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Abstract

In large 1OT devices, in order to reduce power, most devices are silent and only few
users are active for each time frame. It is important to detect who are the active users in
our IOT system and their path delays to guarantee reliable data transmission. We leverage
tropical-arithmetic to help us reach our goal with very less orthogonal resources comparing
to the number of total users in our system. Moreover, to reduce latency, the codeword
we adopt is finite length and the receiver obtains message without having to wait for all
codewords to arrive. We also found the relationship between finite receiving deadline and
codewords’ length and path delay. Lastly, we are able to derive our codebook easily when
the number of total users increase dramatically in our IOT system, while still remaining
reliable data transmission. According to our simulation results for noiseless channel, our
design has zero detection errors for every number of total users, as the number of total

users increases quadratically according to the number of orthogonal resources.

Keywords: 10T, tropical arithmetic, low latency
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Chapter 1 Introduction

Establishing 6G networks with scalability and sustainability are crucial to meet the
demands of the United Nations sustainable development goals. Specifically, internet-of-
things (I0T), sensor-networks, and massive machine-type communications have attracted
significant attention for 6G communications [13][10]. Classical information theory uses
multiple-access channel (MAC) to analyze these systems. However, due to the dramati-
cally increasing number of devices (transmitters) several interesting and new aspects arise.
One of them is how to build an efficient communication where only a small number of
users are active in a massive MAC [12]. Furthermore, the classical MAC considers in-
dividual codebooks for all devices which may be prohibitive in a massive MAC. A new
promising technique unsourced MAC was proposed in [ | 2] where all transmitters share an
identical codebook and the amount of data to be transmitted at each transmitter is identical.
Authors in [3] further investigate the asymptotic capacity when the number of users grows
as the blocklength increases, and users apply individual codebooks for identifications and

one single codebook for transmitting information.

Asynchrony among users occurs naturally in massive access. For example, authors in
[1, 9] utilized the orthogonal frequency-division multiplexing (OFDM) with cyclic-prefix
to transfer the time-asynchronous communication to a frequency-shift one. Similarly, au-
thors in [4] used a sparse orthogonal frequency-division multiple access and compressed
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sensing-based algorithm to reliably identify arbitrarily asynchronous devices and decode
messages. Recently and surprisingly, [0] revealed the advantages of asynchrony in the
unsourced MAC. Tradeoff between the energy-per-bit and the number of active users in

frame asynchronous unsourced multiple access channel (AUMAC) was later explored in

[16].

For synchronous massive MAC [6] and even the AUMAC in [6][ 1 6], the delay pro-
file of active users is needed at the receiver. To find this delay profile, in this paper we
formulate a joint delay and user activity detection problem in terms of tropical linear al-
gebra, which can support massive users with a few orthogonal wireless resources. Note
that most previous works focused on only user activity detection [2] or jointly estimat-
ing channel coefficients instead of path delays with activity [11]. Also another line of
group testing, combinatorial group testing [£], was applied for decoding packet in slot syn-
chronous random access channel [7] where each user only has one packet. These works

are fundamentally different to our problem.

Tropical linear algebra was applied to the group testing problem for Covid19 testing
in the pandemic [ 1 5]. In tropical group testing, only a few samples contain Covid19 which
is akin to the fact that in massive MAC typically only a few users are active. Compared
with the tropical-arithmetic in [15], the new design issue is that each user must have a
finite path delay bounded by the maximum one. A necessary condition for the maximum
path delay to ensure zero-error detection is then identified. Simulation results also verify

our claims.

For synchronous massive MAC [6] and even the AUMAC in [6][ 6], the delay pro-

file of active users is needed at the receiver. To find this delay profile, in this paper we
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formulate a joint delay and user activity detection problem in terms of tropical linear al-
gebra, which can support massive users with a few orthogonal wireless -resources. Note
that most previous works focused on only user activity detection [2] or jointly estimat-
ing channel coefficients instead of path delays with activity [11]. Also another line of
group testing, combinatorial group testing [ ], was applied for decoding packet in slot syn-
chronous random access channel [7] where each user only has one packet. These works

are fundamentally different to our problem.

Tropical linear algebra was applied to the group testing problem for Covid19 testing
in the pandemic [ 1 5]. In tropical group testing, only a few samples contain Covid19 which
is akin to the fact that in massive MAC typically only a few users are active. Compared
with the tropical-arithmetic in [15], the new design issue is that each user must have a
finite path delay bounded by the maximum one. A necessary condition for the maximum
path delay to ensure zero-error detection is then identified. Simulation results also verify

our claims.

In [11], they aim to do channel estimation for massive access, whereas we aim to do

user activity detection and delay detection.
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Chapter 2 Problem Formulation

2.1 Our Scheme: a Few Active Users in Massive MAC

Let’s say there are K users in our IOT system, and for every time frame there are
only K, active users, where K, is very small comparing to K. There exist a deadline of
data-transmission called /;,,. If a user’s path delay is smaller than ¢;,,, that user is called
an active user. Our goal is to find who are the active users and their corresponding path
delays. Our scheme that K% is very large is quite common in nowadays IOT system, where
most of the time devices are silent to reduce power. We can use few orthogonal resources

to be able to detect vert small number of active users comparing the total number of users.

Channel 1 Channel 2
51 =3 62 =5
| J |\ J
0 Y
mn gin

Figure 2.1: TDMA is quite time consuming
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2.2 Traditional MAC Scheme

In the traditional MAC scheme, to be able to detect /K users path delays and identities
we would need K resources, which is quite resource consuming. We first demonstrate two

common traditional MAC methods, TDMA and CDMA.

2.2.1 Traditional TDMA Scheme

For the traditional TDMA scheme, if the deadline /;,, units of time and there are 2
users in total. In figure 2.1 ¢;, is 7. The receiver would have to use 2/¢;, time units to
detect users’ identities and path delays, which is very time consuming and inefficient.
User 1 sends a packet at time-slot 0, and it will be received at time-slot 3, since ; = 3.
In order to prevent data sent from user 1 being received by user 2, user 2 sends its data
after /;, of time, which is at time-slot 7. Data sent by user 2 will be received at time-slot
12, since 9, = 5. Notice that, we have to use 14 time-units for reliable data transmission.
User 1 uses time-slot 0 to 6, which is channel 1. User 2 uses time-slot 7 to 13, which is

channel 2.

Ein
L

0 =3
"4

Channel 1

=5

Channel 2

Figure 2.2: Use 2 mutual complementary orthogonal sequences to perform 2 orthogonal
channels
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2.2.2 Traditional CDMA Scheme

For the traditional CDMA scheme, to be able to use less time than. TDMA, which
is /;,, units of time. We send 2 users’ data at the same time. 2 users would have to use 2
corresponding sets that are in a mutually orthogonal complementary sets(MOCS) to create
2 orthogonal channels. From [17] we know the definition of (M,N,L)-MOCS is that the
correlation between two sets is the following.

p

NL, u:Oandtlztg

p(C.C%u) =) pley.eiiu) =S 0, 0<|u| < Landt; =t (2.1)

0, |u| < L and 11 7& to
\

M 1is number of sets composed of sequences, N is the number of sequences in a set, and
L is the length of every sequence. Different users use different sets of sequences. wu is
the delay between two receiving sequences, namely the path delay’s difference between
two sequences. t; and ¢, are the identity for two users. Also from [17], we know that the

correlation between two sequences is the following

P (e ke u)) * (e2E])*, 0<u<L—1

n

pley, e u) = 2.2)
oo (et k]  (e@k —u)), —L+1<u<0

From [14] we gain a (2,2,4)-MOCS, which is the following.

! = [1-1-1-1];
¢y = [-1-11-1];
(2.3)
¢ = [-11-1-1];
¢ = [111-1];
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Ctll [(5 1 ] 1 -1 -1 -1
_|_
ety 141
Time-shift 72 -1 0 1 2 3 4 5
correlate with C;l [Z} 0 0 0 4 0 O 0
Time-shift J — 3 - 2 - 1 0 1 2 3
correlate with Ct12 [] ] O 4 O 0 0 0 0

Figure 2.3: The correlation output for the first combined sequences, according to different
time-shifts

The first set is composed of ¢!! and ¢!!, while the second set is composed of ¢ and ¢
We have verified it by simulation so that the above sequence satisfies equation (2.1).

From the perspective of the transmitter, user 1 sends two flocks ¢f![0] and ¢$![0]. We
can say that user 1 sends a MOCS set made up of two flocks, ¢{'[0] and ¢4 [0]. User 2 sends
two flocks as well, ¢2[0] and ¢2[0]. The receiver receives two combined flocks, because
there are two flocks for both users. Namely, ¢{'[0;] + ¢2[d2] and ¢f'[d;] + ¢[02], 01 and
09 are the path delays of users. Path delay is determined by the distance between user and
the base station. To perform correct de-spreading for CDMA sequences, we need to do
correlation to the received combined sequences.

We give an example in figure 2.3 for the first combined flocks, with §; = 3 and
5y = 1. When we want to create the first channel, we correlate ¢i'[d;] + ¢?[d5] with ¢{![7]
under different time-shifts 7. Only when time-shift : = 2 the correlation output is going to
be L. = 4. From figure 2.3, we can observe that u in equation (2.1) is 2 because 6; —dy = 2.
The reason for the 0 correlation output for different time-shifts except for « = 2 is that
t; # ty and i # §; — Jo. Similarly, when we want to correlate with ¢t[4], the only non-
zero correlation output occurs when j = d; —dy = —2. Since when j = —2, the correlation

output of ¢f![—2] and ¢{![—2] equals to L = 4. Notice that there are two combined flocks,

8 doi:10.6342/NTU202402984



so when time-shift equals to u the correlation outputs for both C*! and C'*? are going to
be N x L = 8, which is equivalent to equation (2.1). We also know that if we want to
correlate with ¢f', v = §, — §;. If we want to correlate with ¢, u = §;.~ 5. This is

consistent to u in equation (2.2).

2.3 Pre-shifts

In reality, it is quite difficult to find many sets of MOCS sequences. That is, orthog-
onality still exists between sequences after arbitrary shifts is quite hard. Even if that many
sequences can be generated, [oT devices are not capable of storing that many sequences.
To increase the number of supporting users, we simply pre-shift existing sequences before
transmission without finding new sequences. We are able to support much more users
than the number of existing sequences, where tropical arithmetic is going to be introduced
in the next chapter. In traditional MAC, the number of users is going to be consistent to

the number of resources.
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Chapter 3 Tropical Arithmetic

3.1 System Model

In the scenario of massive MAC where user activities and path delays are unknown,
it is critical to detect and estimate them in order to ensure reliable data transmission.

If only a few users are active during one period of communication time, we can
formulate the problem in terms of tropical linear algebra in [15]. As in AUMAC and
[7], we assume that every user can transmit symbols at discrete time index ¢t = 0, . .. co.
However, because of different path delays for distinct links, the transmitted symbol will
arrive with an uncertain path delay. Therefore, there are X' > K, users and user j € [K]
encounters an unknown path delay, determined by the distance between user and the base-

station.

5j € {07 17 cee >€u7 gm};

where ¢; = ¢, if user j is inactive during training. For simplicity, delays are assumed
to be discrete integers. Note that ¢;, = oo in [15] while is finite here. Traditionally dur-
ing the training, one needs to create K orthogonal resources such as non-overlapping time
frames in TDMA, to identify active users and their delays 0; # ¢;,,,j € [K]|. InCDMA, K
orthogonal PN sequences with perfect auto- and cross-correlations for arbitrarily starting
time indexes are also needed [18]. We investigate whether we can use 7' < K orthog-

11 doi:10.6342/NTU202402984



onal resources to reach the same goal. Using TDMA as an example and by treating ‘I’
non-overlapping time frames as 7' orthogonal channels in Fig. 3.1, assume user j has a
sequence [s1, Saj, - - ., s7;]7 where at the t—th channel it transmits a training symbol at
discrete symbol time index s;; which will arrive at time slot s;; + d;. For a CDMA re-
ceiver, it will shift the t—th pilot in time to perform correlation, and record the correlation
at each time shift [19]. Let user j transmits the ¢-th pilot by pre-shifting it with s, the
receiver correlation is expected to be large enough at time shift s;; 4+ ;. Then equiva-
lently one can also treat that there is a reception on time s;; + 9, on t—th virtual channel
in Fig. 3.1. To reduce the processing complexity, the receiver will record only at the first
time it observes a transmitted symbol from tth (virtual) channel, that is min;¢(x) 545 + 95,
where [K] := {1,... K}. To simplify the notation, we define a K x 1 unknown delay

vector

0= [51,52, e 5}(]—'—,

the asynchrony-detection matrix S of which s;; is the (¢, j)—th element of it, and the 7" x 1

observation vector from 7" channels is

min iy 500 (17 +65)

S8 := : . 3.1)

n ’}E (K]

min £, 7 (ST} + (53)

In [5], we have discussed that our aim is to design S such that there is a one-to-one
correspondence between S ® § and 4. It is important to note that if (3.1) were substituted
with matrix multiplication in traditional linear algebra, a one-to-one mapping would not
be feasible because a T' x K matrix does not have an inverse if 7" < K. In practical appli-

cations, if the receiver can observe the tropical multiplication S ® & using 7" orthogonal

12 doi:10.6342/NTU202402984



resources, the one-to-one mapping guarantees zero error probability in identifying active
users and their delays 0; # (;,,j € [K] without requiring K orthogonal resources, where
[K] := 1,..., K. Below is an example demonstrating how S ® § can be obtained in
practice. This example is also presented in [5].

Example: We can further employ K overlapping yet orthogonal pilot sequences with
perfect auto- and cross-correlations for any starting time [ 18] to acquire S ® 8. To ex-
plain this concept, we first review the conventional scheme in [18] where 7" = K. Let
the ¢-th set of PN sequences has N non-overlapping equal-length sequence flocks as

t

t
CO;"'7C

n’..

-, ¢ _; [18]. At the nth flock, the receiver receives:

K
> () (3.2)

where ¢! (d;) represents ¢, time-shifted by d;,. The tth correlator performs correlation
using time-shifted ¢!, (u),u = 0,1, ... and records the values of corresponding aperiodic
cross-correlation functions over NV flocks. If PN sequences form a mutually orthogonal
complementary set, from [ 1, (1)], only when 6; — u = 0 does the correlator output a non-
zero value due to the non-zero autocorrelation of ¢!, (u) and ¢, (d;). We set the time-shift
u </, so that when user ¢ is inactive with 6, = /;,, the tth correlator always outputs zero
fort=1,...,T = K and é can be determined.

From equation (3.2), we know the received sequence of one flock. However, each
MOCS set contains N flocks. We need to summerize over all N flocks. Therefore, the
received sequence os then the following.

PIICA (3.3)

n=1 t=1

13 doi:10.6342/NTU202402984



Using only 7" < K orthogonal PN sequences, we let user j transmit the ¢-th pilot sequence
pre-shifted by s;; in S. The tth correlator output is expected to be non-zero at time shift
u = Sy + 05, as illustrated in Fig.3.1. Specifically, at the n-th flock, the receiver has:

T K
Z Z CZ(SU + (5j), (34)

t=1 j=1

At the tth correlator in Fig.3.1, (3.4) is correlated with time-shifted ¢!, (u). Only when
545 +0; —u = 0 does this correlator yield a non-zero value. The receiver observes tropical
multiplication S ® § in (3.1) by using 7" correlators on (3.4) and recording the first non-
zero output for each correlator (shown as a black box in Fig.3.1). For (3.4), if the time-shift
u of each correlator does not exceed ¢;,,, then non-zero correlator output will not occur at
u = sy + 05 if 845 + 0; > {;,. For example, s;3 + d3 and sy + 04 from inactive users
3 and 4 in Fig.3.1. Although user 2 is active in Fig. 3.1, so5 + do > ¢;,, because we set
s99 = ;. Mathematically, it can be treated that cﬁL(stj + ¢;) will not be included in (3.4)
if s;; +0; > {;,. By setting 7' = K and s;; to 0 when ¢ = j and ¢;,, otherwise, (3.4)
reverts to the conventional scheme (3.2) in [18][2]..

From (3.4), we know the received sequence of one flock. However, each MOCS set
has N flocks. We need to summerize all N flocks. The received sequence is then the

following.
N T K

DY sy +y), (3.5)

n=1 t=1 j=1

If we define the set of user’s path delay as {0, ..., ¢,, {;,} and the set of pre-shift as
{0,...,¢,4;,}. From (3.3) we know that the total amount of time we need to observe is
(¢, + L) = N. From (3.5) we know that the total amount of time we need to observe is
(¢+ ¢, + L) N. To reach the goal of massive users, we sacrifice the total amount of time

we need to observe, which is determined by pre-shift /. In our following work we aim to

14 doi:10.6342/NTU202402984



minimize ¢ delay for one and two active users in massive system.

Note that indeed 6; in d is the delay of the user which choose the jth column of S
as training sequence. Define the support size of delay vector § to be the number of users
who have a delay value less than /;,, in the delay vector, which equals to K,. Here indeed
we allow there is less than K, users to be active. For inactive user j, we propose to set ¢;
to be a large finite number ¢;,, instead of co in [15]. For example, for the ¢—th channel
in Fig. 3.1, the arrival time s;3 + 03 and s;4 + d4 for training symbols respectively from
inactive users 3 and 4 will mathematically be longer than the observation deadline ¢;,
and never be received. In practice, this also captures the fact that these two users never

transmit. The definition for a finite maximum delay tropical code is then

Definition 1. A (T, K, K, )-tropical code is an asynchrony-detection matrix with maxi-
mum delay /¢

Sec{0,1,2,...,0 Ly, }"*K

such that S ® d; # S ® 9, for every distinct

81,8, € {0,1,2, ... Ly, £} (3.6)

where 0;,, — ¢ > 0, {;, — £, > 0, and tropical matrix-vector multiplication is modified
from [15] as (3.1). Also the support size K, of delay vector d is the number of entries that

are smaller than /;,,.

By this definition, once the receiver gets S ® § in (3.1), it can decode § without error
and the activity and delay of K users are known. Note that from Definition (1), K, is
indeed the maximum number of active users which allows for less than K, users to be

active.

15 doi:10.6342/NTU202402984



S11 + 0 .
5: + 512 s13+ 03 S14+ 04
T orthogonal

channels o1 + 01 So + 0 53+ 03
(T<N) So4 + 04
833 + 02| S31 + 01 S34 + 04 S33 + 03

0 ) o deadline

Arrived symbol time index Uy < 00

Figure 3.1: Example of using 7" = 3 orthogonal channels during the training to detect
activity of K = 4 users, where K, = 2 of them is active. The black box indicates the time
index recorded by the receiver from each channel.

3.2 One Active User

3.2.1 2 Orthogonal Resources

Lemma 1 (Converse for (2, K, 1) case). Assume that maximum delay is ¢, under

lin — by > 1, (3.7)

0, > ¢, (3.8)

it is impossible to find a (2, K, 1) asynchrony-detection matrix S with maximum delay ¢

itK >20+3

Proof. First, suppose the jth element 9, is the only element in the delay vector § which is
smaller than ¢;,, and let [a b]” := S © §. Note that the mapping from [a b]” to [(a —b) b]"
is one-to-one and we can instead consider the latter. If neither s;; or sq; equals to ¢;,,, then

neither a nor b equals to /;,, and

a—b= <31j+5j) — (ng—i‘(sj) = 815 — S25 3.9)

16 doi:10.6342/NTU202402984



from (3.1)(3.12). Also when s;; = {;;, > 59, from (3.1)

[CL b]T = [gm S2; + 5j]T; (310)

For this case, [a b]T will be different for different & if ¢;, appears only once in the first
row, otherwise there may exist J; and d; such that sy; + d; = S9;v + 6;.. Similarly if
595 = Lin > 515,

[a b]T = [Slj + 5j gm]T (311)

and will be different for different d if ¢;, appears only once in the second row. Now we
leverage (3.9) to prove that this is also true for the first case. Under (3.9), we show that
two different §; and d, could result in the same [(a — ) b]” when K > 2¢+ 3. Let ;, and
d,, be the elements in the delay vectors d; and d, which are smaller than ¢;,,, respectively.
Note that if j; = ja, 8; and d will have different [(a — b) b]”. If j; # Jja, size |s1; — s9j]
of possible {s1; — so;} is at most 2¢ + 1 by definition of maximum delay and (3.9), and
thus excluding the two cases resulting (3.10)(3.11) we should have K —2 < 2/ + 1. Now
if K —2 > 2/ + 1 and assume &; and &, has same a — b under j; # js, we argue it
is impossible to make them have different b values, that is, sy;, + 9;, # S2;, + 0,,. The
reason is Soj # lin, |Soj, — S2j,| = 20+ 1 < |0, — d;,| = 2¢,, + 1. Such code exists only

if K <20+ 3 under (3.13). ]

Lemma 2 (Achievability for (2, K, 1) case). Assume that maximum delay is ¢, under

Cin — Ly > 1, (3.12)

0, >0, (3.13)

and the following limitations on the synchronization matrix S
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1. ¢;, appears only once in each row

2. no column is [(;,, £;n]7T,

if S satisfies

|{81j—82j|j:1,...7K}| =K (314)

then S is a (2, K, 1)-tropical code within maximum delay ¢ when K < 2/ + 3.

Proof. First, we show that if /;,, appears more than once in each row, .S can not ensure one-
to-one mapping after tropical multiplication. Without loss of generality, assume the second
row of S has two £;,,s and the first two columns are [s11, £;,]7 and [s12, £;,,]7 respectively.
Also suppose the jth element ¢; is the only element in the delay vector §; which is smaller
than ¢;,,7 = 1,2. Then if §; — d = s;2 — s11 then S ® §; = S @ 9§, after tropical
multiplication, where s1; + 07 < ¢, from (3.12). Next, if a column is [¢;,,, &-n]T, basically
this column is useless and can be removed. For the achievability, we first consider the
situation where K = 2¢ + 3 and without loss of generality synchronization matrix meet

(3.14) can be assumed as

S = . (3.15)

gm .1 0 0..0 SoK

where neither s1; or soi equals to /5, since all the other possible matrices meeting (3.14)
will just be the column permutations of this S. Again we let [a b]7 := S ® § and show

that each distinct & will result in distinct [a b]7. Specifically, if the support size of 4 is 0,

a=b="0, (3.16)
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while if the support size of § is exactly 1, that is,

8 = [lin, Lin--Lins 05, Lin-- Lin, Cin] "

where 0; € {0,1,2,....4,},1 < j < K. Under (3.12), we will prove the corresponding

a — b = s1; — s9; has K distinct values and a has /,, + 1 distinct values. Thus all possible

K(¢, + 1) distinct § are covered. b

To do this, we consider the following four cases.

Case 1: To prove (3.16) where §’s entries are all ¢;,. From (3.15)

min(&nv ‘gzn + S11, Ezn + ]-7 gm + 27 s ‘gzn + ga 2£zn> gzn

min(gina gin + SoN, Ezn + 17 gm + 27 (XS] ezn + ga 2€2n) gm

For (3.17), we have the following three cases.

Case 2: Assume 1 < j < K such that §; does not appear at the beginning and end of 4,

there will be (K — 2)(¢, + 1) possible s. Then under (3.12), which ensures §; + ¢ < ¢;,,

) 0= (= (0+2) 2<j<l+2

5; (+3<j<20+2

while all possible values of a —bare —¢, —(¢{ —1), ..., —1,0,1, ..., ({— 1), £ which is equal

to the value of s1; — s9; where 2 < 7 < K — 1 from (3.9) except for the first and last

column of S. The number of different values ¢ — b can have is K — 2, thus, the number

of distinct [a 0] is (K — 2)(£, + 1).

Case 3: If 6 = [01, lin, .-, Lin, Lin, Lin]T and &1 < £;,,, from (3.12)

min<€in7 s11+ 51; Eina gina g’bn + 2a sy gin + Ea 2€Z’n)

1= = )

min(Ciy, 61 + lin, bin + £, ooy Ui + 2, lin, Ui, Uiy, + Sok)
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The total number of possible values for S ® § is £, + 1.

Case 4: If 6 = [li, ..., Lin, Uin, Uin, Oxc)T and 8¢ < £, as in Case 3

[Z] = |:32K£:L:5K ]

from (3.12). Similarly, the total number of possible values for S ® 4 is ¢, + 1.

Note that (3.15) meets (3.14) and indeed covers all possible S meeting (3.14) if K =
20 + 3. The proof can be simply applied to K < 2¢ + 3 by deleting columns in (3.15),
since for delay vectors meeting (3.17) none of columns will have same results after tropical
multiplication (3.1). From the achievability in (3.15), one can form a decoder which maps

S © 4 to an unique &. This decoder is detailed in Appendix 5. ]

Now we extend to the (7, K, 1) case as follows.

3.2.2 T Orthogonal Resources

Lemma 3. Assume that maximum delay is ¢, under

Cin — Ly > 1, (3.18)

0, >0, (3.19)

then a (T, K, 1)-tropical code S within maximum delay ¢ exists if and only if K’ < (¢ +

2)T — (¢+1)T.

Proof. We first consider the converse, which means that it is impossible for a synchro-
nization matrix S which does not fulfill the constraints (3.18), or (3.19) , or has a column

size K > (+2)T — (¢+1)7 to have a one-to-one correspondence between § and S © 4.
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First, denote the set of column vectors that have at least one entry equal to zero by:

0:={0,1,2,..., 0, L} N AL 2,0 0 0}

Initially, there might be some columns of .S consisting of 7" all non-zero entries and, thus,
not contained in O. Without loss of generality, we may assume the first column s, is one
of those,

$1 € {1, 2, Ce 7& Ein}TX1,

and also the first element 0 < §; < /¢, is the only element in a delay vector § which is

smaller than /;,,. Next, define another column vector s;, of which the k—th entry being

S1k — min{sl}, if S1k 7é gm, (320)

and /;, else. We know that s; has at least one zero entry and no negative entries, and
s; € O. By definition,

$10 (51 = §1 ® ((51 + min{sl}). (321)

The above equation shows explicitly the way to shift the columns of S into the set O
without changing the detection result. Therefore, the only way for another delay vector
d- which has only one entry, say, the second one, smaller than ¢;,,, to result in the same
column vector as §; © (d; + min{s;}) is that §; = §,. However, this possibility has
already been excluded by our selecting criterion of the columns of the code matrix. Note
that if for a column vector s; we have min{s; } = /;,, then s; consists solely of ¢;,, and
should not be selected as a column of .S for then no matter what the actual delay of the
corresponding user has, it will be decimated after the tropical multiplication. Finally,

if K > (¢ +2)"7 — (¢ + 1)7 there must be at least two columns that have the same
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representative, and, thus can render the same output from two distinct vectors with support
size 1. If the constraint ¢;,, > ¢+ /¢, in (3.18) is violated, there will exist two distinct delay
vectors which induce the same results after tropical multiplication. For, two columns that
differ at only one entry, where one of the columns has entry ¢;, while the other has ¢ will
then be mapped to the same vector by two different support 1 delay vectors when the
delay values (at different corresponding positions) both equal /,,. Therefore, One-to-one
correspondence between delay vectors and results after tropical multiplication (3.1) can

not be guaranteed by the matrix S.

For the part of achievability, under the assumptions (3.18)(3.19) and K < (£ +2)T —

(¢ +1)7, the synchronization matrix S should further satisfy the following conditions:

1. a column must contain at least one 0 if it contains less than T" — 1 ¢;,,’s

2. no column can consist of all ¢;,,’s

Here we form an example ofa 7' x (K = (£ + 2)T — (¢ + 1)T) ) synchronization matrix

as

S = {B C}, (3.22)

where each column of .S contains at least one-zero and matrices B, C' are systematically
constructed as follows. First, each column of B contains 1 < Ny, < T — 1 ¢;,s and that
of C contains no /;,. Matrix Bisa T x (({ +2)7 + (T — 2(¢ + 1)T') matrix which can

be represented by

B=|B;,, By, --- By, By|- (3.23)

where each column of By,, has Ny, elements being ¢;,,,1 < Ny;,, < T — 1. For instance,
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Br_; is a7 x T matrix which can be represented as

0 g”m gm : Ezn g”m Ezn
gln 0 gln : gzn gm gln
BT*l - Ein gm 0 e éin Em Ein ’ (324)

From (3.1), Br_; ® § has the physical meaning for the first 7" users in §, that is, one adopt
the traditional way to use 7" orthogonal channels to detect unknown activities of these T’
users. The construction of the rest matrices in (3.23) needs more attention. For example,

B7_, should be composed of columns containing 7" — 2 ¢;,,s as

—o 0 -+ (=1 ¢ 0 0 - (-1 e_
Un lin Cn Ui

¢ -1 0 0 lw  lin U Lin
U lin Ui Lin

Cn lin Un U 0 -1 0 0
U lin Ui Lin

(3.25)

Cn lin Un U lin Cin lin Ll Lin
0 0 (-1 ¢

Cn lin L Y A
¢ (=1 -~ 0 0

First, we form columns of which the last Ny, = T — 2 elements are ¢;,. By setting an
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element among the first 7' — N;,, = 2 locations to be zero, one then use a (77— Ny;,, — 1)-
element variations from ¢ + 1-element set {0, . . ., £}, with repetition allowed, to form the
rest (T — Ny, — 1) elements. Totally we form (7" — Ny, ) (£ + 1) Nem=t) —9(f 4. 1) of
these columns. After creating columns of which the last Ny;,, = T' — 2 elements are /;,,
all 7" elements of these columns are further permutated to form rest columns in (3.25). By
this construction, B has S, (7 ) (€ + )T=F —(T=F) = (¢ + 2)7 + (T —2(0 + 1)T
columns. Matrix C' has dimension 7' x ((¢ +1)* — ¢*') and can be constructed similar to

B as

C=1|c, ¢ - Cry Cr|: (3.26)

but now each column of Cy, has /Ny elements being 0,1 < N, < T'. For instance, Cp_;

can be shown as

¢ ¢-1 -~ 2 10 0 -~ 00
0 O -~ 00
0 0 0 0 ¢ (-1 2 1
0 0O -~ 00
CT—l _ . . . . . . . . . . ' (3.27)
0 0 0 00 O 0 0
0 0O --- 00
0 0 0 00 O 0 0
¢ 4-1 - 21
Note that since each column of matrix C' are chosen from {0, . .., ¢} but must contain at

least one zero, there are (¢ + 1)7 — (T columns.
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Finally, assume the jth element J; of § does not equal ¢;,,, then for the above con-
structed S

5@528j®5j

where s; is the jth of column of S in (3.22), 1 < j < N. However, unlike the case in

(3.21), under the assumptions (3.18) and (3.19) , it is impossible to find

$; ©0; =85 Oy, 5 #J

even if 0;; = d,. Therefore S must be one-to-one for tropical multiplication. O]

This chapter we demonstrate how to create asynchrony-detection matrix of one
active user. In next chapter we will introduce asynchrony-detection matrix that is able to

detect two active users.
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Chapter 4 Two Active Users

4.1 Basic Building Block of Two Active Users

In the following, we discuss the (7', K, 2) tropical code. With two active users, the de-
sign is much more complicated and we start from an toy (4, 4, 2) example with asynchrony-

detection matrix S

s— | " (4.1)

0 ém Em S44

Though with ' = K = 4 it is trivial to design a (4, 4,4) code with more active users, the
(4,4,2) code (4.1) is a basic building block for a more general (7', | Z|[Z],2) code where
K scale quadratically with 7.

We leverage MOCS’s sets in [ 14] to verify that (4.1) has the correlation as expected.

Each set has 4 flocks, 16 flocks in total. MOCS sets given in below.

H=fc'=[1111], ctl=[-1-111], ' =[-11-11], '=[1-1-11]}

R_fc?=[11-1-1], Z=[-1-1-1-1], Z=[-111-1], =1 -11 1]}

B_le¥=[-11-11], =1 -1-11], c=[1111], P =[-1-111]}

M={ct=[-111-1], =01 -11-1], clt=11-1-1], ff=[-1-1-1-1]}
(4.2)
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Including {C*!, C*2, C*3, C*"}.
The following we give an example to demonstrate the correlation of*(4, 4, 2)-tropical

code, with ¢ =2, ¢, = 3, {;,, = 8.

108 8
8 2 0 8
S — . 4.3)
8 8 1 0
08 8 1
o = [3 8 3 8}- (4.4)
4
3
SO = . 4.5)
4
3

The receiver receives the following sequence.

2
_lj\;
~
iL
T

4
¢, (st + 05), (4.6)

=1

N
Il
—_
-+
Il
—
<
I

We then correlate (4.6) with {C*!, C*2, C*3, C*}. The corresponding output of four sets

are 4, 3, 4, 3, which is equivalent to the output of (4.5).

Lemma 4. The asynchrony-detection matrix in (4.1) is a (4,4,2)-tropical codes with max-

imum delay ¢ equals to max{si1, Sa2, S33, S44} , under

Ui — 0 > 0, (4.7

lip, > max{sn, 522, 533, 544} # 0. (4.8)
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Co |22 C1 || Co |2 C1

03 S44 C4 63 S44 C4
(a) (b)

Figure 4.1: Bipartite graph from adjacency matrix (4.9) for (4, 4, 2) (4.1), where (a) allows
positive edge weights and (b) allows negative ones.

Proof. By definition, the maximum delay equals that in the lemma statement. If no users
are active, S ® 6 will result in a vector /;,1. Furthermore if (4.7) is met 6 = /;,1 is the
only § which results in S®d = ¢;,,1. When there is one active user in §, only two elements
in S ® & will be ¢;,, when (4.7) holds and the synchronization matrix is selected as (4.1).
Moreover all four possible S ® ds will be distinct, and the smallest element of S ® 4 is the
delay of the corresponding active user. With two active users in d there are two different
cases according whether two user indexes are modulo-4 adjacent or not. With adjacent
user indexes, when (4.7) is true, only one element in S ® § will be /;,, while the other three
will not. The output S ® 9§ after tropical multiplication will be one-to-one, by checking
the (g) output for four possible ds. When active user indexes are not adjacent, none of the
elements of S®d willbe ¢;,. Letc;, i = 1. .. 4 be the ith element of tropical multiplication
S ©® 9, that is, the four first received packets among each channel. If the first and third
users are active & = [0) £, 03 £i)7 then ¢y —co+c3—cq = (811+01) — 03+ (s33+03) — 61 =
s11 + s33 under (4.7). Finally, if the second and fourth users are active & = [£;,, 02 £y, 4]7,
then ¢; — co + ¢3 — ¢4 = 09 — (So2 + 02) + 04 — (S4q + 94) = —S92 — Su4. Thus to achieve
one-to-one correspondence sq; + S33 7 — S22 — S44, SO (4.8) must be true since all elements

in S are non-negative. [
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_ Co Cy
599 7911
3| 7933 Sud

Figure 4.2: Correspondence of the channel indexes after tropical multiplication to row and
column indexes of bi-adjacency matrix (4.9).

C1

B =

For generalizing Lemma 4, note that in (4.1) each user can only participate two chan-
nels after tropical multiplication. In other words, only two elements in each column of
(4.1) are not ¢;,. By collecting such elements, (4.1) can also be represented by a 2 x 2

matrix

B-| * ™ (4.9)
—8533 S44

where the row are indexed according to channel indexes 1 and 3 while columns are in-
dexed according to channel indexes 2 and 4. For example, the (1, 2) element of B is the
difference ¢4y — ¢; = s41 — 811 = 0 — sq; of the fourth and first elements of the first
column of (4.1), which are not ¢;,,. Similarly, the (2,2) element of B is the difference
Cq4 — C3 = Sqq — Szu = Saqq — 0 of the fourth and third elements of the fourth column of
(4.1). Indeed B is the adjacency matrix of the bipartite graph in Figure 4.1(b) where the
elements of tropical multiplication are grouped as two vertex parties {c;, c3} and {co, ¢4 }.
In the Figure 4.1(b), directed edges represent elements in B with the starting and ending
vertices are respectively indexed by transforming the row and column indexes to corre-
sponding channel indexes as in Figure 4.2. For example, the (1,2) element —s;; of B
corresponding to starting vertex as channel 1 and ending vertex as channel 4; while —s1;
is the difference of ending and starting channel values ¢, — ¢; where ¢; = s11+01, ¢4 = 01
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are obtained from the tropical multiplication of (4.1) under (4.7) when only user 1 is active
and has delay ¢;.

With the formulation of B in (4.9), we know that in order to distinguish the non-
adjacent two active users pairs’ case. We need sop — (—$11) + Sqq — (—s33) # 0, which
is equivalent to constraint (4.8). We define (s92) — (—s11) + (S44) — (—s33) as cycle sum.

For any 2 x 2 B matrix, By;; — B1s + Bss — By is called cycle cum.

Note that Figure 4.2 also helps to transform the bi-adjacency matrix into a synchro-
nization matrix. Since elements in the synchronization matrix are all non-negative, first
we transform figure 4.1(b) into figure 4.1(a) where the edge weights are all positive, by
reversing the edges and associated weights when the weights are negative. A column in
the synchronization matrix will have one element indexed by the ending channel index
being the edge weight and the other indexed by the starting channel index being zero. For
example, for the edge from channel 4 to 1 in figure 4.1(a), the first and fourth element of
the resulting column are sq; and 0 respectively.

From the above (4, 4, 2)—code example, we know that there is a one-to-one corre-
spondence between S of (4.1) and B of (4.9). And thus, on the other hand, we know that
we can obtain S from B. That is, column j of S in (4.1) is formed by the (i, j')-element
of (4.9) by allocating the two non-/;,, elements on the corresponding i and j* channel and
fill in the remaining channels with ¢;,,, where i’ = 1... Nrow(B), j/ = 1... Ncol(B),
and j = 1... Nrow(B) * Ncol(B). For example, the (1,2)—element of B in (4.9) is
—511. By the channel index given in (4.9) and s;; > 0, we know that for there exist a
column in S that ¢; = s1; and ¢4 = 0. And we fill in the remaining channel index with ¢;,,
and obtain a column [sy; £;,, €3, 0]7 in S. As for the relationship between the index (', 5')

of B and column index j of S, we have the following transformation.
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j = (7 —1) x Neol(B) + (Ncol(B) + 1 — j) if 7/ is odd (4.10a)

j= (' —1) x Neol(B) + j' if 7' is even (4.10b)

When (i, j") = (1,2), ¢ is odd, so from the above formulation we know that the
corresponding column index j of S'is (1 — 1) * (2) + (2 4+ 1 — 2) = 1. Therefore, we
know that the first column of S will be [s1; £, i, 0], since j = 1. Another example is
that when (¢, j') = (2, 1), i’ is even, so we use (4.10b) to calculate j, and will get column
index j = 3 for S. By the above formulation we can know the connection of indecies
between B and S. And thus, from figure 4.2 and (4.10a),(4.10b) we can have the final

general definition of B in (4.11), for a (4, 4, 2)-tropical code.

B - S22 — S12 S41 — S11 ‘ @.11)
523 — 833 S44 — S34
Therefore, given B of (4.11) , we can transform B to S. On the other hand, when
given a synchronization matrix S we can represent it by a B matrix as well as a bipartite
graph.
What’s more, we know that the number of combinations of (', ;') in B is equal to
the number of columns j in S. Therefore, we gain the conclusion thata [T'/2] x |T/2] B
matrix canmaptoa 7 x ([T/2] « |T/2]) S matrix.
For a more general (7', K, 2) case, we can obtain a tropical code from a given B,
where the larger K — T the better. For the purpose of gaining a larger K from a given

T and still map B; and S to a bipartite graph we leverage Mantel’s theorem. That is, a

bipartite graph with 7" vertices have the most edges is when the vertices are separated into
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two near number parts, |7'/2] and [T'/2] vertices in each part, indicating two parts of
channels.

Before discussing the general (7', K, 2) case, we first define what is a 2x2 sub-matrix
of B;. The intersection of any two rows and any two columns of B, will have four ele-

ments, and these four elements will form a 2x2 sub-matrix of Bs.

4.2 (T,K,2)-Tropical Code

LemmaS5.Let T > 5. Letp > % be an odd prime, and under

i — Ly > 1, (4.12)

, and any 2x2 sub-matrix of the following B satisfies cycle sum # 0, then there exist
a bipartite graph-based (7', [£7| % ], 2)-tropical code within maximum delay Z;*. That is,
given 7', any [17x| T | biadjacency matrix B, can be one-to-one mapped toa T'x([£7]|Z])
synchronization matrix S. When p = %, we take the following B of (4.13) as our biadja-
cency matrix B,. When p > T, we delete the last p — [ 1] rows and last p — | £ | columns

of B and form B;. The formulation of the following B is adopted from [15].

I 1]p [1- 2]19 1 'p]p
2 1]p 2 2]1) 2 'p]p

B — . (4.13)
-1y -2 - ol
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[Bijl, can be defined as the following.

B;; mod p , Bij mod p < ;%1 (4.14a)
[Bijlp =
(Bi; mod p) —p , Bij mod p > p%l (4.14b)
and B;; mod p is defined as

From (4.10a),(4.10b) and figure 4.3, we know there is a general representation of
B. And thus, we have the following B. (4.10a) and (4.10b) guides the transformation of
element index of B: By to column index of S : S;. Once the column index of S is

known, we use figure 4.3 to know the two non-¢;,, elements’ location and value for every

columnn.
Sop — S1p S4p—1 — S1p—1 e Sop,1 — S11
S$2,p+1 — S3,p+1 S4,p+2 — S3,p42 . S2p,2p — S3,2p
B =
52.2(p—2)+1 — Sp—1,2(p—2)+1 S42p—2 — Sp—1,2p—2 - - - S2p,3p—4 — Sp—1,3p—4
52,p2 = Sp,p2 S4p2-1 = Spp2—-1 .-+ Sopp2—(p—1) — Spp2—(p-1)

(4.16)

Proof. We first proof that the above lemma holds when p = % When p = %, we take B
of (4.16) as our biadjacency matrix B;. Notice that any 2x2 sub-matrix Bs, in (4.13) has

the following structure

tb te
By = 4.17)

ub ue
t and u represent the row factor, while b and e represent the column factor. Every Bas
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by 2y o ot

Figure 4.3: Correspondence of the channel indexes after tropical multiplication to row and
column indexes of bi-adjacency matrix (4.13).

satisfies [th — te + ue — ub]s = [(t — u)(b — e)]3 # 0. Therefore, the corresponding .S
of B, is capable of detecting two active users, which is congurent to cycle sum # 0 of
(4.9).

From B in (4.16), we know that S is a Tx([2][ £ ]) synchronization matrix directly
mapped from B, in (4.16). Since each element of B, will directly map to a column of
S. For example, B, is 0, according to figure 4.3 we know that ¢y, — ¢; = 0. Hence, the
first column of S is [0 ¢, ... lip O]T. From (4.16) we can obtain the only S when p is
determined, because all the elements in S must be positive and each column of S must
contain at least one zero. Since the final B,’s value B;; are all < 7%1 and B;; maps to
the values in S other than ¢;,, or 0, the maximum delay ¢ = ’%1. The reason of doing the
procedure in (4.14b) and (4.14b) is to restrict the maximum delay in S to ’%1.

From By in (4.16), we can get a corresponding S in figure (4.4). Each element of
B; in (4.16) maps to a column in S in figure (4.4). For example, B;; = s, — 51, = 1
maps to the p™ column of S. Since B;; = 1 > 0 and every column of S must contain a
zero, we know that S, = [0 1 4, ... £;,]". Other columns of S can be mapped by this
way too.
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Zm gm S3p+1 S3p+2 ..o S32p .- fm
S4p—1 : lin Sqpt2 - Cip
. . . . . fm
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_82p71 e fm gm Km fm <o Sopp Em )

Figure 4.4: Synchronization matrix of a (T,K,2)-tropical code.

1 el o
-2

C3 -2 C4

Cop—1 Cop

Figure 4.5: Bipartite of a (T,K,2)-tropical code.

Similar to above (4, 4, 2) proof, we discuss the four possible cases in below.

Case 1: If no users are active, S ® § will result in a vector ¢;,,1. Furthermore if (4.12) is
met & = {;,,1 is the only 6 which results in S ©® d = ¢;,,1.

Case 2: When there is one active user in 9, only 2 elements in S © § will be /;, when
(4.12) holds, because each column of S contains two elements smaller than ¢;,. More-
over, since every user has distinct starting channel and end channel, all NV possible S ® Js
will be distinct. The smallest element of S ® § is the delay of the corresponding active
user, since each column contains a zero .

Case 3: When two active users involves 3 different channels, which means two edges
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involves 3 vertices in figure (4.5). Under the constraint of (4.12), the received S @9
will have 3 distinct non-¢;, location, so we can decode & easily simply by observing
the non-/;,’s location. For example, when the two active users are j = p — 1 and
j = p, from the definition of tropical arithmetic, we know that the received S © d will be
[e1 o lin Cy lin - in]T. [C1 Co liy Cy liy - . . £3y] T . will be distinct from other received S © &
so we can tell that the two active users are j = p — 1 and j = p. The above mentioned
flow is equivalent to two adjacent-users case mentioned in the (4,4, 2)'s proof.

Case 4: This case shows that any 2x2 sub-matrix in (4.13) has the property of cycle sum
# 0. When two active users involves 4 different channels, which means two edges in-
volves 4 vertices in figure 4.5. For example, the blue part in figure 4.5 demonstrates
users j = p— land j = p+ 1 active and j = pand j = p + 2 active. Under the
constraint of (4.12), when the active users are j = p — 1 and j = p + 1, the received
S ® 68 =[c1 cac3cqlin ... Lin)T. When the active users are j = p and j = p + 2, the re-
ceived [c1 ¢y 3 ¢4 5] also have the structure of [y o ¢3 ¢4 Uy, - . Lin) . Where ¢y, 2, ¢3, ¢4
are smaller than ¢;,. We cannot distinguish these two case simply by observing the non-
l;,’s location. Therefore, we use ¢; — ¢ + ¢3 — ¢4 to distinguish between these two.
c1—Co+cz3—cy=2forj=p—1landj =p+ l-activeand c; — ¢y +c3 — ¢y = —2
for (j = pand j = p + 2)-active. We can represent (j = p — 1 and j = p + 1)-active and
(j = pand j = p + 2)-active into a 2x2 sub-matrix by figure 4.6, and still we need cycle
sum # 0. Note that cycle sum=[1-1],—[2-1],+[2-2],—[1-2], = [(2—1)(2—1)], Z 0.
For other two-active user’s pairs that can result in a 2x2 sub-matrix can be examined by
the same flow above, which is congurent to [tb —te +ue —ubls = [(t —u)(b—e)]3 # 0 for
every (4.17) mentioned above. The above mentioned flow is equivalent to the two non-
adjacent active users case mentioned in the (4, 4, 2)’s proof, where we need the constraint
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of cycle sum # 0.

We then proof that the above lemma holds when p > % When p > %, we take part
of B of (4.16) as our biadjacency matrix B;. That is, we delete the last p. — (%] rows
and last p — | £] columns of B and form B. The number of elements deleted in B, we
result in same number of columns deleted in .S of figure 4.4 mapped from B. The deleted
D — f%] rows is congurent to deleting p — [%] vertices of the left part of figure 4.3 as
well as the edges connecting the deleted vertices. Also, The deleted p — (%1 columns is
congurent to deleting p — (%1 vertices of the right part of figure 4.3 as well as the edges
connecting the deleted vertices.

For case 1 and case 2 the new S mapped from the new B is still able to maintain
one-to-one correspondence between § and S ® 8. When § = [{;, ... {;,], the result of
S ® 4 is still [¢;, ... £;,]" and is distinct from other received S © §. When 4 has exactly
one element smaller than /;,,, the received S © s still have 2 distinct smaller than /;,
locations, since we merely delete the columns from S of figure 4.4 mapped from the B
of (4.13) and each column of the original S has 2 distinct non-¢;,, locations.

For case 3 and case 4 the new S mapped from the new B, is still able to maintain
one-to-one correspondence between § and S ® 4. Since, when two active users involves 3
different channels, similar to the previous proof, we can know the distinct & by observing
the non-/;,, locations of the received S ® §. For case 4, we can still leverage the distinct
cycle sum when two different ds have the same 4 location of non-¢;,, elements of the re-
ceived S ® 4.

Therefore, when p > % , under (4.12) and any 2x2 sub-matrix of B; satisfies cycle

T

sum # 0, then there exist a bipartite graph-based (7', [£]| %], 2)-tropical code within max-

imum delay ’%1. Note that deleting the elements of B in (4.13) can result in discarding
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[1 ! 1]17

Figure 4.6: One sub 2x2 bipartite graph example of a (T,K,2)-tropical code, indicating
cycle sum # 0.

the largest delay ’%1, and thus the delay of the new S may be less than p%l.

4.2.1 Simple Example of (5,6,2)-Tropical Code

We now give an (7', K, 2) = (5,6, 2) example in below. Under

ln— > 1, (4.18)

and any 2x2 sub-matrix in the following B, has the property of cycle sum # 0, which is
equivalent to s1; + S33 7 —Sg2 — S44 in (4, 4, 2)-tropical code example. To be specific,
any 2x2 sub-matrix in the following B can be denoted in the form of (4.9) and satisfies
cycle sum # 0.

Then the following By in (4.19) can be one-to-one mapped to S in (4.25), which is
a (5, 6,2)-tropical code with maximum delay ¢ = 1%1, where p = 3. Also, B, can be

illustrated by a bipartite graph in figure (4.7).
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S22 — 812 S41 — S11

523 — 533 S44 — S34

S29 — S56 S48 — Ss5

(4.19)

Also, by the more structural way to construct the values in B we mentioned above, that

is the following.

-1 [1-2]p

By = |[2-1), [2-2),

3-1]p [3-2l

where p = 3 and [B;;],, can be defined as the following.

B;; mod p , Bij mod p < el
[Bij]p =
(Bij mod p) —p , B;j mod p > p-l

and B;; mod p is defined as

Sy

meodp:Bm—pL

ijJ
p

Proof. From (4.20),(4.21a), and (4.21b) we obtain the final B

Notice that any 2x2 sub-matrix in (4.20) has the following structure

tb te
By =

ub we

40

(4.20)

(4.21a)

(4.21b)

(4.22)

(4.23)

(4.24)
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t and u represent the row factor, while b and e represent the column factor. Every Bs,
satisfies [tb — te + ue — ub]s = [(t — u)(b — €)]3 # 0. Therefore, the corresponding S
of By is capable of detecting two active users, which is congurent to cycle sum # 0 of
(4.9). The reason of doing the procedure in (4.21a) and (4.21b) is to restrict the maximum
delay in the corresponding S to 7%1, p = 3 in this example.

From (4.19),(4.23) we can obtain the only S in the following, because all the elements
in S must be positive and each column of S must contain at least one zero. Since the final
B,’s value B;; are all < ”T_l and B;; maps to the values in S other than ¢;,, or 0, the

maximum delay ¢ = ;%17 which can be observed in (4.25)’s S..

We discuss the four possible cases in below.

Case 1: If no users are active, S @ é will result in a vector ¢;,1. Furthermore if (4.18) is
met & = {;,1 is the only § which results in S ©® § = ¢;,1.

Case 2: When there is one active user in d, only three elements in S ©® d will be ¢;,
when (4.18) holds and the synchronization matrix is selected as (4.25). Moreover all five
possible S ® ds will be distinct, and the smallest element of S ® 4§ is the delay of the
corresponding active user. Case 3: When two active users involves 3 different channels,
which means two edges involves 3 vertices in figure (4.7). Under the constraint of (4.18),
the received [¢; 3 ¢3 ¢4 c5]T will have 3 distinct non-¢;,, location, so we can decode 5
easily simply by observing the non-/;,,’s location. For example, when j = 2 and j = 3 are

41 doi:10.6342/NTU202402984



Figure 4.7: Bipartite of a (5,6,2)-tropical code.

C1 L Co

1 1

Cy C3
1

Figure 4.8: One sub2-2 bipartite graph example of a (5,6,2)-tropical code, indicating cycle

sum # 0.
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the two active users, from the definition of tropical arithmetic, we know that the received
[c1 ¢o 3 cq c5)T will be [c; o 3 lin Lin]T. [c1 ¢ c3 lin Lin]T will be distinct from other
received [c; ¢z 3 ¢4 c5]T so we can tell that the two active users are corresponding to the
second and third columns of .S in (4.25). The above mentioned flow is equivalent to two
adjacent-users case mentioned in the (4, 4, 2)'s proof.

Case 4: This case shows that any 2 - 2 sub-matrix in (4.19) has the property of cycle sum
= 0. When two active users involves 4 different channels, which means two edges involves
4 vertices in figure 4.7. For example, under the constraint of (4.18), when the active users
are j = land j = 3, thereceived [c; ¢y c3 ¢4 c5)T = [e1 o ¢3 ¢4 £i]T. When the active users
are j = 2and j = 4, thereceived [c; 3 3 ¢4 c5]T also have the structure of [¢; ¢o ¢3 ¢4 £in] 7,
where ¢y, ¢, c3, ¢4 are smaller than ¢;,. We cannot distinguish these two case simply by
observing the non-¢;,,’s location. Therefore, we use ¢; — o+ c3 — ¢4 to distinguish between
these two. ¢y —co +c3 —cy = 2 for(j = 1 and j = 3)-activeand ¢; —co +c3 —cy = —2
for (j = 2 and j = 4)-active. We can represent (j = 1 and j = 3)-active and (j = 2 and
j = 4)-active into a 2 - 2 sub-graph by figure 4.7, and still we need cycle sum # 0. For
other two-active user’s pairs that can result in a 2 - 2 sub-graph can be examined by the
same flow above, which is congurent to [tb — te + ue — ubl3 = [(t — u)(b — €)]3 # 0 for
every (4.17) mentioned above. The above mentioned flow is equivalent to the two non-
adjacent active users case mentioned in the (4, 4, 2)’s proof, where we need the constraint

of cycle sum # 0.
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Figure 4.9: simulation results of (T,K,2)-tropical code.

4.3 Simulation Results

The points of picture in figure 4.9 shows the (7, K, 2) combinations we have
simulated by matlab. Any points on this figure has the property that 4 and S ® § have a
one-to-one mapping relation. That is, from the received S ® d we can decode a b that is
equal to 8. We define the error probability P, as the probability of decoded & from S © &
not equal to §. We found that P, = 0 for all the simulation points on figure 4.9. We run
all the points in figure 4.9 with ¢;,, = 54, because the largest 7" in this simulation = 100
thus ¢ = 26 and we pick ¢, = 27 for ¢, > ¢, also under the constraint that £ 4 ¢,, < ¢;,,.

The decoder decodes S ® 9 and gets a & which is the same as 8. The received S ® &
can be divided into four cases, which is mentioned in Lemma5. When received S ® 9 is
all 4;,, we know that d is all ?;, as well. When the received S © d contains two non-¢;,,
locations we know that there is only one active user. The active user’s path delay 9, is the
smallest value in the received S ® 8, and the active user’s index 7 is the column index of S
that is equal to S © § - ;1. When the received S ® & contains three non-/;,, locations, we
know that there are two active users and the two active users does not result in a bipartite
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graph. We find two columns of S that there union of non-/;,, locations are the same as the
received S © 6 and mark them as S;; and Sj,. Use S © 6 to minus the non-¢;, values of
S;j1 and S, to get 0;1 and 0;5, which indicies are not the intersection index of the non-£;,,
index of S;; and S;,. When the received S © & has 4 non-/¢;,, locations we do cycle sum
of 4 values to determine which two pairs of columns that result in the received S © 4. As
we know the two columns we can decode the corresponding path delays by similar way

mentioned above. We can refer to appendix 5 to see the complete decode flow.
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Chapter S Conclusion

In this paper, we leverage tropical arithmetic to propose a low latency massive MAC
communication system. Specifically, our delay ¢ has two mathematical constraints, ¢ <
lin —, and £ < /,,. Secondly, we wouldn’t have to wait till infinity to be able to detect ac-
tive user’s activity and delay, the deadline /¢;, is finite. Also, if we use CDMA our latency
can be even lower comparing to TDMA. From given MOCS, this communication system
is practical. For detecting two active users, from our proposed bipartite matrix we are able
to instantly generate asynchrony-detection matrix, which can ensure zero error probability
under noiseless channel. Lastly, if want to detect /& users’ identities and delays, we would
need K’ MOCS sets. However, with tropical linear algebra, we only need 7" < K MOCS
sets and pre-shifts to detect K, active users’ delays and idetities.

For future work, we are dedicated to the following two points. If the delay vector’s
code book and asynchrony-detection matrix’s code book are all composed of real numbers
instead of integers. We doubt whether such asynchrony-detection matrix S still satisfy the
definition of tropical code, even though [15] stated that tropical arithmetic still work with
real number code book. We still need proper mathematical proof. Moreover, we want to

expand our detection scheme to 3 or more active users in the future.
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Appendix A — Decoder for
(2, K, 1)-tropical code of (3.15)

Require: SO 6 = [a b} T, Cig > Uy, Uiy, >y + 1
T

result <— {gm lin ... Em}

if ¢ == ¢;,, and b == ¢;,, then > Case 1
The delay matrix consists of /;,,s
return result

elseif a ! = ¢;, and b == /;,, then > Case 3
The index of the active user is 1
0y = @ — S11
result[1, 1] « 0,
return result

elseif a == /¢;, and b ! = /,,, then > Case 4
The index of the active user is K
0w =b— Sk
result[l, K] < &,
return result

else > Case 2
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index, <+ a—b+14+2

if a — b < O then

end if
result[1,index,] < J,
return result

end if
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Appendix B — Decoder for
(T, K, 2)-tropical code of Lemma 5

Require: T'> 5,0, > 0, {;, >, + ¢

input(T)

p—1
2

p = nextprime(%), ¢ =
ifS®d== [l ... ;)" then > Case 1
The delay matrix consists of /;,,s
return [(;, ... ()
else if S ® § consists exactly 2 non-/;,, values then > Case 2
c; = first smaller than ¢;,, index of S © &
co = second smaller than ¢;,, index of S ® 6
Find the column of S that has the same index of ¢; and ¢,, and name it j
d; =min(S © 9)
result = [li, .. L)
result[l, j| = 6;
return result
else if S © § consists exactly 3 non-/;,, values then > Case 3
c; = first smaller than ¢;,, index of S ® &

co = second smaller than ¢;,, index of S ©® 6
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¢z = third smaller than /¢;,, index of S © 6

Find two columns of S and find the uninon of their non-¢, s location, and name two
columns 7; and js

Find the intersection of the non-/;, s index for two columns S}, and S},, and name
itk

Find the non-k index for each column, and name them / and m

result = [li, .. L)

01=(S © 0)[I] — 5, [l]

02=(S © 6)[m] — Sj,[m]

result[1, 1] = &

result[l, ja] = o

return result
else > Case 4

The received S ® 9§ has 4 exactly non-¢;, locations

We name the 4 non-/;,, values as ¢y, ¢o, 3, ¢4

There are going to be two columns pairs (.5}, , .S;,) and (S},, S;,) that have the same
4 non-/¢;, locations

two pairs all have distinct ¢; — co + 3 — ¢4, SO we know which pair, suppose 7; and
72 here

find the two 0 location for each column of the pair, and name them [ and m

01=(S © 6)[1] — 5, [l]

02=(S © 6)[m] — Sj,[m]

result = [Ui, .. L)

result[1, j1] = &
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result[l, ja] = 9y
return result

end if

57 doi:10.6342/NTU202402984



	口試委員審定書
	致謝
	摘要
	Abstract
	Contents
	List of Figures
	Introduction
	Problem Formulation
	Our Scheme: a Few Active Users in Massive MAC
	Traditional MAC Scheme
	Traditional TDMA Scheme
	Traditional CDMA Scheme

	Pre-shifts

	Tropical Arithmetic
	System Model
	One Active User
	2 Orthogonal Resources
	T Orthogonal Resources


	Two Active Users
	Basic Building Block of Two Active Users
	(T,K,2)-Tropical Code
	Simple Example of (5,6,2)-Tropical Code

	Simulation Results

	Conclusion
	References
	Appendix A — Decoder for (2,K,1)-tropical code of (3.15)
	Appendix B — Decoder for (T,K,2)-tropical code of Lemma 5 



