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Abstract

Quasi-Newton methods have proven to be effective for optimization due
to their use of second-order information without explicitly computing Hessian
matrices. However, their adaptation to stochastic optimization, particularly in
deep learning contexts, remains challenging due to noisy gradient estimates
and nonconvex objectives. In this thesis, we propose a stochastic limited-
memory BFGS (LBFGS) optimizer designed specifically for training deep
neural networks. Our method introduces a novel curvature selection strategy
that utilizes an update frequency mechanism to select curvature pairs exhibit-
ing the highest curvature, effectively addressing stochastic and nonconvex
issues. Additionally, we integrate momentum to speed up the convergence.
Experimental results demonstrate that our approach significantly outperforms
the existing stochastic LBFGS method (0LBFGS) and remains competitive
with widely used deep learning optimizers such as SGD with momentum
(SGDM), Adam, and Shampoo on standard convex and non-convex image

classification benchmarks.

Keywords: Deep Learning, Stochastic Optimization, Quasi-Newton Meth-

ods
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Chapter 1

Introduction

In traditional machine learning applications, the task of training a model is to solve an

unconstrained optimization problem:

argmin f(x), (1.1)

zcRd

where f : R? — R is a twice-differentiable, nonconvex objective function, and x € R¢
denotes the model parameters.

To define the objective function, we first specify the training dataset. Let the dataset D
consist of n training data points: D = {d,}?"_,, where each d; denotes the i-th data point.

The objective function f takes the form of the average of individual loss values:

flz) = %Z fa (), (1.2)
=1

where f;. (x) denotes the loss associated with data point d;. The literature commonly refers
to this structure of f as a finite-sum problem.

An optimization algorithm (or optimizer) generates a sequence of iterates {z;}._, by
minimizing an approximation of the objective function f at each step. We let ¢ denote the
iteration index and 7" be the total number of iterations. A natural question is how to choose
an appropriate approximation of f. Motivated by the second-order Taylor expansion, we

approximate f at the current iterate x, using a quadratic model g, : R? — R:
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Flar+9) = o) = flw) + 9T () + 50" Bup (13)

where f(z;) € R denotes the function value at z;, V f(z;) € R? denotes the gradient at x;,
B, € R%4 is a matrix required to be designed, and p € R? is a candidate step direction.
The gradient V f (z;) is
1 n
V() = EZ;Vfdi(xt). (1.4)

The search direction is the minimizer of the quadratic model ¢;(p). If B; is positive

definite, we can compute the minimizer as
Pt = —B{1Vf(xt) = —H;V f(xy). (1.5)

Here, H, denotes the inverse of B,. We explain positive definiteness in Definition [I.

Definition 1 (Positive Definiteness). 4 matrix A € R?*? js positive definite if
v Av >0, VYve R\ {0} (1.6)
With the obtained direction p;, the update rule at the current iterate x; is
Ti41 = Tt + 4Py, (1.7)

where « is the step size. The search direction determines the direction to move from z;,
while the step size controls the magnitude of the movement.

If B; is the identity matrix, the optimization method is first-order; if B; equals the
Hessian matrix V2 f(x;) or its approximation, the method is second-order (Newton).

The Newton method is well known for its fast theoretical convergence [[1]]. Due to
this advantage, traditional machine learning libraries, such as LIBLINEAR [2], utilize the
Newton method or its variants to solve optimization problems efficiently. In addition to
the Newton method, quasi-Newton methods also offer strong theoretical guarantees [[1}; 3].

Among them, the BFGS method [4; 5; 6; [7; I]] is particularly popular. However, BFGS is
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memory-intensive. Therefore, we focus on its limited-memory variant (LBFGS) [8; [1].

Meanwhile, deep neural networks have demonstrated exceptional performance across
a wide range of tasks, including computer vision, speech, and natural language processing
[9; 10; [L1; 12; 13; [14; 15]. Currently, stochastic first-order methods, more precisely meth-
ods that use only diagonal information of the Hessian approximation [[16; 17; 18], are the
most widely used optimizers for training deep neural networks. In comparison, second-
order methods, such as Newton and quasi-Newton methods, have not been widely adopted,
despite having faster theoretical convergence. Furthermore, empirical evidence suggests
that methods going beyond diagonal Hessian approximations can lead to improved model
performance [|15]. Motivated by these insights, we aim to revisit LBFGS in the context
of training deep neural networks. However, applying LBFGS is challenging due to the
stochastic nature of deep learning optimization.

We summarize our main results as follows:

1. We propose a novel stochastic LBFGS method tailored for training deep neural net-
works. The method integrates an update frequency mechanism that strategically
selects curvature pairs exhibiting the highest curvature. This design enhances the
robustness and performance of LBFGS in stochastic and nonconvex optimization

settings.

2. We incorporate cautious updates and momentum into our stochastic LBFGS frame-
work, significantly enhancing its convergence performance and stability in practical

deep learning settings.

3. Empirical evaluations on diverse optimization tasks, ranging from convex to non-
convex image classification problems, demonstrate the superiority of our proposed
method compared to the existing stochastic LBFGS variant (oLBFGS [19; 20; 21;
22]). Our method achieves competitive performance relative to state-of-the-art deep
learning optimizers, including SGDM [23; 24; 25; 26; 27], Adam [17], and Sham-
poo [28; 29].
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Chapter 2

Quasi-Newton Methods

To understand quasi-Newton methods, we first introduce the secant equation, which at
(t 4+ 1)-th iteration is

yr = Bysy  or  Hyy, = sy, (2.1)

where s; == x; — ;1 and y; = V f(2;) — V f(24_1). The pair (s, y;) is referred to as a
curvature pair.

There are two main motivations for the secant equation:

1. First-order Taylor approximation of V f

Vf(.%tfl) ~ Vf(l't) -+ VQf(.%t)CIZ't,l — l't) (22)
= Vf(ria) = V(e) = V() (ze —20) (2.3)

— Y = V2f(xt)st. (24)

This implies that the Hessian matrix approximately satisfies the secant equation.
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2. Fundamental Theorem of Calculus:

Vf(ﬂft) — Vf(.lft_l) = / sz(xt_l + Z(.flft — xt—l)) (l‘t — thAl) dz
0
2.5)
< Vf(l’t) — Vf(l‘tfl) = /0 VQf(xt,1 + Z(l’t — It,1>> dz (.Tt 7 thwl)
(2.6)

1
=y = / VZf(xt_l + zoy_1pi—1) dz sy, 2.7)
0

where the integral represents the average Hessian matrix between z;_; and 0.

This shows that the average Hessian matrix satisfies the secant equation exactly.

Therefore, we aim to construct a matrix that satisfies the secant equation and, ideally, has
a relationship with the Hessian matrix. A quasi-Newton method is any method that uses
the secant equation to construct either a Hessian approximation B; or an inverse Hessian
approximation H;.

A quasi-Newton method may impose the following conditions to uniquely determine

the update of the Hessian approximation B, € R

1. The updated matrix B; should be as close as possible to the previous approximation

B, € RIx4,
2. The updated matrix B; must be symmetric and positive definite.

3. The updated matrix B; must satisfy the secant equation.

Formally, this leads to the following optimization problem:

argmin ||B — B;_1||w
BeRdxd (28)

subjectto B = B', Bs, =y,

where the norm || - ||y evaluates how close the updated matrix B; is to the previous matrix

B;_1 by the weighted Frobenius norm, defined in Definition .

! Average Hessian is the terminology used by [[I].
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Definition 2 (Weighted Frobenius Norm). Let A € R¥? be a matrix and W € R4 pe

a positive definite matrix. The weighted Frobenius norm of A with respect to W' is

Allw = |[W'2 AW ., (2.9)
where the Frobenius norm ||C||r for a matrix C = [c;;] € R™ js
|ClF = (2.10)

The definition of a symmetric matrix is in Definition 3.
Definition 3 (Symmetry). 4 matrix A € R¥>? js symmetricif A= A",

The constraint B = B in Eq. (2.§) ensures that B is symmetric. Although we do not
explicitly impose a positive definiteness constraint in Eq. (2.8), the resulting solution will
be positive definite under certain conditions. We will discuss this important property later.
The reason for considering a positive definite B, is to guarantee that the search direction
pe, defined in Eq. ([.5), is a descent direction. Definition [ presents the definition of a

descent direction.

Definition 4 (Descent Direction). 4 vector p; € R? is a descent direction at (t + 1)-th

iteration if p] V f (x;) < 0.

To understand why the search direction p;, is reasonable, recall that the quadratic model

g:(p) approximates f(z; + p). By substituting p, into Eq. ([L.3), we obtain

flxe+pe) = fa) — %Vf(xt)THtVf(xt). (2.11)

Since V f(x;) " H;V f(x;) > 0 due to the positive definiteness of H; (which holds since
B, is positive definite, and its inverse H; = B; ' is therefore also positive definite), it is
highly likely that f(x; + p;) < f(x).

To derive the solution to Eq. (2.§), we apply the theorem stated in Corollary 4.3 of
Dennis and Schnabel [30].
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Theorem 1. Let s',y/ € RY, let A € R¥™? be symmetric, and let A € R™? be symmetric

and positive definite. Then, the unique solution to

argmin ||A; — Al[4
Ay R (2.12)

subjectto Ay = AL, A.s =1y

is
T T T
uv o' su o, T

T _(v s’)QUU , (2.13)

A+ == A +
where ' =y — As' andv' = A~'s'.

For applying Theorem [l to Eq. (2.8), we choose a symmetric and positive definite
matrix W that satisfies the secant equation, such that y, = W~ls,. Let A =W, s' = s,

Y =y, A= B;_1,and A, = B;. Then,

(ye — Bi—150)y, +vi(ye — Bioase)' s/ (ye — Bio1st) T

B, =B, 1+ — Yy
Yy st (1 51)? '
B Y — Biiswy! +uyl — s Biew sl —s{ Bioisi ¢
=DBi1+ T - T \2 Yty
Y St (?/t St)
B4 vy Biasw! oyl wsi Bew sty 1 oos) Bt—lsty o
= D1 - - - t T 3 Yt
vise o wise ulse wlse Wls)rT T (yls)r T
B Bt—lstytT ytStTBt—l ytStTBt—lstytT ytytT
= Dy — -
ytTSt ytTSt (ytTSt)Q ytTSt

B yis; By Sty Yy
=\Bi——5— ||~ F T
Y St Y St Y St

T T T

Y S StlY Yy,
- (1—%) B (1— tTt>+ =t
Y St Y St Y St

(2.14)
Finally, Eq. (2.14)) yields the Davidon-Fletcher-Powell (DFP) update formula [[1]:
BPTP = (I - PtytStT) BPY (I - PtStytT) + Pyl
1 (2.15)

Pt = .
Z/tTSt

Likewise, if we want an approximation of the inverse Hessian H;, the problem be-
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comes:

argmin ||H — H, 1||w
HeRaxd (2.16)

subjectto H =H', Hy, =s;.
Similarly, to apply Theorem [I, we choose a symmetric and positive definite matrix 1/

that satisfies the secant equation, such that s, = W~ ly,. Let A = W, s’ = gy, i = s,

A=H, i,and A, = H,. Then,

(st — Hi—ye)s; +si(si — Hioaye) Ty (se — Hioiye)

H =H,{+ — I
' ! s{ Yt (5¢ yr)? o
_H 4 StS;r — Ht_lytstT + StS: - Styg—Ht—l B yfst — ytTHt_Lyt T
o S¢ Ut (s ye)? o
H StStT Htflytsg— StStT StytTth Z/tTSt T i ytTthytS o7
=M — — — t ———5 St
S/ i S/ Ut S{ Yt S; Yt (stw)> " (sfw)?
— Ht—lytStT StytTHt—l Sty;rHt—lytS;r StStT
=1 — —
StTyt StTyt (StT?Jt)Q StTyt
(g s Ha (sl ) | s/
- -1 7 ST— T + =
t Yt S¢ Yt St Yt
T T T
s s 58
- ([—tT_yt> H, . (1— Yo ) + 2o
S Ut St Yt St Yt
(2.17)

Finally, Eq. (2.17) gives the Broyden-Fletcher-Goldfarb-Shanno (BFGS) update formula

(L]

HEFGS _ (I N ptsty;r) HP—FlGS ([ — Ptyts;r) + PtStS;r
1 (2.18)

a Y st
Note that we derive both the DFP and BFGS updates using the derivation in Dennis and
Schnabel [30], which is different from the original derivation in Dennis and Mor¢ [3].

One important property of the matrices generated by BFGS and DFP is that they remain

positive definite if the curvature condition is satisfied:

s{ yi > 0. (2.19)

We will discuss how to ensure Eq. (2.19) later. We first examine the positive definiteness
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of the matrix produced by BFGS:

T T T

Sty YiS S¢S

v HPFSSy =o' (I— — )HP_FES (I— v+ =t
Y St Y St

2

=u' HPu+ ——, Yo e R\ {0}, (2.20)
t St

ytstT d T
whereu = [ [ — veERanda=v s, € R.

-
Yy St

Since HP'OS is positive definite, we have w' HP*PSw > 0, Vw € R?\ {0}. This
property implies u " H?*0Sv, > 0. Moreover, a> > 0 and we assume that Eq. (2.19) holds.
Therefore, v" HP¥Sy > 0, Vo € R?\ {0}, which implies that the updated inverse
Hessian approximation H2F9S remains positive definite.

We now examine the positive definiteness of the matrix produced by DFP:

T T T
v BPFPy = o7 (I— ?JtTSt )B?Ff <[_ Sft )U_H]Tyft v

Y St Y St Y St
2
—u B™Pu+ <, WueR\ {0}, 2.21)
Ye St
StytT d T
where u = | I — — veRanda =v y; € R.
Yi St

By a similar argument, we conclude that the Hessian approximation BP* in the DFP
update remains positive definite.
DFP and BFGS are also known as rank-two update methods. The proof is in Ap-

pendix [A. Definition [ provides the definition of a rank-k update.

Definition 5 (Rank-k). 4 matrix B € R¥? is a rank-k update of A € R4 if
k
B=A+ Z v, (2.22)
i—1

where each ¢; € R is a scalar and each v; € R? is a vector.

Unlike rank-two update methods such as DFP and BFGS, which guarantee that the

updated matrix remains positive definite, the symmetric-rank-one (SR1) method employs
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a rank-one update to maintain BSR! [[1]:

(Z/t - Btsfist)(yt - BtSBiSt)T
(yt - Btsgst)TSt '

(. J/

rank-1

B = B + (2.23)

Ts, can be negative. Therefore, the positive

However, the scalar denominator (y; — B2}/ s;)
definiteness of BSR! is not guaranteed. To enforce positive definiteness, one can apply
Hessian modifications such as eigenvalue or shift adjustments [|]]. Nevertheless, these
operations are computationally expensive [31]].

Therefore, we focus on quasi-Newton methods that inherently preserve positive defi-
niteness. Among them, the BFGS method is the most widely used. In the following, we

BFGS
E&

denote and BPFSS simply as H; and B, respectively.

10
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Chapter 3

Limited-memory BFGS Methods

Since the BFGS method maintains a matrix H € R4, its space complexity is O(d?),
which makes it highly memory-intensive for large-scale optimization problems. The def-

inition of Big-O notation is in Definition [§

Definition 6 (Big-O Notation). Let f,g : R — R be functions. The notation f(z) =

O(g(x)) means that there exist a constant ¢ > 0 and a point xy € R such that
[f(@)] < c-lg(x)] Va = . (3.1)

To mitigate the issue of O(d?) space, one can store all past curvature pairs (s;, ;) for
alls =1, ..., tinstead of retaining the full matrix /. Recall that the BFGS approximation

of the inverse Hessian approximation H; is

H; = VtTHt—lvt + PtStStT
(3.2)

Pt = ‘/%:]—Ptytsj

Y St

11
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By recursively applying Eq. (8.2), we obtain the following expansion:

Hy=(V;" V") Ho (Vi -+ V)
+ (VtT---VQT) 31317(‘/2...14)
+ py (V;T---Vg) 325;(‘/3...14)
4. (3.3)
+ pi—2 (V,'ViL) sicas 5 (VieaVy)
+ i1V, 180 Vs

T
+ PtStSy -

We can initialize the inverse Hessian approximation H, as a scaled identity matrix, i.e.,
Hy = cl with ¢ > 0. For this approach, storing all previous curvature pairs incurs a space
complexity of O(td), as there are ¢ curvature pairs and each pair consists of two vectors
in R%. Since ¢ denotes the (¢ + 1)-th iteration, the space complexity grows linearly with
the number of iterations, which can become prohibitively large in practice.

To alleviate this issue, Liu and Nocedal [8] propose the Limited-memory BFGS (LBFGS)
method, which stores only the most recent /i curvature pairs. Formally, the limited-memory

construction of H; is:

Hy= (V" - V.L) H (Vienia - Vh)
+penit (Vi Viliga) seninspi (Vienga - Vo)
+penre (Vi Viligs) senvosi_pae (Vienss - Vi)
4. (3.4)
+ pr—2 (V;tTVtL) 5t—25tT—2 (VieaVp)
+ peVy 518 Vi

-
+ prStS; -

12
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The initial inverse Hessian approximation is

-
0o Y St
H/ =

I, (3.5)
Yl u

as suggested by Nocedal and Wright [|l]. Storing only the most recent h curvature pairs
requires O(d) space, since h is a fixed constantm—typically between 5 and 20—and each
curvature pair consists of two vectors in R%. Thus, the space complexity is generally
acceptable. To apply the LBFGS method in practice, we do not explicitly construct H;
using Eq. (B.4), since our goal is to calculate the search direction defined in Eq. ([L.9).
Instead, an efficient algorithm that relies solely on vector operations is applicable to obtain
the search direction. Algorithm [l presents details of the procedure, which is commonly
referred to as the two-loop recursion [[1]]. Subsequently, we derive this two-loop procedure
for calculating r = H,v for any given v € R?. From Algorithm [I], the first part of the

two-loop recursion iteratively updates ¢ by:
q < q—ayi = q— pis] Qi = 4 — piyis; 4 = Viq. (3.6)
Based on the above recursion, at iteration index ¢ of the first loop, we have
q="Vi--- V. (3.7)

After the first loop, the last ¢ is V;_j,1 - - - Viv. From Eq. (8.4), this ¢ will be used in the

Thttps://github.com/himshi/PyTorch-LBFGS

13
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first term of H,v. For the second loop at the i-th iteration, we establish:

r<r+si(a;—b) =r—sb+sa;, =1 — pisiyiTT + s;a; = V;Tr + 5,0, (3.8)

— VI VI + siqai1) +sia, =V, VL + Vi si_ja,q + sia (3.9)

T T T T T T
Vi Viar Ve o Vi S hri@enn + Vi o Vi3St hy2Gi-hi
+ P
Ty T T
+V, Viiisioai—2 +V, si_1a;—1 + s;a; (3.10)
last ¢

——
T T 0
:Vi ""/t—h—i-lHtV;f—h-&-l"'VtQi

initial 7

T T T
+ Vi VishgoSt—ht1 Pr—h418ipy1 Vienso - - Viv

at—h+1

T T T
+ Vi Vi3St ha2 Pronr2Si paoVionas - Vv

'

at—h+2

Ty T T
+V, ViiiSi—2pi-as; oVier - Vi

'

a;—2

T T
+ Vi sic1 pic1s; 4 Vi Vi
~~ 7
a;—1

+ 5 pisi Vi - Viv. (3.11)

aj

We derive Eq. (B.§), which then recursively generates Eq. (B.9), and so on, until we obtain
Eq. (B.10). Recall that in the first loop, we have a; = pis. q. Hence, Eq. (B.10) and
Eq. (3.6) together imply Eq. (B.11)). When ¢ = ¢ in the second loop, Eq. (B.11]) and Eq. (B.4)
imply that the resulting vector 7 is in fact H;v. Through the summation, we also see the
need to maintain a; forany ¢ =t — h + 1, ..., ¢ from the first loop.

Now we have obtained the search direction p,, so the remaining task is to select the
step size «. In addition to ensuring a sufficient decrease in the function value, recall in

Eq. (2.19), we must also ensure the positive definiteness of the inverse Hessian approxi-

14
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Algorithm 1 LBFGS_two_loop_recursion(H} |, S,Y, h,v)

1: Input: Initial inverse Hessian approximation H}_,, curvature pair lists S = {s;} and
Y = {y;}, history size h, and vector v € R?
k<« |S|
if h > k then
h <k
end if
t—k
g+
fori=tt—1,....t—h+1do
a; <= pis; q
q < q— a;y;
: end for
s+ HY 1q
cfori=t—h+1,t—h+2 ... tdo
b pay T
r<1r+s;(a; —b)
: end for
: Output: r

A e A A

e e S G S

mation H;. Practitioners traditionally enforce this condition using the Wolfe line search
method [[1].
Wolfe line search is an inexact line search strategy that imposes two conditions on the

step size (or learning rate) «y:

1. Armijo condition:

fe + aupe) < flay) + Clatvf(xt>Tpt~ (3.12)

2. Curvature conditionZ:

V(e + aup) 'pe > 2V f () "y, (3.13)

with 0 < ¢ <y < 1.

2This terminology may cause confusion with Eq. (2.19).

15
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Algorithm 2 The traditional LBFGS method
1: Input: Initial point z, history size h, number of iterations 7’
22 S« [], Y+[]
3: fort=1,...,T do
4 g1+ V(i)

5 if £ > 1 then
6: St—1 < Ty1 — T2, Y1 < Gt—1 — Gt—2
7: S(—SU{St_l}, Y%YU{yt_l}
0 y;_lst—1
8 Ht_l < yllytfll
9 pi—1 + —LBFGS_two_loop recursion(Hy ,,S,Y,h, g, 1)
10: else
11: Pi—1 < —01—1
12: end if

13:  Compute the step size «;_; using the Wolfe line search procedure
140 Ty = Tp1 + 1P

15: end for

16: Output: xp

We show that Eq. (B.13)) can lead to the needed condition in Eq. (2.19):

V(24 cupy) 'pr > oV f(xy) py
= V(x4 aupy)  aupe > oV () aupy
= Vf(x+ap) s > V() ap (3.14)
= V(x4 oupe) "se = V() 50 > eV f () aupr — V() aupy

— y:st > (co — 1)0thf(xt)Tpt.

Therefore, if Eq. (8.13) holds, because p; is a descent direction and ¢, < 1, we have (c; —
Do,V f(x,)"p, > 0 and obtain Eq. (2.19) through the last inequality of Eq. (B.14)). The
literature collectively refers to the Armijo and curvature conditions as the Wolfe conditions.
Moreover, under certain assumptions, Lemma 3.1 of Nocedal and Wright [|I] shows the
existence of intervals that contain step sizes satisfying the Wolfe condition. We summarize

the traditional LBFGS method in Algorithm [,
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Chapter 4

Stochastic LBFGS Methods

With the rise of modern deep learning techniques such as self-supervised learning [32] and
data augmentation [33], datasets have become enormously large. As a result, the finite-
sum structure no longer holds [34], and computing the full gradient in Eq. ([[.4) becomes
computationally infeasible. We therefore reformulate the deterministic optimization prob-
lem in Eq. ([l.1}) as a stochastic optimization problem. Specifically, the goal becomes

minimizing the expected function value over a data distribution:

argmin f (z) = E¢p [fe (2)], (4.1)

zERI

where x denotes the model parameters, D is a data distribution over a space €2, f is twice
differentiable almost everywhere and nonconvex for all £ € €).

We study whether LBFGS is applicable to solve Eq. (#.1)). Our discussion indicates
that the LBFGS method constructs curvature pairs (s, y) using the full gradient V f(x). Be-
cause only stochastic gradients V f¢(z) are available now, the inverse Hessian approxima-
tion H may be inaccurate and the optimization procedure may diverge [[19]. Furthermore,
classical line search methods, which select the step size a; to ensure a sufficient decrease
of the function value, require access to the full gradient V f () and the exact function value
f(z). The line search procedure in the BFGS method further guarantees the satisfaction
of the curvature condition in Eq. (2.19). However, in stochastic optimization settings, the

full gradient V f(x) and the exact function value f(z) are generally unavailable, making
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traditional line search inapplicable.
In summary, to apply the LBFGS method to solve the stochastic optimization problem

in Eq. (B.1)), two major challenges are:
Challenge 1. Inaccurate H from stochastic gradients
Challenge 2. The satisfaction of the curvature condition in Eq. (2.19)

We will show that Challenge [ is relatively easier to address by replacing line search
with effective methods to enforce Eq. (2.19). On the other hand, Challenge [ is more
difficult. We review previous works that attempt to address these issues and highlight
their limitations. We refer to LBFGS applied in the stochastic optimization setting as
Stochastic LBFGS.

Line search methods, including their stochastic variants such as stochastic line search
[22; B5; B6], are rarely adopted in stochastic LBFGS methods [[19; 37; B8; 39; 40; 41;
20; 42; 21]]. A common alternative is learning rate scheduling, which defines a function
a(t) : R — R to control the step size or learning rate at (¢ + 1)-th iteration. One popular

example is cosine learning rate scheduling [43]:

1 t+1
Oé(t) = Oimin + §(amax - amin) (1 + cos (%W)) ) 4.2)

where oy, 1s the minimum learning rate, oy 1S the initial learning rate, and 7' denotes the
total number of iterations. Because learning rate schedules do not depend on the function
value f(z) or the full gradient V f(z), they are particularly well suited for stochastic opti-
mization. As a result, stochastic LBFGS methods typically replace traditional line search
procedures with learning rate schedules.

One classical approach to address Challenge 2 is Powell’s damping [44]], which re-
places s; with 3;:

L9 e ify s; < ey Hiyys,

T _ST )
5 =0s,+ (1 — 0)H,_1y,, wheref = ¥ T-visiy (4.3)

17 lfy;rst Z EytTHtflyt?
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where € > 0 is a predefined hyperparameter. When y, s; < e y,' H;_1y;, it follows that:

ytTgt = eytTSt + (1 —-0) ytTHt—l?Jt

=0 (ytTSt — ytTHt—lyt) +y! Hi1y,

1—¢e)y, H,_
= (T >yt ! let (ytTSt — ytTHt—lyt) + y:Ht—lyt
Yy Heaye — s; yt (4.4)

=—(1-¢) ytTHtflyt + ytTHHyt
= eytTHHyt

T
> Y St

Note that since H;_; is positive definite,

ytTét = eytTHt_lyt > 0. 4.5)

Moreover, if 3, s; > ey H;_1y;, then

ytT§t = ytht > eytTHt_lyt > 0. (4.6)

Thus, Powell’s damping ensures that the resulting curvature y,' §; is always greater than

or equal to the original curvature ' s; and strictly positive. Furthermore, one can always

_ T .. . . .
choose € > {2 ly)f‘[i[tvi (;;t) Pt such that the curvature condition in Eq. (B.13) is satisfied.
TH,_

Specifically,

> (2 — 1)y Vf(xt)Tpt

4.7

o ytTHHyt @D

— E?JtTHt—ﬂJt > (2 —1) oy Vf(ﬂft)Tpt (4.8)
- ?/,:Tgt > (2 —1) oy Vf(xt)Tpt, 4.9)

as shown in Eq. (#.9) and Eq. (4.6).

Despite its advantage, Powell’s damping requires tuning the hyperparameter €, which can
be difficult in practice. Large values introduce excessive noise into the inverse Hessian

approximation H, while small values may fail to adequately safeguard the curvature con-
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dition, potentially causing divergence. Therefore, we do not adopt Powell’s damping.
Another approach to address Challenge P is the cautious update strategy [45]. Pro-
posed initially to address convergence issues in the BFGS method for nonconvex optimiza-
tion, the key idea is to skip the inverse Hessian approximation update when the curvature
y ' s is too small. Formally, we update the inverse Hessian approximation H, or construct

a new curvature pair (s, y), only if

y's > ells|?, (4.10)

where € > 0 1s a predetermined hyperparameter. The cautious update effectively stabilizes
the optimization process in cases where the curvature condition in Eq. (2.19) may not hold
[21}; 22]. For this reason, we incorporate the cautious update into our method.

In summary, we replace line search with learning rate scheduling and integrate the
cautious update in Eq. (#.10) into our stochastic LBFGS method in Algorithm [ to handle
Challenge 2 robustly.

We review previous works that attempt to address Challenge [Il. To mitigate this issue,
Schraudolph et al. [[19] propose the data consistency scheme, which aims to reduce the
noise in y introduced by stochastic gradients due to inconsistent sampling. This scheme

ensures that y; uses the same data sample across two consecutive iterates:

Yy = fot (xt) - vfft(l't—l)? (411)

where &; represents the identical data samples across two successive iterations. Mokhtari
and Ribeiro [42]; Bordes et al. [46]; Mokhtari and Ribeiro [20]; Berahas et al. [21]; Bol-
lapragada et al. [22] adopt this approach. In addition to employing data consistency to
address the noise introduced by stochastic gradients, another critical challenge in stochas-
tic LBFGS is the presence of extremely small eigenvalues in the inverse Hessian approx-
imation H;. This problem can cause the optimizer to diverge. To mitigate this difficulty,
Mokhtari and Ribeiro [#2]; Schraudolph et al. [[19] introduce a hyperparameter specifi-

cally designed to control the smallest eigenvalue. Specifically, they add a scaled identity
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Algorithm 3 Cautious stochastic LBFGS method

1: Input: Initial point z(, learning rate schedule «(+), history size h, threshold €, number
of iterations T’

225« [], Y]]
3: k+0
4: fort=1,...,T do
5. Sample & | ~ D
6:  gi—1 < Vg (vi1)
7. if t > 1 then
8: Sk4+1 $ Tp—1 — Tt—2,  Yk+1 < Ji—1 — Gt—2
9: if Y, 1Skt1 > €s),5k11 then
10: S <+ SU{S]H_l}, Y(—YU{yk_H}
11: k+—k+1
12: end if
13:  endif
14:  if £ > 0 then
1
15: HY |+ &k ]
Y Yk
16: pi—1 + —LBFGS_two_loop recursion(H? ,,S,Y,h, g; 1)
17:  else
18: DPt—1 < —Ggi—1
19:  endif
20 x4 xpq +alt — 1)py
21: end for

22: Output: zp

matrix to H;. This technique is also known as Hessian modification [[l]]. However, tuning
this additional hyperparameter is nontrivial. The difficulty is analogous to the challenge
of selecting e in Powell’s damping Eq. (#.3)), where one must balance safeguarding curva-
ture conditions with preserving second-order information. Moreover, the data consistency
scheme incurs an additional computational cost for computing the stochastic gradient of
the previous iterate V f¢, (x;_1 ) at each iteration. More importantly, past works have shown
that the data consistency scheme is ineffective in deep learning [22]. For these reasons,
we do not adopt either the data consistency scheme or the Hessian modification strategy
for controlling the eigenvalues of the inverse Hessian approximation.

Besides data consistency, another research direction involves approximating y using

the first-order Taylor expansion of V f:

Y ~ V2f($t)<.’lft — xt_l) =~ V2f£{1(xt)st, (412)
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where £# denotes the data sample used to compute the stochastic Hessian matrix V> fer (x¢).
Byrd et al. [37] first propose this approach (SQN), and Moritz et al. [38] extend SQN by
applying SVRG [47], a popular method that reduces the variance of stochastic gradient, to
the stochastic gradient computation. Although computing the stochastic Hessian matrix
can be expensive, SQN mitigates this cost by employing an update frequency strategy: up-
dating curvature pairs once every L iterations, thereby amortizing the per-iteration cost.
Furthermore, SQN leverages Hessian-vector products to reduce memory usage, as the
stochastic Hessian matrix is never explicitly constructed. Owing to the Hessian-free prop-
erty of the logistic regression problem, SQN can compute these products efficiently. In
the context of deep learning, Dagréou et al. [48] compute Hessian-vector products within
acceptable time and memory constraints. However, Eq. (2.19) may not be satisfied when
using Eq. (8.12). As a result, applying the first-order Taylor expansion of V f to approx-
imate y in nonconvex problems poses the substantial challenge of ensuring the positive
definiteness of the inverse Hessian approximation H, representing a critical limitation
of this method in deep learning. Thus, we do not adopt this approach in our proposed

stochastic LBFGS method.
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Chapter 5

Proposed Stochastic LBFGS Method

We propose a solution to address Challenge []] discussed in Chapter f, motivated by two

key ideas:

1. Update frequency L: Moritz et al. [38] have pointed out the advantages of intro-
ducing update frequency into stochastic LBFGS methods. More recently, Niu et al.
[40] also incorporate update frequency in their development of stochastic LBFGS
algorithms. Following this insight, we attempt to construct a new curvature pair

(s,y) once every L iterations for updating the inverse Hessian approximation H.

2. High curvature value y's: Eq. (#.10) emphasizes the importance of setting a
threshold to ensure that the curvature remains sufficiently large. To this end, we

aim to construct curvature pairs that yield the largest possible value of y " s.

Motivated by these insights, we propose integrating these two strategies by selecting the
curvature pair (s,y) with the highest curvature value y's among the iterates collected
over L steps. Specifically, the update frequency mechanism suggests constructing cur-
vature pairs from the iterates x;_r,...,x; and their corresponding stochastic gradients
Vie (xir),...,Vfe(z:). However, this results in multiple candidate curvature pairs
(s,y), each constructed from different combinations of two iterates within the L-step
window—for example, s < z; — 2,y and y < Vfe, (x:) — Vfe,_ , (z1—1). To deter-

mine which pair to use for updating the inverse Hessian approximation H, we adopt the
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high-curvature criterion, selecting the pair that makes the curvature value 3" s as high as

possible. Formally, the procedure is as follows:
1. Choose an anchor point index A.

2. Select the index with the highest curvature relative to the anchor point:

J—argmax;, ;o (x;—xa) (Ve () = Ve, (2a))
3. Construct the curvature pair: s <— z; — x4, Yy < Ve, (xvy) — Ve (xa)).
4. Apply Eq. (B.10) to check if the curvature pair should be used.

In other words, among the L sampled iterates, we select the one with the largest y's
value to construct the curvature pair. In this sense, the update frequency L serves as the
sample size for curvature selection. Thus, the proposed method incorporates both the
update frequency mechanism and the selection of the highest curvature. Additionally, we
apply the safeguard condition in Eq. (4.10) to the selected curvature pair. If the selected
curvature pair fails to satisfy the condition in Eq. (.10), we discard it and proceed to the
next L-iteration window.

Another distinction between prior works and our approach lies in the update frequency
utilized. Earlier studies typically employ much smaller update frequencies, whereas our
method uses significantly larger frequencies to enhance the stability of the optimizer. How-
ever, increasing the update frequency introduces delays in updating the inverse Hessian
approximation, which may slow the convergence. Gupta et al. [28]; Anil et al. [49] explore
this trade-off in the context of Shampoo, a recently recognized second-order optimization
method [50; 51]]. Their findings demonstrate that update frequencies ranging from approx-
imately 100 to 2, 000 have a minimal impact on the convergence speed, thereby validating
our use of larger update frequencies. Moreover, their results suggest that delaying inverse
Hessian approximation updates over a substantial interval is acceptable, further motivating
the use of cautious updates over Powell’s damping.

To further enhance the performance of our method, we incorporate a well-established
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acceleration technique, the heavy ball method [24]:

T = xp — oV f(2e) + Bz — 24-1), (5.1)

where a; > 0 denotes the learning rate and 5 > 0 is a momentum hyperparameter. This
method, later popularized as the momentum method, can be adapted to the stochastic form

as follows:

Tes1 = Tp — 4V fe,(xe) + Bl — 2-1), (5.2)

where &, represents a randomly selected sample. This formula is the same as

my = Bmy—1 + V fe,(24) (5.3)

Tir1 = T — QM. (54)

Asnoted by Gupta et al. [28]; Yao et al. [52]; Xie etal. [53]; Chen etal. [54]; Liuetal. [55],
the following formulation is equivalent to the momentum method, and the deep learning

community adopts this version:

me = By + (1= B)V fe (1) (5.5)

Tip1 = Ty — Qg (5.6)

Sutskever et al. [56] emphasize the significance of momentum in deep learning optimiza-
tion. Although traditional second-order optimization methods typically do not incorporate
momentum, recent developments by Gupta et al. [28]; Yao et al. [52]; Liu et al. [55] suc-
cessfully integrate momentum into their second-order algorithms. Inspired by these ad-
vancements, we also explore the incorporation of momentum into our stochastic LBFGS
approach to enhance the performance. The proposed stochastic LBFGS method is in Al-

gorithm H.
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Algorithm 4 The proposed stochastic LBFGS method

1:

—_ =
Mo e

13:
14:
15:
16:
17:
18:
19:
20:
21:
22:
23:
24
25:
26:

27:
28:
29:
30:
31:
32:
33:

W ook wy

Input: Initial point z, learning rate schedule a(-), momentum /3, update frequency
L, history size h, threshold €, number of iterations 7'
S« [, Y]
k<0
fort=1,...,7T do
Sample & 1 ~ D
g1 ¢ Vfe  (2-1)
if t = 1 then
J 1
Set the anchor: x4 < x5, g4 < gJ
end if
if £t mod L = 0 then

-----

2a)"(9j — 94)
Sk+1 < TJ —TA;, Yk+1 < gJ — gA
if Y, 1Skt1 > €s),15k11 then
S%SU{S]@_H}, Y(—YU{yk_H}
k< k+1
end if
Set the anchor: x4 < z;, ga < gJ
end if
if £ > 1 then
me_y < Brmy_o+ (1 = B)ge—1
else
Mi—1 < Gi—1
end if
if £ >0 theq
HY |+ &%)
Y Yk
pi—1 + —LBFGS _two_loop recursion(H? ,,S,Y, h,m; 1)
else
Pr—1 < —My—1
end if
Ty — w1 + ot — D)piy
end for
Output: zp
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Chapter 6

Experiments

We compare our stochastic LBFGS method against several baseline optimizers:

1. SGD with Momentum (SGDM) [23; 24; 25; 26; 27]: A widely-used stochastic

first-order optimizer. The corresponding pseudocode is in Algorithm 5.

2. Adam [17]: A popular stochastic first-order optimizer with a diagonal approxima-

tion of the Hessian matrix. The pseudocode is in Algorithm .

3. Shampoo [28; 29]: An stochastic optimizer with a Kronecker product approxima-
tion of the Hessian matrix. We adopt the Adam grafting Shampoo. The pseudocode

is overly complex. Therefore, we omit it here.

4. oLBFGS []19]: A stochastic variant of LBFGS that utilizes data consistency to re-
duce the noise in stochastic gradients [20]. We also incorporate the cautious up-

date strategy from Eq. (#.10) to address curvature issues in nonconvex optimization

[21; 22]. The pseudocode is in Algorithm fj.

We evaluate the optimizers on various image classification tasks, covering both convex

and nonconvex problems:
1. Logistic Regression (Lin) [57] on MNIST [26]

2. VGG118 [58] on CIFAR10 [59]

Thttps://github.com/facebookresearch/optimizers
’https://github.com/weiaicunzai/pytorch-cifar100/blob/master/models/vgg.py
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Algorithm 5 SGD with momentum

1: Input: Initial point xy, learning rate schedule «(-), momentum /3, number of iterations
T

2: fort=1,...,T do

3:  Sample & 1 ~ D

4 g1 Ve (x-1)

5. if t > 1 then

6: my—1 < Bry_o + (1 = ) g1

7. else

8 My—1 < Ge—1

9 end if

10 xy« xq —aft—1)my_

11: end for

12: Output: zp

Algorithm 6 Adam

1: Input: Initial point x(, learning rate schedule «(-), exponential moving average pa-
rameters 1, 32, constant for numerical stability e, number of iterations 7’

2:myg<+ 0, 190

3:fort=1,...,7T do

4 Sample & 1 ~D

55 g1 Ve (21)

6:  my_y = Bimy—o + (1 = B1)gi—1

70 v 4 Povia + (1 — B2)gi,

8: mt_l <— ﬁ

9: QAJt_l — ﬁ

10 22 —at—1) g1
Vg—1+€

11: end for
12: Output: zp

3. ResNet18¥ [60] on CIFAR100 [59]

We obtain all datasets via torchvision [61]] and split them into training and validation
sets. However, we use only the training sets for both model training and hyperparameter
tuning.

We use the final training obj ectivef! to evaluate the performance of optimizers, as the
goal of optimization is to minimize the function value as much as possible. Therefore, we

adopt the final training objective for evaluation. To quantify performance, we define the

3https://github.com/weiaicunzai/pytorch-cifar100/blob/master/models/resnet.py

4Formally, for the VGG11/CIFAR10 and ResNet18/CIFAR100 tasks, we use the stochastic final training
objective fe(xr), where zp denotes the final model parameters. Due to data augmentation, computing the
exact final training objective is computationally prohibitive.
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Algorithm 7 oLBFGS

1: Input: Initial point ¢, learning rate schedule «(+), history size h, threshold €, number
of iterations 7’

225« [], Y<+]]
30 k+0
4: fort=1,...,T do
5. Sample & ~D
6:  Gi—1 < Vfe_ (14-1)
70 G & Ve (14-2)
8: if t > 1 then
9: Skl & Tpe1 — Ty—2, Ykl < Gi—1 — Ji—1
10: if Y, 1 Sk+1 > €S) 18641 OF fe, | is convex then
11: S(—SU{Sk_H}, Y<—YU{yk+1}
12: k+—k+1
13: end if
14:  end if
15: ifk>0 then
16: HY |« &k ]
Yo Yk
17: pi—1 < —LBFGS_two_loop_recursion(H? ,S, Y, h, g:_1)
18:  else
19: Di—1 < —Gi—1
20:  end if
21 x4 xq +alt—1)p
22: end for

23: Output: zp

relative performance as the relative difference from the best-performing algorithm:

training objective — best training objective

(6.1)

best training objective

We train all problems for 100, 000 iterations. We set the batch size to 1,000 for all
optimizers, as the LBFGS method typically requires a relatively large batch size [22]. We
employ cosine learning rate scheduling, as defined in Eq. (.2), for all experiments, and set
e in Eq. (4.10) to 0.01 following Bollapragada et al. [22]. Additionally, we perform a grid
search to tune the initial learning rate (for all optimizers) and the update frequency (for our
stochastic LBFGS method and Shampoo), while keeping all other hyperparameters fixed.
We also investigate the effects of different update frequencies and the use of momentum
to identify the optimal strategy for our stochastic LBFGS method.

Our first experiment is to examine the effect of varying update frequencies on the per-
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formance of our stochastic LBFGS method, both with momentum (8 = 0.9) and without
momentum (5 = 0.0). As shown in Table and Table 6.2, varying the update fre-
quency within the range of 1,000 to 10,000 iterations has no significant impact on the
performance.

Next, we evaluate the impact of incorporating momentum into our stochastic LBFGS
method. Because classical LBFGS methods do not employ momentum, it is essential
to check the effect after incorporating this technique. As shown in Table 6.3, LBFGS
with momentum achieves performance comparable to, and in some cases better than, its
non-momentum counterpart. Based on this result, we adopt the momentum variant in
subsequent experiments, as the setting aligns with modern practices in deep learning opti-
mization.

Note that Shampoo introduces a similar update frequency to mitigate the computa-
tional cost of matrix inversion. We investigate whether Shampoo’s performance degrades
as the update frequency increases from 100 to 1,000. As shown in Table 6.4, Shampoo
maintains stable performance across different update frequencies.

Recall that oLBFGS incorporates the data consistency scheme to address the issue of
data inconsistency. To assess its effectiveness, we compare oLBFGS with the cautious
stochastic LBFGS (cLBFGS) in Algorithm B|, which differs from oLBFGS in Algorithm [

only in the construction of y:

Y < Vfgt—l(l.t*l) - fot—l(xt*Q)' (62)

As shown in Table 5.3, the stochastic LBFGS method without data consistency (cCLBFGS)
performs significantly worse, highlighting the critical role of data consistency in achieving
stable and effective optimization.

Finally, we perform a comprehensive comparison between our proposed stochastic
LBFGS method and baseline optimizers, as presented in Table .6 and Fig. b.1. We detail
the hyperparameter settings used in Table [6.6 in Appendix [B. The results demonstrate
that our method significantly outperforms oLBFGS. Therefore, even without imposing

the scheme in oLBFGS to address the data inconsistency, our strategy of utilizing update
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frequency to select the pair with the highest curvature is highly effective. Additionally, our
stochastic LBFGS method is competitive with SGDM, Adam, and Shampoo. In summary,

we have made LBFGS a viable option for solving optimization problems in deep learning.
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Table 6.1: Effect of the update frequency in our stochastic LBFGS method with momen-
tum.

Update Frequency Training Objective Relative Performance

Lin/MNIST
10000 2.05e-01 0.51%
5000 2.05e-01 0.47%
2500 2.04e-01 0.22%
1000 2.04e-01 0.05%
500 2.04e-01 0.00%
250 2.05e-01 0.73%
100 2.08e-01 1.81%
50 2.13e-01 4.70%
25 2.20e-01 7.88%
10 2.28e-01 12.08%
VGG11/CIFAR10
10000 5.03e-06 348.30%
5000 1.86e-06 65.59%
2500 1.12e-06 0.00%
1000 1.76e-05 1464.76%
500 1.19e-04 10508.34%
250 5.15e-04 45811.69%
100 4.00e-03 356565.91%
50 1.03e-02 914342.01%
25 2.22e-01 19778894.21%
10 7.50e-01 66905531.44%
ResNet18/CIFAR100
10000 2.59¢-04 5.44%
5000 2.62e-04 6.49%
2500 2.67e-04 8.47%
1000 2.68e-04 9.13%
500 2.46e-04 0.00%
250 2.72e-04 10.78%
100 3.73e-04 51.63%
50 1.10e-03 348.71%
25 6.90e-03 2704.45%
10 2.74e-01 111136.59%
32

doi:10.6342/NTU202504473



Table 6.2: Effect of the update frequency in our stochastic LBFGS method without mo-
mentum.

Update Frequency Training Objective Relative Performance

Lin/MNIST
10000 2.08e-01 1.62%
5000 2.06e-01 0.79%
2500 2.06e-01 0.64%
1000 2.05e-01 0.04%
500 2.05e-01 0.27%
250 2.05e-01 0.00%
100 2.08e-01 1.38%
50 2.15e-01 5.17%
25 2.26e-01 10.27%
10 2.45e-01 19.82%
VGG11/CIFAR10
10000 5.76e-07 0.00%
5000 2.03e-06 252.86%
2500 3.99¢-05 6815.23%
1000 2.44e-05 4129.33%
500 1.03e-04 17834.69%
250 4.00e-04 69232.21%
100 1.41e-03 244398.03%
50 1.38e-02 2386403.99%
25 2.62e-02 4549734.50%
10 2.80e-01 48530316.24%
ResNet18/CIFAR100
10000 2.67e-04 0.00%
5000 2.68e-04 0.21%
2500 2.92e-04 9.30%
1000 3.17e-04 18.65%
500 4.67e-04 74.72%
250 4.97e-04 86.17%
100 9.63e-04 260.43%
50 3.30e-03 1135.33%
25 3.46¢-03 1194.70%
10 3.02¢-03 1030.63%
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Table 6.3: Comparison of our stochastic LBFGS method with and without momentum
across different problems.

Method Training Objective Relative Performance
Lin/MNIST
with momentum 2.04e-01 0.00%
w/0 momentum 2.05e-01 0.42%
VGGI11/CIFARI10
with momentum 1.12e-06 94.58%
w/0 momentum 5.76e-07 0.00%
ResNet18/CIFAR100
with momentum 2.46e-04 0.00%
w/0 momentum 2.67e-04 8.60%

Table 6.4: Effect of update frequency on the training objective of Shampoo.

Update Frequency Training Objective Relative Performance

Lin/MNIST
1000 2.00e-01 0.00%
500 2.00e-01 0.00%
250 2.00e-01 0.01%
100 2.00e-01 0.02%
VGGI11/CIFARI10
1000 1.74e-07 10.69%
500 2.32e-07 48.05%
250 1.75e-07 11.68%
100 1.57e-07 0.00%
ResNet18/CIFAR100
1000 2.42e-04 0.06%
500 2.45e-04 1.05%
250 2.42e-04 0.00%
100 2.42e-04 0.16%
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Table 6.5: Comparison of cLBFGS and oLBFGS.

Method Training Objective Relative Performance

Lin/MNIST
cLBFGS 5.53e-01 156.91%
oLBFGS 2.15e-01 0.00%
VGG11/CIFAR10
cLBFGS 2.01e+00 408.76%
oLBFGS 3.96e-01 0.00%
ResNet18/CIFAR100

cLBFGS 2.07e+02 18081.66%
oLBFGS 1.14e+00 0.00%

Table 6.6: Comparison of optimizers across different tasks.

Method  Training objective Relative Performance

Lin/MNIST
SGDM 2.03e-01 1.52%
Adam 2.02e-01 1.01%
Shampoo 2.00e-01 0.00%
oLBFGS 2.15e-01 7.68%
Ours 2.04e-01 2.01%
VGGI11/CIFAR10
SGDM 4.82e-07 16434.35%
Adam 2.92¢-09 0.00%
Shampoo 1.57e-07 5282.18%
oLBFGS 3.96e-01 13567789744.01%
Ours 1.12e-06 38365.49%
ResNet18/CIFAR100
SGDM 2.69¢-04 11.13%
Adam 2.46e-04 1.60%
Shampoo 2.42e-04 0.00%
oLBFGS 1.14e+00 470767.86%
Ours 2.46e-04 1.61%
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Figure 6.1: Comparison of training curves for optimizers across different tasks, showing
training objectives versus iterations.
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Appendix

A Proof of Rank-Two Update Form for BFGS and DFP

To demonstrate that the DFP and BFGS methods perform rank-two updates, we first intro-

duce the Sherman-Morrison-Woodbury formula [62]:
(A+UCV) ' =A - AU (T +vAT D) vaTh (A.1)

Based on the compact representation of the BFGS method [63], the update rule for the

inverse Hessian approximation HPFOS is:

T T T
S S S¢S
BFGS tYs BFGS YtSy t5¢
H, = <[ — —F ) H> (I ——— |+ = (A.2)
Y St Y St Y St
S;I—yz-i-ytTH?f(fsyt ! ST
__ pyBFGS Yy st Yt vy st t
=H”" + {st Hfffsytl ! 1t ! sl (A.3)
T 0 ye Hy

By applying the Sherman-Morrison - Woodbury formula to Eq. (A.3), we derive the
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following:

BFGS BFGS 1 BFGS 1
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(A.4)

Therefore, the BFGS method applies a rank-two update to the Hessian approximation

BFGS
B,

Similarly, based on the compact representation of the DFP method [64], the update
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rule for the Hessian approximation BP*" is:

T T T
YiS StY Yty
B?FP:<J— — | BYT (1 — =+ ) + = (A.5)
Y St Yt St Yt St
yl sets BPse yl
__ DFP 50 Yty st 54t t
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__1 0 5T BDFP
st t D1
Applying the Sherman-Morrison-Woodbury formula to Eq. (A.6) yields:
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Hence, the DFP method also performs a rank-two update on the inverse Hessian approxi-
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mation HP'.

B Hyperparameter Settings

We present the hyperparameter settings of Table .¢ in Table [7, Table 8, and Table 8.
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Table 7: Hyperparameter settings for Lin on MNIST

Lin/MNIST
SGDM
batch size 1000
number of iterations 100000
learning rate 5.0
beta 0.9
weight decay 0.0
Adam
batch size 1000
number of iterations 100000
learning rate 0.05
betas (0.9, 0.999)
epsilon 1x 1078
weight decay 0.0
Shampoo
batch size 1000
number of iterations 100000
learning rate 0.25
betas (0.9, 0.999)
beta3 0.9
epsilon 1x 10712
max preconditioner dim 8192
grafting config Adam with epsilon=1 x 10~ and beta2=0.999
update frequency 500
weight decay 0.0
oLBFGS
batch size 1000
number of iterations 100000
learning rate 1.0
history size 10
epsilon 0.01
weight decay 0.0
Ours
batch size 1000
number of iterations 100000
learning rate 1.0
beta 0.9
history size 5
update frequency 500
epsilon 0.01
weight decay 0.0
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Table 8: Hyperparameter settings for VGG11 on CIFAR10

VGG11/CIFAR10
SGDM
batch size 1000
number of iterations 100000
learning rate 0.25
beta 0.9
weight decay 0.0
Adam
batch size 1000
number of iterations 100000
learning rate 0.0025
betas (0.9, 0.999)
epsilon 1x 1078
weight decay 0.0
Shampoo
batch size 1000
number of iterations 100000
learning rate 0.001
betas (0.9, 0.999)
beta3 0.9
epsilon 1x 10712
max preconditioner dim 8192
grafting config Adam with epsilon=1 x 10~® and beta2=0.999
update frequency 100
weight decay 0.0
oLBFGS
batch size 1000
number of iterations 100000
learning rate 1.0
history size 10
epsilon 0.01
weight decay 0.0
Ours
batch size 1000
number of iterations 100000
learning rate 0.5
beta 0.9
history size 5
update frequency 2500
epsilon 0.01
weight decay 0.0
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Table 9: Hyperparameter settings for ResNet18 on CIFAR100

ResNet18/CIFAR100
SGDM
batch size 1000
number of iterations 100000
learning rate 5.0
beta 0.9
weight decay 0.0
Adam
batch size 1000
number of iterations 100000
learning rate 0.001
betas (0.9, 0.999)
epsilon 1x10°8
weight decay 0.0
Shampoo
batch size 1000
number of iterations 100000
learning rate 0.001
betas (0.9, 0.999)
beta3 0.9
epsilon 1 x 10712
max preconditioner dim 8192
grafting config Adam with epsilon=1 x 10~ and beta2=0.999
update frequency 250
weight decay 0.0
oLBFGS
batch size 1000
number of iterations 100000
learning rate 1.0
history size 10
epsilon 0.01
weight decay 0.0
Ours
batch size 1000
number of iterations 100000
learning rate 2.5
beta 0.9
history size 5
update frequency 500
epsilon 0.01
weight decay 0.0
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