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Abstract

The sedimentation of a soft particle composed of an uncharged hard sphere core and
a charged porous surface layer inside a concentric charged spherical cavity full of a
symmetric electrolyte solution is analyzed in quasi-steady state. By using a regular
perturbation method with small fixed charge densities of the soft sphere and cavity wall,
a set of linearized electrokinetic equations relevant to the fluid velocity field, electrical
potential profile, and ionic electrochemical potential energy distributions are solved. A
closed-form formula for the sedimentation velocity of the soft sphere is obtained as a
function of the ratios of core-to-particle radii, particle-to-cavity radii, particle radius to
the Debye screening length, and particle radius to porous layer permeation length. The
existence of the surface charge on the cavity wall increases the settling velocity of the
charged soft sphere, principally because of the electroosmotic enhancement of fluid
recirculation within the cavity induced by the sedimentation potential gradient. When the
porous layer space charge and cavity wall surface charge have the same sign, the particle
velocity is generally enhanced by the presence of the cavity. When these fixed charges
have opposite signs, the particle velocity will be enhanced/reduced by the presence of the
cavity if the wall surface charge density is sufficiently large/small relative to the porous

layer space charge density in magnitude. The effect of the wall surface charge on the
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sedimentation of the soft sphere increases with decreases in the ratios of core-to-particle
radii, particle-to-cavity radii, and particle radius to porous layer permeation length, but is

not a monotonic function of the ratio of particle radius to Debye length.

Keywords: sedimentation velocity; charged soft particle; charged cavity; electrokinetics;

boundary effect

doi:10.6342/NTU202401700



Table of Contents

WX URBERF LY e, I
BB E s i
BB B s i
ADSTFACT ... \Y%
TabIE OF CONTENTS ...t Vi
I TS o) T 10 SRS viii
Chapter 1 INTrodUCTION ...ccueeiece e 1
Chapter 2 Electrokinetic EQUAtIONS..........cccccoeiierieiie e 4
2.1. Differential EQUALIONS...........coveiiiieieeie et 6
2.2. BoUNdary CONItIONS........ccueiieieiieiiesie e seese e sre e sre e s e nae e 8
Chapter 3 Solution of Electrokinetic EQUALIONS ..........cccccveiieiivere s 9
3.1. Equilibrium Electric Potential ...........ccccoveiviieiiieie e 9
3.2. SMall Perturbations ..........ccoveiiirieeiieees e 11
3.3. FOrces on the PartiCle ...........ccoiiiiciiicceee s 13
3.4. Sedimentation VEIOCILY ........c.coviieiiee e 15
Chapter 4  ResSults and DISCUSSION ......c.ccveiverieiieseeie e e e eee e sse e ssaesseeneennees 18
vi

doi:10.6342/NTU202401700



4.1. The Coefficient H;, H,,and H,.....cooiiiiiiiiiiiii 18

4.2. The Normalized Sedimentation VEIOCItY..........ccovveiiiiniieiesiineee e 34
Chapter 5 CONCIUSIONS .....oiuiiiiiiccie et neeas 40
AN 0] £= 11 o] o E RPN 42
RETEIEICES. ... ettt b ettt et ne e bt enes 46
Appendix A Some Functions in EQUations (15)-(17) .ccccccooovveenenieneeninie e 52

vii

doi:10.6342/NTU202401700



List of Figures

Figure 1. Geometric sketch for the sedimentation of a charged soft particle at the center
Of @ Charged CaVILY. .....ccvoie e s 5

Figure 2a. Plots of the coefficient H, in Eq. (26) for the sedimentation of a soft particle
in a cavity full of aqueous KCI solution versus the parameter xa with various

valuesof Ada at ry/a=0and a/b=0.5. ..o 22

Figure 2b. Plots of the coefficient H, in Eq. (26) for the sedimentation of a soft particle
in a cavity full of aqueous KCI solution versus the parameter a/b with

various values of xka at r,/a=0 and Aa=1........cccoviiiiiiiniinn 23

Figure 2c. Plots of the coefficient H, in Eq. (26) for the sedimentation of a soft particle
in a cavity full of aqueous KCI solution versus the parameter Aa with various

valuesof ry/a at ka=1and a/b=0.5........ccciiiiiii 24

Figure 2d. Plots of the coefficient H, in Eq. (26) for the sedimentation of a soft particle
in a cavity full of aqueous KCI solution versus the parameter r,/a with

various values of a/b at ka=1and Aa=1.......ccoooiiiiiiiininicieieen, 25

Figure 3a. Plots of the coefficient H, in Eq. (26) for the sedimentation of a soft particle
in a cavity full of aqueous KCI solution versus the parameter xa with various

valuesof Ada at ry/a=0and a/b=0.5. ..o 26

viii

doi:10.6342/NTU202401700



Figure 3b. Plots of the coefficient H, in Eq. (26) for the sedimentation of a soft particle
in a cavity full of aqueous KCI solution versus the parameter a/b with
various values of xka at r;/a=0 and Aa=1.......ccoviiiiiiiiiiininnne, 27
Figure 3c. Plots of the coefficient H, in Eq. (26) for the sedimentation of a soft particle
in a cavity full of aqueous KCI solution versus the parameter Aa with various
valuesof ry/a at ka=1and a/b=0.5........ccoiiiiiiii 28
Figure 3d. Plots of the coefficient H, in Eq. (26) for the sedimentation of a soft particle
in a cavity full of aqueous KCI solution versus the parameter r,/a with
various values of a/b at ka=1and Aa=1. .....ccccooririniiininininrnien, 29
Figure 4a. Plots of the coefficient H, in Eq. (26) for the sedimentation of a soft particle
in a cavity full of aqueous KCI solution versus the parameter xa with various
valuesof Ada at ry/a=0and a/b=0.5. ..o 30
Figure 4b. Plots of the coefficient H, in Eq. (26) for the sedimentation of a soft particle
in a cavity full of aqueous KCI solution versus the parameter a/b with
various values of ka at r;/a=0 and Aa=1........cccoviiiiiiiiiiinnn 31
Figure 4c. Plots of the coefficient H, in Eq. (26) for the sedimentation of a soft particle
in a cavity full of aqueous KCI solution versus the parameter Aa with various
valuesof ry/a at ka=1and a/b=0.5........ccoviiiiii 32

Figure 4d. Plots of the coefficient H, in Eq. (26) for the sedimentation of a soft particle

ix

doi:10.6342/NTU202401700



in a cavity full of aqueous KCI solution versus the parameter r,/a with
various values of a/b at ka=1and Aa=1.......ccccociiviiiiiiiriiiiieiine s, 33
Figure 5a. Plots of the normalized sedimentation velocity U /U, of a soft particle with

Q=1 in a cavity full of aqueous KCI solution with r,/a=05, da=1, and

xa =1 versus the parameter o for various values of a/b . .....ccccoecvunn..... 36

Figure 5b. Plots of the normalized sedimentation velocity U /U, of a soft particle with
Q=1 in a cavity full of aqueous KCI solution with r,/a=05, a/b=0.5,

and Aa =1 versus the parameter o for various values of xa ................. 37

Figure 5c. Plots of the normalized sedimentation velocity U /U, of a soft particle with
Q=1 in a cavity full of aqueous KCI solution with r,/a=05, a/b=0.5,

and xa =1 versus the parameter o for various values of Aa ................. 38

Figure 5d. Plots of the normalized sedimentation velocity U /U, of a soft particle with
Q=1 in a cavity full of aqueous KCI solution with a/b=0.5, la=1, and

xa =1 versus the parameter o for various values of ry/a ........c............ 39

doi:10.6342/NTU202401700



Chapter 1

Introduction

The sedimentation of charged particles in ionic fluids under gravity is a common
phenomenon in various fields of colloidal science as well as biomedical, mechanical,
chemical, civil, and environmental engineering [1,2]. This phenomenon is more complex
than the migration of uncharged particles because the ambient fluid flow distorts the
electrical double layer surrounding each charged particle and induces a sedimentation
potential gradient [3.4]. This induced electric field alters the velocity distribution of the
ionic fluid via the electrostatic interaction and diminishes the settling velocity of the
charged particle by an electrophoretic effect.

Using a regular perturbation method, Booth [5] first obtained analytical formulas for
the sedimentation velocity and potential in suspensions of hard (impermeable to the ionic
fluid) spheres with arbitrary double layer thickness as power expansions in their low zeta
potential. Numerical results relaxing the assumption of low zeta potential in this analysis
was calculated by Stigter [6]. Ohshima et al. [7] obtained analytical formulas and
numerical results of the sedimentation velocity and potential in suspensions of hard
spheres for a wide range of zeta potential and double layer thickness. On the other hand,

the regular perturbation analyses have been extended to obtain the sedimentation velocity

1
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and potential in suspensions of interacting hard spheres [8-12], porous (permeable to the

ionic fluid) spheres [13,14], and soft (hard core covered with porous surface layer)

spheres [15,16].

In various applications of sedimentation, colloid particles are rarely unbounded but

often settle close to solid boundaries [17,18]. In the past, the boundary effect on

sedimentation of uncharged particles were studied extensively [19-23], but not much

information of this effect on charged particles was conveyed. Pujar and Zydney [24]

calculated the settling velocity of a charged spherical particle in a concentric uncharged

spherical cavity using perturbation expansions of small zeta potentials and Peclet number.

This thesis has been extended to numerical calculations in the case of arbitrary zeta

potentials [25]. More recently, the settling of a charged hard [26] or porous [27] spherical

particle within a con-centric charged spherical cavity with arbitrary electric double layers

has been analytically investigated for the case of small fixed charge densities of the

particle and cavity wall.

In this thesis, the sedimentation of a charged soft spherical particle inside a

concentric charged spherical cavity with arbitrary double layer thickness is analytically

studied. The fluid velocity, electric potential, and ionic electrochemical potential energy

distributions satisfying the linearized electrokinetic equations are determined as power

series of the small fixed charge densities of the soft sphere and cavity wall. A closed-form

2
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formula for the settling velocity of the soft sphere is obtained as a function of relevant

parameters.
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Chapter 2

Electrokinetic Equations

As illustrated in Figure 1, we consider the quasi-steady sedimentation of a soft
sphere of radius a, consisting of an uncharged hard sphere core of radius r; and a
charged porous surface layer of thickness a-r,, inside a concentric charged spherical
cavity of radius b full of the fluid solution of a symmetric electrolyte. The porous
surface layer is permeable to the electrolyte solution and has fixed charges distributed at
a uniform space density. The gravitational acceleration field ge, (e, isthe unit vector in
the z direction) is acting on the system and the sedimentation velocity Ue, of the soft
sphere will be determined. The origin of the spherical coordinates (r,&,¢) is attached

to the particle/cavity center (at z=0), and the system is independent of ¢ (Symmetric

about the z axis).
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charged cavity:
O :the surface charge density
of the cavity (C-m ™)

g€,

charged porous layer:
Q :the volume charge density
of the porous layer (C-m ™)

Figure 1. Geometric sketch for the sedimentation of a charged soft particle at the center

of a charged cavity.
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2.1. Differential Equations
The system is assumed to deviate slightly from equilibrium. Therefore, the pressure
profile p(r,8), electrical potential field y(r,8), and ionic concentration distributions

n,(r,0) and n_(r,d) canbe decomposed into

p=p*+5p, (1a)
y =y +6y, (1b)
n, =n® 4+ 5n,, (1c)

respectively, where p®(r,8), w®(r), and n®¥(r) are the equilibrium pressure,
electrical potential, and ionic concentrations, respectively [ n®¥(r) and w“?(r) are
related by the Boltzmann equation], &p(r,d), Sy (r,0), and on,(r,8) are the small
perturbed quantities to the relevant equilibrium fields, and the subscripts + and — denote
the cation and anion, respectively.

The small perturbationssp, Sy, on,,and fluid velocity field u(r,8) satisfy the
continuity equation of the incompressible fluid (V-u=0) and following linearized

electrokinetic equations [13]:

n[VZ—h(N)A*Ju=Vep -V Vy + V2 oyuV P 1-h(r)QVsy , (2)

Zen” Zey 9 Zey 9
Vioy = ex S+ Zedy) —exp(— ou, —2edy)],(3
V=T [exp( T )(Sp ) —exp( T ), ¥)1.(3)
Vi, = £ 2oy Vi, — -y, @

+

resulting from the modified Stokes/Brinkman equation, Poisson’s equation, and

6
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continuity equations of the ionic species, respectively. In Equations (2)-(4), o, (r,0)are

the perturbed quantities of the ionic electrochemical potential energies defined in terms

of sy andodn,,

oy, =xZeoy +%5m, (5)
nand ¢ are the viscosity and dielectric permittivity of the fluid, respectively, n*”and
Z are the bulk concentration and valence, respectively, of the symmetric electrolyte,
D, are the diffusivities of the ionic species, 1/ is the square root of the permeability of
the fluid in the porous surface layer of the soft sphere, h(r)equals unity if r,<r<a
and zero otherwise, kis Boltzmann’s constant, T is absolute temperature, and e is the
charge of a proton.

For porous particles made of plastic foam slab [28] and steel wool [29], experimental
data for 1/4 can be 400 microns, while in the surface layers of grafted polymer

microcapsules [30], rat lymphocytes [31], and human erythrocytes [32] in electrolyte

solutions, 1/ 4 was found as low as 3 nm.
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2.2. Boundary Conditions
The boundary conditions of the perturbations u, 6y, and oSy, at the interface
between the hard sphere core and the porous surface layer and at the particle surface are

[15,33,34]
r=r,, u=0, e -Voy=0, e -Vdou =0, (6)

r=a: u,e T, oy, Voy, ou,,and Vou, arecontinuous, (7)
where 7t isthe viscous stressand e, isthe unitvectorinthe r direction. Equation (7)
are the continuity requirements of the fluid velocity and stress, electrical potential and
field, as well as ionic concentrations and fluxes at the interface. Various boundary
conditions describing fluid flow at interfaces between porous media and surrounding
fluids are discussed in detail in the literature [35,36] related to Darcy’s law and
Brinkman’s equation, and Equation (7) is physically true and mathematically consistent
with Equation (2).

The boundary conditions of the small perturbations at the cavity wall are [26,27]
r=>no: u=-Ue,, e, -Voy=0, e -Vou, =0. (8)

Equations (6) and (8) take a reference frame moving with the particle and show that the

Gauss condition holds at the surfaces of the hard sphere core and cavity wall as well as

no ions can penetrate into these surfaces.
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Chapter 3

Solution of Electrokinetic Equations

3.1. Equilibrium Electric Potential
For the electrolyte solution around a soft spherical particle whose porous surface
layer has a uniform space charge density Q located at the center of a spherical cavity
with a constant surface charge density o, the equilibrium electric potential profile
satisfying proper boundary conditions was obtained as [37]
v =y (NQ+ (N, ©)

where

kTe™
27eAxr

Veqo (1) = {[e** (xa-1)(xr, +1) - (ka+1)(k1, ~1)][e™* (xb~1)

+e* (kb +D]} fora<r<b, (10a)

kTeK(Zb—a+2 L-r)

ZZAK 2+ e (b 4 1)ty ~D)[e™ (k1) — 2 k1]
EAKT

A

l//eq01(r) =

—e* 720 (b ~1)(xcr, + 1)[e™" (k@ +1) — 26" xr]+ e @70 (a —1) (b +1)

x(xty+1) +x[b—r,(xb—-1) —a(xb -1)(xr, 1]} forr, <r <a, (10b)
Vo6) = 2T cosle(r )+ sinhl(s )1, (1)
A=e> (kb -1)(xr, +1) —e*" (kb +1)(x1, —1) (12)

Q= ZeQ/glcsz and o = Zeo/exkT are the dimensionless fixed charge densities, and

k= (ekT /2Z%°n7)"* is the Debye screening length. Note that the contributions of the

9
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second-order fixed charge densities (Q°, Qo, ando ) to @ in Equation (9) vanish
for the case of symmetric electrolytes and higher order contributions are not needed for
the calculation of the particle sedimentation velocity to the second orders.

Experimental data on porous surface layers of poly(N-isopropylacrylamide)
hydrogels [38], rat lymphocytes [31], and human erythrocytes [32] in electrolyte solutions
show that Q has the magnitude of 10’ C/m®. For o, experimental studies on Agl
surfaces in aqueous solution show that it ranges from 0 to 0.035 C/m?® when pAg
increases from 5.6 to 11 [39]. For the system of soft particles inside a cavity filled with
the aqueous solution of monovalent electrolytes withx™* =1nm, Q=10" C/m?, and
o =0.01 C/m?, the dimensionless fixed charge densities Q =& = 0.5 are obtained.

Substituting Equations (9)-(12) into the Gauss condition at r =b, we obtain the
following relation between the zeta potential £ and the surface charge density o of

the cavity wall confining the soft sphere:
{xr, cosh[x(b—r,)]+sinh[x(b—r,)x’bo
={x(b—r,) cosh[x (b — 1)1+ (x*br, ~1)sinh[x (b — ;) rex ¢
~{x(a-r,)cosh[x(a—r,)]+ (x*ar, ~1)sinh[x(a-1,)BQ. (13)

Namely,  expressed by Equation (9) after substituting Equation (13) is still valid for

the case of constant zeta potential at the cavity wall.

10
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3.2. Small Perturbations

To solve the small perturbationsu, op, Sy, and oSy, in terms of the particle
velocity U for small dimensionless charge densities Q and o, these variables are
expressed as perturbed expansions in powers of Q and - up to the second orders,
such as

U=U,+U,Q+U,0+U,Q +U,Qo+U,0o , (14)
where the coefficients U; with i and j equal to O, 1, or 2 to be determined are
independent of Q and o, but are functions of the ratios of core-to-particle radiir, / a,
particle-to-cavity radiia /b, particle radius to the Debye length xa, and particle radius to
porous layer permeation length Aa. In the expansions of oy and du, , there is no zeroth-
order term of Q and o because no ionic concentration gradient or electric field is
applied.

Substituting the expansions ofu, 6p, Sy, du,,and U in the form of Equation
(14) and Equation (9) for ¥ into Equations (2)-(8), we obtain the following solution
for the components of u in spherical coordinates, &p (to the orders 62, Qo , and
o), Sy,and Sy, (totheorders Q and o):

U, ={Fy, (N[ +Up,Q +U,, o1+ [Uy, Fop, (1) +U oo Foge (NIQ
HUL,Fyp, (1) +U o Foy, (N1Q0 +[U 0 Fog, (1) +U o Foo, (N Fc0s8,  (158)

, = - (r,). (15b)

doi:10.6342/NTU202401700



op= Z{Uoo FpOO (r) +U01Fp00 (r)6+U10 FpOO (o

2

agK —
HU 5 F oo (1) +U o Fpop (1) + Tuoo‘//eqm(r) F./,o1(r)]Q2

2

+HU,, FpOO (r)+Ug, Fpll(r) + agTKUoo{'//eqm(r) Fy/lO (nN+ ¥ equo (r) F./,o1(r)}]65

2

acK _
+HU FpOO (r)+Uq, szo (r)+ Tuoo‘//eqlo (r) F.//lo (r)]UZ}COS 0, (15c)
Sy =UylF, o (NQ +F,,(r)&]cosd, (16)
S, = ZeU [ Fyp, (NQ + Fyg, (r) 5] cos . (17)

Here, the functions ., (r) and ., (r) have been given by Equations (10) and (11),
and the functions F, (r), F;(r), F,(r), and F, (r) are given by Equations (Al)-
(A4), (A9), and (A10) in the Appendix A. Because F,,(r), F,,,(r), Fy.(r), and
F,. (r) are influenced by the zeroth-order fluid flow field, the leading orders of the
relaxation effect on the electrical double layers adjacent to the particle and cavity wall are
contained in the solutions for Sy and S, to the first orders Q and & (that are

sufficient for calculations of the settling velocity to the second orders Q®, Q& ,and &2).

12
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3.3. Forces on the Particle
The net force exerted on the soft spherical particle undergoing sedimentation
includes the gravity, electrical, and hydrodynamic forces. The gravity, which has nothing
to do with the fixed and mobile electric charges, is ,
F, =l (- p)+ @ 5050, - o, (19)
where p, and &, are the mass density and porosity, respectively, of the surface layer
of the particle, p and p, arethe mass densities of the fluid and hard core, respectively,
and ge, Is the gravitational acceleration.
The electrical force acting on the charged soft particle is [26,37]
F, = 2ma’s [ [Voyvy ], -e sinodo. (19)
Substitution of Equations (9) and (16) into Equation (19) results in

‘//eq01 V/eqlo

4 sz//Ol
F. =§ngaU00{[2F Ol(a) (@+a dr (@)

(@)1Q° +[2F, ¢, (a) — ==

Werl ‘//er1

dF, .,
(@)+a——=(a)

dF,
+a—2"(a)
dr

l//eqlo
dr dr

(2) +2F, 1 (a) (@)Q&

V/eqlo l//eqlo

+[2F y10 (@)———

@)15°%, . (20)

dF,
(a)+a d”rm (a)

Only the second orders 62, Qo , and o contribute to F, , since both oy
(sedimentation-induced electric potential) and ©® are of the firstorders Q and &

The hydrodynamic drag force exerted on the soft particle is given by

13
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F, =2na’ jo"{n[w +V(u)']-e, —Spe,}._,sinddo . (21)

Substitution of Equation (15) into the previous equation leads to

F, =-4n{naC,, (U, +U,Q+U,,5)
1 _
H[na(CpyeU oo + CooeUp) + gg(Ka)ZU 00 F.,/01 (a)V/eq01(a)]Q2
1 —_
Hna(CpyeU gy + CooelUyy) + g S(Ka)zu oo{leo (a)Weq01(a) + Fq/Ol(a)l//eqlo (@)}Qc

1 _
H[a(CppeU g + CopeU ) + 5 &(xa)*U 00 Fy/lO (a)‘//eqlo (a)]02}ez 1 (22)

where the coefficientsC,,,, C,,, C,5,and C,, are given in Equations (Al)-(A4).

14
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3.4. Sedimentation Velocity

At the quasi-steady state, the net force acting on the charged soft sphere disappears.
Using this constraint after adding Equations (18), (20), and (22), we obtain the
sedimentation velocity of the particle inside the charged cavity in the expansion form of

Equation (14) with the coefficients as

g
Yo = gac, 10 (=) (@ =1)A=5,)(0, = )], (23)
U, =0, (24a)
Uy, =0, (24b)

U ex’a
Up = _a(:;[coze + ? F, 01 (@401 ()
we we

Wm( )—2=(a)—=— = (a) = (a)], (25a)

2

U ek a
U11 - C N {Cne + 377 [Fy/lo (a)'//eqm (a) + Fwol (a)l//eqlo (a)]

006

[Wlou "”eqm (2) + F,(2) "’e‘“" (a)]
.,/10 l//erI dF.,/01 l//eqlo
377[ (a) (a)+ i (a) @13}, (25b)

2
K

Uy = C 00 —[Cpe + 377 .,/10 (a)‘/feqlo @

006

dF
u/10( ) V/eqlo( a)— sa ,,,10( a) V/eqlo @), (250)

where U,, is the settling velocity of an uncharged soft spherical particle inside a

concentric uncharged spherical cavity [40], which is positive but smaller than that in an
15
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unbounded fluid. As expected, the correction to the sedimentation velocity of the charged

soft sphere begins with the second orders of the fixed charge densities.

The sedimentation velocity of a charged soft spherical particle within a charged

cavity given by Equations (14) and (23)-(25) can also be expressed as

U =U,[1+H,(xa)*Q* + H,(xa)’Q5 + H,(xa)* 5], (26)
where
T @272)
H, = ﬁ : (27b)
O @70)

Note that (xa)d and (xa)’Q do not depend on x or n”. For a soft sphere
undergoing sedimentation inside a cavity filled with a symmetric electrolyte solution, the
dimensionless second-order coefficientsH,, H,, and H, are functions of the ratios of
core-to-particle radiir, / a, particle-to-cavity radiia/b, particle radius to Debye length
xa, and particle radius to porous layer permeation length Aa.

The terms involving the coefficients H, and H, can be viewed as the corrections
to the sedimentation of a charged soft spherical particle inside a concentric uncharged
spherical cavity (o =0) and an uncharged soft particle (Q =0) inside a concentric

charged cavity, respectively. The surface charges of the cavity wall alter the settling
16
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velocity of the soft sphere by means of an electroosmotic recirculating flow developed
from interactions of the electrical potential gradient caused by the sedimentation with the
electrical double layer adjoining the cavity wall and a wall-induced electrical potential on
the soft sphere. In the limiting case of r,/a=0, Equation (26) reduces to the
sedimentation velocity formula for a charged porous spherical particle within a concentric

charged cavity.

17
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Chapter 4

Results and Discussion

The sedimentation velocity of a charged soft spherical particle within a concentric
charged spherical cavity full of the solution of a symmetric electrolyte is expressed by
Equations (26) and (27) as a power expansion of the fixed charge densities of its porous

surface layer Q and the cavity wall o up to the second orders Q?, Qo ,and o”.

4.1. The Coefficient H,, H,,and H,

For the settling of a soft particle within a cavity filled with an aqueous solution of
potassium chloride (KCI, with £k®T?/nD,Z%*=0.26 at room temperature), the
coefficients H,, H,, and H, calculated from Equations (25) and (27), are plotted
versus the ratios of particle-to-cavity radiia/b, particle radius to the Debye length xa,
particle radius to porous layer permeation length Aa, and core-to-particle radii r,/a in
Figures 2-4 for a wide range

The coefficient H; (and Ug,) is negative, so the presence of stationary space
charges in the porous surface layer of the soft sphere reduces its sedimentation velocity.
This retarding effect is caused by the electrophoresis in the opposite direction generated

by the sedimentation-induced electrical potential field, as given by Equation (16). For
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specified values of Aa, xa, and r,/a, as shown in Figures 2b and 2d, —H, first
increases with an increase in the particle-to-cavity radius ratio a/b, reaches a maximum,
and then decreases with a further increase in a/b. It is understood that both U, and
U, given by Equations (25a) and (23) are monotonic decreasing functions of a/b, due
to the electrophoretic and viscous retardation effects, respectively, of the cavity wall on
the moving soft sphere. Compared to U,,, —U,, decreases slow for low value of a/b
and fast for high value of a/b, causing —H, to reach a maximum according to
Equation (27a). As xa increases or Aa decreases, the position of this maximum
moves to largera/b.

Both coefficients H, and H, are positive, so the contribution of H, from o?
increases the settling velocity of an uncharged soft sphere in the cavity. The counterion
concentration in the electric double layer adjoining the cavity wall near the front side of
the settling particle increases because of the squeezing of the fluid, while the counterion
concentration near the back side of the soft sphere decreases due to fluid compensation,
generating a sedimentation-induced electrical potential gradient and electroosmosis along
the cavity wall to enhance the recirculating flow and particle sedimentation. The
contribution of H, of interactions between the stationary space charge of the porous
surface layer of the soft sphere and the surface charge of the cavity wall increases the

sedimentation velocity if these charges have the same sign (Qo > 0, counterions near the

19
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particle surface and cavity wall are reduced by mutual competition, thereby dropping the
sedimentation-induced electric field and electrophoretic retardation and decreases the
particle velocity if these charges are opposite in sign (Qo <0, enrichment of the
counterions in the double layers enhances the induced potential gradient and
electrophoretic retardation. For given values of Aa, xa,and r,/a, asshown in Figures
3b,d and 4b,d, the coefficients H, and H, are decreasing functions of the particle-to-
cavity radius ratio a/b (because the increase of a/b decreases the surface area of the
cavity for a given particle and therefore reduces the effect of cavity surface charge on the
settling particle).

For fixed values of la, a/b, andr,/a, as shown in Figures 2a, 3a, and 4a, the
coefficients—H,, H,,and H, have maxima atsome finite values of the ratio of particle
radius to Debye length xa and gradually fade as xa becomes smaller or larger. In
general, as a/b increases, the location of these maxima shifts to larger ka, but is
insensitive to changes in Aa. In the limiting case of very thick double layers (xa — 0),
the counterions in them are negligible and the particle sedimentation is not affected by
the interaction between the space charge of the porous surface layer of the soft sphere and
the surface charge of the cavity wall. In the case of very thin double layers (xa — ),
the charge density vanishes everywhere in fluid and the interaction between fixed charges

disappears.
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For specified values of a/b, r,/a, andxa, as shown in Figures 2a,c, 3a,c, and
4a,c, the coefficients—H,, H,,and H, are decreasing functions of the ratio of particle
radius to porous layer permeation length Aa as expected. Although H, is only a
relatively weak function of Aa (the charged cavity wall effect on the settling of the soft
particle principally through the electroosmotic recirculating flow has not much to do with
the relative permeability of its porous surface layer), H,and H, can strongly depend
onAa.

For given values of xa, Aa, anda/b, as shown in Figures 2c,d and 3c,d, the
coefficients —H, and H, decrease monotonically and substantially with an increase in
the core-to-particle radius ratio r,/a (i.e., a decrease in the relative volume, and thus
total space charge, of the porous surface layer of the soft sphere), as expected. On the
other hand, as shown in Figures 4c and 4d, the coefficient H, due to the surface charge
of the cavity wall (it has little to do with the space charge of the porous surface layer) can
be a relatively weak nonmonotonic function of r;/a. It is understood that, as r,/a
increases, both U, and U,, given by Equations (23) and (25c) decrease due to the
effects of viscous retardation and mainly electroosmotic recirculation, respectively, of the
cavity wall on the moving soft sphere. Compared to U,,, U,, decreases slower for low
values of r,/a and faster for high values ofr,/a, causing H, to reach a maximum

according to Equation (27c¢).
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Figure 2a. Plots of the coefficient H, in Eq. (26) for the sedimentation of a soft particle

in a cavity full of aqueous KCI solution versus the parameter xa with various values of

Aa at ry/a=0 and a/b=0.5.
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Figure 2b. Plots of the coefficient H, in Eq. (26) for the sedimentation of a soft particle

in a cavity full of aqueous KCI solution versus the parameter a/b with various values

of xa at r,/a=0 and Aa=1.
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Figure 2c. Plots of the coefficient H, in Eq. (26) for the sedimentation of a soft particle

in a cavity full of aqueous KCI solution versus the parameter Aa with various values of

r,/a at ka=1 and a/b=0.5.
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Figure 2d. Plots of the coefficient H, in Eq. (26) for the sedimentation of a soft particle
in a cavity full of aqueous KCI solution versus the parameter r,/a with various values

of a/b at kxa=1and Ala=1.
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Figure 3a. Plots of the coefficient H, in Eq. (26) for the sedimentation of a soft particle

in a cavity full of aqueous KCI solution versus the parameter xa with various values of

Aa at ry/a=0 and a/b=0.5.
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Figure 3b. Plots of the coefficient H, in Eq. (26) for the sedimentation of a soft particle

in a cavity full of aqueous KCI solution versus the parameter a/b with various values

of xa at r,/a=0 and Aa=1.
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Figure 3c. Plots of the coefficient H, in Eq. (26) for the sedimentation of a soft particle

in a cavity full of aqueous KCI solution versus the parameter Aa with various values of

r,/a at ka=1 and a/b=0.5.

28

doi:10.6342/NTU202401700



0-25 L I L | L 1 ) I

0.20

0.05

0.00 : :
0.0 0.2 0.4 0.6 0.8 1.0

r,/a

Figure 3d. Plots of the coefficient H, in Eq. (26) for the sedimentation of a soft particle
in a cavity full of aqueous KCI solution versus the parameter r,/a with various values

of a/b at kxa=1 and Aa=1.
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Figure 4a. Plots of the coefficient H, in Eq. (26) for the sedimentation of a soft particle

in a cavity full of aqueous KCI solution versus the parameter xa with various values of

Aa at ry/a=0 and a/b=0.5.
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Figure 4b. Plots of the coefficient H, in Eq. (26) for the sedimentation of a soft particle

in a cavity full of aqueous KCI solution versus the parameter a/b with various values

of xa at r,/a=0 and Aa=1.
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Figure 4c. Plots of the coefficient H, in Eq. (26) for the sedimentation of a soft particle

in a cavity full of aqueous KCI solution versus the parameter Aa with various values of

r,/a at ka=1 and a/b=0.5.
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Figure 4d. Plots of the coefficient H, in Eq. (26) for the sedimentation of a soft particle
in a cavity full of aqueous KCI solution versus the parameter r,/a with various values

of a/b at kxa=1 and Aa=1.
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4.2. The Normalized Sedimentation Velocity

Our results in Figures 2-4 show that the coefficient H, in Equation (26) is an order
of magnitude larger than the other coefficients —H, and H, Consequently, for a
charged soft spherical particle migrating inside a spherical cavity with a surface charge
of the same sign (Qo > 0), the net effect of these coefficients is generally to increase the
sedimentation velocity of the particle (with exceptions occurring as & is much smaller
than Q in magnitude). For the case of the cavity with a surface charge of opposite sign
(Qo<0), if |5| is sufficiently larger/smaller than |C§| , the net effect is to
enhance/reduce the settling velocity. This trend is manifested in Figure 5, which is a plot
of the normalized particle velocity U /U, of a soft spherical particle with a space
charge density in its porous surface layer Q=1 inside a spherical cavity full of an
aqueous solution of potassium chloride calculated using Equation (26) versus the surface
charge density & of the cavity wall. The enhancement and reduction of the particle
velocity caused by the cavity wall can be substantial if || is relatively large, especially
in cases of small core-to-particle radius ratio r, / a, ratio of particle radius to porous layer
permeation length Aa, and particle-to-cavity radius ratio a/b with moderate values of
ratio of particle radius to Debye length xa.

Figures 3b,d, 4b,d, and 5a show that the influence of the charged cavity wall on the

sedimentation of the soft sphere increases as a/b decreases, with other parameters
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remaining constant. This result reflects the fact that for a fixed size particle, the reduction
of a/b increases the surface area of the cavity and therefore enhances the effect of its
surface charge on the settling particle. Figures 5b,c,d illustrate that the effect of the cavity

wall surface charge on the sedimentation of the soft sphere increases with decreases in

r,/a and Aa, butis not a monotonic function of xa.
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Figure 5a. Plots of the normalized sedimentation velocity U /U, of asoft particle with

Q=1 in a cavity full of aqueous KCI solution with r,/a=0.5, la=1, and xa=1

versus the parameter o for various values of a/b.
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Figure 5b. Plots of the normalized sedimentation velocity U /U, of asoft particle with

Q=1 inacavity full of aqueous KClI solution with r,/a=0.5, a/b=0.5,and la=1

versus the parameter o for various values of xa .
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Figure 5c. Plots of the normalized sedimentation velocity U /U, of a soft particle with

Q=1 inacavity full of aqueous KClI solution with r,/a=0.5, a/b=0.5,and xa=1

versus the parameter o for various values of Aa .
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Figure 5d. Plots of the normalized sedimentation velocity U /U, of asoft particle with

Q=1 in a cavity full of agueous KCI solution with a/b=0.5, Aa=1, and xa=1

versus the parameter o for various values of r,/a .
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Chapter 5

Conclusions

This thesis presents an analysis of the sedimentation of a soft spherical particle inside
a concentric spherical cavity filled with a symmetric electrolyte solution. By using a
regular perturbation method with small fixed charge densities of the porous surface layer
of the soft sphere Q and cavity wall o, a set of linearized electrokinetic equations
related to the fluid velocity field, electrical potential profile, and ionic electrochemical
potential energy distributions are solved with the relaxation effect of the electric double
layers. A closed-form formula for the settling velocity of the soft sphere is given by
Equation (26) as a function of the ratios of particle-to-cavity radii a/b, particle radius
to the Debye length xa, particle radius to porous layer permeation length Aa, and core-
to-particle radii r,/a.

Corrections due to the effect of the fixed charges Q and o on the sedimentation
velocity start from the second orders Q*, Qo , and o?. The existence of the surface
charge on the cavity wall increases the settling velocity of the charged soft sphere, mainly
because of the electroosmotic enhancement of recirculating flow within the cavity
induced by the sedimentation potential gradient. When Q and o have the same sign,

the particle velocity is generally enhanced by the presence of the cavity. When these fixed
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charges have opposite signs and o is sufficiently large/small relative to Q in
magnitude, the particle velocity will be enhanced/reduced by the presence of the charged

cavity. The effect of o on the sedimentation of the soft sphere increases with decreasing

alb, Aa,and r,/a, but has a maximum at some finite values of xa and disappears

as xa approaches zero and infinity.
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I:OOr (r), I:pOO (r)

Notation

the radius of the soft particle, m

the radius of the cavity, m

the diffusivities of the cation and anion, m?-s™
the elementary electric charge, C

the unit vector in the r-direction

the unit vector in the z-direction

the functions defined in Egs. (Ala), (Alb), (A2a) and (A2b)

FOZr (r)! I:llr (r), I:20r (r)

the functions defined in Egs. (A3a) and (A3b)

I:pOZ (r)1 Fpll(r)i I:pZO (r)

For: (1), Fyo. (1)

Fy/Ol(r)! F.,/lo (r)

the functions defined in Egs. (A4a) and (A4b)

the functions defined in Egs. (A9a) and (A9Db)

the functions defined in Egs. (A10a) and (A10b)

the electric force acting on the charged soft particle, N

the gravitational force acting on the charged soft particle, N

the hydrodynamic drag force acting on the charged soft particle, N

gravitational acceleration, m-s™
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h(r)

Hl' H2’ HS

Ol

(r, 0, 9)

unit step function

dimensionless coefficients for the sedimentation velocity

Boltzmann’s constant, J-K™

the equilibrium concentrations of type-m ions, m™

the bulk concentrations of type-m ions, m?

the pressure distribution, N - m

the equilibrium pressure distribution, N - m

the fixed charge density within the charged soft particle, C-m™

non-dimensional fixed charge density of the charged soft particle
spherical coordinates

the radius of the hard core, m

the absolute temperature, K

the fluid velocity distribution, m-s™

r and @ components, respectively, of u, m-s™

the sedimentation velocity of the soft particle, m-s™

UOO’UOl’UIO’UOZ’Ull’UZO

the velocities defined in Egs. (23), (24) and (25), m-s™
the valence of the symmetric electrolyte

the valence of type-m ions
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Greek letters

on

Pp

Q|

the small deviation from the equilibrium concentration of
type-m ions, m?

the linear combination of &n,, and Sy, J

the small deviation from the equilibrium electric potential
distribution, V

the small deviation from the equilibrium pressure, N - m

the permittivity of the fluid, C?.J*.-m™

the porosity of the porous surface layer

the viscosity of the fluid, kg-m™.s™

reciprocal of the Debye screening length, m™

reciprocal of the characteristic length of flow penetration inside
the porous layer, m™

the mass density of the fluid, kg-m?

the mass density of the charged porous layer, kg-m?
the fixed charge density on the spherical cavity, C-m?

non-dimensional fixed charge density of on the cavity

the electric potential distribution, V
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w0 the equilibrium electric potential distribution, V

Weqo1 Vequo- the functions defined in Eqg. (9), V
Superscripts
(eq) equilibrium state
o0 in the bulk solution
Subscripts
+ the cation
— the anion
m the type- m ions
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Appendix A
Some Functions in Equations (15)-(17)

.In Equation (15),

a
Foor (r)= Con + [Cooz + Coos“(/“) + Comﬁ(’”)] (?)3 for h<r<a, (Ala)
a a.s re,
FOOr (r) = C005 + COOG ? + C007 (?) + COOS (g) for a<r<b, (Alb)
1 a,, r :
FpOO(r) = [E C002 (?) _C001 g](ﬂa) for h<r<a, (A2a)
Fo0(F) = Cone (%)2 +10C,,, é for a<r<b: (A2b)
a 2
Fir (r)= Cij1 + [Cijz + Cijsa(/u) + Cij4ﬁ(/1r)](F)3 + 3(1a)’ {J iﬁo) (1)

3a(Ar)
(ar)y’

Jijﬂ(ro,r)_?’ﬁ(ﬂr)Jg‘(ro,r)} for ,<r<a, (A3a)

(3350
(I’) ‘]ij (royr)"" (M.)s

F.(r)=C;s +l ‘]i('2) (a,r) +E[Ci'6 _l‘li('s) (a,n)]
]] ]] 3 1] r ]] 3 ]]

AOYIC, + 2 39@n]+ () IC, —230@r)]  for a<r<b,  (A3b)
A AET A T

1 a r- 1.a,.e 2r o
Fpij (r) = (la)z[ECijz(?)z _Cijl g]_g(?)z‘]ija (ro’ r) _g‘lijo (ro’ r)

(Ada)
for r,<r<a,

a 1 r 2
Foi(r) = (?)Z[Cij6 —gJif’) (a,n)] +g[10Ci,-s —§Ji§°) (a,r)]for a<r<b, (A4b)
where (i, j) equal (0,2), (1,1), and (2,0),

305 =[0G, (ndr. (A5)

Ji(n.n) = [T a(nG(ndr, (A6a)
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I =] pans, (ndr, (A6b)

G =2* Ve ()R, (1] '” (A7)
2nr

11()—8(’@ {[Fo. (N~ Fy (1] ‘”e“°l+[ Fon (= Fyy (1] '”e“”}, (ATh)

Gy (1) = 5(’(&) ER) e (n-Fo (0] ‘” (ATc)
2nr

a(x) = xcosh x—sinh x , (A8a)

S(X) = xsinh x—cosh x, (A8Db)

and expressions of the coefficients C,, , C,,, C,,,and C,, with n=1,2, ..., and
8 are lengthy and given in Equations (A15) and (A16).

In Equations (16) and (17),

Fia(r) == {a'r[2+ (> ) 106, (a,b) + G, (1 )] + bPr[L+ = (—) 1[G, (a,b)

;
3D, (b°-r))
+G, (1), a)]+ (b° — 1) [@°r G, (r,, 1) - rG, (r,, )]} for r,<r<a (A9a)

Fia(r)=+ [a® r{[2+(—) 1G,(r,,a) +[2+ (2 ) 1G;(a,b)}+ r{ L+ (—) 1G,(r,,2)

3D, (b3 )

+b3[1+—(—°)‘°’]Go(a,b)}+(b3—r03){a3r’2G3(a, r)-rG,(a,r)}] for a<r<b (A9b)
Fi(r) = 2 [Ol(lff)BW.,(r = B(xr)A,; (1, 1]
+W{Q4ﬂ (xr)[e°Q, A (1, b)+e" ™ Q{A , (r,,b) - B,; (. b)}]

—[a(xr)QlAyij(ro,b)—e"bQZQS{AVU(r b)-B,; (r,,b)}]} for ,<r<a (Al0a)

wij

Fi(r) = [Ot(lflf)BW.J (a,r)-p(xr)A,;(@ )]

—W{Qm(xr)[em QA (@ b)-e QA (@ b)-B,, (1, 1)}

+e°Q,0 A ;i (), a)[Fa (k1) [e°Q,Q,B,; (a,b) + € Q.Q,B ; (1;, )

wij
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-0 0B i (I, b) + Qs (Q, —e°Q,) A (1, b)I} for a<r<b
where (1, ) equal (0,1) and (1,0),

n d‘//eqij
dr

G,(r.r) =] () F (Ndr,

Ay (1) = [ a(en)FL (N~ F, (]dr,

B, (1. 1) = [ BD)IFL (N~ F, (n]dr,
W =e"Q,Q,-e"QQ,,
Q, =2+xb(2+«b),
Q, = 2a(xb) — (xb)? sinh(xb) ,
Q, =2+«xr,(2+x«r,),
Q, =2a(xt,) - (x1,)? sinh(xT,) ,
0, =Q,—e"Q),.

In Equations (A1)-(A4),

Coor = %6b{r01(3a5/12 +2b°1* —5a%(18+b°A%)) + 2al

(45a° + (6a° —5a’b* —b°)A%) cosh((a—r,) 1) +

2(-21a°2* +b°2% +5a%(-9+b°A%))sinh((a—-r,) 1)}

Corr = ﬁ[ﬂbr0 (a*(3a° —5a’n* +2b°)A° + Acosh(A(a—Tr,))
(-135a°(a-r,) +a(-6a° +5a°h’ +b*)A*r? —31%*(a-r,)

(6a° —5a°n* —b® —15a’r,)) +sinh(A(a—r,))(135a° + A*r,(-18a° +
15a*b’ +3ab® + 21a°r, —5a°b’r, —b°r)) +

31%(21a° —b° —45a‘r, —5a%(b* - 3r))))]

54
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(Al1)

(Al2a)

(A12b)

(A13)
(Al4a)
(A14b)
(Al4c)
(A14d)

(Alde)

(Al5a)

(A15b)
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Coos = a&l%N[Gb(G(_Zla%z +b°2% +5a° (-9 +b?A?)) cosh(a)r, +

6al(45a° + (6a° —5a°h? —b°)A%)sinh(al)r, +34(3a°1% +2b°A% —
5a°(18+b*1%))sinh(Ar,)r +cosh(Ar,)(270a°r, — (a—b)*(3a° +6a’b +

4ab® +2b°)A*(2a° + 1) +31%r,(-3a° — 2b° + 5a° (b’ + 6r7))))] (A15c)

Coos = 577 [8D(31,(28A(-62%47 +b*A° +5a*(-9.+b°47)) cosh(az) +
a

2(45a% + (21a° —5a°h* —b°)A?)sinh(al) + A(-3a°A* —2b° A% +
5a°(18+b*1%)) cosh(Ar,)r,) +sinh(Ar,)(-270a°%r, + (a—b)*(3a’ +

6a’h +4ab” +2b°) 2" (22" + ;) + 327, (3a" + 2b° —5a’ (b + 6r;))))] (A150)
Coos = _Wb[6/1(1803-3 +(54a° -5a°b* —4b°)A%)r, + 3sinh(1(a-r,))

(180a° + A% (144a° - 4b° + 45a‘*r, —15a°b’r, — 20a° (b +9r,)) +

2%(30a” +5a°h’r? + 4b°r? +15a‘r, —5a’h’r] —a’®(10b* +9r2))) +
Acosh(A(a—r,))(-540a%(a+r,) - (9a° —5a%0” —4b°)A*(2a° + 1)) —

31°(84a° —4ab® +9a°r, — 4b°r, +15a°h’r} —5a* (4b® +9r7) +

a’(-5b’r, +60r)))] (A15e)
Coos = ail\l[6b(60a6;t3r0 —Acosh(A(a-r)){135a°(a-r,)r, +a(a’ —b>)A*
(2a°+r)+34%(10a’ +a’°r, —ab’r, —6a°r; +b°r’ +15a*r’)}+

sinh(A(a-r,)){135a°r, +34°(10a° + 6a°r, —b°r, —45a*r” +15a°’) +

A% (12a° - 2a%° —3a°r} +3ab°r” +6a°r; —b°r?) ] (A15f)
Coor = $[2b3(6a(—10a3 +b*) 2%, +3sinh(A(a—r,))(-45ar, +

A?(-10a" +4ab® —6a’r, +3b°r, +45a°r” —15ar,’) + A*

(—4a°® +a'r} —ab’r’ +b°r’ +2a°(b* - r;))) + Acosh(A(a-r,))

{135a(a-r)r, +a(a’-b*)A*(2a’ +r) +34°(10a° + a*r, —ab’r,

—6a’r? +3b°r” +a*(—4b® +15r,)) ] (A150)
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oo = [38°D2*(-63°2r, + AcOSh(4(a 1, )}{B(da’ + &', ~ab, -

3a’r” +b’r?) +a(a—b)(a+b)A*(2a® +r)}+sinh(1(a—r,))

{-12a° —9a’r, + 3b°r, + A*(-6a° —3ab’r? —3a’r. +b’r’ +a*(2b? +3r2))})]  (Al5h)

Ci= m{Z(Sro/i(—BOa%Li +2(2b°L, +5a%°(L, +3L,) -
9a°b(3L, +5L,) +10a°(2L, +3L,))A? + a*(2b® (-L, + L) + 3ab®

(L, -L,)+3a°b(L; — L) +2a°(-L, + L) +a’0®(-L, - 5L, +

5L, +L,))A*) +3r, (180a°L, +180a°(a—b)L, A + 3(a—b)®

(8a® +9ab+3b*)L,A° +(a—h)*(4a* + 7ab +4b*)L,A%) cosh(al)
—aA(-540a’oL, +6(2b°L, +5a°h* (4L, +3L,) -3

a’b(14L, +15L; +10L,) +10a° (2L, +3(L, + L)) A% +

a®(2b°(4L, +3(L, + L) +2L,) —9ab’ (2L, + 2L, + Ly + L) +

4a° (2L, + L, +6L, —3L,)—9a’h(2L, + 4L + L, — L) +

a’b®(20L, +12L, +30L, +10L, —15L, +3L,))A*) cosh((a—r,) ) +
6L,(20a°4% —27a°bA” + 2b°A% +5a%0(-18+b*A%)) cosh(Ar,) —
3r,(180a°L, +180a°(a—b)L,A +3(a—h)*(8a* +9ab +3b*)L, A% +
(a—b)*(4a’ + 7ab+4b*)L,A%)sinh(al) + 3(-180a°bL, +2(2b°L, +
5a’b® (4L, +3L,)—9a%0(8L, +5L;) +10a° (2L, +3(L, + L,)) A% +
a?2b°(-L, + L) —3ab® (2L + 2L, + Ly + L) +4a° (4L, + 2L, + 7L, - L) -
3a°h(10L, +14L, +5L, + L) +a%°(20L, +14L, +5(2(L; + L)+ L,) +
L,)A*)sinh((a-r,)A) —6L,(20a°1* —27a°0A% + 2b° A% +

5a’0(~18+h?4%))sinh(Ar,)))} (A16a)
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C,» = (21,(-90a%bL,2° + 60a*b’L,A° + 6a%°(a° +b°) L, A° —18a°bL A° —
12a%PLA° +4a°LA° —3a®bLA° —5a®h’L A% +6a‘h°LA° — 2a°h°L A% +
12a°L,1° ~15a%°L, A° +18a°b°L, A° + 9a®bL,A° — 6a°h’LA° + 2L, A°
(—6b(3a° + 2ab®) + a°(4a® —3a°b —5a°h® + 6ab® — 2b°®) 1) + 6(15b(3a° —
2ab®)L, +15a*(3a’b - 2b*) LA + (4a° + 24a°b — 20a°h* + 6ab® +b°) L, A% +
a(4a’® +3a°n-10a’n® + 6ab® —3b°)L,1%) cosh(Aa) — 6(15h(3a° — 2ab?)L, +

15a°(3a’b—2b°)L,A + (4a° + 24a°b — 20a°b® + 6ab® +b°)L,A° +a(4a’ +
3a’h-10a’n’® +6ab® —3b°)L,A°%)sinh(1a) —%(—Gab(sa5 +20>)2° +a°

(4a° —3a’h—5a’h’ +6ab® — 2b°) A° + A(-45a(3a’h - 2b°) (a—r1,) +3(-4a’ +
24a°br, — 20a°b%r, +b°r, +3ab° (b + 2r,) + a°(-3b + 4r,) + 5a* (2b° - 3br/) +
a’(-6b° +10b°r?)) A% + a(—4a’® —3a°h +10a’n® - 6ab® + 3b°)r/ 1)
cosh((a—r,)A) + (45ab(3a” — 2b%) + 3(4a® + 24a°b + b°® — 45a°br, +30a°0°r, +
5a%0(—4b” +3r7) + 2a(3b° - 5b°r?)) A% +r,(-3a(4a" + 3a°b —10a°h* + 6ab® —
3b°) + (4a° + 24a°h — 20a%° + 6ab® +b®)r,) A*)sinh((a—r,) 1))(3N,r, —3r,
(180a°L, +180a°(a—b)L,A +3(a—h)*(8a* +9ab +3b*)L,A* + (a—b)*(4a* +
7ab+4b*)L,A%) cosh(al) +al(-540a°bL, +6(2b°L, +5a%0° (4L, +3L,)—3a’b
(14L, +15L, +10L,) +10a° (2L, +3(L, + L,))) A2 +a(2b° (4L, + 3(L, +

L) +2L,)—9ab(2L, + 2L, + L, + L,) + 4a® (2L, + L, + 6L, —3L,) -

9a°b(2L, +4L + L, — L) +a%°(20L, +12L, +30L, +10L, —15L, +3L,))4%)
cosh((a—r,)A)ai(-540a%oL, +6(2b°L, +5a°h* (4L, +3L,) —3a°b(14L, +

151, +10L;) +10a°(2L, +3(L, + L,)))A% —6L,(20a°2% — 27a°hA* + 2b° A% +5a’b
(—18+b*2%)) cosh(Ar,) —3N, sinh((a—r,)A) +6L,(20a°A* —27a°hA* + 2b°2% +
5a’0(~18+hb?4%))sinh(Ar,)))) / (3a°A* (30b(-3a> + 2ab®)r,A + (4a° —3a°b —
5a%0° +6ab® — 2b°)r A% + 2a4(45a% — 30ab’ + (4a° +3a’b —10a’n® + 6ab® —
3b®)A%) cosh((a—r,) 1) —2(45a°h —30ab® + (4a° + 24a°h — 20a°0® +

6ab® +b®)42)sinh((a-r,)))) (A16b)
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1

Cis = ayn 240 (-6(20a°2 - 27a°bA% +2b°22 +5a°0(~18 +b?A%)) L, +

a/sinh(al)(-540a%L, + 6% (2b°L, +5a%° (4L, +3L,) —3a°b(14L, +15L,
+10L,) +10a° (2L, +3(L, + L,))) +a’A* (2b° (4L, +3(L, + L) +2L,) -
9ab®(2L, +2L, + L, +L,)+4a°(2L, + L, +6L, —3L,) —9a°b(2L, + 4L +

L, — Ly) +a%® (201, +12L, +30L, +10L —15L, +3L,))) +3N, sinh(Ar,)r,) +
2cosh(Ar,)(540a°h ALK, +a°(a—b)* A" (2b* (L, — L) +6a’0’ (-, + L) +
ab®(L, —4L; +3L,)+2a*(L, - L) -a’b(3L; —4L, + Ly))(2a° + 1) + A°
(2a°(20a°L, +2b° (3L, + L) +5a%0° (L, —3L,) +9a°h(-3L, + L)) +
3a’(2b°(L, — L) +3ab’(-L, + L,) +a’h*(L, + 5L, —5L, — L) +2a°(L, - L) +
3a°h(-L + Ly))r, — 2(2b°L, +5a°0® (L, +3L,) —9a°b(3L, +5L,) +

10a°(2L, +3L,))r?) —64°(2b°Lr, —9a°b(3L, + 5L, )r, +10a° (3bL, +

2L,r, +3L,1r,) +5a%r, (b*(L, +3L,) —6L,r?)) +sinh(al)(540a°L, (b +r,) -
540a°AL,(a(b—r,) +br,)+(a—b)*(4a* + 7ab+4b*)A°L,(2a° + 1) +
3(a—b)*(8a® +9ab+30*)A*L,(2a° +r;) +34°L, (4(10a° - 36a°b +

10a’h® +b°) +3(a—b)*(8a* +9ab +3b*)r, + 60a°r’) + 31°L, (4a(10a’ -
21a°0+10a°h® +b°) + (a—b)*(4a’ + 7ab + 4b*)r, + 60a° (a—b)r;))) -
2cosh(al)(=3A(N, +r,(180a°L, +180a°(a—b)L41 +3(a—b)*(8a* +9ab +
3b?)L,A° + (a—b)*(4a* + 7ab +4b*)L,A%) sinh(Ar,))r, +cosh(Ar,)(540a°L,
(—b+1,)—540a°AL,(a(b - 1,) +br,) + 3(a—b)* (8a® +9ab+3b% ) A*L; (2a° + 17 )
+(a—b)*(4a? + Tab+4b2) A°L, (2a° + r*) + 342L, (4(10a° — 36a°h +10a%° +
b®)+3(a—h)*(8a* +9ab +3b’)r, +60a’’) +34°L, (4a(10a’ — 21a°b +

10a’h® +b°) + (a—b)* (4a’ + 7ab+4b* )1, + 60a° (a—b)r5)))} (A16c)
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C;s ={2(sinh(4r,)(-6sinh(al)(15a’ (3a’h— 2b*) AL, +a(4a’ +3a’h —
10a’h® + 6ab® —3b°)A°L, +15b(3a’ — 2ab®)L, + (4a° + 24a°b — 20a°h°® +
6ab® +b°)A°L,) + 6cosh(ald)(L5b(3a’ — 2ab®)L, + (4a° + 24a°h — 20a°b°® +
6ab® +b®) 2L, +15a2(3a% — 2b°) AL, +a(4a® +3a°h —10a’h° + 6ab® — 3b°)
A°L,) —6abA’(4b°L, —10a°h®L, +3a° (2L, +5L)) +a°A°(-2b° (2L, - 3L, +

6L, + L) +4a°(2L, + L, +3L,) +6ab° (2L, + L, +3L,) -3a°h(2L, + 6L, +
L, —3L,)—a’h’(10L, — 6L, +5L, +15L, +6L8)))—%/1(—3leinh(/1(a— r) -

6(20a°1% —27a°hA% +2b°A% + 5a’b(~18 + b’ A%)) cosh(Ar, )L, +6(20a°2% —
27a°0A% +2b° 2% +5a°h(-18+b*A%)) sinh(Ar,) L, +al cosh(A(a—-T,))
(-540a%L, + 647 (20°L, +5a%° (4L, +3L,) —3a°b(14L, +15L, +10L,) +
10a° (2L, +3(L, + L)) +a2A*[2b° (4L, +3(L, + L) + 2L, ) —9ab® (2L, +

2L, + L, +L,)+4a° (2L, + L, + 6L, —3L;)—9a°h(2L, +4L, + L, — L)+

a%0® (20, +12L, +30L, +10L, —15L, +3L,)]) + 3N, I, —3cosh(al)
(180a°L, +3(a—b)*(8a® +9ab +3b*) 1%L, +180a°(a—b) AL, + (a—b)*

(4a® +7ab+4b*)A°L,)r,)(-6a4(45a°n — 30ab® + (4a° +3a°h —10a’b® +
6ab® —3b°®)A?) cosh(ai)r, +6(45a°h —30ab’ + (4a° + 24a°b — 20a°h® +
6ab® +b®)A?)sinh(ad)r, —31(-90a% + 60ab’ + (4a° —3a’b —5a’b® +

6ab® —2b%) %) cosh(Ar, K’ +sinh(Ar,)(90b(-3a° + 2ab*)r, + (a—b)?

(4a* +5a°h +6a’h® + 2ab’ - 2b*) 2" (2a° +1;') —34%(4a° (3b -1, ) + 3a’br, +
2b°r, +5a%r, (b* + 61,7) +a(8b°® —6b°r, — 200°.*)))))} (3a°A° (2a1(45a°b —
30ab® + (4a°® +3a°h —10a’n® + 6ab® —3b°) A%) cosh(A(a-r,)) — 2(45a°b —
30ab® + (4a° + 24a°b —20a°h® + 6ab® +b°) A%)sinh(A(a—r,)) +

30b(—3a® +2ab*) Ar, + (4a° —3a°h —5a%® + 6ab° — 2b°) 1°r,)) (A16d)
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1 1 ]
C..=— {— 3a°h®A°L, —3sinh(al)(al(4a’ A + 6b° 1% —5b°
ij5 9a2/15 L 3a5b+2b6 ( 2 ( )( (

(6+a’A%))L, +(4a°1% +6b°1* —15b°(2+a’A%))L,) + 3cosh(al)((4a° A% +

6b°A° —15b°(2+a’A%))L, +al(4a’A% +6b°A° —5b°(6+a°A%))L,) +a’ A’
(2a(2a® +3b°)A°L, —30b(3a° + 2b°)A°L, +a(30b® + (2a° + 3b°) A%) L, +3a(2a’ +
3b°)A°L, -3a%0°A°Ly)) + ((-6sinh(ad)(aN, AL, + N,L,) +6cosh(ad)(N,L; +
aN,AL,)+a1’(2(-6b(3a° + 2b%) + a’(4a’® —3a°h —5a°n°® + 6ab® — 2b%) A*) L, +
6a°b’(a’ +b°)A°L, +a*(-6b(3a° + 2b°) 1%L, + (—90a’b + 60ab® + (4a° —3a°h —
52’0’ +6ab® - 2b%) 1)L, +3a(4a’ —5a’h’ + 6b°)A°L, +3a°(3a’b - 2b*) 1%L,)))
(al(4a°A* +6b°2° —5b°(6+a°A%)) cosh(A(a—r,)) + (30b° + (—4a° +15a°h° —
6b°)A%)sinh(A(a—r1,)) +30b°Ar, + (2a° +3b°)A%r,)) / (b(3a° + 2b°)(2aN A
cosh(A(a—r,))—2N,sinh(A(a—r,))+30b(-3a* + 2ab®) Ar, + (4a° —3a°h -
5a%0° +6ab® - 2b°)A°r,)) + (A°*(aN, A cosh(A(a—r,)) — 3N, sinh(A1(a-r,)) -
6(20a°1% —27a°hA% + 2b° 2% + 5a°h(-18 + b*1%)) cosh(Ar, )L, +6(20a°A° —
27a°0A% +2b°2% +5a°h(-18+b*1%))sinh(Ar, )L, +3N,r, —3cosh(al)(180a°L, +
3(a—b)*(8a’ +9ab +3b*)A%L, +180a°(a—b)AL, + (a—b)*(4a’ + 7ab +4b?)
A°L,)r,)(720ab’Ar, —6a(44a° —35a°b° +6b°) A°r, + A cosh(A(a—r,))(180a
(—2ab® +3a’r, - 2b°r, —3a’r?) + a(8a° —5a’h® —3b°) 1 (2a° +1,’) + 34°
(8a*(7a° —5a’h® +3b°) + a(8a® —5a’h* —3b°)r, —3(12a° —5a%b® + 3b°)r; +
20a(3a® - 2b°)r?)) —3sinh(A(a—r,))(60a(-2b° +3a’r)) + 1* (24a° -

10a°h® + 62’0’ +a(-8a° +5a’h* + 3b°)r + (12a° —5a%b® + 30°)r’) + A

(56a° +36a°r, —15a°b’r, + 9b°r, —180a*r? + 24a(b® +5b°r?) + a°

(—80b° +60r.))))) / (N (2aN A cosh(A(a—r,)) - 2N, sinh(A(a—r,)) +

30b(-3a° +2ab*) Ar, + (4a°® —3a°h —5a°0’® + 6ab® — 2b°) A°r,))} (A16¢€)
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{36b cosh(al)(-45a’L, + (—21a° +5a%’ +b°) A°L, — 45a* AL, +

Cie = 3N 22
a(-6a’ +5a°n* +b°)A°L,)r, + 6(-6bsinh(al)(-45a* AL, + a(-6a° +5a°h® +b°)
A°L, —452°L, +(-21a° +5a°h? +b®) A°L,) —90a°hA°L, +a*A° (2b° (2L, + L, +
L,) —40a°L, —5a°0® (2L, +4L, + L, +L,) +3a°h(2L, +20L, + L, + Ly))r, —
6bcosh(Ar,)(—270a°L,r, —270a° AL, 17 +3(3a° —5a’b* + 2b°) A°L, I} + (a—b)®
(3a° +6a’b +4ab* + 2b*) 1L, (2a° + 1) + 3A°L,r,(3a° + 2b° —5a° (b* + 6r7))) +
B6bsinh(Ar,)(-270a°L,r, —270a°AL,17 +3(3a° —5a°h” + 2b°) A°L,r? + (a—b)®
(3a° +6a’b +4ab” + 20°)A°L, (2a% + 1) + 34°L, 1, (3a° + 2b° —5a° (b + 6r))) +
Acosh(A(a—r,))(-1620a%L, (a—r)r, +a*(a—b)A°(2b° (L, -3L,) + 4a°L, +
a’b®(2L, —6L, +9L,) +ab*(2L, —-6L, +9L,) +a‘b(-6L, +4L, —3L,) +
a’b®(-6L, +4L, —3L,))(2a° + ) +184%(2ab°L,r, — 2b°L 1> —5a%0° (2L, +
3L,)r2 +3a°h(14L, +15L,)r? +30a’ (bL, + L,r,) —3a°r, (4bL, +15bL, +

10L,1,) +5a*br, (b® (2L, +3L,) - 6L,r’)) +3a1*(40a°L, + 6ab® (L, — L)1/ —
3a‘b®(4L, +5L, + L,)r7 +4b°L 1’ + 4% (-3b(5L, - 2L, + L)+ L,r,)—3a'r,
(2bLg +bLg +8L,r, ) +a%°r, (=2bL, +6bL; + 9L, 1, )+ a°br, (b* (2L, + 5L, +

3L;) - 6(4L, +15L5) 1) +a’h’(—4b* (2L, + Lg) —9b°L, 1, +10(2L, +3L,)r5) +
a®(200° (L, — L, +L,) +9b(4L, + L,)r? + 60L,1,}))) —3sinh(A(a-r,))
(-540a°Lr, + A4 (4a°(-b°® (2L, + ;) +10a°L, +5a°b* (L, — L, + L,) —

3a°b(5L; — 7L, + L)) +3a°(2b°(-L, + L) +8a°L, —3ab’L, —3a°h(4L; + L) +
a’b®(4L, +5L, + Ly))r, —6a(2b°’L, +5a°h* (2L, +3L,) —3a°b(4L, +15L,) +
30a°L,)r7 +2(2b°L, +5a’0® (2L, +3L,) —3a’h(14L, +15L,) +30a°L,)r) +
64°(2b°L,r, —3a°b(14L, +15L,)r, +90a’bL,r” +30a° (bL, + L, r,) +

5a%br, (b? (2L, +3L,) -6L,r)) +a’1°(16a’L, —6a’h(4L; + L) —4a'L,r} +
92%b°L, 17 +2b°(-L, + L)1) —3a°h(4L; + L,)r,’ +ab°r’ (2bL, —6bL, —

3L,r)) +a’h’(-6b°L, — (2L, +5L, +3L,)r’) +a°(2b° (4L, + 5L, + L) +

3b(2L + Ly)r2 +8L,r%) +a’h®(4b%(—L, + L) + (4L, + 5L, + L,)r}))} (A16)
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2 1 ]
C.,=-— { 30b?(sinh(al)(a®A?(ail, + L,) +b3(6ail, +
T 4555 L3a5+2b5[ (sinh(az)(@4"(@dls + L) +b(ball

a’A’L, +6L, +3a°4°L,)) + cosh(al)(—a’A* (L, +ail,) —-b*(6L, +3a°A°L, +

6ail, +a’1’L,))) +60a’w’A°L, +a°A°(6b°L, —5a%h? (2L, + L, +3L,) +
9a°L,)]- (5b*(-6sinh(al)(15a’(3a’b - 2b*) AL, +a(4a’® + 3a°b—10a’h® +

6ab® —3b°%)A°L, +15b(3a’ — 2ab®)L, + (4a° + 24a°b - 20a’n® + 6ab® + b°) A°L,) +
6cosh(al)(15b(3a° — 2ab?)L, + (4a° + 24a°0 — 20a°b® + 6ab® + b®) A°L, +
15a*(3a’h - 2b*) AL, +a(4a® +3a°h -10a’h® + 6ab® — 30°) A°L,) — 6abA®

(4b°L, —10a°h’L, +3a° (2L, +5L,)) +a°2°(-2b° (2L, —3L, + 6L, + L) +

4a° (2L, + L, +3L,) +6ab®(2L, + L, +3L,)—3a°h(2L, + 6L, + L, —3L,) -
a’®(10L, - 6L, +5L, +15L, +6L,)))(2aA(6b* +a*(a® +b*)A*) cosh(A(a-r,)) -
2(6b° +a’(a® +3b*)A%)sinh(A(a-r,)) —12b°Ar, +a°A°r,)) / ((32° + 2b°)(—2a4
(4a°2% +3a°hA% —3b°2% + 6ab’* (-5 +b*1%) —5a°h(-9 + 2b*A?)) cosh(A(a—1,)) +
2(4a°2% +24a°0A% +b° A% + 6ab’ (-5 +b%*1%) —5a°h (-9 + 4b*21?))sinh(A(a—r,)) +
A(-4a°A% +3a°A” +2b°2% —6ab® (10 +b°A%) + 5a°h(18 + b*A*))r,)) +
(10ab®2°(aNgA cosh(A(a—r1,)) —3N, sinh(A(a—r,)) —6(20a°1* — 27a°bA?
+2b°2% +5a°h(-18+b*1%)) cosh(Ar, )L, + 6(20a°A* —27a°bA” + 2b° 2% +
5a°0(~18+hb?4?))sinh(Ar,)L, +3N,r, —3cosh(al)(180a’°L, +3(a—b)°

(8a° +9ab +3b*)A°L, +180a’(a—b)AL, + (a—b)*(4a’ + 7ab+ 4b*) A°L,)r,)
(Acosh(A(a-r,))(a*(2a® —3ab” +b*)1*(2a% + 1) + 9(2ab’ (4b —9r,) +15a°r, —
15a°r? +2b’r, (4b +9r,)) + 31 (14a° + 2a°r, + 8b°r} —3ab’r? (b + 6r,) +

a’b’r (b+9r,) —3a*(4b” +3r) + a*(8b° — 3b’r, +15r))) — 3(48b°Ar, + 2a°

(11a® —12ab* + 7b°)A°r, +sinh(A(a—r,))(6b* (4b—9r,) + 45a°r, + aA*

(2a°(3a’ —3ab* +b%) —a(2a® —3ab® +b*)r? + (3a° — 3ab* + b°)r’) + A

(14a° +9a’r, —6b°r/ (4b +3r,) + 3ab’r, (b +18r,) —
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3a’(4b* +15r7) +a’ (16b° —9b%r, +15r,)))))) / (2aA(4a°A* +3a°h A% —30° A% +
6ab’(-5+b°2%) —5a°h(-9+2b°A%)) cosh(A(a-r,)) —2(4a°A% + 24a°bA* +b°A* +
6ab’(-5+hb?1?) —5a%0(-9 + 4b’A%))sinh(A(a-1,)) + A(4a°A% —3a°bA° - 2b°A% +
6ab’(10+b%*1%) —5a°h(18+b*A%))r,) (A cosh(A(a—r,))(120a’ A* +8a’1* —
18a°hA* —90a%b’A%r] +4a°A°(-63b +5b°4% +3r, + A%r;) —9a°A%r, (8r, +
b(3+A°17)) +b°A%r, (271, +4b(3+ A°r7)) — 3a* (—40b° A% + 6b°A* — 45b

(—4+ A7) —60r, (3+ A°r7)) +3ab° A% (4b - 3r, (3+ A°17)) + 2a°

(4b° 2% — 2701 —90br, (3+ A°12) +50°42r, (3+ A2r2))) — 3(44(20a° A2 —

27a°0A% +2b° 2% +5a°h(-18+b*A%))r, +sinh(A(a—r,))(16a°21* -

30a’bA* +9ab’ A% +10a%0°A%r (3+ A%r7) +a°(404° — 42" r7) -

b°A%(—4b+9r, + 4bA%r? +32%r%) —15a* A%r, (121, + b(3+ A°r)) —

2a3(30° A% +50°42 (—4 + 17r2) — 90b(~1+ A%r2) — 301, (3+ A°r2)) +

a7 (206°A7 +9b(~16+ A%r2) +8r, 3+ A2r2))))} (A160)
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1 1
C.= { 6b°A°L, +15cosh(aA)((18+ (9a® — 2b*)A?)L, +
18 = 25 15 L3051 20 [ ) (@A)((8+( )AL,

al(18+(3a* -2b*)A%)L,) —15sinh(al)(al(18+ (3a° —2b*)A%)L, +

(18+(9a” - 2b*)A%)L,) +5a°A°* (—(18 +b*A?*)L, —b*A% (2L, +3L,)) +

9a°4°L,] - (5(-6sinh(at)(aN,AL; + N,L, ) +6cosh(al)(N,L, +aN AL, ) +
al’(2(-6h(3a° + 2b°) + a*(4a° —3a°b —5a’h® + 6ab° — 2b°) A°)L, +

6a’b’(a’ +b*)A°L, +a*(-6b(3a° + 2b°) A°L, + (-90a°b + 60ab® + (4a° -
3a’h-5a°n’® +6ab® - 2b°) 1)L, +3a(4a’ —5a’h® + 6b°) A°L, +3a°(3a’h — 2b%) A°
L,)))(@a4(18+ (3a? — 2b%)22) cosh(A(a—r,)) + (~18+ (~9a2 + 2b2)2?)
sinh(A(a-r1,)) - A(18+b*2A%)r,)) / ((3a° + 2b°)(2aN,A cosh(A(a—r,)) -

2N, sinh(A(a—r,)) +30b(-3a® + 2ab?*) Ar, + (4a° —3a°b —5a°h® + 6ab° —
2b°)2°r,)) + (52°(aNg A cosh(A(a—r1,)) —3N, sinh(A(a—r,)) —6(20a°A° —
27a°0A% +2b° 2% +5a°h(-18+b*1%)) cosh(Ar,)L, +6(20a°A* — 27a°bA” +

2b°2% +5a°0(~18+b?A%)) sinh(Ar,)L, + 3N,r, —3cosh(al)(180a’L, +
3(a—b)*(8a® +9ab +3b*)A°L, +180a°(a—b)AL, + (a—b)*(4a’ + 7ab + 4b*)
A°L,)r)(6aA(72b+ (-16a° +21a’b - 2b*) A%)r, + A cosh(A(a—r,))(a(a—b)

(4a® +ab+b*)A*(2a° + 1)) +31°(8a*(a—h)*(2a+b) + a(a—b)(4a’ +ab +

b*)r, —3(4a’ —3a’b +b*)r’ +24a(a—b)r’) - 216a(a(b—r,) +r,(b +1,))) —
3sinh(A(a-r,))(72a(-b+r,)+1*(2a°(4a® —3a’h +b*) + a(-4a’ +3a’b +

b*)r? +(4a® —3a’b +b*)r’) + A% (16a“ +3b°r, +12a°(~4b + 1) -

9a’r,(b+8r,) +8a(b® +9br” +3r))))) / (N (2aN,A cosh(A(a—r,)) -

2N, sinh(A(a—r,)) +30b(-3a® + 2ab*) Ar, + (4a° —3a°b—5ah® +

6ab® —2b°)A%r))} (A16h)

where
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N = (-12r,4(20a°42 - 27a°hA? + 2b°A% + 5a(~18 + b2A2)) +
A(-540a%(a(b—r,) + 1, (b +r1,)) +3(4a(10a’ - 21a°h +10a%0° +b°) +

(a-b)’ (4a® + 7ab+4b*)r, —3(a—b)*(8a® + 9ab+3b%)r? +
60a’(a—b)r;)A% +(a- b)4 (4a’ +7ab+4b*)(2a% + 1) A*) cosh((a—r,) ) -
3(180a°(~b +r,) + (40a° + b®(4b —9r,) + 30a°h’r, + 24a° (—6b +r1,) —

45a°r, (b +4r,) + 20a° (2b° + 9br” +3r’))A* + (a—b)*(2a°(8a* + 9ab + 3b?) —

(a—b)(4a’ +7ab+4b*)r’ +(8a* +9ab +3b*)r ) 1*)sinh((a—r,) 1)) (A17a)

N, = (-180a°L, +2(2b°L, +5a°h* (4L, +3L,) —9a°b(8L, +5L,) +
10a°(2L, +3(L, + L)) A% +a*(2b°(-L, + L) —3ab’ (2L, + 2L, + L, + L) +
4a° (4L, + 2L, + 7L, — L) —3a°b(10L, +14L +5L, + L) +

a’®(20L, +14L, +5(2(L + L) + L)+ L,))A*h) (A17b)

N, = (180a’bL A — 2(2b°L, +5a°0° (L, +3L,) —9a°b(3L, +5L;) +
10a°(2L, +3L,))A* +a®(2b°® (L, — L;) + 3ab’(-L, + L,) +
a’®(L, +5L, -5L, — L) +2a°(L, — L) +3a’b(-L; + L)) A° +

(180a°L, +180a°(a—b)L,A +3(a—b)*(8a* +9ab +30*)L,A* +

(a—b)*(4a® + 7ab+ 4b?)L,1%)sinh(Aa)) (Al7c)
N, = 45a°h —30ab® + (4a° + 3a°b —10a°h® + 6ab® —3b°) A2 (Al7d)
N, = 45a%h —30ab® + (4a® + 24a°h — 20a°h® + 6ab°® + b°®) A2 (Al7e)

N, =-540a’bL, +64°(2b°L, +5a°b®(4L, +3L,) -

3a°b(14L, +15L, +10L,) +10a° (2L, +3(L, + L,))) +
a’A*(2b° (4L, +3(L, + L) +2L,) —9ab’ (2L, + 2L, + L, +L,)
+4a° (2L, + L + 6L, —3L,) -9a°h(2L, + 4L, + L, - Ly) +

a®v’®(20L, +12L, +30L, +10L, —15L, +3Ly)) (A17f)
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L=["G,(ndr

L, = [ G,(ndr

L = ["a(n)G,(ndr

L= [ BUNG,(r)dr

L =] ()6, (ndr
a'a

L =[ ()6, (ndr
I'O a

L =[ ()6, (ndr
a'a

b I
L =], C)°6;(ndr
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(A18a)

(A18b)

(A18c)

(A18d)

(A18e)

(A18f)

(Al18g)

(A18h)
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