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Abstract

This research investigates the significance of state estimation, with a specific focus

on parameter identification techniques, emphasizing its use in Advanced Driver

Assistance Systems (ADAS). Through a comprehensive review of real-time

estimation methods, including Kalman filtering and recent advancements, assessing

their applicability, advantages, and limitations in relevant literature. The proposed

approach utilizes a 4-degree-of-freedom vehicle model, incorporating the tire magic

formula model and employing discretization techniques. The Dual Extended Kalman

Filter (DEKF) framework is proposed as the primary estimation method, and is

implemented using MATLAB/Simulink environment. The research justifies the use

of dSPACE ASM as a surrogate for real-world testing, detailing test cases, sensor

specifications, maneuvers, and their relevance to research objectives. Results

demonstrate efficacy of the proposed methodology in parameter identification and

its enhancing effect on vehicle state estimation accuracy across various maneuvers.

Keywords: Vehicle state estimation; Vehicle parameter estimation; Dual Extended

Kalman filter;
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Chapter 1 Introduction

1.1 Introduction

With the development of intelligent vehicles and rapid growth of advanced
driver assistance systems (ADAS), the importance of state estimation in vehicle
control has become increasingly emphasized. Critical vehicle states include linear
and angular position, velocity, and accelerations, as well as tire forces. States such as
vehicle body slip and load transfer ratio, which cannot be directly measured, are
derived from these primary states. Additionally, the center of gravity (COG) position
and inertial properties are crucial for assessing vehicle performance. While this
information can be obtained through measurements and is often provided by
automotive manufacturers, it varies with different loading situations. Accurate and
robust estimation of these vehicle states and parameters is essential for vehicle
control systems and ADAS applications. Implementing a central estimation
algorithm offers significant benefits, including conserving computational resources

compared to individual estimations spread across different vehicle modules.
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1.2 Motivation

This research aims to develop an algorithm for real-time estimation of load-

carrying vehicles, which typically have a higher center of mass and carry varying

loads. Analysis of car accidents [1] indicates that vehicles with relatively higher

centers of gravity, including vans and trucks, are more susceptible to rollovers

compared to standard passenger vehicles. Although rollover accidents constitute a

smaller portion of total accidents, they have a significantly higher fatality rate.

The motivation for this research is to improve robustness and accuracy of state

estimation in vehicle control systems of such vehicles, facilitating the integration of

ADAS, for example rollover prevention and stability control programs. As advanced

vehicle technology rapidly evolves, there is a growing need to identify inertial

parameters to enhance vehicle performance and safety. Consequently, exploration

and evaluation of real-time estimation methods are particularly valuable for load-

carrying vehicles.

By conducting a comprehensive review of state-of-the-art methods including

Kalman filtering and recent advancements, this study aims to assess their practicality,

advantages, and limitations, with a specific emphasis on parameter identification

techniques. By employing a 4 degree-of-freedom (DOF) vehicle model,

sophisticated tire modeling, and the Dual Extended Kalman Filter (DEKF)

doi:10.6342/NTU202403171



framework, this research highlights the complexity and critical importance of
accurate state estimation in vehicle dynamics. The algorithm leverages readily
available vehicle sensors, aiming to make state estimation more accessible and
feasible for widespread adoption in the automotive industry. The state and parameter
estimator proposed, designed for real-time execution, is built using
MATLAB/Simulink and validated with a virtual vehicle platform (dASPACE ASM),
facilitating its integration into existing vehicle control systems.

Ultimately, this research seeks to contribute to the advancement of vehicle
control technology by providing insights into effective state estimation
methodologies, thereby enhancing vehicle safety, efficiency, and performance across
various driving conditions and maneuvers while emphasizing the importance of

computational efficiency.

1.3  Organization of this Thesis

Chapter 2 provides a comprehensive literature review of previous developments
in state estimation and inertia parameters, detailing foundational work and findings
in this field. Chapter 3 introduces the Kalman Filter (KF) and its improved form, the
Dual Extended Kalman Filter (DEKF), forming the foundation of the estimation

algorithm presented. This chapter delves into the theoretical basics of this filtering

doi:10.6342/NTU202403171



technique. Chapter 4 presents an in-depth description of vehicle modeling, covering

the dynamics of the vehicle body and the Magic Formula tire model. Chapter 5

outlines the simulation setup, discussing the test environment, vehicle specifications,

and detailing the maneuvers used to validate the proposed algorithm. Chapter 6

presents the results and conclusions, analyzing the effectiveness of the proposed

algorithm as a state estimation and parameter identification tool. Chapter 7

summarizes the findings and discusses their implications for the future of vehicle

state estimation and parameter identification methods.

doi:10.6342/NTU202403171



Chapter 2 Literature Review

In modern vehicles, the integration of vehicle control systems has become
increasingly common, making precise state estimation crucial for their efficiency and
accuracy. For an estimator to perform effectively, it is also essential to identify the
parameters that describe the vehicle’s dynamics.

The states are dynamic variables that change over time and characterize the
behavior and motion of the vehicle. These include measurable quantities such as
wheel speeds and accelerations, as well as unmeasurable states such as tire forces,
tire-road characteristics, and roll angles. The parameters, on the other hand, are
intrinsic properties of the vehicle that remain relatively constant during operation.
These factors include the vehicle’s mass, moments of inertia, center of gravity
position, dimensions such as track width and wheelbase, tire properties, and
suspension characteristics such as spring rates and damping coefficients.

This literature review explores the methodologies and advancements in state
estimation and parameter identification for vehicle control systems. The chapter
proceeds as outlined below: Section 2.1 covers various vehicle models used in the
estimation schemes. Section 2.2 examines the sensor configurations and the
characteristics of different sensor types. Section 2.3 reviews the existing studies on

the states and parameters under estimation, including the methods for their

5
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simultaneous estimation. Section 2.4 explores the real-time estimation algorithms,

such as Kalman filtering. Finally, Section 2.5 concludes the review by identifying

research gaps and discussing the future prospects.

2.1 Vehicle Models

2.1.1 Kinematic Models

A kinematic vehicle model provides a mathematical representation of a

machine's behavior without factoring in forces and torque. Such model comes in

various forms, each tailored to specific states of concern. An example can be found

in [2] , where a 3DOF estimator based on kinematics is proposed. This approach

remains robust against parameter uncertainties across different road surfaces when

estimating vehicle sideslip angle. However, kinematic models are prone to

accumulating noise over time, leading to increased estimation errors. To address this

challenge, some researchers combine kinematic-based observers with estimation

using a dynamic-based model in sensor fusion schemes, as demonstrated in [3, 4].

2.1.2 Dynamic Models

In contrast to the kinematic model, dynamic models account for forces and

torque exerted on both the vehicle body and tires. Estimators may employ varying

degrees of freedom based on the states of interest, supported by suitable assumptions.
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Among these, the simplest model among these is the longitudinal motion model,

which involves a single DOF. This is commonly represented by the single-track

vehicle model, also referred to as the bicycle model, which could be expanded to two

DOFs by incorporating lateral motion, as illustrated in Figure 2-1[5]. This model

allows for a straightforward description of vehicle behavior without extensive

modeling efforts.

>

Figure 2-1 2 DOF vehicle dynamic model [5]

When considering both longitudinal and lateral motion alongside yaw rate, the

3DOF vehicle model may suffice for estimating tire-road forces seen in [6].

Incorporating additional roll leads to a 4DOF model is found in [7], suitable for

methods related to roll stability control, while it ignores pitch and vertical movement.

When considering individual wheel speeds in a 3DOF model, we obtain a 7DOF

model where longitudinal velocity can be corrected by assuming zero slip. Similarly,

adding wheel rotational speeds to a 4DOF model results in an 8DOF model, which

is extensively studied in vehicle dynamics, particularly for rollover prevention.
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For a more comprehensive analysis, a 14 DOF model is beneficial as it describes
suspension movements in detail. This model includes the vertical motion of the

wheels and their speeds, alongside the six degrees of freedom of the vehicle body.

2.2 Sensor Configurations

The sensor configuration varies significantly among different vehicles based on
their specific functionalities and requirements. Ideally, sensors are chosen to be as
low-cost as possible due to the mass production of vehicles. For example, vehicles
equipped with an Electronic Stability Program (ESP) can measure wheel velocity,
steering wheel angle, longitudinal velocity, lateral acceleration and its yaw rate. This
setup is the standard sensor configuration for most production vehicles. Sensors
configuration should meet the requirements of ADAS, considering the specific states
being estimated and the estimation method employed.
2.2.1 Steering Angle Sensors

Steering wheel angle sensors, commonly found as standard in vehicles equipped
with ADAS, where the steering input can be translated into the angle of the wheels.
Wheel angles are crucial for determining lateral tire forces, which are essential for
calculating vehicle sideslip and yaw rate. These sensors provide critical inputs for

most state estimation algorithms, enhancing vehicle control and safety.
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2.2.2 Wheel Speed Sensors

Wheel rotation sensors, also commonly known as wheel speed sensors, measures

the rotational speed (RPM) or angular velocity (rad/s) of each wheel. It acts as a

crucial component for various vehicle systems such as traction control systems (TCS)

and anti-lock braking systems (ABS) to function. Usually the wheel speed sensor is

used in conjunction with the steer angle sensor, acting as system inputs in model-

based estimators.

2.2.3 GPS/GNSS

Global Navigation Satellite System (GNSS), commonly referred to as Global

Positioning System (GPS), due to the prominence of the United States' GPS system

as leading provider in GNSS technology. The use of the navigation system for vehicle

dynamic state estimations measures vehicle states with high accuracy, specifically

longitudinal and lateral velocities, detailed in [8]. GPS offers drift-free information,

but it has downsides including high cost, slow update rates (commercially operating

at 1Hz), and susceptibility to environmental influences. It is particularly affected in

tunnels and underground areas where signals may be lost.

2.2.4 Inertial Measurement Unit (IMU)

An IMU is an electronic device that gives body acceleration and angular rate

using its accelerometers and gyroscopes respectively. An indirect sensor approach
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for vehicle state estimation involves using IMUs, which perform numerical

integration with data operating typically at 100Hz. However, IMUs are affected by

noise and bias, leading to error accumulation over time. GNSS/GPS and IMUs are

often combined for sideslip angle and yaw rate estimation, with yaw rate typically

being a byproduct of sideslip angle estimation. This can be achieved either through

a kinematic approach or by using these sensors as measurements in model-based

approaches such as Kalman filtering. Both GPS/GNSS and IMU has its own

advantages and disadvantages in state estimation, which is why they are frequently

used together in sensor fusion with vehicle models.

2.3 State and Parameter Estimation

Over the years, various techniques have been suggested to address the demand

of state estimation, given the diverse range of states involved. Some literature

reviews have covered this topic with different approaches. [9] summarized proposed

methods and techniques for estimation of various vehicle states, and [5] has

conducted an expansive literature a broad spectrum of aspects including various

measurements and sensor configurations, vehicle models used and estimation

methodologies. Figure 2-2 illustrates how these elements of state estimation are

integrated into vehicle control systems.

10
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Figure 2-2 Diagram of vehicle control systems [9]

Vehicle state estimation involves calculating the current state or condition of a

vehicle, including motion properties, tire forces, sideslip angles and roll, which will

be discussed in this chapter. Other aspects, include road profile elevation, tire-road

characteristics, road bank and road grade, as illustrated in Figure 2-3, and even "smart

tires" equipped with additional sensors, represent potential advancements in vehicle

control. However, these topics will not be elaborated upon in this review, as tire-road

characteristics are not the main scope of this study.

11
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(a) X (b) Y
Figure 2-3 (a) Road grade angle (b) Road bank angle

2.3.1 Tire Forces

Estimating tire forces is crucial for vehicle dynamics. The process involves
estimation of tire slip ratios and angles to find the lateral, longitudinal and vertical
forces as well as aligning torques exerted on the tires. With knowledge of tire forces,
we can determine the movement of a vehicle, this includes variables such as vehicle
velocity, acceleration and angular rates. A notable example is presented in [10] where
longitudinal /lateral forces of tire are estimated employing a random-walk Kalman
filter, performing effectively under various conditions. [11] proposes an approach for
the estimation of lateral force and sideslip angles based on an interacting multiple-
model (IMM) Kalman filter, as illustrated in Figure 2-4, which switches between
different models. The study also compares the performance of the interacting
multiple-model Extended Kalman filter (IMM-EKF) and the interacting multiple-
model Unscented Kalman filter (IMM-UKF). Other studies focus primarily on the

12
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estimation of lateral forces. Baffet et al. [12] demonstrates this in a study comparing
different tire models for estimating tire slip angle, finding that a nonlinear tire model
that updates cornering stiffness, gives the best results. However, this is without the

evaluation of performance on low friction surfaces and banked roads.

Model imation
. e Estimatio
Interacting Filtering probability .
. fusion
updating
Mo ( Model 1 based UKF
i; k-1 Al!\ -1 ¥k|k 2\
P! k|x-w Al\k . A
k11
>®——>
R
( Model 2 based UKF w "5// 5,
Xt Hy s A_’; e *L x»’«lﬁ—l XR:IA J
P’ 5 m -1 B

g

et

Figure 2-4 An IMM-UKEF algorithm [11]

2.3.2 Sideslip Angle/ Cornering Stiffness

Lateral force of a tire increases linearly with the sideslip angle within the linear

region of cornering stiffness, especially for small angles. Therefore, accurately

estimating sideslip angles and cornering stiffness enhances the precision of

predicting lateral tire forces. Properly managing sideslip angles optimizes grip and

traction, thereby reducing the risk of losing control. Consequently, estimating

sideslip angles is a common focus in vehicle dynamics research. Aoki et al. [13]

achieve robust and effective sideslip angle estimation using a linear observer based

on yaw rate and lateral acceleration sensors. Another study [14] compares dynamic-
13
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based and kinematic-based model approaches for sideslip angle estimation. The

authors in [2] further improve sideslip angle estimation by using an Extended

Kalman Filter (EKF) based on a kinematic model. This method is less affected by

road friction parameter uncertainties and yields smaller estimation errors compared

to previous methods. To capitalize on the benefits of dynamic model-based methods,

which are less noisy, and kinematic model-based methods, which are more robust

under parameter uncertainties, [15] integrates both approaches for enhanced

reliability across varying tire-road conditions.

2.3.3 Velocity

The tire forces can be utilized in various ways, such as deriving the critical states

of longitudinal and lateral velocity. For instance, the authors in [16] propose an

algorithm to estimate longitudinal velocity by measuring wheel rotational speeds and

longitudinal acceleration using a Butterworth filter to process signals. This method

is feasible with data available from most commercial cars. [17] employs an Adaptive

Kalman filter (AKF) for estimating lateral and longitudinal velocity, resulting in

robust and accurate outcomes. Furthermore, [18] combines this method with a fuzzy

logic-based longitudinal velocity estimator for use in ESC control
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2.3.4 Roll Analysis

The studies mentioned above use planar motion to estimate longitudinal and

lateral motion alongside yaw movement. However, in some cases, estimators also

account for vehicle roll angle. For instance, [19] employs a half-car vehicle model,

depicted in Figure 2-5, to incorporate roll dynamics, derive the load transfer ratio,

and propose a predictive load transfer ratio (LTR) that offers a predictor of rollover

propensity, which benefits rollover prevention systems. Rajamani et al. [3, 4] focus

on developing kinematic observers for the estimating roll angle and COG height. The

studies explore two types of algorithms: one employing a sensor fusion technique

and the other utilizing a nonlinear dynamic observer. The former approach integrates

an additional low-frequency tilt-angle sensor with a gyroscope, while the dynamic

observer relies solely on accelerometer and gyroscope data. The latter approach,

which considers the vehicle's roll dynamics, offers more accurate estimations and

improved performance under varying road conditions.

15
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Figure 2-5 A half-car vehicle model for roll dynamics [19]

2.3.5 Vehicle Parameter Identification

Vehicle parameters, such as mass, center of gravity position and moments of
inertia, can impact its safety and handling due to its influence on roll and cornering
stability. Nominal values of such parameters can be obtained used commercial
testbeds or static measuring methods. However, these parameters fluctuate with the
vehicle's loading conditions, potentially affecting vehicle performance adversely if
control systems are not adjusted accordingly. Therefore, real-time identification of
inertial properties, as opposed to relying on nominal values, can optimize the
effectiveness of driver assistance and stability control systems. In [20], authors
develop a technique based on dynamic detection to measure COG height of a vehicle

during braking, which outperforms static measurements but requires vehicles to
16
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brake on a test bench and lacks real-time capability. Authors in [21] propose a method

to estimate COG height and position of a lightweight vehicle using modal analysis

of free decay response, achieving low relative errors in their results. Solmaz et al.[22]

implement real-time estimation of COG height and tire stiffness using linear vehicle

models, highlighting the critical role of COG height in rollover prevention systems.

Zarringhalam et al.[23] investigate and compare four methods for estimating vehicle

inertial parameters: Gradient method, the Recursive least squares method (RLS),

Kalman Filtering (KF), and Extended Kalman Filtering (EKF). Their study

demonstrates that the EKF is particularly effective for estimating mass, moments of

inertia, and COG location of a vehicle.

2.3.6 State and Parameter Estimation

Previous studies have explored how parameter identification affects the accuracy

of state estimates, revealing insights into their interdependence. Certain studies focus

on simultaneous simulation of state and parameter estimation, employing two

distinct filtering techniques for states and parameters. This approach is often referred

to as Dual Kalman filtering.

The Dual EKF originated from the concept a weighted EKF developed by Wan

and Nelson [24], which involves running two EKFs in parallel. Wenzel et al. [7] were

the first to apply this concept to nonlinear vehicle dynamics systems. Hong et al. [25,

17
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26] advanced this approach by incorporating the roll degree of freedom and
transitioning from the EKF to the UKF. This dual filtering technique, separately
estimating states and parameters is also observed in [27], where a DEKF-based
estimator was introduced for estimating the tire cornering stiffness. Additionally, [28]
employs an AKF for state estimation, while an EKF is utilized for estimating COG
position. The dual filtering approach is also seen in [29], where the proposed

algorithm estimates states and parameters for heavy articulated vehicles.

2.4 Estimation Methodology

Building upon the previously provided states, sensor configurations, and vehicle
modeling, this section explores real-time estimation methods.
2.4.1 Kalman Filtering

This category includes the Kalman Filter (KF), Recursive Least Squares (RLS)
and more advanced configurations such as the Extended Kalman Filter (EKF),
Unscented Kalman Filter (UKF), and alternative methods such as Adaptive Kalman
Filter (AKF) and particle filters. The RLS method can be considered as a special case
of the KF[30].

Research [31] demonstrates the use of an EKF technique as a model-based
vehicle state estimator. Comparative studies, such as those in [7] and [23], evaluate
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RLS, RKF and EKF in estimating a vehicle parameters, with findings pointing to the

EKF as the most reliable method for real-time estimation.

The UKF, introduced by Julier and Uhlmann [32] and elaborated by Wan and

van der Merwe [33], approximates the system around multiple points [24] and can

achieve better results than an EKF in highly nonlinear systems. For instance, [34]

incorporates the UKF with a 3DOF vehicle model that includes yaw, longitudinal

and lateral motion generating estimates of yaw rate and vehicle sideslip that closely

match the actual states. Hong et al. [26] compare the EKF and UKF by implementing

both in a Dual Kalman Filter scheme for a 4DOF nonlinear vehicle parameter

identification algorithm, concluding that the UKF performs better, albeit with higher

computational demands. Both EKF and UKF exhibit similar convergence

characteristics and yield similar results.

Additionally, [28] proposes an estimation method utilizing an optimization-

based AKF to filter noisy states, coupled with an EKF for parameter estimation. The

AKF adjusts the process noise covariance in real-time through an optimization

process aimed at minimizing bias and fluctuation in the state estimate [35].

In conclusion, Kalman filtering and its advanced variants are integral to real-

time vehicle state and parameter estimation. The EKF stands out for its reliability in

dynamic, model-based estimations, while the UKF offers superior performance in
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terms of accuracy. The AKF further enhances estimation by dynamically adjusting to

minimize errors.

2.4.2 Other Methods

Observer-based methods are commonly used for estimating vehicle states. Two

kinematics-based linear observers (LO) are used for estimating vehicle roll and pitch

angles utilizing an inertial measurement unit in [36]. Nonlinear observers (NLO)

have been extensively researched, and a comparative study [37] indicates that NLOs

are less complex and sometimes perform better than EKFs for estimating vehicle

velocity, although they are less stable under varying parameter conditions. Besides

NLOs, sliding mode observers (SMO) are also employed. In [38] , the authors

compare LO, NLO, SMO, and EKF for estimating vehicle sideslip. The results

indicate that all methods yield similar results at low speeds, but at high acceleration,

the observers require more accurate assumptions for effective performance.

Machine learning methods are also utilized in vehicle state estimation, with

artificial neural networks (ANN) being a prominent example. ANNs are algorithms

inspired by the structure and function of animal brains. In [39] , ANN is used to

estimate vehicle sideslips, achieving satisfactory results in most maneuvers.

However, understanding the underlying mechanisms of this method is challenging,

and different surface conditions may be inadequately addressed, necessitating further

20

doi:10.6342/NTU202403171



investigation. Similar to ANN, fuzzy logic is applied to sideslip estimation in [40].

However, fuzzy logic has drawbacks as it relies heavily on specified parameters and

fuzzy rules, making it challenging for engineering applications due to the vast

variability in driving conditions.

Additionally, optimization-based methods like moving horizon estimation

(MHE) are applied in vehicle state estimation. For example, in [41] , MHE is

employed to estimate lateral acceleration, yaw rate and vehicle sideslip. Estimation

results achieved for yaw rates by MHE surpasses that of the UKF. However, MHE

requires significant computational effort, and reducing this burden while estimating

additional states remains an area for further research.

2.5 Conclusion of Literature Review

In summary, the literature review highlights the advanced developments of state

estimation, facilitated by affordable equipment, and utilization of sophisticated

methodologies. However, there remains a gap in simultaneous estimation of both

states and parameters, with vehicle mass being the primary parameter identified thus

far. Further research into additional inertial information could significantly enhance

the efficacy of ADAS in stability control systems. Additionally, the focus on light-

weight and passenger vehicles underscores the need for further development in load-
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carrying vehicles and trailers, which are not only essential for transportation but also

more susceptible to accidents. Moving forward, addressing these gaps will be vital

for enhancing safety and efficiency across diverse vehicle types.
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Chapter 3 Dual Extended Kalman Filter

3.1 Dynamics Systems
3.1.1 Linear Dynamic Systems

A general state-space representation of a linear dynamic system is expressed as
follows:

x(t) = A(t)x(t) + B(t)u(t) (3.1)

y() = C(Ox(®) + D(t)u(t) (3.2)
In this context, x is the state vector, u is input (control) vector, y is the output
(measurement) vector; the system is described by matrices: A4 (state/system matrix),
B (input matrix), C (output matrix) and D (feedforward matrix).

In its general form, these matrices are typically time-variant, except in cases
where the system operates under linear time-invariant (LTI) conditions, where they
remain constant over time. The system can be continuous, where time ¢t serves as the
time-variable, or discrete, where the time-variable is indexed by k.

3.1.2 Nonlinear Dynamic Systems
For both linear and nonlinear systems, a broader form of state-space

representation is expressed as:

x(6) = f(t, x(@), u(t)) (3.3)
y(@) = h(t, x(t), u(t)) (3.4)
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where f represents the state function, while 4 denotes the measurement or output

function. If the functions are linear combinations of states and inputs, the equations

can subsequently be formulated using matrices as described earlier. The input u(t)

can be disregarded if the system has no inputs.

3.1.3 Discretization of Continuous Systems

While most state-space representations of physical systems are defined using

differential equations and derived in a continuous form, it is necessary to convert

these into a discrete form for certain applications. This conversion process, known

as discretization, involves approximating the continuous-time model to be

represented in the discrete domain. This allows for the effective implementation of

the Kalman filter and other similar algorithms, which operate as discrete algorithms.

Building on the continuous-time state-space representations ( 3.1) and ( 3.2)

previously formulated, we can reformulate the equations describing relations

between the state vector, input and output matrices to be represented in the discrete

domain. This is done by assuming zero-order hold for the inputs, meaning that the

input signal remains constant within each sampling interval of duration T. The

derivation of this reformulated relationship is detailed in [42]. The discrete-time

representation of a linear system becomes:
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T
35
xp = eTx,_; + (f eATdt)Buy_, S
0
Vi = Ckxk + Dkuk (36)

Exact calculation of the state-space model may become challenging due to
complexity of calculations involving large matrices and integral operations. To
overcome this, a common method is to use the approximation eAT =~ 1+ AT to
derive a discrete-time model with the assumption of a small sampling time T. This
method is known as the Euler or forward Euler method. The solution is then
approximated as:

Xy = (I + AT)x;_1 + TBuy_4 (3.7)
Vi = Cxy + Dy (3.8)
3.1.4 Linearization of Dynamic Systems

To analyze a nonlinear system, we can approximate its behavior by linearizing
it around an operating point (X,). This linearization allows us to leverage the
established methods of discretization for linear systems, mentioned earlier. A
standard approach is to perform a Taylor series expansion around point (X,) and
disregard higher-order terms. In the algorithm presented in this thesis, the
linearization is put into practice as the Extended Kalman Filter by recursively
updating the point at which the system in linearized. The iterative process is detailed

in Chapter 3.2.3.
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3.2 Kalman Filter

3.2.1 History of the Kalman Filter

In 1960, Rudolf Emil Kalmén first published his first paper on linear filtering

[43], which laid the foundation for what would become known as the Kalman filter.

This approach employs a series of mathematical formulas to recursively estimate the

states of dynamic systems. Widely applied in signal processing, control systems, and

navigation for autonomous systems [44]. The Kalman filter also serves as a powerful

solution for observing unmeasurable states or fusing sensor data, even in scenarios

where system characteristics are uncertain.

3.2.2 Concept of the Kalman Filter

Assuming the discrete state-space representation of a linear dynamic system is

modeled as follows:

Xg = AXp_q + Bup_q + wy_4 (3.9

yk = Hxp + v (3.10)

wy represents the system’s process noise, and v, represents the measurement noise

at each timestep. Both are assumed to follow independent Gaussian distributions with

the following properties:
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p(w)~N(0,Q) (3.11)

p(v)~N(0,R) (3.12)
where probability distributions of variable w and v have a mean vector of 0, follows
Gaussian distribution and has process noise covariance @ and measurement covariance
R, respectively.

To derive equations for the filter, the first step is to derive the a posteriori state
estimate Xj. This estimate is a linear combination of the a priori state estimate X}
and the residual. The residual is the difference between measurement y, and the
predicted measurement H X , mathematically expressed as (yx — HXy ).

X = X + (Y — HE) (3.13)

where K isthe Kalman gain, formulated to minimize estimation errors, defined as:

& HT

Kp = ——o—n
T HOHT +R

= ¢, HT(HPo HT + R)™ ! (3.14)
The Kalman gain is defined in such a way that as measurement error covariance R

approaches zero, K gives more weight to the residual, thereby directing the a posteriori

state estimate towards the measurement.

@ HT

[ =lim————=H"1 3.15
hm Ky = lm Ho_HT+R (3.15)
Ry = R + Ky — HX) = &+ H 'y — HR) = yx (3.16)
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As the state covariance @, of each step approaches zero, K reduces weights on the

residual, directing the a posteriori state estimate to approach the a priori state

estimate.
lim K, = li —q)EHT =0 3.17
®1 50 k_q>};r£10Hd>,:HT+R_ (3.17)
X = X + Ky — HXy) = X +0(yx — HXy) = X (3.18)

As measurement error covariance R goes towards zero, reliance on actual

measurement increases, while confidence in the prediction decreases. Conversely, as

a priori estimate error covariance ®; approaches zero, trust in the sensor

measurement decreases, and confidence in the prediction increases.

3.2.3 Equations of a Kalman Filter

The Kalman Filter is a recursive estimation algorithm designed for linear

dynamic systems. It uses noisy measurements to generate an optimal estimate of the

system’s state vector. The filter operates in two steps: the time update, or prediction

step, and the measurement update, or correction step, as illustrated in Figure 3-1

below.
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Time Update Measurement Update

"Prediction" "Correction"

Initial State
Initial Covariance

Figure 3-1 The Kalman Filter cycle
Time Update/ Prediction Step
This step predicts the current state of the system according to the previous state
and the system dynamics model. It predicts both the state vector and the covariance
matrix from the previous time step.
X, = AXj_1 + Buy,_4 (3.19)
P = Ady_ AT + Q (3.20)
Measurement Update/ Correction Step
First, the filter computes the Kalman gain. This value determines the weight
assigned between the current measurement and the predicted state estimate. Using
this gain, the filter corrects the predicted state estimate by incorporating the
difference between the actual measurement and the predicted measurement. Finally,
the filter updates the error covariance matrix, which reflects the uncertainty in the

state estimate.
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Ky =P, HT(HP;H" + R)! (3.21)

X = X + Kie(yie — HXy) (3.22)

&, = (- K H)P, (3.23)
These steps are repeated recursively for each time step, providing an optimal estimate
of the system state by combining predictions from the system model with

measurements from sensors, while accounting for process and measurement noise.

3.2.4 Extended Kalman Filter

The Extended Kalman Filter is "extended" from a linear Kalman Filter to tackle
non-linear systems, while the KF is restricted to linear systems. Here's how the EKF
achieves this:
(1) Linearization: The nonlinear system equations are linearized around a specific
operating point. This process creates a local linear approximation of the system's
behavior at that point.
(2) Recursive Update: Unlike the KF, which uses fixed system matrices, the EKF
continuously updates these linearized matrices as the states change. It uses the current
state estimate as the new operating point for the next linearization, applying the Kalman

Filter at each recursive step.
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The EKF is essential for the estimating non-measurable states of vehicle systems.
As most vehicle models are non-linear, such as the one proposed for this thesis in
Chapter 4.1.2. Despite its capabilities, the EKF is suboptimal and may not be suitable
for highly nonlinear systems. In such cases, alternatives such as the UKF and particle
filters can offer more effective solutions.
Consider a discrete-time representation of a non-linear dynamic system:
X = f (-1, Uk—1, Wi—1) (3.24)
Vi = h(Xk, Vi) (3.25)
Prediction equations of an EKF:
X = f (X, ue-1) (3.26)
@i = Ji®y-1Ji +R (3.27)

Correction equations of an EKF:

K, = &5 HE (Hy®p HE + o)1 (3.28)
X = X + K (Vi — h(Xx)) (3.29)
@y = (I — KeH)®p (3.30)

The matrix J is defined as the Jacobian matrix of the dynamic equations evaluated at

the a priori state estimate:

Jie = —a];ix) | =25 (3.31)
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The matrix H is defined as the Jacobian matrix of the measurement equations

evaluated at the a priori state estimate:

_ 0h(x)

9 =tk (3.32)

Hy,

3.3 Dual Extended Kalman Filter

The concept of a Dual EKF was first proposed by Nelson and Stear in [45],
enabling simultaneous estimation of both states and parameters of a system. This
approach showcases its versatility for various applications, including:
(1) Estimation: The filter is employed to reduce noise and achieve a clean state.
(2) Prediction: It utilizes knowledge of the system to forecast future states.
(3) Identification: It focuses on uncovering the underlying parameters of the system.

The DEKF is derived from weight estimation of a system where parameters of
the system can be determined using clean data. However, when only noisy data is
available, a two-step process is employed to estimate the weights, as elaborated by
Wan and Nelson in [24]. First, an initial EKF estimates the states using preliminary
weights. Then, a second EKF is refines the weight estimation, enhancing the overall
accuracy and robustness of the system's state and parameter estimation, as illustrated

in Figure 3-2.
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For a weighted non-linear dynamic system as below

Parameter prediction

State prediction

33

Time Update EKFx
4-.(\]
X |Measurement JoN
-~ " |Update EKFx
[ ]
L
\ )
f:‘ _{ ~ . (measurement)
Time Update EKFw| \; |
W¢  |Measurement oW
- " |Update EKFw
Figure 3-2 Scheme of a DEKF [24]
Xk = f(Xs,k—1»xp,k—1 ,uk—1,Wk—1) (3.33)
Yk = h(Xsk» Xp,k» Vi) (3.34)
The equations of a DEKF can be formulated as with the following four steps:
Xp () =%,(t—1) (3.35)
D (t) =P (t—1)+R, (3.36)
25 (6) = f(%5 (t — 1), 2, (), u(®)) (3.37)
@5 () =Js(OP5 (t — 1J§ () + Rs (3.38)

doi:10.6342/NTU202403171



State correction
Ks(t) = @5 (OH] (Hs P HY + 05)™"
£,(6) = £5 (0) + K{(O(0(0) — Hy5 (1)
By(8) = (I = Ke(OH)P ()
Parameter correction
Ky (£) = @5 (HE (Hy @ (OHE +0,)
%,(8) = 25 (8) + Ky (D (y(8) — HeZ5 (6))

®,(t) = (I — K,(O)H,)P; (1)

(3.39)

( 3.40)

(3.41)

(3.42)

(3.43)

(3.44)

Symbols o5 and o, denote the measurement covariance of state correction

and parameter correction respectively. These measurement covariances are

determined according to the sensor specifications, which are detailed in Section 5.3.2

for the proposed algorithm.

The matrix J is defined as the Jacobian matrix of the dynamic equations evaluated at

the a priori estimate:

(0 o
Js = Tlxzf; =1 5
(o5 o]
ox, ~ 0xp
34
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The matrix Hg is defined as the Jacobian matrix of the measurement equations

evaluated at the a priori estimate:

dh(x)
H; = Ox |x=9?,; (3.46)
H, may be acquired using the following relationship:
of (x5, Xp)
H, = H T (3.47)

R, is the initial covariance matrix of the parameter estimator, which is more
sensitive to covariance matrix settings. Each diagonal value in R, is set to
approximately 1% of the actual parameter values. Ry is the initial covariance matrix
of the state estimator and can be set as an identity matrix with constant values as

diagonal elements.
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Chapter 4 Vehicle model

4.1 4-DOF Vehicle Model
4.1.1 Vehicle Coordinates:

In this paper vehicle dynamics are described using z-down vehicle coordinates
specified in SAE J670 [46], as shown in Figure 4-1. This coordinate system refers to
a coordinate system where the z-axis points downwards from the vehicle's COG

towards the ground, essential for analyzing the motion and behavior of vehicles.

Earth-Fixed (Inertial) Coordinate Systen

7 _Cher
| £2-LHONY inj

X
Z  \ehicle Coordinate Y

System (Z-Down)

Figure 4-1 Vehicle coordinates [47]

The six degrees of freedom in vehicle dynamics include longitudinal, lateral, and

vertical motions, as well as roll, yaw and pitch. Longitudinal motion refers to forward

and backward movements along the vehicle's axis, while lateral motion denotes side-

to-side movements, and vertical motion involves upward and downward movements.

Additionally, rotations around each axis encompass roll (around the longitudinal

axis), pitch (around the lateral axis), and yaw (around the vertical axis).
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4.1.2 Vehicle Dynamic Equations

The estimation algorithm uses a four degree-of-freedom model which include
the wvehicle's longitudinal motion, lateral motion, roll, and vyaw. The
symbols x,y,¢,p represent each dimension respectively. The definition of

coordinates and parameters of this vehicle model is depicted in Figure 4-2 below.

—§ ——

F.
Fxfl xfr
Fyp Vx Veog Fyfr

b
l 4 v
A ‘ y
CoG
F Eerr
C Axrl lp A
A\ 4 \ 4 > yrl
Fyrr
L N
) Ly *l

Figure 4-2 Coordinates and parameters of vehicle model
The primary states, derived from continuous-time representations of the system's
equations, include longitudinal velocity vy, lateral velocity v,,, yaw rate 1, roll angle

¢ and roll rate ¢. the rates of velocity change, and the yaw and roll motions around
37
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the center of gravity. In addition to these measurable states, there are non-measurable
or derived states, including longitudinal acceleration a,, lateral acceleration a,,
sensor-based lateral acceleration ay sensor» Slip angles s;;, tire slip angles a;;,
vertical tire forces Fy;;, vehicle sideslip angle £, and lateral load transfer ratio
(LTR). These derived states provide further insight into vehicle dynamics and are
crucial for comprehensive vehicle state estimation. These states are detailed by the
differential equations presented in this chapter.

The parameters that are estimated in the proposed algorithm include vehicle
mass m, yaw moment of inertia I,, center of gravity longitudinal position b, roll
moment of inertia I, and center of gravity height h. Fixed values for additional
vehicle parameters are provided in Appendix B.

Table 4-1 Estimated states and parameters

Primary states Uy, V), @, @

Derived states Ay, Ay, Ay sensor» Sij» Aij, Fzij, B, LTR

Estimated parameters | m, [,, b, L., h;

Longitudinal and lateral motion

According to Newton’s law of motion and geometric relationships found in [48],

longitudinal and lateral acceleration can be found as:
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1
a, = E(Fxﬂcosﬁ — Fy5iSind + Fyprc0s6 — Fy 5 Sind + Fyyy

(4.1)

+ Fxrr)

1 . .
a, = E(FyﬂCOS(Y + Fyp1Sind + Fy 086 — FyprSind + Fypy
+ Fypr) (4.2)
where & is the tire steer angle.
The rate of change of longitudinal and lateral velocities are given by:

Uy = Ay + vy1) (4.3)
Uy = ay — Vel (4.4)

Yaw motion

Lateral tire forces are the primary contributors to yaw moments in a vehicle.
When a vehicle turns, the tires generate lateral forces due to the slip angles. The
difference in lateral force between the front and rear tires generates a moment about
the z-axis, leading the vehicle to rotate around its vertical axis.

Y= (4.5)
t . ty .
r= > (Fxﬂcos6 — FyﬂSln5) -5 (FxfrCOS5 — Fyerln6)

tr tr

> et =5 Er + b(FyﬂCOS(S + Fxﬂsin6)

(4.6)
+ b(Fyfrcos6 + Fxfrsin6) — CFyp — CE,py
+ szl + szr + Mzrl + Mzrr

Roll motion
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To construct the system state-space function with roll angle ¢ as a primary state
in the algorithm, its time derivative ¢ is expressed as the continuous-time equation
below, relating the value at the current time step to the previous one. This formulation
enables the calculation of the vehicle’s roll angle through integration of the roll rate:

Pr = Pr-1 (4.7)
The time derivative of the roll rate is described as a relationship between the roll

moment of inertia and total roll moment of the unsprung mass.

b =1 (nshay + §(msghs = 5) = 9) (48
kg and By are roll stiffness and roll damping coefficients, respectively.
Lateral slip

Lateral slip occurs when the direction in which a wheel is pointing differs from
the actual motion of the tire. This discrepancy is also known as the slip angle, and is
vital for determining lateral forces and self-aligning moments exerted by a tire, as
well as understanding the cornering behavior of and vehicle. The slip angles for all

four tires are calculated as follows:

vy, + by
ap =6 — arctan(y—l/) (4.9)

te .
vx+7f1/1

vy+b1/}

apy = 6 — arctan(———) (4.10)
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—v, +

a, = arctan( T ) (4.11)
v, + 71/)
-V, + Cl/.)

a = arctan(———) (4.12)
Uy — >

Vehicle sideslip angle
The vehicle sideslip angle, also known as the body slip angle, refers to the angle
between the x-axis and the actual velocity direction of a vehicle. Sideslip angle is a
crucial parameter in vehicle dynamics as it directly influences the vehicle's handling
during maneuvers, especially during cornering. Sideslip angle is calculated as
follows:
Uy
p = arctan(—) (4.13)
vx
Longitudinal slip
Longitudinal slip occurs when a torque is applied to a wheel axle, creating a
contact force exerted between the road surface and the tires. Resulting in difference
between rotational motion of the wheel and actual vehicle velocity relative to the
road. Typically expressed as a percentage, longitudinal slip here is defined by ratio

as follows:

sij=———1 (4.14)
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In static vehicles, where there is no relative motion between the tires and road surface,
tire slip is undefined.
Tire velocity

The velocity of each tire is derived in accordance with vehicle velocity while

considering the yaw rate and vehicle sideslip. Here vj; represents the velocity of

each tire:
U1 = Veog + P (%~ ) (415
e = Voo + (=L~ bp) (416
U = Veog + PCE + ) (417
Vi = Voo +B(= L+ cf) (418

Vertical tire forces

Vertical forces, also referred to as normal forces, significantly affect the grip and

traction of a tire, thereby being directly linked to the stability of a vehicle. During

acceleration and braking, weight transfers from front to back and back to front,

respectively. Additionally, weight transfers from side to side during cornering. By

using longitudinal and lateral acceleration data and considering the overall load

distribution, the tire vertical forces are defined respectively as follows:

P ! + hs)e 1 s 4.19
zfl — 2 mg may tf l 2 (max l ) ( . )
1 hs\c 1 hg
Fypr > mg —ma, 773 (ma, T) (4.20)
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1 hanb 1 hg

F,r = (Emg+may tr)7+§(max7) (4.21)
1 ha\b 1 hg

Fr = (Emg may - )7+ E(maxT) (4.22)

Load transfer ratio

Load transfer refers to the change of vertical forces experienced by each

individual wheel of a vehicle. The Load Transfer Ratio (LTR) is a dimensionless

metric that indicates the degree of this change. The LTR ranges from 1, indicating

that all weight is on the left wheels, to -1, indicating that all weight is on the right

wheels. Ideally, the LTR should be zero with the vehicle in a neutral position. The

load transfer ratio serves as an important indicator and is one of several variables

applied in assessing the rollover propensity in stability control systems.

(4.23)

4.2 Tire Model

4.2.1 Tire Coordinate System

The tire coordinate system is pivotal in vehicle dynamics as it provides a frame

of reference for understanding tire behavior and interaction with the road surface.

This coordinate system usually aligns with the wheel's rotational axis, where the x-

axis directs forward along the direction of travel, the y-axis extends sideways across
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the tire's width, and the z-axis is perpendicular to the ground. In this system, the tire

contact patch serves as the origin, where forces and moments acting on the tire are

measured and analyzed, as demonstrated in Figure 4-3 below. The tire's behavior is

influenced by various factors such as camber angles, slip angles and vertical loads,

which affect its performance in terms of traction, cornering stiffness, and rolling

resistance.
normal to i
ground plane __ L ]
b/
|lllll
i
v
inertial —
triad ~
) A AT |
line of —— 1 | , .
. . | plane through wheel spin axis s
intersection J z¥  ground plane

Figure 4-3 Motion and forces/moments of a wheel [49]

Tire forces typically include longitudinal forces, lateral forces, and vertical

forces. Longitudinal forces, also known as traction or braking forces, are responsible

for propelling or decelerating the vehicle. Lateral forces, in contrast, act

perpendicular to the direction of travel and are generated during cornering maneuvers,

providing the necessary grip to maintain control and stability. Vertical forces, or tire
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load, represent the weight of the vehicle and any additional loads exerted on the tire,

influencing its contact pressure with the road surface.

In addition to forces, moments are also significant in tire dynamics. Moments

include moments around the longitudinal, lateral and vertical axis. Roll moments

occur when tire torque tilts or leans it relative to the vehicle's longitudinal axis,

impacting cornering stability. Pitch moments arise from torques that cause the tire to

rotate around its lateral axis, influencing the vehicle's response to acceleration and

braking forces. Yaw moments result from torques that cause the tire to rotate around

its vertical axis, impacting the vehicle's directional stability and steering control.

4.2.2 The Magic Formula Tire Model

The Magic Formula tire model, developed by Pajecka [49], is used to determine

steady-state tire forces and moments for vehicle dynamics. The semi-empirical

model has become a cornerstone in vehicle dynamics simulations and racing games

due to their versatility and broad applicability across various tire constructions and

operating conditions. Other tire models, such as TMeasy and the Fiala tire model,

operate similarly. However, according to [7], the Magic Formula provides superior

results, which is why this modeling method is chosen for the simulation.

The general form of the Magic Formula, as proposed by Pacejka, involves a set

of fitting constants, B, C, D, and E, relating slip parameter x to resulting forces or
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moments, offering a flexible framework that has served as the foundation for

numerous derivative models.

The magic formula tire model is described in [49] as a general formula as below:

y(x) = Dsin(C arctan(B — E(B — arctan B))) (4.24)
YX)=y(x)+S, (4.25)
Xx=X+S, (4.26)

The variables are defined as follows: Y represents the output variable, which could be
longitudinal force (Fy), lateral force (F,), or aligning torque (M,). X denotes the input
variable, such as tangent of slip angle («) or slip ratio (k). B stands for the stiffness
factor, while C represents the shape factor. D denotes the peak value, and E is the
curvature factor. Sy and Sy, indicate horizontal and vertical shifts, respectively, in the
model equations.

The name "Magic Formula" reflects the model's ability to fit a wide range of
empirical data through a series of equations characterized by multiple coefficients.
These coefficients encapsulate the complex relationship between tire behavior and

parameters such as vertical load, camber angle, and slip angle.
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arctan(BCD)

Figure 4-4 The Magic Formula tire model [49]

4.2.3 Full Set of Tire Modeling Equations

In the full set of equations for tire forces and torque in this chapter, df, denotes

normalized change in vertical load:

df; = (F; = Fz0)/Fzo (4.27)

where F,, represents the nominal vertical load of a tire. User scaling factors A are

introduced to adjust the formula, with default values set to 1 when not specified. The

coefficients for defining the forces and torque of the test tires—provided by dSPACE

(dry tire set)—can be found in Appendix B.
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Pure longitudinal slip
The calculation for pure longitudinal slip is as follows:
Fy = Dy sin(Cy arctan(Byk, — Ey(Byk, — arctan(Byky))))
+ Sy
Ky = K + Shyx
Cx = Pex1dex
Dy = uxF;
Hx = (Ppx1 + Ppx2 dfz))\px
Ex = (Pex1 + Pex2dfy + Pex3dfi?) * {1 — ppxasgn(icy)} * Ay

Ky = F; * (prl + Dkx2 * dfz) * exp(pr3 * dfz) * }{KZK(

d0Fy

= ByCyDyx = -
X

at k, = 0)
By = Kx/(CxDx)
Sux = Pux1 + Pux2dfz)Anz

Svx = FE; * (Dyxr + pVdefz)/le/lux
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longitudinal tire force
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Figure 4-5 Tire longitudinal force curves

Pure lateral slip

The calculation for pure longitudinal slip is as follows:

F, = Dy sin (Cy arctan (Byay - E,(Bya, — arctan(Byay))))

+ Syy
oy = a + Syy
Cy = PCy1/1€y
Dy = u,F,

Hy = (prl + prdez))\uy

Ey = (pEyl + pEydez) * {1 — (Peys + pEy4V*)Sgn(ay)} * Apy
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(4.41)

(4.42)

(4.43)

doi:10.6342/NTU202403171



Kya = Piy1Fzosin[2arctan{F,/(piy2Fz0)}] * (1 — Piys¥ ™) Aky (

dF,0
oKy

=B,C,D, = at k, = 0)
By, =K, /(C,D,)

Shux = (pHyl + PHyzd]rz))lHy + DhysV " * Ay

lateral tire force
T T T

BDDD T T T T
Fz = 2000(N)
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Fz = 5000(N) B N
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z
o Of
2000
-4000 [
—
50 40 30 20 10 0 10 20 30 40 50
slip angle (deqg)
Figure 4-6 Tire lateral force curves
Aligning torque

The self-aligning torque is calculated as follows:
M, = Mgy + Myro
20 = —to * Fyo
t, = t(a;) = D, cos[C,arctan{B,a;

— E.(B;a; — arctan(Ba;))}] * cos(a)
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o =a = Sy
Sht = Quz1 t Quz2dfy = (Quzz + Quzadf)y”
M,ro = My, (@,) = Dy.cos[arctan(B,a,)]

o =a* + SHf(z af)

Svy

Suf = Suy = 7~
Hy Ko

K;'a = Kya + €k

B = (Gpz1 + 9B22Af; + Qbz3df) * (1 + qpusly | + qszey™?)

* AKya//lpy

Ct =4qcn

Ry .
De= B, + () * (Gazs + A2 f?) * Ao * signbee(1

z0

+ qozlY*| + qpaay™®)

Et = (g1 + 98224f; + Qu3df)

+ )2
* {1 + (@2 ZEZSV ) arctan(BtCtat)}
Ax
By = Qpgo * }\*y + qBZlOByCy
%

D, = FzRO{(qu6 + qpz7df;) * Aur + (CIdDzs + QDz9dfz)

* y*/lKZy} * cos(a) * A,
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Aligning Torque
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Figure 4-7 Tire self-aligning torque curves

4.3 Estimator Settings
4.3.1 Weighting Covariance

An exponential weighting methodology is implemented for the process
covariance R,. This is represented by the equation:

R,(k+ 1) = AR, (k) (4.62)
where A is the decay factor. By applying this exponential weighting, the algorithm
gives more weight to recent measurements, improving the accuracy of state estimates
over time. The parameter update process eventually converges, making the initial

choice of R,, less significant if the weighting/decay factor A is appropriately tuned.
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4.3.2 Relationship Between Parameters

M=

The parallel-axis theorem can be used to determine the moment of inemi"a‘%ﬁqh
IR
"N | !I )

modifying a vehicle's weight distribution. According to this theorem, the moment of

inertia around a parallel axis z’ is equal to the sum of the moment of inertia about
p q

the centroidal axis I., and the product of the object's mass and the square of the

distance of these two axes.

Figure 4-8 Top view of vehicle [50]

Assume an additional load m, is added to the vehicle, with the distance
between this additional mass and the origin being r,. According to the parallel axis
theorem, the moment of inertia with respect to the original coordinate frame O (12)
is expressed as:

12 =1, emp + mgry (4.63)
Furthermore, the yaw moment of inertia [, can be expressed relative to the new COG

as follows:
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12 =1, + m3, (4.64)
where I, oy denotes the yaw moment of inertia of the empty vehicle, mg denotes the
vehicle total weight with an additional load, 7,4 is the distance from the COG to the
origin.

Given the following relationships:
Mg = Mg emp + My (4.65)
Msrcog = Msemp * 0+ mgry (4.66)
We can derive the relationship:
r, = m. Tcog (4.67)
Substituting this into the previous equations ( 4.63) and ( 4.64), we get:
2 2 M 2
I, = Iz,emp +mary — MsTeog = Iz,emp T (mg — ma)rcog (4.68)
a

Teog 18 split into x and y components:
129 = (lyemp = bw)” + (bemp — b)" (4.69)
Assuming the COG position in the transverse direction is not estimated, we let 1, oy =
l,,. Therefore, the moment of inertia can be derived using the additional mass and its
longitudinal position.:
mg 2

I, = Iz,emp - m_ (mg — ma)(bemp - b) (4.70)

a
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Figure 4-9 Front view of vehicle [50]

Similarly, we can derive the relationship between parameters to obtain moments
of inertia on the YZ plane:

L = Lyemp — Z—Z (mg = ma) (hgemp — hs) (4.71)
where Iy o, denotes roll moment of inertia about x-axis of the empty vehicle,
hsemp represents the COG height of the empty vehicle, and h; is the COG height
of a loaded vehicle.

A limitation of this method is that it assumes the additional mass to be a point

mass which simplifies calculations but does not account for the actual distribution of

the mass.

55

doi:10.6342/NTU202403171



Chapter 5 Simulation

5.1 Simulation Structure

In the experiment to validate the estimation algorithm, a virtual vehicle is used
instead of an actual test vehicle. Using a simulation tool is compelling due to its cost-
effectiveness compared to traditional physical vehicle testing.

The estimation algorithm proposed is implemented using MATLAB/Simulink,
chosen for its real-time execution capabilities and compatibility with the virtual
vehicle platform. The Simulink block diagram demonstrates the operation of the
algorithm as detailed in Appendix A. The algorithm operates in parallel to the
multibody virtual vehicle developed by dSPACE.

The process begins by taking inputs from the vehicle system, which is then fed
into the algorithm to conduct a a priori prediction steps of the Dual Extended Kalman
Filter. Subsequently, sensor measurements from the virtual test vehicle are utilized
to update the critical states and parameters, resulting to an a posteriori corrected

value. The process in depicted in Figure 5-1.
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Input Measurable output

dSPACE Vehicle Model

)
—

Vehicle System

Dual Extended
Kalman Filter Xp(t), Pp(t) Parameter J

Prediction (1)

x5(6), @5() State Prediction W
(2) ) % (), @57 (1)

( Parameter
£7(0), @ () L Correction (4)

I

[ State Correction W

(3) J
|

Figure 5-1 Scheme of simulation

An advantage of this structure, as introduced in [7] , is the capability for partial

switch-off. This feature allows parameter prediction and correction to be turned off

after the values converge, reducing the computational power required, as

demonstrated in Figure 5-2 below.

Input Measurable output

dSPACE Vehicle Model

)
—

Vehicle System

Dual Extended
Kalman Filter

Zs(6), @5(8) State Prediction - - -
(2) Partial switch-off activated ‘

X5 (6), @57 (H)

[ State Correction W

(3) J
|

Figure 5-2 Scheme of simulation with partial switch-off
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5.2 Simulation Environment

The dSPACE ASM Vehicle Dynamics toolset [5S0] provides a controlled and

replicable testing environment, enabling systematic exploration of state estimation

algorithms under diverse conditions. Vehicle configurations and environmental

conditions can be easily implemented without additional physical resources.

Conducting tests in a virtual realm also mitigates safety concerns. The flexibility of

dSPACE tools, including customizable maneuver -configurations, enhances

efficiency by enabling experimentation without temporal or geographical constraints,

allowing iterative testing and rapid algorithm refinement.

Aerodynamics

Wheel mass
and inertia

Sensor position
body 2nd

Torsional frame

Figure 5-3 User interface of dSPACE software [50]
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Additionally, having full knowledge of actual vehicle parameters without the

interference of sensor noise and environmental factors is a key advantage. Being

cost-effective, accessible, and scalable, the virtual vehicle serves as a valuable

surrogate platform for real-world experimentation.

Figure 5-4 Virtual test ground visualization of dSPACE [50]

5.3 Simulation Settings
5.3.1 Vehicle Loads

Inertial parameters are configured by specifying the mass and inertial properties
of the empty vehicle and additional loads in dSPACE, as illustrated in Figure 5-5.
The inertial parameters of each test case are calculated using the vehicle parameters
and additional loads specified in Appendix B.
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ylo [625 o
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Figure 5-5 Parameter configuration in dSPACE software [50]

In this simulation, three loading conditions are tested, ranging from a fully

loaded vehicle to an empty one, to cover a broad spectrum of loading scenarios.

The parameters of each loading condition are specified in Table 5-1 below.

Table 5-1 Vehicle inertial parameters with additional weights

Unladen Load1l Load2
Mass | 200 3700 2700
m(kg)
Moment of inertia abom‘z—axzis 3000 3700 12163
[ (kg * m*)
CoG longitudinal position 13 1.38 134
b(m)
Moment of inertia about x-axis
I (ke * m? 950 1385 1171
(kg * m*)
CoG height] g 4 0.649 0.52
hy(m)
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5.3.2 Sensor Configuration

Inertial Measurement Unit

Standard sensors in modern cars equipped with ESP and ABS sensors usually

have yaw rate, longitudinal velocity and lateral acceleration sensors. However, the

proposed method considers roll dynamics, and these conventional sensors are

insufficient. To fully utilize the 4-degree-of-freedom model described in 4.1.2, the

algorithm requires accelerometers and gyroscopes, commonly found in the form of

an Inertial Measurement Unit. The measurements required in this simulation are yaw

and roll rates alongside longitudinal and lateral acceleration of the vehicle COG. This

data acquisition is essential for accurate state estimation and for identifying inertial

parameters of the vehicle.

In this simulation, the Inertial Measurement Unit (IMU) is modeled using

Simulink's three-axis inertial measurement unit block, shown in Figure 5-6. The

noise power specifications are set to match those of a standard MEMS-type IMU, as

detailed in [51].

LV A T VANV SV i

Figure 5-6 Simulink three-axis inertial measurement unit block [47]
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In the proposed estimators, both for state and parameters, the same

measurements are utilized, resulting in equal measurement covariances: 0g = 0,

denoted as o. Assuming all sensors are independent, o is set to a diagonal matrix

where each of the diagonal elements represent the variance of each sensor.

g2 0 0 0
| ¥ |
| 0 a(fy 0 0]
0=|O 0 2 0| (5.1)
I % I
| o 0 o]

Steering Wheel Angle Sensor

A sensor to measure steer angles is utilized as an input since modern cars

typically lack sensors to measure tire steer angles directly. In this simulation, an

Ackerman steering geometry is employed with a steering ratio of Cs = 21.45 to

obtain tire angle §.

6 = Cs * (steer angle) (5.2)

Wheel Rotation Sensor

In this simulation, the wheel rotational angles are directly obtained from the

dSPACE ASM vehicle dynamics model. These angles are then utilized to calculate

vehicle velocity and tire slip ratios using equations presented in 4.1.2.
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5.3.3 Maneuvers

Double Lane Change Maneuver

The double lane change maneuver is a standardized test which assesses the

handling and agility of vehicles, specifically its road-holding ability. The method is

specified in [52] is applicable to vehicles weighing up to 3.5 tons gross mass. In this

maneuver, the vehicle navigates through two consecutive lane changes, as seen in

Figure 5-7, simulating abrupt avoidance maneuvers encountered in real-world

driving situations. This test evaluates the vehicle's capability to change direction

quickly while maintaining stability and control, serving as a crucial benchmark for

assessing yaw dynamics.

[Te]
N
o
+
9 &
o A w
° . L N
+ o
O e = = = -~ +
c .- 1. .
y v, 'y . i )
p: \ e o o o o ¥
i e o o T ~
7y e S
A
v e o - e o o o
15 30 25 25 30
< > e >e > >
125 m
< >

Figure 5-7 Double lane change manuever specifications [53]
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Constant Radius Maneuver

The constant radius maneuver, also referred to as the steady-state circular driving

behavior test, is detailed in [54]. This standard applies to passenger cars and light

commercial vehicles weighing up to 3.5 tons. The method includes three approaches:

constant radius, constant steering angle input and constant speed, as detailed in Table

5-2 below.
Table 5-2 Variations of a steady-state steer test [54]
Test method Constant \ELELIT Measured or calculated Variation
With discrete test
. . speeds
1 Radius Speed Steering wheel angle
P & € With continuous speed
increase
With continuous speed
i increase
2 f:l?:;llnagn e Speed Radius
= With discrete turn radii
Radius Steering-wheel angle Rl e BE R S
wheel angles
3 Speed - - - -
Steering . With slowly increasing
Radius .
wheel angle steering wheel angle

In the chosen constant radius variation for this study, the maneuver proceeds as

follows: the vehicle accelerates from a standstill to 15 km/h on a straight road, then

enters a continuous cornering on a circular track with a constant radius of 100 meters.

Finally, it accelerates further to 70 km/h before braking to a stop. The continuous

velocity increase enables monitoring roll angle progression, which is crucial for

assessing roll dynamics and inertial parameters. Vehicle speed is gradually increased
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while staying within + 0.5 m of the desired track. The rate of lateral acceleration
should increase by 0.1 m/s? per second, not exceeding 0.2 m/s? per second.

The constant radius maneuver provides a dynamic test scenario that effectively
captures the wide range of vehicle roll angle, making it an ideal candidate for
evaluating and refining roll dynamics estimation algorithms. While the maneuver
does not represent real life driving scenarios, it remains valuable for assessing

behavior of steady-state roll dynamics.

vehicle position of steady state cornering maneuver

200 F e I vehicle position |

180
160 |
140 [
120

> 100
BO [
60 b
40
20

°[ |

-100 -80 60 <40 -20 0 20 40 60 BO 100
X

Figure 5-8 Path of the Constant Radius Maneuver
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Chapter 6 Results

6.1 State Estimation

The DEKF-based algorithm functions effectively as both a noise filter and a tool
for virtual state sensing, using raw data as inputs. The state estimation results provide
a refined and accurate depiction of the system's current state, significantly reducing
noise. Additionally, unmeasurable states, such as tire forces and vehicle sideslip, are
accurately obtained.

Results of state estimation are compared to actual values for both the double lane
change maneuver and the constant radius maneuver. Key parameters such as
longitudinal and lateral acceleration, roll and yaw rates, and sideslip angles are
evaluated.

6.1.1 Longitudinal and Lateral Acceleration

The estimated values closely match the actual measured data, demonstrating the
algorithm's effectiveness in accurately capturing the vehicle's dynamic response
during both rapid lane changes and steadily increasing lateral acceleration. Figure
6-1 and Figure 6-2 display sensor measurements and estimations of longitudinal and
lateral acceleration during the double lane change maneuver. The results demonstrate

that the estimations closely align with the actual values, maintaining accuracy even
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during rapid cornering, aside from minor spikes observed at the initial acceleration

around 2.5 seconds.

x-accelleration | |

{m/s"2)

-5 T T T T T T
5 10 15 20 25

Time (seconds)

30 35 40

Sensor
— estimate

Figure 6-1 Longitudinal acceleration measurements and estimates during DLC

mancuver

, y-acceleration | |

{mis"2)
]
|

T T T
15 20 25 30 35
Time (seconds)

40

SEnsor
— estimate

Figure 6-2 Lateral acceleration measurements and estimates during DLC maneuver
Figure 6-3 and Figure 6-4illustrate sensor measurements and estimations of

longitudinal and lateral acceleration during the constant radius maneuver. Similar to

the double lane change maneuver, the estimation closely matches the actual values,

demonstrating consistency even under steadily increasing lateral acceleration.
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Figure 6-3 Longitudinal acceleration measurements and estimates during constant

radius maneuver
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Figure 6-4 Lateral acceleration measurements and estimates during constant radius
maneuver
6.1.2 Roll and Yaw Rates
The roll and yaw rate estimates perform well, effectively filtering out most of
the noise to produce clean results. This demonstrates the algorithm's capability to
accurately reflect the vehicle's rotational dynamics under the sudden steering inputs

typical of a double lane change maneuver, as seen in Figure 6-5 and Figure 6-6, as
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well as during the increasing roll rate of a constant radius maneuver, depicted in

Figure 6-7 and Figure 6-8.

| roll rate | |
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Figure 6-5 Roll rate measurements and estimates during DLC maneuver
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Figure 6-6 Yaw rate measurements and estimates during DLC maneuver
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Figure 6-7 Roll rate measurements and estimates during constant radius maneuver
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Figure 6-8 Yaw rate measurements and estimates during constant radius maneuver
6.1.3 Sideslip Angle

Unlike the previously mentioned acceleration and roll and yaw rates, the
sideslip angle is not estimated directly from sensor inputs. Instead, it is calculated
using system states, functioning as a virtual sensor. The sideslip angle is determined
using longitudinal velocity vy and lateral velocity vy, as described in equation
(4.13).

Figure 6-9 plots sideslip angle estimates alongside actual values during the
double lane change maneuver, illustrating that when the vehicle is in motion, the
estimator approximates values and trends similarly to the actual sideslip obtained in

dSPACE. Similarly, in the constant radius maneuver depicted in Figure 6-10,
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estimated sideslip angles closely track the actual values throughout most of the

maneuver, with slight deviation observed during braking.

sideslip angle
0.04 '

0.02 B

(rad)
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Time (seconds)

actual sideslip
estimated sideslip

Figure 6-9 Sideslip angle estimates during double lane change manuever

sideslip angle

10 20 30 40 50 60 70 80 80
Time (seconds)

actual sideslip
estimated sideslip

Figure 6-10 Sideslip angle estimates during constant radius manuever

Overall, the state estimation results for both the double lane change and constant
radius maneuvers demonstrate the dual estimation framework's ability to accurately
identify vehicle states, effectively fulfilling its primary role as a state estimator.
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6.2 Parameter Identification

The purpose of the proposed algorithm is to obtain parameter estimates for

different loading vehicles, aiming to refine the model outputs until they closely match

the observed data. The results of parameter estimation offer insights into system

changes. Three test cases are compared: an unladen vehicle, and conditions with

additional loads of m, = 500 kg and 1500 kg. The parameters considered include

mass, center of gravity longitudinal position and height, and roll and yaw moments

of inertia.

6.2.1 Mass Estimates

In Figure 6-11, the mass estimated during a DLC maneuver is shown. The plot

shows the actual and estimated masses across different loading conditions, with the

estimates converging to values closer to the actual mass. In this simulation, the results

for loads of 1500 kg, 500 kg, and 0 kg are within 1.2%, 4.4%, and 12.6% of the actual

parameters, respectively. These findings underscore the algorithm's effectiveness in

accurately estimating parameters and faithfully reflecting the system's true dynamics.
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Figure 6-11 Vehicle mass estimates during double lane change manuever

Figure 6-12 and Figure 6-13 illustrate the estimated and actual values of COG

position and moments of inertia for the three loading conditions. The graphs show

the estimated and actual COG longitudinal position and height, with estimated values

errors within 3.2% and 14.7% of actual values, respectively. The alignment of these

values demonstrates the accuracy of the parameter estimation process.
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Figure 6-12 COG height estimates during DLC manuever
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Figure 6-13 COG longitudinal position estimates during DLC manuever
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6.2.2 Inertial Parameter Estimates

Figure 6-14 and Figure 6-18 display the estimated and actual values of moments
of inertia about x and z axes, capturing the inertial properties by relating the
parameters as described in Section 4.3.2. Since these values compound the errors in
both mass and COG position estimates, yaw and roll moments of inertia are within

13.7% and 9.6% of actual values, respectively.

— — — actual value {[ma = 1500kg)

— — — actual value (ma = 500kg)

— — — actual value (ma = Okg)
estimated value (ma = Okg)
estimated value (ma = 500kg)
estimated value (ma = 1500kg)

rr::llI moment of inelrtia

-

0 5 10 15 20 25 30 35 40
Time (seconds)

Figure 6-14 Roll moment of inertia estimates during DLC manuever
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Figure 6-15 Yaw moment of inertia estimates during DLC manuever

6.3 State Estimation with Parameter Update

State estimation before and after parameter updates involves comparing the
accuracy of state estimates using initial parameter values versus updated ones. Post-
parameter estimation, the updated values are used in the state estimation process,
typically leading to more accurate and reliable state estimates.

In this analysis, we compare the estimated states to ground truth data to verify
that with parameter updates, the state estimation outperforms a standard state
estimator, better reflecting the system's true dynamics. The cases considered include

scenarios where additional loads are 1500 kg.
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6.3.1 Double Lane Change Maneuver

During the double lane change maneuver, the estimator with parameter updates
demonstrates significantly improved performance. Figure 6-16 compares
longitudinal acceleration estimates with actual values, demonstrating minimal error
due to high estimation accuracy even without parameter updates. Figure 6-17
compares the lateral acceleration, revealing a reduction in root mean square (RMS)

error by 0.0649 m/s?, representing a 44.6% improvement.

x-accelleration

-4 T T T T T T
5 10 15 20 25 30 35
Time (seconds)

actual
without parameter update
with parameter update

Figure 6-16 Longitudinal acceleration estimates during DLC manuever
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Figure 6-17 Lateral acceleration estimates during DLC manuever

Figure 6-18 indicates that the yaw rate estimation is reduced with parameter

updates, leading to an increase in RMS error of 0.00105 rad/s. This discrepancy may

be attributed to the previously observed underestimation of the moment of inertia

about the z-axis, as shown in Figure 6-15.
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Figure 6-18 Yaw rate estimates during DLC manuever

Figure 6-19, Figure 6-20 and Figure 6-21 illustrate significant reductions in

errors for roll rate, roll angles, and vehicle sideslip angle, with decreased RMS errors

of 0.0088 rad/s, 0.0199 rad, and 0.0091 rad. The RMS errors of vehicle states are

organized and presented in Table 6.1. These improvements correspond to reductions

in RMS error by 44.6%, 44.2%, and 65.4%, respectively. These enhancements in key

vehicle states highlight the considerable accuracy improvements achieved through

parameter updates in state estimation.

79

doi:10.6342/NTU202403171



(rad/s)

(rad)

roll Irate

0.3

0.2 1

0.1 7

-0.1 7

-0.2

0.08 A

10 15 20 25
Time (seconds)

actual
without parameter update

with parameter update

30 35

Figure 6-19 Roll rate estimates during DLC manuever
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Figure 6-20 Roll angle estimates during DLC manuever
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Figure 6-21 Sideslip angle estimates during DLC manuever
Table 6-1 RMS error of states of DLC maneuver
Without Update With Update Improvement(%)
a,(m/s?) 0.1773 0.1772 0.056
ay(m/s?) 0.1454 0.0805 44.64
$(rad/s) 0.0199 0.0111 44.22
¢(rad) 0.0081 0.0028 65.43
P(rad/s) 0.0200 0.0305 -52.5
B(rad) 0.0130 0.0039 70
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6.3.2 Constant Radius Maneuver

The effectiveness of parameter updates on state estimation during a constant
radius maneuver is evident from the RMS error comparisons. Without parameter
updates, the RMS errors were significantly higher, as shown in Table 6-2.

Figure 6-22 compares longitudinal acceleration estimates with actual values
during the constant radius maneuver. Following parameter updates, reductions in
RMS errors were observed: longitudinal acceleration decreased by 0.1947 m/s?,

indicating a 29.7% improvement.

;—acceleratign

0 20 40 60 80 100
Time (seconds)

actual
without parameter update
with parameter update

Figure 6-22 Longitudinal acceleration estimates during constant radius manuever
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Figure 6-23 illustrates the comparison of lateral acceleration during the constant

radius maneuver, with an RMS error reduction of 0.2457 m/s?, representing a

decrease of 56.6%. In Figure 6-24, the comparison of yaw rate indicates an RMS

decrease of 0.0280 rad/s, marking a reduction of 28.9%.
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Figure 6-23 Lateral acceleration estimates during constant radius manuever
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Figure 6-24 Yaw rate estimates during constant radius manuever

While enhancements in roll dynamics and vehicle sideslip were moderate, as
presented in Table 6.2, the overall results nonetheless offer a more accurate
representation of the vehicle's dynamics. The less pronounced improvement can be
attributed to the parameter update being computed based on the discrepancy between
measurements and state estimation, as illustrated in Figure 6.7, where improvement
are minimal during steady increases in vehicle dynamics, as observed in roll rates
(Figure 6-26) and sideslip angles (Figure 6-27). Thus, the proposed method may

exhibit limitations under such conditions.
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Figure 6-25 Roll rate estimates during constant radius manuever
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Figure 6-26 Roll angle estimates during constant radius manuever
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Figure 6-27 Sideslip estimates during constant radius manuever
Table 6-2 RMS error of states of constant radius maneuver
Without Update With Update Improvement(%o)
a,(m/s?) 0.6560 0.4613 29.68
ay(m/sz) 0.4344 0.1887 56.56
$(rad/s) 0.0045 0.0032 28.89
¢(rad) 0.0149 0.0118 20.81
Y(rad/s) 0.0743 0.0463 37.69
B(rad) 0.2477 0.2443 1.37
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Chapter 7 Conclusions and Future Work

7.1 Conclusions

In this thesis, we propose a real-time state and parameter estimation method
targeting load-carrying vehicles employing a Dual Extended Kalman Filter approach.
This method operates by running state estimation and parameter identification
processes in parallel, enabling real-time tracking of dynamic states and updates of
vehicle system inertial parameters.

Simulation results indicate that the DEKF can estimate inertial parameters of a
vehicle under various load conditions, with parameters estimated within 15% of
actual values. The DEKF also significantly improves the accuracy of vehicle state
estimation. During the constant radius maneuver, the RMS error for longitudinal
acceleration decreased from 0.6560 m/s? to 0.4613 m/s?, and for lateral acceleration,
from 0.4344 m/s* to 0.1887 m/s?. In the double lane change maneuver, the RMS error
for lateral acceleration decreased from 0.1454 m/s? to 0.0805 m/s?, while roll rate
errors improved from 0.0199 rad/s to 0.0111 rad/s.

These findings demonstrate the DEKF's efficacy in accurately capturing changes
in vehicle dynamics under different loading scenarios, marking a significant

advancement over conventional estimation techniques.
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7.2 Future Works

While the algorithm proposed has significantly advanced real-time state and

parameter estimation for load-carrying vehicles, several areas offer potential for

further exploration:

1. Extend Model Complexity

Future work could enhance the current model by incorporating more complex

vehicle dynamics, such as increasing the number of DOFs to accommodate

additional states and movements. Additionally, including external factors like tire-

road characteristics or accounting for tire degradation would improve the robustness

and applicability of the estimator across diverse environments.

2. Adaptive Filtering Techniques

Incorporating advanced filtering techniques, such as the UKF or AKF, could

further enhance the performance of the Dual Kalman Filter framework. The UKF can

better handle nonlinear systems, while adaptive filtering techniques can dynamically

adjust parameters in response to changing system dynamics and measurement noise

characteristics, enhancing the overall precision and reliability of the estimator.
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3. Integration with Vehicle Control Systems

Integrating the proposed state estimation and parameter identification

framework with advanced driver assistance systems, such as stability control and

rollover prevention, could provide a comprehensive solution for real-time vehicle

control.

4. Real-world Testing and Validation

While this research has been fully conducted in simulation, it is crucial to

perform real-world testing and validation in various scenarios to further verify

efficacy and reliability of the suggested approach. Real-world experiments will

provide insights into the algorithm's performance and applicability under actual

conditions.
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Appendix A

MATLAB/Simulink simulation

FirstOperation

Rp

€]

BeforeSU

@7’ yMeas
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Enable Parameter Prediction
> [B]

AfterPB

X_p
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Parameter Prediction

P BlockOrdering

OutBlockOrdering

E

P sigma

AfterSU

State Update

BeforeSP

BeforePU

Rs ‘OutBlockOrdering

BlockOrdering

AfterSP

State Prediction
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Enable Parameter Correction
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DataStoreMemory

x_s | State

Phi_s | State Covariance

X_p | Parameter
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Appendix B

Fixed vehicle parameters

Parameter Value Unit

l 2.7 m

c I-b m

g 9.81 m/s®

r 0.35 m

tr 1.54 m

ty 1.54 m

u 150 kg
mg m—u kg

Kg 58000 N=m/rad
By 8000 N+ m/(rad/s)
h hetr m

Parameters for longitudinal slip

Shape factor C Pcxa 1.579

Ppx1 1.0422
Peak factor D Ppx2 -0.0827

prB 0

PEx1 0.11185

PEx2 0.3127
Curvature factor E

pExS 0

PExa 0.001603

Pkx1 21.69
Slip stiffness BCD Prx2 13.774

Pkx3 -0.4119

Pux1 0.000216
Horizontal shift H

Pux2 0.001154

Pvx1 0.000016
Vertical shift V

Pvxz 0.000104
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Parameters for pure lateral slip

Shape factor C Pey1 1.3332

Poy1 0.8784
Peak factor D Ppy2 -0.06445

Ppy3 0

Pey1 -0.8227
Curvature factor E Peyz 0.6062

Peys 0.09825

PEya 0

Pry1 -15.314
Slip stiffness BCD Pxyz2 1.7044

Pkys3 0.36986

Puy1 -0.001804
Horizontal shift H Pry2 0.003518

PHys3 0

Pyry1 -0.001804
Vertical shift V Pyy2 0.003518

Pvys 0
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Parameters for pure aligning torque

Shape factor C Pey1 1.3332
Ppy1 0.8784
Peak factor D Ppy2 -0.06445
Ppy3 0
Pey1 -0.8227
Curvature factor E Peyz 0.6062
PEys3 0.09825
PEy4 0
Pry1 -15.314
Slip stiffness BCD Pxyz2 1.7044
Pkys 0.36986
Pay1 -0.001804
Horizontal shift H Pry2 0.003518
PHys3 0
Pyvy1 -0.001804
Vertical shift V Pyy2 0.003518
Pvys 0
Additional mass load 1
Mass load 1
11500 [kal

Center of gravity load 1

X v z
-1.5 0 1
Inertia tensor load 1 [kg®™m2]
X y z
x |125 0 0
y |0 625 0
z |0 0 625
99
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Additional mass load 2

Mass load 2
|500 [ka]
Center of gravity load 2
X ¥ z
[1.5 o 1 [m]
Inertia tensor load 2 [ko*m2]
X ¥ z
x |80 [ o
y |0 |200 o
z |0 o {200
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