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Abstract

In this thesis, we propose an approach to find an estimate of the variables
in a model that combines vector autoregression (VAR), log-normal autore-
gressive stochastic volatility (ARSV) and the horseshoe prior. Using varia-
tional Bayes (VB) method, we can show an approximated distribution to each
variable such as normal or inverse gamma distribution which are well-known
and the expectation is easy to be obtained, which allows us to use iteration to

estimate each variable.

Keywords: vector autoregression, stochastic volatility, horseshoe prior, vari-
ational Bayesian, Newton-Raphson
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Chapter 1 Introduction

1.1 Large Bayesian VAR Model

VAR, first introduced in Sims (1980), is a statistical model which is used to describe
a relationship among the multiple quantities that change over time. It is a generaliza-
tion of the well-known autoregression (AR) where AR is univariate but VAR is in vector
terms which allows multivariate time series. VAR models are commonly used in macroe-
conomic (such as Stock and Watson (2001)), deep learning (such as Choi et al. (2021)),
finance (such as Sharma (2016)) and monetary policy (such as Miranda-Agrippino and
Ricco (2021)) to describe the relation between the value that is going to be predicted and

the observed values.

The large Bayesian VAR was introduced in Banbura et al. (2010) for characterizing
a large number of macroeconomic and financial variables. Since the size of the VARs
typically used in empirical applications ranges from three to about ten variables and this
potentially creates an omitted variable bias with adverse consequences both for structural
analysis and for forecasting. There have been a large amount of research dealing with the
topic of Large Bayesian VAR such as Carriero et al. (2012), Carriero et al. (2019), Kalli
and Griffin (2018), Gefang (2014), Cuaresma et al. (2016), etc. Most of these papers used
computation methods such as Markov Chain Monte Carlo (MCMC), and some others used
natural conjugate priors to obtain an analytical result instead of using MCMC. The reason
that some of them did not use MCMC as the computation method is because the number of
the variables is too large resulting in the computation time might be too long. But there is
still a limitation in using the natural conjugate priors while the distribution doesn’t seem

to have one such as the normal log-normal distribution while solving the case for log-

1
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normal SV in this thesis. So we are going to use another way, which is called variational
Bayesian (VB), to deal with a VAR case with hierarchical shrinkage prior and multivariate
stochastic volatility, which is the main topic in this thesis. The VB method will be further

introduced in Section 2.3.

1.2 GARCH Versus SV

The VAR introduced in Section 1.1 has a constant volatility over time, but in eco-
nomic applications we know that volatility usually changes with respect to time, so it might
not make sense if the volatility is kept to be constant without a relation between time. To
deal with this condition, there are two famous approaches to solve this problem: General-
ized AutoRegressive Conditional Heteroskedasticity (GARCH) and Stochastic Volatility
(SV).

The Generalized AutoRegressive Conditional Heteroskedasticity model with orders
q and s, GARCH(q, s), was introduced in Bollerslev (1986) to allow for past conditional
variances in the current conditional. It differs from the usually used AutoRegressive Con-
ditional Heteroskedasticity model with order ¢, ARCH(q), which assumes the time series

of observations {¢;} satisfies

€ =\ hymy (1.1)
q
hy = ag + Z el (1.2)
i=1
where {7, } is a sequence of independent and identically distributed variables with zero
mean and unit variance, and {h,} is a varying variance process. Also, to ensure that the

conditional variance is positive, oy is assumed to be positive and «; is nonnegative for

i=1,---,q. GARCH(q, s) assumes {¢;} by replacing (1.2) with
q s
hy = ap + Z e + Z Bihi—j (1.3)
i=1 j=1

here the vector 6 = (v, (vi)1<i<qs (55)1<j<s) € © of parameters is to be estimated, the

assumption of «yy and «; are the same as ARCH, « is positive and «; is nonnegative for

2
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i=1,---,¢,and (; is nonnegative for j = 1,--- , s, also the condition that > 7  a; +

;-1 B < lis required to ensure that A, is positive.

The Stochastic Volatility (SV) Model also allows for past conditional variances in
the current conditional. The log-normal ARSV model with order p, which we denote as

ARSV(p), is given by

€ = \/h_ﬂ?t
P

loghy = 70 + Z viloghy_; + el (1.4)

=1

where {n,}, {€!"} is a sequence of independent and identically distributed variables with
zero mean and unit variance, and the vector § = (7o, 7;,0) € © of parameters is to be
estimated. Here o is assumed to be positive in order to make sure the variance makes

Se€nse.

Both GARCH and ARSV are modeling the time varying volatility. Here we are
going to talk about several differences between these two models and some comparison
of GARCH and ARSV. We will analyze the difference and comparison according to some

papers.

The main difference between GARCH and ARSV is that in GARCH, the h; is the
variance and the autoregressive term is linear, whereas in ARSV we assume log-normal
autoregressive term, which means there is linear relation of log /, in terms of (log ~;—;)1<i<p-
This difference can be seen in (1.3) and (1.4), and it makes difference in the assumption
of parameters that we need oy to be positive in GARCH in order to make sure that the

variance will be positive, but the same assumption is not needed in ARSV.

1.3 Goal

In Section 1.1, we introduced that in macroeconomics, time series with time-varying
variance is often used as a model. In this thesis, we focus on how to find out the ap-

proximated marginal density of each parameter, where the parameter are in the model that

3
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combines VAR, log-normal ARSV and the horseshoe prior, which is the model that we
are interested in. Since we knew that there might be lots of parameters in VAR that has
to be estimated, while not all of them are important, or we’ll say that some of them might
have large affect while some of them not. So we are going to use a global-local shrinkage
prior to make the important ones to be remained and otherwise shrink them. Details of
the model assumptions and the introduction of the global-local shrinkage prior, horseshoe

prior, that we are going to use in thesis will be introduced in Chapter 2.
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Chapter 2 Theoretical Preliminary

In Section 2.1, we introduce a commonly used global-local shrinkage prior called
Horseshoe prior. We’ll first talk a little about the origin of Horseshoe prior, then give an
alternative representation that will be used in this thesis as our main shrinkage prior of the

large Bayesian VAR model.

In Section 2.2, we show how we set up the model that is the main topic of this thesis,
which is a VAR model with stochastic volatility and Horseshoe prior. We will give the
formula of our model and set up all priors for each parameter, so that we can get the

approximated distribution and hence estimate each of the parameters.

In Section 2.3, we talk about the main method that how we will use the main method
VB to find the approximated distribution for all the parameters in our model so that we
may find the estimators for the model. It contains the introduction about a famous VB
method which is called Kullback-Leibler (KL) divergence and a common way to deal

with KL divergence which is called the evidence lower bound (ELBO).

2.1 Horseshoe prior

The Horseshoe prior was introduced in Carvalho et al. (2010), which is one of the
global-local shrinkage prior. Assume thaty ~ N(f,021I), a global-local shrinkage prior
is the case that the assumption has hierarchical prior §; ~ N (0, \?72), where 6; denotes
the i-th component of the vector 6. Here 7 is a hyperparameter that globally controls all
the 0;, while ); is a hyperparameter that locally controls only 6; to decide whether it has

to be remained or be shrunk.

doi:10.6342/NTU202402563
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There are some commonly used global-local shrinkage prior which are determined

by the hierarchical prior for \;, the results can be summarized as a table such as:

prior distribution of \; | Name of marginal prior for 6;

A7 ~ Exp(2) Laplacian
A~ IG(a, ) Student-t
Ai ~ C1(0,1) Horseshoe

p(\i) o< \i(1 + A2)Y2 | Strawderman-Berger
Table 2.1: Global-Local Shrinkage Priors (Carvalho et al., 2009)

) ) 1
Next, in the expectation of ;, we first assume that o> = 1 and denote T2 as
“T
(]
k;, then it can be shown that:

2.9
AT

1
Eilys X 7) = (H—)\) vt (H—)\) 0= =Ky

By the definition of k; = we may observe that for x; € [0, 1], x; = 0 means

1+ A\272
no shrinkage and x; = 1 means total shrinkage to zero for 6;. Also, by the definition of x;
and the hierarchical prior of ); in the above Table 2.1, we may find out the density of ;

and drawn as graph shown as Figure 2.1 (Carvalho et al., 2009).

Note that Laplacian shown in the figure has the feature that the density of x; at 0 is

null, which means that most of the coefficients will be shrunk.

The Student-t prior and the Strawderman-Berger prior are both unbounded near x; =
0, reflecting their heavy tails, and represents that they are both good at remaining some
coefficients from being shrunk. But both of these two priors are bounded near x; = 1,

limiting these priors in their ability to make the noise in the model to be shrunk to zero.

As for the Horseshoe prior, we observed that the density of x; is higher in x; = 0 and
r; = 1, which means that most of the coefficients, may result in aggressive shrinkage of
small coefficients, which means the data that has small effect, and virtually no shrinkage of
sufficiently large coefficients, which means the data that has large effect. This is because
of the particular choice of the heavy-tailed halt-Cauchy prior distribution over the global
and local hyperparameters. This is in contrast to the well-known Laplacian where the

shrinkage effect is uniform across all coefficients. Therefore, we will use the Horseshoe

6
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Laplacian Student-t

0 05 10 0 0.5 1.0
L K
Strawderman-Berger Horseshoe
0 05 10 0 0.5 1.0
K K

Figure 2.1: Densities for the shrinkage weights «; € [0, 1]

prior as the global-local shrinkage prior in this thesis.

According to the definition of the Horseshoe prior above, we are going to use half-
Cauchy distribution as the prior of ;. However, Makalic and Schmidt (2015) provided an
alternative sampling scheme for all model parameters based on auxiliary varaiables that
leads to conjugate conditional posterior distributions for all parameters, which changes
the assumption of half-Cauchy into several Inverse Gamma distribution that is easier to

be computed since we know that Inverse Gamma is a conjugate prior for the variance of

7
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normal distribution. Here the resulting alternative prior is shown as:

M7 O 0
0O M7 --- O
b~NOV), V=] T T

0 0 AT

11
)\j|vj N]G<§a_)7

J
11
~ [G(-. -

1
Vi, 7UTL7€ ~ ]G<§71>7

here \;7 denotes the variance instead of standard deviation, and /G denotes the Inverse-

Gamma distribution with probability density function

p($‘047 ﬂ) = I?(Z)walega

and this is the term that will be mainly used in this thesis as the Horseshoe prior.

2.2 VAR with Stochastic Volatility and Horseshoe prior

In this thesis, we are going to introduce a model that integrates the concepts from
Gefang et al. (2023), Makalic and Schmidt (2015), and Chan and Yu (2022). We will
work with a VAR model as introduced in Gefang et al. (2023), as for the parameters in the
model, we will use Horseshoe prior which is the alternative term introduced in Makalic
and Schmidt (2015) as a shrinkage prior and finally deal with the log-normal ARSV model
as Chan and Yu (2022). The detail will be given below.

The VAR(p) model we are using in this paper is as following:
B()yt =b+ Blytfl + -+ prt,p + Ety, 6% ~ N(O, Et) (21)

where ¥; = diag(e™'t, .-  efnt) is diagonal and By is a n x n lower triangular matrix

with ones on the main diagonal. And each log-volatility /;, evolves as an independent

8
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random walk ARSV(q), which is as we introduced in (1.4) and is now written as:

q
hiv =Y hipem + €4y €, ~ N(0,07,) (2.2)
m=1
fort = 1,---,T, here we use the condition that 70 = 0 and 7, = 1 form = 1,--- ¢,

and the initial condition A, ¢ is treated as an unknown parameter.

Let b; denote the i-th element of b and let b; ; denote the i-th row of B,;. Then we may
define 3; = (b;, b1, - ,bp,i)/ and «; to be the i-th row of By. By summarizing above,

the i-th equation of the system in (2.1) can be rewritten as:
Vit = Wit + X 0; + Ezta Ezt ~ N(0, €hi’t) (2.3)

where W; s = (—yi14,--- , —Y;—1.+) contains the appropriate contemporaneous elements of
Y:, and it = (17yt—1a e 7yt—p)'

’ ’

Next, let x;; = (W;+,X;) and 0; = (ay, ﬁi)/, we can simplify (2.3) as:
Yit = XMGi + 6?,167 E%t ~ N(O, eh“) (24)

(2

which is now can be seen as an autoregressive model AR(k;), where k; = np + i.

Here we initially set the prior for the AR model:

0_}2” ~ IG(CZ', dz)

hi,ONN(()?l)
/\i,lTi 0 0
0 )\Z'72Ti 0
0 0 /\i,k’iTi
11
)\i'NIG_a 71§§kz
5] (2 'Uq,'}j) J
11
o~ ] R
TI G(27€Z)

1
Uz’,jafi ~ IG(év 1)a 1 S.] < kl
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The prior of 6; is the alternating term of Horseshoe prior introduced in the bottom of

Section 2.1.

Next, by the ARSV assumption with order ¢ and some computation, one can show

that for 1 <[ < ¢:

-2
hi,l - 2l_1h7;7() + Z 2l_k_162k + 6?’171 + Elh;l (25)
k=1
Now, let w;: = (hit—gi1,-- - hu)', we will get the i-th equation of our final VAR

model we are going to work with in this thesis:

Yir = Xi0; + 6?,157 5?,7: ~ N(0, e“ivtld)), (2.6)
uy = A + €y, € ~ N(0,X3,), (2.7)
Where
¢:<07 7071)/7
0(1 O 0
0|0 1 0
A= ,
0/0 O 1
111 1 1
0 - 010
E;{t =
0 - 010
0 0 Ufm-

Then we can change the prior of #; o into the one of u; , by substitution, which is set

to be the new initial case in our model by (2.5):

w; g hio ~ N(hio, Ufmzm) (2.8)

10
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where

Y = (20’21’ .. 72(1—1)’

r4+s—2 max (r,s)—min (r,s) .
2 +5x2 7 ifr 7& s

iq(r,8) = Cov(hiy, his) = 3
22r72+2

,ifr=s

Since we know that E(h; o) = 0, by the result of substitution into u; ,, we may obtain

that:
ui,q‘hi,o ~ N(()? 0-121,1'21',(1)

Hence the model and the corresponding prior that we are going to work with can be sum-

marized as below:

!
— Y Yy u;
Vit = Xigli + ¢y, € ~ N(0, " ?)

U u u
U;; = Aui,t—l T €y €p N(O, Ei,t)
where

ui,q|hi,0 ~ N(0, Ui,izi,Q)
O—I%,,i ~ [G(Ci, dz)

)\i,lTi 0 0
0 )\@27} 0
0 0 Ai,kiTi
1 1
Ai'N-[G_7 71§§k7,
J (2 Uz‘,j) J
11

2
1
Ui,j7£i ~ [G(§7 1)7 1 S .] S kl
Next, we are going to introduce our main method for obtaining the variables in ap-

11
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proximated optimal density for each of our parameters, the VB method. Different from
Priiser (2021) which gives the conditional density to each parameter and use Gipps sam-
pling to estimate each parameter, we’ll provide the approximated marginal density and

use the iterative algorithm to estimate each of the parameters.

2.3 Variational Bayesian: KL. and ELBO

VB is a way to find out the closest analytical approximation to the posterior proba-
bility of the variables that are not observed, which is the so-called latent variable, so the
question is that how should we measure the closeness of two distributions, with one being

the density we got analytically and the other being the approximation of the analytical one.

Divergence is the way we measure the closeness between two distributions, which
is defined in Amari (2016). A function D : M x M — R is called a divergence if it

satisfies
(i) D(P||Q) > 0forall P,Q € M,

(i) D(PJ|Q) = 0 ifand only if P = @), and

(iii) When P and () are sufficiently close, by denoting their coordinates by dp and o =

dp + dd, the Taylor expansion of D is written as
1
D(P|Q) =5 > 9i(0p)d6:dd; + O(|do ),
and matrix G = (g;;) is positive-definite, depending on dp.
The way we measure the closeness of the two distribution is by applying the Kullback-

Leibler (KL) divergence (Kullback and Leibler, 1951). The KL divergence is defined to
be:

_ (ORI P ()
Dri(qllp) = /eq(9)1 & ) E, {1 gp(ﬂy)} (2.9)
12
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in the definition of KL divergence we may observe that here Dxr(q||p) # Dkr(pllq),

which differs from the definition of distance” that it has to be symmetric.

Next, we are going to introduce the evidence lower bound (ELBO), which is derived

by the Jensen’s inequality to the log probability of the observations:

logp(y) = log /e p(y,0)

> E, [logp(y, 0)] — Eq [log ¢(0)] (2.10)

ELBO is defined to be as the (2.10), which is E, [log p(y, )] —E, [log ¢()]. It can be
shown that minimizing the KL divergence is equivalent to maximizing the ELBO. Using

the definition of KL divergence above we may obtain that:

q(0) }
p(0ly)

= E,[logq(0)] — E,[log p(0]y)]
= E,[log q(8)] — E,[log p(8, )] + log p(y)
= — (E, [logp(y, 0)] — E, [logq(0)]) + log p(y)

DKL(QHP) = IEq {108

Here we may observe that KL divergence to the posterior is equal to the negative ELBO
plus a constant. More specifically, for the case that the class of the approximating densities

is the mean field variational family:

M
q(0) = [ ] gm(6m) (2.11)
m=1
In this case, Ormerod and Wand (2010) has proved that the maximizer of the ELBO is:

G (On) o< exp{E,_,, [logp(y. O, 0—m)] } (2.12)

where ¢, (0,,) is the approximated optimal density of 6,,,, 6 _,,, denotes the other parameters

other than 6,,,, and the expectation is taken all over ¢(6_,,). Thus, we will assume that the

13
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parameters in our model to be mean field variational family so that we may use this result

to find the approximated distribution for each parameter.

14
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Chapter 3 Main Results

Here we will first summarize the approximated distributions of each parameter and

the corresponding estimates of each parameter.

The distribution of each parameter in VAR and SV part are:

lli7q:

. +T—q_i_l

CGi=¢+—+=
2 2

(ﬁi A, ® ﬁi,q)) A'A (u A, ® ﬁi,q)) +tr(A'AS,)

+ tr [(Aﬁ)’ (AE(I ® f}uz.,q)>] ﬁ;qu;’qlﬁm]

o~
9 -1 G
Uh,i =
di

15
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and iui is set to be the inverse of negative Hessian of log g; (u;) that is evaluated at the
mode of log g (u;). u; is obtained by applying Newton-Raphson method with gradient

and Hessian matrix shown as:

Gradient = % {(IT_q ® @) — [32 ® exp (—(I Q¢+ (I® gb)'iui(lT_q ® qb))] ® ¢}
+ U/iFAIA <N —Alr_® ﬁz;q))
Hessian :%diag [§2 ® exp <—(I @) p+ I ¢)/§]ui(1qu ® ¢))} ® (¢¢)

—

+ afm_lA,A
The distributions of parameters in the Horseshoe prior are shown to be:
x L. S T R
@, i) ~ 1G (1,5 (8.0) + S0 G.i)r 1) + v,
ki + 1 1I$ 3
%7&~IG< Ié:( Jﬁ)Al
7j=1
(11+35)
(11+77)

and our estimators are the expectation of each distribution. Note that for the inverse

Gy, (Vi) ~ IG(1,1+
qu gl N[G 1+

gamma we will just find the expectation of their inverse, which will be expressed as below:

Nyl = !
i (0 2 S0 G T) ot
5 (i) 0:;\J: J)T; U5
— ki +1
(N B N N e =~
[ijl <9i(]) + E@z‘(]?])) )\i,j:| + 2¢;
e S
1+ A
1+T{1

and the estimators for parameters that distributed in normal distribution are mean.

To find the posterior of each parameter, we first find out the joint density of each

16
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parameters:

t=q+1
T ) 1
X H { [det*(ggt)] 2 exp{—§ [(“zt — Au;;_q) EZt (w;r — Aui,t—l)} }}
t=q+1
ci+1 d:

2 _1 1 ’ 2 —1 ]_ _021_
X det(ahiEi,q) 2. exp —5 [uiq (O‘hizi7q) uiﬁq] X | —— ce Thi

K b b ()-]/L’Z

k. r 1 3
1 _1{gy-1p . 1 \?2 1 2 __1
x det(V;) ? e o) XH (Uij) '(/\ij) - JM]
]:1 ) )
1 3 ks
X (— | — -e &t X H
fi Ti i

note that since by our definition 3¢, is not full rank, here we use pseudo inverse to deal

(/12 o 1\? 1
( ) Cevid | x <_) e & 3.1)
Vi,j &

with det”(SY,), which denotes the pseudo deteminant, and 3¢,", where det*(2Y,) = —3-
bl I k) h,l

and ¥¢," is a ¢ x ¢ matrix with - as the (g, ¢) element and else zero. Also, we define
I O’h;i

u; = (lli7q+1/, RN ,llin,)/.

With joint distribution and the observed value y; = (yi 411, - -, yir) » We may find
out the corresponding approximated posterior of the following 8 kinds of parameters,

(7 P aiﬂ;, u;, A\ j, i, Vi j, &), using VB method that is introduced in Section 2.3.

In Section 3.1 we will show the detail that how we find the approximated distribution
for each parameter in VAR and SV terms, which are 6;,u, 4, afm- and u;. Also we will

further discuss why Newton-Raphson is needed in the case of u; and how we find it out.

In Section 3.2 we will show the detail that how the approximated distribution of

parameters in the Horseshoe prior, which are \; ;, 7;, v; j and §;, are found.

In Section 3.3 we will introduce the iterative algorithm we are going to use to find

the approximated distributions and hence the estimators for each parameter in our model.
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3.1 The Optimal Density for Parameters in VAR and SV

Here we will derive the result of the approximated marginal density of the parameters
in VAR and SV, 0;, u, ,, J,Qm and u;. First, consider the optimal density of #;. Using the

result of VB we may obtain g, by:

q;i(ei) 08 eXP{E—ei [logp(eib’iaui,qaa}zz,muia )\i,j>7—iavi,jafi)]}

here the log-density is given by (3.1):

T
1 v 1/,
logp(th]) = co, — 5 > e (is — X0h)* — 5 (@Vi 10,-) (3.2)

t=q+1

Taking the expectation over the parameters without 6;, we obtain:

—

T
1 _ 1o o 1/,
E_g, [logp(0i|-)] = co, — 2 Z cXp (_ui,t¢ + §¢ EUi,tgb) (Yir — Xinbi)” — ) <9sz 9¢>

t=q+1

(3.3)

here u; ; and iui,t are the estimated expectation and variance for u; ;, which will be shown
in the case for u;. Note that since u; is a vector contains 1" — g vectors with size ¢, so it
can be shown that u; ; is the [t — (¢ + 1) x ¢ + 1]-th to the [t — (¢ + 1) X ¢ + ¢]-th element
of the expectation for u;, and iui,t is actually the (¢t — ¢)-th block in the diagonal of the
covariance matrix for u; which will be shown below in the u; case. By the horseshoe prior

assumption for V;, V[l can be expressed as the estimators for \; jfl and 7,1, which will

be shown in the bottom of Section 3.2. Also, (3.3) can be rewritten into the matrix form

as:

1 ;A 1/ .,/
E_y, [logp(6;|-)] = co, — 5()’2’ — Xif;) Cu,(yi — Xi;) — 3 <9iVi_19i> (3.4)

where

~

. ~! 1 13 ~ 1 [
C,, = diag (exp (—umﬂgb + §¢ Eui’qﬂgb) y.. ., €XP (—ui7T¢ + §gb Eui’Tqﬁ))

/

X, = (Xi,q+17 e 7Xz’,T)
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Then we will combine the two terms for ¢; and the optimal density of 6 is in the form of

multivariate normal distribution NV (0:, igi), with

S,

0;

7

)~ -1
(v;l i xicuixl-) (3.5)
S0, X.Cu,yi (3.6)

Next, the optimal density of u; , is similarly given by VB, hence we will just write

down the conditional log-density of u; 4, which by (3.1) can be shown to be:

’

1 u
logp(Wiq|) = s, = 5 [(ui,qﬂ — Au ) S (W00 — Augg)

Taking the expectation of above over the parameters without u; ,, we will have:

1/\

A~ RPN
E*ui,q log p(u;q|-)] = Cu; g — ‘7}21,1‘ [(ui,qﬂ — Au;g) D411 — Augg)

2
(DS, ) 0, g (3.7)
where

0 - 010
D=1|" = (3.8)

0 --- 01/0

0 --- 011
and here iui,q ., 18 the most top-left ¢ x g block of the covariance matrix ium 1 (0,2171,)71

is the expectation of the optimal density for (ofm-)_l, which will be shown next. ;41
is as same as the one in the case we shown in 6;, which is the first to the ¢-th element of
the expectation for u;. Similar to what we have done in the case for 6;, the two terms of

u; , can be combined and the optimal density for u; 4 is in the form of multivariate normal
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distribution N (ﬁi,q, ium) , where

lllq

1
[ 2 —1 2.7;+A'DA>} (3.9)

Uy = S, (ADquH) (3.10)

The conditional log-density of o}, ; can be expressed as the form:

T— 1 - ‘o, -
logp(a,%ji]-) =Co2, — g log afm — <ui — Al ® ui,q)> AA (ui — Al ® ui,q)>

Oh,i 20’h,i
1 1 ’ —1 dZ
-5 logoy,; — 3 [ui’q (07 :%i4) ui7q} — (¢ +1)logop; — %
where
I O @)
~ O A @)
A—
O O - AT—a
1p_g=(1,---,1)
1 I I
, I A4+1 - A+1T
AA=
I A+1 - ATl 4 AT

and (17_,®u; ,) denotes the Kronecker product of the two vectors. Taking the expectation

of above over theparameters without o ;, we will have:

T—q+2c+3

E_sz  [logp(oy,l)] = co, = 5 log o7,
1 [ - N _
(o) 26 (- 005
4 (A AS,,) - tr [(AE)' (AE(I ® i))} i3 i, + 2ds

Here the expectation is in the form of the log-density of an inverse gamma distribu-
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tion, and hence we obtain that o7, ; ~ IG/(¢;, d; ), where

n T—q n 1
G =G o
2 2
4 =d + (u A, ® ﬁi,q)) A'A (u A1, ® ﬁi,q)) +tr(A'AS,)

U; 4 4,9

+tr [(Ag)/ <AA(] ® Eulq))} U E‘lﬁi,q]

and we will set (o7 ) "as = in the sense of the expectation of inverse gamma distribution.

%

Lastly, the conditional log-density of u; has the form:

log p(w;|-) = Z w3 Z (Wi = Xi0:)*

eWi,t )
t q+1 t q+1

_ = Z uzt_Au’Lt 1)2 (uzt_Auzt 1)

t q+1

Taking the expectation with respect to the parameters without u;, we obtain that:

1
E_y, [logp(w;|-)] = cu, — 3 Z u, ¢ — Z vt @ [(yzt — x;40:)% + tr(x X, X120, )]
t=qg+1 t q+1
| —— T
- 5(0;2”)_1 t;;“i,t - Auz‘,t—l) D(llz',t - Aui,t—l)

+(Wi g1 — A“i,q),D(ui,qH — Au;g) + tr(Diui,q>]

and hence by the result of ELBO,

log gy (w;) = ¢y, — 3 Z u,¢— = Z —uii ¢ [(yi’t — x;,00;)% + tr(x; X, g,
t q+1 t q+1
] —— T
- 5(0;2“@-)71 Z (wip — Awgp 1) D(uiy — Ay )
t=q+2

+(Wi g1 — Aui,q)lD(ui,q-i-l - Aui,q)]

where D was defined in (3.8). Note that here we want to find an approximation for u,,
but there is a term of u;; in exponential term, where we can not find a known or common

distribution for it. Hence we apply the KL-divergence in VB again to obtain an ideal
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distribution for u;. Since in prior setting we assumed that u, ; follows normal distribution,
it might be better to assume the approximated distribution be a normal distribution too.
So it suffices to find appropriate u; and iui as the mean and variance of an approximated

~

normal distribution N (u;, ¥,,), and note that E(u; ;) = u;, ¢+ 1 <t <T.

To find such u; and iui, first we set iui to be the inverse of negative Hessian of
log g;.(u;) that is evaluated at the mode of log ;. (u;), since the mean of a normal dis-
tribution is the number that appears most frequently and the fisher information matrix is
used as the inverse of the maximum likelihood estimator of the variance, while Fisher

information matrix is the negative Hessian matrix.

Next, we apply KL-divergence to find the estimator of the mean u;. Let f,, (-) denotes
the density function of multivariate normal distribution with mean p,; and variance iui-

Then we are going to solve the following problem:

min E {log —f’”(ui)]
i ER™ q, (u;)

here m = ¢ x (T — q) the expectation is taken according to the assumption of the multi-
variate normal distribution f,,(u;). Notice that the problem we aim to solve is a convex

optimization problem with unique minimum, we are going to find out the critical point

that makes the gradient of E {log %} a zero vector. Since the gradient and Hes-
Gy, (W;
sian are solvable, we may apply Newton-Raphson method to find out the critical point

fﬂi(ui)

and hence solve the minimum of E [log T} . Note that Newton-Raphson method is
Gy, (W
doing iteration with following formula:

Xnt1 = X, — H1(x,)G(x,,)

here H denotes the Hessian matrix and GG denotes the gradient.
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f#i (ul)

First, we derive the expression of log as below:

G (u;)
fui (i) 1 <
N Y A i — E _ i —
g - (w) ¢ = 5w — p) B (w; — p)
1 / o .
+ 5 (lT,q X ¢) u; + (82) 67(1®¢) i

S o1 ~ ) L ~ ~
+ (07, (“i —A(ly— ® u@-,q)) AA (“i —A(ly— ® u@-,q)) ]
where c is a constant of u;, the last term is same as the one given in 012%1’ case, and 82 is
defined to be (y;; — X@téA’l-)Z + tr(x;7txi7t§]9i).

Next, we take the expectation with respect to the ideal normal density f,,, which

gives that E(u;) = p;, then we may obtain:

E [log %ﬂﬂ =+ %{(h_q ®¢) p+ (5°) exp [—(1 @) p+ (I ®¢) Su,(1r— ® as)}

+5§T<u—ﬁﬂp@®m@)Aﬁ<“_E0Pﬂ®mﬁ>}

here ¢ is a constant that is irrelevant to ;. In the formula, we can first notice that it is
convex in u;, which means the minimum exists. Then we may apply Newton-Raphson to
the gradient of the function of expectation in order to find the critical point and hence find

the point which satisfies the KL-divergence to get u;. To apply Newton-Raphson to the
fﬂi (ul) :|

gradient, we’ll first calculate the gradient and Hessian of the expectation E [log )

with respect to parameter u;, which is given by:

Gradient = 1 {(IT_q ® @) — [’s\z ® exp (—(I Q) i+ (I® QS)/iui(lT—q ® cb))] ® qb}

2
+ (U}QL,i)ilA,A (Nz‘ - g(leq ® ﬁi,q))
Hessian :%diag [?2 ® exp <—(I Q¢+ (I® Cb)/iui(lT—q ® (b)ﬂ ® (¢¢)

+(07,)'A'A
Note that here by the definition of ¢, the Hessian matrix is not full rank, hence we’ll
deal with it by using pseudo inverse. At last by applying Newton-Raphson method to p;,
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we might find the value for p; that achieves the minimum of E [log J;“T(:))] , which will

be set to be u;.

3.2 The Optimal Density for Horseshoe Prior Parameters

Here we will derive the approximated marginal density of the parameters in the
Horseshoe prior, A; ;, 73, v; ; and §;. Note that in the assumption of the prior of these four
parameters, they follow inverse gamma distributions, also they all appears as inverse in
the joint density of all parameters, hence the expectation might be taken in the sense of

-1 -1 ,-1 -1 . .
AijsTi »v;; and &, as we have done in Section 3.1.

Similar as we done in Section 3.1, using the result of VB we can first derive the

optimal density for A ;:

Q§¢,j<)\i,j) (8 eXp{E—Ai,j [logp(/\i,jb'ia 0i, w4, 1, 0-]21,1‘7 Ti, Uz',j7§z‘)”

here the log-density is given by (3.1):

logp(Aijl-) = ex,, — 5 logAij — 5~ — Slog i j —

where 6;(j) denotes the i-th element of vector §;. Then we take the expectation over

parameters except for \; ;, we obtain:

Ly~ 2 s o), -1 |
E_», log p(Aij]-)] = Cx; — 2log Ay — [5 <9z‘(J) + X, (4, 9)7i 1) + Uz‘,jl] -
]
which is the log-density of an inverse gamma distribution. Hence we have the optimal
ok 1y~ 2 & ,. .3 -
densty g5, s) ~ 16 (1.3 (B6)" + Sug. ) +00) )
The log-density of 7; is given by (3.1):

1
Tzfz‘

6.)" _
A

irj Ti

k, 1 3
logp(ﬂ’) =Cry — EzlogTi - 5 jz:; 510g7'i
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Taking the expectation over parameters except 7;, we obtain that:

1

5D g [— >~ (B6)" + EaGoa)) M) + &7

E_-, [logp(7il-)] = ¢r, —

9 |3

j=1

7

which is the log-density of an inverse gamma distribution. Hence we have the optimal

k.
. % ]{71 + 11 - ~ 2 S .. T 3
density ¢ (1;) ~ IG ( = [Z (01‘(]) + E@(]J)) Nj| & 1)-

2 12 |4
7=1
logp(vij|-) = ¢y, ; — 5 loguj — N .. " 5 logv; ; —

The log-density of v; ; is given by (3.1):

Taking the expectation over parameters except v; ;, we obtain that:

1

Ui, j

E_,, [log p(v; ;]-)] = Co,; — 2loguv;; — (1 + A;})

which is the log-density of an inverse gamma distribution. Hence we have the optimal

Lastly, the log-density of ; is given by (3.1):

1 1
logp(&]-) = ce, — 5 log& — e S logé — —

Taking the expectation over parameters except v; ;, we obtain that:

E_ [logp(&])] = ce, — 2log €& — (1 n ﬁ) gl

which is the log-density of an inverse gamma distribution, hence we have the optimal

density gz, (&) ~ 1G (1,147, 7).

Here, by the result that each of the approximated distributions of parameters \; ;, 7;, v; ;
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and &; is inverse gamma, we know that:

Ny L= !
i I P W
3 (0:() + 26, (4, 0)7 ) + v
5 ki+1
TR (s ) ] o
[Zj:l <9i(]) + 291-(]73)) /\i,ji| + 2¢;
T
1+ ;]
1—|—Ti_1

which allows us to find out the estimated parameters through the iterative algorithm.

3.3 Iterative Algorithm

Here we provide an approach to use the iterative algorithm to find out the estimates

of each variable in the approximated distribution that we obtained by VB. The algorithm

is shown in Algorithm 3.3.
[htb] Intialize: igi,é\i,iuiyq,ﬁiﬁq,@,c@,a/ﬁ,i_\l,)\/m\_l,;,qﬁ,?. Set¢; = ¢; +
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4 4+ 1 Cycle:

u;, iui <—obtained by Newton-Raphson method
N R —1
S (v;l + xcx)

é; — i\)@i X; alliyi

/\ 1
S, {(agﬂ.)l (zia + A'DA)]
ﬁi,q — iui‘q <A/Dﬁi7q+1>

(ﬁi — Ay, ® ﬁm)) A'A (u — Ay, ® ﬁm)) 4 tr(AAS,)

+tr [(Ag), (A;l(l ® iu,q)ﬂ ﬁ;ngqlﬁi,q]

(O'Qi 1%7
i) 7
— 1
B Mg
L0 + S0 Gm ) + o)
L P N -
1+ X

until the increase in p(y;; ¢) is negligible.

In the algorithm, p(y;; ¢) denotes the variational lower bound, which can be obtained

by first computing the log ratio of the joint posterior density (3.1) and the variational
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approximation:

o 73] ==

1 "y ~
207 (uZ A1y g DU, q)> AA <uZ —Allr_,®u; q)>
—(q 1 ’ -1
- 10g Oh,i IOg Oni — 5 |:ui,q (O-fQL,iZ ) u; Q]
kiorq
(¢; +1)logoy; 2 Zblogvm 2log)\u—l— zy)‘zy}
% j=1
k.
1 3 1 ~ 13 1 3 1
—log&; — log T; — — {— logv; j + ] — —log& — —
2 §iTi ; 2 ’ Vi, j &
1 “N //\71 “~ ]_ 13
+§(9' 0) 2o, (92'_9)""5(““1 u;g) oy (“zq i)
1 PN ~ o~ /\l
+ 5( =) B (w =) + (6 + 1) log oy + —5-

Ohi
ki

1/~ 2 & S =
+ {210g Nij + [5 (91-(]') + Xy, (jJ)Ti_l) + Uz'—,j1:| )‘i,jl}
j=1
ki N 9 R — —
> (B6) + S0Gioi)) A +§;1}T;1
j=1

. ki +3 log 7 1

T; =

2 ¢ 2
+3 [2rogusy + (142 ) v 21086+ (1477) &

K2
j=1

&

where © denotes all the parameters (0;,u; ,, 07 ,, w;, \; ;, 74, Vi j, &), and ¢ here denotes:

— ¢ logd; +1og (&)

+€)

is the constant term while taking expectation and ¢ denotes the constant terms and the

;1 -~ 1 ~ 1
4o ’2’ 2 ‘zu. ( -
c c+20g 92+20g l,q+2

1/~ .2 &~ ,. 3 -3
— log (5 (@,(]) + 291‘(]7])7—1' 1) +Ui,j1)

(s

— log (1 + A;;) — log (1 + 7'[1)

ki

( ' +Ee JJ))XJ

J=1

known values. The notation C,,, = diag(exp{—ui,qﬂlgb}, e ,exp{—uin'gb}).
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The variational lower bound is defined to be the expectation with respect to ¢ of the

log ratio of the joint posterior density and the variational approximation above, which can

be computed by:
~ p(}’i,@)
o =2 222}
(visq) &1=,0
1 " - 1 N
= c+¢ = S(1r-y ® 0T — 5 (v — X) Cu Xﬂﬁ——tr(XC’uZXZEQZ)
1 fvs-14 1 =-1 . _ -1
—5(6” «91>—§tr(Vl- S0) =3 vy Ay

1 .
where ¢ are some constant consists of some known values.

29

doi:10.6342/NTU202402563


http://dx.doi.org/10.6342/NTU202402563

30

doi:10.6342/NTU202402563


http://dx.doi.org/10.6342/NTU202402563

Chapter 4 Conclusion and Outlooks

4.1 Conclusion

In this thesis, we provided one approach to estimate the parameters in the model
which combines the VAR model and log-normal ARSV(q) as a random walk of the vari-
ance in VAR. Here we deal with the case that assumes ARSV model to have easy +; to sim-
plify the computation, since ARSV(q) was set to satisfy loghy = v+ >+, vilog hy—; +
o€, where we set 79 = 0 and y; = 1 for 1 < i < ¢. But in fact, for any proper 7; we can
actually deal with it in similar way as long as we use substitution for h; g, ..., hi, tou; ,.
So we have given an approach for using ARSV(q) as our time-varying volatility instead of
just ARSV(1), although it might have to be done in pseudo inverse sense. Also, it contains
the horseshoe prior as a global-local shrinkage prior to perform the shrinkage for the coef-
ficients of the model which has small effect and no shrinkage of the coefficients with large
effect. Note that for each parameter, we find out a simple distribution that is often used
and well-known such as normal distribution or inverse gamma distribution. As a result
we might obtain the estimation of the 8 parameters in this thesis by using the variational

Bayesian iteration.

4.2 QOutlooks

In fact, GARCH is also popular recently as a way to describe the time-varying volatil-
ity, so it will be interesting to find out a similar result as we change the assumption of

ARSYV to GARCH, while some parameters might be different and maybe the prior should
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be changed too. Also, there are still many kinds of shrinkage prior such as Laplace,
Student-t, Strawderman-Berger, Minnesota prior, adaptive LASSO, etc. Each of them
provides different shrinkage effects and provides distinct parameters and prior to 6,. In
future we can work on different shrinkage prior and find out which approximation is more
effective, which one deals better with the macroeconomic issue or will have lower com-

putation cost, and which shrinkage prior can give the best explanation to the data.
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