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摘要 

 

本研究分析在一個充滿對稱型電解質溶液並具有濃度梯度的同心帶電球形

腔體中，由一個不帶電的硬球核心與一個均勻帶電的多孔表面層組成的球形複合

軟質粒子的擬穩態擴散泳動現象。藉由對軟質粒子與腔體壁的固定電荷密度進行

正規微擾法，求解與流體速度場、電位分佈以及離子濃度分佈相關的線性化電動

力方程式。進而獲得了軟質粒子的擴散泳動（包含電泳及化學泳的貢獻）速度的

解析結果，此速度為以下幾個無因次群的函數：實心硬核與複合粒子半徑比值

（ 0 /r a）、複合粒子與帶電空腔半徑比值（ ba / ）、複合粒子半徑與電雙層特性厚

度（Debye screening length）的比值（ a ）以及複合粒子半徑與多孔層滲透長度

（porous layer permeation length）的比值（ a ）。 

在一般狀況下，帶電的腔體壁對複合粒子的擴散泳動行為具有顯著影響。沿

著腔體壁產生的擴散滲透（diffusioosmosis），包含電滲透（electroosmosis）和 化

學滲透（chemiosmosis）所造成的流體流動，會大幅改變複合粒子的擴散泳速度，

甚至可能使其方向反轉。整體而言，擴散泳速度隨著實心硬核與複合粒子半徑比

值、複合粒子與帶電空腔半徑比值、複合粒子半徑與多孔層滲透長度的比值增加

而減小，隨著複合粒子半徑與電雙層特性厚度的比值增加而增加。 

 

關鍵詞：擴散泳；擴散滲透；帶電軟質粒子；邊界效應；任意電雙層厚度 
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Abstract 

 

The quasi-steady diffusiophoresis of a soft particle composed of an uncharged hard 

sphere core and a uniformly charged porous surface layer in a concentric charged 

spherical cavity full of a symmetric electrolyte solution with a concentration gradient 

is analyzed. By using a regular perturbation method with small fixed charge densities 

of the soft particle and cavity wall, the linearized electrokinetic equations relevant to 

the fluid velocity field, electric potential profile, and ionic concentration distributions 

are solved. A closed-form formula for the diffusiophoretic (electrophoretic and 

chemiphoretic) velocity of the soft particle is obtained as a function of the ratios of 

core-to-particle radii, particle-to-cavity radii, particle radius to the Debye screening 

length, and particle radius to porous layer permeation length. In typical cases, the 

confining charged cavity wall significantly influences the diffusiophoresis of the soft 

particle.  

The fluid flow caused by the diffusioosmosis (electroosmosis and chemiosmosis) 

along the cavity wall can considerably change the diffusiophoretic velocity of the 

particle and even reverse its direction. In general, the diffusiohoretic velocity decreases 

with increasing core-to-particle radius ratio, particle-to-cavity radius ratio, and ratio of 

particle radius to porous layer permeation length, but increases with increasing ratio of 
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particle radius to the Debye length. 

 

Keywords: diffusiophoresis; diffusioosmosis; charged soft particle; boundary effect; 

arbitrary electric double layer  
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Chapter 1  

Introduction 

 

1.1 Diffusiophoresis 

Diffusiophoresis refers to the motion of colloid particles under imposed solute 

concentration gradients [1–8] and provides the mechanisms for numerous applications 

in the characterization, separation, transport, and manipulation of particles in 

microfluidics [9–14] and layered two-dimensional nanocolloid/liquid crystals [15,16], 

as well as in the autonomous motion of micromotors [17–19]. In a nonionic solution, 

the particle interacts with solute molecules via the Van der Waals and dipole attractive 

forces, and diffusi-ophoresis proceeds toward the regions where there is a higher solute 

concentration [20]. For the diffusiophoresis of a charged particle in an electrolyte 

solution, the particle–ion interaction is dominated by electrostatics and the range of its 

electric double layer with a thickness of the order of the Debye screening length [21]. 

In the past, the diffusiophoretic motion of a hard particle (which is impermeable to ionic 

fluids) [22,23], a porous particle (which is permeable) [24], and a soft particle (which 

has a hard core covered by a porous layer) [25–28] with an arbitrary electric double 

layer thickness were studied analytically (by assuming a weak applied electrolyte 

concentration gradient) and experimentally. 
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In various applications of diffusiophoresis, the colloid particles are rarely 

unbounded, and it is important to understand whether boundaries significantly affect 

the particle mobility [5,29]. In the limiting case of a very thin double layer, the 

normalized fluid velocity field around a hard sphere undergoing diffusiophoresis is 

identical to that of one undergoing electrophoresis, and the already extensively studied 

boundary effect on electrophoretic motion can be used to explain the effect on 

diffusiophoretic motion [10]. On the other hand, the boundary effect of diffusiophoresis 

is different from that of electrophoresis when a double layer polarization is incorporated. 

By using a boundary collocation technique, the diffusiophoretic motion of a hard sphere 

with a thin polarized double layer near one or two plates [30] and along the axis of a 

microtube [31,32] was examined. Also, the diffusiophoresis of a charged sphere in a 

charged spherical cavity can be used to model diffusiophoretic motions in lab-on-a-chip 

devices and dead-end pores involving self-regulated drug delivery [33,34].  

1.2 Soft particle  

The surface of a colloidal particle is generally not hard and smooth as assumed in 

many theoretical models, instead, it often comprises a complex structure that plays a 

crucial role in colloidal stability. For instance, surface layers formed by the adsorption 

of long-chain polymers are commonly employed to enhance colloidal stability against 

flocculation, producing an extended, gel-like polymeric layer that penetrates into the 
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suspending medium. Even model colloids such as silica and polystyrene latex exhibit 

such “hairy” surfaces. Biological cells present even greater complexity, featuring 

permeable, rough interfaces with appendages ranging from nanometer-scale protein 

molecules to micrometer-scale cilia. To capture these complexities, colloidal particles 

are often modeled as soft or composite particles, consisting of a central rigid core 

surrounded by an outer porous shell; in the limiting case where the core vanishes, the 

structure effectively becomes a fully permeable particle, analogous to polymer coils or 

colloidal flocs. 

In fact, the diffusiophoresis of a charged hard or porous sphere with a thin 

polarized or an arbitrary double layer situated at the center of a charged spherical cavity 

[35,36] and the diffusiophoresis of a charged soft sphere with an arbitrary double layer 

inside a nonconcentric uncharged spherical cavity [37] have been studied theoretically. 

However, the effect of a charged boundary on the diffusiophoretic motion of a soft 

particle has not been investigated. In this thesis, the diffusiophoresis of a charged soft 

spherical particle inside a concentric charged spherical cavity with an arbitrary electric 

double layer thickness is analyzed. The fluid velocity field, electric potential profile, 

and ionic concentration distributions are determined as the power series of the small 

fixed charge densities of the soft sphere and cavity wall. An explicit formula for the 

diffusiophoretic mobility of the soft sphere is obtained as a function of the relevant 
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parameters. 
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Chapter 2 

Electrokinetic Equations and Boundary Conditions 

 

As shown in Figure 1, we consider the diffusiophoresis of a soft spherical particle 

of radius a , consisting of an uncharged hard sphere core of radius 0r  and a charged 

porous surface layer of thickness 0ra − , situated at the center of a charged spherical 

cavity of radius b  occupied by a symmetric electrolyte solution in a quasi-steady state. 

A linear electrolyte concentration profile ( ) (0)  n z n n z  = +   is imposed along the 

cavity wall with a constant gradient n  in the z  direction, and the induced particle 

velocity U  in this direction needing to be determined. The origin of the spherical 

coordinates ),,( r  is attached to the particle center (at 0z = ), and the problem is 

independent of   (symmetric about the z  axis). 

 

Figure 1. Geometric sketch for the diffusiophoresis of a charged soft sphere in a 
concentric charged spherical cavity. 
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2.1 Perturbation method 

The normalized electrolyte concentration gradient / (0)a n n  =   is taken to 

be positive but small, so that the system deviates slightly from equilibrium. Therefore, 

the cationic and anionic concentration profiles ( , )n r +  and ( , )n r − , respectively; the 

dynamic pressure distribution ),( rp ; and the electrical potential distribution ),(  r  

can be decomposed into the following: 

  += nnn )eq( , (1) 

 ppp += )eq( , (2) 

  += )eq( , (3) 

where )()eq( rn  , )()eq( rp  , and )()eq( r   are the equilibrium profiles of the ionic 

concentrations, dynamic pressure, and electrical potential, respectively, and ),(  rn , 

),(  rp , and ),(  r  are the pertinent small perturbations. 

2.2 Differential governing equations  

The small perturbed quantities, n , p , and  , and the fluid velocity 

),( rv  are governed by the linearized ionic continuity equations, modified Stokes–

Brinkman equations, and Poisson–Boltzmann equation, respectively, as follows (being 

discussed in Appendix B): 

 ][ )eq()eq(2  −=


 v
D
kT

kT
Ze , (4) 

 ][)]([ )eq(2)eq(222 

 +−=− vrh , (5) 

 ]}exp[)(]exp[){(
)eq()eq(

02

kT
ZeZe

kT
ZeZe

kT
Zen 


 −−−+= +−



. (6) 
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In the previous equations, the ionic electrochemical potential energy perturbations 

are as follows: 

  Zen
n
kT

= 


 )eq( , (7) 

Furthermore, 1−  is the flow penetration length or the square root of the permeability 

in the porous surface layer of the soft sphere; D  are the ionic diffusivities in the fluid; 

Z  is the valence of the symmetric electrolyte (which is positive);   and   are the 

viscosity and dielectric permittivity, respectively, of the fluid; and )(rh  equals unity if 

arr 0  and zero otherwise. The pressure term in Equation (5) disappears owing to 

the application of a curl to the momentum equation; the fluid velocity v  also satisfies 

the continuity equation; and the constants D  ,   , and    inside and outside the 

porous layer are considered to be the same. 

2.3 Boundary conditions 

The boundary conditions of the small perturbed quantities along the interface 

between the hard sphere core and the porous surface layer and at the particle surface 

are as follows [25]: 

 0rr = : 0= re , 0= re , 0v = , (8) 

 ar = :     ,  ,  ,  , v , and τe r  are continuous, (9) 

where τ  is the hydrodynamic stress tensor of the fluid, re  is the unit vector in the r  

direction, and Equation (8) takes a reference frame traveling with the soft particle. 

The boundary conditions at the cavity wall are as follows [35]: 

 br = :   cos
a
r

Ze
kT

−= , (10) 
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  cos)1(
a
rkT = , if a r b  , (11) 

 zUev  −=  (12) 

where / (0)a n n  =  , )/()( −+−+ +−= DDDD , and ze  is the unit vector in the 

z  direction. Equations (10a) and (10b) for the induced perturbed electrical potential 

and the ionic electrochemical potential energies result from the electrolyte 

concentration gradient imposed along the cavity wall and the equality of the anion and 

cation fluxes in the particle-free fluid. Equation (10c) for the stationary cavity also takes 

the same reference frame as Equation (8). 
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Chapter 3 

Solution of the Diffusiophoretic Velocity 

 

3.1 Equilibrium electrical potential profile 

The equilibrium electrical potential profile of a soft spherical particle, whose 

porous surface layer has a constant space charge density Q , situated at the center of a 

spherical cavity, having a constant surface charge density  , satisfying the continuity 

of electrical potential and current at the particle surface ( r a= ) and the Gauss condition 

at the hard core surface ( 0rr = ) and cavity wall ( br = ) , can be obtained as follows  

(being discussed in Appendix B):  

 ),,,(O)()(
3223

10eq1eq0
)eq(  QQQrQr ++= , (13) 

where  

 
)1(e)][1)(1(e)1)(1(e{[

2
e)( 2

0
)2(

01eq0
0 −−+−+−= −

−

brara
rZeA

kTr bara
r




 


 

)]}1(e2 ++ br    for bra  , 

(14) 

 

]e2)1(e)[1)(1(e1{
2

e)( 0
)2(

)22(

1eq0

0

rarb
ArZeA

kTr raba
rrab




 


−−−++= −
−+−

 

)1(e]e2)1(e)[1)(1(e )(2
0

)2( 00 −+−++−− +−−− ararb rrbaarrr    

)]}1)(1()1([)1)(1( 000 −−−−−+++ rbabrbrb   for arr 0 , 

(15) 

 )]}(sinh[)](cosh[{e)(2)( 000

)(2

10eq

0

rrrrr
rZeA

bkTr
rb

−+−=
+







, (16) 

 )1)(1(e)1)(1(e 0
2

0
2 0 −+−+−= rbrbA rb   , (17) 
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Both kTZeQQ 2=  and kTZe  =   are dimensionless, whereas 

2 2 1 2
0(2 / )Z e n kT =  is the Debye screening parameter. For the case of a symmetric 

electrolyte, the second-order terms ),,(O
22

QQ  in Equation (13) disappear.  

The substitution of Equations (13)-(16) into the Gauss condition at br =  yields 

a relation between the surface charge density   and the zeta potential   of the cavity 

wall: 

 

2
0 0 0 0{(1 )sinh[ ( )] ( ) cosh[ ( )]}ar a r a r a r BQ    = − − − − −  

2 2
0 0 0 0{( 1)sinh[ ( )] ( ) cosh[ ( )]}br b r b r b r B     + − − + − − , 

(18) 

where  

 2 3 1
0 0 0{ sinh[ ( )] cosh[ ( )]}B b b r br b r    −= − + − . (19) 

Namely, after the substitution of Equation (18), Equation (13) is also valid for the 

solution of )eq(  in the case of a cavity wall with a constant zeta potential.  

3.2 Solution of the perturbed variables  

When the parameters Q  and   are small, in order to solve for the perturbed 

quantities  ,  , rv , v , and p  with the diffusiophoretic velocity U  of the 

soft spherical particle, these variables can be expressed as power expansions of Q  and 

 , such as the following: 

 +++++=
2

2011
2

021001  UQUQUUQUU , (20) 

where the to-be-determined coefficients 01U , 10U , 02U , 11U , 20U , etc. do not depend 

on Q   and    but are dependent on the core-to-particle radius ratio ar /0  , the 

particle-to-cavity radius ratio ba / , the ratio of the particle radius to the permeation 

length in the porous layer a  , and the electrokinetic particle radius a  . There are 
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zeroth-order terms of Q   and    in the expansions of    and   , as shown in 

Equations (10) and (11).  

The substitution of these expansions and Equation (13) into Equations (4)–(12) 

yields results for  ,   (to the orders Q  and  ), rv , v , and p  (to the orders 

2
Q , Q , and 

2
  ) as follows: 

   cos][ 100100 FQFF
Ze
kT

++−= , (21) 

   cos][)1( 100100 FQFFkT = , (22) 

 

2
022000210200100120001 )()()[( QF

a
kTFUF

a
kTFUQF

a
kTFUv rrrrrrr 








++−+−=  







cos])()(
2

20200201120011 rrrr F
a

kTFUQF
a

kTFU ++++ , 

(23) 

 )(
2

tan 2
rvr

rr
v




−=


 , (24) 

 

QFa
Ze
kTF

a
kTFU

a
p pp ){( 0001eq

2
0120001 





 −−=  





  )( 0010eq
2

1020010 Fa
Ze
kTF

a
kTFU pp −−+  

2
0101eq

2
0220002 )( QFa

Ze
kTF

a
kTFU pp 





+++  





  QFFa
Ze
kTF

a
kTFU pp )]([ 0110eq1001eq

2
1120011 ++++  





  cos})(
2

1010eq
2

2020020 Fa
Ze
kTF

a
kTFU pp +++ , 

(25) 

where the dimensionless functions ( )ijF r , ( )ijF r , ( )ijrF r , and ( )pijF r  with i and j 

equal to 0, 1, and 2 are given by Equations (A1)-(A8) and (A20)-(A23) in Appendix A.  
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3.3 Forces acting on the particle  

The electrical force acting on the soft spherical particle can be expressed as [35]  

  = =

π

0

)eq(2
e dsin ][π2  rara eF . (26) 

The substitution of Equations (13) and (21) into the previous equation results in this 

force to the second orders,  

 

eq01 eq10 eq0100 00 01 2
e 00 00 01

d d dd d d4π { [(2 ) (2 ) ] (2 )
3 d d d d d d

F F FkT a F a Q F a F a Q
Ze r r r r r r

  
  

     = − + + + + +F  

eq10 eq01 eq1001 10 10 2
01 10 10

d d dd d d
[(2 ) (2 ) ] 2 )

d d
}

d d d d r a

F F F
F a F a Q F a

r r r r r r
  

  

  
  =+ + + + + e+( z

, 
(27) 

The drag force exerted by the fluid on the soft spherical particle can be expressed 

as  

  ++−= =

π

0

T2
h dsin]})([{π2  rarpa evvIF , (28) 

where I  is the unit dyadic. Substituting Equations (23)-(25) into the previous equation, 

we obtain  

 

2
h 01 002 012 00 eq014π{[ ( ) ]

3
kT kTaU C C a F Q
a Ze 

    = − − −F  

2
10 002 102 00 eq10[ ( )

3
]kT kTaU C C a F

a Ze 
     + − −  

2 2
02 002 022 01 eq01[ ( ) ]

3
kT kTaU C C a F Q
a Ze 

    + + +  

2
11 002 112 01 eq10 10 eq01[ ( ) ( ]

3
)kT kTaU C C a F F Q

a Ze  
      + + + +  

2 2
20 002 202 10 eq10[ ( )

3
}] r a

kT kTaU C C a F
a Ze 

      =+ + + ez . 

(29) 
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where the dimensionless coefficients 002C , 012C , 102C , 022C , 112C and 202C , also 

appearing in Equations (A1), (A3), (A5), and (A7), are given by Equations (A35) and 

(A43).   
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3.4 Diffusiophoretic velocity of the particle  

Applying the constraint that the total force on the diffusiophoretic soft sphere is 

zero to the summation of Equations (27) and (29), we obtain the following: 

 
*

eq01002 2
01 012 00 eq01 00

002

dd
{3 (2 ) }

3 d
[

d
] r a

FZe UU ZeC a aF F a
akTC r r


 

   
 == + − + , (30) 

 
*

eq10002 2
10 102 00 eq10 00

002

dd
{3 (2 ) }

3 d d r a

FZe UU ZeC a aF F a
akTC r r


 

   
 == + − + , (31) 

 
*

eq01012 2
02 022 01 eq01 01

002

dd
{3 [ (2 ) ]}

3 d d r a

FZeUU ZeC a aF F a
akTC r r


 


  

 =
−

= + − + , (32) 

 

*
eq01102 2 2

11 112 10 eq01 01 eq10 10
002

dd
{3 2[ ( )

3 d d
FZeUU ZeC a aF aF F a

akTC r r


  


    


−

= + + − +  

eq1001
01

dd
(2 ) ]}

d d r a

F
F a

r r





=− + , 

(33) 

 
*

eq10102 2
20 202 10 eq10 10

002

dd
{3 [ (2 ) ]}

3 d d r a

FZeUU ZeC a aF F a
akTC r r


 


  

 =
−

= + − +  (34) 

where  

 2* )(
Ze
kT

a
U




=  (35) 

which is a characteristic particle velocity. After the substitution of Equation (18), 

Equation (20) is also valid for the diffusiophoretic velocity of the particle in the case of 

a cavity wall with a constant zeta potential. Equations (30)-(34) for the limit 0 0r =  

reduce to the diffusiophoretic velocity of a charged porous spherical particle within a 

charged spherical cavity obtained earlier, and analytical expressions are available in 

some limiting cases [36]. 

In Equation (20) for the diffusiophoretic velocity of the soft spherical particle 

within the spherical cavity, the first-order terms ),(O Q  and second-order terms 

),,(
22

QQO  denote the contributions from electrophoresis that are caused by the 

induced electric field in Equation (10) and chemiphoresis, respectively. The fixed 
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charge at the cavity wall changes the particle motion through the wall-corrected 

electrical potential distribution and diffusioosmosis-induced (electroosmosis-induced 

and chemiosmosis-induced) recirculating flows generated by the interaction of the 

imposed electrolyte concentration gradient with the electrical double layer adjacent to 

the wall. The terms 
2

01 02U Q U Q+  and 
2

2010  UU +  are the diffusiophoretic 

velocity of a charged soft particle in an uncharged cavity ( 0= ) and the translational 

velocity of an uncharged soft particle ( 0=Q ) in a charged cavity induced by 

diffusioosmosis, respectively. Equations (30) and (31) agrees with the electrophoretic 

velocity of a soft spherical particle within a charged cavity available in the literature 

[38]. 
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Chapter 4 

Results and Discussion 

 

4.1 Porous particle velocities  

4.1.1 First-order electrophoretic velocities  

The analytical formulae for the diffusiophoretic velocity of a charged soft 

spherical particle within a concentric charged spherical cavity are obtained in Equations 

(20) and (30)–(35), and the graphical results will be given here. The normalized first-

order (electrophoretic) velocities *
01 / UU   and *

10 /U U  for the special case of a 

porous spherical particle ( 0 0r = ) within a concentric charged cavity as calculated from 

Equations (30 and (31) are plotted in Figures 2 and 3, respectively, as functions of the 

hydrodynamic resistance parameter a , the particle-to-cavity radius ratio ba / , and 

the electrokinetic particle radius a . These normalized velocities are always positive; 

therefore, the sign of the product Q  determines the direction of the electrophoresis 

and the sign of   determines the direction of the contribution from the 

electroosmosis at the cavity wall to the particle velocity.  

For the fixed values of ba /  and a , both *
01 / UU   and *

10 / UU   are the 

monotonically increasing functions of a  from zero at 0a = . For the specified 

values of ba /  and a , both *
01 / UU   and *

10 / UU   are the monotonically 

decreasing functions of a  as expected, but *
01 / UU   may strongly depend on a , 

while *
10 / UU   is only weakly dependent on a . For fixed a  and a , both 
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*
01 / UU   and *

10 / UU   are the monotonically decreasing functions of ba /  as 

expected, and *
10 / UU   equals 1 and 0 if ba /  equals 0 and 1, respectively. 
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(a) 

 
(b) 

 
(c) 

Figure 2. Normalized velocity *
01 / UU   for the electrophoresis of a charged porous 

sphere ( 0 0r = ) in a spherical cavity: (a) 5.0/ =ba ; (b) 10=a ; (c) 1=a . 
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(a) 

 
(b) 

 
(c) 

Figure 3. Normalized velocity *
10 / UU   for a porous sphere ( 0 0r = ) in a charged 

spherical cavity with electroosmosis: (a) 5.0/ =ba ; (b) 10=a ; and (c) 1=a . 
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The normalized net first-order velocity *
1 / UQU   (with 1 01 10U U Q U = + ) of a 

charged porous particle inside a charged cavity is plotted versus the fixed charge density 

ratio / Q  (equaling / Q ) in Figure 4 (in straight lines with the slope *
10 / UU  ) 

for different values of ba / , a , and a . The electroosmotic flow at the cavity wall 

enhances/reduces this electrophoretic velocity if the fixed charge densities Q  and   

are in the same/opposite signs. If the magnitude of / Q  is large, the wall effect can 

be significant. When the value of / Q  is negative and the magnitude is great, the 

velocity direction of the confined particle may be opposite to the direction of the 

electrophoresis in an unbounded fluid. The magnitude of *
1 / UQU   in general 

decreases with the increases in a  and ba / , but increases with an increase in a . 

 

  



doi:10.6342/NTU202502508

 21 

 
(a) 

 
(b) 

 
(c) 

Figure 4. Normalized velocity *
1 / UQU   for the electrophoresis of a charged porous 

sphere ( 0 0r = ) in a charged spherical cavity versus the fixed charge density ratio / Q : 
(a) 5.0/ =ba  and 1=a ; (b) 10=a  and 5.0/ =ba ; and (c) 1=a  and 10=a . 
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4.1.2 Second-order chemiphoretic velocities  

The normalized second-order velocities *
02 /UU , *

11 /UU , and *
20 /UU  of a 

charged porous sphere inside a charged cavity caused by the chemiphoretic and wall-

induced chemiosmotic effects as calculated from Equations (32)-(34) are plotted in 

Figures 5, 6, and 7, respectively, as functions of the parameters ba / , a , and a . 

All these second-order velocities are monotonically decreasing functions of a  as 

expected, but none of them is a monotonic function of ba /  (local extrema appear at 

moderate values of ba / ), keeping the other parameters unchanged.  

For the specified values of ba /  and a , the value of *
02 /UU increases 

monotonically with an increase in a , whereas *
11 /UU  and *

20 /UU  may not be 

monotonic functions of a . As expected, * * *
02 11 20/ / / 0U U U U U U= = =  in the limits 

1/ =ba  and 0=a , while *
11 / 0U U =  in the limit 0/ =ba . For the given values of 

ba /  and a , both *
11 /UU  and *

02 /UU  are strongly dependent on a  (inversely 

proportional to 2 2a  if a  is smaller than about 10), while *
20 /UU  only weakly 

depend on a . 
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(a) 

 
(b) 

 
(c) 

Figure 5. Normalized velocity *
02 /UU   for the chemiphoresis of a charged porous 

sphere ( 0 0r = ) in a spherical cavity: (a) 5.0/ =ba ; (b) 10=a ; and (c) 1=a . 



doi:10.6342/NTU202502508

 24 

 
(a) 

 
(b) 

 
(c) 

Figure 6. Normalized velocity *
11 /UU   for a charged porous sphere ( 0 0r =  ) in a 

charged spherical cavity: (a) 5.0/ =ba ; (b) 10=a ; and (c) 1=a . 
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(a) 

 
(b) 

 
(c) 

Figure 7. Normalized velocity *
20 /UU   for a porous sphere ( 0 0r =  ) in a charged 

spherical cavity with chemiosmosis: (a) 5.0/ =ba ; (b) 10=a ; and (c) 1=a . 
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The normalized net second-order velocity 2 *
2 /U Q U  (with 

2 2

2 02 11 20U U Q U Q U = + + ) of a charged porous particle inside a charged cavity is 

plotted versus the fixed charge density ratio / Q  in Figure 8 (in parabolic curves that 

concave upward) for various values of the parameters ba / , a , and a . For the 

given values of ba / , a , and a , this velocity may reverse its direction twice as 

/ Q  changes, due to the combined effects of chemiphoresis and wall-induced 

chemiosmosis. If the magnitude of / Q  is large, the cavity wall effect on the motion 

of the porous sphere is substantial. The magnitude of *2
2 / UQU  generally diminishes 

when a  and ba /  increase, but increases with an increasing a . Figure 8 shows 

the normalized chemiphoretic velocity 2 *
2 /U Q U  for various values of the parameters 

ba / , a , and a , as well as the fixed charge densities Q  and  .  
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(a) 

 
(b) 

 
(c) 

Figure 8. Normalized velocity *2
2 / UQU  for the chemiphoresis of a charged porous 

sphere ( 0 0r = ) in a charged spherical cavity versus the fixed charge density ratio / Q : 
(a) 5.0/ =ba   and 1=a  ; (b) 10=a   and 5.0/ =ba  ; and (c) 1=a   and 

10=a .  
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4.1.3 Diffusiophoretic velocity  

For the diffusiophoresis of a porous particle in a symmetric electrolyte whose 

cation and anion have different diffusivities ( 2.0−= , like the aqueous solution of 

NaCl), the plots of */UU  against   with 1=Q  and the different values of ba / , 

a , and a  are given in Figure 9 (a combination of Figures 4 and 8), where the 

contributions from electrophoresis and chemiphoresis, as well as from wall-induced 

electroosmosis and chemiosmosis, are included. Furthermore, for the fixed values of 

ba / , a , and a , the cavity wall effect is significant as the magnitude of / Q  is 

large, and the particle velocity may reverse twice in its direction when / Q  changes. 
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(a) 

 
(b) 

 
(c) 

Figure 9. Normalized velocity */U U   for the diffusiophoresis of a charged porous 
sphere ( 0 0r =  ) in a charged spherical cavity with 2.0−=   and 1=Q   versus the 
charge density   : (a) 5.0/ =ba   and 1=a  ; (b) 10=a   and 5.0/ =ba  ; and (c) 

1=a  and 10=a . 
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4.2 Soft particle velocities  

Having understood the effect of a concentric charged cavity on the diffusiophoretic 

velocity of a charged porous particle, we can examine the general case of a 

diffusiophoretic soft particle. 

4.2.1 First-order electrophoretic velocities  

The normalized first-order velocities *
01 / UU   and *

10 /U U  for a soft 

spherical particle within a concentric charged cavity as calculated from Equations (30) 

and (31) are plotted versus the core-to-particle radius ratio 0 /r a  for different values 

of the hydrodynamic resistance parameter a , the particle-to-cavity radius ratio ba / , 

and the electrokinetic particle radius a  in Figures 10 and 11, respectively. Likewise, 

these normalized velocities are always positive; the sign of the product Q  

determines the direction of the electrophoresis; and the sign of   determines the 

direction of the wall-induced electroosmotic effect on the particle.  

Both *
01 / UU   and *

10 / UU   are monotonically increasing functions of a  

from zero at 0a = , monotonically decreasing functions of a , and monotonically 

decreasing functions of ba /  to zero at / 1a b = , keeping the other parameters 

unchanged. For the specified values of a , a , and ba / , the normalized 

electrophoretic velocity *
01 / UU   monotonically decreases with a rise in the radius 

ratio 0 /r a , as expected, from the value for a charged porous sphere at 0 / 0r a =  to 

zero for an uncharged rigid (impermeable) sphere at 0 / 1r a = . On the other hand, the 

normalized velocity *
10 /U U  of the soft particle caused by the electroosmotic effect 
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of the charged cavity wall for the given values of ba / , a , and a  is generally not 

a monotonic function of 0 /r a  and has a maximum at a relatively large value of 0 /r a . 
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(a) 

 
(b) 

 
(c) 

Figure 10. Normalized velocity *
01 / UU   for the electrophoresis of a charged soft 

sphere in a spherical cavity versus 0 /r a : (a) 5.0/ =ba  and 1=a ; (b) 10=a  
and 5.0/ =ba ; and (c) 1=a  and 10=a . 
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(a) 

 
(b) 

 
(c) 

Figure 11. Normalized velocity *
10 / UU    for a soft sphere in a charged spherical 

cavity with electroosmosis versus 0 /r a : (a) 5.0/ =ba  and 1=a ; (b) 10=a  and 
5.0/ =ba ; and (c) 1=a  and 10=a . 
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In Figure 12, the normalized net first-order velocity *
1 /U Q U  (with 

1 01 10U U Q U = + ) of a charged soft particle inside a charged cavity is plotted versus 

the fixed charge density ratio / Q  for the different values of 0 /r a . Again, the 

electroosmotic effect of the cavity wall enhances/reduces this particle velocity if the 

fixed charge densities Q  and   are in the same/opposite signs. When the value of 

/ Q  is negative and the magnitude is great, the velocity direction of the particle may 

be opposite to the direction of the electrophoresis in an unbounded fluid. The value of 

*
1 /U Q U  decreases with an increase in 0 /r a , mainly due to the effect of 0 /r a  on 

the electrophoretic velocity *
01 / UU  . 

 

Figure 12. Normalized velocity *
1 / UQU   for the electrophoresis of a charged soft 

sphere in a charged spherical cavity with 1=a , 10=a , and 5.0/ =ba  versus the 
fixed charge density ratio / Q . 
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4.2.2 Second-order chemiphoretic velocities  

The normalized second-order velocities *
02 /UU , *

11 /UU , and *
20 /UU  of a 

charged soft sphere inside a charged cavity caused by the chemiphoretic and wall-

induced chemiosmotic effects as calculated from Equations (32)-(34) are plotted versus 

the core-to-particle radius ratio 0 /r a  in Figures 13, 14, and 15, respectively, for the 

different values of ba / , a , and a . Likewise, all these velocities are 

monotonically decreasing functions of a  that generally increase with an increasing 

a , but none of them depends monotonically on ba /  (local extrema appear at 

moderate values of ba / ), keeping the other parameters unchanged.  

For the specified values of ba / , a , and a , the normalized velocities 

*
02 /UU  and *

11 /UU  generally decreases with a rise in the radius ratio 0 /r a  from 

their values for a charged porous sphere at 0 / 0r a =  to zero for an uncharged rigid 

sphere at 0 / 1r a = . However, the normalized velocity *
20 /UU  of the soft particle 

caused by the chemiosmotic effect of the charged cavity wall for the given values of 

ba / , a , and a  is generally not a monotonic function of 0 /r a . 
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(a) 

 
(b) 

 
(c) 

Figure 13. Normalized velocity *
02 /UU   for the chemiphoresis of a charged soft 

sphere in a spherical cavity versus 0 /r a  : (a) 5.0/ =ba   and 1=a  ; (b) 10=a  
and 5.0/ =ba ; and (c) 1=a  and 10=a . 
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(a) 

 
(b) 

 
(c) 

Figure 14. Normalized velocity *
11 /UU   for a charged soft sphere in a charged 

spherical cavity versus 0 /r a  : (a) 5.0/ =ba   and 1=a  ; (b) 10=a   and 
5.0/ =ba ; and (c) 1=a  and 10=a . 
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(a) 

 
(b) 

 
(c) 

Figure 15. Normalized velocity *
20 /UU  for a soft sphere in a charged spherical cavity 

with chemiosmosis versus 0 /r a  : (a) 5.0/ =ba   and 1=a  ; (b) 10=a   and 
5.0/ =ba ; and (c) 1=a  and 10=a . 
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In Figure 16, the normalized net second-order velocity 
2 *

2 /U Q U  (with 

2 2

2 02 11 20U U Q U Q U = + + ) of a charged soft particle inside a charged cavity is 

plotted versus the fixed charge density ratio / Q  for the various values of 0 /r a . 

Furthermore, for the given values of ba / , a , and a , this velocity may reverse its 

direction twice as / Q  changes, due to the combined effects of chemiphoresis and 

wall-induced chemiosmosis. In general, the value of *2
2 / UQU  decreases with an 

increasing 0 /r a  if / Q  is positive, but it is not a monotonic function of 0 /r a  if 

/ Q  is negative. 

 

Figure 16. Normalized velocity *2
2 / UQU   for the chemiphoresis of a charged soft 

sphere in a charged spherical cavity with 1=a , 10=a , and 5.0/ =ba  versus the 
fixed charge density ratio / Q . 
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4.2.3 Diffusiophoretic velocity 

For the diffusiophoresis of a soft particle in a symmetric electrolyte as mentioned 

previously ( 2.0−= ), the plots of */UU  against   with 1=Q  and the different 

values of 0 /r a  is given in Figure 17  (a combination of Figures 12 and 16), where the 

contributions from electrophoresis and chemiphoresis, as well as from wall-induced 

electroosmosis and chemiosmosis, are all included. For the fixed values of Q , 0 /r a , 

ba / , a , and a , the cavity wall effect can be significant as the magnitude of   is 

large, and the particle velocity may reverse twice in its direction when   changes.  

 

Figure 17. Normalized velocity */U U   for the diffusiophoresis of a charged soft 
sphere in a charged spherical cavity with 2.0−= , 1=a , 10=a , 5.0/ =ba  and 

1=Q  versus the charge density   
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Chapter 5 

Conclusions 

 

In this thesis, the quasi-steady diffusiophoresis of a charged soft spherical particle 

at the center of a charged spherical cavity under an applied concentration gradient of a 

symmetric electrolyte is analyzed for the arbitrary values of the core-to-particle radius 

ratio 0 /r a , the particle-to-cavity radius ratio ba / , the ratio of the particle radius to 

the permeation length in the porous surface layer a , and the ratio of the particle radius 

to the Debye length a . By using a regular perturbation method with small 

dimensionless fixed charge densities Q  and   of the porous surface layer and cavity 

wall, respectively, the linearized electrokinetic differential equations relevant to the 

fluid velocity field, electric potential profile, and ionic concentration distributions are 

solved. The balance of the electrostatic and hydrodynamic forces acting on the soft 

sphere results in an explicit formula, Equation (20) with Equations (30)–(35), for the 

diffusiophoretic velocity of the particle in terms of 0 /r a , ba / , a , and a  up to 

the second orders of Q  and  .  

The diffusioosmotic flow at the cavity wall can substantially change the particle 

velocity and even reverse its direction. The normalized electrophoretic and 

chemiphoretic velocity components *
01 / UU  and *

02 /UU  (and also *
11 /UU ) 

depend strongly on a , while the normalized electroosmosis-induced and 

chemiosmosis-induced velocity components *
10 /U U and *

20 /UU  are weak 

functions of a . The diffusiophoretic velocity generally decreases when 0 /r a , ba / , 

and a  increase, but increases with an increasing a . The contributions to the 
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particle velocity from the diffusioosmotic flow taking place along the charged cavity 

wall and from the wall-corrected diffusiophoretic force are equivalently important, and 

this diffusioosmotic flow can reverse the direction of the particle velocity.  
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List of Symbols 

 

a  the radius of the soft particle, [m] 

A  non-dimensional coefficient defined in Eq. (17) 

b  the radius of the cavity, [m] 

B  non-dimensional coefficient defined in Eq. (19) 

002 012 102

022 112 202

, ,
, ,

C C C
C C C

 dimensionless coefficients defined in Eqs. (A1) to (A8) 

,D D+ −  the diffusivities of the cation and anion, 2 -1[m s ]  

e   the elementary electric charge, [C] 

re   the unit vector in the r-direction 

ze  the unit vector in the z-direction 

00 ( )rF r  the functions defined in Eqs. (A1) and (A2) 

00 ( )pF r  the functions defined in Eqs. (A3) amd (A4) 

01 10

02 11 20

( ), ( )
( ), ( ), ( )

r r

r r r

F r F r
F r F r F r

 the functions defined in Eqs. (A5) and (A6) 

01 10

02 11 20

( ), ( )

( ), ( ), ( )
p p

p p p

F r F r
F r F r F r

 the functions defined in Eqs. (A7) and (A8) 

00 00( ), ( )F r F r   the functions defined in Eq. (A20)  

01 10( ), ( )F r F r   the functions defined in Eqs. (A21) and (A22) 

01 10( ), ( )F r F r   the functions defined in Eq. (A23)  
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eF  the electric force acting on the charged soft particle, [N]  

hF  
the hydrodynamic drag force acting on the charged soft 

particle, [N]  

( )h r  unit step function 

I  unit dyadic tensor  

k  Boltzmann’s constant, -1[J K ]  

mn  the concentration profiles of type-m ions, -3[m ]  

(eq)
mn  the equilibrium concentrations of type-m ions, -3[m ]  

mn  the bulk concentrations of type-m ions, -3[m ]  

p  the pressure distribution, 2[N m ]−  

(eq)p  the equilibrium pressure distribution, 2[N m ]−  

Q  the fixed charge density within porous layer, 3[C m ]−  

Q  non-dimensional fixed charge density within porous layer 

),,( r  spherical coordinates 

0r  the radius of the hard core, [m]  

T  the absolute temperature, [K]  

v  the fluid velocity distribution, -1[m s ]  

,rv v  r  and   components, respectively, of v , -1[m s ]  

U  the diffusiophoretic velocity of the soft particle, -1[m s ]  
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01 10

02 11 20

, ,
, ,

U U
U U U

 the velocities defined in Eqs. (30) to (34), -1[m s ]  

*U  the characteristic particle velocity, -1[m s ]  

Z  the valence of the symmetric electrolyte 

Greek letters  

  normalized electrolyte concentration gradient 

  defined by ( ) / ( )D D D D+ − + −− +  

mn  
the small deviation from the equilibrium concentration of 

type-m ions, -3[m ]  

m  
perturbed electrochemical potential energy, the linear 

combination of mn  and  , [J] 

  
the small deviation from the equilibrium electric potential 

distribution, [V]  

p  
the small deviation from the equilibrium pressure,

2[N m ]−  

  the permittivity of the fluid, 2 -1 -1[C J m ]   

  the viscosity of the fluid, 1 1[kg m s ]− −    

  reciprocal of the Debye screening length, 1[m ]−   

  
reciprocal of the characteristic length of flow penetration 

inside the porous layer, 1[m ]−  
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  the fixed charge density on the spherical cavity, -2[C m ]  

  non-dimensional fixed charge density of on the cavity 

  the electric potential distribution, [V]   

(eq)  the equilibrium electric potential distribution, [V]  

eq01 eq10, ,   the functions defined in Eqs. (14) to (16), [V]  

  zeta potential on the spherical cavity, [V]  

Superscripts 

(eq)  equilibrium state 

  in the bulk solution 

* characteristic value 

Subscripts 

 

  

+  the cation 

−  the anion 

m  the type- m ions 
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Appendix A 

Functions in Equations (21)-(25) and Coefficients in 

Equation (29) 
 

In Equations (23)-(25),  

3 2
00 001 002 003 004)( ) ( ( )r

a a rF C C C C
r r a

r = + + +   if bra  , (A1) 

3
00 005 006 007 1 008 1 ]( ) )[( ( ) ()r

aF C C C r C r
r

r    = + + +   if arr 0  (A2) 

2
00 002 004) 1( ) ( 0p

aF C C
r a

rr = +   if bra  , (A3) 

2
00 006 00

2
5

1( ) )( ) [ ]
2

(p
aF a C C
r

rr
a

= −   if arr 0 , (A4) 

(2) (3)
1 2( ) ( ) ( )1 1[ ]

3 3ijr ij ij ij ijr r
r
aF C J C J r= ++ −  

(5) 3 (0) 2
3 4

1 1[ ]( ) [ ]( )
1 15

)
5

( ) (ij ij ij ij
a r

a
r rC J C J

r
+ + −+   if bra  , 

(A5) 

3 (0) 3 (3)
5 6 7 1 8 1 2

2[ ]( ) [ ( ) ]( ) ( ) ( ) ( ) ( )
( )3ijr ij ij ij ij ij ij

a aF C C C C J J
r r

r r r r r
a

  


= + + + + −  

5 ( ) ( ) 3
1 1( ) ( ) )2( ) ()[ ( )( ]ij ijr r r r aa J J

r
    −+ −    if arr 0 , 

(A6) 

(3) 2 (0)
2 4

1 1[ ]( ) 2 5( ) ( )
3

( )[ ]
3pij ij ij ij ij

a rF C J C J
r a

r r r−= + −   if bra  , (A7) 

(0) ( 2 2
5

23)
6

2 1 1 ( ) [ ]
3

( ) ( ) ( )(
3

)
2

( )pij ij ij ij ij
rr r rr a aF J J a C C

r aa r
= − − + − +   if arr 0 , (A8) 

where =),( ji )1,0( , )0,1(  (for the first-order fluid velocity field), )2,0( , )1,1( , and 

)0,2(   (for the second-order fluid velocity field), the dimensionless coefficients 

001 008~C C  and 1 8~ij ijC C  are given by Eqations (A34)–(A52),  
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1  cosh( ) sinh( )( ) x x xx = − , (A9) 

1  sinh( ) cosh( )( ) x x xx = − , (A10) 

( ) )( ()( d) i

rn n
ij ja

rJ G r
a

r r=  , (A11) 

( )
1( ) ( ) ( )d

r

ij ija
J G rr r r =  , (A12) 

( )
1( ) ( ) ( )dij ij

r

a
J G rr r r =  , (A13) 

2 4
eq01

01 00) )
d

d
( (aG F

Zer r
r r


= , (A14) 

2 4
eq10

0010

d
( ) ( )

d
aG F

Zer r
r r


= , (A15) 

2 4
eq01

02 01)
d

( )
d

(aG W
Zer

r
r

r


= − , (A16) 

2 4
eq10 eq01

11 01 10

d d
[ ]

d
( ) ( )

d
( )aG W W

Zer r
r

r
r r

 
= − + , (A17) 

2 4
eq10

20 10)
d

( )
d

(aG W
Zer

r
r

r


= − , (A18) 

eq 00( ) ( ) ( ) ( )][ij ij ijr rZe r rW F F
kT   += , (A19) 

The functions 1( )x  and 1( )x  defined by Equations (A9) and (A10) have no relation 

to the parameters   and   in the main text. 

In Equations (21) and (22),  

3 3
0

00 00 2

2( ) ( )
2
r rF r F r
ar  
+

= = , (A20) 

(0) 6 (3) 3 3 (3) 3 3 (3)
0 0 0 0 03 2 )( ) ( , ) ( , ) )1 [ (2 , 2 ,(

2ij ij ij ij ijr a r rF rK r K b r K r r r r K bb r
b r 

= − + − + −  

3 3 3 (0) 3 3 3 (0)
0 0 0( ( , ) , ]2 ) )( ()ij ijb r r aK b r r K r ab+ + + −   if bra  , 

(A21) 

(0) 6 (3) 3 3 (0) 3 3 (3)
0 0 0 0 03 2

1, [ 2 , 2 , )?( ) ( ) ( , ) ( (
2

)ij ij ij ij ijr rF rK r r r K b r K r b r rb r K b
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= − − − +  (A22) 
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3 3 (0) 3 3 (3)
0 0 0 0, ) 2 , )]( (ij ijb r K r b b r K r r− −   if arr 0 , 

1 12 2

1 { ( )[ ( ) ( ) ]( ) ( )
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 
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(A23) 

where =),( ji )1,0(  and )0,1( . 
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(A33) 

where =),( ji )1,0(  and )0,1( .  

    In Equations (29) and (A1)-(A8),  
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Appendix B 
Basic Governing Equations in Chapter 2 

and Section 3.1 
 

Starting with the steady state mass transport differential equation in the absence of 

chemical reaction, the conservation of ionic species is governed by 

0  =J , (B1) 

where, for dilute electrolyte solution, the ionic fluxes follow the Nernst-Plank equation 

with a convection term, 

Zenn D n ψ
kT


   = −   J u ( ) . (B2) 

Since the electrochemical potential is defined as 0 lnkT n Ze    = +  , its gradient 

is accordingly given by  

enμ kT Z ψ
n







 =   . (B3) 

Substitute Equations (B2) and (B3) into Equation (B1), the ionic continuity equation is 

  [ ] 0Dn n μ
kT


   −  =u . (B4) 

Combining Equations (B4), (1) and (7), we can obtain Equation (4). 

The Poisson equation for a symmetric electrolyte solution modified to account for 

the fixed charge density in the porous layer can be expressed as  
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2 1[ ( ) ( ) ]ψ Ze n n h r Q
ε

+ − = − − + . (B5) 

At equilibrium, ionic concentrations obey the Boltzmann distribution 

(eq)
(eq)

0 exp[ ]Zen n
kT


 = . (B6) 

Substitute Equations (1), (3) and (B6) into Equation (B5), we can obtain the governing 

equation for the perturbed electrical potential shown in Equation (6), and the governing 

equation for the equilibrium electrical potential is given by 

(eq) (eq)
2 eq 0e e eexp exp

ε
( ) Z n Z ψ Z ψψ

kT kT

     
 = − − −    

    
. (B7) 

Solving Equation (B7) with appropriate boundary conditions yields the equilibrium 

electrical potential profile provided in Equations (13)-(17) [38]. 

For quasi-steady low Reynolds number flow, the Stokes-Brinkman equation 

modified to incorporate electrostatic effect takes the form 

2 2 ( ) ( )η η h r p Ze n n ψ + − − =  + − u u . (B8) 

Within the porous layer, where ( ) 1h r =  , Equation (B8) becomes the modified 

Brinkman equation; outside the porous layer, where ( ) 0h r = , Equation (B8) reduces 

to the Stokes equation modified with electrostatic effect. With the substitution of 

Equations (1)-(3) into Equation (B8), we obtain Equations (5).  


