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摘要

擬牛頓法因能利用二階資訊而無需實際計算黑森矩陣，在最佳化中

已被證明相當有效。然而，將其應用於隨機最佳化，特別是在深度學

習情境中，仍面臨挑戰，原因在於梯度估計存在雜訊以及目標函數具

非凸性。在本文中，我們提出了一種專為訓練深度神經網路設計的隨

機有限記憶 BFGS（LBFGS）方法。我們的方法引入了一種新穎的曲率

選擇策略，透過更新頻率機制來挑選曲率最大的曲率對，有效解決隨

機性與非凸性問題。此外，我們結合了動量方法，以進一步提升收斂

速度。實驗結果顯示，我們的方法在標準的凸與非凸影像分類基準資

料集，不僅顯著優於某一個現有的隨機 LBFGS（oLBFGS）方法，還

能與廣泛使用的深度學習最佳化方法，如動量隨機梯度下降 (SGDM)、

Adam與 Shampoo表現相似。

關鍵字： 深度學習、隨機最佳化、擬牛頓法
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Abstract

Quasi­Newton methods have proven to be effective for optimization due

to their use of second­order informationwithout explicitly computingHessian

matrices. However, their adaptation to stochastic optimization, particularly in

deep learning contexts, remains challenging due to noisy gradient estimates

and nonconvex objectives. In this thesis, we propose a stochastic limited­

memory BFGS (LBFGS) optimizer designed specifically for training deep

neural networks. Our method introduces a novel curvature selection strategy

that utilizes an update frequency mechanism to select curvature pairs exhibit­

ing the highest curvature, effectively addressing stochastic and nonconvex

issues. Additionally, we integrate momentum to speed up the convergence.

Experimental results demonstrate that our approach significantly outperforms

the existing stochastic LBFGS method (oLBFGS) and remains competitive

with widely used deep learning optimizers such as SGD with momentum

(SGDM), Adam, and Shampoo on standard convex and non­convex image

classification benchmarks.

Keywords: Deep Learning, Stochastic Optimization, Quasi­Newton Meth­

ods

iv



doi:10.6342/NTU202504473

Contents

口試委員會審定書 i

誌謝 ii

摘要 iii

Abstract iv

Contents v

List of Figures vii

List of Tables viii

1 Introduction 1

2 Quasi­Newton Methods 4

3 Limited­memory BFGS Methods 11

4 Stochastic LBFGS Methods 17

5 Proposed Stochastic LBFGS Method 23

6 Experiments 27

Bibliography 37

v



doi:10.6342/NTU202504473

Appendix 43

A Proof of Rank­Two Update Form for BFGS and DFP . . . . . . . . . . . 44

B Hyperparameter Settings . . . . . . . . . . . . . . . . . . . . . . . . . . 47

vi



doi:10.6342/NTU202504473

List of Figures

6.1 Comparison of training curves for optimizers across different tasks, show­

ing training objectives versus iterations. . . . . . . . . . . . . . . . . . . 36

vii



doi:10.6342/NTU202504473

List of Tables

6.1 Effect of the update frequency in our stochastic LBFGS method with mo­

mentum. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32

6.2 Effect of the update frequency in our stochastic LBFGS method without

momentum. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33

6.3 Comparison of our stochastic LBFGS method with and without momen­

tum across different problems. . . . . . . . . . . . . . . . . . . . . . . . 34

6.4 Effect of update frequency on the training objective of Shampoo. . . . . . 34

6.5 Comparison of cLBFGS and oLBFGS. . . . . . . . . . . . . . . . . . . . 35

6.6 Comparison of optimizers across different tasks. . . . . . . . . . . . . . . 35

7 Hyperparameter settings for Lin on MNIST . . . . . . . . . . . . . . . . 48

8 Hyperparameter settings for VGG11 on CIFAR10 . . . . . . . . . . . . . 49

9 Hyperparameter settings for ResNet18 on CIFAR100 . . . . . . . . . . . 50

viii



doi:10.6342/NTU202504473

Chapter 1

Introduction

In traditional machine learning applications, the task of training a model is to solve an

unconstrained optimization problem:

argmin
x∈Rd

f(x), (1.1)

where f : Rd → R is a twice­differentiable, nonconvex objective function, and x ∈ Rd

denotes the model parameters.

To define the objective function, we first specify the training dataset. Let the datasetD

consist of n training data points: D = {di}ni=1, where each di denotes the i­th data point.

The objective function f takes the form of the average of individual loss values:

f(x) =
1

n

n∑
i=1

fdi(x), (1.2)

where fdi(x) denotes the loss associated with data point di. The literature commonly refers

to this structure of f as a finite­sum problem.

An optimization algorithm (or optimizer) generates a sequence of iterates {xt}Tt=1 by

minimizing an approximation of the objective function f at each step. We let t denote the

iteration index and T be the total number of iterations. A natural question is how to choose

an appropriate approximation of f . Motivated by the second­order Taylor expansion, we

approximate f at the current iterate xt using a quadratic model gt : Rd → R:

1
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f(xt + p) ≈ gt(p) = f(xt) + p⊤∇f(xt) +
1

2
p⊤Btp, (1.3)

where f(xt) ∈ R denotes the function value at xt,∇f(xt) ∈ Rd denotes the gradient at xt,

Bt ∈ Rd×d is a matrix required to be designed, and p ∈ Rd is a candidate step direction.

The gradient∇f(xt) is

∇f(xt) =
1

n

n∑
i=1

∇fdi(xt). (1.4)

The search direction is the minimizer of the quadratic model gt(p). If Bt is positive

definite, we can compute the minimizer as

pt = −B−1
t ∇f(xt) = −Ht∇f(xt). (1.5)

Here, Ht denotes the inverse of Bt. We explain positive definiteness in Definition 1.

Definition 1 (Positive Definiteness). A matrix A ∈ Rd×d is positive definite if

v⊤Av > 0, ∀v ∈ Rd \ {0}. (1.6)

With the obtained direction pt, the update rule at the current iterate xt is

xt+1 = xt + αtpt, (1.7)

where αt is the step size. The search direction determines the direction to move from xt,

while the step size controls the magnitude of the movement.

If Bt is the identity matrix, the optimization method is first­order; if Bt equals the

Hessian matrix∇2f(xt) or its approximation, the method is second­order (Newton).

The Newton method is well known for its fast theoretical convergence [1]. Due to

this advantage, traditional machine learning libraries, such as LIBLINEAR [2], utilize the

Newton method or its variants to solve optimization problems efficiently. In addition to

the Newton method, quasi­Newton methods also offer strong theoretical guarantees [1; 3].

Among them, the BFGS method [4; 5; 6; 7; 1] is particularly popular. However, BFGS is

2
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memory­intensive. Therefore, we focus on its limited­memory variant (LBFGS) [8; 1].

Meanwhile, deep neural networks have demonstrated exceptional performance across

a wide range of tasks, including computer vision, speech, and natural language processing

[9; 10; 11; 12; 13; 14; 15]. Currently, stochastic first­order methods, more precisely meth­

ods that use only diagonal information of the Hessian approximation [16; 17; 18], are the

most widely used optimizers for training deep neural networks. In comparison, second­

ordermethods, such as Newton and quasi­Newtonmethods, have not beenwidely adopted,

despite having faster theoretical convergence. Furthermore, empirical evidence suggests

that methods going beyond diagonal Hessian approximations can lead to improved model

performance [15]. Motivated by these insights, we aim to revisit LBFGS in the context

of training deep neural networks. However, applying LBFGS is challenging due to the

stochastic nature of deep learning optimization.

We summarize our main results as follows:

1. We propose a novel stochastic LBFGS method tailored for training deep neural net­

works. The method integrates an update frequency mechanism that strategically

selects curvature pairs exhibiting the highest curvature. This design enhances the

robustness and performance of LBFGS in stochastic and nonconvex optimization

settings.

2. We incorporate cautious updates and momentum into our stochastic LBFGS frame­

work, significantly enhancing its convergence performance and stability in practical

deep learning settings.

3. Empirical evaluations on diverse optimization tasks, ranging from convex to non­

convex image classification problems, demonstrate the superiority of our proposed

method compared to the existing stochastic LBFGS variant (oLBFGS [19; 20; 21;

22]). Our method achieves competitive performance relative to state­of­the­art deep

learning optimizers, including SGDM [23; 24; 25; 26; 27], Adam [17], and Sham­

poo [28; 29].

3
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Chapter 2

Quasi­Newton Methods

To understand quasi­Newton methods, we first introduce the secant equation, which at

(t+ 1)­th iteration is

yt = Btst or Htyt = st, (2.1)

where st := xt − xt−1 and yt := ∇f(xt)−∇f(xt−1). The pair (st, yt) is referred to as a

curvature pair.

There are two main motivations for the secant equation:

1. First­order Taylor approximation of∇f

∇f(xt−1) ≈ ∇f(xt) +∇2f(xt)(xt−1 − xt) (2.2)

⇐⇒ ∇f(xt−1)−∇f(xt) ≈ ∇2f(xt)(xt−1 − xt) (2.3)

⇐⇒ yt ≈ ∇2f(xt)st. (2.4)

This implies that the Hessian matrix approximately satisfies the secant equation.

4
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2. Fundamental Theorem of Calculus:

∇f(xt)−∇f(xt−1) =

∫ 1

0

∇2f(xt−1 + z(xt − xt−1)) (xt − xt−1) dz

(2.5)

⇐⇒ ∇f(xt)−∇f(xt−1) =

∫ 1

0

∇2f(xt−1 + z(xt − xt−1)) dz (xt − xt−1)

(2.6)

⇐⇒ yt =

∫ 1

0

∇2f(xt−1 + zαt−1pt−1) dz st, (2.7)

where the integral represents the average Hessian matrix between xt−1 and xt
1.

This shows that the average Hessian matrix satisfies the secant equation exactly.

Therefore, we aim to construct a matrix that satisfies the secant equation and, ideally, has

a relationship with the Hessian matrix. A quasi­Newton method is any method that uses

the secant equation to construct either a Hessian approximation Bt or an inverse Hessian

approximation Ht.

A quasi­Newton method may impose the following conditions to uniquely determine

the update of the Hessian approximation Bt ∈ Rd×d:

1. The updated matrixBt should be as close as possible to the previous approximation

Bt−1 ∈ Rd×d.

2. The updated matrix Bt must be symmetric and positive definite.

3. The updated matrix Bt must satisfy the secant equation.

Formally, this leads to the following optimization problem:

argmin
B∈Rd×d

∥B −Bt−1∥W

subject to B = B⊤, Bst = yt,

(2.8)

where the norm ∥ ·∥W evaluates how close the updated matrixBt is to the previous matrix

Bt−1 by the weighted Frobenius norm, defined in Definition 2.
1Average Hessian is the terminology used by [1].

5
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Definition 2 (Weighted Frobenius Norm). Let A ∈ Rd×d be a matrix and W ∈ Rd×d be

a positive definite matrix. The weighted Frobenius norm of A with respect to W is

∥A∥W :=
∥∥W 1/2AW 1/2

∥∥
F
, (2.9)

where the Frobenius norm ∥C∥F for a matrix C = [cij] ∈ Rd×d is

∥C∥F :=

√√√√ n∑
i=1

n∑
j=1

c2ij. (2.10)

The definition of a symmetric matrix is in Definition 3.

Definition 3 (Symmetry). A matrix A ∈ Rd×d is symmetric if A = A⊤.

The constraint B = B⊤ in Eq. (2.8) ensures that B is symmetric. Although we do not

explicitly impose a positive definiteness constraint in Eq. (2.8), the resulting solution will

be positive definite under certain conditions. We will discuss this important property later.

The reason for considering a positive definite Bt is to guarantee that the search direction

pt, defined in Eq. (1.5), is a descent direction. Definition 4 presents the definition of a

descent direction.

Definition 4 (Descent Direction). A vector pt ∈ Rd is a descent direction at (t + 1)­th

iteration if p⊤t ∇f(xt) < 0.

To understand why the search direction pt is reasonable, recall that the quadratic model

gt(p) approximates f(xt + p). By substituting pt into Eq. (1.3), we obtain

f(xt + pt) ≈ f(xt)− 1
2
∇f(xt)

⊤Ht∇f(xt). (2.11)

Since ∇f(xt)
⊤Ht∇f(xt) > 0 due to the positive definiteness of Ht (which holds since

Bt is positive definite, and its inverse Ht = B−1
t is therefore also positive definite), it is

highly likely that f(xt + pt) < f(xt).

To derive the solution to Eq. (2.8), we apply the theorem stated in Corollary 4.3 of

Dennis and Schnabel [30].

6
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Theorem 1. Let s′, y′ ∈ Rd, let A ∈ Rd×d be symmetric, and let Ā ∈ Rd×d be symmetric

and positive definite. Then, the unique solution to

argmin
A+∈Rd×d

∥A+ − A∥Ā

subject to A+ = A⊤
+, A+s

′ = y′
(2.12)

is

A+ = A+
u′v′⊤ + v′u′⊤

v′⊤s′
− s′⊤u′

(v′⊤s′)2
v′v′

⊤
, (2.13)

where u′ = y′ − As′ and v′ = Ā−1s′.

For applying Theorem 1 to Eq. (2.8), we choose a symmetric and positive definite

matrix W that satisfies the secant equation, such that yt = W−1st. Let Ā = W , s′ = st,

y′ = yt, A = Bt−1, and A+ = Bt. Then,

Bt = Bt−1 +
(yt −Bt−1st)y

⊤
t + yt(yt −Bt−1st)

⊤

y⊤t st
− s⊤t (yt −Bt−1st)

(y⊤t st)
2

yty
⊤
t

= Bt−1 +
yty

⊤
t −Bt−1sty

⊤
t + yty

⊤
t − yts

⊤
t Bt−1

y⊤t st
− s⊤t yt − s⊤t Bt−1st

(y⊤t st)
2

yty
⊤
t

= Bt−1 +
yty

⊤
t

y⊤t st
− Bt−1sty

⊤
t

y⊤t st
+

yty
⊤
t

y⊤t st
− yts

⊤
t Bt−1

y⊤t st
− s⊤t yt

(y⊤t st)
2
yty

⊤
t +

s⊤t Bt−1st
(y⊤t st)

2
yty

⊤
t

= Bt−1 −
Bt−1sty

⊤
t

y⊤t st
− yts

⊤
t Bt−1

y⊤t st
+

yts
⊤
t Bt−1sty

⊤
t

(y⊤t st)
2

+
yty

⊤
t

y⊤t st

=

(
Bt−1 −

yts
⊤
t Bt−1

y⊤t st

)(
I − sty

⊤
t

y⊤t st

)
+

yty
⊤
t

y⊤t st

=

(
I − yts

⊤
t

y⊤t st

)
Bt−1

(
I − sty

⊤
t

y⊤t st

)
+

yty
⊤
t

y⊤t st
.

(2.14)

Finally, Eq. (2.14) yields the Davidon–Fletcher–Powell (DFP) update formula [1]:

BDFP
t =

(
I − ρtyts

⊤
t

)
BDFP

t−1

(
I − ρtsty

⊤
t

)
+ ρtyty

⊤
t

ρt =
1

y⊤t st
.

(2.15)

Likewise, if we want an approximation of the inverse Hessian Ht, the problem be­

7
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comes:
argmin
H∈Rd×d

∥H −Ht−1∥W

subject to H = H⊤, Hyt = st.

(2.16)

Similarly, to apply Theorem 1, we choose a symmetric and positive definite matrix W

that satisfies the secant equation, such that st = W−1yt. Let Ā = W , s′ = yt, y′ = st,

A = Ht−1, and A+ = Ht. Then,

Ht = Ht−1 +
(st −Ht−1yt)s

⊤
t + st(st −Ht−1yt)

⊤

s⊤t yt
− y⊤t (st −Ht−1yt)

(s⊤t yt)
2

sts
⊤
t

= Ht−1 +
sts

⊤
t −Ht−1yts

⊤
t + sts

⊤
t − sty

⊤
t Ht−1

s⊤t yt
− y⊤t st − y⊤t Ht−1yt

(s⊤t yt)
2

sts
⊤
t

= Ht−1 +
sts

⊤
t

s⊤t yt
− Ht−1yts

⊤
t

s⊤t yt
+

sts
⊤
t

s⊤t yt
− sty

⊤
t Ht−1

s⊤t yt
− y⊤t st

(s⊤t yt)
2
sts

⊤
t +

y⊤t Ht−1yt
(s⊤t yt)

2
sts

⊤
t

= Ht−1 −
Ht−1yts

⊤
t

s⊤t yt
− sty

⊤
t Ht−1

s⊤t yt
+

sty
⊤
t Ht−1yts

⊤
t

(s⊤t yt)
2

+
sts

⊤
t

s⊤t yt

=

(
Ht−1 −

sty
⊤
t Ht−1

s⊤t yt

)(
I − yts

⊤
t

s⊤t yt

)
+

sts
⊤
t

s⊤t yt

=

(
I − sty

⊤
t

s⊤t yt

)
Ht−1

(
I − yts

⊤
t

s⊤t yt

)
+

sts
⊤
t

s⊤t yt
.

(2.17)

Finally, Eq. (2.17) gives the Broyden–Fletcher–Goldfarb–Shanno (BFGS) update formula

[1]:

HBFGS
t =

(
I − ρtsty

⊤
t

)
HBFGS

t−1

(
I − ρtyts

⊤
t

)
+ ρtsts

⊤
t

ρt =
1

y⊤t st
.

(2.18)

Note that we derive both the DFP and BFGS updates using the derivation in Dennis and

Schnabel [30], which is different from the original derivation in Dennis and Moré [3].

One important property of thematrices generated byBFGS andDFP is that they remain

positive definite if the curvature condition is satisfied:

s⊤t yt > 0. (2.19)

We will discuss how to ensure Eq. (2.19) later. We first examine the positive definiteness

8
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of the matrix produced by BFGS:

v⊤HBFGS
t v = v⊤

(
I − sty

⊤
t

y⊤t st

)
HBFGS

t−1

(
I − yts

⊤
t

y⊤t st

)
v + v⊤

sts
⊤
t

y⊤t st
v

= u⊤HBFGS
t−1 u+

a2

y⊤t st
, ∀v ∈ Rd \ {0},

where u =

(
I − yts

⊤
t

y⊤t st

)
v ∈ Rd and a = v⊤st ∈ R.

(2.20)

Since HBFGS
t−1 is positive definite, we have w⊤HBFGS

t−1 w > 0, ∀w ∈ Rd \ {0}. This

property implies u⊤HBFGS
t−1 u > 0. Moreover, a2 > 0 and we assume that Eq. (2.19) holds.

Therefore, v⊤HBFGS
t v > 0, ∀v ∈ Rd \ {0}, which implies that the updated inverse

Hessian approximation HBFGS
t remains positive definite.

We now examine the positive definiteness of the matrix produced by DFP:

v⊤BDFP
t v = v⊤

(
I − yts

⊤
t

y⊤t st

)
BDFP

t−1

(
I − sty

⊤
t

y⊤t st

)
v + v⊤

yty
⊤
t

y⊤t st
v

= u⊤BDFP
t−1u+

a2

y⊤t st
, ∀v ∈ Rd \ {0},

where u =

(
I − sty

⊤
t

y⊤t st

)
v ∈ Rd and a = v⊤yt ∈ R.

(2.21)

By a similar argument, we conclude that the Hessian approximation BDFP
t in the DFP

update remains positive definite.

DFP and BFGS are also known as rank­two update methods. The proof is in Ap­

pendix A. Definition 5 provides the definition of a rank­k update.

Definition 5 (Rank­k). A matrix B ∈ Rd×d is a rank­k update of A ∈ Rd×d if

B = A+
k∑

i=1

civiv
⊤
i , (2.22)

where each ci ∈ R is a scalar and each vi ∈ Rd is a vector.

Unlike rank­two update methods such as DFP and BFGS, which guarantee that the

updated matrix remains positive definite, the symmetric­rank­one (SR1) method employs

9
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a rank­one update to maintain BSR1
t [1]:

BSR1
t = BSR1

t−1 +
(yt −BSR1

t−1st)(yt −BSR1
t−1st)

⊤

(yt −BSR1
t−1st)

⊤st︸ ︷︷ ︸
rank­1

. (2.23)

However, the scalar denominator (yt−BSR1
t−1st)

⊤st can be negative. Therefore, the positive

definiteness of BSR1
t is not guaranteed. To enforce positive definiteness, one can apply

Hessian modifications such as eigenvalue or shift adjustments [1]. Nevertheless, these

operations are computationally expensive [31].

Therefore, we focus on quasi­Newton methods that inherently preserve positive defi­

niteness. Among them, the BFGS method is the most widely used. In the following, we

denote HBFGS
t and BBFGS

t simply as Ht and Bt, respectively.

10
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Chapter 3

Limited­memory BFGS Methods

Since the BFGS method maintains a matrix H ∈ Rd×d, its space complexity is O(d2),

which makes it highly memory­intensive for large­scale optimization problems. The def­

inition of Big­O notation is in Definition 6

Definition 6 (Big­O Notation). Let f, g : R → R be functions. The notation f(x) =

O(g(x)) means that there exist a constant c > 0 and a point x0 ∈ R such that

|f(x)| ≤ c · |g(x)| ∀x ≥ x0. (3.1)

To mitigate the issue of O(d2) space, one can store all past curvature pairs (si, yi) for

all i = 1, . . . , t instead of retaining the full matrixH . Recall that the BFGS approximation

of the inverse Hessian approximation Ht is

Ht = V ⊤
t Ht−1Vt + ρtsts

⊤
t

ρt =
1

y⊤t st
Vt = I − ρtyts

⊤
t .

(3.2)

11



doi:10.6342/NTU202504473

By recursively applying Eq. (3.2), we obtain the following expansion:

Ht =
(
V ⊤
t · · ·V ⊤

1

)
H0 (V1 · · ·Vt)

+ ρ1
(
V ⊤
t · · ·V ⊤

2

)
s1s

⊤
1 (V2 · · ·Vt)

+ ρ2
(
V ⊤
t · · ·V ⊤

3

)
s2s

⊤
2 (V3 · · ·Vt)

+ · · ·

+ ρt−2

(
V ⊤
t V ⊤

t−1

)
st−2s

⊤
t−2 (Vt−1Vt)

+ ρt−1V
⊤
t st−1s

⊤
t−1Vt

+ ρtsts
⊤
t .

(3.3)

We can initialize the inverse Hessian approximation H0 as a scaled identity matrix, i.e.,

H0 = cI with c > 0. For this approach, storing all previous curvature pairs incurs a space

complexity of O(td), as there are t curvature pairs and each pair consists of two vectors

in Rd. Since t denotes the (t + 1)­th iteration, the space complexity grows linearly with

the number of iterations, which can become prohibitively large in practice.

To alleviate this issue, Liu andNocedal [8] propose the Limited­memoryBFGS (LBFGS)

method, which stores only themost recenth curvature pairs. Formally, the limited­memory

construction of Ht is:

Ht =
(
V ⊤
t · · ·V ⊤

t−h+1

)
H0

t (Vt−h+1 · · ·Vt)

+ ρt−h+1

(
V ⊤
t · · ·V ⊤

t−h+2

)
st−h+1s

⊤
t−h+1 (Vt−h+2 · · ·Vt)

+ ρt−h+2

(
V ⊤
t · · ·V ⊤

t−h+3

)
st−h+2s

⊤
t−h+2 (Vt−h+3 · · ·Vt)

+ · · ·

+ ρt−2

(
V ⊤
t V ⊤

t−1

)
st−2s

⊤
t−2 (Vt−1Vt)

+ ρt−1V
⊤
t st−1s

⊤
t−1Vt

+ ρtsts
⊤
t .

(3.4)
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The initial inverse Hessian approximation is

H0
t =

y⊤t st
y⊤t yt

I, (3.5)

as suggested by Nocedal and Wright [1]. Storing only the most recent h curvature pairs

requires O(d) space, since h is a fixed constant1—typically between 5 and 20—and each

curvature pair consists of two vectors in Rd. Thus, the space complexity is generally

acceptable. To apply the LBFGS method in practice, we do not explicitly construct Ht

using Eq. (3.4), since our goal is to calculate the search direction defined in Eq. (1.5).

Instead, an efficient algorithm that relies solely on vector operations is applicable to obtain

the search direction. Algorithm 1 presents details of the procedure, which is commonly

referred to as the two­loop recursion [1]. Subsequently, we derive this two­loop procedure

for calculating r = Htv for any given v ∈ Rd. From Algorithm 1, the first part of the

two­loop recursion iteratively updates q by:

q ← q − aiyi = q − ρis
⊤
i qyi = q − ρiyis

⊤
i q = Viq. (3.6)

Based on the above recursion, at iteration index i of the first loop, we have

q = Vi · · ·Vtv. (3.7)

After the first loop, the last q is Vt−h+1 · · ·Vtv. From Eq. (3.4), this q will be used in the
1https://github.com/hjmshi/PyTorch-LBFGS
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first term of Htv. For the second loop at the i­th iteration, we establish:

r ← r + si(ai − b) = r − sib+ siai = r − ρisiy
⊤
i r + siai = V ⊤

i r + siai (3.8)

← V ⊤
i (V ⊤

i−1r + si−1ai−1) + siai = V ⊤
i V ⊤

i−1r + V ⊤
i si−1ai−1 + siai (3.9)

· · ·

← V ⊤
i · · ·V ⊤

t−h+1r + V ⊤
i · · ·V ⊤

t−h+2st−h+1at−h+1 + V ⊤
i · · ·V ⊤

t−h+3st−h+2at−h+2

+ · · ·

+ V ⊤
i V ⊤

i−1si−2ai−2 + V ⊤
i si−1ai−1 + siai (3.10)

= V ⊤
i · · ·V ⊤

t−h+1H
0
t

last q︷ ︸︸ ︷
Vt−h+1 · · ·Vtv︸ ︷︷ ︸

initial r

+ V ⊤
i · · ·V ⊤

t−h+2st−h+1 ρt−h+1s
⊤
t−h+1Vt−h+2 · · ·Vtv︸ ︷︷ ︸

at−h+1

+ V ⊤
i · · ·V ⊤

t−h+3st−h+2 ρt−h+2s
⊤
t−h+2Vt−h+3 · · ·Vtv︸ ︷︷ ︸

at−h+2

+ · · ·

+ V ⊤
i V ⊤

i−1si−2 ρi−2s
⊤
i−2Vi−1 · · ·Vtv︸ ︷︷ ︸

ai−2

+ V ⊤
i si−1 ρi−1s

⊤
i−1Vi · · ·Vtv︸ ︷︷ ︸

ai−1

+ si ρis
⊤
i Vi+1 · · ·Vtv︸ ︷︷ ︸

ai

. (3.11)

We derive Eq. (3.8), which then recursively generates Eq. (3.9), and so on, until we obtain

Eq. (3.10). Recall that in the first loop, we have ai = ρis
⊤
i q. Hence, Eq. (3.10) and

Eq. (3.6) together imply Eq. (3.11). When i = t in the second loop, Eq. (3.11) and Eq. (3.4)

imply that the resulting vector r is in fact Htv. Through the summation, we also see the

need to maintain ai for any i = t− h+ 1, . . . , t from the first loop.

Now we have obtained the search direction pt, so the remaining task is to select the

step size αt. In addition to ensuring a sufficient decrease in the function value, recall in

Eq. (2.19), we must also ensure the positive definiteness of the inverse Hessian approxi­

14
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Algorithm 1 LBFGS_two_loop_recursion(H0
t−1, S, Y, h, v)

1: Input: Initial inverse Hessian approximationH0
t−1, curvature pair lists S = {sj} and

Y = {yj}, history size h, and vector v ∈ Rd

2: k ← |S|
3: if h > k then
4: h← k
5: end if
6: t← k
7: q ← v
8: for i = t, t− 1, . . . , t− h+ 1 do
9: ai ← ρis

⊤
i q

10: q ← q − aiyi
11: end for
12: r ← H0

t−1q
13: for i = t− h+ 1, t− h+ 2, . . . , t do
14: b← ρiy

⊤
i r

15: r ← r + si (ai − b)
16: end for
17: Output: r

mation Ht. Practitioners traditionally enforce this condition using the Wolfe line search

method [1].

Wolfe line search is an inexact line search strategy that imposes two conditions on the

step size (or learning rate) αt:

1. Armijo condition:

f(xt + αtpt) ≤ f(xt) + c1αt∇f(xt)
⊤pt. (3.12)

2. Curvature condition2:

∇f(xt + αtpt)
⊤pt ≥ c2∇f(xt)

⊤pt, (3.13)

with 0 < c1 < c2 < 1.
2This terminology may cause confusion with Eq. (2.19).

15
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Algorithm 2 The traditional LBFGS method
1: Input: Initial point x0, history size h, number of iterations T
2: S ← [ ], Y ← [ ]
3: for t = 1, . . . , T do
4: gt−1 ← ∇f(xt−1)
5: if t > 1 then
6: st−1 ← xt−1 − xt−2, yt−1 ← gt−1 − gt−2

7: S ← S ∪ {st−1}, Y ← Y ∪ {yt−1}
8: H0

t−1 ←
y⊤t−1st−1

y⊤t−1yt−1
I

9: pt−1 ← −LBFGS_two_loop_recursion(H0
t−1, S, Y, h, gt−1)

10: else
11: pt−1 ← −gt−1

12: end if
13: Compute the step size αt−1 using the Wolfe line search procedure
14: xt ← xt−1 + αt−1pt−1

15: end for
16: Output: xT

We show that Eq. (3.13) can lead to the needed condition in Eq. (2.19):

∇f(xt + αtpt)
⊤pt ≥ c2∇f(xt)

⊤pt

⇐⇒ ∇f(xt + αtpt)
⊤αtpt ≥ c2∇f(xt)

⊤αtpt

⇐⇒ ∇f(xt + αtpt)
⊤st ≥ c2∇f(xt)

⊤αtpt

⇐⇒ ∇f(xt + αtpt)
⊤st −∇f(xt)

⊤st ≥ c2∇f(xt)
⊤αtpt −∇f(xt)

⊤αtpt

⇐⇒ y⊤t st ≥ (c2 − 1)αt∇f(xt)
⊤pt.

(3.14)

Therefore, if Eq. (3.13) holds, because pt is a descent direction and c2 < 1, we have (c2−

1)αt∇f(xt)
⊤pt > 0 and obtain Eq. (2.19) through the last inequality of Eq. (3.14). The

literature collectively refers to theArmijo and curvature conditions as theWolfe conditions.

Moreover, under certain assumptions, Lemma 3.1 of Nocedal and Wright [1] shows the

existence of intervals that contain step sizes satisfying theWolfe condition. We summarize

the traditional LBFGS method in Algorithm 2.

16
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Chapter 4

Stochastic LBFGS Methods

With the rise of modern deep learning techniques such as self­supervised learning [32] and

data augmentation [33], datasets have become enormously large. As a result, the finite­

sum structure no longer holds [34], and computing the full gradient in Eq. (1.4) becomes

computationally infeasible. We therefore reformulate the deterministic optimization prob­

lem in Eq. (1.1) as a stochastic optimization problem. Specifically, the goal becomes

minimizing the expected function value over a data distribution:

argmin
x∈Rd

f (x) = Eξ∼D [fξ (x)] , (4.1)

where x denotes the model parameters, D is a data distribution over a space Ω, fξ is twice

differentiable almost everywhere and nonconvex for all ξ ∈ Ω.

We study whether LBFGS is applicable to solve Eq. (4.1). Our discussion indicates

that the LBFGSmethod constructs curvature pairs (s, y) using the full gradient∇f(x). Be­

cause only stochastic gradients∇fξ(x) are available now, the inverse Hessian approxima­

tionH may be inaccurate and the optimization procedure may diverge [19]. Furthermore,

classical line search methods, which select the step size αt to ensure a sufficient decrease

of the function value, require access to the full gradient∇f(x) and the exact function value

f(x). The line search procedure in the BFGS method further guarantees the satisfaction

of the curvature condition in Eq. (2.19). However, in stochastic optimization settings, the

full gradient ∇f(x) and the exact function value f(x) are generally unavailable, making

17
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traditional line search inapplicable.

In summary, to apply the LBFGS method to solve the stochastic optimization problem

in Eq. (4.1), two major challenges are:

Challenge 1. Inaccurate H from stochastic gradients

Challenge 2. The satisfaction of the curvature condition in Eq. (2.19)

We will show that Challenge 2 is relatively easier to address by replacing line search

with effective methods to enforce Eq. (2.19). On the other hand, Challenge 1 is more

difficult. We review previous works that attempt to address these issues and highlight

their limitations. We refer to LBFGS applied in the stochastic optimization setting as

Stochastic LBFGS.

Line search methods, including their stochastic variants such as stochastic line search

[22; 35; 36], are rarely adopted in stochastic LBFGS methods [19; 37; 38; 39; 40; 41;

20; 42; 21]. A common alternative is learning rate scheduling, which defines a function

α(t) : R→ R to control the step size or learning rate at (t+ 1)­th iteration. One popular

example is cosine learning rate scheduling [43]:

α(t) = αmin +
1

2
(αmax − αmin)

(
1 + cos

(
t+ 1

T
π

))
, (4.2)

where αmin is the minimum learning rate, αmax is the initial learning rate, and T denotes the

total number of iterations. Because learning rate schedules do not depend on the function

value f(x) or the full gradient∇f(x), they are particularly well suited for stochastic opti­

mization. As a result, stochastic LBFGS methods typically replace traditional line search

procedures with learning rate schedules.

One classical approach to address Challenge 2 is Powell’s damping [44], which re­

places st with s̃t:

s̃t = θst + (1− θ)Ht−1yt, where θ =


(1−ϵ) y⊤t Ht−1yt
y⊤t Ht−1yt−s⊤t yt

, if y⊤t st < ϵ y⊤t Ht−1yt,

1, if y⊤t st ≥ ϵ y⊤t Ht−1yt,

(4.3)

18
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where ϵ > 0 is a predefined hyperparameter. When y⊤t st < ϵ y⊤t Ht−1yt, it follows that:

y⊤t s̃t = θ y⊤t st + (1− θ) y⊤t Ht−1yt

= θ
(
y⊤t st − y⊤t Ht−1yt

)
+ y⊤t Ht−1yt

=
(1− ϵ) y⊤t Ht−1yt
y⊤t Ht−1yt − s⊤t yt

(
y⊤t st − y⊤t Ht−1yt

)
+ y⊤t Ht−1yt

= −(1− ϵ) y⊤t Ht−1yt + y⊤t Ht−1yt

= ϵ y⊤t Ht−1yt

> y⊤t st.

(4.4)

Note that since Ht−1 is positive definite,

y⊤t s̃t = ϵ y⊤t Ht−1yt > 0. (4.5)

Moreover, if y⊤t st ≥ ϵ y⊤t Ht−1yt, then

y⊤t s̃t = y⊤t st ≥ ϵ y⊤t Ht−1yt > 0. (4.6)

Thus, Powell’s damping ensures that the resulting curvature y⊤t s̃t is always greater than

or equal to the original curvature y⊤t st and strictly positive. Furthermore, one can always

choose ϵ ≥ (c2−1)αt ∇f(xt)⊤pt
y⊤t Ht−1yt

such that the curvature condition in Eq. (3.13) is satisfied.

Specifically,

ϵ ≥ (c2 − 1)αt∇f(xt)
⊤pt

y⊤t Ht−1yt
(4.7)

⇐⇒ ϵ y⊤t Ht−1yt ≥ (c2 − 1)αt∇f(xt)
⊤pt (4.8)

=⇒ y⊤t s̃t ≥ (c2 − 1)αt∇f(xt)
⊤pt, (4.9)

as shown in Eq. (4.5) and Eq. (4.6).

Despite its advantage, Powell’s damping requires tuning the hyperparameter ϵ, which can

be difficult in practice. Large values introduce excessive noise into the inverse Hessian

approximation H , while small values may fail to adequately safeguard the curvature con­
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dition, potentially causing divergence. Therefore, we do not adopt Powell’s damping.

Another approach to address Challenge 2 is the cautious update strategy [45]. Pro­

posed initially to address convergence issues in the BFGSmethod for nonconvex optimiza­

tion, the key idea is to skip the inverse Hessian approximation update when the curvature

y⊤s is too small. Formally, we update the inverse Hessian approximationH , or construct

a new curvature pair (s, y), only if

y⊤s ≥ ϵ∥s∥2, (4.10)

where ϵ > 0 is a predetermined hyperparameter. The cautious update effectively stabilizes

the optimization process in cases where the curvature condition in Eq. (2.19) may not hold

[21; 22]. For this reason, we incorporate the cautious update into our method.

In summary, we replace line search with learning rate scheduling and integrate the

cautious update in Eq. (4.10) into our stochastic LBFGS method in Algorithm 3 to handle

Challenge 2 robustly.

We review previous works that attempt to address Challenge 1. To mitigate this issue,

Schraudolph et al. [19] propose the data consistency scheme, which aims to reduce the

noise in y introduced by stochastic gradients due to inconsistent sampling. This scheme

ensures that yt uses the same data sample across two consecutive iterates:

yt = ∇fξt(xt)−∇fξt(xt−1), (4.11)

where ξt represents the identical data samples across two successive iterations. Mokhtari

and Ribeiro [42]; Bordes et al. [46]; Mokhtari and Ribeiro [20]; Berahas et al. [21]; Bol­

lapragada et al. [22] adopt this approach. In addition to employing data consistency to

address the noise introduced by stochastic gradients, another critical challenge in stochas­

tic LBFGS is the presence of extremely small eigenvalues in the inverse Hessian approx­

imation Ht. This problem can cause the optimizer to diverge. To mitigate this difficulty,

Mokhtari and Ribeiro [42]; Schraudolph et al. [19] introduce a hyperparameter specifi­

cally designed to control the smallest eigenvalue. Specifically, they add a scaled identity
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Algorithm 3 Cautious stochastic LBFGS method
1: Input: Initial point x0, learning rate schedule α(·), history size h, threshold ϵ, number

of iterations T
2: S ← [ ], Y ← [ ]
3: k ← 0
4: for t = 1, . . . , T do
5: Sample ξt−1 ∼ D
6: gt−1 ← ∇fξt−1(xt−1)
7: if t > 1 then
8: sk+1 ← xt−1 − xt−2, yk+1 ← gt−1 − gt−2

9: if y⊤k+1sk+1 > ϵs⊤k+1sk+1 then
10: S ← S ∪ {sk+1}, Y ← Y ∪ {yk+1}
11: k ← k + 1
12: end if
13: end if
14: if k > 0 then
15: H0

t−1 ←
y⊤k sk
y⊤k yk

I

16: pt−1 ← −LBFGS_two_loop_recursion(H0
t−1, S, Y, h, gt−1)

17: else
18: pt−1 ← −gt−1

19: end if
20: xt ← xt−1 + α(t− 1)pt−1

21: end for
22: Output: xT

matrix toHt. This technique is also known as Hessian modification [1]. However, tuning

this additional hyperparameter is nontrivial. The difficulty is analogous to the challenge

of selecting ϵ in Powell’s damping Eq. (4.3), where one must balance safeguarding curva­

ture conditions with preserving second­order information. Moreover, the data consistency

scheme incurs an additional computational cost for computing the stochastic gradient of

the previous iterate∇fξt(xt−1) at each iteration. More importantly, past works have shown

that the data consistency scheme is ineffective in deep learning [22]. For these reasons,

we do not adopt either the data consistency scheme or the Hessian modification strategy

for controlling the eigenvalues of the inverse Hessian approximation.

Besides data consistency, another research direction involves approximating y using

the first­order Taylor expansion of∇f :

yt ≈ ∇2f(xt)(xt − xt−1) ≈ ∇2fξHt (xt)st, (4.12)
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where ξHt denotes the data sample used to compute the stochastic Hessianmatrix∇2fξHt (xt).

Byrd et al. [37] first propose this approach (SQN), and Moritz et al. [38] extend SQN by

applying SVRG [47], a popular method that reduces the variance of stochastic gradient, to

the stochastic gradient computation. Although computing the stochastic Hessian matrix

can be expensive, SQNmitigates this cost by employing an update frequency strategy: up­

dating curvature pairs once every L iterations, thereby amortizing the per­iteration cost.

Furthermore, SQN leverages Hessian­vector products to reduce memory usage, as the

stochastic Hessian matrix is never explicitly constructed. Owing to the Hessian­free prop­

erty of the logistic regression problem, SQN can compute these products efficiently. In

the context of deep learning, Dagréou et al. [48] compute Hessian­vector products within

acceptable time and memory constraints. However, Eq. (2.19) may not be satisfied when

using Eq. (4.12). As a result, applying the first­order Taylor expansion of ∇f to approx­

imate y in nonconvex problems poses the substantial challenge of ensuring the positive

definiteness of the inverse Hessian approximation H , representing a critical limitation

of this method in deep learning. Thus, we do not adopt this approach in our proposed

stochastic LBFGS method.
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Chapter 5

Proposed Stochastic LBFGS Method

We propose a solution to address Challenge 1 discussed in Chapter 4, motivated by two

key ideas:

1. Update frequency L: Moritz et al. [38] have pointed out the advantages of intro­

ducing update frequency into stochastic LBFGS methods. More recently, Niu et al.

[40] also incorporate update frequency in their development of stochastic LBFGS

algorithms. Following this insight, we attempt to construct a new curvature pair

(s, y) once every L iterations for updating the inverse Hessian approximation H .

2. High curvature value y⊤s: Eq. (4.10) emphasizes the importance of setting a

threshold to ensure that the curvature remains sufficiently large. To this end, we

aim to construct curvature pairs that yield the largest possible value of y⊤s.

Motivated by these insights, we propose integrating these two strategies by selecting the

curvature pair (s, y) with the highest curvature value y⊤s among the iterates collected

over L steps. Specifically, the update frequency mechanism suggests constructing cur­

vature pairs from the iterates xt−L, . . . , xt and their corresponding stochastic gradients

∇fξt−L
(xt−L), . . . ,∇fξt(xt). However, this results in multiple candidate curvature pairs

(s, y), each constructed from different combinations of two iterates within the L­step

window—for example, s ← xt − xt−L and y ← ∇fξt(xt) − ∇fξt−L
(xt−L). To deter­

mine which pair to use for updating the inverse Hessian approximation H , we adopt the
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high­curvature criterion, selecting the pair that makes the curvature value y⊤s as high as

possible. Formally, the procedure is as follows:

1. Choose an anchor point index A.

2. Select the index with the highest curvature relative to the anchor point:

J ← argmaxj∈t−L,...,t−1(xj − xA)
⊤(∇fξj(xj)−∇fξA(xA)).

3. Construct the curvature pair: s← xJ − xA, y ← ∇fξJ (xJ)−∇fξA(xA)).

4. Apply Eq. (4.10) to check if the curvature pair should be used.

In other words, among the L sampled iterates, we select the one with the largest y⊤s

value to construct the curvature pair. In this sense, the update frequency L serves as the

sample size for curvature selection. Thus, the proposed method incorporates both the

update frequency mechanism and the selection of the highest curvature. Additionally, we

apply the safeguard condition in Eq. (4.10) to the selected curvature pair. If the selected

curvature pair fails to satisfy the condition in Eq. (4.10), we discard it and proceed to the

next L­iteration window.

Another distinction between prior works and our approach lies in the update frequency

utilized. Earlier studies typically employ much smaller update frequencies, whereas our

method uses significantly larger frequencies to enhance the stability of the optimizer. How­

ever, increasing the update frequency introduces delays in updating the inverse Hessian

approximation, whichmay slow the convergence. Gupta et al. [28]; Anil et al. [49] explore

this trade­off in the context of Shampoo, a recently recognized second­order optimization

method [50; 51]. Their findings demonstrate that update frequencies ranging from approx­

imately 100 to 2, 000 have a minimal impact on the convergence speed, thereby validating

our use of larger update frequencies. Moreover, their results suggest that delaying inverse

Hessian approximation updates over a substantial interval is acceptable, further motivating

the use of cautious updates over Powell’s damping.

To further enhance the performance of our method, we incorporate a well­established
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acceleration technique, the heavy ball method [24]:

xt+1 = xt − αt∇f(xt) + β(xt − xt−1), (5.1)

where αt > 0 denotes the learning rate and β > 0 is a momentum hyperparameter. This

method, later popularized as the momentummethod, can be adapted to the stochastic form

as follows:

xt+1 = xt − αt∇fξt(xt) + β(xt − xt−1), (5.2)

where ξt represents a randomly selected sample. This formula is the same as

mt = βmt−1 +∇fξt(xt) (5.3)

xt+1 = xt − αtmt. (5.4)

As noted by Gupta et al. [28]; Yao et al. [52]; Xie et al. [53]; Chen et al. [54]; Liu et al. [55],

the following formulation is equivalent to the momentum method, and the deep learning

community adopts this version:

mt = βmt−1 + (1− β)∇fξt(xt) (5.5)

xt+1 = xt − αtmt. (5.6)

Sutskever et al. [56] emphasize the significance of momentum in deep learning optimiza­

tion. Although traditional second­order optimization methods typically do not incorporate

momentum, recent developments by Gupta et al. [28]; Yao et al. [52]; Liu et al. [55] suc­

cessfully integrate momentum into their second­order algorithms. Inspired by these ad­

vancements, we also explore the incorporation of momentum into our stochastic LBFGS

approach to enhance the performance. The proposed stochastic LBFGS method is in Al­

gorithm 4.
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Algorithm 4 The proposed stochastic LBFGS method
1: Input: Initial point x0, learning rate schedule α(·), momentum β, update frequency

L, history size h, threshold ϵ, number of iterations T
2: S ← [ ], Y ← [ ]
3: k ← 0
4: for t = 1, . . . , T do
5: Sample ξt−1 ∼ D
6: gt−1 ← ∇fξt−1(xt−1)
7: if t = 1 then
8: J ← 1
9: Set the anchor: xA ← xJ , gA ← gJ
10: end if
11: if t mod L = 0 then
12: Select the index with the highest curvature: J ← argmaxj∈t−L,...,t−1(xj −

xA)
⊤(gj − gA)

13: sk+1 ← xJ − xA, yk+1 ← gJ − gA
14: if y⊤k+1sk+1 > ϵs⊤k+1sk+1 then
15: S ← S ∪ {sk+1}, Y ← Y ∪ {yk+1}
16: k ← k + 1
17: end if
18: Set the anchor: xA ← xJ , gA ← gJ
19: end if
20: if t > 1 then
21: mt−1 ← βmt−2 + (1− β)gt−1

22: else
23: mt−1 ← gt−1

24: end if
25: if k > 0 then
26: H0

t−1 ←
y⊤k sk
y⊤k yk

I

27: pt−1 ← −LBFGS_two_loop_recursion(H0
t−1, S, Y, h,mt−1)

28: else
29: pt−1 ← −mt−1

30: end if
31: xt ← xt−1 + α(t− 1)pt−1

32: end for
33: Output: xT
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Chapter 6

Experiments

We compare our stochastic LBFGS method against several baseline optimizers:

1. SGD with Momentum (SGDM) [23; 24; 25; 26; 27]: A widely­used stochastic

first­order optimizer. The corresponding pseudocode is in Algorithm 5.

2. Adam [17]: A popular stochastic first­order optimizer with a diagonal approxima­

tion of the Hessian matrix. The pseudocode is in Algorithm 6.

3. Shampoo [28; 29]: An stochastic optimizer with a Kronecker product approxima­

tion of the Hessianmatrix. We adopt the Adam grafting Shampoo1. The pseudocode

is overly complex. Therefore, we omit it here.

4. oLBFGS [19]: A stochastic variant of LBFGS that utilizes data consistency to re­

duce the noise in stochastic gradients [20]. We also incorporate the cautious up­

date strategy from Eq. (4.10) to address curvature issues in nonconvex optimization

[21; 22]. The pseudocode is in Algorithm 7.

We evaluate the optimizers on various image classification tasks, covering both convex

and nonconvex problems:

1. Logistic Regression (Lin) [57] on MNIST [26]

2. VGG112 [58] on CIFAR10 [59]
1https://github.com/facebookresearch/optimizers
2https://github.com/weiaicunzai/pytorch-cifar100/blob/master/models/vgg.py
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Algorithm 5 SGD with momentum
1: Input: Initial point x0, learning rate scheduleα(·), momentum β, number of iterations

T
2: for t = 1, . . . , T do
3: Sample ξt−1 ∼ D
4: gt−1 ← ∇fξt−1(xt−1)
5: if t > 1 then
6: mt−1 ← βmt−2 + (1− β)gt−1

7: else
8: mt−1 ← gt−1

9: end if
10: xt ← xt−1 − α(t− 1)mt−1

11: end for
12: Output: xT

Algorithm 6 Adam
1: Input: Initial point x0, learning rate schedule α(·), exponential moving average pa­

rameters β1, β2, constant for numerical stability ϵ, number of iterations T
2: m0 ← 0, v0 ← 0
3: for t = 1, . . . , T do
4: Sample ξt−1 ∼ D
5: gt−1 ← ∇fξt−1(xt−1)
6: mt−1 ← β1mt−2 + (1− β1)gt−1

7: vt−1 ← β2vt−2 + (1− β2)g
2
t−1

8: m̂t−1 ← 1
1−βt

1

9: v̂t−1 ← 1
1−βt

2

10: xt ← xt−1 − α(t− 1) m̂t−1√
v̂t−1+ϵ

11: end for
12: Output: xT

3. ResNet183 [60] on CIFAR100 [59]

We obtain all datasets via torchvision [61] and split them into training and validation

sets. However, we use only the training sets for both model training and hyperparameter

tuning.

We use the final training objective4 to evaluate the performance of optimizers, as the

goal of optimization is to minimize the function value as much as possible. Therefore, we

adopt the final training objective for evaluation. To quantify performance, we define the
3https://github.com/weiaicunzai/pytorch-cifar100/blob/master/models/resnet.py
4Formally, for the VGG11/CIFAR10 and ResNet18/CIFAR100 tasks, we use the stochastic final training

objective fξ(xT ), where xT denotes the final model parameters. Due to data augmentation, computing the
exact final training objective is computationally prohibitive.
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Algorithm 7 oLBFGS
1: Input: Initial point x0, learning rate schedule α(·), history size h, threshold ϵ, number

of iterations T
2: S ← [ ], Y ← [ ]
3: k ← 0
4: for t = 1, . . . , T do
5: Sample ξt−1 ∼ D
6: gt−1 ← ∇fξt−1(xt−1)
7: g̃t−1 ← ∇fξt−1(xt−2)
8: if t > 1 then
9: sk+1 ← xt−1 − xt−2, yk+1 ← gt−1 − g̃t−1

10: if y⊤k+1sk+1 > ϵs⊤k+1sk+1 or fξt−1 is convex then
11: S ← S ∪ {sk+1}, Y ← Y ∪ {yk+1}
12: k ← k + 1
13: end if
14: end if
15: if k > 0 then
16: H0

t−1 ←
y⊤k sk
y⊤k yk

I

17: pt−1 ← −LBFGS_two_loop_recursion(H0
t−1, S, Y, h, gt−1)

18: else
19: pt−1 ← −gt−1

20: end if
21: xt ← xt−1 + α(t− 1)pt−1

22: end for
23: Output: xT

relative performance as the relative difference from the best­performing algorithm:

training objective− best training objective
best training objective

. (6.1)

We train all problems for 100, 000 iterations. We set the batch size to 1, 000 for all

optimizers, as the LBFGS method typically requires a relatively large batch size [22]. We

employ cosine learning rate scheduling, as defined in Eq. (4.2), for all experiments, and set

ϵ in Eq. (4.10) to 0.01 following Bollapragada et al. [22]. Additionally, we perform a grid

search to tune the initial learning rate (for all optimizers) and the update frequency (for our

stochastic LBFGS method and Shampoo), while keeping all other hyperparameters fixed.

We also investigate the effects of different update frequencies and the use of momentum

to identify the optimal strategy for our stochastic LBFGS method.

Our first experiment is to examine the effect of varying update frequencies on the per­
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formance of our stochastic LBFGS method, both with momentum (β = 0.9) and without

momentum (β = 0.0). As shown in Table 6.1 and Table 6.2, varying the update fre­

quency within the range of 1, 000 to 10, 000 iterations has no significant impact on the

performance.

Next, we evaluate the impact of incorporating momentum into our stochastic LBFGS

method. Because classical LBFGS methods do not employ momentum, it is essential

to check the effect after incorporating this technique. As shown in Table 6.3, LBFGS

with momentum achieves performance comparable to, and in some cases better than, its

non­momentum counterpart. Based on this result, we adopt the momentum variant in

subsequent experiments, as the setting aligns with modern practices in deep learning opti­

mization.

Note that Shampoo introduces a similar update frequency to mitigate the computa­

tional cost of matrix inversion. We investigate whether Shampoo’s performance degrades

as the update frequency increases from 100 to 1, 000. As shown in Table 6.4, Shampoo

maintains stable performance across different update frequencies.

Recall that oLBFGS incorporates the data consistency scheme to address the issue of

data inconsistency. To assess its effectiveness, we compare oLBFGS with the cautious

stochastic LBFGS (cLBFGS) in Algorithm 3, which differs from oLBFGS in Algorithm 7

only in the construction of y:

y ← ∇fξt−1(xt−1)−∇fξt−1(xt−2). (6.2)

As shown in Table 6.5, the stochastic LBFGS method without data consistency (cLBFGS)

performs significantly worse, highlighting the critical role of data consistency in achieving

stable and effective optimization.

Finally, we perform a comprehensive comparison between our proposed stochastic

LBFGS method and baseline optimizers, as presented in Table 6.6 and Fig. 6.1. We detail

the hyperparameter settings used in Table 6.6 in Appendix B. The results demonstrate

that our method significantly outperforms oLBFGS. Therefore, even without imposing

the scheme in oLBFGS to address the data inconsistency, our strategy of utilizing update
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frequency to select the pair with the highest curvature is highly effective. Additionally, our

stochastic LBFGSmethod is competitive with SGDM, Adam, and Shampoo. In summary,

we have made LBFGS a viable option for solving optimization problems in deep learning.
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Table 6.1: Effect of the update frequency in our stochastic LBFGS method with momen­
tum.

Update Frequency Training Objective Relative Performance
Lin/MNIST

10000 2.05e­01 0.51%
5000 2.05e­01 0.47%
2500 2.04e­01 0.22%
1000 2.04e­01 0.05%
500 2.04e­01 0.00%
250 2.05e­01 0.73%
100 2.08e­01 1.81%
50 2.13e­01 4.70%
25 2.20e­01 7.88%
10 2.28e­01 12.08%

VGG11/CIFAR10
10000 5.03e­06 348.30%
5000 1.86e­06 65.59%
2500 1.12e­06 0.00%
1000 1.76e­05 1464.76%
500 1.19e­04 10508.34%
250 5.15e­04 45811.69%
100 4.00e­03 356565.91%
50 1.03e­02 914342.01%
25 2.22e­01 19778894.21%
10 7.50e­01 66905531.44%

ResNet18/CIFAR100
10000 2.59e­04 5.44%
5000 2.62e­04 6.49%
2500 2.67e­04 8.47%
1000 2.68e­04 9.13%
500 2.46e­04 0.00%
250 2.72e­04 10.78%
100 3.73e­04 51.63%
50 1.10e­03 348.71%
25 6.90e­03 2704.45%
10 2.74e­01 111136.59%
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Table 6.2: Effect of the update frequency in our stochastic LBFGS method without mo­
mentum.

Update Frequency Training Objective Relative Performance
Lin/MNIST

10000 2.08e­01 1.62%
5000 2.06e­01 0.79%
2500 2.06e­01 0.64%
1000 2.05e­01 0.04%
500 2.05e­01 0.27%
250 2.05e­01 0.00%
100 2.08e­01 1.38%
50 2.15e­01 5.17%
25 2.26e­01 10.27%
10 2.45e­01 19.82%

VGG11/CIFAR10
10000 5.76e­07 0.00%
5000 2.03e­06 252.86%
2500 3.99e­05 6815.23%
1000 2.44e­05 4129.33%
500 1.03e­04 17834.69%
250 4.00e­04 69232.21%
100 1.41e­03 244398.03%
50 1.38e­02 2386403.99%
25 2.62e­02 4549734.50%
10 2.80e­01 48530316.24%

ResNet18/CIFAR100
10000 2.67e­04 0.00%
5000 2.68e­04 0.21%
2500 2.92e­04 9.30%
1000 3.17e­04 18.65%
500 4.67e­04 74.72%
250 4.97e­04 86.17%
100 9.63e­04 260.43%
50 3.30e­03 1135.33%
25 3.46e­03 1194.70%
10 3.02e­03 1030.63%
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Table 6.3: Comparison of our stochastic LBFGS method with and without momentum
across different problems.

Method Training Objective Relative Performance
Lin/MNIST

with momentum 2.04e­01 0.00%
w/o momentum 2.05e­01 0.42%

VGG11/CIFAR10
with momentum 1.12e­06 94.58%
w/o momentum 5.76e­07 0.00%

ResNet18/CIFAR100
with momentum 2.46e­04 0.00%
w/o momentum 2.67e­04 8.60%

Table 6.4: Effect of update frequency on the training objective of Shampoo.

Update Frequency Training Objective Relative Performance
Lin/MNIST

1000 2.00e­01 0.00%
500 2.00e­01 0.00%
250 2.00e­01 0.01%
100 2.00e­01 0.02%

VGG11/CIFAR10
1000 1.74e­07 10.69%
500 2.32e­07 48.05%
250 1.75e­07 11.68%
100 1.57e­07 0.00%

ResNet18/CIFAR100
1000 2.42e­04 0.06%
500 2.45e­04 1.05%
250 2.42e­04 0.00%
100 2.42e­04 0.16%
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Table 6.5: Comparison of cLBFGS and oLBFGS.

Method Training Objective Relative Performance
Lin/MNIST

cLBFGS 5.53e­01 156.91%
oLBFGS 2.15e­01 0.00%

VGG11/CIFAR10
cLBFGS 2.01e+00 408.76%
oLBFGS 3.96e­01 0.00%

ResNet18/CIFAR100
cLBFGS 2.07e+02 18081.66%
oLBFGS 1.14e+00 0.00%

Table 6.6: Comparison of optimizers across different tasks.

Method Training objective Relative Performance
Lin/MNIST

SGDM 2.03e­01 1.52%
Adam 2.02e­01 1.01%

Shampoo 2.00e­01 0.00%
oLBFGS 2.15e­01 7.68%
Ours 2.04e­01 2.01%

VGG11/CIFAR10
SGDM 4.82e­07 16434.35%
Adam 2.92e­09 0.00%

Shampoo 1.57e­07 5282.18%
oLBFGS 3.96e­01 13567789744.01%
Ours 1.12e­06 38365.49%

ResNet18/CIFAR100
SGDM 2.69e­04 11.13%
Adam 2.46e­04 1.60%

Shampoo 2.42e­04 0.00%
oLBFGS 1.14e+00 470767.86%
Ours 2.46e­04 1.61%
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Figure 6.1: Comparison of training curves for optimizers across different tasks, showing
training objectives versus iterations.
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Appendix

A Proof of Rank­Two Update Form for BFGS and DFP

To demonstrate that the DFP and BFGS methods perform rank­two updates, we first intro­

duce the Sherman–Morrison–Woodbury formula [62]:

(A+ UCV )−1 = A−1 − A−1U
(
C−1 + V A−1U

)−1
V A−1. (A.1)

Based on the compact representation of the BFGS method [63], the update rule for the

inverse Hessian approximation HBFGS
t is:

HBFGS
t =

(
I − sty

⊤
t

y⊤t st

)
HBFGS

t−1

(
I − yts

⊤
t

y⊤t st

)
+

sts
⊤
t

y⊤t st
(A.2)

= HBFGS
t−1 +

[
st HBFGS

t−1 yt

] s⊤t yt+y⊤t HBFGS
t−1 yt

y⊤t sts⊤t yt
− 1

y⊤t st

− 1
s⊤t yt

0


 s⊤t

y⊤t H
BFGS
t−1

 . (A.3)

By applying the Sherman–Morrison–Woodbury formula to Eq. (A.3), we derive the
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following:

BBFGS
t = HBFGS

t−1

−1 −HBFGS
t−1

−1
[
st HBFGS

t−1 yt

]

 s⊤t yt+y⊤t HBFGS

t−1 yt

y⊤t sts⊤t yt
− 1

y⊤t st

− 1
s⊤t yt

0


−1
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y⊤t H
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t−1

−1
[
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t−1 yt

]
−1
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y⊤t H
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−1
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BBFGS

t−1 st yt
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− 1
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t−1 st s⊤t yt
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t−1 yt




−1 s⊤t BBFGS
t−1

y⊤t


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BBFGS

t−1 st yt

]
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−y⊤t st −s⊤t yt − y⊤t H
BFGS
t−1 yt
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rank­1
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(A.4)

Therefore, the BFGS method applies a rank­two update to the Hessian approximation

BBFGS
t−1 .

Similarly, based on the compact representation of the DFP method [64], the update
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rule for the Hessian approximation BDFP
t is:

BDFP
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y⊤t st

)
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Applying the Sherman–Morrison–Woodbury formula to Eq. (A.6) yields:
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(A.7)

Hence, the DFP method also performs a rank­two update on the inverse Hessian approxi­
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mation HDFP
t−1 .

B Hyperparameter Settings

We present the hyperparameter settings of Table 6.6 in Table 7, Table 8, and Table 9.
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Table 7: Hyperparameter settings for Lin on MNIST

Lin/MNIST
SGDM

batch size 1000
number of iterations 100000

learning rate 5.0
beta 0.9

weight decay 0.0
Adam

batch size 1000
number of iterations 100000

learning rate 0.05
betas (0.9, 0.999)
epsilon 1× 10−8

weight decay 0.0
Shampoo

batch size 1000
number of iterations 100000

learning rate 0.25
betas (0.9, 0.999)
beta3 0.9
epsilon 1× 10−12

max preconditioner dim 8192
grafting config Adam with epsilon=1× 10−8 and beta2=0.999
update frequency 500
weight decay 0.0

oLBFGS
batch size 1000

number of iterations 100000
learning rate 1.0
history size 10
epsilon 0.01

weight decay 0.0
Ours

batch size 1000
number of iterations 100000

learning rate 1.0
beta 0.9

history size 5
update frequency 500

epsilon 0.01
weight decay 0.0
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Table 8: Hyperparameter settings for VGG11 on CIFAR10

VGG11/CIFAR10
SGDM

batch size 1000
number of iterations 100000

learning rate 0.25
beta 0.9

weight decay 0.0
Adam

batch size 1000
number of iterations 100000

learning rate 0.0025
betas (0.9, 0.999)
epsilon 1× 10−8

weight decay 0.0
Shampoo

batch size 1000
number of iterations 100000

learning rate 0.001
betas (0.9, 0.999)
beta3 0.9
epsilon 1× 10−12

max preconditioner dim 8192
grafting config Adam with epsilon=1× 10−8 and beta2=0.999
update frequency 100
weight decay 0.0

oLBFGS
batch size 1000

number of iterations 100000
learning rate 1.0
history size 10
epsilon 0.01

weight decay 0.0
Ours

batch size 1000
number of iterations 100000

learning rate 0.5
beta 0.9

history size 5
update frequency 2500

epsilon 0.01
weight decay 0.0
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Table 9: Hyperparameter settings for ResNet18 on CIFAR100

ResNet18/CIFAR100
SGDM

batch size 1000
number of iterations 100000

learning rate 5.0
beta 0.9

weight decay 0.0
Adam

batch size 1000
number of iterations 100000

learning rate 0.001
betas (0.9, 0.999)
epsilon 1× 10−8

weight decay 0.0
Shampoo

batch size 1000
number of iterations 100000

learning rate 0.001
betas (0.9, 0.999)
beta3 0.9
epsilon 1× 10−12

max preconditioner dim 8192
grafting config Adam with epsilon=1× 10−8 and beta2=0.999
update frequency 250
weight decay 0.0

oLBFGS
batch size 1000

number of iterations 100000
learning rate 1.0
history size 10
epsilon 0.01

weight decay 0.0
Ours

batch size 1000
number of iterations 100000

learning rate 2.5
beta 0.9

history size 5
update frequency 500

epsilon 0.01
weight decay 0.0
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