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摘要

在這篇研究中，我們會給出一個包含向量自迴歸模型、自迴歸隨

機波動、馬蹄鐵先驗分佈的模型，再使用變分貝氏方法估計模型中的

變數服從的分佈，像是常態分佈或是逆伽瑪分佈這些比較常見以及期

望值容易計算的分佈，最後再使用迭代的方式找到每個變數的估計

值。

關鍵字：向量自迴歸模型、隨機波動、馬蹄鐵先驗分佈、變分貝氏方
法、牛頓-拉弗森方法
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Abstract

In this thesis, we propose an approach to find an estimate of the variables

in a model that combines vector autoregression (VAR), log-normal autore-

gressive stochastic volatility (ARSV) and the horseshoe prior. Using varia-

tional Bayes (VB) method, we can show an approximated distribution to each

variable such as normal or inverse gamma distribution which are well-known

and the expectation is easy to be obtained, which allows us to use iteration to

estimate each variable.

Keywords: vector autoregression, stochastic volatility, horseshoe prior, vari-
ational Bayesian, Newton-Raphson
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Chapter 1 Introduction

1.1 Large Bayesian VAR Model

VAR, first introduced in Sims (1980), is a statistical model which is used to describe

a relationship among the multiple quantities that change over time. It is a generaliza-

tion of the well-known autoregression (AR) where AR is univariate but VAR is in vector

terms which allows multivariate time series. VAR models are commonly used in macroe-

conomic (such as Stock and Watson (2001)), deep learning (such as Choi et al. (2021)),

finance (such as Sharma (2016)) and monetary policy (such as Miranda-Agrippino and

Ricco (2021)) to describe the relation between the value that is going to be predicted and

the observed values.

The large Bayesian VAR was introduced in Bańbura et al. (2010) for characterizing

a large number of macroeconomic and financial variables. Since the size of the VARs

typically used in empirical applications ranges from three to about ten variables and this

potentially creates an omitted variable bias with adverse consequences both for structural

analysis and for forecasting. There have been a large amount of research dealing with the

topic of Large Bayesian VAR such as Carriero et al. (2012), Carriero et al. (2019), Kalli

and Griffin (2018), Gefang (2014), Cuaresma et al. (2016), etc. Most of these papers used

computation methods such asMarkov ChainMonte Carlo (MCMC), and some others used

natural conjugate priors to obtain an analytical result instead of using MCMC. The reason

that some of them did not useMCMC as the computation method is because the number of

the variables is too large resulting in the computation time might be too long. But there is

still a limitation in using the natural conjugate priors while the distribution doesn’t seem

to have one such as the normal log-normal distribution while solving the case for log-

1
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normal SV in this thesis. So we are going to use another way, which is called variational

Bayesian (VB), to deal with a VAR case with hierarchical shrinkage prior and multivariate

stochastic volatility, which is the main topic in this thesis. The VB method will be further

introduced in Section 2.3.

1.2 GARCH Versus SV

The VAR introduced in Section 1.1 has a constant volatility over time, but in eco-

nomic applications we know that volatility usually changeswith respect to time, so it might

not make sense if the volatility is kept to be constant without a relation between time. To

deal with this condition, there are two famous approaches to solve this problem: General-

ized AutoRegressive Conditional Heteroskedasticity (GARCH) and Stochastic Volatility

(SV).

The Generalized AutoRegressive Conditional Heteroskedasticity model with orders

q and s, GARCH(q, s), was introduced in Bollerslev (1986) to allow for past conditional

variances in the current conditional. It differs from the usually used AutoRegressive Con-

ditional Heteroskedasticity model with order q, ARCH(q), which assumes the time series

of observations {ϵt} satisfies

ϵt =
√
htηt (1.1)

ht = α0 +

q∑
i=1

αiϵ
2
t−i (1.2)

where {ηt} is a sequence of independent and identically distributed variables with zero

mean and unit variance, and {ht} is a varying variance process. Also, to ensure that the

conditional variance is positive, α0 is assumed to be positive and αi is nonnegative for

i = 1, · · · , q. GARCH(q, s) assumes {ϵt} by replacing (1.2) with

ht = α0 +

q∑
i=1

αiϵ
2
t−i +

s∑
j=1

βjht−j (1.3)

here the vector θ = (α0, (αi)1≤i≤q, (βj)1≤j≤s) ∈ Θ of parameters is to be estimated, the

assumption of α0 and αi are the same as ARCH, α0 is positive and αi is nonnegative for

2
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i = 1, · · · , q, and βj is nonnegative for j = 1, · · · , s, also the condition that
∑q

i=1 αi +∑s
j=1 βj < 1 is required to ensure that ht is positive.

The Stochastic Volatility (SV) Model also allows for past conditional variances in

the current conditional. The log-normal ARSV model with order p, which we denote as

ARSV(p), is given by

ϵt =
√
htηt

loght = γ0 +

p∑
i=1

γi loght−i + σϵht
t (1.4)

where {ηt}, {ϵht
t } is a sequence of independent and identically distributed variables with

zero mean and unit variance, and the vector θ = (γ0, γi, σ) ∈ Θ of parameters is to be

estimated. Here σ is assumed to be positive in order to make sure the variance makes

sense.

Both GARCH and ARSV are modeling the time varying volatility. Here we are

going to talk about several differences between these two models and some comparison

of GARCH and ARSV. We will analyze the difference and comparison according to some

papers.

The main difference between GARCH and ARSV is that in GARCH, the ht is the

variance and the autoregressive term is linear, whereas in ARSV we assume log-normal

autoregressive term, whichmeans there is linear relation of loght in terms of (loght−i)1≤i≤p.

This difference can be seen in (1.3) and (1.4), and it makes difference in the assumption

of parameters that we need α0 to be positive in GARCH in order to make sure that the

variance will be positive, but the same assumption is not needed in ARSV.

1.3 Goal

In Section 1.1, we introduced that in macroeconomics, time series with time-varying

variance is often used as a model. In this thesis, we focus on how to find out the ap-

proximated marginal density of each parameter, where the parameter are in the model that

3
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combines VAR, log-normal ARSV and the horseshoe prior, which is the model that we

are interested in. Since we knew that there might be lots of parameters in VAR that has

to be estimated, while not all of them are important, or we’ll say that some of them might

have large affect while some of them not. So we are going to use a global-local shrinkage

prior to make the important ones to be remained and otherwise shrink them. Details of

the model assumptions and the introduction of the global-local shrinkage prior, horseshoe

prior, that we are going to use in thesis will be introduced in Chapter 2.

4
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Chapter 2 Theoretical Preliminary

In Section 2.1, we introduce a commonly used global-local shrinkage prior called

Horseshoe prior. We’ll first talk a little about the origin of Horseshoe prior, then give an

alternative representation that will be used in this thesis as our main shrinkage prior of the

large Bayesian VAR model.

In Section 2.2, we show how we set up the model that is the main topic of this thesis,

which is a VAR model with stochastic volatility and Horseshoe prior. We will give the

formula of our model and set up all priors for each parameter, so that we can get the

approximated distribution and hence estimate each of the parameters.

In Section 2.3, we talk about the main method that how we will use the main method

VB to find the approximated distribution for all the parameters in our model so that we

may find the estimators for the model. It contains the introduction about a famous VB

method which is called Kullback-Leibler (KL) divergence and a common way to deal

with KL divergence which is called the evidence lower bound (ELBO).

2.1 Horseshoe prior

The Horseshoe prior was introduced in Carvalho et al. (2010), which is one of the

global-local shrinkage prior. Assume that y ∼ N(θ, σ2I), a global-local shrinkage prior

is the case that the assumption has hierarchical prior θi ∼ N(0, λ2i τ
2), where θi denotes

the i-th component of the vector θ. Here τ is a hyperparameter that globally controls all

the θi, while λi is a hyperparameter that locally controls only θi to decide whether it has

to be remained or be shrunk.

5
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There are some commonly used global-local shrinkage prior which are determined

by the hierarchical prior for λi, the results can be summarized as a table such as:

prior distribution of λi Name of marginal prior for θi
λ2i ∼ Exp(2) Laplacian
λ2i ∼ IG(α, β) Student-t
λi ∼ C+(0, 1) Horseshoe
p(λi) ∝ λi(1 + λ2i )

1/2 Strawderman-Berger
Table 2.1: Global-Local Shrinkage Priors (Carvalho et al., 2009)

Next, in the expectation of θi, we first assume that σ2 = 1 and denote
1

1 + λ2i τ
2
as

κi, then it can be shown that:

E(θi|yi, λ2i , τ 2) =
(

λ2i τ
2

1 + λ2i τ
2

)
yi +

(
1

1 + λ2i τ
2

)
0 = (1− κi)yi

By the definition of κi =
1

1 + λ2i τ
2
, wemay observe that for κi ∈ [0, 1], κi = 0means

no shrinkage and κi = 1means total shrinkage to zero for θi. Also, by the definition of κi
and the hierarchical prior of λi in the above Table 2.1, we may find out the density of κi
and drawn as graph shown as Figure 2.1 (Carvalho et al., 2009).

Note that Laplacian shown in the figure has the feature that the density of κi at 0 is

null, which means that most of the coefficients will be shrunk.

The Student-t prior and the Strawderman-Berger prior are both unbounded near κi =

0, reflecting their heavy tails, and represents that they are both good at remaining some

coefficients from being shrunk. But both of these two priors are bounded near κi = 1,

limiting these priors in their ability to make the noise in the model to be shrunk to zero.

As for the Horseshoe prior, we observed that the density of κi is higher in κi = 0 and

κi = 1, which means that most of the coefficients, may result in aggressive shrinkage of

small coefficients, whichmeans the data that has small effect, and virtually no shrinkage of

sufficiently large coefficients, which means the data that has large effect. This is because

of the particular choice of the heavy-tailed half-Cauchy prior distribution over the global

and local hyperparameters. This is in contrast to the well-known Laplacian where the

shrinkage effect is uniform across all coefficients. Therefore, we will use the Horseshoe

6
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Figure 2.1: Densities for the shrinkage weights κi ∈ [0, 1]

prior as the global-local shrinkage prior in this thesis.

According to the definition of the Horseshoe prior above, we are going to use half-

Cauchy distribution as the prior of λi. However, Makalic and Schmidt (2015) provided an

alternative sampling scheme for all model parameters based on auxiliary varaiables that

leads to conjugate conditional posterior distributions for all parameters, which changes

the assumption of half-Cauchy into several Inverse Gamma distribution that is easier to

be computed since we know that Inverse Gamma is a conjugate prior for the variance of

7
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normal distribution. Here the resulting alternative prior is shown as:

θ ∼ N(0, V ), V =


λ0τ 0 · · · 0

0 λ1τ · · · 0
... ... . . . ...

0 0 · · · λnτ

 ,

λj|vj ∼ IG(
1

2
,
1

vj
),

τ |ξ ∼ IG(
1

2
,
1

ξ
),

v1, · · · , vn, ξ ∼ IG(
1

2
, 1),

here λiτ denotes the variance instead of standard deviation, and IG denotes the Inverse-

Gamma distribution with probability density function

p(x|α, β) = βα

Γ(α)
x−α−1e−

β
x ,

and this is the term that will be mainly used in this thesis as the Horseshoe prior.

2.2 VAR with Stochastic Volatility and Horseshoe prior

In this thesis, we are going to introduce a model that integrates the concepts from

Gefang et al. (2023), Makalic and Schmidt (2015), and Chan and Yu (2022). We will

work with a VAR model as introduced in Gefang et al. (2023), as for the parameters in the

model, we will use Horseshoe prior which is the alternative term introduced in Makalic

and Schmidt (2015) as a shrinkage prior and finally deal with the log-normal ARSVmodel

as Chan and Yu (2022). The detail will be given below.

The VAR(p) model we are using in this paper is as following:

B0yt = b+ B1yt−1 + · · ·+ Bpyt−p + ϵyt , ϵ
y
t ∼ N(0,Σt) (2.1)

where Σt = diag(eh1,t , · · · , ehn,t) is diagonal and B0 is a n × n lower triangular matrix

with ones on the main diagonal. And each log-volatility hi,t evolves as an independent

8
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random walk ARSV(q), which is as we introduced in (1.4) and is now written as:

hi,t =

q∑
m=1

hi,t−m + ϵhi,t, ϵ
h
i,t ∼ N(0, σ2

h,i) (2.2)

for t = 1, · · · , T , here we use the condition that γ0 = 0 and γm = 1 for m = 1, · · · , q,

and the initial condition hi,0 is treated as an unknown parameter.

Let bi denote the i-th element of b and let bj,i denote the i-th row of Bj . Then we may

define βi = (bi, b1,i, · · · , bp,i)
′ and αi to be the i-th row of B0. By summarizing above,

the i-th equation of the system in (2.1) can be rewritten as:

yi,t = w̃i,tαi + x̃tβi + ϵyi,t, ϵ
y
i,t ∼ N(0, ehi,t) (2.3)

where w̃i,t = (−y1,t, · · · ,−yi−1,t) contains the appropriate contemporaneous elements of

yt, and x̃t = (1, y′
t−1, · · · , y

′
t−p).

Next, let xi,t = (w̃i,t, x̃t) and θi = (α
′
i, β

′
i)

′ , we can simplify (2.3) as:

yi,t = xi,tθi + ϵyi,t, ϵ
y
i,t ∼ N(0, ehi,t) (2.4)

which is now can be seen as an autoregressive model AR(ki), where ki = np+ i.

Here we initially set the prior for the AR model:

σ2
h,i ∼ IG(ci, di)

hi,0 ∼ N(0, 1)

θi ∼ N(0, Vi), Vi =


λi,1τi 0 . . . 0

0 λi,2τi . . . 0
... ... . . . ...

0 0 . . . λi,kiτi


λi,j ∼ IG(

1

2
,
1

vi,j
), 1 ≤ j ≤ ki

τi ∼ IG(
1

2
,
1

ξi
)

vi,j, ξi ∼ IG(
1

2
, 1), 1 ≤ j ≤ ki

9
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The prior of θi is the alternating term of Horseshoe prior introduced in the bottom of

Section 2.1.

Next, by the ARSV assumption with order q and some computation, one can show

that for 1 ≤ l ≤ q:

hi,l = 2l−1hi,0 +
l−2∑
k=1

2l−k−1ϵhi,k + ϵhi,l−1 + ϵhi,l (2.5)

Now, let ui,t = (hi,t−q+1, · · · , hi,t)
′ , we will get the i-th equation of our final VAR

model we are going to work with in this thesis:

yi,t = xi,tθi + ϵyi,t, ϵ
y
i,t ∼ N(0, eui,t

′
ϕ), (2.6)

ui,t = Aui,t−1 + ϵui,t, ϵ
u
i,t ∼ N(0,Σu

i,t), (2.7)

Where

ϕ = (0, · · · , 0, 1)′ ,

A =



0 1 0 · · · 0

0 0 1 · · · 0
... ... ... . . . ...

0 0 0 · · · 1

1 1 1 · · · 1


,

Σu
i,t =


0 · · · 0 0
... . . . ... ...

0 · · · 0 0

0 · · · 0 σ2
h,i

 .

Then we can change the prior of hi,0 into the one of ui,q by substitution, which is set

to be the new initial case in our model by (2.5):

ui,q|hi,0 ∼ N(hi,0ψ, σ
2
h,iΣi,q) (2.8)

10

http://dx.doi.org/10.6342/NTU202402563


doi:10.6342/NTU202402563

where

ψ = (20, 21, · · · , 2q−1)
′

Σi,q(r, s) = Cov(hi,r, hi,s) =


2r+s−2+5×2max (r,s)−min (r,s)

3
, if r ̸= s

22r−2+2
3

, if r = s

Since we know that E(hi,0) = 0, by the result of substitution into ui,q, we may obtain

that:

ui,q|hi,0 ∼ N(0, σ2
h,iΣi,q)

Hence the model and the corresponding prior that we are going to work with can be sum-

marized as below:

yi,t = xi,tθi + ϵyi,t, ϵ
y
i,t ∼ N(0, eui,t

′
ϕ)

ui,t = Aui,t−1 + ϵui,t, ϵ
u
i,t ∼ N(0,Σu

i,t)

where

ui,q|hi,0 ∼ N(0, σ2
h,iΣi,q)

σ2
h,i ∼ IG(ci, di)

θi ∼ N(0, Vi), Vi =


λi,1τi 0 . . . 0

0 λi,2τi . . . 0
... ... . . . ...

0 0 . . . λi,kiτi


λi,j ∼ IG(

1

2
,
1

vi,j
), 1 ≤ j ≤ ki

τi ∼ IG(
1

2
,
1

ξi
)

vi,j, ξi ∼ IG(
1

2
, 1), 1 ≤ j ≤ ki

Next, we are going to introduce our main method for obtaining the variables in ap-

11
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proximated optimal density for each of our parameters, the VB method. Different from

Prüser (2021) which gives the conditional density to each parameter and use Gipps sam-

pling to estimate each parameter, we’ll provide the approximated marginal density and

use the iterative algorithm to estimate each of the parameters.

2.3 Variational Bayesian: KL and ELBO

VB is a way to find out the closest analytical approximation to the posterior proba-

bility of the variables that are not observed, which is the so-called latent variable, so the

question is that how should we measure the closeness of two distributions, with one being

the density we got analytically and the other being the approximation of the analytical one.

Divergence is the way we measure the closeness between two distributions, which

is defined in Amari (2016). A function D : M×M → R is called a divergence if it

satisfies

(i) D(P∥Q) ≥ 0 for all P,Q ∈M,

(ii) D(P∥Q) = 0 if and only if P = Q, and

(iii) When P andQ are sufficiently close, by denoting their coordinates by δP and δQ =

δP + dδ, the Taylor expansion of D is written as

D(P∥Q) = 1

2

∑
gij(δP )dδidδj +O(|dδ|3),

and matrix G = (gij) is positive-definite, depending on δP .

Thewaywemeasure the closeness of the two distribution is by applying theKullback-

Leibler (KL) divergence (Kullback and Leibler, 1951). The KL divergence is defined to

be:

DKL(q||p) =
∫
θ

q(θ) log
q(θ)

p(θ|y)
= Eq

[
log

q(θ)

p(θ|y)

]
(2.9)

12
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in the definition of KL divergence we may observe that here DKL(q||p) ̸= DKL(p||q),

which differs from the definition of ”distance” that it has to be symmetric.

Next, we are going to introduce the evidence lower bound (ELBO), which is derived

by the Jensen’s inequality to the log probability of the observations:

log p(y) = log
∫
θ

p(y, θ)

= log
∫
θ

p(y, θ)
q(θ)

q(θ)

= log
(
Eq

[
p(y, θ)

q(θ)

])
≥ Eq [log p(y, θ)]− Eq [log q(θ)] (2.10)

ELBO is defined to be as the (2.10), which is Eq [log p(y, θ)]−Eq [log q(θ)]. It can be

shown that minimizing the KL divergence is equivalent to maximizing the ELBO. Using

the definition of KL divergence above we may obtain that:

DKL(q||p) = Eq

[
log

q(θ)

p(θ|y)

]
= Eq[log q(θ)]− Eq[log p(θ|y)]

= Eq[log q(θ)]− Eq[log p(θ, y)] + log p(y)

= − (Eq [log p(y, θ)]− Eq [log q(θ)]) + log p(y)

Here we may observe that KL divergence to the posterior is equal to the negative ELBO

plus a constant. More specifically, for the case that the class of the approximating densities

is the mean field variational family:

q(θ) =
M∏

m=1

qm(θm) (2.11)

In this case, Ormerod and Wand (2010) has proved that the maximizer of the ELBO is:

q∗m(θm) ∝ exp
{
Eq−m [log p(y, θm, θ−m)]

}
(2.12)

where q∗m(θm) is the approximated optimal density of θm, θ−m denotes the other parameters

other than θm, and the expectation is taken all over q(θ−m). Thus, we will assume that the

13
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parameters in our model to be mean field variational family so that we may use this result

to find the approximated distribution for each parameter.

14
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Chapter 3 Main Results

Here we will first summarize the approximated distributions of each parameter and

the corresponding estimates of each parameter.

The distribution of each parameter in VAR and SV part are:

q∗(θi) ∼ N(θ̂i, Σ̂θi)

q∗(ui,q) ∼ N
(
ûi,q, Σ̂ui,q

)
q∗(σ2

h,i) ∼ IG(ĉi, d̂i)

q∗(ui) ∼ N(ûi, Σ̂ui)

where

Σ̂θi =
(
Vi

−1 + X′

iĈuiXi

)−1

θ̂i = Σ̂θiX
′

iĈuiyi

Σ̂ui,q =

[
σ̂2
h,i

−1
(
Σ−1

i,q + A
′
DA
)]−1

ûi,q = Σ̂ui,q

(
A

′
Dûi,q+1

)
ĉi = ci +

T − q
2

+
1

2

d̂i = di +
1

2

[(
ûi − Ã(1T−q ⊗ ûi,q)

)′

A′A
(
ûi − Ã(1T−q ⊗ ûi,q)

)
+ tr(A′AΣ̂ui)

+ tr
[
(AÃ)′

(
AÃ(I ⊗ Σ̂ui,q)

)]
û′

i,qΣ
−1
i,q ûi,q

]

σ̂2
h,i

−1
=
ĉi

d̂i

15
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and Σ̂ui is set to be the inverse of negative Hessian of log q∗ui(ui) that is evaluated at the

mode of log q∗ui(ui). ûi is obtained by applying Newton-Raphson method with gradient

and Hessian matrix shown as:

Gradient =
1

2

{
(1T−q ⊗ ϕ)−

[̂
s2 ⊙ exp

(
−(I ⊗ ϕ)′µ+ (I ⊗ ϕ)′Σ̂ui(1T−q ⊗ ϕ)

)]
⊗ ϕ
}

+ σ̂2
h,i

−1A′A
(
µ− Ã(1T−q ⊗ ûi,q)

)
Hessian =

1

2
diag

[̂
s2 ⊙ exp

(
−(I ⊗ ϕ)′µ+ (I ⊗ ϕ)′Σ̂ui(1T−q ⊗ ϕ)

)]
⊗ (ϕϕ

′
)

+ σ̂2
h,i

−1A′A

The distributions of parameters in the Horseshoe prior are shown to be:

q∗λi,j
(λi,j) ∼ IG

(
1,

1

2

(
θ̂i(j)

2
+ Σ̂θi(j, j)τ̂

−1
i

)
+ v̂−1

i,j

)
q∗τi(τi) ∼ IG

(
ki + 1

2
,
1

2

[
ki∑
j=1

(
θ̂i(j)

2
+ Σ̂θi(j, j)

)
λ̂−1
i,j

]
+ ξ̂−1

i

)

q∗vi,j(vi,j) ∼ IG
(
1, 1 + λ̂−1

i,j

)
q∗ξi(ξi) ∼ IG

(
1, 1 + τ̂−1

i

)
and our estimators are the expectation of each distribution. Note that for the inverse

gammawewill just find the expectation of their inverse, which will be expressed as below:

λ̂i,j
−1 =

1

1
2

(
θ̂i(j)

2
+ Σ̂θi(j, j)τ̂

−1
i

)
+ v̂−1

i,j

τ̂i−1 =
ki + 1[∑ki

j=1

(
θ̂i(j)

2
+ Σ̂θi(j, j)

)
λ̂−1
i,j

]
+ 2ξ̂−1

i

v̂i,j−1 =
1

1 + λ̂−1
i,j

ξ̂i
−1 =

1

1 + τ̂−1
i

and the estimators for parameters that distributed in normal distribution are mean.

To find the posterior of each parameter, we first find out the joint density of each

16
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parameters:

p(·) ∝
T∏

t=q+1

1√
eui,t

′ϕ
· exp

{
−(yi,t − xi,tθi)2

2eui,t
′ϕ

}

×
T∏

t=q+1

{[
det∗(Σu

i,t)
]− 1

2 · exp
{
−1

2

[
(ui,t − Aui,t−1)

′
Σu

i,t
† (ui,t − Aui,t−1)

]}}

× det
(
σ2
h,iΣi,q

)− 1
2 · exp

{
−1

2

[
u′

i,q

(
σ2
h,iΣi,q

)−1 ui,q
]}
×

(
1

σ2
h,i

)ci+1

· e
− di

σ2
h,i

× det(Vi)−
1
2 · e−

1
2

(
θ
′
iV

−1
i θi

)
×

ki∏
j=1

[(
1

vi,j

) 1
2

·
(

1

λi,j

) 3
2

· e−
1

vi,jλi,j

]

×
(
1

ξi

) 1
2

·
(
1

τi

) 3
2

· e−
1

ξiτi ×
ki∏
j=1

[(
1

vi,j

) 3
2

· e
1

vi,j

]
×
(
1

ξi

) 3
2

· e−
1
ξi (3.1)

note that since by our definition Σu
i,t is not full rank, here we use pseudo inverse to deal

with det∗(Σu
i,t), which denotes the pseudo deteminant, and Σu

i,t
†, where det∗(Σu

i,t) =
1

σ2
h,i

and Σu
i,t

† is a q × q matrix with 1
σ2
h,i

as the (q, q) element and else zero. Also, we define

ui = (ui,q+1
′
, . . . , ui,T

′
)
′ .

With joint distribution and the observed value yi = (yi,q+1, . . . , yi,T )
′ , we may find

out the corresponding approximated posterior of the following 8 kinds of parameters,

(θi, ui,q, σ2
h,i, ui, λi,j, τi, vi,j, ξi), using VB method that is introduced in Section 2.3.

In Section 3.1 we will show the detail that how we find the approximated distribution

for each parameter in VAR and SV terms, which are θi, ui,q, σ2
h,i and ui. Also we will

further discuss why Newton-Raphson is needed in the case of ui and how we find it out.

In Section 3.2 we will show the detail that how the approximated distribution of

parameters in the Horseshoe prior, which are λi,j, τi, vi,j and ξi, are found.

In Section 3.3 we will introduce the iterative algorithm we are going to use to find

the approximated distributions and hence the estimators for each parameter in our model.
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3.1 The Optimal Density for Parameters in VAR and SV

Here we will derive the result of the approximated marginal density of the parameters

in VAR and SV, θi, ui,q, σ2
h,i and ui. First, consider the optimal density of θi. Using the

result of VB we may obtain q∗θi by:

q∗θi(θi) ∝ exp
{
E−θi

[
log p(θi|yi, ui,q, σ2

h,i, ui, λi,j, τi, vi,j, ξi)
]}

here the log-density is given by (3.1):

log p(θi|·) = cθi −
1

2

T∑
t=q+1

e−ui,t
′
ϕ(yi,t − xi,tθi)2 −

1

2

(
θ
′

iV
−1
i θi

)
(3.2)

Taking the expectation over the parameters without θi, we obtain:

E−θi [log p(θi|·)] = cθi −
1

2

T∑
t=q+1

exp
(
−û′

i,tϕ+
1

2
ϕ

′
Σ̂ui,tϕ

)
(yi,t − xi,tθi)2 −

1

2

(
θ
′

iV̂
−1
i θi

)
(3.3)

here ûi,t and Σ̂ui,t are the estimated expectation and variance for ui,t, which will be shown

in the case for ui. Note that since ui is a vector contains T − q vectors with size q, so it

can be shown that ûi,t is the [t− (q+1)× q+1]-th to the [t− (q+1)× q+ q]-th element

of the expectation for ui, and Σ̂ui,t is actually the (t − q)-th block in the diagonal of the

covariance matrix for ui which will be shown below in the ui case. By the horseshoe prior

assumption for Vi, V̂ −1
i can be expressed as the estimators for λ̂i,j−1 and τ̂i−1, which will

be shown in the bottom of Section 3.2. Also, (3.3) can be rewritten into the matrix form

as:

E−θi [log p(θi|·)] = cθi −
1

2
(yi − Xiθi)

′
Ĉui(yi − Xiθi)−

1

2

(
θ
′

iV̂
−1
i θi

)
(3.4)

where

Ĉui = diag
(
exp
(
−û′

i,q+1ϕ+
1

2
ϕ

′
Σ̂ui,q+1

ϕ

)
, . . . , exp

(
−û′

i,Tϕ+
1

2
ϕ

′
Σ̂ui,Tϕ

))
Xi = (xi,q+1, . . . , xi,T )

′
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Then we will combine the two terms for θi and the optimal density of θ is in the form of

multivariate normal distribution N(θ̂i, Σ̂θi), with

Σ̂θi =
(
Vi

−1 + X′

iĈuiXi

)−1

(3.5)

θ̂i = Σ̂θiX
′

iĈuiyi (3.6)

Next, the optimal density of ui,q is similarly given by VB, hence we will just write

down the conditional log-density of ui,q, which by (3.1) can be shown to be:

log p(ui,q|·) = cui,q −
1

2

[
(ui,q+1 − Aui,q)

′
Σu

i,t
†(ui,q+1 − Aui,q)

]
− 1

2

[
u′

i,q

(
σ2
h,iΣi,q

)−1 ui,q
]

Taking the expectation of above over the parameters without ui,q, we will have:

E−ui,q [log p(ui,q|·)] = cui,q −
1

2
σ̂2
h,i

−1
[
(ûi,q+1 − Aui,q)

′
D(ûi,q+1 − Aui,q)

+ tr(DΣ̂ui,q+1
) + u′

i,qΣ
−1
i,q ui,q

]
(3.7)

where

D =


0 · · · 0 0
... . . . ... ...

0 · · · 0 0

0 · · · 0 1

 (3.8)

and here Σ̂ui,q+1
is the most top-left q × q block of the covariance matrix Σ̂ui,q+1

, ̂(σ2
h,i)

−1

is the expectation of the optimal density for (σ2
h,i)

−1, which will be shown next. ûi,q+1

is as same as the one in the case we shown in θi, which is the first to the q-th element of

the expectation for ui. Similar to what we have done in the case for θi, the two terms of

ui,q can be combined and the optimal density for ui,q is in the form of multivariate normal

19

http://dx.doi.org/10.6342/NTU202402563


doi:10.6342/NTU202402563

distribution N
(
ûi,q, Σ̂ui,q

)
, where

Σ̂ui,q =

[
σ̂2
h,i

−1
(
Σ−1

i,q + A
′
DA
)]−1

(3.9)

ûi,q = Σ̂ui,q

(
A

′
Dûi,q+1

)
(3.10)

The conditional log-density of σ2
h,i can be expressed as the form:

log p(σ2
h,i|·) =cσ2

h,i
− T − q

2
logσ2

h,i −
1

2σ2
h,i

(
ui − Ã(1T−q ⊗ ui,q)

)′

A′A
(
ui − Ã(1T−q ⊗ ui,q)

)
− 1

2
logσ2

h,i −
1

2

[
u′

i,q

(
σ2
h,iΣi,q

)−1 ui,q
]
− (ci + 1) logσ2

h,i −
di
σ2
h,i

where

Ã =


I O · · · O

O A · · · O
... ... . . . ...

O O · · · AT−q


1T−q = (1, · · · , 1)′

A′A =


I I · · · I

I A+ I · · · A+ I
... ... . . . ...

I A+ I · · · AT−q−1 + · · ·+ A+ I


and (1T−q⊗ui,q) denotes the Kronecker product of the two vectors. Taking the expectation

of above over theparameters without σ2
h,i, we will have:

E−σ2
h,i

[
log p(σ2

h,i|·)
]
= cσ2

h,i
− T − q + 2ci + 3

2
logσ2

h,i

− 1

2σ2
h,i

[(
ûi − Ã(1T−q ⊗ ûi,q)

)′

A′A
(
ûi − Ã(1T−q ⊗ ûi,q)

)
+ tr(A′AΣ̂ui) + tr

[
(AÃ)′

(
AÃ(I ⊗ Σ̂ui,q)

)]
+ û′

i,qΣ
−1
i,q ûi,q + 2di

]

Here the expectation is in the form of the log-density of an inverse gamma distribu-
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tion, and hence we obtain that σ2
h,i ∼ IG(ĉi, d̂i), where

ĉi = ci +
T − q
2

+
1

2

d̂i = di +
1

2

[(
ûi − Ã(1T−q ⊗ ûi,q)

)′

A′A
(
ûi − Ã(1T−q ⊗ ûi,q)

)
+ tr(A′AΣ̂ui)

+ tr
[
(AÃ)′

(
AÃ(I ⊗ Σ̂ui,q)

)]
û′

i,qΣ
−1
i,q ûi,q

]

and wewill set ̂(σ2
h,i)

−1 as
ĉi

d̂i
in the sense of the expectation of inverse gamma distribution.

Lastly, the conditional log-density of ui has the form:

log p(ui|·) =cui −
1

2

T∑
t=q+1

ui,t
′
ϕ− 1

2

T∑
t=q+1

(yi,t − xi,tθi)2

eui,t
′ϕ

− 1

2

T∑
t=q+1

(ui,t − Aui,t−1)
′
Σu

i,t
†(ui,t − Aui,t−1)

Taking the expectation with respect to the parameters without ui, we obtain that:

E−ui [log p(ui|·)] = cui −
1

2

T∑
t=q+1

ui,t
′
ϕ− 1

2

T∑
t=q+1

e−ui,t
′
ϕ
[
(yi,t − xi,tθ̂i)2 + tr(x′

i,txi,tΣ̂θi)
]

− 1

2
̂(σ2
h,i)

−1

[
T∑

t=q+2

(ui,t − Aui,t−1)
′
D(ui,t − Aui,t−1)

+(ui,q+1 − Aui,q)
′
D(ui,q+1 − Aui,q) + tr(DΣ̂ui,q)

]
and hence by the result of ELBO,

log q∗ui(ui) = c̃ui −
1

2

T∑
t=q+1

ui,t
′
ϕ− 1

2

T∑
t=q+1

e−ui,t
′
ϕ
[
(yi,t − xi,tθ̂i)2 + tr(x′

i,txi,tΣ̂θi)
]

− 1

2
̂(σ2
h,i)

−1

[
T∑

t=q+2

(ui,t − Aui,t−1)
′
D(ui,t − Aui,t−1)

+(ui,q+1 − Aui,q)
′
D(ui,q+1 − Aui,q)

]
where D was defined in (3.8). Note that here we want to find an approximation for ui,

but there is a term of ui,t in exponential term, where we can not find a known or common

distribution for it. Hence we apply the KL-divergence in VB again to obtain an ideal
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distribution for ui. Since in prior setting we assumed that ui,t follows normal distribution,

it might be better to assume the approximated distribution be a normal distribution too.

So it suffices to find appropriate ûi and Σ̂ui as the mean and variance of an approximated

normal distribution N(ûi, Σ̂ui), and note that E(ui,t) = ûi,t, q + 1 ≤ t ≤ T .

To find such ûi and Σ̂ui , first we set Σ̂ui to be the inverse of negative Hessian of

log q∗ui(ui) that is evaluated at the mode of log q∗ui(ui), since the mean of a normal dis-

tribution is the number that appears most frequently and the fisher information matrix is

used as the inverse of the maximum likelihood estimator of the variance, while Fisher

information matrix is the negative Hessian matrix.

Next, we applyKL-divergence to find the estimator of themean ûi. Let fµi
(·) denotes

the density function of multivariate normal distribution with mean µi and variance Σ̂ui .

Then we are going to solve the following problem:

min
µi∈Rm

E
[
log

fµi
(ui)

q∗ui(ui)

]
here m = q × (T − q) the expectation is taken according to the assumption of the multi-

variate normal distribution fµi
(ui). Notice that the problem we aim to solve is a convex

optimization problem with unique minimum, we are going to find out the critical point

that makes the gradient of E
[
log

fµi
(ui)

q∗ui(ui)

]
a zero vector. Since the gradient and Hes-

sian are solvable, we may apply Newton-Raphson method to find out the critical point

and hence solve the minimum of E
[
log

fµi
(ui)

q∗ui(ui)

]
. Note that Newton-Raphson method is

doing iteration with following formula:

xn+1 = xn −H−1(xn)G(xn)

here H denotes the Hessian matrix and G denotes the gradient.
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First, we derive the expression of log
fµi

(ui)
q∗ui(ui)

as below:

log
fµi

(ui)
q∗ui(ui)

= c− 1

2
(ui − µ)

′
Σ̂−1
ui (ui − µ)

+
1

2

[
(1T−q ⊗ ϕ)

′ui + (̂s2)′e−(I⊗ϕ)
′ui

+ ̂(σ2
h,i)

−1
(
ui − Ã(1T−q ⊗ ûi,q)

)′

A′A
(
ui − Ã(1T−q ⊗ ûi,q)

)]

where c is a constant of ui, the last term is same as the one given in σ2
h,i case, and ŝ2 is

defined to be (yi,t − xi,tθ̂i)2 + tr(x′
i,txi,tΣ̂θi).

Next, we take the expectation with respect to the ideal normal density fµi
, which

gives that E(ui) = µi, then we may obtain:

E
[
log

fµ(ui)
q∗ui(ui)

]
= c

′
+

1

2

{
(1T−q ⊗ ϕ)

′
µ+ (̂s2)′ exp

[
−(I ⊗ ϕ)′µ+ (I ⊗ ϕ)′Σ̂ui(1T−q ⊗ ϕ)

]
+ σ̂2

h,i
−1
(
µ− Ã(1T−q ⊗ ûi,q)

)′

A′A
(
µ− Ã(1T−q ⊗ ûi,q)

)}

here c′ is a constant that is irrelevant to µi. In the formula, we can first notice that it is

convex in ûi, which means the minimum exists. Then we may apply Newton-Raphson to

the gradient of the function of expectation in order to find the critical point and hence find

the point which satisfies the KL-divergence to get ûi. To apply Newton-Raphson to the

gradient, we’ll first calculate the gradient and Hessian of the expectation E
[
log fµi (ui)

q∗ui (ui)

]
with respect to parameter ûi, which is given by:

Gradient =
1

2

{
(1T−q ⊗ ϕ)−

[̂
s2 ⊙ exp

(
−(I ⊗ ϕ)′µi + (I ⊗ ϕ)′Σ̂ui(1T−q ⊗ ϕ)

)]
⊗ ϕ
}

+ ̂(σ2
h,i)

−1A′A
(
µi − Ã(1T−q ⊗ ûi,q)

)
Hessian =

1

2
diag

[̂
s2 ⊙ exp

(
−(I ⊗ ϕ)′µ+ (I ⊗ ϕ)′Σ̂ui(1T−q ⊗ ϕ)

)]
⊗ (ϕϕ

′
)

+ ̂(σ2
h,i)

−1A′A

Note that here by the definition of ϕ, the Hessian matrix is not full rank, hence we’ll

deal with it by using pseudo inverse. At last by applying Newton-Raphson method to µi,
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we might find the value for µi that achieves the minimum of E
[
log fµi (ui)

q∗ui (ui)

]
, which will

be set to be ûi.

3.2 TheOptimal Density forHorseshoe Prior Parameters

Here we will derive the approximated marginal density of the parameters in the

Horseshoe prior, λi,j, τi, vi,j and ξi. Note that in the assumption of the prior of these four

parameters, they follow inverse gamma distributions, also they all appears as inverse in

the joint density of all parameters, hence the expectation might be taken in the sense of

λ−1
i,j , τ

−1
i , v−1

i,j and ξ−1
i , as we have done in Section 3.1.

Similar as we done in Section 3.1, using the result of VB we can first derive the

optimal density for λi,j:

q∗λi,j
(λi,j) ∝ exp

{
E−λi,j

[
log p(λi,j|yi, θi, ui,q, ui, σ2

h,i, τi, vi,j, ξi)
]}

here the log-density is given by (3.1):

log p(λi,j|·) = cλi,j
− 1

2
logλi,j −

1

2

θi(j)
2

λi,jτi
− 3

2
logλi,j −

1

λi,jvi,j

where θi(j) denotes the i-th element of vector θi. Then we take the expectation over

parameters except for λi,j , we obtain:

E−λi,j
[log p(λi,j|·)] = cλi,j

− 2 logλi,j −
[
1

2

(
θ̂i(j)

2
+ Σ̂θi(j, j)τ̂

−1
i

)
+ v̂−1

i,j

]
1

λi,j

which is the log-density of an inverse gamma distribution. Hence we have the optimal

density q∗λi,j
(λi,j) ∼ IG

(
1,

1

2

(
θ̂i(j)

2
+ Σ̂θi(j, j)τ̂

−1
i

)
+ v̂−1

i,j

)
.

The log-density of τi is given by (3.1):

log p(τi|·) = cτi −
ki
2
log τi −

1

2

ki∑
j=1

θi(j)
2

λi,jτi
− 3

2
log τi −

1

τiξi
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Taking the expectation over parameters except τi, we obtain that:

E−τi [log p(τi|·)] = cτi −
ki + 3

2
log τi −

[
1

2

ki∑
j=1

(
θ̂i(j)

2
+ Σ̂θi(j, j)

)
λ̂−1
i,j + ξ̂−1

i

]
1

τi

which is the log-density of an inverse gamma distribution. Hence we have the optimal

density q∗τi(τi) ∼ IG

(
ki + 1

2
,
1

2

[
ki∑
j=1

(
θ̂i(j)

2
+ Σ̂θi(j, j)

)
λ̂−1
i,j

]
+ ξ̂−1

i

)
.

The log-density of vi,j is given by (3.1):

log p(vi,j|·) = cvi,j −
1

2
log vi,j −

1

λi,jvi,j
− 3

2
log vi,j −

1

vi,j

Taking the expectation over parameters except vi,j , we obtain that:

E−vi,j [log p(vi,j|·)] = cvi,j − 2 log vi,j −
(
1 + λ̂−1

i,j

) 1

vi,j

which is the log-density of an inverse gamma distribution. Hence we have the optimal

density q∗vi,j(vi,j) ∼ IG
(
1, 1 + λ̂−1

i,j

)
.

Lastly, the log-density of ξi is given by (3.1):

log p(ξi|·) = cξi −
1

2
log ξi −

1

τiξi
− 3

2
log ξi −

1

ξi

Taking the expectation over parameters except vi,j , we obtain that:

E−ξi [log p(ξi|·)] = cξi − 2 log ξi −
(
1 + τ̂−1

i

) 1

ξi

which is the log-density of an inverse gamma distribution, hence we have the optimal

density q∗ξi(ξi) ∼ IG
(
1, 1 + τ̂−1

i

)
.

Here, by the result that each of the approximated distributions of parametersλi,j, τi, vi,j
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and ξi is inverse gamma, we know that:

λ̂i,j
−1 =

1

1
2

(
θ̂i(j)

2
+ Σ̂θi(j, j)τ̂

−1
i

)
+ v̂−1

i,j

τ̂i−1 =
ki + 1[∑ki

j=1

(
θ̂i(j)

2
+ Σ̂θi(j, j)

)
λ̂−1
i,j

]
+ 2ξ̂−1

i

v̂i,j−1 =
1

1 + λ̂−1
i,j

ξ̂i
−1 =

1

1 + τ̂−1
i

which allows us to find out the estimated parameters through the iterative algorithm.

3.3 Iterative Algorithm

Here we provide an approach to use the iterative algorithm to find out the estimates

of each variable in the approximated distribution that we obtained by VB. The algorithm

is shown in Algorithm 3.3.

[htb] Intialize: Σ̂θi , θ̂i, Σ̂ui,q , ûi,q, ĉi, d̂i, σ̂2
h,i

−1
, λ̂i,j

−1, τ̂i−1, v̂i,j−1, ξ̂i
−1. Set ĉi = ci +
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T−q
2

+ 1
2
. Cycle:

ûi, Σ̂ui ←obtained by Newton-Raphson method

Σ̂θi ←
(
Vi

−1 + X′

iĈuiXi

)−1

θ̂i ← Σ̂θiX
′

iĈuiyi

Σ̂ui,q ←
[
̂(σ2
h,i)

−1
(
Σ−1

i,q + A
′
DA
)]−1

ûi,q ← Σ̂ui,q

(
A

′
Dûi,q+1

)
ĉi ← ci +

T − q
2

+
1

2

d̂i ← di +
1

2

[(
ûi − Ã(1T−q ⊗ ûi,q)

)′

A′A
(
ûi − Ã(1T−q ⊗ ûi,q)

)
+ tr(A′AΣ̂ui)

+ tr
[
(AÃ)′

(
AÃ(I ⊗ Σ̂ui,q)

)]
û′

i,qΣ
−1
i,q ûi,q

]
̂(σ2
h,i)

−1 ← ĉi

d̂i

λ̂i,j
−1 ← 1

1
2

(
θ̂i(j)

2
+ Σ̂θi(j, j)τ̂

−1
i

)
+ v̂−1

i,j

τ̂i−1 ← ki + 1[∑ki
j=1

(
θ̂i(j)

2
+ Σ̂θi(j, j)

)
λ̂−1
i,j

]
+ 2ξ̂−1

i

v̂i,j−1 ← 1

1 + λ̂−1
i,j

ξ̂i
−1 ← 1

1 + τ̂−1
i

until the increase in p̃(yi; q) is negligible.

In the algorithm, p̃(yi; q) denotes the variational lower bound, which can be obtained

by first computing the log ratio of the joint posterior density (3.1) and the variational
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approximation:

log
[
p(yi,Θ)

q(Θ)

]
=c− 1

2
(1T−q ⊗ ϕ)

′ui −
1

2
(yi − Xiθi)

′
Cui(yi − Xiθi)

− 1

2

ki∑
j=1

log (λ−1
i,j τ

−1
i )− 1

2

(
θ
′

iV
−1
i θi

)
− 1

2σ2
h,i

(
ui − Ã(1T−q ⊗ ui,q)

)′

A′A
(
ui − Ã(1T−q ⊗ ui,q)

)
− T − q

2
logσ2

h,i −
1

2
logσ2

h,i −
1

2

[
u′

i,q

(
σ2
h,iΣi,q

)−1 ui,q
]

− (ci + 1) logσ2
h,i −

di
σ2
h,i

−
ki∑
j=1

[
1

2
log vi,j +

3

2
logλi,j +

1

vi,jλi,j

]

− 1

2
log ξi −

3

2
log τi −

1

ξiτi
−

ki∑
j=1

[
3

2
log vi,j +

1

vi,j

]
− 3

2
log ξi −

1

ξi

+
1

2
(θi − θ̂)

′
Σ̂−1

θi
(θi − θ̂) +

1

2
(ui,q − ûi,q)

′
Σ̂−1
ui,q(ui,q − ûi,q)

+
1

2
(ui − ûi)

′
Σ̂−1
ui (ui − ûi) + (ĉi + 1) logσ2

h,i +
d̂i
σ2
h,i

+

ki∑
j=1

{
2 logλi,j +

[
1

2

(
θ̂i(j)

2
+ Σ̂θi(j, j)τ̂

−1
i

)
+ v̂−1

i,j

]
λi,j

−1

}

+
ki + 3

2
log τi +

{
1

2

[
ki∑
j=1

(
θ̂i(j)

2
+ Σ̂θi(j, j)

)
λ̂−1
i,j

]
+ ξ̂−1

i

}
τ−1
i

+

ki∑
j=1

[
2 log vi,j +

(
1 + λ̂−1

i,j

)
vi,j

−1
]
+ 2 log ξi +

(
1 + τ̂−1

i

)
ξ−1
i

where Θ denotes all the parameters (θi, ui,q, σ2
h,i, ui, λi,j, τi, vi,j, ξi), and c here denotes:

c = c
′
+

1

2
log
∣∣∣Σ̂θi

∣∣∣+ 1

2
log
∣∣∣Σ̂ui,q

∣∣∣+ 1

2
log
∣∣∣Σ̂ui

∣∣∣− ĉi log d̂i + logΓ(ĉi)

− log
(
1

2

(
θ̂i(j)

2
+ Σ̂θi(j, j)τ̂

−1
i

)
+ v̂−1

i,j

)
− ki + 1

2
log

(
1

2

[
ki∑
j=1

(
θ̂i(j)

2
+ Σ̂θi(j, j)

)
λ̂−1
i,j

]
+ ξ̂−1

i

)

− log
(
1 + λ̂−1

i,j

)
− log

(
1 + τ̂−1

i

)
is the constant term while taking expectation and c′ denotes the constant terms and the

known values. The notation Cui = diag(exp
{
−ui,q+1

′
ϕ
}
, . . . , exp

{
−ui,T

′
ϕ
}
).
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The variational lower bound is defined to be the expectation with respect to q of the

log ratio of the joint posterior density and the variational approximation above, which can

be computed by:

p̃(yi; q) = E
{
log
[
p(yi,Θ)

q(Θ)

]}
= c+ c

′′ − 1

2
(1T−q ⊗ ϕ)

′ ûi −
1

2
(yi − Xiθ̂i)

′
Ĉui(yi − Xiθ̂i)−

1

2
tr
(
X′

iĈuiXiΣ̂θi

)
− 1

2

(
θ̂
′

iV̂i
−1
θ̂i

)
− 1

2
tr(V̂i

−1
Σ̂θi)−

ki∑
j=1

v̂i,j−1λ̂i,j
−1

− τ̂i−1ξ̂i
−1 −

ki∑
j=1

v̂i,j−1 − ξ̂i−1

where c′′ are some constant consists of some known values.
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Chapter 4 Conclusion and Outlooks

4.1 Conclusion

In this thesis, we provided one approach to estimate the parameters in the model

which combines the VAR model and log-normal ARSV(q) as a random walk of the vari-

ance in VAR. Here we deal with the case that assumes ARSVmodel to have easy γi to sim-

plify the computation, since ARSV(q) was set to satisfy loght = γ0 +
∑p

i=1 γi loght−i +

σϵht
t , where we set γ0 = 0 and γi = 1 for 1 ≤ i ≤ q. But in fact, for any proper γi we can

actually deal with it in similar way as long as we use substitution for hi,0, . . . , hi,q to ui,q.

So we have given an approach for using ARSV(q) as our time-varying volatility instead of

just ARSV(1), although it might have to be done in pseudo inverse sense. Also, it contains

the horseshoe prior as a global-local shrinkage prior to perform the shrinkage for the coef-

ficients of the model which has small effect and no shrinkage of the coefficients with large

effect. Note that for each parameter, we find out a simple distribution that is often used

and well-known such as normal distribution or inverse gamma distribution. As a result

we might obtain the estimation of the 8 parameters in this thesis by using the variational

Bayesian iteration.

4.2 Outlooks

In fact, GARCH is also popular recently as a way to describe the time-varying volatil-

ity, so it will be interesting to find out a similar result as we change the assumption of

ARSV to GARCH, while some parameters might be different and maybe the prior should
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be changed too. Also, there are still many kinds of shrinkage prior such as Laplace,

Student-t, Strawderman-Berger, Minnesota prior, adaptive LASSO, etc. Each of them

provides different shrinkage effects and provides distinct parameters and prior to θi. In

future we can work on different shrinkage prior and find out which approximation is more

effective, which one deals better with the macroeconomic issue or will have lower com-

putation cost, and which shrinkage prior can give the best explanation to the data.
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