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Abstract

This thesis aims to provide a physical interpretation of the (1+1)d fermionic symmetry-
protected topological (SPT) phases protected by U (1) and chiral (U (1) +.5) symmetry and

protected by U(1) and reflection (U(1) + R) symmetry.

The first chapter contains some basic knowledge related to the SPT phases. Beyond
the concept of SPT, we introduce the classification schemes of SPT phases, how to con-
struct many-body topological invariants through the cobordism theory, and the idea of

bulk-boundary correspondence.

In the second and third chapters, as an approach to physically understanding the
(1+1)d fermionic SPT phases protected by U(1) + S and U(1) + R, we construct the
relations between their corresponding many-body topological invariants and the decom-
posable systems, defined as systems that can be decomposed into n copies of a subsystem
under the consideration of periodic boundary conditions. Additionally, we indicate that

the finite-size effect on many-body systems differs from that on free fermion systems.

The fourth chapter focuses on how translation symmetry changes two SPT phases

studied in the previous two chapters. We also construct a set of topological invariants to
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describe the SPT phases that involve translation symmetry.

Keywords: Symmetry-protected topological phase, Chiral symmetry, Reflection sym-

metry, Many-body topological invariant, Bulk-boundary correspondence
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Chapter 1

Introduction

In this chapter, before diving into the (1+1)d fermionic symmetry-protected topo-
logical (SPT) phases protected by U(1) and chiral symmetry and protected by U(1) and
reflection symmetry, we give a brief review of SPT phases and introduce some basic
knowledge regarding classification schemes, topological invariants, and bulk-boundary

correspondence.

1.1 Symmetry-Protected Topological Phases

Topological phases are gapped phases of matter that are not described by Landau
symmetry-breaking theory but are separated by topological phase transitions, which can
be gapless phases or quantum critical points. Specifically, in the thermodynamic limit,
systems in a certain topological phase cannot adiabatically deform to trivial systems or
systems in another topological phase without undergoing gapless phases or quantum criti-
cal points. One can generalize this idea and define symmetry-protected topological (SPT)
phases [1, 2]. Without symmetry, SPT phases are topologically equivalent to trivial ones.
However, they cannot be adiabatically connected to trivial phases without topological
phase transitions while preserving certain symmetries. It’s worth noting that SPT phases
are different from symmetry-enriched topological (SET) [3, 4] phases. SET phases are

topologically non-trivial even without symmetry.
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1.2 Classification of SPT phases

For free fermion systems, it’s convention to describe them in the single-particle ba-
sis set. Assuming that systems have translation symmetry in each spatial direction, one
can transform the single-particle Hamiltonians into Bloch Hamiltonians through Fourier
transformation, describing systems in the momentum space. Therefore, it’s sensible to
classify free fermion SPT phases in momentum space. We have several schemes to address
the classification problem of free fermions systems with on-site symmetry in momentum
space, including the homotopy classification [5], which is under the consideration of the
low-energy description of Bloch Hamiltonians near a certain momentum point, the vector
bundle classification [6], and the K-theory classification [7, 8]. Among these, the most
commonly used one is K-theory classification because this approach is a classification
based on “’stable equivalence”, which guarantees that adding trivial atomic bands will not
change the topological properties of SPT phases. Additionally, SPT phases can be pro-
tected by crystalline symmetry as well. One of the most systematic methods to study their
classification is twisted equivariant K-theory [9, 10]. Beyond momentum space, one can
classify free fermion SPT phases in real space [11], which will arrive at the same result as

those classified in momentum space.

With the introduction of interaction, the many-body systems cannot be described in
the single-particle basis set, so the classification schemes applied in the momentum space
are invalid here. Unlike their free fermion counterparts where the corresponding classi-
fication is based on topological phase transition regarding band theory, the classification
of interacting SPT phases is related to the ground states. In the language of quantum

entanglement, the ground states of SPT phases can be considered as short-range entan-
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gled (SRE) states [12] with symmetry. In other words, the information on SPT phases is
encoded in ground states, so we can classify SPT phases in terms of ground states. For
interacting SPT phases protected by on-site symmetry, their classification problem can be
systematically addressed by group (super)cohomology theory [13, 14], which produces
topological actions of nonlinear ¢ models in discretized Euclidean spacetime. For the
crystalline symmetry, there are two different ideas for classifying their SPT phases. One
is related to topological quantum field theory [15]. By assuming the scale of systems is
large enough compared with correlation length, we can regard crystalline symmetries as
gauge fields. Hence, one can classify crystalline SPT phases by the method used for clas-
sifying SPT phases protected by on-site symmetry. The other idea is constructing SPT
phases through ”dimensional reduction” [16]. The most organized classification scheme
concerning this idea is applying the Atiyah-Hirzeburch spectral sequence (AHSS) to the

generalized homology theory [17].

Cobordism theory can be applied to classify interacting SPT phases as well [18-21].
Additionally, it can be used to formulate cobordism invariant partition functions that act as
many-body topological invariants [22-24]. It’s worth noting that the applicability of this
classification scheme is still a conjecture because there is no relativistic symmetry in con-
densed matter physics, but the cobordism classification of fermionic SPT phases is given
by cobordism groups equipped with pin or spin structure, which implies the existence of
relativistic symmetry. However, even if there is an issue regarding relativistic symmetry,
the classification based on cobordism theory surprisingly remains applicable. Especially,
when we employ other schemes to classify interacting SPT phases, including bosonic and

fermionic ones, we will get the same result as those derived from cobordism theory.
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1.3 Many-body topological invariants

Topological invariants can be utilized to detect the SPT phases of matter. For in-
stance, the winding number can detect the (1+1)d free fermion SPT phases protected by
chiral symmetry. The exploration of topological invariants regarding free fermion sys-
tems is almost full-fledged (see [25] and references therein). However, in the interacting
scope, the discovery of topological invariants is still so limited. One of the methods to
construct many-body topological invariants is based on the Euclidean path integral com-
bined with the cobordism theory [22-24]. To be more specific, in the operator formalism,
SPT phases can be characterized by the non-local order parameters, so it is reasonable to
construct the many-body topological invariants by encoding the order parameters in a path

integral, which leads to

20¢0.4) = [ TIDovewl-5(Xon.A.0) (B

Here, ¢; is the matter field, X is the Euclidean spacetime, and the above path integral rep-
resents integrating over all matter degrees of freedom of the system for a given background
(X, n, A). If we consider a unitary on-site symmetry G, we can introduce the background
G gauge field A, which couples to the matter fields. Note that for a global symmetry G, it
is conventional to decompose G into two parts. One part consists of unitary on-site sym-
metries and another part includes symmetry transformations that reverse the orientation
of spacetime manifolds. 7 is the additional data, such as the spin structure for fermionic
systems. For the invertible gapped phases where the ground state is unique on all spatial
manifolds, including SPT phases, this partition function is expected to have a topological

part, which is a U(1) phase and independent of local data. To put it differently, the topo-
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logical part of Z(X,n, A) defines a topological quantum field theory (TQFT). Because
our object is to establish the connection between Z (X, 7, A) and the SPT phases, a proper
choice of background (X, 7, A) is necessary. People find that the cobordism theory can
address the problem regarding how to choose (X, 7, A) properly [21], Hence, by use of the
ground state and symmetry transformations, the (cobordism invariant) partition function
Z(X,n, A) on the generating manifold, which is the generator of the cobordism group,
can serve as the many-body topological invariant [22—-24]. Note that the above statement

implies that the classification of SPT phases can be characterized by Arg[Z(X,n, A)].

In the rest of this section, we will introduce the many-body topological invariants
used to detect the SPT phases we focus on, the (1+1)d fermionic SPT phases protected by
U(1) and chiral (U(1) + S) symmetry and protected by U(1) and reflection (U (1) + R)

symmetry.

1.3.1 Chiral-respecting topological invariant

The above idea allows us to construct the many-body topological invariant for (1+1)d
fermionic systems with U(1) + S symmetry. Since the corresponding classification is
given by the cobordism group Qginc (pt) = Z,4 that is generated by real projective plane
R P2, the topological invariant here is the partition function (1.1) on RP2, which can be
constructed by using partial transpose and chiral transformation in the operator formalism

[24], as

75 = Tr[p UL ppt [US]T), (12)
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where p; is the reduced density matrix, p?l is the partial transpose of py, and U él is the
unitary part of chiral symmetry. To proceed, we would like to elaborate on how to evaluate
7. First, consider a (1+1)d fermionic system with periodic boundary conditions (PBCs),
and then introduce an interval I = I; U, on this closed chain S*. Here, I = {¢;, ...,c,} C
Styand UL = {¢;, ..., ¢; }U{¢ji1, ..., ¢n }, where ¢; is the complex fermion at lattice site
j. For a given ground state |GGS), p; can be obtained by tracing out the degrees of freedom
outside /, p; = Trg1\([|GS) (GS|]. Given that p; can be expanded by the occupation num-
ber basis, pr = 3, 5 anz [n) (M| = X2, 5 anm {1y}t jen, Anstjen) {Ms}jen, {7 }jen )
where a,, ;; 1s a complex number, we can study the fermionic partial transpose combined
with U él in the occupation number basis, which is given by

Ug ({n;}jens {ns}ien) (M5} ien, {Mi}ien) (U]
(13)

= csUG CP (M} jen, {nsien) {ns}jen, {5} jen) M CF]T U,

where cg = [T (—1)§(MHT(2472) apd

0 (7:even)

=Y n, Ti=)m, [1]= o =1l +e). a4

JEI; jel; 1 (7— . Odd) Jjeh

In this thesis, we employ cut and glue construction [26] to evaluate Z°. Precisely, for all
systems we study, Z° can be evaluated by focusing on the 12 complex fermions at the

boundary of the interval I = I; U [5 only, such as

Cy ... Cq4 Cg ... Cg C109... C12
Ci ... C3C; ... C7 Cg ... C11
S—— ——

I I

6 doi:10.6342/NTU202400302
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In other words, when calculating Z°, we only consider systems with 4 complex fermions
in I}, I, and S*\ I respectively. Notice that the boundary conditions here should be PBCs,

so the fermions c;; and ¢4 are located next to the left boundary of /5.

1.3.2 Reflection-respecting topological invariant

For (1+1)d fermionic systems with U (1) + R symmetry, we have the same cobordism
group Qginc (pt) = Z4 as the chiral cases, so the corresponding classification is Z, as well.

Here, we can use the partial reflection to construct the topological invariant [23], as
Z% = (GS|[UaR];1GS), (1.5)

where |GS) is the ground state, and [U,R]; is the partial reflection. To explain these

notations more clearly, we would like to illustrate how to evaluate Z. First, we consider

.|.

Nei—j+1 and

a (1+1)d system with PBCs that respects the reflection symmetry Rc} Rt=c¢
the U(1) symmetry, where N,y is the total number of sites, then we pick up an interval

I={cs,...,c} CS'(a <b< Ny € Z) and define the partial reflection [U,R];
UaRlrcl([UaRl) ™ = e ¢} ., [UaRI10)=10), j€{a,....b},  (16)

where the center of the interval I we pick is the same as the reflection center. To provide
the Z, classification, the appropriate U(1) phase here is « = +m/2. For all the cases we

study later, we take v = —7 /2.
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1.4 Bulk-boundary correspondence

One of the reasons why people pay attention to topological phases is the existence
of bulk-boundary correspondence, which relates the one-to-one relation between the bulk
topological invariants and the non-trivial boundary phenomena [27—41]. For SPT phases,
one renowned example that shows such correspondence is topological insulators [27-32]
!. As a case in point, for (1+1)d free fermion systems with chiral symmetry, their number
of zero-energy edge states is characterized by the winding number, which can be used to
detect the corresponding SPT phases as well [25]. From this perspective, bulk-boundary
correspondence can provide a physical interpretation of SPT phases and enable the SPT
phase to be probed experimentally. In this thesis, we focus on how to physically realize
(1+1)d fermionic SPT phases protected by U(1) + S symmetry and protected by U (1) + R
symmetry. The essential ingredient behind our approaches to achieving it is bulk-boundary

correspondence.

'Not all topological insulators are in the family of SPT phases. For instance, the Chern Insulator belongs
to long-range-entangled phases, but it has an invertible topological order.

8 doi:10.6342/NTU202400302
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Chapter 2

(1+1)d Fermionic SPT Phases Protected
by U(1) and Chiral Symmetry

Let’s start with the definition of U(1) symmetry and chiral symmetry S. A lattice
Hamiltonian H is said to respect U(1) symmetry if it remains invariant for the transfor-
mation ¢; — e?c; with e being the phase factor. For systems that respect chiral sym-
metry in this thesis, we have SHS™! = H with S¢;S™ = (—1)J c}. The free fermion
and fermionic SPT phases of (1+1)d systems with U (1) + S symmetry are classified by Z
and Z, respectively. In this chapter, we will show how to physically realize this Z, clas-
sification. Our approach to this is to find out the bulk-boundary correspondence between
chiral-respecting topological invariants (1.2) and decomposable systems. If a system with
PBCs can be decomposed into n copies of a subsystem with a unique ground state, we call
the system a decomposable system. More precisely, in the language of the matrix prod-
uct states, considering decomposable systems means that we discuss something within the

limit of zero correlation length.
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2.1 Bulk-boundary correspondence in (1+1)d free fermion

systems with U(1) and chiral symmetry

One strategy to understand interacting SPT phases is generalizing bulk-edge cor-
respondence in free fermion systems to interacting systems [42, 43]. Therefore, before
discussing (1+1)d fermionic SPT phases protected by U (1) + .S symmetry, we give a brief
review of their free fermion counterpart, with a particular focus on bulk-boundary corre-
spondence. For free fermion systems, one can describe them in the single-particle basis
set, yielding single-particle Hamiltonians H. By assuming translation symmetry and then
using Fourier transformation, we can transform H into the Bloch Hamiltonian 7. A
free fermion system is said to respect chiral symmetry if there exists a unitary operator .S,

where
SH(K)S™' = (k). 2.1)

In the presence of chiral symmetry, the Hamiltonian can be brought into block-off diagonal

form in the chiral basis, such as

H(k) = . with § = , (2.2)

where D(k) has the dimension n X n and 1 is the n x n identity matrix. For (1+1))d free

fermion systems with U (1) 4+ .S symmetry, the SPT phases can be detected by the winding

10 doi:10.6342/NTU202400302
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number defined as

no 1 N6, D'
o(Dh) = 5 /Bz dk Tr[(D") " 0, D], 23)
— L[ a4k adog(det[ D),

27 gy
where BZ denotes the first Brillouin zone, the notation Tr is trace, and det represents the

determinant.

Beyond detecting the SPT phases, for systems with open boundary conditions (OBCs),
the winding number can be utilized to characterize the number of robust zero-energy edge
states as well (see [25] and references therein). This one-to-one relation is bulk-boundary
correspondence in (1+1))d free fermion systems with U(1) + S symmetry. For semi-
infinite systems, such correspondence can be strictly proven and clearly illustrated using
only Cauchy’s integral and elementary algebra [44, 45]. Specifically, if we impose OBCs

on a semi-infinite system by truncating it without breaking the unit cells, we have

For right semi-infinite chains, if v > 0, there are v robust left zero-
energy edge states located on |a, j), and if v < 0, there are |v| (2.4)

robust left zero-energy edge states located on |b, 7).

and

For left semi-infinite chains, if v > 0, there are v robust right zero-
energy edge states located on |b, j), and if v < 0, there are |v| (2.5)

robust right zero-energy edge states located on |a, j).

Here, j is the cell index. |a) and |b) denote the basis states of the chiral operator S

shown in eq. (2.2) with eigenvalue +1 and with eigenvalue —1 respectively, and |a /b, j) =

la/b) @ 7).
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2.2 Bulk-boundary correspondence in (1+1)d fermionic

systems with U(1) and chiral symmetry

2 4 6 8
O:\‘\\n\
1 3 5 7 9 11

(a)

[ [

(b)

(c)
Figure 2.1: (a) The schematic diagram of H, where the shadow part represents the unit
cell. (b) The schematic diagram of H;,,;,. (b) The schematic diagram of H,,,;,.

With the introduction of interaction, the classification of (1+1)d fermionic systems
protected by U(1) + S symmetry is reduced from Z to Z,, with the SPT phases detectable
by the chiral-respecting topological invariant Z°. Our manner to physically understand
the fermionic SPT phases is inspired by the literature [42, 43]. For the chiral symmetry

with S¢; S~ = (—1) c}, after relabeling fermions as

— -1 _ _ 1
Coj—1 = Qy, SCL]'S = —aj,

2.6)
ng = bj, SbjSil = b;,

we generalize the bulk-boundary correspondence in free fermion (2.4) to fermionic scope

and then propose the following relation

2 Arg[Z°(Hy)] /7 = N, — N, mod 4, 2.7
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where H,; denotes the decomposable systems as stated at the beginning of this chapter.
Z5(Hy) represents the corresponding topological invariant Z° for a given H,, and N,
(4Vy) 1s the number of unbinding a; (b;) of H,. It’s worth noting that this relation is only
valid for the chiral symmetry with S¢; S~ = (—1) c} because the value of Z* depends on
the unitary part of chiral symmetry U 5{1 . However, since such generalization isn’t confined
to a certain chiral symmetry, we believe that one can still point out a relation between

Z5(Hy) and N, — N, for other chiral symmetry.

2.3 Some examples

H2 H’intg Hinto
Ny, — N, —2 —2 0
z5 | -1/64 —1/8 1

Table 2.1: The quantum number N, — N, and Z S for H,, Hin,, and H,p,y, . This table
shows the relation (2.7) works.

We now examine eq. (2.7) by studying the following lattice models with half-filling
as shown in Fig 2.1
H2 = Z[ngCQj_,_g + h.C.],
j=1

Hingy = Z[clj_gclj_ch;j,lc@ + h.cl, (2.8)

Jj=1

_ § ( T T
Hintg = [C4j—204jc4j+1c4j+3 + hC]
Jj=1

All three models are decomposable and respect U (1) symmetry (charge conservation) and
chiral symmetry Sc¢;S~! = (—1) c}. If we regard H> as a free lattice model and describe it
in the single-particle basis set, we can evaluate the winding number of Hs, corresponding
to the subscript of H,. H,,., can be viewed as the quartic interaction that couples two
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adjacent hopping terms of H,. For these three models, the quantum number N, — N, can
be easily determined by seeing Fig 2.1. After evaluating Z° as shown in Table. 2.1, we

see the relation (2.7) established.

Although N, — N, can only be assigned to decomposable systems, the relation we
established still can play a role when we discuss a system that is not decomposable. If
a lattice system can be written as a linear superposition of decomposable systems, we
can assign N, — N, to its decomposable systems and thus know if it is possible that by
tuning parameters, the system has a phase transition. As a concrete example, we construct
the following continuous path of Hamiltonians interpolating between two decomposable

systems

(1—t)H, +tH, ,te][0,1]. (2.9)

Tuning the parameter ¢ from 0 to 1 in the above equation represents the adiabatic deforma-
tion from H, to Hy, and we simply denote this adiabatic deformation as H, — H}, in the
latter discussion. Let’s focus on the deformation Hy — H,y,, first. During this deforma-
tion, the system can always be considered as a linear superposition of two decomposable
systems. By use of eq. (2.7), we know this deforming process will go through two distinct
SPT phases, so it should involve a phase transition. Also, according to the same idea, we
expect that a phase transition will happen during the deformation H;,;, — H,ys, as well.

The numerical results in Fig 2.2 agree with these expectations.

As stated in Sec.1.1, within the band theory, topological phase transition determines
where the energy gap closes, which is one of the most notable signatures of topological

materials. But this trait can be manifested in the thermodynamic limit only, and when
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Ha-Hin, Hinty~>Hint,

ArgizS) 1 ArgizS) 1
1.0 10
08 0.8
06 06
04+ 0.4
02: 02
} : F t
02 04 06 0.8 1.0 02 0.4 06 0.8 1.0
(a) (b)

Figure 2.2: As mentioned in Sec.1.3.1, we evaluate Z° with the cut and glue construction.
(a) The complex phase of Z° of the deformation Hy — Hj,;,. (b) The complex phase of
75 of the deformation Hpy, — Hipg, -

Ha~>Hint, Ha~Hint,

Iy il
R

........... pe

B . -
J——

il
" nmummmlllIm:“m,

(a) (b)

Hinty>Hint, Hinty,>Hint,

(©) (d)

Figure 2.3: The eigenvalues of two different systems with PBCs. (a) Hy — H;,t, with
Ntot — 12. (b) H2 — Hi’nto With Ntot — 16. (C) Hi’ntg — H’into With ]Vtot — ]_2. (d)
Hintz — Hinto Wlth Ntot = 16.

it comes to many-body systems, there is no Bloch Hamiltonian that can help us study
the behavior of systems in the thermodynamic limit. If we consider the finite-system

energy spectrum, this property will be suppressed by the finite-size effect. For free fermion
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systems, we can see an energy gap induced by the finite-size effect, but this gap vanishes
when the system is in the thermodynamic limit. However, we find that the finite-size effect
on many-body systems here is not the same as how it affects free fermion systems. More
specifically, for many-body systems with PBCs, we discover that the energy gap may
vanish and correspond to the phase transition point even if they suffer from the finite-size
effect. As a case in point, we numerically calculate the eigenvalues of Hy — H,,,;, and
Hipnt, — Hing, as shown in Fig 2.3, which shows the gap-closing happens for both cases
when the total number of sites N, is 12, while when Ny, = 16, the gap vanishes only for
H;pnt, = Hing,. Compared with the phase transitions in Fig 2.2, we can see the consistency
between the phase transition points and the gap-closing points if the gap-closing occurs.
In general, the appearance of this consistency in finite systems is contrary to common
belief. Our explanation for this is that it’s a kind of unique property of fermionic systems

just like the odd-even staggering effect.
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Chapter 3

(1+1)d Fermionic SPT Phases Protected

by U(1) and Reflection Symmetry

The reflection symmetry R acts on complex fermions as Rc; R~! = cp,,—j+1 Where
Nyt 1s the total number of sites. If a lattice Hamiltonian H satisfies RHR™' = H, it
respects reflection symmetry. The classification of (1+1)d free fermion and fermionic
SPT phases protected by U (1) + R symmetry is Z and Z, respectively, which is the same
as the cases with U(1) + S symmetry. In fact, the same classifications for these two
different kinds of SPT phases can be regarded as a consequence of the CPT (charge-parity-
time) theorem. Although the existence of the CPT theorem is under consideration with
relativistic symmetry, as stated in Sec.1.2, relativistic symmetry seems to play no role

when classifying SPT phases !.

For the systems with U(1) + R symmetry, there is no bulk-edge correspondence in
real space [46], so the idea we used when discussing chiral cases is not applicable to physi-
cally understanding the SPT phases here. However, owing to the Atiyah-Hirzebruch spec-
tral sequence (AHSS) in generalized homology, we still can establish a relation between
Z%® and decomposable systems. A generalized homology can provide the classification
of the SPT phases regarding crystalline symmetry, and AHSS is a way commonly used to

compute generalized homology. With the help of AHSS, we will show that the topolog-

!Especially, the cobordism classification of (1+1)d fermionic SPT protected by U(1) + S symmetry
and protected by U(1) + R symmetry is given by the same cobordism group Q5" (pt) = Z,.
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ical invariant Z% actually responds to the quantum number (N,, R.) decomposed by an
equivalence relation. Here, IV, is the number of charges on the reflection center and is a

Z number. R, is a Z, number and is defined as

0, if RY.R ' =1,
R, = , (3.1)

1, if RY.R'= —1
where 1), represents the charges on the reflection center. It’s worth noting that since
(N, R.) is related to 7, it’s a quantum number regarding the reflection center, which
is a (0+1)d system. In a manner, the relation between Z¥ and (N., R.) we will propose
can be read as bulk-boundary correspondence because if we regard the reflection center
as the ”boundary”, this relation implies the information of ”boundary” is characterized by

the topological invariant Z .

3.1 Bulk-boundary correspondence in (1+1)d fermionic

systems with U (1) and reflection symmetry

c

[
[
|
- - | - -
e

1-cella . . 1-cella
t et et
2 fi O-cell A 5 fa

Figure 3.1: The schematic of the first differential dj ;. The red dashed line denotes the
reflection center. The green and red wave packets represent the complex fermions with a
charge +e and —e, respectively.

To see the relation between Z% and (N,, R.), we should go into detail about gener-
alized homology, which can formulate the SPT phases with crystalline symmetry [17]. In
Appendix A, we provide a brief review of how to compute generalized homology by using
AHSS. For our cases, the (1+1)d systems with U(1) + R symmetry where the total sym-
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metry G is Zs, the classification is given by h2? (R, OR), which describes the SPT phases
over R where anomalies may localize on OR. After doing cell decomposition, there are
one 0-cell {A} respects U(1) + R symmetry and one 1-cell {a} with U(1) symmetry,

leading to the following E'-page

¢=0|Zx2, Z

g=1] 0 0 (32)

The limiting page here is E?-page, and hence the classification hOZ2 (R, OR) fits into the

short exact sequence

0— Ego — hg*(R,0R) — Ef _| — 0. (3.3)

By using eq. (A.9), we have

Eg,o = Eé,o/lm(dio)a
(3.4)

Ei ;=0
Since £} _, = 0, the classification here is given by h(*(R,OR) = E2 | = E{,/Im(d} ).
Without loss of generality, we can assign the quantum number (N, R,) to E&O, which is
the degree 0 SPT phases on the reflection center, due to the classification Z X Zjy. N, is
the number of charges located at the reflection center and R, is given by eq. (3.1). With
the quantum number (N, R.), the quotient Ef ,/Im(dj] ;), which essentially represents a
process where the SPT states on O-cell are trivialized by pair-creation of SPT states on

adjacent 1-cell [16], can be readily understood. Let’s focus on Im(d}’o) first. As shown in
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Fig 3.1, dio represents the adiabatic pump as follows: First, we create a pair of complex
fermions with a charge +e and —e at the 1-cell {a}, which is denoted by flT f2T , then, we
move them and their reflection counterparts fg fl to the reflection center and the infinity
while preserving reflection symmetry. This adiabatic pump makes flT fg located at the
reflection center (0-cell {A}), so we can assign (N,, R.) to f{ f1, which is given by (2,1)
because R flT fg R = f; flT = — flT f; . Given that this procedure can be repeated many
times, we have Im(d; ,) = Z(2, 1), which leads to Ej o /Im(d; ;) = Z x Zy/7(2,1) = Zy.

More specifically, the equivalence relation of the quotient Eé,o / Im(dio) can be written as

(Ne, R.) +n(2,1) ~ (N, R.), n€Z, (3.5)

and the corresponding equivalence classes can be defined as [(0, 0)], [(1,0)], [(2,0)], and
((3,0)]. Since the generalized homology h2? (R, OR) is isomorphic to Ejo/Im(d] ), the
classification of (1+1)d systems with U(1) + R symmetry is Z4, and we can assign the
quantum number (N, R.) decomposed by the equivalence relation (3.5) to decomposable
systems. As stated above, the classification also can be provided by the cobordism group
Q5™ (pt) = Z4, which is consistent with h22(R, JR). This consistency implies that we
may connect Z%, which is the topological invariant generated by the cobordism group,

and (N, R.) in a certain way. Here we suggest that

(Ne, R.) ~ (2 Arg[Z%(Hy)]/7,0), fora = —7/2. (3.6)

For a given decomposable system H,;, we can assign the quantum number (V. R,.) to it
and evaluate its corresponding topological invariant Z%( Hy). In the rest of this discussion,

we will show that eq. (3.6) makes sense by studying some examples.
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3.2 Example: SSH models

| ]

Ground state

NSNS

Ground state

(a) (b)

Figure 3.2: The dashed line is the reflection center and the green wave packets represent
the charges. (a) By decomposing the ground states, we obtain 1h.(H; ) = (c} 41 —as 0)/V2
and ¢, (—H;) = (¢} at ch +»)/V/2. Hence, the number of charges located at the reflection
center is N, = 1 for H; and —H; both. (b) For £ H,, there is no charge located at the
reflection center, so ¢.(Hy) = ¥.(—Hp) = 0.

Here we verify eq. (3.6) by studying the SSH model with half-filling in the topological

and trivial limits

L
H1 = Z[C;-CQ]'_H -+ C£L+2C1 + h.C.],
7=1
L+1 3.7)
7=1

To evaluate the topological invariant Z, the boundary condition here is PBC. Their

ground states are given by

1
|GS(Hy)) = W(Cg - C:T)))(le - Cg) e (CQN - C£N+1> e (CEM - CEM-H) e

(CEL—Q—Q - CJ{) |0> )
(3.8)

1
|GS(Hy)) = (L +1)/2 (CJ{ - cg)(cg - CD e (C§N+1 - C£N+2) e (ch—l - CJ;M) e

(C;L-H - C£L+2) 0) .

The finite systems H; and H, contain L + 1 unit cells, and there are two sites in each unit
cell. If we also consider the chiral symmetry, their subscripts denote the corresponding
winding numbers. Note that they respect reflection symmetry Rc}R_1 = cg L+3—j» and
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hence we can pick up the interval I = {c,, ..., ¢, } where its center is the same as reflection

center to define the partial reflection [U,R]; as
[UaR)rct([UaR]) ™ =ich, s [UaRI[0)=10), j€{a,....b}. (39

Here we suppose a < band a + b = 2L + 3. By definition, we can evaluate the corre-
sponding Z¥ (Appendix B), which is given by

i(Np—1) '(Np_1)2

ZR(Hl) _ ! 5 (_1)(Np—1)(Np—2)/2(_1)(Np—1) _ (_1>Np_lz

2 (3.10)
ZR(H()) = (—1)NP(_1)NP(NP_1)/2in — (_1)Npin2,

where N, = (b — a + 1)/2. Now, let’s focus on the same systems with negative hopping

strength. The explicit expressions of the ground states of —H; and — Hy can be written as

1
GS(=H)) = sy (ch + (el + ). ey + hyyn) - (char + haria) -
(hpso +¢1)10),
(3.11)
1
|GS(=Ho)) = W(CI + ) (e + ) (yg + yga) oo (g ) -
(C£L+1 + C£L+2) 10) .
By the same token, we obtain
Z™M—H,) = (1)~ Uz (Hy),
(3.12)

Z%(=Ho) = (=1)""Z"(Hy).

If the reflection center is located between two unit cells (bond center), that is, IV, is even,
the above equation leads to Z%(—H,) = —Z%(H,) and Z%(—H,) = Z%(H,). One may
wonder why + Hj are in the same SPT phase, but £ H; fall into different SPT phases. To

figure out this point, let’s assign the quantum number (N, R..) to these four cases. For the
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Hy-H,p
ArgizR1 i

1.5

0.5

t
0.2 0.4 0.6 08 1.0

Figure 3.3: The complex phase of Z% of the deformation H; — H, with the bond center.
The total number of sites is Ny, = 12, and the interval we pick up is [ = {c4, ..., co}.
H1 —H1 H() _HO
(N.,R.) | (1,1) (1,0) (0,0) (0,0)

ZR | =2 if2 1 1

Table 3.1: The quantum number (N,, R..) and Z* for +H;, and +H; with the bond center.
Note that (1,1) ~ (3,0).

decomposable systems, such as eq. (2.8) and eq. (3.7), their ground states can be written
as the tensor product of separated charges, so the information of ¢/, can be easily obtained
by seeing their ground states. As Fig 3.2, . of the cases we study now are given by

T T

Yol H) = S Ry ()R = (),

bo(—Hy) = % Ripo(~H)R™ =t (H)), .
Ye(Ho) = 0, Rype(Ho)R™ = ¢.(Ho),

e(—Hp) =0, ch(—Ho)Rfl = 1.(Hop).

With eq. (3.1) and eq. (3.13), the corresponding (N, R.) can be determined as shown in
Table 3.1. Obviously, for the bond center, there are no charges on the reflection center for
+ Hy, so they are both trivial, which is consistent with Z%(—Hy) = Z%(H,). For +H},
although N, = 1 for both cases, they have different R, so they belong to different SPT

phases, which corresponds to Z%(—H,) = —Z%(H,). Taking all these into account and
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H;>Hy

(2)

Hi>Hp

(b)

Hy—>Hy

(©

Figure 3.4: The eigenvalues of H; — H, with PBC. Because of PBCs, the systems here
respect two different types of reflection symmetry where the reflection center is located at
the midpoint of a unit cell or between two unit cells. Therefore, The information regarding
these two different types of reflection symmetry is contained in their eigenvalue spectra
simultaneously. (a) Nyt = 8. (b) Nyt = 10. (¢) Nyt = 12.

comparing with Z as shown in Table 3.1, we can see the relation (3.6) is valid. On the
other hand, the same argument regarding the finite-system energy spectrum we made when
discussing chiral cases also holds here. As shown in Fig 3.3, a phase transition happens
at the midpoint of the deformation H; — H,. Compared with Fig 3.4, when the total

number of sites Ny is 8 or 12, we can see that the gap-closing points of finite systems
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with PBCs are the same as the phase transition point.

3.3 [Example: systems with quartic interaction

Ground state

Ground state

c

1
|
|
|
|
|
|

IS

c?
|
|
|
|
|
|
| |
| |
| |

Ground state

©

Figure 3.5: Different reflection centers make the topology different. (a) When the reflec-
tion center is ¢!, the quantum numbers (N,, R,) of H;,;, and — H;,;, are (2,1) and (2, 0).
For the cases with ¢?, there is no charge located at the bond center, and hence 4 H;,,;, are
topologically trivial. (b) +H,,, are topologically trivial for ¢!. If the reflection center is
%, we can assign (2,1) and (2,0) to H;,;, and —H,p,y,. (¢) £ Ho are topologically trivial
for both reflection centers.

When discussing the SSH models with U(1) + R symmetry, we saw that the topo-
logical invariant Z® of these (1+1)d systems depends on where the reflection center is,
which is expected since the SPT phases here are actually related to the SPT phases on
the reflection center (0-cell {A}). To emphasize this fact, we now study the systems
we introduced before, Hs, H;,,, and H;,,,. They also respect reflection symmetry with

RejR™' = ¢y —j+1- Let’s focus on the systems with quartic interaction first. The ground
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H’intg _Hintg Hi'nto _Hinto H2 _H2
(Ncl?Rcl) (27 1) (270) (070) (07()) (070) (070)

Zﬁ 1/2 —1/2 1 1 1/4 1/4
<N027 Rc2) (07 O) (07 0) (27 1) (27 O) (07 0) (07 O)
Zc@ 1/2 1/2 1 —1 1/4 1/4

Table 3.2: The quantum number (N, R,.) and the topological invariant Z 7 for the different
systems, +Ht,, £ Hjpnt,, and + Hy, with the reflection centers ¢! and ¢?.

states of +£H,,, and +H,,,;, with PBCs can be explicitly written as

1
|GS(Hinty)) = m(cgcj; +cbed)(chel + elely) - (chy_achy + CZN+1CZN+3) e

(CZM—2CZM + C:rlM—i-lCILM—H’)) e (CZL+2CZL+4 + c{cg) 0) , (.14)

1
|GS(—Hint,)) = W(Cgcl - CECD(CECQ - 025011) e (CILN—QCZN - leN—&-lelN—i—S) e

(CILM—QCZM - CZM-HCZM-&-S) e (cle+QleL+4 - CJ{C‘I,) 0) ,

and

1
|GS(Hing,)) = W(CICE +elel) (chel + ehel) - (narchvgn + nascinga) -

(CZM73C:[1M72 + C:rlelcle) e (Cj;LHCjLLH + CZL+3QT;L+4) 0) ’(3 15)

1
|GS(—Hing,)) = o(L+1)/2 (cicg - cgcl)(cgcg - C%L) e (CZN+1CZN+2 - CZN+3CZN+4) e

(CELLM73CZM72 - CZMACZM) e (CZL+1CZL+2 - CJLLL+SCILL+4> 0) .

Here we consider the finite systems with N, = 4L + 4. As an analogy of unit cells,
here we introduce the concept of a ’subsystem” that contains four sites, so these finite
systems have L+1 subsystems. Given that + H,,,;, respect reflection symmetry RC;R*1 =
CLL%W., we can choose the interval I = {c,,...,¢} witha < banda+b = 4L + 5 to

define the partial reflection

UaR) e} ([UaR] )™ = ich [UaR)1|0) = [0), (3.16)

(L+1)—j+1°
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- Hz>=Hint,
Argiz"11m Arg[zR 17
0, kR 10| sessessssessessssssssssasssssssasses
08! -
06/ 06
04 0.4
02 02
t t
02 0.4 06 038 1.0 02 04 06 038 1.0
(a) (b)

Figure 3.6: For the reflection center ¢!, we consider the finite system with N, = 16,
and then pick up the interval I = {cs,...,c12}. The interval I = {cs,...,cs} in the
finite system with N,,; = 12 is assigned to the reflection center ¢?. (a) The complex phase
of Z of the deformation Hy — — H,,,;, with ¢!. (b) The complex phase of Z% of the
deformation Hy — — Hyy,y, with 2.

with j € {a,...,b}. We can employ the same method as discussing +H, and +£H, to
find the SPT phases + H,,,+, and £+ H,,,, fall into. Obviously, there are two different types
of reflection centers where one is situated between two subsystems and the other is in the

midpoint of a subsystem. we label them ¢! and 2. As Fig 3.5(a), we have

T T T T

Co(n1)=2C2(L+1) T Ca(r41)+1C2(L+1)+3
V2 ’

T T A i
CoL+1)-2%2(L+1) — C2(L+1)+1%2(L+1)+3
Pt i \/E 3-17)
e (Hipeg) = Cor+1Car+2 T Car43C2044

c intg \/§ )

T i A T
_ Cop41Cry2 — Cr43%L44

¢02(_ into) -

7 :

wcl (Hintg) =

¢cl (_Hintg) =

with

quz)cl (Hint2>R_1 - _wcl (Hint2)7
quz)cl(_Hintz)R_l = ¢01<_Hint2>7

(3.18)
R¢c2 (Hinto>R_1 = _¢02(Hinto)7

R¢c2(_Hinto)R_1 = ¢02<_Hinto>-

27 doi:10.6342/NTU202400302


http://dx.doi.org/10.6342/NTU202400302

Hy-~Hint, Hy—>~Hint,

(@) (b)

Ha-~Hint, Ha=~Hint,

: - y
0 i H
‘ I

.ummanmu.am||Ilimﬂ!lIilliidﬂlill!!m i

st

(©) (d)

Figure 3.7: The eigenvalues of two different systems with PBCs. These eigenvalue spectra
encapsulate the information regarding ¢! and ¢® because the systems with PBCs respect
the reflection symmetry with ¢! and ¢? at the same time. (a) Hy — — Hy,p, With Nige = 12.
(b) Hy — —Hpt, With Ny = 16. (¢) Hy — —Hjpy, With Ny = 12, (d) Hy — —Hp,
with Ny, = 16.

The corresponding quantum numbers are shown in Table 3.2. Notice that H;,,;, and H;,,,
are topologically trivial for both reflection centers because (2,1) ~ (0,0). Table 3.2 also
shows the SPT phases of &= H, with ¢! and ¢?, which can be quickly determined by seeing
Fig 3.5(b). As a double-check, we can evaluate Z* for these cases with different reflection
centers, where the results are also contained in Table 3.2, and then check the correctness
of eq. (3.6). In accordance with Table 3.2, we expect that phase transitions happen for
Hy — —Hpy, with ¢! and Hy — — H,,,y, with ¢2. Fig 3.6 agrees with these expectations.
In addition, by comparing Fig 3.6 and Fig 3.7, we can see that the argument regarding the

gap-closing of finite systems and phase transition we proposed before works.
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Chapter 4

Role of Translation Symmetry

In this chapter, we discuss how the fermionic SPT phases we focused on before
change when translation symmetry gets involved. First, because the translation symmetry
is spatial symmetry and the chiral symmetry is on-site symmetry, there is no interplay be-
tween them and hence there is no new SPT phase induced by the combination of U (1) + S
and translation symmetry. However, since both translation symmetry and reflection sym-
metry are spatial symmetry, new SPT phases related to the combination of these two sym-
metries may emerge. In the latter discussion, we will show that the (1+1)d fermionic SPT
phases protected by U(1) + R and translation symmetry are classified by Z x Zy X Z,4

(see Sec.4.1).

On the other hand, it’s worth noting that translation symmetry is not an element of a
point group, so the cobordism group Qgin“ (pt) itself does not include translation symmetry,
making the classification cannot be given by Qginc (pt) and the corresponding many-body
topological invariant cannot be constructed by the method we mentioned in Sec. 1.3. How-
ever, with the help of generalized homology, we indicate that the topological invariants

can be constructed in an alternative way, which is given by
(Zy,2 Arg|Z[F /7,2 Arg|Z]] /). (4.1)
Here we express the translation as the composition of two reflections with reflection cen-
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ters ¢ and ¢. Thus, Z and ZI denote the topological invariants (1.5) with respect to ¢

and ¢/, and Z; is defined as

GS| N |GS)

Ly = < 7 ) “4.2)

where N is the particle number operator, L is the number of subsystems, and Z is filling.
We will prove that (Z;, 2 Arg[ZF] /7, 2 Arg[ 2] /) is sufficient to describe this Z x Zsy x

Z4 classification and then apply this set of topological invariants to some examples.

4.1 (1+1)d fermionic systems with U(1) + R and transla-

tion symmetry

c c

- ————

|
|
|
- — | - d
1-cella . . 1-cella
0-cell B A ocela fA 0-cell B

|
|
|
|
e

Figure 4.1: The cell decomposition and schematic of the first differential d%,o for (1+1)d
fermionic systems with U(1) + R and translation symmetry. Note that the adiabatic pump
is almost the same as that of the systems without translation symmetry. The only difference
is fi and f] will meet on ¢ instead of going to infinity, so Im(d},) = Z(2,1, -2, 1) here.

In addition to U (1) + R symmetry, now we involve the translation symmetry Z > n :
x — x +n. Because the reflection here r € Z, acts on Z as reflection, the total symmetry
G becomes Z x Z5. After doing cell decomposition shown in Fig 4.1, we have two 0-cells
{A, B}, which correspond to the reflection centers {c¢, ¢'} and respect U (1) + R symmetry,

and a 1-cell {a} with U(1) symmetry, leading to the following E'-page
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q=0|(Zx7Z) x (Zx17y) Z

(4.3)

Given that the limiting page here is £?-page, the classification A2 *”2(R, OR) fits into the

short exact sequence

0— Ego— hy™™(R,0R) — Ef _; — 0. (4.4)

By using eq. (A.9), these E-pages are given by

Eg,o = Eé,o/lm(dio)a
4.5)

Ef =0,
which leads to by % (R, 0R) = E{,/Im(d} ). As discussed in Sec. 3.1, we can assign
the quantum number (N, R., N, Ry) to Ej o here, and Im(d; ,) represents the adiabatic
pump shown in Fig 4.1, so we have

h%xlg (R, aR) o~ Eé,o/lm(d%,o) >~ (Z X ZQ X 7 X ZQ)/Z(Q, 1, —2, 1)
(4.6)

27 X Lo X Ly.
When we consider the systems without translation symmetry, we use (N, R.) to describe
their SPT phases. For a given system, (/N., R.) is not unique because we can move the
charges in 1-cell to the reflection center while preserving reflection symmetry. But note

that, because of eq. (3.5), it will not change the topology of the system, although (N, R,)
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will be different. However, for the cases with translation symmetry, we should impose
a restriction to (N,, R., N, R.). Due to the common sense about translation symmetry

where Z is related to the number of charges in each subsystem, we have

Zf:NC+NC/' (47)

That is, in a subsystem, we have to make all the charges located at two reflection centers
only. The reason is that we require (N,, R., N, R.) to represent an SPT phase in Z X
Zs X 74 classification, and if we don’t consider the restriction (4.7), (N, R., N, R.) will
not give us correct information about Z. There are some examples about this argument

when we discuss cases with translation symmetry j — 7 + 4 (see Sec. 4.3).

The idea of employing eq. (4.1) to describe Z x Zs x Z, classification is based
on two reasons. First, since the whole system respects U(1) and translation symme-
try, it’s straightforward to think 7 is related to the number of charges in each subsys-
tem, which corresponds to Z;. Secondly, recall that for the cases without translation
symmetry, Z% responds to the quantum number (N, R.). We can extend this consis-
tency to the systems with translation symmetry. Because the SPT phases can be deter-
mined by the (0+1)d SPT phases on two different reflection centers separately, which
is described by (N, R., No, R.), we can naively conceive that Z* and Z% may serve
as a part of the topological invariants here. Taking these into account, we speculate
(Zs,2 Arg|ZE] /7,2 Arg[ZF] /) can be assigned to this Z x Zy x Z, classification. Our
strategy to prove this surmise is right is as follows. We first find the generators of Z, Z,

and Z, in terms of quantum numbers (N, R., N, R. ), which are denoted as gz, gz,, and
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gz, Then we consider the following statements

(Z4(H(g2)), 2 Arg[Z;(H (g2))) /7, 2 Arg[ 2.7 (H (92))]/7) €
(Z4(H(g2.)), 2 ArglZ] (H (g2,))) /7, 2 Arg[ 2. (H (92,))]/7) € Zo, (4.8)
(Z1(H(g2.)), 2 ArglZ (H (g2,)) /7, 2 Arg[ 2. (H (92,))]/7) € Za,

where H(g,) is the corresponding decomposable system of g,. If the above statements

are satisfied, this classification can be described by the set of topological invariants (4.1).

As the first step, we choose the following set of generators

9z = (17 07 07 O):
9z, = <07 17 07 0)7 (49)

gz, = (1,0,—1,0).

As shown in Appendix C, for these three generators, we have

(Z;(H(ngz)), 2 Arg|Z'(H (ngz))] /7, 2 Arg|Z;/ (H (ngz))] /) = (n,n mod 4,0) € Z,
(Zf(H(ngZQ))v 2AI‘g[Zf(H(TLgZ2))]/7T, 2AI‘g[Z ( (ngZ2))]/7T) (Ov 2n mod 4, 0) € Lo, (4.10)

(Zf(H(ngZ4))v 2AI‘g[Zf(H(TLgZ4))]/7T, 2AI‘g[Z ( (ngZ4))]/7T) (Ov n mod 4’ 3n mod 4) S Z47

where n is an integer, and H(ng) = @;_, H(g). The above equation satisfies the state-
ments in eq. (4.8), so (Z, 2 Arg[ZF] /7, 2 Arg[Z5] /) can be used to describe Z x Zsy x Z,4

classification.

4.2 Example: translation symmetry j — j + 2

If systems respect U(1) + R symmetry and the translation symmetry: j — j + 2,
it implies that they respect two kinds of reflection symmetries where the reflection cen-
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Figure 4.2: Two types of reflection centers for the systems that respect U (1) + R and the
translation symmetry: j — 7 + 2.

ters are shown in Fig 4.2. In our systems, H,, H;, and H, respect this kind of sym-
metry, and we can get corresponding (Z, 2 Arg[Z g] /7, 2 Arg|Z (fg] /) by studying their

(Nei, Rei, Nez, Rez) and using eq. (3.6). With all these in mind, we have

H() —H() H1 _Hl H2 _H2

4.11)

(7, 0a,0) | (1,0,3) (1,0,1) (1,3,0) (1,1,0) (1,0,3) (1,0,1)

where (vf, v, v.3) represents (Z, 2 Arg[Zg]/w, 2 Arg[Zc%]/w). We can evaluate Zcfz and
Z g by the definition (1.5) as well, which will arrive at the same results as those in the
2

above table.

4.3 Example: translation symmetry j — j + 4

For the systems with U (1) + R symmetry and the translation symmetry: j — j + 4,
there are two choices of reflection centers, as {cj, c; } and {c3, ¢{} shown in Fig 4.3, so the
topology here is determined by which two kinds of reflection symmetries are preserved.
For H;,;, and H;,,, the only possible reflection centers are {cj, 3}, which are the same

as {c!, c¢?} in Fig 3.5 if we suppose the system in Fig 3.5 respects translation symmetry.
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Figure 4.3: For the systems with U(1) + R and the translation symmetry: j — j + 4, the
reflection centers can be chosen as {c}, c3} or {c%, c}}, depending on the system respects
what kinds of reflection symmetry.

By use of Table 3.2 and eq. (3.6), we get

Hinto _Hinto Hintz _Hintz

(4.12)

(v, va,03) | (2,0,0) (2,0,2) (2,0,0) (2,2,0)

with (v, ve,ve) = (Z5,2 Arg[Z]] /7, 2 Arg[Z%] /7). Ho, Hy, and H, also respect this
4 4
translation symmetry, where the reflection centers can be {c}, ci} or {c3,ci}. For the

choice {c}, ¢}, the corresponding topological invariants of these three systems are given

by

Hy —Hy H, —H, H, —H,

(4.13)

(U5, v, ) | (2,0,0) (2,0,0) (2,3,3) (2,1,1) (2,0,0) (2,0,0)

The topological invariants can be evaluated by definition or determined by the quantum
number (Nc}l R, Nes, ch) of these decomposable systems. Here, we should be careful

when assigning the quantum number to H, and H,. Taking H, as an example, the picture
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of its charges in a subsystem is

c c c
| | |
| | |
| | |
| | |
| 1-cella | 1-cella ‘
o T T ® T T
O-cellB ¢y, —Cyp53 O-cellA ¢y p5 —Cyips O-cellB
V2 V2 (4.14)

At first sight, one may think the corresponding quantum number is (0, 0, 0, 0). If we only
want to know the information about Z g and Z g, this quantum number is fine, but now we
need all the information including Z, so it doesn’t work, and we need a quantum number
that satisfies the restriction (4.7). The valid quantum number can be obtained by moving

charges while preserving reflection and translation symmetry, such as

c c c
| | |
| | |
| | |
| Il | Il |
| 1-cella 1-cella

® ®

O-cell B O-cell A O-cell B (4. | 5)

Since the reflection center is located between cy; 5 and ¢y .3, we have R(ch; —cl, +3) (chivo—

C£i+5)R_1 = (C£i+5 - C;H)(C;H:a - ng) = _(C;; - C;i+3)(cgi+2 - C£i+5)7 and hence the

quantum number is (2, 1,0, 0). We also can move charges to another reflection center (0-
cell B), and the quantum number becomes (0, 0, 2, 1). Note that (2, 1,0,0) and (0,0, 2,1)
are topologically identical because (N,, R., N, Rs)+n(2,1,—2,1) ~ (N, R., N, R/)
where n is an integer. As a result, for H,, the valid quantum number is (0,0,2,1) or
(2,1,0,0) instead of (0,0, 0,0) because (0,0, 0,0) doesn’t provide the right information
about Z and therefore it can not describe Z x Z, x Z,4 classification. The above discussion
is supported by the energy spectrum of Hy — H,,,;, shown in Fig 4.4, which indicates that
Hy and H,,;, are topologically identical. The quantum number of H,,, is (2, 1,0,0), so
(0,0,0,0) cannot be the quantum number of Hs, otherwise, it will contradict the fact that
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H2 ~ HintQ'

Hy->Hint,

(a)

Figure 4.4: The eigenvalues of Hy, — H;,;, with PBC, where N, = 12. During the
deformation, this system remains decomposable, so the energy gap is independent of Ny
and given by F, — Ej. Here, E, and F; are the energy of the ground state and the first
excited state for a single subsystem.
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Chapter 5

Conclusion and Discussion

1 2 5 6 9 10

@ e o—0 o

[ *—o0 @ @ @
3 4 7 8 11 12

Figure 5.1: After rearranging, H, seems like stacking two dimerized SSH chains H;.

———x
Pl

I
I e
I I

(a) (b)

Figure 5.2: The purple arrows represent the directions of reflection symmetry. (a) The
reflection symmetry of H,. (b) The reflection symmetry of stacking two H;.

We established the relation between decomposable systems and many-body topologi-
cal invariants to physically realize two different kinds of SPT phases. For (1+1)d fermionic
systems with U (1) + S symmetry, by generalizing the idea of bulk-boundary correspon-
dence from their free fermion counterparts in real space, we indicated the relation between
N, — N,, which is a quantum number assigned to the decomposable systems that respect
U(1) + S symmetry, and the topological invariant Z°. For the SPT phases protected by
U(1) + R symmetry, with the physical meaning provided by AHSS, we pointed out the

relation between (V. R,.), which serves as a quantum number of decomposable systems
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with U(1) + R symmetry, and Z%.

Furthermore, we studied how these two kinds of SPT phases change when involv-
ing translation symmetry. For the cases with U(1) + S symmetry, translation symmetry
plays no role. However, for systems with U(1) + R symmetry, because there is an inter-
play between reflection symmetry and translation symmetry, the classification becomes
Z x Ly x Z4. With the hint of AHSS, we proved that (Z, 2 Arg[Z5] /7, 2 Arg[ZF]/7) is

sufficient to be the set of topological invariants for this Z x Z, x Z, classification.

On the other hand, although the consistency between phase transition points and en-
ergy gap closing points should be studied in the thermodynamic limit, we indicated this
trait may appear when considering finite many-body systems with PBCs. Even though
we only focused on two different kinds of SPT phases, the arguments regarding finite sys-
tem energy spectrum should be applicable to other kinds of SPT phases because we didn’t

suppose any prerequisite here.

Finally, we want to point out one thing that may mislead people. After rearranging
the unit cells as shown in Fig 5.1, the lattice model H, can be regarded as stacking two
dimerized SSH chains H;. But note that it only makes sense for cases with internal sym-
metries. When it comes to spatial symmetries, this idea doesn’t work. Taking our cases
as examples, we can see the discrepancy between H, and stacking two H; as shown in

Fig 5.2.
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Appendix A — AHSS in generalized ho-
mology

For interacting systems, the classification of degree n SPT phenomena with crys-
talline symmetry G' can be determined by the generalized homology h% (X, Y) where X
and Y are real space and Y C X. In general, h%(X,Y) is quite difficult to compute, so
we use the AHSS to simplify the computation [17]. The way AHSS is utilized to reach
h&(X,Y) is as follows. We first take the G-symmetric cell decomposition of the space

manifold X and then define the p-skeleton X, of X
Xo = {0-cells}, X, = X,—1 U {p-cells}. (A.1)

p-cell is a p-dimensional open cell in the cell decomposition. eq. (A.1) also implies the

following relation
XoCcXpC...C Xy=X, (A2)
where d is the dimension of X . To proceed, we introduce the filtration of hS (X, Y)
Fyhy, = Im[hS(X,, X, NY) — S (X,Y)]. (A.3)

F,h,, can be regarded as the SPT phases on X by embedding the SPT phases on X, into

X. Due to eq. (A.2), we have
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0 C Fyhy C ... C Fyh, = hS(X,Y). (A4)

Combining eq. (A.4) and this relation 5, = F,h,/F,_1h,, we can get a series of short

exact sequences:

0— Eg, — Fhy, —E5 1 —0,

0— Ih, — Ihh, — ng;h2 — 0,
(A.5)

0 > Fy1h, = hS(X,Y) = B35y — 0.

B>, is called the limiting page, which represents the (n — p) dimensional SPT phases

on p-cells that create no anomaly on any adjacent low-dimensional cells and cannot be

trivialized by any adjacent high-dimensional cells. Here, if an SPT state on p-cells can be

trivialized by an adjacent high-dimensional cell, it means that this SPT state can be created

by adiabatically pumping the SPT states in this adjacent high-dimensional cell. Note that

for a d-dimensional space manifold, the limiting page E*° is the same as the converged
Eat1

page £, ,. Using the above relation eq. (A.5) and given £, we can obtain h¢(X,Y)

and each F,h,, by the iterative method.

Now, the last problem is how to get the £°>°-page. To address this problem, we start
with the definition of E'-page. For each p-cell Df , there is a little group G pr C G acts on
D;’ as on-site symmetry, so the cell decomposition leads to the ”local data of SPT phases

Gpp
on D}, hp,D; (D7, 0D%). 1f we consider the collection of these local data, we can define
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the E'-page
Gpp
Bl _, =] h, s (D.0D7), (A.6)

where ¢ is defined by n = p — ¢, and j runs the set of inequivalent p-cells of X. Because
of bulk-boundary correspondence [47], it’s reasonable to introduce the first differential
(boundary map)

dy, ., E, ,—E,

P,—q p—1,—¢q"

(A.7)

Given that E;j_q can also be interpreted as degree (n + 1) anomalies, d;7_q 1S a map
from the degree n (bulk) SPT phases on p-cells to the degree n (boundary) anomalies on
adjacent (p — 1)-cells. Owing to the fact that the boundary of the boundary is empty,

dy _,ody ., _, =0, we can take the homology of d', which is defined as *-page

E;_, :=XKer(d, ,)/Im(d),, ). (A.8)

p,

Physically, Ker(d, _,) relates the degree n SPT states on p-cells that create no anomaly on

adjacent (p — 1)-cells, and Im(d},

>+1.—q) denotes the degree n SPT states on p-cells that can

be constructed by adiabatically pumping the SPT states in adjacent (p + 1)-cells. Thus,

E;_ , 1s a set of degree n SPT states on p-cells that can extend to adjacent (p — 1)-cells

without anomaly and cannot be trivialized by the SPT states in adjacent (p + 1)-cells.

Likewise, we can formulate the higher differential and E"-page

r . T T
dpﬁq ’ Ep,fq - Epfr,qurrfl’

(A.9)
ET,th = Ker(d;,fq)/Im(d;+r,qur+1)‘

p

d;y_q 1s called the r-th differential. Note that E;th 1s established because the relation
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dr7_q od"

p pir—q—r+1 = 0 holds. In general, for a given E'-page, we can get all E”-pages

up to the limiting pages by using eq. (A.9).

43 doi:10.6342/NTU202400302


http://dx.doi.org/10.6342/NTU202400302

Appendix B— Analytical calculations of
Z"(Hy)

In this section, we would like to show how to evaluate Z?(H,) analytically. From

eq. (3.8) and eq. (3.9), we have

1 . ,
UaR)y |GS(H)) = gyl (e = ichan) Ap(ichicss = churya) -~ 110) . (B.10)

where we choose I = {can1,- .., Cons } and

Apart = Z.(Np_l)(C;M—l - C;M—Q) e (C£N+3 - C£N+2)

(N Np=1.._
= iM% 1)(_1)2711 U l)(C£N+3 - C£N+2) S (CEM—1 - C%M—Q)

(B.11)

= i(Np_l)(_1)(Np_1)(Np_2)/2(_1)(Np_1)(C£N+2 - C£N+3) e (CEM—Q - CJ;M—1)7

with V, = M — N. It’s straightforward to see that

ZR(Hl) = <GS(H1)‘ [UaR]I ‘GS(Hl»

2D N (Ne-2)/2( 1) (o) (N 1)
= 5zl (=)™ By
g (B.12)
_ ! 1Y Ne= D) (Np=2)/2( _1\(Np=1) (1 _ ;2
— ()01 - i)
(Np—1
— Z( ’ )(_1)(Np*1)(Np*2)/2(_1)(Np*1).
2

Here Byu = (0] (canr — canr1)(con — consn)(ehy — ichyy) (ichy iy — charar) |0).
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Appendix C— (7,2 ArgZ1 /7,2 Arg[Zg,‘z]/ﬂ)
of generators

Considering the restriction (4.7), eq. (3.6), and the fact that (N,, R., No, Re) +
n(2,1,-2,1) ~ (N, R., N, R) where n is an integer, (Z;, 2 Arg[ZF] /7, 2 Arg[ 2] /)
of the generators in eq. (4.9) can be easily computed. As a reminder, Z® and Z% are de-

termined by (N,, R.) and (N, R.) separately, such as

(NcaRca Nc’7Rc’)~ (C13)

For gz = (1,0,0,0), we have

Z(H(ngz)) = n,
2 Arg[Z"H (ngz)] /7 = n mod 4, (C.14)

2 Arg|Z, H(ngz)] /7w = 0,

where n is an integer, and H (ng) = @, H(g). The above equation indicates
(Uf(H(ngZ)a UC(H(ngZ)a UC/(H(ngZ)) = (n7 n mod 47 0) S Z> (CIS)

with (v, v, v0) = (Z, 2 Arg[ZE] /7, 2 Arg[Z]] /7). For gz, = (0,1,0,0), we can get
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Zf(H(ngzz)) =0,
2 Arg[ZRH (ngyz,)] /7 ~ 2 Arg[ZEH (n(2,0,-2,1))] /7 = 2n mod 4,  (C.16)

2 Arg|Z; H (ngz,))/m =0,

which leads to

(vr(H(ngz,), ve(H (ngz,),ve (H(ngz,)) = (0,n mod 2,0) € Z. (C.17)

For gz, = (1,0, —1,0), the values are given by

Zy(H(ngz,)) = 0,
2 Arg[ZH(ngz,)]/m = n mod 4, (C.18)

2 Arg[Z5 H (ngy,)] /7 ~ 2 Arg[ZFH (n(—3,0,3,0))] /7 = 3n mod 4.

The equivalence classes of (0, » mod 4, 3n mod 4) can be written as [(0, 0, 0)], [(0, 1, 3)], [(0, 2, 2)],

and [(0, 3,1)], so

(vr(H(ngz,), ve(H (ngz,),ve (H(ngz,)) = (0,n mod 4,3n mod 4) € Z,. (C.19)
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