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Abstract

Goncharov proved an explicit formula for the coproduct in the Hopf algebra
of motivic iterated integrals. Yamamoto introduced Yamamoto’s integral which
generalizes iterated integrals and gave a new integral expression for multiple zeta star
values using Yamamoto’s integral. In this paper, we consider the motivic version of
Yamamoto’s integral and generalize Goncharov’s coproduct formula to those motivic
integrals. As an example, we will compute the coproduct of a certain type of Schur

multiple zeta values.

Keywords: motivic iterated integral, Yamamoto’s integral, Goncharov’s coproduct

formula
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Notation

C(kyy ... ka) Multiple zeta value, 2

y Piecewisely smooth path, 2

I (ap;a1,...,ax;apy1)  Iterated integral, 2

(X,=,9) Labeled partially ordered set, 3
< Partial order, 3

0 Labeling map, 3

Tot(X) Collection of fine totally ordered sets of X, 5
I,(X) Yamamoto’s integral, 5

P Commutative ring of periods, 8

Ig‘(ao; ai,...,ag;ax+1) Motivic iterated integral, 8

C™(k1,. .., kaq) Motivic multiple zeta value, 9
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Y =X (resp. YX) Subset of X (set of maximal (resp. minimal) elements in

Y =X (resp. Y7X)), 14
Y=X (resp. Y=¥) Subset of X (lower (resp. upper) closure of Y in X), 15
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Chapter 1 Introduction

1.1 Multiple zeta values

Multiple zeta values are a special family of real numbers that appear in various
mathematical fields such as the theory of mixed Tate motives, knot invariant, or
evaluation of Feynman diagrams. In recent decades, numerous studies have been
conducted on multiple zeta values. The history of multiple zeta values goes back to

the time of Leonhard Euler who discovered the famous evaluation formula

More generally, he showed that the values of the Riemann zeta function at positive

even integers are expressed as

1 B
C2k)=>" = =3 (22];, (2mi)?*
0<n ’

where By is the 2k-th Bernoulli number. Euler also tried to evaluate the values
of the Riemann zeta function at a positive odd integer in terms of 7, and although
Euler failed to achieve the original objective, he found different types of evaluation
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formulas. Let

be a double sum analog of Riemann zate values. Euler showed that

¢(3)=<¢(1,2)

and analogous expressions for other Riemann zeta values. Motivated by Euler’s

work Hoffman defined multiple zeta values (MZVs in short) as follows.

Definition 1.1 (multiple zeta value).

1
C(hy,.o k)= > o (k1o ka1 € Zoo, kg € Z1)
0<n1<-<ng ny Ny
Hoffman started to investigate linear/algebraic relations with rational coeffi-
cients among MZVs and proved several families of MZV relations including a special
case of the duality relation. A few years later, Kontsevich found an iterated integral

expression for MZVs. For example,

dty dtydt
@[ e
O<ti<to<ts<l + — t1 t2 03

In general, we define the iterated integral as follows.

Definition 1.2 (iterated integral). For ao, ..., axs1 € C with ag # aq, ay # ag.1, and
a piecewisely smooth path v : [0,1] — C from ay to ag;; such that v((0,1)) C
C\ {a1,...,ar} (that is, v does not pass through any points of {as,...,ax}), we
define

Iy(ao; Aty ..., Qk; Gk+1)
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by the iterated integral

dv(t;
/ H 7( J) cC.
0<ty <--<tp<l V(t5) — a;

J

Remark 1.3. When the ~ is not explicitly explained, ~ is a piecewisely smooth path

from ag to a1 which does not pass through any poles of differential forms.

Remark 1.4. When the v(t) = ao(1 — t) + ag41t, we denote I, (ap; a1, ..., ax; Axi1)

simply by I(ao; a1, ..., a; ary1)-

Remark 1.5. MZVs are iterated integrals with a; € {0,1}, ap = 0,a1 = 1,a; =

0,ar41 = 1 and ~y(t) = t. More precisely,

Clky, .. kg) = (=1)%1(0;1, {0}~ ... 1,{0}ra= 1 1).

1.2 Yamamoto’s integral

Yamamoto defined Yamamoto’s integral associated with 2-posets, which gener-
alizes the iterated integral and provides a simple representation for multiple zeta star
values (| |). Later, Hirose, Murahara, and Onozuka proved that Yamamoto’s
integral expression can also be used to express Schur multiple zeta values with con-
stant entries on the diagonals (| |). Here, we define Yamamoto’s integral in

a generalized setting and state its basic property (| |, Proposition 2.3).

Definition 1.6 (labeled poset). X = (X, =,0) is called a labeled poset if X is a finite
set,
<=C X xX
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is a partial order, and

0: X =C

is a map (this map is called a labeling map of X).

We denote the corresponding strict partial order of < by <.

A labeled poset X is represented by a Hasse diagram with colored vertices. For

A

example, the diagram

represents

X = {3}’1,1’2,%3,.’174,335}
== {(xla x2)7 (333, -1'2)) (33’3, x4)7 <$47 .T5), (33’3, x5)}
0 if x = x9, 24,25

é(z) =

1 ifx=uxq,2;3.

Definition 1.7. (1) For (X, =<,0) and Y C X, we define labeled subposet as

Y = (Y, =<6 = (Y, 2 NY? 6|y).

(2) For X = (X,=x,dx) and Y = (Y, Xy, dy), we can define the direct sum

XUY = (XUY, Zxuy, dxuy),

where

a=<xbandabe X
anuyb <~

a =<y banda,bey,
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and

(Sx(a) ifae X
5Xuy(a) =

dy(a)ifa €Y.

(3) A labeled poset (X, =<,0) is said to be irreducible if
X £YUXs,

as a direct sum of posets for all non-empty proper subset Y of X (0 C Y C X),

where X is the subposet of X restricted to X \ Y.

(4) For (X, =,0) and incomparable elements a,b € X, we define
Xo=(X,2U{(z,y)| = 2 aand b < y},9).
Notice that X° becomes a labeled poset.
(5) For (X, =,9), we define
Tot(X) = {(X,=",d) | XC=’ and =<' is a total order}.

Definition 1.8 (admissible labeled poset). For a path + : [0,1] — C such that
7((0,1)) C C\ §(X), we say that X is admissible (with respect to ) if é(x) # (1)

for any maximal elements of X, and §(x) # (0) for any minimal elements of X.

Definition 1.9 (Yamamoto’s integral). Let v be a path. For an admissible labeled

poset X, Yamamoto’s integral is defined by

L(X) = /A et

zeX
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where

A(X) = {t=(ts)sex € (0,1)" | t, < t, if z <y},

Remark 1.10. The definition 1.9 slightly differs from that in the original article

(| |), where the labeling map is
d: X —{0,1},

the associated 1-forms are

dt dt
wo(t) = n and wy(t) = 7

and the path v : [0, 1] — C is defined by
~y(t) = t.

Proposition 1.11. Let X,Y be two labeled posets. For a path « : [0,1] — C such

that v((0,1)) CC\ (0x(X)Udy(Y)) and incomparable elements a,b € X, we have

(1) LOOLY) = L(XUY).

(2) I’Y<X) = IW(XS) + I"f(XI?)'

Proof. (1) By Definition 1.9, we have

L(X)L, / TT wsr 0 (o /‘H%wm»

xEX yey
/ [ woceo(r(t)) T wsv i (r(t)).
IXA(Y) reX yey
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By Definition 1.7, we have
A(X) x AY) =A(XUY).
Hence, we get

zwmuwvzégw)IIwMW@W@»zuuuY»

rzeXUY

(2) By Definition 1.9, we have

[T syttt + [ TT st

zeX? A(XY)

LX)+ 1) = [
A(XY)

-/ [T wovio (k)
A(XGUAXE)

By Definition 1.7, we have
AXD)UAXE) = A(X).
Hence, we get

Mﬁﬂ%@ﬁzé(fﬁmﬂﬂMzh@)

X) zeX

Repeated use of (2) of Proposition 1.11 yields an expression for Yamamoto’s
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integral as a sum of iterated integrals:

LX)= 3 L)

Y eTot(X)

1.3 Motivic iterated integral

Motive is a concept in algebraic geometry proposed by Alexander Grothendieck
in the 1960s. In particular, the theory of mixed Tate motives has intricate and
multifaceted relationships with MZVs. Deligne and Goncharov defined the motivic

iterated integrals, which are elements in the commutative ring
P = O(Isomy, o) (war; ws))

of periods obtained from the comparison isomorphism between the fiber functors
war and wg of the Tannakian category MT (Q) of mixed Tate motives over Q (here,
Isom%/ﬂ_(@) (war,ws) denotes the affine scheme of tensor isomorphisms from wqyg to

wg). It is known that there is a ring homomorphism
per: P —C

called period map, and period map per is speculated to be injective. For k& > 0,
ap, .. .,ax+1 € Q and a piecewisely smooth path « : [0,1] — C from ag to ag4; such
that v((0,1)) € C\{a4,...,ax} and 7/(0),~7'(1) € Q\{0}, one can define the motivic
iterated integral

IT(ag; ay, . .., ar; agyr)
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which is mapped to I,(ag; a1, . .., ax; ag1) under the period map, and thus the mo-

tivic multiple zeta values are defined by
™k, .o ka) = (D)0, 1, {0} L1 {0 ).

Motivic iterated integral I satisfy various properties. Here, we list some of them

which we will use in later arguments.
Proposition 1.12. (1) IT(ap;a1) = 1.

(2) IF(ao;an, ..., ax; apyr) = (—1)’“[;”_1(%“; Ay - - -, 015 Ap).

(3) Motivic iterated integrals IT (a; a; b) satisfy shuffle relation i.e.

IT(a; ;0) - I (a; B;b) = I (a; 0 i B3 b).

(4) Motivic iterated integrals IT'(a;w; b) satisfy path composition formula i.e.

L (a; w; D) Z]maac 2(c; By b),

af=w

where 77/ is the composition of v and ~'.

Now, we consider (X, =,d) with the labeling map § : X — Q, and define the

motivic version of Yamamoto’s integral as follows.
Definition 1.13. Let X be a labeled poset with the labeling map

0: X —Q.

9 do0i:10.6342/NTU202401087
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Motivic version of Yamamoto’s integral is defined by

NX)= Y INY),

Y eTot(X)

where IT'(Y') is the motivic iterated integral, which corresponds to the iterated

integral 1, (Y').

1.4 Coaction formula of motivic iterated integrals

Let A be the quotient P/uP and m : P — A the natural projection to the
quotient, where p is the motivic version of 27i. By the theory of mixed Tate motives,

there is a natural motivic coaction

A:P—ARP.

Let

H = ([T (ao; a1, - -, ag; ar1))g C P

be the subspace spanned by motivic iterated integrals over Q. Then, H becomes a Q-
subalgebra by the shuffle product formula. Notice that the image 7(IT(ao; as, - - -, ax; art1))
depends only on the endpoints ag and a1 of the path, so we drop ~ from the nota-

tion and denoted it as I*(aq; a1, - . ., ax; agy1). The coaction of IT(ag; ai, . . ., ag; agy1)

is given by the following formula.
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Theorem 1.14 (| |, Theorem 2.4;| |, Theorem 1.2). We have

A(I7(ao; ar, - - ., ax; agt1))
k s

_ a . . m . 3
= E I (aip,aierl,---,Gz‘pﬂfl,az‘pﬂ)) ®I7 (aioaai17"'7aisvais+1)7
s=0 {9<-<isy1 p=0
i0:07is+1:k2+1

It is known that A has a structure of graded algebra i.e., A = P, A, and
we let Asg = @y Ar and £ = A/A2,. We denote by n’ the natural projection

from A to £ and define

][(aip; Qipi1s - Qg —13 Qipy ) = T (T Qi1 Qi —13 Qi)

Definition 1.15 (| |). For r € N, the infinitesimal coaction D, : H — £ ® H is

defined by
m . .
D, (IF(ao; ax, - - . , ag; agi1))
k—r
[ . . m . .
- I (a37 g1y -y as+r7as+r+l)) ® [»y (CL(), Aly ...y Qgy Qgqp41y -+ -5 Ak, ak+1>7
s=0

In this article, we also consider the following.

Definition 1.16. For r € N, D! : H — A ® H is defined by

D, (I (ag; ay, - . ., ag; agy))
k—r

= [Cl(as; (075 T CLS+7~;CLS+7«+1)) &® [,T(CL(), A1y ..., Qsy Qsypily ..., AL, ak+1).
s=0

Remark 1.17. By viewing A and D!, as endomorphisms on A ® H that map a® h €

11 do0i:10.6342/NTU202401087
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AR H to (a®1)-A(h) and (a ® 1) - D!(h), they are related by
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Chapter 2 Main theorems

2.1 Notations

In order to state our main theorem, we will define some symbols. To describe

the endpoints of the integrals, we define the extension of X as follow.

Definition 2.1. For a labeled poset X = (X, =<,0) and a path -, we define the

extension of X with respect to v as

where

5(/ =XU {.To,l’l}

= == U{(z0,2)|lz € X} U{(z,21)|z € X}

;

d(z) ifrxeX
0(x) = 9 7(0) if z =z

v(1) if =,

\

When the path « is clear from the context, we drop the v from the notation.

13 do0i:10.6342/NTU202401087
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Example 2.2. Let X = (X, <,6) be the labeled poset

X = {xb T, 563}

and 7 : [0,1] — C be the path v(¢) = t. Then, X and X are depicted as

N

and

respectively.

To describe the endpoints of the integrals, we define the following subsets.

Definition 2.3. For posets Y C X, we define the subsets

Y=Y\ Y = Jy\ Y= J{zeX|zy}\Y

yey yey

Y=Y\ Y =y \ V= J{zeX|zzy}\ Y,

yey yey

and their subsets
Y ={peY* | dleyYFst.p=<l}

Y ={qeY™ | PuecY™ st u=<q},

14 do0i:10.6342/NTU202401087


http://dx.doi.org/10.6342/NTU202401087

where ™ and y*¥ (resp. Y™ and Y+X) denote the upper and lower closures of y
(resp. Y).
In the following, we will use y=% and y=% (resp. Y=X and Y=¥) instead of ™ and

y+ (resp. Y™ and Y+¥). We will also use the following notations.

(1) We denote {y}=* (resp. {y}=*, {y} 7%, {y}=%) by y=¥ (resp. y=%,y7 ¥, y=).

(2) We denote x € Y7X (resp. 1 € Y X)byx —-x Y or Y <—x x (resp. x < x Y

or Y —x x).

(3) When Y% (resp. YY) is a singleton we denote its unique element by —x Y

(resp. +x Y).
(4) When the set X is clear, we denote —x and <y simply by — and «.

Example 2.4. Let X = (X, <,4) be the labeled poset

X = {$1,$2,$37$4ax5}

== {(:Bl, x2)7 ($2> $4), (164, ZB5), (xb $3), (:U3’ ZE4), ($1, $4)7 (xQ’ ZE5), ($3, $5)7 (xl’ 1135)}
0 fx=uz24
é(z) =
1 if x = T2, T3, 5,
ie.,

Let Y be the subset {zo, 74} of X. Then, we have Y% = {zy, 23}, Y"X = {5},

Y7X = {23} and YX = {5}

To state the formula for D,, we define a set X, as follow.

15 do0i:10.6342/NTU202401087
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Definition 2.5. Let X = (X, <,6) be a labeled poset. For r € N, we define

X, ={Y =(,=2y,0y) CX ||Y]|=r,Voe(X\Y)PyvycYsty=zz=<vyh

To state the right hand side of tensor product of formula, we define a set X 0V .0)

as follow.

Definition 2.6. Let X = (X, <,9) be a labeled poset. Fix Y € X,. For p — Y and

q <+ Y, we define

X0 = X9 2,94 09)
where
Xp =X \Y
2y == \{(a,b) eX [a€eY orbeY}
U{(a,b) € Xp x Xy |a€ Y™* p=<b}
U{(a,b) € Xo x Xp |be Y™™ a=q}
oy ::5|X?

When |Y7X| = |[Y<X| = 1, we denote X7, simply by Xy

We denote X — (resp. X@) simply by X34 (resp. Xj).

Example 2.7. Let X be the labeled poset

X

and Y be the center of the diagram. For the bottom white vertex p and the top

16 do0i:10.6342/NTU202401087
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black vertex ¢q, X 0.5 ) is depicted as follows:

Definition 2.8. Let X be a labeled poset. For Y € X, and Y = (Y, <y, dy) € Tot(Y),

we define

Toty(X) = {X = (X, =+,0%) € Tot(X)|Y € X,, =5C=%}

Notice that when r = 1, we have Toty(X) = Tot(X).

Further for p — Y and ¢ <+ Y, we define

Totpy,q(X) = {7 S Toty(X) | j(p,f/,q)cﬁy}

Definition 2.9. Let X be a labeled poset. For Y C X, we define Py (X) = X5.

Definition 2.10. For Y C X, Y},Y, € Tot(Y) and X € Toty, (X), we define

Ty v (X) = (X, (Zx \ 2n)U 21, 9).

Notice that in general T, y,(X) is not a poset.

2.2 A formula for D,

Lemma 2.11. Let X be alabeled poset. For Y € X, andY € Tot(Y), {Tot, v (X)},-y

q<Y

forms a partition of Toty(X)

Proof. We check the definition of a partition. Since Y € X, Tot, (X) is nonempty.
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For all X € Toty(X), we have X € Tot,y ,(X), where

p is the unique element determined by X s.t. p —x Y and VI € ¥3X [ =x|P

¢ is the unique element determined by X s.t. ¢ <y Y and Vu € Y™ ¢ <z u

By above, since p, ¢ are unique, if p # p’ or ¢ # ¢/, then Tot,w (X)NTot, 3 ,(X) =

0. O

Lemma 2.12. Let X be a labeled poset. For Y € X,, Y € Tot(Y) and X €

Tot, v ,(X), we have

(1) Py is a function from Tot, 3 (X) to Tot(X

q (p,f’,q))’

(2) Py is a surjection, and for W =X o , € Tot(X, ¢ ) we have

Po(W) ={Xy, |z ep™ ng"},

where

77@ = (X, 2w U{(@,y) | 2" € 2=V, y e YIU{(y,2) |2/ € 27", y € YIU =5, 6).

Proof. (1) By definition of Tot,y (X)),

VYE TOtp7?7q(X), =X o ij:> <x

. C=yx
®.Y,9) (®.Y,9) C—X?

Le. Xy € Tot(X, ), so Py is a function from Tot,y  (X) to Tot(X

q (p,f’,q))'

(2) Let W =X, ¢, € Tot(X,3 ) Then there exists

(»Y.q

Xy, = (X, 2w W@ y) |2 € p™, y e VIU{(y,2') | 2" € p™, y € YIU =3),0x)

18 do0i:10.6342/NTU202401087
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s.t. P7<777p) = W. Moreover, we have

Pei (W) ={Xv, |z €p=" ng™}.

We rewrite the definition of D, and D, by our notation.

Definition 2.13. Let X be a labeled poset and X be its extension with respect to

some path. For p,q € XandY C X, we define

[0, (Y) = w([7(Y)) with an arbitrary path v from g;((p) to d(q)

and
L (V) =7 (15, (V).

(g

Definition 2.14. Let X be a totally ordered set. We define

D :H—->AQH

and
D,=(r"®id)oD.:H— LRH.

as

Yex,
and

DIN(X)) = S0 I, s (V) ® IN(Xy)

YeX,

respectively.
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Theorem 2.15. Let X be a labeled poset and v be a path. Then,

Z Z[[p;q)< ®Im(X(qu))

YeX, p—ogY
Y is irr. g zY

Proof. First, by Definition 1.13 and 2.14, we have
DANX) = Y DX = Y S I (D)9 I,
XETot(X) XeTot(X) ZeX,
Since the summation is finite, we can sum over X first to get
Y Y Y ol @)
YeX; ZeTot(Y) XeTotz(X)
By Lemma 2.11, we have

XN= > D Y iz DeL(Xy).

YeXy ZeTot(Y) p— Y X€Toty, 7,4(X)
q<—§Y

By Lemma 2.12, we have

=> > > 2. Y g2 0 IN(Xy).

YeX, ZETot(Y pe}ﬂjx €Tot(X, 7 ) XeP, (X 5)
o .

For fixed p, q, we use (5) of Proposition 1.12 and the definition of D, to get

Z [([%Z;Za)<Z> ® I’?(yf) = Z I([%Z;Z—))(Z) ® [':1(72)

YePz_l(Yé) Ysz_l(Yz)
N ([([p;p%;)(Z) Tt I([*f q;q)(Z)> ® I7(X3)
zZ

= I([pvq)(Z) ® Im(YZ).
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Hence, we have

=22 2 > Tw@enEy)

YeX, ZeTot(Y) p—Y X
r ZETot(Y) Z X €Tot(X, 7 )

Yex, Y Xz Z
€Xr ZETot(Y) Z:Y Xz€Tot (X, 2,9)

=D D D (D INX,z,)

YeX, ZeTot(Y) p—Y
qY

INX )

Since the underlying set of Y and Z are the same and p,q depend only on Y, we

have

Z Z Z ](pq ®]m(X(pf’7

YeX, p—Y ZeTot(Y)
qY

Notice that
[ (
Z L) (2) = H L) (Vi
Z€eTot(Y) Y}QCY
If Y is reducible, then
7| TL w0 | =0
piey

hence

[ m
Z Z L(pg) Y)® I (X(p,f’,q))’

YeX, p=Y
Y isirr. g« Y

Corollary 2.16. Let X be a labeled poset and + be a path. Then,

Z Z Ipq ®]m(XA)

reX P75
q<—Xx

21
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Lemma 2.17. If Y € X, for some r, then for Y7,Y, € Tot(Y),
jjylyy2 : TOtY1 (X) — TOty2 (X)

is a bijection.

Proof. Let X € Toty, (X). Then, we have <y,C ((X% \ =y,)U =y,). Since as a set

Y =Y, and
{(y.2) €x2x [z € (X\Y2), y € YatU{(z,y) €=x [z € (X\Y2), y € Yo} C ((Zx \ 2v)U Zvs),

Yy € X, under the order ((Z% \ =y;)U =<y,). Hence, Ty, y,(X) € Toty,(X).
Now, we swap Y; and Y5. Then Ty, y, : Tot(Yy) — Tot(Y;) is the inverse of Ty, y,,
ie.,

Ty, v © Ty vy, = tdtoty, (x) and Ty, y; © Tyy vy = idroty, (X)-

Hence, Ty, y, is a bijection from Toty, (X) to Toty, (X). O

Proposition 2.18. Let X be a labeled poset and v be a path. Fix a totally ordered

set Z € Tot(Y). Then,
LR D o | NPICET e )
YeXr XeToty (X) 1=
Proof. From the proof of Theorem 2.15 and by Definition 1.13 and 2.14, we have
DX =) > D> Itz (DX
YeX, ZeTot(Y) XETotZ(X)

By Lemma 2.17, we can fix a totally ordered set Z € Tot(Y) first and change the
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order of the summation to get

D/ Im Z Z Z [~>ZZ~> )®Im<72)

YeXr XeToty (X) YETot(Y)

Let {Y;}; be the set of irreducible components of Y. Then,

D)= Y T (00 ),

YeX, XeTotz(X) YiCY
4 1S 1rT.

2.3 A formula for A

Definition 2.19. Let X be a labeled poset. For x, 2’ € X, we say 2’ is adjacent to x
if

x— 2 ora’ — x,

and denote it as x <> z’. For y € Y C X, we define the connected component of y

inY as
Cxy() ={y eY|y,....on €Y st.y=y <y =9}
and the component set of Y as
Cx(Y) ={Cxy(y)|yeY}.
Notice that Cx(Y) forms a partition of Y.

Lemma 2.20. Let X be a labeled poset. For Y C X,
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(1) Py is a function from Tot(X) to Tot(Xy).

(2) Py is a surjection.

Proof. (1) By the definition of Tot(X), =x, is a total order and
=x; C=3x, for X € Tot(X)
we have Py (X) € Tot(Xp) i.e. Py is a function from Tot(X) to Tot(Xyp).

(2) For W = X5 € Tot(X5), we will construct X € Tot(X) s.t. Py(X)=W. Now
for each y € Y, we pick a minimal element of (3% \ Y, <) and denote it by
my. Let m = {m,|y € Y}. For x € m, we define Y, = {y € Y |m, = z}. For

each © € m, we pick a Z, € Tot(Y,) and define

“x==w U U =z, U U 2V,

xem z,x’'Em
z<wx’

where
=z, ==z U{(a,b)|a € Z,, b€ ="} U{(a,b)|ac =V be Z,}

=yv,.=1{(a,b)|a €Y, beYu}.

Now for each y € Y, we need to check {(p,y)|p € y=*} C=x and {(y,q)|q €
y=} C=x.

For p € y=* \ Z,,,, since y=* C m,~¥, we have

{py)Ip €y \ Zn,} C=%.
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and for p € y=* N Z,,,, since Z,,, € Tot(Y,,,), we have

{p.y)lpey**NZ,,} C=Z%.

Similarly, since Z,,, € Tot(Y,,, ), by definition of m,, we have

{(y,q9)|lq e y™™} c=x.

Hence, (X, <+, d) € Tot(X). By definition of <+, we have Py (X) = W i.., Py

is a surjection.

Definition 2.21. Let X be a labeled poset. For any Y C X and X € Tot(X), we

define a relation on P ' (X5) by

-/

YNT 7, <~ YZTYLYZ(X)

for some Y7,Ys € Tot(Y).

Lemma 2.22. Let X be a labeled poset. For any Y C X and X € Tot(X), ~¢ is an

equivalence relation on Py (Xo).

Proof. (1) Reflexivity: For all X € Tot(X) we have (Y, <%) € Tot(Y). This imply

X =Tyy(X).

(2) Symmetry: If X ~p X, then X = Ty, v, (X'). This implies (Y, =x) = Ya.

-/

Similarly, we take (Y, <) € Tot(Y). Then, we have Ty, y (X) = X .

(3) Tramsitivity: If X ~; X and X ~gp X, then X = Ty, v, (X') and X =
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1/

Ty vy (X"). Similarly, we take (Y, =<+) € Tot(Y). Then, we have Tyy, (X )=

X.
O

Definition 2.23. By Lemma 2.22, for W € Tot(Xs) and X € Py'(W), we define the

equivalence class of X as
X]:={X e P! (W)|X ~r X}
and the corresponding partition of P,;' (W) as

Ew = P (W) /) ~r={[X]| X € P;'(W)}.

With our notations, Goncharov’s formula can be rewritten as follows:

Theorem 2.24 (| |, Theorem 2.4;| |, Theorem 1.2). Let X be a totally

ordered set. Then, we have
A =3 T 162z (2) © I7(X5)
YCX ZeCx(Y)

with our notations.

Definition 2.25. Let X be a labeled poset and v be a path. For Y C X, we define
XeTot(X) ZeCx(Y)
Remark 2.26. Let X be a labeled poset and v be a path. Then we have the following

relation.

A(X) = 3 A (IN(X)).

YCX
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Theorem 2.27. Let X be a labeled poset, v be a path and Y C X. 1If for all
Z e Cx(Y), Z € Xz and |Z_’)~(| = |Z<_)~(| = 1, then one has

Ay H ]pz ‘IZ) ®I$(X§A’)’
ZeCx(Y)

where py =—5 Z and qz =<5 2.

Proof. First, by definition of Ay (I1'(X)) and Lemma 2.20 we have

A Z H [a ZZ% (Z)®];n<7f/)

XeTot(X) Z€Cx(Y)

= Z Z H I—>ZZ—> )®[$(W>

WeTot( Xy )XGP W) ZeCx(Y)

By Lemma 2.22, we have

Avmx) = > S 3 I trsy@emmw).

WeTot(Xg) e€EEw Xee Z€Ck(Y)

Note that X € [X'] implies that C(Y) = Cx(Y), == Z =—= Z, and %
7 =42 Z, 80 we may use the notation C,(Y) := C5(Y) for X € e. Thus, we may

swap the order of the summation and the product to find

MA(rx) = > > T | X Izzan (@) | @ IOV,

WETot(Xy) e€Ew ZeCe(Y) \ Z'€[Z]

where Z' € [Z] means that Z' is the set Z with the new order determined by X € e
and the same labeling map i.e. Z' = Ty, y,(Z) for some Y;,Ys € Tot(Y'). Since the

order of Z' € [Z] is contains the order of Y, we have

Av(IDX) = > > H SN (2| @ INW).

WeTot(Xy) e€Ew ZeCe( Z'€Tot(Z,=y)
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Note that {VNZ |V € Cx(Y)} = Cy(Z) and Z = | Jgcc,, () S+ Thus, by proposition

1.11, we have

Ay = > > 11 (zzn | L V2] [ ommw)

WeTot(Xg) e€bw ZeCe(Y) VeCx(Y)

= Z Z H H [—>ZZ—> VQZ)@)Im(W)

WETOt(X YecEw ZeCe(Y)VeCx (Y)
The products are finite products, so we can change the order of the products to get

A= > > II I 'y (Vozyepmw).  (21)

WETot(Xs) e€EEw VEeCx (Y) ZEC(Y)

For W € Tot(Xy) and V' € Cx(Y), since |V%)~(| = |V“)?| =1, we may let —»5 V =

pv and <5 V = gy and define

Bwy ={x e Wipy 2wz <w qv}

and

UzeBWV Ve=V and

Viv = < (V,
w ( a:)a:eBw,v (Ua:eBW,vf‘/z)U Ua:,z’eBW,V{(“’b)‘“GV% beV,} | ==v

<z’

Now, note that in the right hand side of (2.1), C'x(Y") is independent of e. Also,
since V' € Xjy|, Ew has a 1-1 correspondence with HVGCX(Y) Viv. Thus, we can

change the order of summation =~ and the product [Ty co, (v to get

WETOt(Xf,) Velx (Y) (Vz)zEVW CBEBWV
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By (5) of Proposition 1.12, we have

AN =3 1] M eI
WETOt(X}';) VeCx(Y)

and by Definition 1.13, we get

AN = T Ty (V) ® IM(Xp),
Velx(Y)

which completes the proof. O]
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Chapter 3 Examples

In this chapter, we will explicitly compute a few examples of Theorems 2.15
and 2.27. Our first two examples are also special cases of (the motivic version of)
Schur multiple zeta values (hereafter abbreviated as SMZV) due to a theorem by
Hirose, Murahara and Onozuka. Thus, let us first give a definition of Schur multiple

zeta values before going into the examples.

Definition 3.1 (Young diagram). Let A be a finite subset of N?. \ is called a Young

diagram if \ satisfying
(i+1,5)€Xor (i,j+1) €)X = (i,§) € X for (i,5) € N,

Definition 3.2 (skew Young diagram). A = A"\ \” is called a skew Young diagram,

if there exist Young diagrams A" and A" such that X' C \”.

Definition 3.3 (semi-standard Young tableaux). For a fixed skew Young diagram A,
we define the set of semi-standard Young tableaux SSYT(A) as the set of maps f

from A to N satisfying the conditions:

e If (4,7),(i,7+ 1) € A then f(4,5) < f(i,7 + 1),

o If (4,7),(i+1,5) € XA then f(i,7) < f(i + 1, 7).
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We call a map k: A = N an index for A\. Furthermore, we say that k-is admissible

if k(i,7) > 2 for any (i,7) € A such that (i +1,7) ¢ X and (¢,5 + 1) ¢ A

Definition 3.4 (Schur multiple zeta values). For an admissible index k, the Schur

multiple zeta value is defined by

1
k) = —
g( ) Z o H(i,j)e)\ f(i’j)k(z,])

fESSYT

Hirose, Murahara, and Onozuka proved that Yamamoto’s integral expression

can also be used to represent SMZVs with constant entries on the diagonals.

Theorem 3.5 (| |, Theorem 1.2). If k is an admissible index such that k(7, j) =
k(i+ 1,7+ 1) for all (¢,7), (i + 1,5+ 1) € A\, then the SMZV ((k) has Yamamoto’s
integral expression, i.e. we have

k;
. . /‘ k o
a kl O': V é V

¢ =7 f N Oﬁ ,
/

where [; is the number of k;’s.

Let us define the motivic version of the SMZV with constant entries on the
diagonal by Yamamoto’s integral on the right-hand side of this theorem. In the

following examples, we will make use of the facts

I"(0;0;1) = I™(0;1;1) = I™(a; a1, .. .yag;a) =0 (k> 1). (3.1)
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Example 3.6. Let us consider the case

In other words,
— / /
X ={x1,...,xp, 29, ..., 2.}

== {(xa, ) [a < b} U (g, 13) [a < b} U{(2a, 7) [ @ < b}

Lif z € {2, 2}, 1,2, }

§(z) =
0 others.

By Theorem 3.5, we have

o (BR) = <n§>

Let us calculate D4(/™(X)) using Theorem 2.15. For convenience, we assume n > 5

and set 0(zo) = 0,6(x),, ;) = 1. First, notice that the irreducible elements in X3 are

either of the four types

Type 1. Yim = {Tm, Tmi1, Tmia}-

Type 2. Yam = {¥, T, T}

Type 3. Y3, = {7, Ilm—i—lv Tt )-

Type 4. Yy ={a),, 20, 1, %00}
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Thus, by Theorem 2.15 and property of Motivic iterated integrals we have

Dy(I(X)) =Lagiaty(V1.0) @ (X 1y 577 ) F Ty (Vo) © T (X 777 )
+ I([xfl;mg)(ym) QI X (o 7m0) T+ I(r an(Y22) @ IM( Xy 52 1)
+ I([xl;xg)(yz,l) ®I™( X, 7)) T I(r wn)(Ya2) @ [m(X(x’p@m))
+ I([wn,l;z’rb+1)(1/z’>,nfl) ® fm(X( ))

[ m
+ 1(90%72?3;“)(1/3’”71) ®1 <X( P ))'

Tpn_2 ’Y3v"*1 7x'n«&»l

—
Tn—1, Y3n 1 xn+1

Using Theorem 2.15 or Proposition 2.18 is a easy way to find formula of D, or D!

for some type of SMZVs.

Example 3.7. Let us consider the case

wene AN

=\

In other words,

- !/ /
X ={&1,. ., T, Tsi1y. vy Topt, Ty ey T}

<= {(warm) [0 < b} U{(ah.23) | a < b} U{(alaer) [a € {1, m})

: /
Lifze{al,...,20,x1, 251}

é(z) =
0 others.

By Theorem 3.5, we have
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Let us calculate A(/™(X)) using Theorem 2.27. For convenience, we set (o) =

0,0(xsy441) = 1. First, using Remark 2.26 we get

A(I™MX)) = Y Ay(I™(X)).

YCX

Next, using Theorem 2.27, Proposition 1.11, and (3.1), we see that Ay vanishes

except for the following three types of Y's.

Type 1. Y1 ={%m, ..., Tss, 2, ..., 2}, where 1 <m < s+1.
Type 2. Yo = {1, .., Ts, Tsmy - - - s Topts Ty - .., 20 b, where 2 < m < t.

— / /
Type 3. Yamims = {T2, -« Totmys Tstmay - -y Tty Ty ooy Th ks

where 1 <my <t—2and m; +1 < my <t.

Hence, we can write the formula of A(/™(X)) by three types of Y

s+t
A(]m(X)) = Z I(az'm,fl;r.s«l»t#»l)()/l’m) ® ]m(Xﬁ;L>
m=1

t

+ Z I(uwoﬂs)(X17S)I(affs+mfl§zs+t+1)(Y27m \ Xl’s) ® Im(XY;,Tn)

m=2

t—2 t

+ Z Z ](uﬂc1;xs+m1+1)(X27s+m1)](ua:s+m2—1;zs+t+1)(Y&ml’m? \X275+m1) ® Im(XY;\,m)'

mi1=1mo=m1+2

where X, = {Za, Tat1,- -, To—1,2p}. By Theorem 3.5, we can compute the motivic

coaction of some types of SMZVs using Theorem 2.27.

Example 3.8. Let us consider the case

N N
X:/K }\
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In other words,

X = {:['17 e ,an,xn+lyx§_7 e Jx’/rn}
<= {(wa,m) [ < B} U{(},74) [a < b} U{(e),mni) |a € {1,...,m}}
Lif o € {oy, 24}

§(z) =
0 others.

By Definition 1.13, we have

m™X)=>Y" (” - Jr.m>Cm(i,n—i+m+1)+Z (" ;Tf_.j><m<j,n+m—j+1)-
j=1

n—1
i=1 J

Let us calculate A(/™(X)) using Theorem 2.27. First, using Proposition 1.12 it is

easy to show the formula
b
0401 1,000% 1) = (-0 (om0 ),

and using (;) = (’7{1) + (,:11), it is easy to show the formula

Sy (1) - G

k=0 m

Next, using the fact in Remark 2.26, we get

A(I™(X) = Y Ay(I™(X)).

YCX

Finally, using Theorem 2.27, Proposition 1.11 and (3.1), we see that Ay vanishes

except for the following two types of Y's.

/ /
Type 1. Y1, ={zi, ..., ¢py1, 20, ..., 20}

35 doi:10.6342/NTU202401087


http://dx.doi.org/10.6342/NTU202401087

Type 2. Yo ={x1,. ., Zny1, 2}, .., 20, )

Since I™(X¢—) and I™(X ) are single zeta values, hence we can express the formula
I3 2J

of A(/™(X)) in terms of two types of Y and single zeta values as

A(I“‘(X)):1®Im(X)+I“(X)®1+nZI“(YM (i—1 +mZI (Vo) @(—C™(—1)).

By Definition 1.13 and the formula above we have

7

]a(Yi,n+1—i) = Z (m _kl + k) [a((); {O}i_k’ 1, {0}m+k; 1)

k=0
m+ k kg1 (M AT ,
;m+ ( N )( 1) +1<i_k>§(m+z+1)
(m;—z) ( )i k—Hle_k(]i)) Cm+i+1)
11
()

= (=)™ (m+i+1).

Hence, we get

A(IMX)) =1® I™X) + (X)) ® 1

+ Z(—l)’{“(m +i+1) @™ (n—1)
S 14+ 1) @ ¢ m — ).

.
Il
o
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