )]
3

gU r a r
aC

ρ ρ ε ρ ρ
η

= − + − − − , (23) 

01 0U = , (24a) 

10 0U = , (24b) 

2
00

02 026 01 eq01
006

[ ( ) ( )
3

U aU C F a a
C ψ

εκ ψ
η

= − +   

eq01 eq0101
01

d dd2 ( ) ( ) ( ) ( )]
3 d 3 d d

FaF a a a a
r r r

ψ
ψ

ψ ψε ε
η η

− − , (25a) 

2
00

11 116 10 eq01 01 eq10
006

{ [ ( ) ( ) ( ) ( )]
3

U aU C F a a F a a
C ψ ψ

εκ ψ ψ
η

= − + +   

eq01 eq10
10 01

d d2 [ ( ) ( ) ( ) ( )]
3 d d

F a a F a a
r rψ ψ

ψ ψε
η

− +   

eq01 eq1010 01d dd d
[ ( ) ( ) ( ) ( )]}

3 d d d d
F Fa a a a a

r r r r
ψ ψψ ψε

η
− + , (25b) 

2
00

20 206 10 10
006

[ ( ) ( )
3 eq

U aU C F a a
C ψ

εκ ψ
η

= − +   

eq10 eq1010
10

d dd2 ( ) ( ) ( ) ( )]
3 d 3 d d

FaF a a a a
r r r

ψ
ψ

ψ ψε ε
η η

− − , (25c) 

where 00U   is the settling velocity of an uncharged soft spherical particle inside a 

concentric uncharged spherical cavity [40], which is positive but smaller than that in an 
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unbounded fluid. As expected, the correction to the sedimentation velocity of the charged 

soft sphere begins with the second orders of the fixed charge densities.  

The sedimentation velocity of a charged soft spherical particle within a charged 

cavity given by Equations (14) and (23)-(25) can also be expressed as  

4 2 3 2 2
00 1 2 3[1 ( ) ( ) ( ) ]U U H a Q H a Q H aκ κ σ κ σ= + + + , (26) 

where 

02
1 4

00 ( )
UH

U aκ
= , (27a) 

11
2 3

00 ( )
UH

U aκ
= , (27b) 

20
3 2

00 ( )
UH

U aκ
= . (27c) 

Note that ( )aκ σ   and 2( )a Qκ   do not depend on κ   or n∞  . For a soft sphere 

undergoing sedimentation inside a cavity filled with a symmetric electrolyte solution, the 

dimensionless second-order coefficients 1H , 2H , and 3H  are functions of the ratios of 

core-to-particle radii 0 /r a , particle-to-cavity radii /a b , particle radius to Debye length

aκ , and particle radius to porous layer permeation length aλ .  

The terms involving the coefficients 1H  and 3H  can be viewed as the corrections 

to the sedimentation of a charged soft spherical particle inside a concentric uncharged 

spherical cavity ( 0σ =  ) and an uncharged soft particle ( 0Q =  ) inside a concentric 

charged cavity, respectively. The surface charges of the cavity wall alter the settling 
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velocity of the soft sphere by means of an electroosmotic recirculating flow developed 

from interactions of the electrical potential gradient caused by the sedimentation with the 

electrical double layer adjoining the cavity wall and a wall-induced electrical potential on 

the soft sphere. In the limiting case of 0 / 0r a =  , Equation (26) reduces to the 

sedimentation velocity formula for a charged porous spherical particle within a concentric 

charged cavity.  
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Chapter 4 

Results and Discussion 

 
The sedimentation velocity of a charged soft spherical particle within a concentric 

charged spherical cavity full of the solution of a symmetric electrolyte is expressed by 

Equations (26) and (27) as a power expansion of the fixed charge densities of its porous 

surface layer Q  and the cavity wall σ  up to the second orders 2Q , Qσ , and 2σ .  

 

4.1. The Coefficient 1H , 2H , and 3H  

For the settling of a soft particle within a cavity filled with an aqueous solution of 

potassium chloride (KCl, with 2 2 2 2 0.26k T D Z eε η ± =   at room temperature), the 

coefficients 1H  , 2H  , and 3H   calculated from Equations (25) and (27), are plotted 

versus the ratios of particle-to-cavity radii /a b , particle radius to the Debye length aκ , 

particle radius to porous layer permeation length aλ , and core-to-particle radii 0 /r a  in 

Figures 2-4 for a wide range  

The coefficient 1H   (and 02U  ) is negative, so the presence of stationary space 

charges in the porous surface layer of the soft sphere reduces its sedimentation velocity. 

This retarding effect is caused by the electrophoresis in the opposite direction generated 

by the sedimentation-induced electrical potential field, as given by Equation (16). For 
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specified values of aλ  , aκ  , and 0 /r a  , as shown in Figures 2b and 2d, 1H−  first 

increases with an increase in the particle-to-cavity radius ratio /a b , reaches a maximum, 

and then decreases with a further increase in /a b . It is understood that both 02U−  and 

00U  given by Equations (25a) and (23) are monotonic decreasing functions of /a b , due 

to the electrophoretic and viscous retardation effects, respectively, of the cavity wall on 

the moving soft sphere. Compared to 00U , 02U−  decreases slow for low value of /a b  

and fast for high value of /a b  , causing 1H−   to reach a maximum according to 

Equation (27a). As aκ   increases or aλ   decreases, the position of this maximum 

moves to larger /a b .  

Both coefficients 2H  and 3H  are positive, so the contribution of 3H  from 2σ  

increases the settling velocity of an uncharged soft sphere in the cavity. The counterion 

concentration in the electric double layer adjoining the cavity wall near the front side of 

the settling particle increases because of the squeezing of the fluid, while the counterion 

concentration near the back side of the soft sphere decreases due to fluid compensation, 

generating a sedimentation-induced electrical potential gradient and electroosmosis along 

the cavity wall to enhance the recirculating flow and particle sedimentation. The 

contribution of 2H  of interactions between the stationary space charge of the porous 

surface layer of the soft sphere and the surface charge of the cavity wall increases the 

sedimentation velocity if these charges have the same sign ( 0Qσ > , counterions near the 
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particle surface and cavity wall are reduced by mutual competition, thereby dropping the 

sedimentation-induced electric field and electrophoretic retardation and decreases the 

particle velocity if these charges are opposite in sign ( 0Qσ <  , enrichment of the 

counterions in the double layers enhances the induced potential gradient and 

electrophoretic retardation. For given values of aλ , aκ , and 0 /r a , as shown in Figures 

3b,d and 4b,d, the coefficients 2H  and 3H  are decreasing functions of the particle-to-

cavity radius ratio /a b  (because the increase of /a b  decreases the surface area of the 

cavity for a given particle and therefore reduces the effect of cavity surface charge on the 

settling particle). 

For fixed values of aλ , /a b , and 0 /r a , as shown in Figures 2a, 3a, and 4a, the 

coefficients 1H− , 2H , and 3H  have maxima at some finite values of the ratio of particle 

radius to Debye length aκ   and gradually fade as aκ   becomes smaller or larger. In 

general, as /a b   increases, the location of these maxima shifts to larger aκ  , but is 

insensitive to changes in aλ . In the limiting case of very thick double layers ( 0aκ → ), 

the counterions in them are negligible and the particle sedimentation is not affected by 

the interaction between the space charge of the porous surface layer of the soft sphere and 

the surface charge of the cavity wall. In the case of very thin double layers ( aκ →∞ ), 

the charge density vanishes everywhere in fluid and the interaction between fixed charges 

disappears.  
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For specified values of /a b , 0 /r a , and aκ , as shown in Figures 2a,c, 3a,c, and 

4a,c, the coefficients 1H− , 2H , and 3H  are decreasing functions of the ratio of particle 

radius to porous layer permeation length aλ   as expected. Although 3H   is only a 

relatively weak function of aλ  (the charged cavity wall effect on the settling of the soft 

particle principally through the electroosmotic recirculating flow has not much to do with 

the relative permeability of its porous surface layer), 1H and 2H  can strongly depend 

on aλ .  

For given values of aκ  , aλ  , and /a b  , as shown in Figures 2c,d and 3c,d, the 

coefficients 1H−  and 2H  decrease monotonically and substantially with an increase in 

the core-to-particle radius ratio 0 /r a  (i.e., a decrease in the relative volume, and thus 

total space charge, of the porous surface layer of the soft sphere), as expected. On the 

other hand, as shown in Figures 4c and 4d, the coefficient 3H  due to the surface charge 

of the cavity wall (it has little to do with the space charge of the porous surface layer) can 

be a relatively weak nonmonotonic function of 0 /r a  . It is understood that, as 0 /r a  

increases, both 00U   and 20U   given by Equations (23) and (25c) decrease due to the 

effects of viscous retardation and mainly electroosmotic recirculation, respectively, of the 

cavity wall on the moving soft sphere. Compared to 00U , 20U  decreases slower for low 

values of 0 /r a  and faster for high values of 0 /r a , causing 3H  to reach a maximum 

according to Equation (27c).   
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Figure 2a. Plots of the coefficient 1H  in Eq. (26) for the sedimentation of a soft particle 

in a cavity full of aqueous KCl solution versus the parameter aκ  with various values of 

aλ  at 0 / 0r a =  and / 0.5a b = . 

  



doi:10.6342/NTU202401700

 

23 
 

 

Figure 2b. Plots of the coefficient 1H  in Eq. (26) for the sedimentation of a soft particle 

in a cavity full of aqueous KCl solution versus the parameter /a b  with various values 

of aκ  at 0 / 0r a =  and 1aλ = . 
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Figure 2c. Plots of the coefficient 1H  in Eq. (26) for the sedimentation of a soft particle 

in a cavity full of aqueous KCl solution versus the parameter aλ  with various values of 

0 /r a  at 1aκ =  and / 0.5a b = . 
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Figure 2d. Plots of the coefficient 1H  in Eq. (26) for the sedimentation of a soft particle 

in a cavity full of aqueous KCl solution versus the parameter 0 /r a  with various values 

of /a b  at 1aκ = and 1aλ = . 
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Figure 3a. Plots of the coefficient 2H  in Eq. (26) for the sedimentation of a soft particle 

in a cavity full of aqueous KCl solution versus the parameter aκ  with various values of 

aλ  at 0 / 0r a =  and / 0.5a b = . 
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Figure 3b. Plots of the coefficient 2H  in Eq. (26) for the sedimentation of a soft particle 

in a cavity full of aqueous KCl solution versus the parameter /a b  with various values 

of aκ  at 0 / 0r a =  and 1aλ = . 
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Figure 3c. Plots of the coefficient 2H  in Eq. (26) for the sedimentation of a soft particle 

in a cavity full of aqueous KCl solution versus the parameter aλ  with various values of 

0 /r a  at 1aκ =  and / 0.5a b = . 

  



doi:10.6342/NTU202401700

 

29 
 

 

Figure 3d. Plots of the coefficient 2H  in Eq. (26) for the sedimentation of a soft particle 

in a cavity full of aqueous KCl solution versus the parameter 0 /r a  with various values 

of /a b  at 1aκ =  and 1aλ = . 

 



doi:10.6342/NTU202401700

 

30 
 

 

Figure 4a. Plots of the coefficient 3H  in Eq. (26) for the sedimentation of a soft particle 

in a cavity full of aqueous KCl solution versus the parameter aκ  with various values of 

aλ  at 0 / 0r a =  and / 0.5a b = . 
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Figure 4b. Plots of the coefficient 3H  in Eq. (26) for the sedimentation of a soft particle 

in a cavity full of aqueous KCl solution versus the parameter /a b  with various values 

of aκ  at 0 / 0r a =  and 1aλ = . 
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Figure 4c. Plots of the coefficient 3H  in Eq. (26) for the sedimentation of a soft particle 

in a cavity full of aqueous KCl solution versus the parameter aλ  with various values of 

0 /r a  at 1aκ =  and / 0.5a b = . 
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Figure 4d. Plots of the coefficient 3H  in Eq. (26) for the sedimentation of a soft particle 

in a cavity full of aqueous KCl solution versus the parameter 0 /r a  with various values 

of /a b  at 1aκ =  and 1aλ = . 
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4.2. The Normalized Sedimentation Velocity 

Our results in Figures 2-4 show that the coefficient 2H  in Equation (26) is an order 

of magnitude larger than the other coefficients 1H−   and 3H   Consequently, for a 

charged soft spherical particle migrating inside a spherical cavity with a surface charge 

of the same sign ( 0Qσ > ), the net effect of these coefficients is generally to increase the 

sedimentation velocity of the particle (with exceptions occurring as σ  is much smaller 

than Q  in magnitude). For the case of the cavity with a surface charge of opposite sign 

( 0Qσ <  ), if σ   is sufficiently larger/smaller than Q  , the net effect is to 

enhance/reduce the settling velocity. This trend is manifested in Figure 5, which is a plot 

of the normalized particle velocity 00/U U   of a soft spherical particle with a space 

charge density in its porous surface layer 1Q =   inside a spherical cavity full of an 

aqueous solution of potassium chloride calculated using Equation (26) versus the surface 

charge density σ   of the cavity wall. The enhancement and reduction of the particle 

velocity caused by the cavity wall can be substantial if σ  is relatively large, especially 

in cases of small core-to-particle radius ratio 0 /r a , ratio of particle radius to porous layer 

permeation length aλ , and particle-to-cavity radius ratio /a b  with moderate values of 

ratio of particle radius to Debye length aκ .  

Figures 3b,d, 4b,d, and 5a show that the influence of the charged cavity wall on the 

sedimentation of the soft sphere increases as /a b   decreases, with other parameters 
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remaining constant. This result reflects the fact that for a fixed size particle, the reduction 

of /a b  increases the surface area of the cavity and therefore enhances the effect of its 

surface charge on the settling particle. Figures 5b,c,d illustrate that the effect of the cavity 

wall surface charge on the sedimentation of the soft sphere increases with decreases in 

0 /r a  and aλ , but is not a monotonic function of aκ . 
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Figure 5a. Plots of the normalized sedimentation velocity 00/U U  of a soft particle with 

1Q =   in a cavity full of aqueous KCl solution with 0 / 0.5r a =  , 1aλ =  , and 1aκ =  

versus the parameter σ  for various values of /a b . 
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Figure 5b. Plots of the normalized sedimentation velocity 00/U U  of a soft particle with 

1Q =  in a cavity full of aqueous KCl solution with 0 / 0.5r a = , / 0.5a b = , and 1aλ =  

versus the parameter σ  for various values of aκ  . 
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Figure 5c. Plots of the normalized sedimentation velocity 00/U U  of a soft particle with 

1Q =  in a cavity full of aqueous KCl solution with 0 / 0.5r a = , / 0.5a b = , and 1aκ =  

versus the parameter σ  for various values of aλ  . 
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Figure 5d. Plots of the normalized sedimentation velocity 00/U U  of a soft particle with 

1Q =   in a cavity full of aqueous KCl solution with / 0.5a b =  , 1aλ =  , and 1aκ =  

versus the parameter σ  for various values of 0 /r a  . 
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Chapter 5 

Conclusions 

 
This thesis presents an analysis of the sedimentation of a soft spherical particle inside 

a concentric spherical cavity filled with a symmetric electrolyte solution. By using a 

regular perturbation method with small fixed charge densities of the porous surface layer 

of the soft sphere Q   and cavity wall σ  , a set of linearized electrokinetic equations 

related to the fluid velocity field, electrical potential profile, and ionic electrochemical 

potential energy distributions are solved with the relaxation effect of the electric double 

layers. A closed-form formula for the settling velocity of the soft sphere is given by 

Equation (26) as a function of the ratios of particle-to-cavity radii /a b , particle radius 

to the Debye length aκ , particle radius to porous layer permeation length aλ , and core-

to-particle radii 0 /r a .  

Corrections due to the effect of the fixed charges Q  and σ  on the sedimentation 

velocity start from the second orders 2Q , Qσ , and 2σ . The existence of the surface 

charge on the cavity wall increases the settling velocity of the charged soft sphere, mainly 

because of the electroosmotic enhancement of recirculating flow within the cavity 

induced by the sedimentation potential gradient. When Q  and σ  have the same sign, 

the particle velocity is generally enhanced by the presence of the cavity. When these fixed 
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charges have opposite signs and σ   is sufficiently large/small relative to Q   in 

magnitude, the particle velocity will be enhanced/reduced by the presence of the charged 

cavity. The effect of σ  on the sedimentation of the soft sphere increases with decreasing 

/a b , aλ , and 0 /r a , but has a maximum at some finite values of aκ  and disappears 

as aκ  approaches zero and infinity.  
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Notation 

 
a  the radius of the soft particle, m  

b  the radius of the cavity, m  

+D , −D  the diffusivities of the cation and anion, 12 sm −⋅  

e  the elementary electric charge, C  

re        the unit vector in the r-direction 

ze        the unit vector in the z-direction  

00 00( ), ( )r pF r F r   the functions defined in Eqs. (A1a), (A1b), (A2a) and (A2b)

02 11 20( ), ( ), ( )r r rF r F r F r      

      the functions defined in Eqs. (A3a) and (A3b) 

02 11 20( ), ( ), ( )p p pF r F r F r  

      the functions defined in Eqs. (A4a) and (A4b) 

01 10( ), ( )F r F r± ±     the functions defined in Eqs. (A9a) and (A9b) 

01 10( ), ( )F r F rψ ψ   the functions defined in Eqs. (A10a) and (A10b) 

eF  the electric force acting on the charged soft particle, N  

gF  the gravitational force acting on the charged soft particle, N  

hF  the hydrodynamic drag force acting on the charged soft particle, N  

g  gravitational acceleration, 2m s−⋅  
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( )h r  unit step function 

1 2 3, ,H H H  dimensionless coefficients for the sedimentation velocity 

k  Boltzmann’s constant, -1KJ ⋅  

(eq)
mn  the equilibrium concentrations of type-m ions, -3m  

mn∞  the bulk concentrations of type-m ions, -3m  

p    the pressure distribution, N．m-2 

(eq)p        the equilibrium pressure distribution, N．m-2 

Q  the fixed charge density within the charged soft particle, 3C m−⋅  

Q  non-dimensional fixed charge density of the charged soft particle 

),,( φθr    spherical coordinates 

0r  the radius of the hard core, m  

T  the absolute temperature, K  

u  the fluid velocity distribution, -1sm ⋅  

θuur ,  r  and θ  components, respectively, of u , -1sm ⋅  

U  the sedimentation velocity of the soft particle, -1sm ⋅  

00 01 10 02 11 20, , , , ,U U U U U U  

  the velocities defined in Eqs. (23), (24) and (25), -1sm ⋅  

Z  the valence of the symmetric electrolyte 

 mz  the valence of type-m ions 
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Greek letters 

 

mnδ  the small deviation from the equilibrium concentration of  

  type-m ions, -3m  

mδµ  the linear combination of mnδ  and δψ , J 

δψ  the small deviation from the equilibrium electric potential  

  distribution, V  

pδ   the small deviation from the equilibrium pressure, N．m-2 

ε  the permittivity of the fluid, -1-12 mJC ⋅⋅  

pε  the porosity of the porous surface layer 

η  the viscosity of the fluid, 1 1kg m s− −⋅ ⋅   

κ  reciprocal of the Debye screening length, 1m−   

λ  reciprocal of the characteristic length of flow penetration inside 

  the porous layer, 1m−  

ρ  the mass density of the fluid, -3kg m⋅  

pρ  the mass density of the charged porous layer, -3kg m⋅  

σ  the fixed charge density on the spherical cavity, -2C m⋅  

σ  non-dimensional fixed charge density of on the cavity 

ψ  the electric potential distribution, V   
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(eq)ψ  the equilibrium electric potential distribution, V  

eq01 eq10, ,ψ ψ  the functions defined in Eq. (9), V  

 

Superscripts 

 
(eq)  equilibrium state 

∞  in the bulk solution 

 

Subscripts 

 
+  the cation 

−  the anion 

m  the type- m ions 
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Appendix A 

Some Functions in Equations (15)-(17)  

 
.In Equation (15), 
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where ( i , j ) equal (0,2), (1,1), and (2,0),  
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and expressions of the coefficients 00nC , 02nC , 11nC , and 20nC  with 1n = , 2, …, and 

8 are lengthy and given in Equations (A15) and (A16).  
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