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Abstract

In this thesis, we will discuss the positivity behavior of the canonical divisor and the
anticanonical divisor in algebraic fibre spaces. At first, we will prove for an algebraic fibre
space f : X — Y, if X has mild singularities, — K x is pseudoeffective (resp. effective,
big), and the corresponding asymptotic base locus of —K x does not dominate Y, then
— Ky is also pseudoeffective (resp. effective, big). As a corollary, we can prove if X has
klt (resp. Ic) singularities, then the relative anticanonical divisor —K'x y could not be nef

and big (resp. could not be ample).

Secondly, we will prove for certainly algebraic fibre spaces, the restriction map be-
tween the anticanonical section ring of X and £’ is an injective graded ring homomor-
phism. This theorem is a variant of Ejiri-Gongyo’s Injectivity Theorem. As an applica-
tion, we will prove an “anticanonical version” of the litaka Conjecture. The statement is:
if X has at worst kit Q-Gorenstein singularities, and — K y is (Q-effective with the stable

base locus B(—Kx) does not dominate Y, the for a general fibre I of f, we have the
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inequality

K(—Kx) S H(—KF) + Ii(—Ky).

Thirdly, we will prove some special cases of the Generalized Nonvanishing Conjec-

ture and discuss its relation with the litaka Conjecture. The Generalized Nonvanishing

Conjecture states that for a kit pair (X, A), a nef Q-Cartier divisor L on X, and a non-

negative rational number ¢, if Ky + A +tL is pseudoeftective, then it should numerically

equivalent to an effective Q-divisor. In this thesis, we will prove that for threefolds with

non-negative Kodaira dimension, if either the Kodaira dimension or the irregularity is

positive, then the Generalized Nonvanishing Conjecture holds. As an application, we can

show the litaka conjecture is true if X has non-negative Kodaira dimension and the di-

mension of X is at most seven, that is, for an algebraic fibre space f : X — Y with

general fibre F, if dim X < 7 and k(X)) > 0, then we have

k(X)) > k(F) + k(Y).

Finally, we will give some other miscellanies results about varieties whose anticanonical

divisor has good positivities.

Keywords: Algebraic fibre space, canonical divisor, anticanonical divisor, weakly pos-
itivity theorem, asymptotic base locus, anti-canonical litaka dimension, litaka Conjec-

ture, Generalized Nonvanishing Conjecture, nef reduction map.
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Chapter 1 Introduction

Let f : X — Y be an algebraic fibre space between normal projective varieties, that
is, a projective morphism between normal projective varieties with connected fibres. A
natural and important question is to discuss the relation between K x and Ky, the canonical
divisors of X and Y. For example, one classical example of such a question is the well-

known litaka Conjecture, which states that
(X) 2 K(F) + K(Y),

where F' denotes a general fibre, and x denotes the Kodaira dimension of varieties, which
is the Iitaka dimension of the canonical divisor. Note that the main purpose of the litaka
Conjecture is to relate the ”positivities” of Kx, Ky and K. In particular, since the Ko-
daira dimension is one of the most important birational invariants of normal projective
varieties, this conjecture is very important for the study of the ”birational geometry of

algebraic fibre spaces”.

Conversely, in the world of varieties with ”negative” canonical divisors, especially
in the case of Fano varieties and related varieties, it is also very natural and important
to compare the positivities of —Kx and — Ky, the anticanonical divisor of X and Y.
Although despite the Kodaira dimension, the litaka dimension of anticanonical divisor is
not a birational invariant in general, this invariant still gives us much information about the
geometry of varieties with effective anticanonical divisor. For example, Ejiri and Gongyo
proved that for a variety with nef anticanonical divisor, the rational dimension is always

not less than the litaka dimension of the anticanonical divisor (cf. [ ]). On the other
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hand, in the Minimal Model Mrogram, it is expected that every projective variety with
non-negative Kodaira dimension is birationally equivalent to a good minimal model, and
varieties with negative dimension will be birational to a variety which has a Mori fibre
spaces structure. Here, a Mori fibre space is an algebraic fibre space whose general fibres
are Fano varieties with Picard number 1. Therefore, the study of algebraic fibre spaces
with positive — Ky, — Ky, and — K is also closely related to the study of the minimal

model program.

In this thesis, we will discuss that in an algebraic fibre space f : X — Y with general
fibre F', how does the positivity of +Kx, =K, and + Ky affect each other. To study
this question, one of the most important classical tool is the Weakly Positivity Theorem,
which is developed and generalized by many mathematicians (cf. [ , , ,

, 1). The main result of the Weakly Positivity Theorem is for sufficiently
divisible positive integer m, the sheaf f,Ox(m(Kxy)) is weakly positive in the sense
of [ ] (or [ 1), where Ky )y = Kx — f*Ky. Thus, by the "positivity” of Kx y,
we should expect that under some assumptions, if /Ky has good positivity, then so does
K x. Conversely, we should also expect the positivity of — K x will affect the positivity of
— K. In this thesis, we will discuss both the canonical divisor case and the anticanonical

divisor case of the above problem.

For the anticanonical divisor, we will mainly discuss how the positivity of — K x af-
fects — Ky. In the special case that f is a smooth morphism, by works of Kollar-Miyaoka-
Mori, Fujino-Gongyo, and Birkar-Chen, it is proved that if — K x is ample (resp. nef and
big, nef, semiample), then so does — Ky (cf. [ 1, [ 1 [ ]). However, a
morphism being smooth is a very strong condition. For general algebraic fibre spaces, one
interesting result is a theorem of Meng Chen and Qi Zhang (cf. [ ]). They proved
that if X has mild singularities and — K x is nef, then — Ky is pseudo-effective. This
statement is originally conjectured by Demailly-Peternell-Schneider in [ ], where
the original conjecture states more generally that if the “non-nef locus” of — K x does not
dominate Y, then — Ky is pseudo-effective. After the theorem of Chen-Zhang, in [ ]

and [ ], Ejiri-Gongyo and Ejiri-Iwai-Matsumura generalized this result in many situ-
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ations. More precisely, Ejiri and Gongyo generalize this result for sub-log canonical pairs
(X, A) such that —(Kx + A) is nef. Also, when Y has at worst canonical singularities,
Ejiri-Iwai-Matsumura generalize this result for pseudoeffective anticanonical divisor with
B_(—Kx) does not dominate Y, where B_ (— K'x) is the restricted base locus. Moreover,
Ejiri, Iwai, and Matsumura explicitly describe the “upper bound” of the restricted base
locus of —Ky. In Theorem 4.1.1 of this thesis, by furthermore generalizing the ideas of
Ejiri-Gongyo and Ejiri-lwai-Matsumura, we will prove the pseudoeffectiveness part of
— Ky in the theorem of Ejiri-Iwai-Matsumura still holds even if we do not assume Y has

at worst canonical singularities.

Note that for a pseudoeffecitve divisor D, B_(D) = () is equivalent to D is nef. Also,
intuitively, a pseudoeffective divisor can be thought of as a divisor that is ’nef at almost
everywhere”. Similarly, a big divisor can also be thought of as a divisor that is ample at
almost everywhere”, and a big divisor D is ample is also equivalent to B (D) = (). There-
fore, as an analog statement, it is very natural to ask that if —Kx is big with B, (—Ky)
does not dominate Y, then whether — Ky is big. In [ ], Ejiri-Iwai-Matsumura gives
an affirmative answer for the above question under the assumption that Y has at worst
canonical singularities. Moreover, as the pseudoeffective case, they give an explicit de-
scription of the upper bound of B, (— Ky ). In Theorem 4.1.7 of this thesis, we will also
prove the bigness of — Ky without assuming Y has at worst canonical singularities. As a
corollary, we can prove that if X has kit (resp. Ic) singularities, then — Ky /y can not be
nef and big (resp. ample) (cf. Theorem 4.1.8). Note that when Y is a curve, these two
results had been proved by Araujo-Druel (cf. [ ]), and when Y has at worst canon-
ical singularities, the non-ampleness of — Ky /y is also proved by Ejiri-Iwai-Matsumura

in any dimension. Our works generalized these results in more general situations.

Moreover, as one more analog statement, it is natural to ask that if — Ky is effective
with B(—K'x) does not dominate Y, then whether — Ky is effective. For this question,
by using Ambro’s canonical formula ([ ]), we also give a positive answer to the
above question (cf. Theorem 4.2.2). Moreover, by observing the above results, we may

wonder that, under some assumptions on the asymptotic base locus of — K x, is there exists
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an “anticanonical version” of the litaka Conjecture? Intuitively, by the Weakly Positive
Theorem, we may expect there could be an ’inverse” inequality of the litaka Conjecture,

that is, we may expect the inequality

K(—Kx> S K(-KF> + I{(—Ky)

holds under some good assumptions. Note that if there is no assumption for the asymptotic
base locus, then by looking for some special ruled surfaces, this inequality fails even if
in dimension 2 (see Example 4.2.8). However, we can prove that if X has at worst klt
Q-Gorenstein singularities, and — K x is effective with stable base locus B(—Ky) does
not dominate Y, then the above inequality holds (cf. Theorem 4.2.1). The idea of our
proof is the following: By modifying the proof of Ejiri-Gongyo’s injectivity theorem (cf.
[ , Theorem 1.2]), we can show that if x(— Ky ) = 0, then under our assumption, the
map R(X, —Kx) — R(F,—Kp)isaninjective graded ring homomorphism (cf. Theorem
4.2.4), which implies k(—Kx) < k(—Kp). For general cases, we take the Iitaka fibration
of — Ky, and restrict the original morphism f : X — Y on the preimage of the fibre of

the Iitaka fibration to reduce it to the case k(—Ky) = 0.

For the canonical divisor, in this thesis we will mainly discuss about the litaka Con-
jecture. At this moment, [itaka Conjecture is proved in the case if dim X < 6,dimY < 2,
or Y has maximal Albanese dimension (cf. [ 1, [ 1, [ 1, [ 1, [ D.
Moreover, it is also well-known that if the fibre has good minimal models, then the litaka
Conjecture holds (cf. [ ]). However, the general case of the litaka Conjecture is still
an open problem. In this thesis, we will prove some special cases of the litaka Conjecture

by modifying Birkar’s proof.

At first, for an algebraic fibre space f : X — Y with general fibre F' has Ko-
daira dimension 0, there is a canonical bundle formula proved by Fujino-Mori ([ D,
which states that by replacing X and Y with sufficiently higher birational models, there
exists a kit pair (Y, B) and a nef divisor L on Y such that x(X) = (Y, Ky + B+ L).
In general, such a combination of a kit pair with a nef Q-divisor is called a ”general-

ized pair”. Recently, for such generalized pairs, it is conjectured by Lazi¢-Matsumura-
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Peternell-Tsakanikas-Xie (cf.[ ]) that if Ky + B +tL is pseudoeffective for some
non-negative rational number ¢, then Ky + B +tL will numerically equivalent to an effec-
tive Q-divisor. In particular, if x(Y') > 0, then forany ¢ > 0, Ky + B+t L will numerically
equivalent to an effective Q-divisor. This conjecture is called the Generalized Nonvan-
ishing Conjecture. Originally, this conjecture is introduced by Lazi¢-Peternell in | ],
where the original version states that for a klt pair (X, A) and a nef Cartier divisor L, if
Kx + A is pseudoeffective, then for any non-negative rational number ¢, Kx + A +tL is
numerically equivalent to an effective Q-divisor. In this thesis, by studying the nef reduc-
tion map and the Albanese morphism, we can prove the original version of Generalized
Nonvanishing Conjecture (that is, (X, A) is a klt pair such that K x + A is pseudoeffective)
is true for almost all cases in dimension 3. More precisely, we can prove this version of
Generalized Nonvanishing Conjecture in dimension 3 if either the Kodaira dimension of
the threefold is positive, or the irregularity is positive, or the nef divisor L does not have

maximal nef dimension (cf. Theorem 5.1.1).

On the other hand, by modifying Birkar’s proof, we can prove that the Generalized
Nonvanishing Conjecture implies the litaka Conjecture for algebraic fibre spaces whose
general fibres have Kodaira dimension O (cf. Theorem 5.2.1). Combining with our (par-
tial) result of the Generalized Nonvanishing Conjecture in dimension 3, we can prove for
dim X < 7, almost all cases of the [itaka conjecture hold. More precisely, the litaka Con-
jecture for dim X = 7 holds if either x(X) > 0, or ¢(X) > 0, or the base Y is not a

threefold with x(Y") = ¢(Y) = 0 (cf. Theorem 5.2.3).

This thesis is organized as follows: chapter 2 is the preliminaries. We will give some
well-known basic properties about general algebraic geometry, birational geometry, and
some recent developments of the Minimal Model Program. In Chapter 3, we will intro-
duce known properties of algebraic fibre spaces. Some parts of this section are well-known
classical results, and others have already proved in these several decades. In Chapters 4
and chapter 5, we will prove some new results about the positivity of (anti)canonical divi-
sors in algebraic fibre spaces. Chapter 4 focuses on the anticanonical divisors, especially

the Kodaira dimension of anticanonical divisors. On the other hand, chapter 5 is mainly
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discussed with the canonical divisors, especially for the litaka Conjecture and the General-
ized Nonvanishing Conjecture. Chapter 6 includes some other miscellanies results about
varieties with positive anticanonical divisor. Finally, in Chapter 7, we will discuss some

related topics and open questions that are possible to study in the future.
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Chapter 2 Preliminaries

In this section, we will give a brief review of fundamental tools in algebraic geometry,

birational geometry, and the Minimal Model Program.

2.1 Algebraic geometry and birational geometry background

In this section, we will introduce some well-known basic knowledge of algebraic

geometry and birational geometry. The main reference of this section is [ ].

2.1.1 Conventions and notations

In this thesis, we work over C. A Q-divisor (resp. R-divisor) is a rational combina-
tion (resp. real combination) of prime divisors. A Q-divisor D is called (Q-Cartier (resp.
Q-effective) if there is a positive integer m s,t, mD is linearly equivalent to a Cartier
divisor (resp. effective divisor.) A morphism f : X — Y is called an algebraic fibre
space if it is a surjective projective morphism with f,Ox = Oy. Note that for fields of

characteristic 0, this condition is equivalent to f having connecdted fibres.

For a Q-divisor D = > d;D; on X, we will denote

D+ = Zdle, D™ = Z dle,

d; >0 d; <0

7 doi:10.6342/NTU202401804
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and that

D' = > 4D D":= Y dD;

f(SuppD;)=Y J(SuppD;)#Y

2.1.2 Basic notions in birational geometry

In this subsection, we will introduce basic notions of birational geometry, includ-
ing the Kodaira dimension, litaka dimension, semiample fibration, litaka fibration, and

augmented irregularity.

Definition 2.1.1. (litaka dimension) Let X be a projective variety, and D be a Q-effective
Q-Cartier Q-divisor on X. The litaka dimension of D, denoted by x(X, D) (or by k(D)

if there is no ambiguity), is defined by:
k(X, D) = sup{dim Im(¢p,.p|)|m € Zso}.

Here, ¢y, p) is the rational map X --» PN defined by x — [so(), ..., sy ()], where {s;}
is a basis of H*(X, |mD)]). If D is not Q-effective, then H°(X, |mD)]) is always empty,
so we define k(D) = —oc.

If (X, D) > 0, then there is another equivalent definition of the litaka dimension:

Proposition 2.1.2. (cf./ ]):

im H°(X, |mD
k(X, D) :zsup{kENHimsupdlm (X, [mD))

m—00 mk

> 0}.

Definition 2.1.3. (Kodaira dimension) Let X be a smooth projective variety. The Kodaira
dimension of X, denoted k(X), is the litaka dimension of the canonical divisor Kx. If
X is not smooth, then we define x(X) to be the Kodaira dimension of a resolution of

singularities of X.

Now, we can introduce the semiample fibration and the Iitaka fibration.
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Theorem 2.1.4 (Semiample fibration). Let X be a normal projective variety, and D be
a Q-Cartier divisor on X such that k(X,D) > 0. Assume D is semiample, then for
sufficiently divisible positive integers m, ¢,,p| is isomorphic to a fixed algebraic fibre
space ¢ : X — Y between normal projective varieties such that dimY = x(X, D).

Moreover, let F be a general fibre of ¢, then D|p ~q 0.

Theorem 2.1.5 (Iitaka fibration). Let X be a normal projective variety, and D be a Q-
Cartier divisor on X such that k(X,D) > 0. Then for sufficiently divisible positive
integers m, ¢|mp| are birational equivalent to a fixed algebraic fibre space ¢ : X' —
Y’ between normal projective varieties such that dimY = (X, D). That is, there is a

commutative diagram

X —~T5 X
Y -y

such that both T and p are birational. Moreover, let F' be a very general fibre of ¢, then

At the end of this subsection, we introduce the definition of augmented irregularity:

Definition 2.1.6. Let X be a normal projective variety, the augmented irregularity of X,
denoted by (X)), is defined by

G(X) :=max{q(X")| X' — X is quasi étale }.

2.1.3 The cone of divisors, the cone of 1-cycles, and the Mori cone

In this subsection, we will briefly recall some basic properties of the cone of divisor
and Mori cone. At first, we state the following well-known ampleness criterion of (Q-

)Cartier divisors.

Theorem 2.1.7. (Nakai-Moishezon Criterion, cf- [ , Theorem 1.37]) A Q-Cartier Q-
divisor A on a proper scheme is ample if and only if for every closed subscheme Z C X,

we have AY™Z 7 ~ ()

9 doi:10.6342/NTU202401804
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Next, we will introduce some special classes of (Q-divisors.

Definition 2.1.8. 4 Q-Cartier Q-divisor D on X is called nef if D.C' > 0 for every

integral curve C' C X.

Definition 2.1.9. 4 Q-Cartier Q-divisor D is called big if k(X, D) = dim X.

The following are some basic properties of nef and big Q-divisors.

Proposition 2.1.10. (c¢f /. , Corollary 2.2.6]) A Q-Cartier Q-divisor D is big if and
only if there is an ample Q-divisor A such that D — A is Q-effective.

Proposition 2.1.11. (¢f. [ , Proposition 2.61]) A nef Q-Cartier Q-divisor D is big if

and only D™ > 0, where n = dim X.

Next, we will introduce the numerical equivalent classes of 1-cycles.

Definition 2.1.12. We say two Q-Cartier Q-divisor D and D' are numerically equivalent,

denoted D = D', if for every integral curve C' C X, we have D.C' = D'.C.

Definition 2.1.13. We say two I-cycle C and C' are numerically equivalent, denoted D =
D', if for every Cartier divisor D on X, we have D.C' = D.C".

Lemma 2.1.14. (¢f. [. , Lemma 1.1.18]) Let Dy, ..., Dy, and D', ..., D). be Q-Cartier
Q-divisors on X. Assume for every i, D; = D., then for every k-dimensional integral
closed subscheme Z of X, we have D1D,...DyZ = D|D5...D),Z, where D1 Ds...Dy,Z

denotes the intersection product of D+, ..., Dy, with Z.

Combining the above lemma and the Nakai-Moishezon criterion, we can see that

A = A" and A is ample, then A’ is also ample. As a corollary, bigness is also a numerical

property.
Now we can introduce the cone of divisors.

Definition 2.1.15. (Cone of divisor) Let N'(X) be the real vector space generated by
the set of numerically equivalent classes of Q-Cartier Q-divisor on X, which is a finite-

dimensional R-vector space.
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(1) The ample cone of X, denoted Amp(X), is the cone in N*(X) which is generated by

all the numerically equivalent classes of ample divisors,

(2) The nef cone of X, denoted Nef(X), is the cone in N*(X) which is generated by all

the numerically equivalent classes of nef divisors,

(3) The big cone of X, denoted Big(X), is the cone in N*(X) which is generated by all

the numerically equivalent classes of big divisors;

(4) The effective cone of X, denoted Eff(X), is the cone in N'(X) which is generated by

all the numerically equivalent classes of effective divisors;
(5) The pseudo-effective cone of X, denoted Pse(X), is the closure of Eff( X).

Definition 2.1.16. 4 Q-Cartier Q-divisor D is called pseudo-effective if D] € Pse(X),
where [D) is the numerically equivalent class of D in N'(X).

Theorem 2.1.17. (cf. [. ']) Nef(X) = Amp(X), Pse(X) = Big(X). Int(Nef(X)) =
Amp(X), Int(Pse(X)) = Big(X). In particular, Nef(X) and Pse(X) are closed, and
Amp(X) and Big(X) are open.

Definition 2.1.18. (The cone of curve) Let N1(X) be the set of numerically equivalent
classes of 1-cycles X. By the definition of numerical equivalence, the pair

NYX) x N(X) = Q

defined by the intersection product (D,C) — D.C, is a perfect pairing. In particular,
dim N'(X) = dim N, (X). Moreover, we define the following:

(1) NE(X) is the cone in N1(X) which is generated by all the numerically equivalent
classes of effective curves;
(2) The Mori cone of X, denoted by NE(X), is the closure of NE(X) in Ni(X).

Theorem 2.1.19. (Kleinmen s Criterion) A Q-Cartier Q-divisor D is ample if and only if
forevery [C] € NE(X) — {0}, we have D.C' > 0.
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2.1.4 Singularities of pairs

In this subsection, we will introduce the notion of singularities of pairs.

Definition 2.1.20. A4 pair (X, A) contains a normal projective variety X and a Q-divisor
A on X such that Kx + A is a Q-Cartier Q-divisor. A pair is called a log pair if A is
effective. A log pair is called log smooth (or just smooth for simplicity) if X is smooth

and SuppA is simple normal crossing.

Definition 2.1.21 (Singularities of pairs). Let (X, A) be a log pair, then we define the

singularities of the pair as follows: for a birational morphism 7 : X' — X, we can write
Ky + A =7"(Kx + M)+ ) a(E, X, A)E,

where A’ is the proper transform of A on X', and the summation runs over every -

exceptional divisor on X', then we say:

1) (X,A)isterminal if a(E, X, A) > 0 for every birational morphism 7 : X' — X and
( ; ry P

every m-exceptional divisor E on X';

(2) (X,A) is canonical if a(E, X, A) > 0 for every birational morphism 7 : X' — X

and every m-exceptional divisor E on X';

(3) (X, A) is Kawamata log terminal (klt for short) if | A| = 0 and a(E, X, A) > —1 for

every birational morphism 7 : X' — X and every m-exceptional divisor E on X';

(4) (X, A) is purely log terminal (dlt for short) if a(E, X, A) > —1 for every birational

morphism 7 : X' — X and every m-exceptional divisor E on X';

(5) (X, A) is log canonical (Ic for short) if a(F, X, A) > —1 for every birational mor-

phism 7 : X' — X and every m-exceptional divisor E on X'

We say X has terminal (vesp. canonical, klt, Ic) singularities if K x is Q-Cartier and the

pair (X, 0) is terminal (resp. canonical, kit, Ic). Note that if (X, 0) is dit, then it is kit.
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2.2  Minimal Model Program and Abundance Conjecture

In this section, we will give a brief review of the development of the Minimal Model

Program and the Abundance Conjecture in recent years.

2.2.1 Numerical dimension, abundant divisors, and the Abundance

Conjecture

Definition 2.2.1. Let X be a projective variety, and D be a pseudo-effective Q-Cartier
divisor on X. The numerical dimension of D, denoted by v(X, D) (or by v(D) if there is
no ambiguity), is defined by:

dim H°(X, |mD + A
v(X, D) := sup{k € N|limsup im H°(X, [mD + AJ)

m—00 mk

> 0},

Where A is a fixed ample Cartier divisor on X. In the case D is not pseudoeffective, we

define v(D) = —oc.

By definition, it is obviously that v(X, D) > r(X, D) for any Q-Cartier Q-divisor
D. Also, if D is nef, then we have (cf. [ , Proposition V.2.7(6)]):

v(X,D) = sup{k € n|D* # 0}.

Next, we recall the abundant divisor.

Definition 2.2.2. Let X be a normal projective variety and L be a pseudo-effective Q-
Cartier divisor on X. We say L is abundant (or good) if the equality k(L) = v(L) holds.

One of the most important and difficult conjectures in birational geometry is the fol-

lowing conjecture, called the Abundance Conjecture:

Conjecture 2.2.3. (Abundance Conjecture) Let (X, A) be a kit pair. If (Kx + A) is nef,

then it is abundant.
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The abundance conjecture is confirmed up to 3-dimensional (| 1). Also, an-

other important result about abundant (anti)canonical divisor is the following:

Theorem 2.2.4. (¢f. [ , Theorem 1.1]) Let (X, A) be a kit pair. If £(Kx + A) is nef’

and abundant, then it is semiample.

2.2.2 The Cone Theorem and Fundamentals of the Minimal Model

Program

The Minimal Model Program is one of the most important questions in birational
geometry. The Minimal Model Conjecture states that every normal projective variety is
either birational equivalent to a minimal model or birational equivalent to a Mori fiber

space. The following are the definitions of these two notions:

Definition 2.2.5. Let X be a normal projective variety. A minimal model of X is a variety
X' satisfies the followings:

(1) X'is birationally equivalent to X ;

(2) X' is Q-factorial and has at worst terminal singularities;

( 3 ) K X is nef.

If moreover, K x is abundant, then we say X' is a good minimal model of X. Therefore,

the Abundance Conjecture implies every minimal model is good. Note that by [.

Theorem 1.1], a good minimal model has semiample canonical divisor.

Definition 2.2.6. A4 Mori fibre space is an algebraic fibre space f : X — Y that satisfies
the following:

(1) X is Q factorial and has at worst terminal singularities,

(2) —Kp is ample, where F'is a general fibre of [

(3) [ has relative Picard number 1.
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The following important theorem, which is called the cone theorem, plays a key role

in the minimal model program:

Theorem 2.2.7. (Cone theorem, [ , Theorem 3.7]) Let (X, A) be a kit pair. Then

(1) There are at most countably infinitely many rational curves {C; } such that —2 dim X <

(Kx +A).C; < 0and

NE(X) = NE(X)ky+as0+ Y _RC;.

(2) For every ample divisor H and € > 0, we have

NE(X) = NE(X)ky+atenzo0+ Y RCy.

finite

(3) Let R C NE(X) be a Kx + A-negative extremal face, then there exists a unique
surjective morphism cr : X — Y between projective varieties such that for every
integral curve C' C X, cg(C) is a point if and only if [C| € R. The map cg, is called

the contraction of R.

(4) If D is a Cartier divisor such that D.C' = 0 for all [C] € R, then there exists a Cartier

divisor Dy on'Y such that ¢;(Dy) ~ D.

Note that cp has connected fibre: if we take the Stein factorization cf, : X — Z of
cr, then ¢, also satisfies the condition that a curve is contracted by ¢, if and only if the

intersection number is zero, hence cg = ¢ by the uniqueness.

According to the cone theorem, for a normal projective variety with mild singularities
X, either K'x is nef, or there exists a contraction X — Y to a ’smaller” variety Y. Naively
speaking, the idea of the Minimal Model Program is that when K x is not nef, then we apply
the Cone Theorem on X to find a contraction X — Y to the smaller variety Y, and we
hope either Y is minimal, or the contraction is a fibre type, or we apply the Cone Theorem
on Y again to find a furthermore smaller variety. Before we explain the details, we give

the following definitions:

15 doi:10.6342/NTU202401804


http://dx.doi.org/10.6342/NTU202401804

Definition 2.2.8. Let cg : X — Y be an extremal contraction as in the cone theorem.

(1) We say cg is of fibre type if dimY < dim X,

(2) We say cg is a divisorial contraction if cg is a birational morphism with Exc(cg) is of

codimension 1;

(3) We say cg is a small contraction if cg is a birational morphism with Exc(cg) is of

codimension > 2;

Note that by Kleinmen’s Criterion, — K x is cg-ample. Hence if cp is of fibre type,
then it is a Mori fibre space. Also, by [ , Proposition 3.36 and Corollary 3.43],
if either dimY < dim X or cp is a divisorial contraction, then Y is (Q-factorial with
p(Y) = p(X) — 1. Moreover, Y is terminal if cg, is a divisorial contraction and hence the
Cone Theorem still holds on Y. However, by [ , Paragraph 2.6, Case 3], if cg is a
small contraction, then Ky is never (Q-Gorenstein and then the Cone Theorem fails on Y.

Therefore, we have to find another Q-Gorenstein variety X’ to replace Y:

Definition 2.2.9. (¢f. [ , Definition 2.8]) Let (X, A) be a log pair, and cg : X =Y
be a (Kx + A)-negative small contraction. A (Kx + A)-flip is a Q-Gorenstein variety
X' together with a proper birational morphism ¢y, : X' — Y such that (Kx + A’') is
cp-ample and Exc(cy) is of codimension at least 2, where ' is the proper transform of

Aon X'.

By [ , Proposition 3.37], if the flip exists, then X’ is a terminal Q-factorial
variety with p(X’) = p(X). Therefore, either X' itself is a minimal model, or we can

apply the Cone Theorem on X".

Now, we can introduce the details of the Minimal Model Program. The process of the
Minimal Model Program is as follows: Let X be a normal projective terminal Q-factorial

variety.

(1) If Kx is nef, then stop;
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(2) If Kx is not nef, then let R be an extremal ray of N E(X) such that Kx.R < 0, and

let cp : X — X’ be the contraction of R as in the cone theorem;

(3) If cg is of fibre type, then stop;

(4) If cp is a divisorial contraction, then replace X by X’ and return to (1);

(5) If cp is a small contraction, then let X --» X be a flip, replace X by X T, and return
to (1).

The Minimal Model Conjecture states that when we stare from a normal projective
terminal Q-factorial variety X, we can keep going with the above progress, and after

finitely many steps it will end up with either a minimal model or a Mori fibre space.

The two key problems that need to be solved in this program are the existence and
termination of flips: If we know the flips exist, then we can keep going with the progress.
Moreover, assuming the termination of flips, then after at most finitely many flips, there
must appear either a Mori fibre space or a divisorial contraction. In the first case, the
progress is completed. In the second case, since flips will not change the Picard number,
and a divisorial contraction will let the Picard number be strictly decreased, there can be at
most p(X)—1 divisorial contraction in the progress of Minima Model Program. Therefore,
this progress must end in finitely many steps if we know the termination of flips. At this
moment, by [ 1, [ ], and [ ], the existence and the termination of flips are
known up to dimension 4. On the other hand, by [ ], if X is of general type, then

the existence of flips is known for any dimension.

Remark 2.2.10. Since the cone theorem holds for kit pairs, by [ , Corollary 3.42 and
3.43], we also expect the MMP works for klt pairs (X, A). As in the standard MMP, the
main problem is the existence and termination of kit flips. By [ 1, [ ], and
[ ], the existence of klt flips is known if either dim X < 4 or k(X, Kx + A) =
dim X, and the termination of kit flips is known if either dim X < 3 or dim X = 4 and

(X, A) is canonical.
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2.3 Asymptotic base locus

In this section, we will introduce the basic properties of asymptotic invariants of Q-
divisor and the relation between these invariants and the positivity of (Q-Cartier divisors.

Further details of this topic can be found in [ 1, [ ],and [ ].

Definition 2.3.1. Let D be a Cartier divisor on a normal variety, the stable base locus of

D, denoted by B(D), is defined as follows:
B(D) := Nyez.,Bs(mD).

If D is a Q-Cartier Q-divisor, and | is a natural number such that | D is a Cartier divisor,

then we define B(D) to be the stable base locus of | D.
Moreover, fix an ample Q-divisor A, we can define the following sets

B, (D) :=N.5oB(D —cA);

B_(D) :=U.~oB(D + cA);

We call B (D) the augmented base locus of D, and B_(D) the restricted base locus (or
diminished base locus) of D.

From the definition, we have
B_(D) Cc B(D) C B, (D).

The reason is for any Q-Cartier Q-divisor [’, the inequality B(D + D’) C B(D) UB(D’)
always holds, which implies B(D + ¢A) C B(D) and B(D — cA) D B(D) if Ais
(semi)ample.

Lemma 2.3.2. For a Q-Cartier Q-divisor D, both B, (D) and B_(D) are independent of
the choice of A.

Proof. Let A, A’ be 2 ample Q-Cartier divisors. Let 0 < § < 1 be a rational number such
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that A — J A’ is ample. Then for any € > 0, we have

B(D —cdA") CB(D —edA' —e(A—0A") =B(D — cA).

This implies

ﬂ5>0B(D — 8614/) C ﬂ€>0B(D — &TA)

Since it is obviously that

we have

NesoB(D — eA’) C NesoB(D — €A).

By choose ¢ such that A" — § A is ample, and do the same computation again, we can get

the converse inclusion. Thus,

and hence B (D) is independent to the choice of A.

For B_(D), observe that we have

B(D +e5A") D B(D + e5A' +e(A — 5A')) = B(D +A).

Thus, we have

UesoB(D + £A") D U.soB(D + €A)

and hence by the same computation of above, we can conclude B_ (D) is also independent

to the choice of A. O

Remark 2.3.3. By the definition, both B, (D) and B(D) are Zariski closed subsets of X.

But by [ ], B_(D) can be a countably infinite union of Zariski closed subsets.

Lemma 2.3.4. Both B, (D) and B_(D) are numerical invariant, that is, if D = D' for
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another Q-Cartier Q-divisor D', then B, (D) = B (D’).

Proof. Let D' = D, then we can write D' = D + L for some Q-Cartier Q-divisor L =
0. Note that L + €A is ample for any ample divisor A and positive rational number &.

Therefore, for all ¢ > 0, we have

B(D'+cA) =B(D + (L +¢cA)) C UssoB(D + §(L 4+ cA)) = B_(D),
Which implies

B_(D') = U.~oB(D' +cA) C B_(D).

Since the converse inclusion can be proved in the same way, we conclude that B_(D’) =
B_(D). Similarly, for B, (—), we have

B(D —cA)=B(D' — (L+¢cA)) DNs=oB(D' —§(L +¢cA)) =B (D),
which implies B, (D) = N.»oB(D — cA) D B, (D’), and the converse inclusion can be

proved by the same way. [

Remark 2.3.5. Unlike B (D) and B_(D), the stable base locus B(D) is not a numerical
invariant. For example, Consider a smooth projective curve X with g(X) > 1, there exists

a divisor D such that deg D = 0 and D is not a torsion divisor. Then we have D = 0, but

B(D) = X # 0 = B(0).

In the last of this section, we will introduce the following beautiful correspondence

between the positivities of Q-Cartier divisors and the asymptotic base locus.
Proposition 2.3.6. (cf. /. , section 4]) Let D be a Q-Cartier divisor on a normal
projective variety X, then:

(1) D is Q-effective < B(D) # X;

(2) D is semiample < B(D) = ();

(3) D is pseudo-effective < B_(D) # X,
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(4) D isnef< B_(D) = ),
(5) Disbig< B, (D) # X;

(6) D is ample < B, (D) = .

Proof. (1)and (2) are just by the definition of Q-effective divisors and semiample divisors.
For (3), note that Big(X ) is big and Pse(.X) is the closure of Big(X'), so D € Pse(X) ifand
only if D +¢H is big for every big Q-Cartier Q-divisor H and positive rational number ¢.
In particular, D € Pse(X ) implies D+¢ A is effective for every ample divisor Aand e > 0,
hence B_ (D) # X because it is countably union of proper closed subset of X. Conversely,
if D is not pseudo-effective, then since Pse(.X) is closed, for any ample divisor A, there
is a sufficuently small positive rational number o such that forall0 < ¢ < 9§, D +cA is

not pseudo-effective (hence not Q-effective), and hence B_ (D) = X.

For (4), note that the nef cone is the closure of the ample cone. Thus, if D is nef, then
D + A is ample for every ample Q-Cartier Q-divisor H and positive rational number
e. Since ample divisor is semiample, this implies for every ¢ > 0, B(D + cA) = 0,
hence B_(D) = (). Conversely, if D is not nef, then for any ample divisor A, there is a
sufficiently small positive rational number 0 such that for all 0 < ¢ < 9§, D + €A is not
nef (in particular, not semiample). Hence D + £ A has non-empty stable base locus, which

implies B_ (D) # 0.

For (5), if D is big, then there is an ample (Q-Cartier Q-divisor A such that D — A
is an effective Q-divisor. In particular, B, (D) C B(D — A) is a proper subset of X.
Conversely, if D is not big, then for every ample Q-divisor A, D — A is not Q-effective.
In particular, since for every positive rational number ¢, €A is still an ample Q-divisor,

which implies B(D — ¢A) = X, and hence B, (D) = X.

Finally, for (6), if D is ample, then since the ample cone is open, for any ample Q-
Cartier Q-divisor A, there is a sufficiently small positive rational number 4 such that for all
0 < e <, D—cAisample (hence semiample). In particular, B, (D) C B(D —cA) = ().
Conversely, if D is not ample, then for every ample Q-divisor A and positive rational

number €, D — £A is not nef (otherwise, D = (D — € A) + A is the sum of a nef divisor
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and an ample divisor, hence ample because the ample cone is the interior of the nef cone).
In particular, D — £A is not semiample, hence B(D — ¢A) # (). Since {B(D —¢A)}.
is decreasing as € — 0, by the noetherian induction, there is a positive rational number ¢

such that B(D — ¢A) = B, (D), hence B, (D) # 0. O

2.4 The nef reduction map and nef dimension

In this subsection, we will introduce the notion of nef reduction and nef dimension,

which is proved by Tsuji and Bauer et. al. in | ]and [ ].

Theorem 2.4.1. Let X be a normal projective variety, and L be a Q-Cartier divisor on
X. Then there exists an almost holomorphic dominant rational map f : X — Y with

connected fibres, called the nef reduction of L, such that:

(1) L is numerically trivial on all compact fibres I of f with dim F' = dim X — dimY.

(2) For every very general point x € X and every irreducible curve C on X passing
through x and not contracted by f, we have L.C' > 0. In other words, there exists a
subset Z C X, which is a union of at most countably infinitely many proper closed
subsets of X, such that if C'is a curve on X with L.C' = 0, then either f(C) is a point
orC C Z.

The map f is unique up to birational equivalence of Y. The nef dimension of L, denoted

by n(X, L) (or n(L) if there is no ambiguity), is defined by n(L) := dimY’.

Here we recall some important properties of nef dimension.

Proposition 2.4.2. Let X be a normal projective variety and L be a nef Q-Cartier divisor

on X. Then:
(1) (cf. [ , Proposition 2.8]) k(L) < v(L) < n(L);
(2) (cf. [ , Proposition 2.1]) Let f :' Y — X be a surjective morphism between

normal projective varieties, then we have n(f*L) = n(L).
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Lemma 2.4.3. In the second case of the above proposition, let m : X --» Z be a nef

reduction map of L, then g := wo f:Y --+ Z is a nef reduction map of f* L.

Proof. Let y € Y be a very general point of Y, we need to show for an integral curve
C C Y, g(C) is a point if and only if (f*L).C = 0. Suppose g(C) is a point, then
either f(C) is a point, or f(C') is a curve such that w(f(C')) is a point. In the first case,
it is trivially that (f*D).C’ = 0 for every Q-Cartier divisor D on X. In the second case,
since x := f(y) is a very general point, by the definition of nef reduction, L.f(C) = 0,
hence (f*L).C = deg(C — f(C))(L.f(C)) = 0. Conversely, if 7 o f(C') is not a point,
then f(C) is a curve that is not contracted by 7. Since f(C') passing through the very
general point x := f(y), by the definition of nef reduction, we have L.f(C') # 0, hence
(f*L).C =deg(C — f(C))(L.f(C)) # 0, this completes our proof. O

Note that by [ , Remark 2.3], if L is nef and abundant, then x(L) = v(L) =
n(L). Also, if L is semiample, then the nef reduction map is just the semiample fibration
of L, and hence L is abundant. In general, it is difficult to deal with the nef divisor which
is not abundant. However, for smooth projective surfaces, Ambro gives the following

classification of nef and divisors with maximal nef dimension:

Theorem 2.4.4. (cf /. , Theorem 0.3]) Let X be a smooth projective surface, and
L be a nef divisor with n(L) = 2, then one of the following holds:

(1) D itselfis big ;
(2) D is not big, but Kx +tD is big for all t > 2;
(3) there is a birational morphism . : X — Y between smooth projective surfaces such

that sD = p*(—Ky) for some positive rational number 0 < s < 2, and D is alge-

braically equivalent to an effective Q-divisor D..

At the end of this subsection, we prove the following properties about nef divisors.

Lemma 2.4.5. Let X be a normal projective variety, and D be a nef and Q-effective Q-
Cartier divisor. Suppose that n(X, D) = v(X, D), then we have n(D) = v(D) = (D),
that is, D is nef and good.
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Proof. The proof almost directly follows from the argument of [ , Theorem 2.1] with
a little modification. Let f : X --+ T be a nef reduction map of D, up to change a
birational model of 7" we may assume 7" is smooth. Consider the graph closure Gy C
X x T, py: Gy — X be the first projection, and qq : Gqg — T be the second projection.
Then po(qy ' (t)) is a compact fiber F} of f for general t € T, and py : q; ' (t) — F; is an
isomorphism. Since the nef reduction is almost holomorphic, let G be a normalization of
Gop,and p : G — X, q : G — T be the maps induced by the normalization, we have p is

an isomorphism over general F; and it is still a general fibre of q.

Now, since D is nef and QQ-effective, so does p* D. Moreover, since by the definition
of nef reduction map, D|r, is numerically trivial, thus D|g, is Q-trivial since we assume
D is Q-effective, and since p is an isomorphism near the general F;, we conclude p*D|f,
is Q-trivial. Replace D by mD for m > 0 we may assume D is nef, effective, and not
dominate 7. Therefore, by applying [ , Corollary 111,5,9], let v : 7" — T be a
flattening of ¢, G’ be a resolution of singularities of the main component of G x T”, and
m: G — G, q : G — T be the induced maps, then there exists an effective Q-divisor

D" on T" such that ¢*(D’) = n*p*D.

Now, since we assumed that k& := v(X, D) = n(X, D), we have D* is not nu-
merically trivial, this implies (D’)* > 0. So we have D’ is nef and big and hence
n(X,D) = k(T", D') = (X, D). O
Lemma 2.4.6. Let (X, A) be a normal projective variety, and D = £(Kx + A) is a nef
with n(X, D) = v(X, D). If either dim X — n(D) < 3 or X is smooth with A = 0, then
D is Q-efective with n(D) = v(D) = k(D), that is, D is nef and good. In particular, D

is semiample by [ i

Proof. Note that we do not assume D is Q-effective in our assumption. Now, repeat the
proof above, we only have D|r, is numerically trivial at first. In the case dim X —n(D) <
3, since the abundance theorem holds for dimension < 3, we have D|p, is Q-trivial. In
the case X is smooth and A = 0, we have D is Q-trivial by [ ]. So we have the
horizontal part of D is Q-effective (because D|p, is Q-trivial implies f,Ox(mD) have

non-zero stalk at ¢, thus f.Ox(mD) is non-zero sheaf and hence the horizontal part of
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mD is effective). Thus, by replacing D with mD for m > 0 we may assume D is
vertical. Let H be a nef and effective divisor on 7" such that D + ¢*H 1is effective. Then
by [ , Corollary I11,5,9] again, let v : T — T be a flattening of ¢, G’ be a resolution
of singularities of the main component of G X7 7", and 7 : G' — G, ¢ : G' — T’ be
the induced maps, then there exists an effective Q-divisor D’ on 7" such that ¢*(D’) =
7™ (p*D + ¢*H) = 7*p*D + ¢*v* H, which implies 7*p*D = ¢"*(D’ — v*H) and hence
D — v*H is nef. Again, since k := v(X, D) = n(X, D), we have D* is not numerically
trivial, this implies (D’ — v*H)* > 0. So we have D' — v*H is nef and big and hence

n(X,D)=k(T',D' —v*H) = (X, D). O
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Chapter 3 The geometry of algebraic

fibre spaces

In this section, we will introduce some important properties of algebraic fibre spaces

and give some important special classes of algebraic fibre spaces.

3.1 Basic properties and the Weakly Positive Theorem

First, we introduce the following two basic properties for algebraic fibre spaces.

Theorem 3.1.1. (c¢f. /. , Lemma 2.1.13]) Let f : X — Y be an algebraic fibre space,

and D be an Cartier divisor on Y, then for every positive integer m, we have
H(X,mf*D) = H°(Y,mD).

In particular, k(D) = k(f*D).

Lemma 3.1.2. Let f : X — Y be an algebraic fibre space between normal varieties. Let
E be an effective f-exceptional Q-divisor on X, and D be a Q-divisor on Y. Suppose
f*D + nE is Q-effective for some n € N, then D is Q-effective.

Proof. Let m € N sufficiently divisible such that m D and mFE has integer coefficients,
and m(f*D + nkFE) is effective. Since f is an algebraic fibre space and f(SuppF) has
codimension at least 2 in Y, letting Yy := Y — f(SuppE), X := X — [~ f(SuppE), we
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have the following natural isomorphisms:

HO(Xo, f*(mD)|x,) = H'(Y, (mD)ly;) = H'(Y,mD) = H'(X, f*(mD)).

In particular, if (f*(mD))|x, is effective, then so does mD. Thus, if m(f*D + nkFE) is

effective, then (f*(mD))|x,, and hence mD itself is effective. O

In the following of this subsection, we will give a brief review of the definition and
basic properties of weakly positive sheaves. We adopt the convention and results in [ ,
Section 2.2] which will be necessary. More details of weakly positive sheaves can be found

in [ , Section 4.2], [ , Section 2.2], and [ , Section 1].

Definition 3.1.3. Let X be a normal quasi-projective variety, G be a coherent sheaf on

X, and A be a fixed ample divisor on X.

(1) Wesay that G is generically globally generated if the natural map H°(X,G) @ Ox —

G is surjective over the generic point of X.

(2) We say that G is weakly positive if for any natural number n, there is a natural number
m such that the sheaf (S"™(G))** @Ox (mA) is generically globally generated, where

S™(—) denote the n-th symmetric power, and (—)** denotes the double dual.

Note that the definition is independent of the choice of A. Also, by [ , Remark
1.3.iv], if G|y is weakly positive for some open dense subset U C X such that X — U has
codimension at least 2, then G is weakly positive on X. The following result for weakly

positivity of divisorial sheaves is basic but important:

Proposition 3.1.4. A divisorial sheaf Ox (D) on a normal quasi-projective variety X
is weakly positive if and only if for a fixed ample divisor A and any positive integer n,
nD + A is Q-effective. In particular, a line bundle Ox (D) on a normal projective variety

X is weakly positive if and only if D is pseudo-effective.

Proof. Since one can check the weakly positivity of a sheaf on an open subset U with

X — U has codimension at least 2, by replacing X with the smooth locus of X, we may
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assume X is smooth. In this case, since Ox (D) is a line bundle, we have
(S"(Ox (D))" @ Ox(mA) = Ox(nmD + mA).

Thus, from the definition, Ox (D) is weakly positive if and only if for any positive integer
n, there is a positive integer m such that Ox (nmD + mA) is generically globally gener-
ated. Since Ox(nmD + mA) is of rank 1, the map H°(X, Ox(nmD + mA)) ® Ox —
Ox(nmD 4+ mA) is either surjective over the generic point or identically zero. In partic-
ular, the map is surjective over the generic point if and only if H°(X,nmD + mA) # 0.
Therefore, Ox (D) is weakly positive if and only if for any positive integer n, there is a
positive integer m such that nmD + mA is linear equivalent to an effective divisor, that

is, nD + A is Q-effective, which completes our proof. [

Next, we will introduce the Weakly Positive Theorem. This theorem is one of the
most important tools to study the relation of the positivity of (anti-)canonical divisors in

algebraic fibre spaces.

Theorem 3.1.5. (¢f. [ , Theorem 4.13], [ , Theorem 1.1]) Let f : X — Y
be an algebraic fibre space between normal projective varieties with general fibre F.
Let (X,A) be a log pair such that (F, Ar) is log canonical, where A is defined by
(Kx + A)|p = Kr + Ap. Then for sufficiently divisible positive integer m, the sheaf
[:Ox(m(Kx )y + A)) is weakly positive.

Proof. When Y is smooth, this theorem is just [ , Theorem 1.1]. In general, let
i Y’ — Y be a resolution of singularities of Y, X’ be the normalization of the main

component of X xy Y’ and 7 : X’ — X, f': X’ — Y’ be the induced morphisms.

X T 5 X

I

y' Ly

Note that F' is still a general fibre of f’. Let A’ be the proper transform of A on X', then
we can write

Ky+ AN +FE =7(Kx+A)+ E*
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for some effective m-exceptional Q-divisors £, E~. From our construction, we can see
that f'(SuppE*) C Exc(u). This implies SuppE~ N F = () for general fibre F, and
hence the pair (F, (A" + E7)|r) = (F,Ar) is log canonical. Now, since the theorem
holds if the base is smooth, we have the sheaf f/Ox/(m(Kx/ vy + A’ + E7)) is weakly
positive for sufficiently divisible positive integer m. Let U’ := Y’ — Exc(u), and U :=
Y — pu(Exc(p)) = U'. Then we have the sheft (f,Ox/(m(Kx/ v+ + A"+ E7)))|p is also

weakly positive. Hence

(FLOx (m(Kxipyr + A+ E7)|vr = (i fLOx (m(Kxo pyr + A+ E7)))u
= (fimOx (m(Kx — f" Ky + A"+ E7)))lv
= (fimOx (m(Kx — 7" f"Ky + A"+ E7)))|v
>~ (fm.Oxi(m(r*(Kx + A — f*Ky) + E7)|u

>~ (f,Ox(m(Kx + A — f*Ky)|v

is also weakly positive, where the third isomorphism holds since Ky |y» = Ky |y if we
identify ju|g» : U’ — U be the identity map, the fourth isomorphism is because f'~*(U’) =
f1(U), and the last isomorphism is because £~ |1 (s-1(7y) = 0. Since Y — U has codi-
mension atleast 2 in Y, this implies f,Ox (m(Kx+A—f*Ky)) = f.Ox(m(Kx,y+A))

is weakly positive, which completes our proof. [

Remark 3.1.6. In general, the weakly positive theorem does not imply K'x/y is pseudo-
effective. For example, let X = P! x P1, Y = P!, f be the first projection, and g be the
second projection. Then Kx — f*Ky = —2g* P, which is not pseudo-effective. Here,
P is a point on the second factor. Note that in this case, f.Ox(Kx /y) is the zero sheaf,
which is weakly positive by definition. Thus, this example does not contradict the weakly

positivity theorem.

At the end of this subsection, we recall two useful lemmas about the weakly positive

sheaves in [ ].

Lemma 3.1.7. (/ , Lemma 2.4]) Let f : Y' — Y be a surjective projective morphism

between geometrically normal quasi-projective varieties over a field, let G be a torsion-
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free coherent sheafon'Y :

(1) If'there is no f-exceptional divisor on'Y’, and G is weakly positive, then f*G is also
weakly positive. Here a prime divisor E on Y' is called f-exceptional if f(E) has

codimension at least 2in'Y.

(2) If *G @ Oy (F) is weakly positive for some effective f-exceptional divisor E on X,

then G is weakly positive.

Lemma 3.1.8. (/. , Lemma 2.5])Let F — G be a generically surjective morphism

between coherent sheaves on a normal quasi-projective variety, if F is weakly positive, so

is G.

3.2 Canonical bundle formulas

In this section, we will introduce two canonical bundle formulas. One is Ambro’s
canonical bundle formula of klt-trivial fibration, and the other is the canonical bundle
formula of Fujino-Mori. Ambro’s formula is a very important tool for study varieties with
positive anticanonical divisor, and Fujino-Mori’s formula is deeply related to the study of

varieties with positive canonical divisor.

3.2.1 Theklt-trivial fibration and Ambro’s Canonical bundle formula

At first, we will introduce the definition of b-divisors and the klt-trivial fibration.

Definition 3.2.1. Let D be a divisor on a normal variety X. A b-divisor D contains a
Sfamily of divisors {Dx.}, where X' is taken over all higher birational models 7 : X' —
X such that 7 is a proper birational morphism, and Dy is a divisor on X' such that

7.(Dx/) = D. If D is a Q-divisor, then the Q-b-divisor is defined in the same way.

Definition 3.2.2. A4 kit-trivial fibration (which is equivalent to the lc-trivial fibration in the
sense of [. ]) is an algebraic fibre space f : (X, B) — Y between normal varieties

with a sub log pair (X, B) such that
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(1) (X, B) is sub-kit over the generic point of Y ;
(2) rank [.Ox(JA(X,B)]) = 1,

(3) Kx + B ~q f*D for some Q-Cartier divisor D on'Y.
Where the discrepancy Q-b-divisor A(X, B) = {Ax/} is defined by the formula

Kx/ :7T*<Kx+B>+AX/.

Next, we introduce the definition of the moduli Q-b-divisors and the discriminant

Q-b-divisors.

Definition 3.2.3. Let f : (X, B) — Y be a kit-trivial fibration, we define the discriminant
Q-divisor By of f : (X, B) — Y in the following way: Let P be a prime divisor on'Y,

which is Cartier in a neighborhood of its generic point, then we define
bp := max{t € Q|(X, B + tf*P) is sublc over the generic point of P},

and set

By = Z(]_ - bp)P,

P

where P runs over all prime divisor of Y. We set My = D — Ky — By and call My the
moduli Q-divisor of f : (X,B) = Y.

The moduli Q-b-divisor M = {My~ } and the discriminant Q-b-divisor B = {By/}
is defined in the following way: For a proper birational morphism p - Y' — Y, let X'
be a normalization of the main component of X Xy Y’ such that the induced morphism

7 : X' — X is proper and birational. Define Bx: by
Kx + Bx: = 7"(Kx + B),

then f' . (X', Bx/) — Y is also a kit-trivial fibration. Thus, let My and By be the

moduli Q-divisor and discriminant Q-divisor of f' : (X', Bx:) — Y’, then we set My =
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My/ and By/ = By/.

Lemma 3.2.4. Let f : (X, B) — Y be a kit trivial fibration between normal varieties. By
restricting f on the preimage of the smooth locus of Y, the pullback of every Weil-divisors
is well-defined. Write B = B" + B' + (B") such that the image of every component of

B! is a prime divisor, and (B")' is exceptional, then f*(By) > B*. In particular,
(1) If B" is effective, then the negative part of f*(By) — B! is f-exceptional;
(2) If B is effective, then so does By .

Proof. Write B! = ZZ ; @ijDij such that each f (D;j) = P, for some prime divisor P, on

Y. Then on the smooth locus of Y, for each P, we have

f*(bp,) Py + Z i Dy < Z Dy,
- -

J

which implies

f*(l — bpk>Pk — Zaijkj Z f*Pk - ZDkJ Z 0
k J

since f*Pp > > ;i Dij. Sum up over every irreducible component of By, we conclude
By =) f{(1—bp)Pi > ayDy =B,
i,J
hence our conclusion follows. [

Now we can state the theorem of Ambro:

Theorem 3.2.5. (cf. [ , Theorem 3.3])Let f : (X, B) — Y be a kit trivial fibration.

If B" is effective, then the moduli-b-divisor M is nef and abundant. In particular, My is

effective.

Proof. We only prove the effectiveness of My since the other parts directly follow the

original theorem of Ambro ([ , Theorem 3.3]). Since the moduli-b-divisor M is
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nef and abundant, there exists a birational morphism y : Y/ — Y such that Y/ is smooth
and My is nef and abundant (hence (Q-effective). Note that in general My may not be
Q-Cartier, but it is Q-Cartier over the smooth locus of Y. Denote the smooth locus of Y by
Yy. Since p1,(My+) = My, over the open dense subset 11~ (Y;) of Y’ we have the equality
w My = My + E+ — E~ for ET, E~ be some effective j-exceptional Q-divisors on Y.
Hence

/.L*MY + E_ Z MY/

is Q-effective over u~1(Yy). Thus, u* My is Q-linear equivalent to a divisor which is
effective outside the exceptional set over 1 (Y;). Therefore, there is a positive integer m
and a rational function g € K(Y) = K(Yy) = K(Y”) such that over the open set = (Yp),
we have

mp* My + div(g o ) = p*(mMy + div(g)) > 0.

This implies on the open set Yy, we have mMy + div(g) > 0. That is, My is Q-effective
over Yy. Since Y is normal, Y — Y| has codimension at least 2, which implies My is

Q-effective over Y. [

3.2.2 The canonical bundle formula of Fujino-Mori

In this subsection, we will give a brief review of the canonical bundle formula derived

by Fujino and Mori (cf.[ .

Theorem 3.2.6. (cf./ , Theorem 4.5]) Let (X, A) be a kit pair, and f : X — Y
be an algebraic fibre space with general fibre F' such that Y is smooth and k(F, (Kx +
A)|r) = 0. Then for sufficiently high smooth projective birational models = : X' — X,

w:Y' =Y of X and Y, we can consider the following commutative diagram

X T35 X

[

y Ly

Let (X', A') be a sub kit pair such that if we write Kx:+D = 1*(Kx +A), then A'— D is

an effective m-exceptional Q-divisor (such A’ exists since (X, A) is kit). Then there exists
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Q-divisors B, L on' Y’ and a Q-divisor R on X' satisfying the following:

(1) Kx' = f*"(Ky,+ B+ L)+ R;
(2) For any non-negative integer n, f.Ox/(|nR*|) = Oy,
(3) R~ is both w-exceptional and f'-exceptional;

(4) B is effective, SuppB is contained in the branch locus of [’, and every coefficients of
B are less than 1. In particular, (Y, B) is kit;

(5) L is nef;

(6) For any non-negative integer n, H(X' n(Kx + A')) = H'(Y' ,n(Ky: + B+ L)).
In particular, k(X', Kx + A') = k(Y', Ky, + B+ L);

Remark 3.2.7. In the proof of [ ], the explicit construction of X’ and Y” is as follows:
At first, let 1 : Y — Y be the log resolution of Br(f), the branch locus of f. Next, for
the construction of X', first we let X be the normalization of the main component of
X xy Y, m: Xo = Xand fy : Xg — Y’ be the induced maps, and X" is the log
resolution of Sing(Xo) U f'~*(Br(f")) U m, *(SuppA).

Remark 3.2.8. In the above formula, assume X is Q-Gorenstein and has at worst canonical

singularities. Then when A = 0, we can also take A" = 0.
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Chapter 4 Positivity of anticanonical
divisors in algebraic fibre

spaces

The main purpose of this section is to study the positivity of the anti-canonical divi-
sors in algebraic fibre spaces. The ingredients of this section have been published as the

article [ ].

The main theorem in this section is the following result, which can be thought of as

an analog of the litaka conjecture of the anti-canonical Iitaka dimension.

Theorem 4.0.1. /cf. Theorem 4.2.1] Let f : X — Y be an algebraic fibre space between
normal projective Q-Gorenstein varieties, and F' be a general fibre of f. Suppose X has
at worst kit singularities, and — K x is effective with stable base locus B(—Kx) which

does not dominate Y. Then we have

KJ(X, —Kx) S li(F, —KF> + I{(Y, —Ky)

Note that there are examples satisfying the strict inequality in Theorem 4.0.1:

Example 4.0.2. Let X be an elliptic K3 surface, that is, X is a K3 surface and there is a
morphism f : X — P! such that general fibres of f are smooth elliptic curves. Then we
have

0=r(X,—Kx) < &(F,—Kp) + s(Y,-Ky) =1,
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which gives an example of strict inequality in Theorem 4.0.1.

A key ingredient of the proof of Theorem 4.0.1 is the following injectivity theorem,

which is a variant of Ejiri-Gongyo’s injectivity theorem (cf. [ , Theorem 4.21):

Theorem 4.0.3. Let (X, A) be a kit pair, and f : X — Y be an algebraic fibre space
such that Y is normal and Q-Gorenstein. Let D a Q-Cartier Q-divisor on 'Y such that
k(Y, =Ky — D) = 0. Suppose that —(Kx + A) — f*D is Q-effective with the stable base
locus B(—(Kx + A) — f*D) that does not surject to Y. Then for a general fibre F of f,

the following morphism between graded ring defined by restriction

P H (X, [m(—(Ex + A) = f*D)]) = D HO(F, [-m(Kx + A)|r))])

m>0 m>0

is injective. In particular, we have (X, —(Kx + A) — f*D) < k(F, —(Kx + A)|p).

The above injectivity theorem implies Theorem 4.0.1 holds under the assumption
k(—Ky) = 0. On the other hand, the proof of the injectivity theorem also deeply relies

on the following effectivity result of anti-canonical divisors.

Theorem 4.0.4 (cf. Theorem 4.2.2). Let (X, A) be a kit pair and f : X — Y be an
algebraic fibre space such that Y is normal and Q-Gorenstein. Let D a Q-Cartier Q-
divisor on'Y. Suppose that —(Kx + A) — f*D is Q-effective with the stable base locus
B(—(Kx + A) — f*D) that does not surject to Y. Then —Ky — D is Q-effective.

The motivation of our investigation traces back to the following question asked by

Demailly-Peternell-Schneider in [ ]:

Question 4.0.5. Let f : X — Y be a surjective morphism between normal projective
Q-Gorenstein varieties. Suppose that — K x is pseudo-effective and the non-nef locus of

— K x does not dominate Y. Is — Ky pseudo-effective?
We recall some previous results about the above question:

e InJ , Main Theorem], Chen and Zhang proved that if there is a Ic pair (X, A)

such that if —(Kx + A) is nef, then — Ky is pseudo-effective. Also, [ , Exam-
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ple 1.5] shows that if the non-log canonical locus of (X, A) surjects onto Y, then

—(Kx + A) being nef does not imply that — Ky is pseudo-effective.

e In| , Theorem D], by using analytic methods, Deng proved that if there is a
log canonical pair (X, A) such that — (K x + A) is pseudo-effective and the non-nef

locus of — (K x + A) does not surject onto Y via f, then — Ky is pseudo-effective.

* InJ , Theorem 3.1], Ejiri and Gongyo generalized Chen and Zhang’s theorem,
by showing that even if (X, A) is not log canonical, as long as (F, A|p) is Ic for
general fibres F', then — Ky is still pseudo-effective. The proof is algebraic and it
can be generalized to the positive characteristic.

Using the method in the proof of , Theorem 3.1], with additional ideas from [ ,
Main Theorem], we can prove Theorem 4.1.1, which generalized [ , Theorem 3.1]
in the case of characteristic zero. Furthermore, Theorem 4.1.1 simplifies in the following

theorem which generalizes [ , Main Theorem].

Theorem 4.0.6. /[cf. Theorem 4.1.1] Let f : X — Y be an algebraic fibre space between

normal projective varieties. Suppose the following conditions hold:

(1) There is a log pair (X, A) which is log canonical;

(2) Y is Q-Gorenstein and there is a Q-Cartier divisor D on'Y such that L -= —(Kx +
A) — f*D is a pseudo-effective Q-Cartier divisor,

(3) The restricted base locus B_(L) does not surject onto Y via f.

Then —Ky — D is pseudo-effective.

Note that our result does not completely cover [ , Theorem D(a)]. The reason is
the equality NNef(—) = B_(—) is only confirmed for varieties X such that there exists a
klt pair (X, A) for some Q-divisor A on X (cf. [ , Conjecture 1.7], [ , Theorem
1.2]). Using this theorem, we can give an algebraic proof of a bigness criterion of anti-

canonical divisor:
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Theorem 4.0.7 (cf. Theorem 4.1.7). Under the same notation and assumption of Theorem

4.0.6. Assume L is big, and one of the following conditions holds:

(1) B, (L) does not dominate Y;

(2) B_(L) does not surject onto Y, and (X, A) is kit.

Then —Ky — D is big.

4.1 Pseudoeffectiveness and bigness of anticanonical di-

visors

In this subsection, we will discuss the pseudoeftectiveness and bigness of anticanon-
ical divisors. At first, we will prove the following theorem, which is a generalization
of [ , Theorem 3.1], and our proof follows the original proof of Ejiri and Gongyo

closely.

Theorem 4.1.1. Let f : X — Y be an algebraic fibre space between normal projective
varieties such that Y is Q-Gorenstein. Let A = AT — A~ be a Q-Weil divisor on X
such that K x + A is Q-Cartier, (F, A*|r) is log canonical for general fibre F of f, and
f(SuppA~) # Y. Suppose that there is a Q-Cartier divisor D on'Y such that L :=
—(Kx + A) — f*D is a pseudo-effective Q-Cartier divisor such that B_(L) does not
surject onto Y via f. Then, for | € N such that [(Kx + A),l[(Ky + D) are Cartier and

[A™ is integral, we have that
Ox(I(f*(-Ky — D)+ A~ + B))

is weakly positive for some effective f-exceptional Q-divisor B. Moreover, if Y has at

worst canonical singularities, then we can take B = (.

In particular, if A is effective, then — Ky — D is pseudo-effective by Lemma 3.1.7(2).
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Proof. The proof is based on the methods in the proof of | , Theorem 3.1], modified
with ideas in [ , Main Theorem]. First, we prove the theorem under the stronger

assumption that f is equi-dimensional. Let

F = Ox(I(f(~Ky — D)+ A7),

and A be an ample divisor on X. Since one can check the weakly positivity over an open
set whose complement has codimension at least 2, it suffices to show that for all n € N,
there is some m € N such that the sheaf (F*"" ® Ox(mlA))|y is weakly positive on

some Zariski open subset U of X with codim(X — U) > 2.

Since L is pseudo-effective, for any n € N, the Q-Cartier divisor G, :== L + %A is
big with B(G,,) C B_(L). Therefore, B(G,,) is a proper Zariski closed subset that does
not dominate Y. Let 7 : X’ — X be a birational morphism such that 7! (SuppB(G,,) U

SuppA) U Exc(r) is a snc divisor. Let [ := fom : X’ — Y and write
KXI —|—A/ = W*(KX +A> +E,

where A’ is the proper transform of A. The effective decomposition yields (A’)* = (A*)
and we can write £ = E™ — E~. Let F be a general fiber of f and F' = 7~ !(F), then
every component of £~ |z has coefficient at most 1 since (F, A|r) is log canonical. Pick
I',, ~g ™G, be a general divisor such that (F', (A"" + T, + E7)|s) is log canonical,
then by Theorem 3.1.5, for k£ > 0, the sheaf

f;OX/(k‘l(KX/ + AT+ I, + E_)) X Oy(—k’le)

is weakly positive on Y. Therefore, for m > 0, we have the following generically sur-
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jective morphisms

F(flOx/(nml(Kx + A" + G+ E7) ® Oy (—nmlKy))
> 1. Oxi(nml(Kx + AT+ G+ E7)) ® f*Oy (—nmlKy)
—m.Ox/(nml(Kx + A"+ G+ E7)) @ f*Oy(—nmlKy)
=m.Ox/(nml(E+ A" — 7" f*D + %W*A + E7)® f*Oy(—nmiKy).

=m.Ox/(nml(ET + A"™ —7*f*D + %W*A)) ® f*Oy(—nmlKy) =: G.

By [ , Theorem 1.7.6], the map f*f.(—) — (—) is generically surjective since on
the open dense subset X — (Supp(A~) U Supp(f*D)), the sheaf

1
1.O0x/(nml(Kx: + AT+ T, + E7)) = m.Ox/(nml(ET + A"~ — 7* f*D + —7* A))
n

is isomorphic to the ample line bundle Ox (mlA), and Supp(A~) U Supp(f*D) does not
dominate Y. As f is equidimensional, there is no f-exceptional divisor, thus G is weakly

positive by Lemma 3.1.7(1) and Lemma 3.1.8.

Let G, := (m.Ox/(nml(A"™ —7* f*D + 17*A)) ® f*Oy(—nmliKy)). Since E* is
effective and m-exceptional, there is a smooth open subvariety U C X with codim(X —
U, X) > 2 such that F, G are locally free on U and G|y = G;|y. Therefore, G; is weakly

positive since codim(X — U, X)) > 2. By the projection formula, we have

Gily (Ox(nml(A™ — f*D + ~ A)) © [*Oy (~nmiKy))lo

12

(Ox(nml(A™ — f*(Ky + D))) ® Ox(mlA))|u

Il

(FE" @ Ox(mlA))|v,

where the last isomorphism is due to |y being a line bundle by our choice of U. (F®""®
Ox(mlA))|y is weakly positive on U. It follows that " @O x (ml A) is weakly positive
on X since codim(X — U, X)) > 2. Lastly, n can be taken to be arbitrarily large, thus F

is weakly positive.
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The proof for the general case follows verbatim to the argument of [ , Theorem
3.1]. By the flattening theorem in [ , 3.3, flattening lemma], there is a smooth bi-
rational modification x4 : Y’ — Y such that let and X’ be the normalization of the main
component of X Xy Y”, then 7 : X’ — X is proper birational and the induced morphism

f'+ X' — Y is equidimensional

X 75 X
b

y Ly

Now we define A’ by
KX/ -+ A/ = 7T*<KX —+ A),

and write A’ = A’" — A’~, then we have
—(Kx + A" —7*f*D = 7*(—(Kx + A) — f*D)

is pseudo-effective with the restricted base locus does not surject onto Y. Therefore,
Ox/(I(f*(=K{ — u*D) + A'")) is weakly positive since f’ is equidimensional. Now
write Ky, = p*Ky + E,and £ = ET — E~, then we have

W (—Ky)+E =Ky + ET > —Ky.

Thus Ox/(I(f*(p*(—Ky) + E- — p*D) + A'7)) is also weakly positive, and so does
Ox((f*(-Ky — D)+ A~ + m.(f*E~))). Now, define B := m,.(f*E~)), then since

f' is equidimensional, we have f,B = u,FE~ = 0. Also, if Y has at worst canonical
singularities, then £~ = (. This completes the proof. [
Using the above theorem, we can generalize Corollary 2.3 in [ ] in the following:

Corollary 4.1.2. Let f : X — Y be an algebraic fibre space between normal projective
varieties such that Y is Q-Gorenstein. Suppose there exists a log pair (X, A) such that

—(Kx+A) is pseudo-effective with the restricted base locus B_(—(K x +A)) not surjects
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onto'Y, and for general fibre I of f, (I, A|r) is log canonical. Then either’Y is uniruled,
or Ky ~q 0. Moreover, in the case Y is not uniruled, if —(Kx + A) is nef, then'Y has at

worst canonical singularities.

Proof. The proof follows from Theorem 4.1.1 by repeating the original proof in [ ,
Corollary 2.3]. Suppose Y is not uniruled, first, we show that Ky is pseudoeffective. Let
i W — Y be any resolution of singularities, then W is also not uniruled. By [ ],
a smooth projective variety is uniruled iff its canonical divisor is not pseudo-effective. So
Ky is pseudo-effective, write Ky = p*Ky + > a; F;, then by Lemma 3.1.7(2), we see
that Ky is pseudo effective. But by Theorem 4.1.1, we have — Ky is pseudo-effective.

Therefore, both Ky and — Ky are pseudo-effective, hence Ky ~q 0.

For the second part, consider the induced dominant rational map ¢ : X --» W. If
—(Kx + A) is nef, then by [ ], we have W has Kodaira dimension zero, so Ky =
Ky + > a;E; is Q-effective. Thus, > a,E; ~g Ky is Q-effective, so a; > 0 for all

and hence Y has at worst canonical singularities. ]

Corollary 4.1.3. Let f : (X,A) — Y be an algebraic fibre space between normal pro-
Jective varieties such that (X, A) is kit and Y is Q-Gorenstein. Suppose furthermore that
—(Kx + A) is pseudo-effective with the non-nef locus NNef(—(Kx + A)) not surject

onto 'Y, then — Ky is pseudo-effective.

Proof. By [ ], if X has at worst klt singularities, then the non-nef locus is equivalent
to the restricted base locus, hence the statement immediately follows from Theorem 4.1.1.

]

Corollary 4.1.4. The following theorems |[. , Theorem 4.2, Proposition 4.4, Corollary
4.5, Corollary 4.7, and Corollary 5.1] still hold under the assumption L is pseudo-effective

with B_(L) not surjects onto Y (instead of being nef).

Proof. Since by Lemma 2.3.4, B_(—) only depends on the numerical equivalence classes
of Q-divisors. So, in all the above-mentioned theorems in [ ], we can replace the

nefness of L in [ ] by the weaker assumption that L is pseudo-effective with B_ (L)
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does not surject onto Y. Then by using Theorem 4.1.1 instead of | , Theorem 3.1], all

the original proof can work under this assumption. Hence the same conclusion holds. [

As a corollary of Theorem 4.1.1, we have a bigness criterion for — Ky — D, whose

statement is very similar to [ , Theorem 3.1], but they cover different cases.

Corollary 4.1.5. Keep the same notation as in Theorem 4.1.1. Suppose there is a big
Q-Cartier divisor H on'Y such that —(Kx + A) — f*(D + H) is pseudo-effective with
B_(—(Kx+A)— f*(D+ H)) does not surject onto Y, then for any Q-Cartier divisor Dy
on'Y, there is a rational number ¢ > 0 such that for sufficiently divisible positive integer
[, the sheaf

Ox(I(f*(=Ky — D —eDy) + A™ + B))

is weakly positive for some effective f-exceptional Q-divisor B. We can take B = 0 if Y

has at worst canonical singularities.

Proof. Since H is big, for 0 < ¢ < 1, H — ¢FE is still big. So we have

—(Kx+A)— f"(D+eb)=(—(Kx+A)—f"(D+H))+ f*(H — k)

is pseudo-effective with B_(—(Kx + A) — f*(D + eF)) doesn’t surject to Y, hence our

result follows from Theorem 4.1.1. O]

Remark 4.1.6. In Corollary 4.1.5, if A > 0, this means for any Q-Cartier divisor D, on
Y, there is a rational number € > 0 such that — Ky — D — €Dy is pseudo-effective, hence

—Ky — D € Int(Eff(Y")) = Big(Y) is big.

As another application of Theorem 4.1.1, we have another bigness criterion of — Ky
in the following. The reader can compare our results with [ , Theorem E] and

[ , Corollary 3.5 and Remark 3.6].

Theorem 4.1.7. Under the same notation and assumption as in Theorem 4.1.1. Suppose

furthermore that L -= —(Kx + A) — f*D is big, and one of the following holds:

(1) B, (L) does not dominateY’;
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(2) B_(L) does not surject onto Y, and (F, A}.) is kit.

Then for any Q-Cartier divisor Dy on Y, there is a rational number € > 0 such that for

sufficiently large and divisible integer l, the sheaf
Ox((f*(~Ky — D — eDg) + A~ + B))

is weakly positive for some effective f-exceptional Q-divisor B. We can take B = 0 if Y

has at worst canonical singularities.

In particular, if A > 0, then — Ky — D is big.

Proof. For case (1), let A be an ample divisor on X such that A — f*D, is ample and
effective. Since B (L) does not surject onto Y, there exists 0 < ¢ < 1suchthat B(L—cA)

does not surject onto Y. We have
B(L—cA)DB(L—cA+e(A— f*Dy)) =B(L—cf*Dy) DB_(L—cf*Dy).

Therefore, B_ (L — ¢ f*Dy) does not surject onto Y. By Theorem 4.1.1, we conclude that
the sheaf Ox(I(f*(—Ky — D — €Dy) + A~ + B)) is weakly positive for sufficiently

divisible integer [ and some effective f-exceptional (Q-divisor B.

For (2), it suffices to show that B_(—(Kx + A’) — f*D — ef*D,) does not surject

over Y for some Q-divisor A’ where (F, A’}) is log canonical.

We consider L,, := L — %f*DO. Note that L is big and hence so is L,, for n > 0.
Let G be an effective Q-divisor such that L,, — G is ample. Since we assume that B_ (L)
does not surject onto Y, it follows that B(L + §A) does not surject onto Y for any § > 0
and ample divisor A. Since pL — + f*Dy +6A — G = (p — 1)L + 6A + L,, — G for any

p € N, we have
1
B(pL — —f"Dy+ 04— G) =B((p — 1)L +0A+ L, — G) C B((p— 1)L + 64)

does not surject onto Y. As a result, neither does B_(pL — £ f*Dy — G) = B_(L,, — %G).
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Now since (F, Af) is klt, by letting A" := A + LG, we have (F, A}) is still kit for
p > 0. Thus,

B (L~ G) = B-(~(Kx + &) = D~ "Dy

does not surject onto Y. By Theorem 4.1.1, there is an effective f-exceptional Q-divisor
B on X such that Ox(I(f*(—(Ky + D) — nipDo) + A~ + B)) is weakly positive for

sufficiently divisible integer /. O]

By the above theorems in this section, we can give more properties of the relative
anti-canonical divisor, generalizing [ , Theorem 3.12], [ , Corollary 3.7], and

[ , Theorem 5.1].

Corollary 4.1.8. Let f : X — Y be an algebraic fibre space between normal projective
varieties such that Y is Q-Gorenstein and is not a point. Let (X, A) be a log pair such

that (F, Ar) is log canonical for general fibres F of f, then:

(1) Let Dy be a pseudo-effective Q-Cartier divisor on 'Y that is not numerically trivial.
Then B_(—(Kx;y + A+ f*Dy)) must surjects onto Y';

(2) B (—(Kx,y + A)) always surjects onto Y. Moreover, if —(Kx y + A) is big, and
(F, Alp) is kit for general fibres F, then B_(—(Kx y + A)) surjects onto Y .

In particular:

(1) If (X, A) is log canonical, then —(Kx v + A) is not ample;

(2) If (X, A) is kit, then —(Kx vy + A) is not nef and big.

Proof. For(1),let D = —Ky + Dy, then since — Ky — D = — Dy is not pseudo-effective,
—(Kx+A)—f*D = —(Kx)y + A+ f*Dy) must not satisfies the condition of Theorem
4.1.1. Hence B_(—(Kx )y + A + f*Dy)) should surject onto Y. For (2), let D = —Ky

in Theorem 4.1.7, then —Ky — D = 0 is not big, so we can get the result by the same
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method. The last statement immediately follows from the fact a divisor A is ample (resp.

nef) if and only if B, (A) (resp. B_(A)) is empty. [

4.2 Effectiveness of anticanonical litaka dimension and

the anticanonical Kodaira dimension

The goal of this subsection is to prove the following inequality about the Kodaira di-
mension of the anticanonical divisor, which can be thought of as the anti-canonical version

of the litaka conjecture.

Theorem 4.2.1. Let f : (X,A) — Y be an algebraic fibre space between normal pro-
Jective varieties such that A is effective, Kx + A is Q-Cartier, and Y is Q-Gorenstein.
Suppose there is a Q-Cartier divisor D on Y such that L := —(Kx + A) — f*D is
Q-effective and B(L) does not dominate Y. Suppose furthermore that (F, Ar) is kit for
general fibres F of f, where A is defined by —(Kr + Ap) = —(Kx + A)|p = Lp.

Then we have

k(X,L) < k(F,Lp)+ r(Y,—Ky — D).

In particular, if X has at worst kit Q-Gorenstein singularities, and — K x is effective

with stable base locus B(— K x ) does not dominate Y, then we have

K(X, —Kx) S KJ(F, —KF) + I{(Y, —Ky)

At first, we need to prove the effectiveness of — Ky — D under this assumption. By
observing Theorem 4.1.1 and Theorem 4.1.7(1), the Q-effectiveness of —Ky — D is an

analogous statement of these two theorems under the assumption that — Ky is Q-effective.

Theorem 4.2.2. Let f : X — Y be an algebraic fibre space between normal projective
varieties such that Y is Q-Gorenstein. Let A = AT — A~ be a Q-divisor on X such that

(Kx +A) is Q-Cartier, f(SuppA~) # Y and (F, A}) is kit for general fibres F of f. Let
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D be a Q-Cartier divisor on'Y such that L := —(Kx + A) — f*D is Q-effective with the
stable base locus B(L) does not dominate 'Y, then we have that f*(— Ky —D)+A~+FEx is
Q-effective for some effective f-exceptional Q-divisor Ex. Moreover, we can take Ex = (

if one of the following assumptions holds:

(1) [ is equidimensional;
(2) A is effective;

(3) Y has at worst canonical singularities.

Proof. The idea is similar to the proof of [ , Theorem 4.1]. At first, we prove that
f : (X,B) — Y is a klt-trivial fibration in the sense of [ ], where B := A + L.
Since L is Q-effective with stable base locus B(L) which does not dominate Y, then up
to Q-linear equivalence, we may assume that Ap + L|p is effective and klt for general
fibres F. Let B := A + L, then by the above discussion, we have Nklt(A™ + L) does not

surject onto Y, so (X, B) is subklt over the generic point of Y.

Let 7 : X’ — X be any birational morphism such that X’ is smooth. By the formula
Ky = m*(Kx+ B)+Ax/,wehave Ay, = —B’'+ F, where B’ is the proper transform of
B on X’ and F is a m-exceptional divisor. Since (X, B) is subklt over the generic point of
Y and B" is effective by our assumption, we have [—B] (resp. [—B’]) has no horizontal
component for f (resp. f o), and the horizontal component of [ E'| for f o 7 is effective.
This implies that f.7,.Ox/(Ax/) is of rank at least 1. Moreover, [Ax/| = [-B' + E| =
[—B’] + [E] is the sum of the vertical divisor [—B’| and the 7-exceptional divisor [ E.
Now we let A be a Cartier divisor on Y such that 7*f*A > [—B’| (such A exists since
[—B’] is vertical for f o ), then by the projection formula and [ , Lemma 7.11 and

7.12], we have

fmOx/(Axr) < fomOxo (7 f*A+ [ET])
= f(Ox(f*A) @ m.0x/([ET]))
>~ f.(Ox(f*A) ® Ox) = Oy (A).
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In particular, f,m.Ox/(Ax/) is of rank 1 for any birational morphism 7 : X’ — X with

X’ smooth, hence f,Ox([A(X, B)]) is of rank 1. Moreover, we have
Kx+B=Kx+A+L~q f*(—D).

Therefore, f : (X,B) — Y is a klt-trivial fibration in the sense of [ ], which is
also equivalent to the lc-trivial fibration in the sense of [ ], so we can apply the

construction of moduli divisor on f': X’ — Y” to get
f'(=D) ~q Kx + B ~q f*(Ky + My + By),

and hence (—Ky — D) ~g My + By.

Thus, to show the Q-effectiveness of f*(— Ky — D)+ A~ + E for some f-exceptional
divisor F, it remains to show that f*(My + By ) + A~ + E is Q-effective. Similar to The-
orem 4.1.1, we first prove the theorem under the assumption that f is equi-dimensional.
Since B" is effective, by Theorem 3.2.5, My is Q-effective over Y. Next, let BV be the
vertical part of B. By the definition of B, we have B + A~ = AT + L is effective.
Hence BY + A~ = (AT 4 L)V is effective since A~ is vertical. Also, by Lemma 3.2.4,
the negative part of f*By — B" is f-exceptional (note that the pullback of Weil divisors
is well-defined for equi-dimensional morphism). Since f is equidimensional, there is no
f-exceptional divisor on X and hence f*By > B". Thus, we have f*(My + By) > B"

since My is an effective Q-divisor, which implies f*(My + By) + A~ > B+ A~ > 0.

The proof for the general case again follows verbatim to the argument of | ,
Theorem 3.1]. By the flattening theorem, there is a normal birational modification y :
Y’ — Y such that let X’ be the normalization of the main component of X xy Y’, then 7 :

X’ — X is proper birational and the induced morphism f' : X’ — Y” is equidimensional.

™

X X X

ol

y' Ly
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Now we define A’ by
KX/ -+ A/ = 7T*<KX + A),

and write A’ = A’ — A’~, then we have

—(Kxr + A" —7*f*D = 7*(—(Kx + A) — f*D)

is effective with the stable base locus not dominant over Y. Therefore, f*(— Ky —pu*D)+
A~ is effective since f’ is equidimensional. Now write Ky = pu*Ky + F, and £ =

E+ — E~, then we have

M*<—KY) + E = —KY/ + E+ Z —Ky/.

Thus f*(u*(—Ky) + E~ — p*D) + A’™ is also Q-effective, and so does

T (" (1 (~Ky) + E- = p'D) + A7) = f*(=Ky = D) + A™ + m.(f*E").

Now, define Ex := m.(f™E~), then since f’ is equidimensional, we have f.(Fx) =
.~ = 0, hence Ex is f-exceptional. Also, if Y has at worst canonical singularities,
then £~ = 0. Finally, if A is effective, then A~ = 0 and hence f*(—Ky — D) is Q-
effective by Lemma 3.1.2. [

Next, we need the following proposition, which is a variant of | , Proposition

4.4].

Proposition 4.2.3. Let [ : X — Y be an algebraic fibre space between normal projective
varieties such that Y is Q-Gorenstein. Let A = AT — A~ be a Q-divisor on X such that
(Kx +A) is Q-Cartier, f(SuppA~) # Y and (F, A}) is kit for general fibres F of f. Let
D and E be Q-Cartier divisors on'Y such that L .= —(Kx + A) — f*D is Q-effective
with the stable base locus B(L) does not dominate Y. Suppose furthermore that there is
an effective Q-divisor I such that L — g*E ~g I' > 0. Moreover, assume one of the

following three conditions holds:
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(1) f is equidimensional;
(2) A is effective;

(3) Y has at worst canonical singularities.

Thenfor (0 < e < 1, f*(—Ky — D —cFE) + A~ is Q-effective.

Proof. The proof follows the argument of [ , Proposition 4.4] closely. We consider
A, = A+ely D,:=D+c¢cFE; L.:=—(Kx+A.) — f"D..

Then L. = L — (' + f*E) ~qg (1 —¢)L. Thus, for ¢ < 1, L. is Q-effective with the
stable base locus B(L.) that does not dominate Y. For 0 < ¢ < 1, (F, (A.)|r) is still klt
for general fibre F'. Therefore, applying Theorem 4.2.2 on L, f*(—Ky — D.) + A_ <
[*(=Ky — D —¢FE) + A~ is Q-effective. O

The next theorem is a variant of Ejiri and Gongyo’s injectivity theorem [ , The-
orem 1.2]. This is an application of Proposition 4.2.3, and plays a key role in the proof of

Theorem 4.2.1.

Theorem 4.2.4. Use the notation and assumption in Proposition 4.2.3. Suppose there ex-
ists a Q-Cartier divisor P on X such that P > A~, f(SuppP) # Y, and k(X f*(—Ky —
D)+ P) = 0. Then for any general fibre F of f, the following morphism between graded

ring defined by restriction

@ H(X, [mL]) - @ HO(F, |mLy])

m>0 m>0
is injective. In particular, this implies k(X, L) < k(F, Lp).

Proof. We closely follow the proof of [ , Theorem 4.2, Corollary 4.7]. Consider the

map between graded rings defined by restriction

@ H (X, [mL]) - @ HO(F, |mLg)).

m>0 m>0
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As in the proof of [ , Corollary 4.7], the kernel of this map are the sections corre-
sponding to the effective divisors N € |mL| such that Supp/N D F. So it suffices to

show that for every effective Q-divisor N ~q L, Supp/N does not contains £'.

Since k(X, f*(—Ky — D) + P) = 0, there is a unique effective Q-Cartier divisor
M ~q f*(—=Ky — D)+ P. Let I’ be anormal irreducible fibre of f such thaty = f(F) is
a smooth point on Y, f is flat over an open dense neighborhood of iy, F'N\ SuppP = (), and
F ¢ SuppM. Now, let 7 : X’ — X (resp. p1: Y' — Y) to be the blow-up of X (resp. Y)
with respect to F' (resp, y). Then as in the proof of [ , Theorem 4.2], since f is flat
over an open neighborhood of i, we have X’ = X xy Y’ by [Sta, Lemma 31.32.3] If Y’
is a curve, then X’ = X, Y’ =Y, and both 7 and y are identity maps). Also, since y is a
smooth point on Y, Y” is still normal, and Q-Gorenstein and X" is still normal since f is
flat with normal fibres over a neighborhood of exceptional locus, where f’ is the induced

morphism f’ : X’ — Y’. Now we have the following commutative diagram:

X T 5 X

-

y' —t sy

Write Ky, = p*Ky + aF, where F is the exceptional divisor of z on Y/, and a =
dimY — 1. Let GG be the exceptional divisor of 7 (where G = F' x F), then by the flatness
over F', we have G = f™*E. Also, since FNSuppA~ = (), we can write —* (K y + A) =
—(Kx 4+ A’) + bG for some b < codim(F, X) — 1 = dimY — 1 = a, where A’ is the

proper transform of A on X’. Let

L':=—(Kx +A")— f*(u*D — aF)
=—(Kx+A") =7 f*D+aG =7"L+ (a —b)G > 7L,
which is also effective with the stable base locus that does not dominate Y.

Now, suppose there exists an effective Q-divisor N ~g L with SuppN D F. Then
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we have Supp(7*N) D SuppG. Now define

N :=m"N+(a—b)G ~gm*L+ (a—b)G =1L

then N’ is effective with Supp/ N’ O SuppG. Therefore, there exists a rational number

0<d<1,suchthat’ := N' — 0G > 0, then

L'—6f*E=L—0G ~y N —6G=T>0.

So we can apply Proposition 4.2.3 on X', Y’ u*D — aE, L', E, and T to conclude that
[*(=Ky — w*D + aF — edF) + A’ is Q-effective for 0 < ¢ < 1, hence f*(— Ky —
p'D+aFE — edFE) + m* P is Q-Cartier and Q-effective. Note that

F*(=Ky, — i*D + oF — eE) + ©*P = *(f*(—Ky — D) + P) — &G.

Therefore, G C Supp(7*M) by the uniqueness of M, thus F' C SuppM, but this is a

contradiction to our choice of F', hence the proof is completed. [

Proof. of Theorem 4.2.1 First, we prove the theorem under the assumption that Y is
smooth. By Theorem 4.2.2, we have — Ky — D is Q-effective, and by Theorem 4.2.4,
we only need to consider the case of (Y, —Ky — D) > 0. Consider the following com-

mutative diagram

y' vy
oo
7 Y.z

Where

(1) g : Y --» Z is the rational map defined by m(—Ky — D) for some sufficiently

divisible m > 0 such that dim(Im(g)) = x(Y, =Ky — D) and Bs(m(—Ky — D)) =
B(—Ky — D).
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(2) ¢’ : Y — Z'is a minimal resolution of Titaka fibration induced by m(—Ky = D).

More precisely, consider the following diagram

Y — Y
| F
7' - Z

Here gy : Yy — Z' is the Iitaka fibration induced by m(— Ky — D). Note that Y is
possibly singular, but by the smoothness of Y, the singularity of Y; must contained in

Exc(po). Now we let i/ : Y — Y[ be a minimal resolution of singularities.

B) p:=pgop : Y =>Yand g :=gyop : Y' --» Z" are the induced maps, note that

p is birational and ¢’ is an algebraic fibre space.

(4) X' is the normalization of the main component of X xy Y’ and 7 : X’ — X and

f'+ X’ = Y” are the induced morphism. Note that we have f'(Exc(mr)) C Exc(u).

(5) Fisa general fibre of f (by the construction of X’ and f’, F' is also a general fibre of
).
(6) G’ is a general fibre of ¢’. Note that G’ is smooth by the smoothness of Y’

(7) W':= f~1(G’) is a general fibre of ¢’ o f’.

Here X’ and f’ are constructed by the following way: Let X, be the main component
of X xy Y’ with projections f, : Xo — Y’ and 7y : Xy — X. Then we have Exc(m) C
fo ' (Exc(u)) and mo(Exc(mo)) C f~1(u(Exc(u))). Since X is normal, Xy — Exc(my) &
X — mo(Exc(mp)) is normal. Hence for the normalization 7’ : X’ — X of X, 7’ is an

isomorphism over Xy — Exc(m). Thus, we have

Exc(m) C @' (Exc(my)) C f'~ (Exc(u)),

where ' = foon’ and 7 := 7y 0 7.
By the easy addition formula [ , Corollary 1.7], we have
k(X' 7" L) < k(W', (7" L)|w+) + dim Z'.
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Since k(X',7*L) = (X, L) and dim Z’ = k(Y, —Ky — D), this implies
KX, L) < k(W' (7*L)|w') + (Y, —Ky — D).

Thus, it remains to show that k(W' (7*L)|w+) < k(F,Lp). To show this, let B :=

W*(KX/Y + A) — KX’/Y’: then

p(—=Ky — D)= =Ky — (0" (Ky + D) — Ky/),

L = —(le + B) - f/*(,u*(Ky + D) — Ky/).
Next, write
Ky/ = ,U*KY —+ ZaiEi7 KX/ = W*(KX -+ A) + Zb]P]a

then B = > a,f*E; — > b;P;. Since A is effective, if b; > 0 then P; must be 7-
exceptional, which implies f'(P;) C Exc(p). Therefore, f/(SuppB~) C Exc(u) and
hence Supp(B~) C f'"'Exc(u). Note that by the construction of the litaka fibration,
we may assume fio(Exc(f)) is contained in B(— Ky — D), which implies Exc(ug) C
11y 'B(—Ky — D). Note that by the smoothness of Y, we have the singularity of Y must

contained in Exc(j), which implies Exc(u') C p/~1(Exc(pp)) and hence
Exc(u) © Bxe(') U '} (Bxclpo)) = = (Exc(uo)) € = (B(— Ky — D).

Thus, for sufficiently divisible m > 0, Supp(p*(m(—Ky — D))) D Exc(u), which
implies

Supp(f"*p*(m(—=Ky — D))) D f~'(Exc(u)) D Supp(B~).

Therefore, Py, := f"u*(mn(—Ky — D)) > B~ for n > 0. Consider the morphism

f'lw : W' — G’, whose general fibre is also a general fibre F' of f by our construction.
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Then we have

k(W' (f* 1 (= Ky — D) + Pop)lwr) = 6(W', f* 1" (= Ky — D)|w)
= k(G ) (=Ky — D)|e)
= K<G07:UJS<_KY - D)|Go) =0,
where the last equality is from the structure of litaka fibration.
Now, consider the morphism f|y+ : W' — G’ and the divisors

— Ko — (W (Ky + D)|ar — Kgr) = p* (= Ky — D)|er,

— (Kw + Bw) — f" (" (Ky + D)|er — Kgr) = (7" L) |wr.

Here By is defined by (Kx/ + B)|ws = Ky + By~. Note that we have

(Kwr + Bw)|r = (Kx' + B)|r
= (7" (Kx + A) — f*(Ky: — W' Ky))|r
= (" (Kx + A))lr
= (Kx +A)|p

:KF+AF7

where the isomorphism follows from the fact that 7 is an isomorphism over general fibres
F. In particular, let By defined by (Ky» + By)|r = Kp+ Bp, then Br = Ap under the
natural isomorphism 7! (F') = F, hence (F, Br) is klt. Hence we can apply Theorem

4.2.4 (since G’ is smooth) to conclude that

k(W' (7" L)|lw) < K(F, —=(Kw' + Bw)|r) = &(F, —(Kx + A)|r) = &(F, Lr).

This completes our proof when Y is smooth.

For the general case, consider the following diagram
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™

X - X

-

y' sy

Here, Y is a resolution of singularities of Y, and X" is a normalization of the main compo-
nent of X Xy Y”. Similar to the above argument, we may assume f’(Exc(m)) C Exc(u).
Nowwelet L = —(Kx+A)— f*D,and write 7*L = —(Kx/+A")+ Et —E~— f*u*D,
where A’ is the proper transform of A on X', and we can Ky, + A’ = 7*(Kx + A) +
E* — E~ for some effective m-exceptional Q-divisors. Note that by the construction of
X', both E* and E~ are vertical with f(SuppE™), f(SuppE~) C Exc(u), hence there
exists an effective p-exceptional divisor N on Y’ such that f*N > Et > Et — E~.

Now, since the theorem holds if the base is smooth, we have
k(L) < k(—(Kxr+ A" = f*u* D+ f*N) < k(—(Kr + Ap)) + k(—Ky — p*D + N).

Note that —(Kx/ + A') — f*u*D+ f*N = n*L+ (f*N — (ET — E7)) is still effective
with the stable base locus does not dominant Y”. Now, we write Ky = p*Ky + Bt — B~

for some p-exceptional divisors B, B~. Then we have

k(—Kyr — p*D + N) = k(" (=Ky — D)+ N + B~ — BY)

<k(p(=Ky —D)+ N+ B") =r(p(—Ky — D))

since N and B are u-exceptional, hence the result holds for general case. U

The following corollaries directly follow from Theorem 4.2.1:

Corollary 4.2.5. Let (X, A) be a log pair on X and f : X — Y be an algebraic fibre
space between normal projective varieties. Suppose Y is Q-Gorenstein and (F, Ar) is kit

for general fibres F'. Then:

(1) Let D be a Q-Cartier divisor on X such that —(Kx + A) — f*D is Q-effective and
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the stable base locus B(—(Kx + A) — f*D) does not dominate Y, then

dimY — (Y, —Ky — D) <dim X — s(X, —(Kx + A) — f*D).

(2) Suppose —(Kx vy + A) is Q-effective with B(—(Kx vy + A)) that does not dominate

Y, then for any effective Q-Cartier divisor Dy on'Y, we have

R(X, —(Kx/y + A) + f*Do) S K(F, —(KF -+ AF)) + H(Y, Do)

Remark 4.2.6. There is another way to prove Theorem 4.2.1: First, we prove the theorem
under the assumption f is equidimensional. Under this assumption, f’ is also equidimen-
sional, hence so does W’ — G’. Therefore, we can prove the inequality holds for equidi-
mensional morphism by the same steps of the above proof. Then for the general case, we
can let X’ — Y’ be the normalization of the flattening f, and use the same argument to

prove the inequality holds for f by the fact the inequality holds for f’.

Remark 4.2.7. In a collaborative work with Marta Benozzo and Iacopo Brivio, we also
proved there is a positive characteristic version of Theorem 4.2.1 (cf. [ ]). Before
the collaborative work started, in [ ] M. Benozzo had already proved the positive

characteristic version of this inequality holds if either dim X < 3, ordimY = 1.

At the end of this subsection, we give two examples to show both the assumption on

stable base locus and the kit assumption are needed.

Example 4.2.8. LetY be a smooth curve with genus g > 2, and consider the ruled surface
X =Py (0O80O(—Ky—D)), where D is an ample divisoron Y withdeg D = d > 2¢g—2.
Then Ky = —2Cy — f*D, where f is the structure morphism f : X — Y and Cj, is the
distinguished section. Note that — Ky > f*D+Cy > Oand (f*D+Cy)? = d+2—2g > 0,
which implies — K x is big, but — Ky is anti-ample. Hence the conclusions of the above
theorems fail. Note that in this case, we have B_(—Kx) = B(—Kx) = B.(—Kx) =

SuppC)y, which is surject onto Y.

Example 4.2.9. Let C be an elliptic curve, d be a divisor on C' with degd > 0, X :=
Po(Oc ® Oc(—d)) and 7 : X — C be the structure map. Let A = Cy, where C is the
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distinguish section of X. Then we have —(Kx + A) = Cy + dF, where F'is the general

fibre of 7. In this case, (X, A) is lc but not klt, and we have
2=r(X,—(Kx+A)) >k(F,—(Kx 4+ A)|r) +&(C,—K¢) = 1.

Note that we can prove B(— (K x + A)) does not dominant C' in the following way: Sup-
pose B(—(Kx + A)) dominate C, then we must have B(—(Kx + A)) D Cj, and hence
Bs(—(Kx + A)) D Cy. Note that —(Kx + A) — Cy = dF. This implies

(X, —(Kx +A)) =h(X,—(Kx +A) — Cy) = h°(X,dF) = h°(C,d) = degd.

Also, by the Riemann-Roch theorem, we have h°(dF) — h'(dF)+ h?(dF) = degd. Since
h*(dF) = h°(Kx — dF) = 0, which implies h'(dF) = 0. Consider the exact sequence

0= Ox(dF) = Ox(—(Kx +A)) = Oc¢,(—(Kx + A)|c,) — 0,

the facts h'(dF) = 0 and h°(X, —(Kx + A)) = h%(X,dF) implies h°(Cy, —(Kx +
A)|c,) = 0. However, —(Kx + A)|¢, = (Co + dF)|c, = 0 since Cyle, = —dF |y,
which implies h°(Cy, —(Kx + A)|¢,) = h(C,0) = 1, a contradiction. Note that in this
example, — Ky is effective, and —(Kx + A) — tF is also effective for 0 < ¢ < 1, but
— Ky — ¢P is not Q-effective for any ¢ > 0 and any closed point P € C', which shows
both Proposition 4.2.3 and Theorem 4.2.4 fails for Ic pairs. At this moment, we do not

know whether Theorem 4.2.2 holds for Ic pair or not.

4.3 Generalization to rational maps.

Comparing [ , Section 4 and Section 5] to Theorem 4.2.1, it seems natural to
ask whether Theorem 4.2.1 holds if f is an almost holomorphic fibration. Unfortunately,
we have the following counterexample:

Example 43.1. Let X := P? x P!, and p; : X — P? be the first projection. Then let

1Y — P2 be the blow-up of 13 general points P, ..., P53 on P2, and denote F, ..., E3
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be the corresponding exceptional divisors. Then we have E? = —1 and (E;.F;) = 0 if
i # j. Since 14 general points define a quartic plane curve, for a general point P on P2,
there is a quartic Cy passing P and all P; with multiplicity 1. Now, let C' be the proper
transform of Cyy on Y. Then we have (C.E;) = 1 for all 4, and

(-Ky.C) = (—7"Kp = Y _E.7*Co— Y _E;) = —1.

Therefore, — Ky is not almost nef, hence not pseudo-effective by [ , Proposition
4.2 and 4.5]. Let f : X --» Y be the induced rational map, which is almost holomorphic
since the fibre is well-defined and closed over Y — Exc(u). Then —Kx is ample, but

— Ky is not effective, hence the inequality in Theorem 4.2.1 does not hold for the map f.

This example also shows that the last assertion of Theorem 4.1.1, Theorem 4.1.7, and
Theorem 4.2.2 can not be generalized to the situation that f is only an almost holomorphic
fibration even if D = 0. However, by Lemma 3.1.7, we have the following result, which

is a generalization of [ , Lemma 4.1]:

Proposition 4.3.2. Let f : X --» Y be a birational map between normal projective va-
rieties. Let Xy, Yy be the maximal open sets of X,Y such that f|x, : Xo — Yy is a mor-
phism. Let A be a Q-divisor such that both K x +A and Ky + f.A are Q-Cartier. Suppose
that +(Kx + A) is pseudo-effective (resp. effective, big), and Y — Yy has codimension
at least 2, then +(Ky + f.A) is pseudo-effective (vesp. effective, big). In particular, this

result holds if f is either a divisorial contraction or a (K x + A)-flip.

Proof. We work on the case of anti-canonical divisors, and the case of canonical divisors
can be derived in the same way. Let g : W — Y be a resolution of indeterminacy of f

such that W is normal and denote 7 : W — X be the corresponding birational morphism.

Suppose that — (K x + A) is pseudo-effective, then we write
KW +AW = W*(KX +A) + Ex,

where Ay is the proper transform of A on W, and Ex is m-exceptional. Then we have
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- (Kx + A) = —Kw — Aw + Ex is pseudo-effective. Next, let (f.A)y be the
proper transform of f,A on . Then there is a g-exceptional divisor Fy such that Ky, +

(f:D)w = g*(Ky + f.A) + Ey. Therefore,

—9"(Ky + f.A) = (—Kw — Aw + Ex) + (Aw — (fud)w) + By — Ex.

Note that (Ay — (f.A)w) is g-exceptional, and since Y — Y{ has codimension at least 2,
every m-exceptional divisor is g-exceptional. So —¢*(Ky + f.A) = (—Kw — Aw + Ex)
+ (g-exceptional divisors). Hence by Lemma 3.1.7(2), —(Ky + f.A) is pseudo-effective.

Suppose now that — (K x +A) is effective. Given a birational morphism 7 : X’ — X,
if 7 D is effective outside the exceptional locus, then D is effective itself. Thus, under the
assumption that —(Kx + A) is effective, we can use the same argument of the pseudo-
effective case to show that —(Ky + f.A) is effective, by using this fact where we use

Lemma 3.1.7 in the pseudo-effective case.

Suppose now that —(K x +A) is big. Since Y — Y} has codimension at least 2, for any
Q-divisor G on Y/, there is a Q-divisor G’ on X such that /.G’ = G. Since —(Kx + A)
is big, we have —(Kx + A + G’) is pseudo-effective for ¢ sufficiently small. Thus,
replacing A by A + G, the pseudo-effective case implies —(Ky + fo(A + eG’)) =
—(Ky + f«A) — G is pseudo-effective. Since G is arbitrary, this implies —(Ky + f.A)
is big. [

By the above proposition, it is natural to ask whether we can generalize Theorem
4.1.1, Theorem 4.1.7, and Theorem 4.2.2 to almost holomorphic fibration with Y — Y{, has
codimension at least 2. To answer this question, first, we define the pullback of divisors

under rational maps:

Definition 4.3.3. (¢f. /. , Definition 1.2]) Let f : X --+ Y be a rational map.
Then for a (Q-)divisor D on'Y, we can define the pullback f* D in the following way: Let
7 X' — X be aresolution of indeterminacy on f, and f' : X' — Y be the corresponding
resolution. Then we define f*D := 7, f™*D. Note that this definition does not depend on

the choice of resolution because the push-forward of exceptional divisors is zero.
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Now we have the following generalization:

Proposition 4.3.4. Let [ : X --+ Y be an almost holomorphic fibration between normal
projective varieties, with Xy, Yy be the maximal open subsets of X and Y such that f|x, :
Xo — Yy is a morphism. Suppose that Y — Y, has codimension at least 2, then the
conclusions of Theorem 4.1.1, 4.1.7, and 4.2.2 still hold by replacing the assumption on
B_(L) (resp. B, (L), B(L)) with the one that B_(L) N X (resp. B, (L) N X, B(L)NXy)

does not surject onto Y.

Proof. Let m : X’ — X be a resolution of indeterminacy, f' : X’ — Y be the corre-
sponding resolution. We can write —(Kx: + A') — f*D = n*L + E* — E~ for some
effective m-exceptional divisor E*, E~, where A’ is the proper transform of A on X',
Since f is almost holomorphic, we may assume f'(Exc(m)) C Y — Y. In particular,

every m-exceptional divisors are f’-exceptional.

Now, suppose L is pseudo-effective and (B_(L) N Xj) does not surject onto Yj.
Then B_(—(Kx + A’ + ET — E7) — f*D) = B_(n*L) is not surject onto Y since
B_(7*L) C #'(B_(L)). Indeed, let H be an ample Cartier divisor on X and A be an
ample Cartier divisor on X’ such that A — 7*H is also ample. Then forany 0 < ¢ < 1,

we have

B(m"L+¢cA)=B(r"(L+cH)+ec(A—7"H))

CB(r*(L+eH)) Ccn Y (B(L+eH)) Cm ' (B_(L)).

Hence B_(7*L) C 7' (B_(L)) follows from the definition of B_(—). Since f(SuppFE) #
Y, we can apply Theorem 4.1.1 to conclude that for sufficiently divisible positive inte-
ger [, Ox:/(I(f*(—Ky — D) + A'"™ + E~ + B)) is weakly positive for some effective
f'-exceptional divisor B, hence so is Ox(I(f*(—Ky — D) + A~ 4+ 7.B)). In particu-
lar, since E~ is also f’-exceptional, by the weakly positivity of Ox. (I(f*(—Ky — D) +
A'" + E~ + B)) and Lemma 3.1.7(2), we conclude that if A is effective, then — Ky — D
is pseudo-eftective, which generalizes Theorem 4.1.1 (and hence Theorem 4.1.7). Using

a similar method, and applying Lemma 3.1.2, we can also generalize Theorem 4.2.2. [

63 doi:10.6342/NTU202401804


http://dx.doi.org/10.6342/NTU202401804

Remark 4.3.5. The above proof shows that even if we only assume f is almost holomorphic,
Ox(I(f*(—Ky — D)+ A~ +m.B)) is still weakly positive. But without the assumption of
Y — Yy having codimension at least 2, then the pseudo-effectiveness (resp. effectiveness,
bigness) of Ox (I(f*(—Ky — D) + m.B)) and Ox. (I(f*(— Ky — D) + E= + B)) is not
enough to imply the pseudo-effectiveness (resp. effectiveness, bigness) of —Ky — D even
if A is effective. However, if f is only a rational map, then Supp(E~) may map onto 'Y
and hence the weak positivity of Ox (I(f*(—Ky — D) + A~ + 7. B)) may not be true.

Proposition 4.3.6. The inequality of Theorem 4.2.1 holds if [ is an almost holomorphic

fibration with' Y — Yy has codimension at least 2.

Proof. The proofis similar to the argument generalizing Theorem 4.2.1 from smooth cases

to the general case. Consider the following diagram

X T35 X

lf’ if
y Ly

Here, Y is log resolution of (Y, Y — Yj), and X' is a normalization of the resolution
of indeterminacy of X — Y’. We may assume for the induced morphisms 7w : X' — X
and f' : X’ — Y’, Exc(m) is purely codimension 1 and f’(Exc(m)) C Exc(u). Now we
let L=—(Kx+A)— f*D,andwrite 7*L = —(Kx +A")+ E* — E~ — f"u*D, where
Kx + A" =71*(Kx + A) + Et — E~. Note that both E* and E~ are vertical and there
exists an effective p-exceptional divisor N on Y such that f*N > E* > E* — E~ by
the construction of X’. Now, since the theorem holds if f is an algebraic fibre space, we

have
R(L) < W(—(Kxr + A) = [/ D+ f*N) < s(~(Kp + Ap)) + #(=Kys — "D+ N).

Note that —(Kx/ + A') — f*u*D + f*N = *L + (f*N — (ET — E7)) is still effective

with the stable base locus does not dominant Y. Now, we write Ky = u*Ky + Bt — B~
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for some p-exceptional divisors B, B~. Then we have

k(—Kyr — p*D + N) = k(" (—=Ky — D)+ N + B~ — BY)

<k(p(—=Ky — D)+ N+ B") =r(p(—Ky — D))

since N and B are u-exceptional, hence the proof completes. O
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Chapter S The litaka Conjecture and
the Generalized

Nonvanishing Conjecture

The main purpose of this section is to discuss the Generalized Nonvanishing Conjec-

ture and the litaka Conjecture. The ingredients of this section have been published as the

preprint [ ].

Given an algebraic fibre space f : X — Y between (smooth) projective varieties
over a field with characteristic 0. An important question in birational geometry is how
to compare birational invariants of X, Y, and the general fibre F' of f. One of the most
important birational invariants is the Kodaira dimension, which is the litaka dimension
of the canonical divisor. For this question, a well-known classical conjecture, called the

Iitaka Conjecture is stated as the following:

Conjecture 5.0.1 (Iitaka Conjecture). Let f : X — Y be an algebraic fibre space between

smooth projective varieties, and F' be a very general fibre of f.

(1) (Chm) Ifdim X = nand dimY = m, then we have

K(X) > k(F) + k(Y);

67 doi:10.6342/NTU202401804


http://dx.doi.org/10.6342/NTU202401804

2) (C,) Ifdim X =n, dimY =m, and k(X) > 0, then we have

K(X) > k(F) 4+ k(Y).

Obviously, C, is a weaker version of C,, ,,,. Although C, ,,, is still an open problem

in general, there are many special cases have been proven:

dimY < 2([ 11 Ds

dim X <6 ([ Ds

* Y is of general type ([ , Theorem 1.7], [ , Corollary IV]);

» F'is of general type ([ , Corollary 4.3.5]);

* F' has a good minimal model ([ 1, [ D). In particular, if dm F' < 3
( D;

* Y has maximal Albanese dimension ([ 1, [ D;

» f is a smooth fibration, and F' is either a curve or of general type ([ D.

Note that the case Y has maximal Albanese dimension recovered the case dimY = 1
since every smooth projective curve with non-negative Kodaira dimension has maximal
Albanese dimension (cf. [ , Section 4.5.1]). Moreover, as Birkar mentioned in
[ ], the following conjecture, called the Ueno conjecture, is closely related to the

Iitaka conjecture.

Conjecture 5.0.2 (Ueno Conjecture). Let X be a smooth projective variety with k(X ) =
0, and o : X — A be the Albanese map of X (which is an algebraic fibre space by
/[ /). Then we have:

(1) k(F) = 0 for the general fibre F of f;

(2) There is an étale cover A" — A such that X x o A’ is birational to F' x A’ over A.
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It is obvious that the work of [ ]and [ ] implies that the first part of the

Ueno conjecture is true.

The goal of this section is to prove some special cases of litaka Conjecture. In par-
ticular, if the source space is seven-dimensional. We will prove our result by following
the idea in the proof of | ] with some modifications. The main ingredient of our

modification are the following conjectures introduced by Lazi¢ and Peternell in | ]:

Conjecture 5.0.3 (Generalized Nonvanishing Conjecture). Let (X, A) be a kit pair of a
normal projective variety X such that Kx + A is pseudo-effective. Let L be a nef Q-
divisor on X. Then for every t > 0, the numerical class of the divisor Kx + A + tL
belongs to the effective cone, that is, there exists an effective Q-Cartier divisor D such

thath+A+tLED.

Conjecture 5.0.4 (Generalized Abundance Conjecture). Let (X, A) be a kit pair of a
normal projective variety X such that K x + A is pseudo-effective. Let L be a nef Cartier
divisor on X such that Kx + A + L is nef. Then there is a semiample Q-Cartier divisor

divisor M satisfying Kx + A+ L = M.

In| , Corollary C and D], Lazi¢ and Peternell proved these two conjectures hold
ifeither dim X < 2, ordim X = 3 with v(Kx+A) > 1. On the other hand, in 2022, there

is another more strong version of the Generalized Abundance Conjecture (cf. [ D.

Conjecture 5.0.5 (Stronger version of Generalized Nonvanishing Conjecture). Let (X, A)
be a log canonical pair of a normal projective variety X. Let L be a nef Q-divisor on X,
and t be a non-negative rational number. If Kx + A + tL is pseudoeffective, then the
numerical class of the divisor Kx + A + tL belongs to the effective cone, that is, there

exists an effective Q-Cartier divisor D such that Kx + A +tL = D.

For the surface case, this stronger version is proved by Han-Liu in [ ]. After
the work of Han-Liu, this stronger version is formulated by Lazi¢-Matsumura-Peternell-
Tsakanikas-Xie in [ ], and in this article, they proved in dimension 3, when L =
—(Kx + A) is nef, the stronger version is true if either X is Q-factorial, or X has rational

singularities.
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In the following of this thesis, we focus on the original version of the Generalized

Nonvanishing Conjecture, that is, in the case (X, A) iskltand K x + A is pseudo-effective.

5.1 The Generalized Nonvanishing Conjecture in dimen-

sion 3

In this section, we will discuss Conjecture 5.0.3, the original version of the General-

ized Nonvanishing Conjecture. Here we will use the following notations:

* The Generalized Non-vanishing conjecture in dimension d by Ny;

* The Generalized Non-vanishing conjecture in dimension d with k(X, Kx +A) = k

by Nax;

¢ The Generalized Non-vanishing conjecture in dimension d with x(X, Kx +A) = k

and Q(X) =q by Nd,k,q;

* The Generalized Non-vanishing conjecture in dimension d with k(X, Kx+A) = k,

q(X) = ¢, and nef divisor L with nef dimension n by Ny 4 n-

We will prove the following special cases of the Generalized Nonvanishing Conjec-

ture:

Theorem 5.1.1. We have the following:

(1) Ngjg1istrueif'k > 0;
(2) Ngjgz2istrueifk > 0andd <5;
(3) N3jq3istrueifq > 0;

(4) Nao,gnistrueifn=dandq>d— 2.
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In particular, by (1)-(3) and [ , Corollary D], the Generalized Nonvanishing Conjec-
ture for a three dimensional kit pair (X, A) is true unless k(K x + A) = v(Kx +4A) =0,
n(L) =3, and ¢(X) = 0.

At first, we study the Generalized Nonvanishing Conjecture for nef divisors has nef
dimension 1. By [ , Proposition 2.11], a nef divisor L on a smooth projective
variety X with n(L) = 1 is numerically equivalent to a semiample divisor. Here we
generalize this result to varieties that have rational singularities, by using the ideas of

birational descent trick of nef divisor in [ ].

Lemma 5.1.2. Let X be a normal projective variety such that X has rational singularities,
and L be a nef Q-Cartier divisor on X. If n(L) < 1, then L is numerically equivalent to

a semiample Q-divisor on X.

Proof. By replacing X and L with a resolution ¢ : X’ — X and ¢* L, we may assume X
is smooth in the following way: Since fo¢ is also a nef reduction map of ¢* L, where f isa
nef reduction map of L, and by [ , Lemma 2.14], if ¢* L is numerically equivalent to a
semiample Q-divisor, then L is numerically equivalent to a semiample QQ-Cartier divisor.
Hence it suffices to prove this theorem in the case X is smooth. Moreover, by replacing

L with m L for some positive integer m, we may assume L is Cartier.

Now, if n(L) = 0 then L = 0, and hence the result is trivial. If n(L) = 1, let
f + X --» Y be a nef reduction map of L with general fiber F' such that Y is smooth.
Then we have L|p = 0. Let my : Xy — X be a resolution of indeterminacy of f with

Xy smooth, and let f; : Xy — Y be the induced map. Since the nef reduction is almost

holomorphic, F' is still a general fiber of f,. Therefore, by [ , Lemma 3.1], there is a
diagram
X X "X, s X
lf ' lfo
Y —ts Y

such that 7/ 7" and y are birational, Y” is smooth, X is the normalization of the main

component of Xy xy Y’, X’ is a resolution of singularities of X , and there is a (Q-divisor
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D" on Y’ such that f*D" = n™r}L (in fact, since dimY = 1, Y’ = Y and p is the
identity map). Let [/ := ffon” : X' = Y and 7" := 7" o7’ : X' — X, we still
have f"* D' = 7" n"*r{ L. Therefore, by [ , Lemma 2.14], to show L is numerically
equivalent to a semiample Q-divisor, it suffices to show that D’ is numerical equivalent to
a semiample Q-divisor. Note that dim(Y”’) = n(L) = 1. Thus, any numerically non-trivial

nef divisor on Y is ample. Hence D’ is ample and we are done. [

Corollary 5.1.3. Ny, o1 is true if k > 0.

Proof. By |[ , Thoerem 5.22], if (X, A) is a klt pair, then X has rational singularities.

Hence this result immediately follows from Lemma 5.1.2. [

Using the similar idea of the above proof, with Ambro’s classification of nef divisor
on smooth projective surfaces with maximal nef dimension([ , Theorem 0.3]), and
Hashizume’s theorem for a generalization of litaka Conjecture under the assumption that
general fibres have abundant canonical divisor ([ , Theorem 1.4]), we can prove

Naj,q21s trueif d < 5:

Lemma 5.1.4. Let (X, A) be a kit pair of normal projective variety. Let L be a nef Q-
Cartier divisor on X withn(L) < 2and f : X --+Y be a nef reduction map with respect
to L with general fiber F'. Assume dim F' < 3. Let Ap be the Q-divisor on F defined
by (Kx + A)|p = Kp + Ap. Suppose that k(F, Kp + Ar) > 0, then Kx + A +tL is
numerically equivalent to an effective Q-divisor for t > 0. In particular, if c(Kx +A) >

0, then for everyt > 0 Kx + A + tL numerically equivalent to an effective Q-divisor

Proof. This statement is trivial if n(L) = 0, so we may assume n(L) > 1. As in the proof

of Lemma 5.1.2, we may assume L is Cartier and there is a diagram

X T 5 X

I
Y/

such that X’ is and Y’ are smooth, 7 is birational, f’ is an algebraic fiber space with general

fibers whose general fibers F” is birational to F', and there is a Q-divisor D’ on Y such that
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f* D' = 7* L. Moreover, by replacing X’ with a log resolution of Exc(7)Ur ™! (Supp(A)),
we may assume Supp(A’) U Exc(r) is simple normal crossing, where A’ be the proper

transform of A on X".

Note that D’ is nef with n(D’) = n(L) = n(7*L) < 2. Now, we write

Kx + A +FE =7"(Kx +A)+ ET,

where both £, £~ are effective m-exceptional Q-divisors such that Supp £+ and SuppE~
has no common components. Note that (X', A’+ E~) is kit since A’+ E~ has snc support
and every coefficient of A’ + E~ is less than 1 (because we had assume (X, A) is klt).

Moreover, since dim F' < 3 and

(KX/ +A/+E7)’F/ == (ﬂ'*(KX +A)—|—E+)|F1 :7T*<KF+AF) +E+’F1

has non-negative Kodaira dimension, (Kx: + A’ + E~)|p is abundant. Therefore, by

[ , Theorem 1.4], for any Q-effective Q-Cartier divisor M on Y’, we have

k(X' Kxi+A'+E~—f"Kyi+f*"M) > k(F',(Kx+A'+E7)|p))+6(Y', M) > s(Y', M).

Now, we consider the question case by case on n(L) = dimY”. Inthe case n(L) = 1,

Y” is a curve and hence D’ is ample. This shows that for ¢ > 0

R(X,, KX/ =+ A/ + B — f,*Ky/ + f,*(Ky/ + tD,)) 2 H(Y’, Ky/ + tD,) =1.

Therefore, Kx» + A’ + E~ + tn* L is numerically equivalent to the Q-effective divisor
Kx + A"+ E- — f*Ky + f"(Ky: + tD’). Note that we have

Ky + A+ FE +tr'L+ By =7*(Kx + A+tL)+ E,

for some 7-exceptional effective Q-divisors £ and Es. This implies 7*(Kx + A+tL) +

E, + Lj is effective for some numerically trivial Q-Cartier Q-divisor Lj. By [ ,
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Theorem 5.22], both X and X" has rational singularities, hence there exists a numerically
trivial Q-Cartier Q-divisor Lo on X such that 7* Ly = Lj. This means 7*(Kx + A+tL+

Lo) + E, is effective, which implies Kx + A + tL + Ly is effective, hence we are done.

In the case n(L) = 2, since Y’ is smooth and dimY’ = n(D’) = 2, by [ ,

Theorem 0.3], there are three possible cases:
(1) D' itselfis big (hence Ky + tD' is big for t > 0);

(2) D’ is not big, but Ky + tD’ is big for all t > 2;

(3) there is a birational morphism x : Y — Yj between smooth projective surfaces such
that sD" = p*(—Ky,) for some positive rational number s, and D’ is algebraically

equivalent (hence numerically equivalent) to an effective Q-divisor D..

Now, in the first two cases, Ky + tD’ is big for t > 0, hence we have

/Q(X/, KX/ + A’ R — f/*Ky/ + f/*(Ky/ + tD/)) > K(Y’, Ky/ + tD/) = 2.

Therefore, Kx. + A’ + E~ + t7* L is numerically equivalent to the Q-effective divisor
Ky +AN +FE — f,*Ky/ + f/*<Ky/ + tD/> =Ky +AN +E + tf,*D/. Hence by the
same argument of above, we have Ky + A + ¢ L is numerically equivalent to an effective

Q-divisor.

In the last case, we have Ky + (—7*Ky,) = G is effective because Yj is smooth.

Moreover, we have

G + (t — 8)1)6 = Ky/ + <_7T*KY0) + (t — S)De = Ky/ + tD/.

Note that M := G + (t — s)D, = Ky~ is effective if ¢ > 0. Thus, by [ , Theorem

1.4] again, we have

IQ(X/,KX/ + A, + E — f/*Ky/ + f/*M) Z K(Y’,M) Z 0.

Since f*M = f*(Ky +tD") = f*Ky, +tr*L, Kx + A’ + E~ + tr* L is numerically
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equivalent to the effective Q-divisor Kx/ + A’ + E~ — f™* Ky + f™* M, hence by the same

argument of above, Kx + A + tL is numerically equivalent to an effective Q-divisor.

For the last statement, if ¢ = 0 then the statement is trivial. If ¢ > 0, then pick

s>t > 0, we have

t
KX+A+15L:g((i—l)(KX—i—A)—l—KX—i—A—i—sL).

Since Ky + A is Q-effective and K x + A + sL is numerically equivalent to an effective

divisor for t > 0, hence we are done. O

The following corollary is directly follows from Lemma 5.1.4.

Corollary 5.1.5. Let (X, A) be a kit pair of normal projective variety such that Kx + A

is pseudoeffective, and L be a nef Cartier divisor on X.

(1) If dim = 3 and 0 < n(L) < 2, then for everyt > 0, Kx + A + L is numerically

equivalent to an effective Q-divisor,

(2) Ifdim = 4 and 1 < n(L) < 2, then fort > 0, Kx + A+tL is numerically equivalent

to an effective Q-divisor;

(3) Ifdim=4,1<n(L) <2 and k(Kx + A) > 0, then for everyt > 0, Kx + A+ tL

is numerically equivalent to an effective Q-divisor;,

(4) If dim =5 and n(L) = 2, then fort > 0, Kx + A + tL is numerically equivalent to

an effective Q-divisor;,

(5) If dim = 5,n(L) = 2, and K(Kx + A) > 0, then for everyt > 0, Kx + A +tL is

numerically equivalent to an effective Q-divisor.

Remark 5.1.6. Our proof of Lemma 5.1.4 is different from the proofiin [ ], although
our proofis also obtained by the nefreduction. The difference is as the following: the proof
in [ ] is using the nef reduction of Kx + B + L, which implies (Kx + B)|r =

0 = L|g if F is a general fibre of the nef reduction. Hence it can be shown that a good
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birational modification of the nef reduction with respect to Ky + B + L is a klt-trivial
fibration. Therefore, by using the theory of klt-trivial fibration and Zariski decomposition,
one can deduce Ky + B+ L is numerically equivalent to a semiample Q-divisor. However,
in our proof K x + B+ L may not be nef and we are using the nef reduction of L, hence we
can not control the restriction of Ky + B on the general fibre F', except we know Kx + B
is Q-effective if dim /' < 3 by the usual Abundance conjecture in dimension 3. Also,
although by [ , Theorem 4.1], one can take a birational modification 7 : X --+ X’ to
make Ky + m,A + tm, L being nef for £ > 0, but in this case, we can not control the nef

dimension of Kx/ + m, A + ¢m. L.

In the following, we will prove the Generalized Nonvanishing Conjecture holds for
nef divisor with maximal nef dimension if the relative dimension of the Albanese map is
at most 2 over its image. In particular, if dim X = 3 with ¢ > 0. Before we start the proof,

we need some lemmas obtained by standard methods in the minimal model program.

Lemma 5.1.7. Let (X, A) be a kit pair of normal projective variety, f : X' — X be a log
resolution of (X, A), and A be the proper transform of A on X'. Write

Kx+ AN +FE = f(Kx+A)+E"

for some f-exceptional effective Q-divisors E+, E~ such that SuppE™ and SuppE~ has
no common components. Let L be a Q-Cartier divisor on X. Suppose K x+A'+E~+ f*L
is Q-effective (resp. numerically equivalent to an effective Q-divisor), then Kx + A + L
is Q-effective (resp. numerically equivalent to an effective Q-divisor). In particular, since
(X', A"+ E7) is a smooth kit pair with k(Kx + A" + E7) = k(Kx + A), to prove
N j.q.n it suffices to show Nyy, o holds for smooth pair (X, A).

Proof. We have

Kx+AN+E +fL=f(Kx+A+L)+E".

IfFKxy+A'+E 4+ f*L=f*(Kx+A+L)+ E" is Q-effective, then Kx + A+ L is also

Q-effective since ET is f-exceptional. If Ky, + A’ + E~ + f* L is numerically equivalent
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to an effective Q-divisor, there exists a numerically trivial Q-divisor Lj on X’ such that
[*(Kx+ A+ L)+ ET+ Lj is an effective Q-Cartier divisor. Again, since both X and X’
have rational singularities, there exists a numerically trivial Q-divisor on Ly on X such
that f*Ly = L. Thus, f*(Kx + A+ L+ L)+ Et = f*(Kx + A+ L)+ E* + L has
non-negative Kodaira dimension, and so does Kx + A+ L+ Ly. Hence Kx + A+ L =

Kx + A+ L + Ly is numerically equivalent to an effective (Q-divisor. [

Lemma 5.1.8. Let (X, A) be a Q-factorial kit pair, R be a (K x + A)-negative extremal
ray of X, such that the contraction with respect to R is not of fiber type. Letm: X --» Y
be the corresponding divisorial contraction or (Kx + A)-flip. Let L be a Q-Cartier Q-

divisor on X such that L.R < 0, and t is a non-negative rational number, then we have

R(Kx +A+1tL) = k(Ky + mA + tm. L).

In particular, if Ky + 7, A + tw, L is big, then so does Kx + A + tL.

Proof. Note that (Y, w,A) is also kit Q-factorial. If 7 is a flip then X and Y are isomorphic
in codimension 2, hence the equality is trivial. Therefore, we may assume 7 is a divisorial
contraction. In this case, we can write 7*m, L+ E;, = L for some m-excpetional Q-divisor
Er. Since L.R < 0, Ey, is effective by the negativity lemma. Let A = A; + A, such
that both A, A, are effective, SuppA; and SuppA, have no common component, every
component of Ay is not contracted by 7, and A, is m-exceptional. Then A; is the proper

transform of 7, A on X, and we have

Kx +A+tL=Kx+ A +tL+ Ay
=71 (Kx +mA)+ E+tL+ Ay

=71 (Ky + mA +tn. L) + (E +tEL + Ag)

for some m-exceptional Q-divisor . Note that F itself may not be effective, but we have

(E+tEL 4+ Ag).R = (Kx + A+ tL).R < 0. Since A, is also m-exceptional, by the
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negativity lemma again we conclude that t £y, + E + A, is effective. Hence the equality

K(Kx +A+tL) = k(Ky + mA + tm L)

holds. O

Corollary 5.1.9. Let (X, A) be a 2-dimensional klt pair such that k(Kx + A) > 0, and
L be a nef Q-Cartier Q-divisor on X withn(L) = 2, then Kx + A +tL is big for t > 0.

Proof. By replacing L with m L for some sufficiently divisible integer m, we may assume
L is Cartier. First, we consider the special case that Ky + A + sL is nef for some s > 0.
Since L isnefwithn(L) = 2, fort > 0 wehave Kx+A+tLisnefwitn(Kx+A+tL) =
2,s0by [ , Corollary C], Kx + A +tL = M for some semiample Q-divisor M with
n(M) = 2. Since the nef dimension of a semiample Q-divisor is equivalent to the Kodaira

dimension, which implies M is big, hence so does Ky + A + tL.

In general, by [ , Proposition 4.1], there is an L-trivial (Kx +A)-MMP 7 : X —
Y such that Ky + 7, Ay + sm,L is nef for some s > 4. Moreover, since 7 is L-trivial,
which implies 7*7, L = L and hence 7, L is nef with n(7.L) = 2. This implies for ¢ > 0,
Ky + m. Ay + tm, L is nef with n( Ky + m.Ay + tm,. L) = 2, hence by the same argument
as above, Ky + m,Ay + tr, L is big. By Lemma 5.1.8, this implies Kx + A + tL is big,

which completes our proof. ]

Now we can prove the following proposition:

Proposition 5.1.10. Let (X, A) be kit pair of a normal projective variety such that K x +A
is pseudoeffective and q(X) > 0. Let o : X — A(X) be the Albanese map and F be
a general fibre of . If dim F' < 2, then for any nef Q-Cartier divisor L with maximal
nef dimension, there is a numerically trivial Q-Cartier divisor D on A such that k(K x +
A+ tL+ a*D) > 0 fort > 0. In particular, if K(Kx + A) > 0, then for every t > 0,

Kx + A + tL is numerically equivalent to an effective Q-divisor.

Proof. Let f : X' — (X, A) be a log resolution of (X, A), and write Kx + A’ + E~ =
f*(Kx + A) + ET as before (here A’ is the proper transform of A on X’). Let o :
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X' — A(X’) be the Albanese map of X'. Since X has rational singularities, by [ )
Lemma 2.4.1] we have A(X’) = A(X) and o/ = a o f. Assume our result holds for
(X', A"+ E7)and f*L, thatis, k(Kx + A"+ E~ +tf*L+ o™ D) > 0 fort > 0. Since
Kx+A'+E- +tf*L+a"D = Kx.+ A"+ E~ + f*(tL+«a*D), then by Lemma 5.1.7,
Kx+A+tL+«a*D also has non-negative Kodaira dimension. Therefore, we can replace

(X,A)and L by (X', A’ + E~) and f*L, hence we may assume (X, A) is smooth.

Let F' be a general non-empty fiber of . By the generic smoothness, we may assume
every connected component of F' is smooth and irreducible. Also, by [ , Theorem
4.1], it suffices to show that Kr + Ar + tLp is relatively big for t > 0, where Ap is
defined by (Kx + A)|r = Krp + Ap,and Lp := L|r. Note that if x(Kx + A) > 1, then
a may not be surjective and possibly has disconnected fibers, but [ , Theorem 4.1]

does not require the morphism to be surjective or has connected fibers.

Since we assume L is of maximal nef dimension, L r is also of maximal nef dimension
on F', hence there is at least an irreducible component of F', say 7, satisfying that dim Z =
dim F and Ly := L|z is still of maximal nef dimension. Also, we have Kp|; = Kz
since Z is a smooth connected component of F. Defining A, := Ap|z, then we have

Kz—l-AZ—FtLZ = (KF+AF+tLF)|Z.

Now, if dim Z = 0, then « is a generically finite morphism over its image, and hence
any divisors are always relatively big. If dim Z = 1, then Z is a smooth projective curve.
Therefore, we have K5 + tLy, and hence K, + Ay + tLy is ample for ¢t > 0, which
implies Krp + Ap + tLp is big. If dimZ = 2, then Z is a smooth projective surface
with k(K7 + Az) > 0 since Kx + A is pseudoeffecitve. Thus, by Corollary 5.1.9,
Kz + Ay + tLz is big for t > 0, which also implies the bigness of Kx + Ap + tLp.
Hence we proved the bigness of Kr + Ap + tLp. O

Corollary 5.1.11. Let (X, A) be a kit pair of normal projective variety such that K x + A
is pseudo-effective, and L be a nef divisor on X such that n(L) = dim X. Then for every
t >0, Kx + A + tL is numerically equivalent to an effective Q-divisor if one of the

following conditions holds:
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1. dm X < 3and q(X) > 0;

2. k(Kx +A)=0anddim X — ¢(X) < 2.

Proof. The first case immediately follows from Proposition 5.1.10 by the usual Nonvan-
ishing Theorem in dimension 3. For the second case, we only need to show the Albanese
map is surjective (If X is smooth and A = 0, it is well-known that « is an algebraic fibre
space by [ ). Let o : X — A(X) be the Albanese morphism, Ay be the normal-
ization of Ima, and X — A’ be the Stein factorization of X — A (this is a morphism
since X is normal). By [ , Theorem 4.22] and the last remark in [ , Section 1],
we can prove the inequality in [ , Theorem 1.1] holds when X replaced by a klt pair
(X, A) (see Remark 5.1.12). This implies x(A’) < 0. On the other hand, A’ has maximal
Albanese dimension, which implies x(A’) > 0. Hence x(A’) = 0 and the image of A" in
A, which is just Ima, is an abelian subvariety of A. By the universal property of Albanese,
we conclude that A’ = Ima = A(X) and hence « is an algebraic fibre space over A(X),

in particular, « is surjective. U

Proof of Theorem 5.1.1. The four cases in Theorem 5.1.1 immediately follow from Corol-

lary 5.1.3, Corollary 5.1.5 and Corollary 5.1.11. O

Remark 5.1.12. As mentioned in [ ], by using [ , Theorem 4.22], it is easy to
show the inequality in [ , Theorem 1.1] holds for kit pairs by making a very little
modification of the proof of the last part of [ , Lemma 5.1]. For the convenience
of readers, we write down the details here: Let (X, A) — Y be an algebraic fibre space
between normal projective varieties with general fibre F' such that (X, A) is a klt pair of
with k(K x + A) = 0 and Y has maximal Albanese dimension. Let 7 : X’ — X be a log
resolution of (X, A), write Kx/ + A’ = 7*(Kx + A)+ E* — E~ (where A is the proper
transform of A on X’). Replace (X, A) with (X', A’ + E~), and replace F' by F”’ (here
F" is the general fibre of X’ — Y'), we have (X', A’ + E7) is klt, the equality

k(X' Kxr+ A"+ E7)=s(X',7"(Kx + A)+ EY) = k(X, Kx + A)
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holds, and the inequality

K,(F/, (KX/ + A+ E_)|F/) = K,(F,, (’/T*(KX + A) -+ E+)‘F1)

> k(F' (m"(Kx + A))|p) = k(F, (Kx 4+ A)|r)

also holds. Thus, if the inequality in [ , Theorem 1.1] holds for (X', A'+E~) — Y,

then so does (X, A) — Y, hence we may assume the pair (X, A) is smooth.

Let Yy :=Im(Y — A(Y)) and Y — Y” be the Stein factorization of Y — Yj. Since
Y — Y} is generically finite, we have Y — Y is birational, Y’ is normal, X — Y’
is an algebraic fibre space, and Y’ — A(Y) is finite over its image (which is just Yp).
By [ , Theorem 13], there is an étale covering Y” — Y’ such that Y = Z x K,
where Z is of general type with x(Z) = k(Y’) = k(Y') and K is an abelian variety. Let
X" := X xy Y, since Y — Y’ is étale, so does the induced may ¢ : X" — X. Hence
X" is smooth since X is. Let A” := g*(A), then we have Kx» + A" = ¢g*(Kx + A)
and (X", A”) is klt since g is étale. Consider the morphism A : (X", A”) — Z induced
by X" — Y" = K x Z, and let G be a general fibre of h. Then we have the induced
morphism G — K, which has general fibre F'. Since (G, A”|s) isklt, by [ , Theorem
4.22], we have

(G, (Kxr+A")|a) = k(G,Kg+ A"|g) > k(F, (Kxn+A")|p) = k(F, (Kx +A)|r).

Since Z is of general type, by [ , Theorem 1.7] (or [ , Section 4]), we have

/Q(XH, KX” —+ A//) 2 K,(G, (Kxu + A”)lg) + dlmZ 2 /ﬁ)(F, (KX + A)|F) + d1m Z

Since k(X" Kx» + A") = k(X,Kx + A) and dimZ = s(Y’) = k(Y), the proof is
completed.

Remark 5.1.13. If Ny, 4 » is true, then we can show K x + A+t L is numerically equivalent
to an effective Q-divisor for kit pair (X, A) withdim X = d, x(Kx +A) = k,n(L) = n,
and G(X) = ¢ in the following way: By Lemma 5.1.7, we may assume (X, A) is smooth.

Let 7 : (X',A’) — (X,A) be a quasi-étale covering (which is étale by the Nagata-
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Zariski purity theorem and the smoothness of X)) with ¢(X’) = g(X). Then (X’,A’)
is kIt with Kx + A" = 7*(Kx + A), hence x(Kx + A') = r(Kx + A). By our
assumption, K x/+A'+t1* L = 7" (K x+A+tL) is numerically equivalent to an effective
divisor D. Now, follows the argument in [ , Corllary 4.2], since Kx + A +tL =
@w* (Kxr+ A’ +tr* L) is weak numerically equivalent @mD, by the smoothness of

X, they are numerically equivalent. Hence we have

1
Kx+A+tL=—n(Kx + AN +tr*L) =

1
m.D > 0.
degm deg

5.2 The litaka Conjecture in dimension 7

Using the Generalized Nonvanishing Conjecture, we can prove the following result
about algebraic fibre spaces with general fibres has Kodaira dimension zero, by making a

little modification on the proof in [ ]:

Theorem 5.2.1. Let f : X — Y be an algebraic fibre space between smooth projective
varieties with general fibre F. Assume k(F') = 0 and Ny, holds for d = dimY, k =
k(Y), and q = q(Y), then we have k(X ) > k(Y'). In particular, C,, 5 holds if k(F') = 0
and either k(Y) > 1, or k(Y) = 0 but q(Y') > 0.

Proof of Theorem 5.2.1. Since this statement is trivial if K(Y) = —oo, we may assume

k(Y)>0.By][ , Theorem 4.5], there is a commutative diagram

X 75 X

o

y' L,y

such that X’ and Y’ are smooth, 7 and y are birational morphism, and f’ is an algebraic
fibre space with SNC branch. Let p > 1 be a positive integer such that f/Ox/(pKx/) #
0, then there exists an effective Q-divisor B and a nef QQ-divisor L on Y’ satisfies the

followings:

(1) pKx = pf™*(Ky + B+ L) + R for some Q-divisor R on X".
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(2) If we write R = R — R~ with R™, R~ both effective and without common compo-

nents, then R~ is both m-exceptional and f’-exceptional.

Since we assume Ny, holds for d = dimY = dimY’, k = k(Y) = w(Y’), and ¢ =
q(Y) = q(Y"), for any non-negative rational number j, Ky~ + j L lies in the effective cone
Eff(Y”). In particular, since B is effective, for any j > 0, there is an effective Q-divisor

Dj such that Dj = KY/ -+ B —|—]L = L]

Let 4, j > 0 be sufficiently divisible integers, and M := =, f"*(D; — L;) = 0. Since

R~ is m-exceptional, there exist some effective m-exceptional divisors E*, E~ such that
in*(jpKx +pM) + E* — E- = i(jpKx + jR™ + pf"(D; — L;)).
Thus, we have

HO(i(jpKx + pM)) = H(im* (jpKx + pM)) = H (in* (jpKx + pM) + E™)
> HO(in*(jpKx +pM) + EY — E7)
= H°(i(jpKx + jR™ + pf™(D; — L;)))
= H(i(jpf"(Ky: + B+ L) + jR* + pf"(D; — Ky — B — jL)))
= H°(i((j — 1)p(Ky + B) + jR* 4+ pD;))

> H(i(j — 1)pKy).
By [ , Theorem 3.1], we have
HO(ijpKx) > H'(ijpKx +ipM) = H*(i(jpKx +pM)) > H°(i(j — 1)pKy).
Since ¢ can be taken arbitrarily large and sufficiently divisible, this implies
R(X) = k(X jpKx) = &(Y, (j = DpKy) = &(Y),

which completes the proof. ]

Remark 5.2.2. The above proof also shows that even if we only have Ky + B + jL is
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numerically Q-effective for some fixed j € Q- 1, the result of the theorem still holds.

As a corollary, we can prove C7 ,, 1s true unless m = 3 and the base has x = ¢ = 0.

Theorem 5.2.3. Let f : X — Y be an algebraic fibre space between smooth projective
varieties, and F' be a general fibre of f. Letn = dim X and m = dimY. Ifn < 7, then
Chm holds unlessn =7, m =3, k(F) =k(Y) =0,and ¢(X) =q(F) =q¢Y)=0.1In

particular, C’;m holds ifn < 7.

Proof. We may assume ~(F') > 0 and x(Y') > 0 (otherwise, this statement is trivial). By

[ ]and [ ] (or [ ]and [ 1), Cpm holds if m < 2. By [ 1, Com
holds if F' has a good minimal model. In particular, by [ , Theorems 4.4 and 4.5],
[ , Theorem 1], and the existence of good minimal model in dimension 3, C, ,,, holds

if either dim /' — x(F) < 3, or in the case x(F') = 0 and dim F' — ¢(F') < 3. This implies
Ch.m holds if either n — m < 3, or n — m = 4 but eithre x(F') > 1 or k(F) = 0 with
q(F) > 1. Therefore, when n < 7, C,, ,,, is confirmed except for the case n = 7, m = 3,

and k(F') = q(F) = 0.

Now, by Theorem 5.2.1, if either x(Y') > Oorg(Y) > 0, then we have k(X)) > k(Y),
hence we are done. If k(YY) = ¢(Y) = 0 but g(Y) > 0, then there exists a quasi-étale
covering Y’ — Y (hence étale by the Nagata-Zariski purity theorem and the smoothness
of Y)with ¢(Y’) = ¢g(Y') > 0. Let X’ := X xy Y’, then X’ — X is also étale (hence X'
is smooth), and the morphism X’ — Y” induced by the base change is an algebraic fiber
space between smooth projective varieties with general fiber /. Since the Kodaira dimen-

sion is invariant under étale covering, by Theorem 5.2.1 again, we have the inequality

K(X)=r(X") > k(F)+c(Y') =k(F)+r(Y).

Finally, if ¢(F') = ¢(Y) = 0, then by [ , Theorem 1.6], ¢(X) = 0. This completes
the proof. n

Remark 5.2.4. The remaining unknown case of C ,,, satisfies the following conditions:

(1) m=3;
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Q) w(F) = k(Y) = q(X) = q(F) = ¢(Y) = 0;

(3) Inthe decomposition pK x: = pf"*(Ky:+ B+ L)+ R in the Fujino-Mori’s canonical
bundle formula, x(Y’, Ky + B) = v(Y’, Ky: + B) = 0 and n(L) = 3.

If one can prove x(X') > 0 under the above assumptions, then the proof of C , is com-

pleted.

85 doi:10.6342/NTU202401804


http://dx.doi.org/10.6342/NTU202401804

86

doi:10.6342/NTU202401804


http://dx.doi.org/10.6342/NTU202401804

Chapter 6 Miscellanies

6.1 Computation of asymptotic base locus

In [ , Corollary 3.5, Remark 3.6], Ejiri, Iwai, and Matsumura describe the
asymptotic base locus of —Ky — D when Y has at worst canonical singularities. In The-
orem 4.1.1, Theorem 4.1.7, and Theorem 4.2.2, we proved the positivity of —Ky — D
without assuming that Y has at worst canonical singularities. Thus, it is natural to ask the

following question:

Question 6.1.1. Can we describe the asymptotic base locus of — Ky — D without assuming

that'Y has at worst canonical singularities?

It seems not easy to show that [ , Corollary 3.5, Remark 3.6] is still true when
Y has kit singularities or worse (if it is true). Naively thinking, if Y has at worst canonical
singularities, then for any resolution x4 : Y’ — Y, we have u*(—Ky) > —Ky/. There-
fore, if we can compute the intersection number and/or asymptotic invariants of — Ky on
some birational model Y’ (for example, as the proof of [ , Theorem 4.1], which uses
[ , Theorem 2] to compute (— Ky .C') on a higher birational model), then it will give
a lot of information about asymptotic invariants of —Ky. However, this approach does

not work without assuming Y has canonical singularities.

On the other hand, when the morphism is smooth, by using the similar idea of [ ,

Theorem 4.1], we have the following result:

Proposition 6.1.2. Let f : X — Y be a smooth fibration between normal projective Q-
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Gorenstein varieties. Assume X has at worst kit singularities and — K x is semiample,

then for any integral curve C on'Y, we have either —Ky.C' > 0, or C' C Sing(Y).

Proof. We use the same idea of proof in [ , Theorem 4.1] with a little modification.
Consider the morphism f : X — Y, the idea is the following: Let C' be a curve on Y
s,t, C ¢ Sing(Y), we want to show —Ky.C' > 0. Let 4 : Y/ — Y be a resolution
of Y s,t, Exc(u) is simple normal crossing and the center of 1 not contains C'. Write
Ky = p*(Ky) + E, and let C’ be the strict transform of C' on Y, we have (— Ky .C) =
(u*(—=Ky).C"). So we can compute the intersection number on Y. Then for some good
birational modification f' : X’ — Y’ of f s.t, there exists some D ~qp — Ky satisfies
Kawamata’s positivity theorem ([ , Theorem 2]), by the theorem we have 0 ~q
Kx+ D ~ f"*(Ky: + Ao+ M) with M is nef, A support on the image of vertical part
of D. Thus p*(—Ky) ~g M + Ay + E. Hence if we can make good choice of resolution
f"and divisor D s,t, Ao + E is effective with C" ¢ Supp(A, + E), then we have

(—Ky.C) = (u*(—Ky).C") = (M + Ay + E.C") > 0.

To do this, let C' C Y be an integral curve not contained in the singular locus. Now
since — Ky is semiample, there exist some general member A € | —mK x| s,t, Supp(4)N
71 (Y is smooth and SNC, and Supp(f(A?)) 2 C. Let U := Y, — Supp(f(A?)), we
have CNU # 0 and f|suypp(ayns-1 vy : Supp(A) N f~1(U) — U is smooth. Note that since
X has kit singularities, so for m >> 0 by the generality we have (X, %A) is also kit.
Now let pt : Y’ — Y be aresolution of Y s,t,  is an isomorphism on U and ' (Y — U)
is SNC. Denote Exc(u) = UE; and write Ky = p*Ky + E. Let X := X xy Y. Note
that f : X — Y is smooth since f is, so since Y is smooth, so does X. Consider the

following diagram:

X £, X

oo

y' Ly

Since f and fare smooth, we have K = ¢*(Kx) + f*E. Now we have —Kx ~q
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+ A, and we define D be a divisor on X by Kg + D = o (Ky + L A) ~g 0, then we
have D = @*%A — f*E Let U’ := p~ U, and let ¢ : X' — X be a resolution s,t, Y
is isomorphism on fil(U ") and Supp A’ U Suppf~1 (Y’ — U’) is an SNC divisor, where
f':= fot: X' — Y and A’ is the strict transform of A on X’. Now we define a divisor

Don X' by Kx/ 4+ D = ¢*(Kx + D) ~g 0, then D ~g — K.

Let Exc(p) = UE;, Exc(y)) = UE!, then

D=4;'D-> a(E/,X,D)E]

Note that

*1 * 71]' I 1 7
¢ —A=Ky—¢'Kx+¢, —A=> a(E;, X, —A)E,

- 1 - 1 -
FE+e —A=) a(E;, X, —A)
So we have

1 = 1
D: —1 *_A_ * /X A /
U9 — A= FE) =) a(E, X, —A)E]
= ~ 1~ = 1
-l a1, Y 2 NVE — TR — X = AVE
= (B +¢'—A ZaEZ,X —A)E; — ['EB) Za(El,X,mA)EZ
1
o1 X ZA)VE
=9 (o —A - Z (E;, X, A) ) — Za(Ez,X,mA)Ez

1 1
= —A —y] B X, LA)E) - E/, X, —A)E!
@Z)* (Za( (2] ’m ) 7«) Z(I( 2 ’m ) [

m

have all coefficient < 1 since (X, = A) is klt. And by our construction f'(D") C Exc(pu),
thus — [ D] is effective and ¢oip-exceptional, hence D satisfies condition 3 of Kawamata’s

Positivity theorem.

Now we have 0 ~g Kx+ D = f"(Ky + M+ 1,), and then M + Ay ~g — Ky =
p*(—Ky) — E, thus p*(—Ky) ~g M + Ay + E. By the above discussion, since M is
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nef, and by our construction Supp(A¢+ E) C Exc(u). So let C’ be the strict transform of
C onY’, we have C’ € Supp(Ao + F). Thus it remains to show that Ay + E is effective.
Write £ = ) e, E; (here e; may be zero), we only need to check multg, (E + Ag) > 0 for

all 7. By the Kawamata’s Positivity theorem, the coefficient of F; in Ay is 1 — ¢;, where
¢; = sup{t € Q|D + tf™ E; is Ic over the generic point of E; }.

Since Kx' + D = ¢*(Kg + D), we have
¢; = sup{t € Q|D + tf*E; is lc over the generic point of E;}.

Thus multg, (E 4+ Ag) = e; + 1 — ¢;. Now we have D+ tf*Ei = go*#A — f*E + tf*Ei.

Then since w*%Ais effective, so ¢;—e; < 1,hence multy, (E+Ay) = ¢;+1—¢; > 0. O

However, a morphism being smooth is a very strong condition. Therefore, we may
expect to generalize this theorem to general morphism. From the above result, we may
expect the description of | ] still holds in the general case. Nevertheless, we can not
directly do the same computation in general cases. The reason is, in general, X xy Y’
may not be normal, and even it can be reducible. Moreover, if we replace X xy Y’
by the normalization of its main component, then we do not have the equality Ky =

©*(Kx) + f*FE, so we can not directly do the same computation as above.

6.2 Maximal rationally connected fibration

Another important property for varieties with positive anticanonical divisors is the

maximal rationally (chain-)connected fibration. First, we give the following definition:

Definition 6.2.1. Let X be a variety.

(1) X is called rationally connected (RC for short) if for any two very general points

x,y € X, there exists a rational curve C' C X such that x,y € C.
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(2) X is called rationally chain-connected (RCC for short) if for any two very general
points x,y € X, there exist finitely many rational curves C1, ...,C,, C X such that
Ci N Ci-i—l ?é @, x e 01, andy € On

From definition, rationally connectedness implies rationally chain-connectedness.
Conversely, by [ , Corollary 1.8], if (X, A) is a dlt pair and X is rationally chain-
connected, then X is rationally connected. In particular, these 2 notions are equivalent for

varieties with at worst klt singularities.

Here we introduced the notion of the maximal rationally chain-connected fibration.

The following theorem is proved in [ ].

Theorem 6.2.2. Let X be a normal projective variety, and L be a Q-Cartier divisor on
X. Then there exists an almost holomorphic dominant rational map f : X --+ Y with

connected fibres, called the maximal rationally chain-connected fibration, such that:

(1) Every general fibres of X are rationally chain-connected;

(2) For every very general pointy € Y and every rational curve C, either C € f~1(y)

or C'N f~Y(y) = 0. That is, almost all rational curves are contracted by f.

The map f is called the maximal rationally chain-connected fibration (MRCC fibration
for short). The MRC fibration is unique up to birational equivalence of Y. The rational
dimension of X, denoted by rd(X) is defined by the dimension of the general fibre of f,
that is, rd(X) := dim X — dimY.

Remark 6.2.3. By the results in [ ], the rational dimension is a birational invariant
for varieties that have at worst kit singularities. However, it is not birational invariant in
general. For example, let £ C P be an elliptic curve, and C'(E) be the cone of E in P,
Note that C'(E) is birationally equivalent to ' x P'. However, in this case, rd(C(E)) = 2
butrd(E xP') = 1, which shows that the rational dimension is not a birational invariant in

general. Note that in this case, C'(E) has a log canonical surface singularity at the vertex.

A natural question is to ask for an algebraic fibre space f : X — Y with general fibre
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F, how to relate the rational dimension of X, Y and F'. Unfortunately, by the following

examples, at least we can not have a direct inequality between rd(.X) and rd(F') 4+ rd(Y").

Example 6.2.4. Let X be a rational elliptic surface obtained by blowing up the 9 inter-
section points of two smooth elliptic curves on P2, Then — Ky is semiample, with the
semiample fibration being an elliptic fibration X — P!. Let £ be a general fibre, which

is an elliptic curve, then we have

2 =rd(X) > rd(E) +rd(P') = 1.

Conversely, let X’ be an elliptic K3 surface, X — P! be the corresponding elliptic fibra-

tion, and £’ be a general fibre. Then

0=rd(X'") <rd(E') +rd(P") = 1,

hence both of the inequalities fail in general.
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Chapter 7 Further questions and

discussions

7.1 Generalized Nonvanishing Conjecture, litaka Conjec-

ture, and Serrano Conjecture

As we mentioned before, the general case of the Generalized Nonvanishing Conjec-
ture and the litaka conjecture is still unsolved. Therefore, it is natural to try to continue
the works on these two conjectures. In the previous works, the main idea to solve the Gen-
eralized Nonvanishing Conjecture is the nef reduction map and the Albanese morphism.
Recently, there is another new idea in birational geometry, called the generalized pair (cf.

[ , Definition 4.4]):

Definition 7.1.1 (Generalized pair). Let X be a normal projective variety. A generalized

pair consists an effective Q-divisor on X, a birational morphism 7w : X' — X, and a nef

divisor M'" on X' such that Kx + B + w,.M' is Q-Cartier.

The generalized pair is a new idea in birational geometry which has been studied in
recent years. For example, in [ , Section 5], Birkar explores various applications of
generalized pairs in the study of birational geometry, particularly in the context of the min-
imal model program. Notably, the moduli divisor and the discriminant divisor in Fujino-
Mori’s Canonical bundle formula also form a generalized pair. Therefore, it is also can

expect the possibility to solve some cases of Generalized Nonvanishing Conjecture and/or
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litaka Conjecture by using the generalized pairs, as its application on the minimal model

program.

On the other hand, as we mentioned above, in our proof of Theorem 5.2.1, we only
need Kx + B + tL is numerically effective ”for some ¢ > 1” (not need for all ¢ > 0),
and the remained case of Generalized Nonvanishing Conjecture for threefolds is that X
has ¢ = k = 0 and n(L) = 3. In the case L is strictly nef, which means L.C' > 0 for any

integral curve on X, there is another relative question, called the Serrano’s Conjecture (cf.

[ 11 D:

Conjecture 7.1.2 (Serrano’s Conjecture). Let X be a smooth projective variety, and L be

a strictly nef Cartier divisor on X. Then fort > dim X + 1, Kx + tL is ample.

Conjecture 7.1.3 (Singular version of Serrano’s Conjecture). Let (X, A) be a klt pair, and

L be a strictly nef Cartier divisor on X. Then fort > 0, Kx + A + tL is ample.

For the original (smooth) version, when dim X = 3, almost all cases of the Serrano
Conjecture are proved by Campana-Chen-Peternell (cf. | 1), except the special case
that X is a Calabi-Yau threefold with L.c; = 0. However, the remained case is still
unsolved at this moment. Also, for the singular version, if X is a threefold with at worst
terminal singularities, it is proved by Wang-Zhong (cf. [ , Theorem 1.3]) that the
Serrano Conjecture holds if X is not a Calabi-Yau threefold with L.co = 0. For general
three-dimensional klt pairs, they prove this Conjecture under the assumption «(X) >
1. As our proof of the Generalized Nonvanishing Conjecture, the most difficult case of
both the two conjectures is the Calabi-Yau threefolds. Therefore, to (partially) solve these
conjectures, one possible situation is to work on higher-dimension varieties with either

non-zero irregularity, or non-zero Kodaira dimension.

7.2 litaka fibration of nef anticanonical divisors

Let X be a normal projective variety with at worst klt singularities and — (K x + A)

being nef and effective. A natural question is: can we describe the litaka fibration of
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—(Kx + A)? In the case where — (K x + A) is semiample, it is well-known that the fiber
must have a numerically trivial canonical divisor. Furthermore, Fujino and Gongyo have
proven that the image of the semiample fibration must be of Fano type ([ , Corollary
3.4]). Therefore, it is reasonable to expect that even under the weaker assumption that
—(Kx + A) is nef and effective, there may still be a meaningful description for the Iitaka
fibration. For example, it would be interesting to explore the structure of the fiber and

base of the Iitaka fibration of nef and effective —(Kx + A).

For this question, by [ , Theorem 1.1], if — (K x + A) is nef but not semiample,
then it is not abundant, which implies for a threefold X such that —(Kx + A) is nef
with positive litaka dimension but is not semiample, one can show that it must satisfy
R(X,—(Kx + A)) = 1and v(X,—(Kx + A)) = 2. Consequently, the image of the
[itaka fibration must be a rational curve. This discussion suggests the possibility of pro-
viding a more explicit structure for the litaka fibration of — (K x + A) especially in three

dimensions.

On the other hand, when — (K x + A) is semiample, it becomes interesting to study
the structure of the semiample fibration determined by —(Kx + A) in more detail. For

example, one might inquire whether such a fibration is smooth or locally trivial.

Besides the structure of litaka fibration, it is also interesting to study the structure of
section ring R(X, —(Kx + A)). Note that R(X, D) is finitely generated as C-algebra if
either k(D) < 1, or D is semiample. In particular, by the above discussion, we can easily
see that R(X, —(Kx + A)) is a finitely generated C-algebra is dim X < 3. Therefore, a
question is that: if —(Kx + A) is nef and effective, then whether R(X, —(Kx + A)) is

always a finitely generated C-algebra (in any dimension).

7.3 Birationally (super)rigidity of Fano threefolds

In this thesis, we established an ”anticanonical” version of the litaka Conjecture for

varieties that have Q-effective anticanonical divisors. In the context of the minimal model
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program, such varieties are expected to have a Mori fiber space structure. Another closely
related topic in the study of Mori fiber spaces is birationally (super)rigidity. A Mori fibre
space f : X — Z is called birationally (super)rigid if X — Z does not have a “’non-
trivial” birational map to another Mori fiber space f' : X’ — Z’. one of its crucial
properties is that every rational n-dimensional Fano variety X with Picard number 1 and
n > 21is always non-rigid since X will birational equivalent to X’ := P"~! x P! and it has
a Mori fibre space structure X’ — P!, Therefore, the notion of birational (super)rigidity

is also highly related to the rationality problem of Fano varieties.

It is known that a Q-Fano threefold X with Picard number 1 is birationally super-
rigid if and only if there is no maximal center on X ([ , Definition 2.4], [ ,
Proposition 2.10], and [ , Theorem 1.26]). Here, a maximal center is a closed subset
which is the base locus of some special mobile linear systems. To obtain the excluded
method of maximal center on smooth projective threefold, one important tool is Corti’s
412 inequality ([ , Theorem 3.12]). This inequality provides a lower bound for the
intersection number of mobile linear systems that are not semiample. For example, in
[ , Section 2 and 3], Cheltsov and Park use the 44% inequality to prove that every
smooth sextic double solid does not have maximal centers (hence birationally superrigid

and non-rational).

In the case where the variety X is not smooth, Krylov-Okada-Paemurru-Park, in
[ , Theorem 1.2], proved that the 24:% inequality holds for a cA;-type singularity.
This is the first Corti-type inequality result on singular points, and they utilized this in-
equality to prove the birational superrigidity of a sextic double solid with only A;-type

singularities.

A natural question is: whether we can construct Corti-type inequalities for varieties
with ”more singular” points and employ them to establish the rigidity of specific Fano
threefolds. To derive such inequalities, one possible approach is to consider a resolution
of singularities X’ — X and use the fact that the 4,2 inequality holds for X’. This could
allow us to compute a similar inequality by comparing the intersection numbers of X’ and

X. Another possible way is to follow the strategy outlined in [ ], which proved
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Corti-type inequality for A; points. We might attempt a similar computation for other

singularities to derive analogous inequalities.
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