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摘要
旋翼無人機已被用於台灣的海防，例如海岸線監視和人員救援。但由於任務

區域範圍廣，以及台灣海岸週邊強烈的季風，使得旋翼無人機有效執行任務的難

度提高。本論文提出使用定翼無人機編隊飛行系統取代旋翼無人機來提高抗風能

力和飛行航程。定翼無人機編隊飛行系統可以利用領導無人機 (leader UAV)的渦

流效應來延長飛行範圍。此外，本論文亦提出一風觀測器為編隊飛行系統提供

預估風速和加速度的補償，以減輕變動風場的威脅。最後，透過理想的模型在環

（MIL）模擬和更真實的軟體在環（SITL）模擬，成功驗證了帶風補償的定翼無人

機編隊飛行系統的性能。兩種模擬結果表明，在兩種編隊飛行軌跡的不同風場環

境下，透過風補償，編隊誤差可以顯著減少。所提出的系統在 SITL模擬中的成功

整合也顯示了其在實際應用中的可行性。

關鍵字：

定翼無人機、隊形控制、滑動模式觀測器
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ABSTRACT

In Taiwan, a rotorcraft UAV has been used for coastal defense such as the coastline

surveillance and rescue of people. However, a wide-range missions area and the strong

monsoon wind around Taiwan make it difficult to execute the missions effectively. This

thesis proposes a fixed-wing UAVs formation flight system instead of rotorcraft UAVs to

improve wind resistance and flight range. A fixed-wing UAVs formation flight system

is expected to utilize the wake vortex effect from the leader UAV to extend the flight

range. Additionally, a wind observer is proposed to provide the estimated wind velocity

and acceleration compensating for the formation flight system tomitigate the threats posed

by the variant wind field. Finally, the performance of the fixed-wing UAVs formation

flight systemwith thewind compensation is successfully validated through an idealmodel-

in-the-loop (MIL) simulation and a more realistic software-in-the-loop (SITL) simulation.

In both simulations, the result shows that the formation error is significantly reduced with

the wind compensation under variant wind field environments in two formation flight

trajectories. The successful integration of the proposed system with the SITL simulation

also indicates the feasibility of real-world applications.
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Chapter 1

Introduction
In this chapter, the various applications of UAV and the motivation of this thesis

are first mentioned. Then, according to the current problem to the current solutions fo

the research scenario, the problem formulation is established. The contributions of the

proposed method are then presented. Finally, the organization of the thesis is outlined.

1.1 Motivation

Unmanned aerial vehicle (UAV) has gained increasing attention in recent years due to

its potential applications in various fields, such as inspection, delivery, search and rescue,

and surveillance and reconnaissance [1: Zhou et al. 2020], [2: Shakhatreh et al. 2019].

Under the above-mentioned applications, different scenarios have adopted these ap-

plications to solve their problems. In agricultural field, the UAV has been used to monitor

the growth of crops, provide the irrigation and watershed planning, and help to spray the

pesticides [3: Skydio 2024]. In industrial field, to solve the last-mile delivery problem,

lots of commercial drone deliveries have emerged by utilizing the properties of flexibil-

ity and dexterity of UAVs. They aim to deliver different kinds of household goods such

as food, drinks and healthcare products [4: Koetsier 2023], [5: Zipline 2023], [6: Egypt

2023]. In the national defense field, the UAVs are used to fastly and efficiently surveil and

reconnoiter the wide-range of naitonal territory, and to deliver the supplies to the soldiers

in the battlefield [7: MiTAC 2019]. The relationshiop between the UAVs’ applications

and the working scenarios are shown in Figure 1.1.
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Figure 1.1: The relationship between the UAVs’ applications and the working scenarios

In Taiwan, Coast Guard Administration is responsible for guarding the area ranging

from up to 300 kilometers away from the coastline, furthermore, the basic-level manpower

has declined tremendously since 2013, which has led to the difficulty of efficiently fin-

ishing the coast guard missions such as rescuing people from the shipwrecking or hunting

down the illegal fishing boat [8: 李文正 2024].To deal with this problem, the rotorcraft

UAVs, which is shown in Figure 1.2, has adopted to assist these coast guard missions since

2018 [9: NAO 2023].

Figure 1.2: The rotorcraft UAVs used in the coast guard missions. [9: NAO 2023]

2
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However, according to the report from National Audit Office R.O.C. (Taiwan) in

2023, several problems have been found in the current rotorcraft UAVs system,

• Coast Guard Administration cannot provide enough experienced and professional

operators to control the rotorcraft UAVs, which leads to less usage of the UAVs.

• The strong monsoon in Taiwan posed a severe threat to the rotorcraft UAVs, which

makes it hard to fly normally through the manuevering of human operators.

• The landing and takoff of the UAVs on the swing and moving ship caused the high

risk of the crash of the UAVs.

To tackle the above-mentioned problems, fixed-wingUAV instead of rotorcraft UAVs

are proposed to assist the coast guardmissions. The fixed-wingUAVs aremore suitable for

the coast guard missions due to the following reasons. First, In comparison with rotorcraft

UAVs, fixed-wing UAVs have the nature advantages such as better wind resistance, high-

speed, and lower energy consumption because it can generate lift force by wings through

aerodynamics, which also makes it have a larger flight range and longer flight time under

a windy wide-range environment [10: Boon et al. 2017]. Secondly, study [11: Mirzaeinia

et al. 2019] shows that fixed-wing forming a close formation flight can reduce the drag

force and energy consumption by using the wake vortex induced by the leading UAV. [12:

Zhang and Liu 2018] also shows that the energy savings can be up to 30% once the dis-

tance between the wingtips of the fixed-wing UAV is maintained at 10% of their wingspan.

Furthermore, To deal with the strong monsoon wind influence while flying in formation, a

wind estimation method should be proposed to estimate the time-variant wind field, which

can be used to compensate the wind influence on the UAV’s control system. Lastly, the

landing and takeoff of the UAVs on the swing and moving ship can be solved by the pre-
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cision landing techniques and autonomous landing and takeoff system, which can make

the UAVs system safer without he human operation. Figure 1.3 shows the summary of the

proposed solutions and the current problems in the coast guard missions and Figure 1.4

depictes the coast guard working scenario with the proposed solutions.

Current
Problems

Proposed
Solutions

Scenarios Existing
Solutions

Coastal defense
Helicopter UAV

Strong monsoon

Poor manual operation

High speed

Moving/swing ship

Large task area

Precision landing

Autonomous

Vertical takeoff and
landing

Formation

Fixed-wing

Wind compensation

Search and rescue

Reconnaissance and
surveillance

Human labor deficiency

Human operation

Figure 1.3: The proposed solutions and the current problems in the coast guard missions

Figure 1.4: Coastal defense missions scenario.

The hybrid UAVs [13: Saeed et al. 2018], combine the advantages of the fixed-wing

UAVs and the rotorcraft UAVs, have the ability to take off and land vertically like rotorcraft

4
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UAVs and fly in the air like fixed-wing UAVs, which provide more flexiblity to operate

in the environment without the long runway - e.g. the deck of the ship, and better flying

distance when conducting the surveillance and reconnaissance missions under large area.

The close formation flight further lower the energy to extend the flying time and enlarge

the working area.

The challenges of the proposed solutions can be divided into several subproblems as

follows:

• Formation control problem: Maitaining a certain formation configuration of the

fixed-wing UAVs to best utilizing the wake vortex from the leader UAV is the main

problem to be solved.

• Wind estimation problem: The wind pose a severe threat to the UAVs system,

especially for the close formation flight system. Designing a efficient and effective

wind estimation and compensation method is critical for controlling a fixed-wing

to form a close formation under the windy environment.

• Precision landing problem: The precision landing problem is to design the preci-

sion landing techniques to make the UAVs land vertically on the moving and swing-

ing ship accurately.

• Path planning problem: Design a path planning algorithm to make the UAVs fly

in the desired suitable path to finish the coast guard reconnaissance missions.

• Inter-agent collision avoidance problem: Avoid the collision between the UAVs

while forming the close formation flight.

This thesis will focus on the formation control and wind estimation problems of the fixed-
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wing UAVs (not consider the vertical takeoff and landing situation) and the others will be

left to be future works.

1.2 Problem Formulation

In this thesis, A fixed-wing UAVs formation flight system is proposed to fly under

the variant wind field environment. 2 kinds of the formation trajectory are considered, the

straight line and the circular orbit, which are shown in Figure 1.5.

(a) (b)

Figure 1.5: The top view of the formation trajectories: (a) straight line, (b) circular orbit.
The red dot is the virtual leader UAV, the blue dotted-dashed line is the ideal trajecotry of
the leader UAV, and the three fixed-wing UAVs are the follower UAVs.

Each follower UAV tries to maintain a certain distance with the leader UAV to form

a formation flight. Through these two formation trajectories, other kinds of trajectory

can be decomposed into several pieces of the two basic trajectories [14: Nelson et al.

2007] [15: Anderson et al. 2005]. The necessary information for this system, such as the

3D position, ground speed, airspeed, attitude and angular velocity, can be obtained from

the global positioning system (GPS), pitote tube, and inertial measurement unit (IMU)
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sensors. To formulate the proposed system, the following assumptions are first presented:

Assumption 1. The angle of attack (α) and the side-slip angle (β) are assumed to be zero,

which means that the UAV airspeed is aligned with the x axis of the UAV body frame.

Assumption 2. Each turn of the UAV is considered as a coordinated turn, which can be

expressed as ψ̇ = g
Va
tanϕ [16: Beard and McLain 2012], where ψ represents the heading

angle, g is the acceleration of the gravity, and Va means the airspeed of the UAV.

Assumption 3. An innerloop controller has been existed and responsible for stabilizing

the UAVs attitude (ϕ, θ, ψ) and airspeed (Va).

Assumption 4. The wind magnitude only affects the behavior of the UAVs by the wind

triangle [16: Beard andMcLain 2012] and not exceeds the physical limitation of theUAVs.

Assumption 5. Themaximumpitch angle and flight path angle will not exceed 30 degrees.

Assumption 6. The linear acceleration, angular acceleration and the pitch rate of the leader

UAV is zero.

Assumption 7. The desired distance between the leader and the follower will be invariant.

Assumption 8. Thewind velocityVw is a combination of a constant value and a sinusoidal

wave.

The proposed control architecture for the follower UAV is shown in Figure 1.6. From

UAV

Kinematic

Wind 

-+

Wind Observer

Leader UAV

-+

Follower System

Airspeed
Heading

Pitch
Formation Controller

Figure 1.6: The proposed control architecture for the follower UAV system.
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Figure 1.6, the control objectives can be briefly stated as : Given a desired formation

configuration, gc ∈ R3, the formation controller will output the control command uc to

the follower UAV such that the formation flight achieved asymptotically even under the

variant wind field environment. The more rigourous control objectives expression will be

left to chapter 4.

1.3 Contributions

This thesis aims to solve the fixed-wing UAVs formation flight under variant wind

field problems and there are two main contributions to solve the problem in this thesis.

The first one is proposing a Lyapunov-based formation controller to stabilize the follower

UAVs in the desired formation configuration. The second one is designing a sliding mode

wind observer to estimate the time-variant wind velocity and wind acceleration.

1.3.1 Lyapunov-Based Formation Controller

The contributions of the proposed Lyapunov-based formation controller are as fol-

lows,

• Compared to the existing works [17: Yu et al. 2018], [18: Zhang et al. 2021], the

proposed controller can not only handle the 2D planar formation but also the 3D

space formation case.

• By utilizing the property of the proposed sliding mode wind observer, the proposed

controller can achieve the formation flight not only under the constant wind field

but also under the variant wind field.

• The cascaded controller structure makes it easier to be combined into the off-the-

shelf commercial autopilot,i.e., PX4 Autopilot [19: Meier et al. 2015].

8
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1.3.2 Sliding Mode Wind Observer

The contributions of the proposed sliding mode wind observer are as follows,

• Unlike the existing nonlinear sliding mode observer estimates the disturbance in

inertial frame [20: Yang et al. 2021], the proposed observer estimates the wind

velocity and acceleration in the geometry frame by utilizing the first order differ-

entiator [21: Shtessel et al. 2014] to better incorporating the esitmations into the

formation controller.

1.4 Organization of the Thesis

The rest of this paper is organized as follows. In Chapter 2, existing works about for-

mation control and wind compensation will be discussed. Chapter 3 presents the domain

knowledge of the fixed-wing UAVs, simulation, and the sliding mode control and ob-

server theory. The system architecture including the coordinate system definition, the

used fixed-wing UAV model and wind model, the formation geometry, and the control

objective are illustated on Chapter 4. The detailed proposed Lyapunov-based formation

controller and sliding mode wind observer derivations are elaborated on Chapter 5. In

Chapter 6, the model-in-the-loop (MIL) simulation and the software-in-the-loop (SITL)

simulation is conducted by Matlab/Simulink and PX4 autopilot along with Gazebo sim

simulator to evaluate the effectiveness of the proposed controller by RMSE and IAE per-

formance indices. Finally, the conclusion is drawn and the future works are discussed in

Chapter 7.

9
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Chapter 2

Literature Survey
In this chapter, the related works of the proposed fixed-wing UAVs formation flight

system are comprehensively reviewed. The proposed system can be divided into twomain

parts: formation control and wind compensation, which are illustrated in Figure 2.1.

Fixed-wing UAVs Formation
Flight System

Formation
Control

Wind
Compensation

Figure 2.1: The related works of the proposed system

2.1 Formation Control

The UAV formation control problem has been studied for decades, and the compre-

hensive overview of formation control is illustrated in Figure 2.2. Basically, the formation

control problem can be analyzed from three aspects[22: Ouyang et al. 2023], [23: Do et

al. 2021],

• Formation scheme

• Formation mechanism

11
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Figure 2.2: Overview of the formation control

12
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• Formation controller design

According to the sharing method of the information or the control signal within team

UAVs, the formation scheme can be classified into centralized control [24: Liu et al. 2015]

[25: Gu et al. 2006] and decentralized control [26: Zhang and Liu 2019] [27: Kuriki and

Namerikawa 2013] [28: Zhi et al. 2022]. In centralized control, the core unit, such as

the ground station or a leader UAV, is responsible for collecting the information of all

UAVs and calculating the control signal for each UAV. The advantage of the centralized

control is easy to implement and with high control performance because it can obtain the

global optimization solution, on the other hand, the disadvantage is the formation might

be in danger once the core unit fails; in decentralized control, no core unit exists, which

means that each UAV is responsible for calculating its own control signal based on the

information of its neighbors. The advantage of decentralized control is the robustness

and high fault-tolerance cause it can still maintain the formation even if some UAVs are

lost, but the disadvantage is the control performance might be worse than the centralized

control because it can only obtain the local optimization solution.

Additionally, according to the different control strategy to form a formation, the for-

mation mechanism can be classified into leader-follower, virtual structure, and behavior-

based. In leader-follower strategy [25: Gu et al. 2006] [24: Liu et al. 2015], one UAVwill

be nominated as a leader and the others are nominated as followers. The control objective

is to make the followers to maintain certain distance relative with the leader. In virtual

structure strategy, the concept is to fit the physical position of the UAVs into virtual posi-

tions [26: Zhang and Liu 2019]. In behavior-based strategy [29: Bautista and De Marina

2024], by designing certain rules, the UAVs will form a certain pattern by following these

rules.

13
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Furthermore, Lots of approaches to design the formation controller for fixed-wing

UAV have also been proposed in recent years, such as the vector-field-based [30: Wang

et al. 2023], vision-based [31: Wilson et al. 2014], PID control [24: Liu et al. 2015],

adaptive control [28: Zhi et al. 2022], Lyapunov-based [17: Yu et al. 2018], [18: Zhang

et al. 2021],and nonlinear dynamic inversion method [25: Gu et al. 2006].

The vector-field is orignally proposed for solving path following problem[14: Nelson

et al. 2007]. And [30: Wang et al. 2023] extend it to solve the fixed-wing formation

control problem. A non-uniform vector field, which determines the course angle and the

groundspeedmeanwhile, alongwith the leader UAV is designed to guide the follower UAV

to the desired position related to the leader. However, this method can only be applied to

the 2D formation flight case.

In [24: Liu et al. 2015], the faulat tolerance and collision avoidance problems in the

formation flight are considered. A classical PID controller is first applied to the outer-

loop control, and an extra virtual repulsive force is generated by mechanical impedance

principle when two UAVs are too close.

To solve the uncertainty problem while forming the formation flight, the Lyapunov-

based controller combined with the adaptive control method to estimate the constant un-

known trail vortex effect from the leader UAV is designed in [17: Yu et al. 2018] and

[18: Zhang et al. 2021]. On the other hand, [28: Zhi et al. 2022] proposed a distributed

robust adaptive controller (DMRRAC) to deal with the formation flight under the para-

metric uncertainty and bounded disturbances, but the g-load n cannot be controlled in the

most off-the-shelf autopilot.

The nonlinear dynamic inversion method (NLDI) is proposed in [25: Gu et al. 2006].

14
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By taking second derivative of the formation error equation, the control inputs show up in

the error equation and the typical linear control can be applied, however, the wind effect

is still not considered in this method.

The summary of all above-mentioned formation controller design methods is shown

in Table 2.1.

Table 2.1: Summary of formation controller design methods.

Controller Dimension Control
Inputs Drawbacks References

Vector-field 2D χ, Vg No wind consideration,
Only 2D

[30: Wang et al. 2023]
PID 2D Va, ω [24: Liu et al. 2015]

Lyapunov 2D ψ No velocity control, [17: Yu et al. 2018]

Lyapunov 3D ψ
Constant wind
consideration [18: Zhang et al. 2021]

MRAC 3D T, ϕ, n
n cannot be controlled in
off-the-shelf autopilot [28: Zhi et al. 2022]

NLDI +
altitude
control

2+1D ϕ, T No wind consideration [25: Gu et al. 2006]

Lyapunov 3D Va, ψ, θ - This thesis

In this thesis, we adopt the centralized leader-follower formation control strategy be-

cause we need accurate control performance in terms of the distance between the leader

and the follower UAV; the leader can be either a virtual leader or a real leader UAV. Fur-

thermore, based on the works in [17: Yu et al. 2018] and [18: Zhang et al. 2021], we

design a Lyapunov-based formation controller to guarantee the formation flight under 3D

space by controlling airspeed (Va), heading angle (ψ), and pitch angle (θ). The bounded

time-variant wind compensation is also considered in the controller design, which will be

left to the next section to discuss the wind compensation problem in detail.

2.2 Wind Compensation

15
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At the beginning of this section, the wind compensation problem can be decomposed

into two categories, the one is the kinds of the wind field we are facing and another is

the methods to estimate the targeted wind field. The overview of the wind compensation

problem is illustrated in Figure 2.3.

Figure 2.3: Overview of the wind compensation

According to [16: Beard and McLain 2012], the wind field Vw can represented as

follows,

Vw = Vws + Vwg , (2.1)

where Vws is a steady wind vector representing a time-invariant wind field (e.g., constant

windVwsc) or time-variant wind field (e.g., a sinusoidal waveVwss). It is worthmentioning

that the trailing vortex effect induced from the leader UAV can be formulated by a function

of the relative position between leader and follower UAV [12: Zhang and Liu 2018]. As

a result, trailing vortex effect can be considered as a time-invariant wind effect. On the

other hand,Vwg is a gust wind vector representing the stochastic wind field (e.g., Dryden’s

wind model). The Dryden’s wind model simulates the stochastic effects when a constant

16



doi:10.6342/NTU202500345

steady wind pass through the UAV by passing a white noises signal through the Dryden’s

transfer functions [16: Beard and McLain 2012].

When it comes to estimating the unknown wind field, the extended Kalman filter

(EKF) is widely used to estimate the wind velocity in small fixed-wing UAVs [32: Tian et

al. 2021] and has been incorporated into the open-source autopilot system such as Ardupi-

lot [33: Ardupilot 2024] and PX4 Autopilot [34: PX4 2019]. The merit of using EKF is

the ability to handle the uncertain noise.

On the other hand, [17: Yu et al. 2018] and [18: Zhang et al. 2021] adopt the adaptive

control method to estimate the trail vortex effect from the leader UAV. They incorporate

the adaptive control formulation into the proposed Lyapunov-based formation controller

to guarantee the stability of the formation flight with wind compensation. However, this

method only works for estimateing the time-invariant wind field.

As comparison with the adaptive control method, [20: Yang et al. 2021] designed

a nonlinear sliding mode observer (SMO) to estimate the wind velocity in 3 dimensional

space for enhancing the performance of path following under wind disturbances. The

property of the sliding mode observer is the finite time convergence when the signal is

noise-free and the estimation error would be bounded even if the noise exists [21: Shtessel

et al. 2014]. This property make it suitable to be applied to estimate the uncertain bounded

variant wind field. Table 2.2 summarizes the wind estimation method in the literature.

This thesis adopts the sliding mode observer to estimate the variant wind field as in

[20: Yang et al. 2021] because SMO has the finite time convergence property and can be

generalized in 3D space. The difference is in order to be incorporated into the proposed

Lyapunov-based formation controller, the sliding mode observer is designed in geometry

17
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Table 2.2: Summary of wind estimation methods.

Estimation
Method Dimension Task Wind Type References

EKF 2D Path following Vwsc ,Vwss ,Vwg

[34: PX4 2019]
[33: Ardupilot 2024]

Adaptive 2D Formation flight Vwsc

[17: Yu et al. 2018]
Adaptive 3D Formation flight [18: Zhang et al. 2021]
SMO 3D Path following Vwsc ,Vwss ,Vwg [20: Yang et al. 2021]
SMO 3D Formation flight Vwsc ,Vwss ,Vwg This thesis

frame directly instead of inertial frame.

18
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Chapter 3

Preliminaries

3.1 Basics of Fixed-Wing UAV

This section provides some basic domain knowledges and terminologies about the

fixed-wing UAVs.

3.1.1 Coordinate Definitions

There are two coordinate frames that are commonly used in the fixed-wing UAVs:

the inertial frame and the body frame [16: Beard and McLain 2012]. The inertial frame

follows the North-East-Down (NED) convention, where the basis are (ii, ji, ki) and the

origin is located at the home location. The body frame follows the Forward-Right-Down

(FRD) convention, where the basis are (ib, jb, kb) and the origin is located at the center of

mass of the UAV.

3.1.2 Wind Triangle

The wind traingle is composed of three vectors [16: Beard and McLain 2012]:

• Airspeed vector (Va) : The UAV volocity with respect to the surrounding air. The

airspeed can be divided into indicated airspeed (IAS), calibrated airspeed (CAS),

and true airspeed (TAS) [35: AviationHunt 2024]. In this thesis, Va means the true

airspeed (TAS).

• Ground speed vector (Vg) : The UAV velocity with respect to the inertial frame.
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• Wind speed vector (Vw) : The wind velocity with respect to the inertial frame.

The relationship between these three vectors can be expressed as follows (Eqn. (2.6) in

[16: Beard and McLain 2012]):

Vg = Va + Vw (3.1)

Figure 3.1 visualizes the wind triangle relationship in the 3 dimensional space from the

top view and side view.

(a) The top view of the wind triangle
illustration.

(b) The side view of the wind triangle
illustration.

Figure 3.1: The wind traingle illustration in 3D space [16: Beard and McLain 2012].

In Figure 3.1(a), the ground track is the trajectory where the UAV is following on the

ground. Where β is the sideslip angle, which is the angle between the Va and the ib − kb

plane, ψ is the heading angle(yaw angle), which is the angle between the ib and the ii, and

χ is the course angle, which is the angle between the ii and the Vg. The χc means the crab

angle, which is the difference between the heading angle and the course angle.

In Figure 3.1(b), where α is the angle of attack(AOA), which is used to generate the

lift force and defined as the angle between theVa and the ib− jb plane, θ is the pitch angle,

which is the angle between the ib and the ii− ji plane, and γ is the flight path angle, which

is the angle between the Vg and the ii − ji plane. The γa means the air-mass flight path
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angle, which is the angle between the Va and the ii − ji plane.

Additionally, ϕ, it is not shown in Figure 3.1, is the bank angle (roll angle), which is

angle of rotation around the ib. Under the condition of the absence of the wind, Vw = 0,

and Assumption 1, the following relations are trivially established [16: Beard andMcLain

2012],

• Vg = Va,

• χ = ψ, which means that χc = 0,

• γ = γa = θ.

All the fixed-wing UAV’s terminologies are summarized in Table 3.1

Table 3.1: The summary of the terminologies used in fixed-wing UAV.

Term Name Term Name
Va Airspeed vector α Angle of attack
Vg Ground speed vector β Sideslip angle
Vw Wind speed vector γ Flight path angle
ϕ Bank angle χ Course angle
θ Pitch angle γa Air-mass flight path angle
ψ Heading angle χc Crab angle

3.1.3 Coordinated Turn

When the fixed-wing trying to make a turn, it is intuitive that a strong relation exists

between the bank angle, heading angle rate and the turning radius. If the UAV is making

a turn without the lateral acceleration in the body frame of the UAV, the UAV is said to be

under a coordinated turn (Chapter 5.2 in [16: Beard and McLain 2012]). The free body

diagram of the UAV under the coordinated turn with wind effect is shown in Figure 3.2,

During the coordinated turn, the component of the lift force Flift will balance the
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Figure 3.2: The free body diagram of the UAV during the coordinated turn with wind effect
[36: Beard 2024]. The left and right figure show the top view and front view, respectively.

centrifugal force and gravitational force g working on the UAV, which can be repsented

as [16: Beard and McLain 2012]

Flift sinϕ cos (χ− ψ) = m
(Vg cos γ)2

R
= m(Vg cos γ)χ̇,

Flift cosϕ = mg cos γ,
(3.2)

from the Equation (3.2), the course angle rate χ̇ and the turning radiusR can be expressed

as [16: Beard and McLain 2012]

χ̇ =
g

Vg
tanϕ cos (χ− ψ),

R =
V 2
g cos γ

g tanϕ cos (χ− ψ)
.

(3.3)

If consider the absence of the wind, the Equation (3.3) can be simplified as amore common

expression [16: Beard and McLain 2012]

ψ̇ =
g

Va
tanϕ,

R =
V 2
a cos γ
g tanϕ

.

(3.4)

22



doi:10.6342/NTU202500345

3.2 Sliding Mode Control/Observer

The modern control, i.e. linear state feedback control, only guarantee the system sta-

bility and asymptotical convergence while the extra disturbance is zero [21: Shtessel et

al. 2014]. One control strategy to handle the bounded disturbances is called Sliding mode

control (SMC). The advantage of SMC is not only handling the external bounded distur-

bances but also providing the finite-time convergence property for system. By applying

the concept of SMC, the Sliding mode observer (SMO) also provides the same property

for the state estimation.

This section, which is constructed by a main reference, [21: Shtessel et al. 2014] and

my personal understandings, will briefly present the basic knowledges behind the deriva-

tion of SMO techniques, including the relative degree, first-order sliding mode, second-

order sliding mode, super-twisting controller, and first-order differentiator. The section is

.

3.2.1 Relative Degree

Consider the following system:

ẋ = a(x, t) + b(x, t)u,

σ = σ(x, t).

(3.5)

Definition 1. [37: MAFarooqi 2022] The relative degree (R.D.) of the system Equation

(3.5) is ρ in domain D if

LbL
i−1
a σ(x, t) = 0, i = 1, 2, ..., ρ− 1,

LbL
ρ−1
a σ(x, t) ̸= 0, ∀x ∈ D,

(3.6)
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where σ is the output and La, Lb are the standard Lie derivative notations.

In plain words, R.D. is ρ if the control input u does not appear in the σ, σ̇, ..., σρ−1,

and appear in σρ. Here gives two examples to elaborate the concepts of R.D.

Example 1. [37: MAFarooqi 2022] Consider the following system:

ẋ = 2 + u,

σ = x.

(3.7)

The R.D. is equal to 1 because the control input appear in the first order derivative of σ,

i.e. σ̇ = ẋ = 2 + u.

Example 1 raise an example about the case of R.D = 1. Next, a special case of non-

defined R.D. will be presented.

Example 2. [37: MAFarooqi 2022] Consider the following system:

ẋ1 = x1

ẋ2 = x2 + u

σ = x1

(3.8)

The R.D. is not defined in this sytem because the control input will not appear no matter

we do how many time derivaties of the σ, i.e. σn = x1, ∀n ∈ N.

3.2.2 First-Order Sliding Mode

(In [21: Shtessel et al. 2014], p.43)The first-order sliding mode is also called the

conventional sliding mode or the 1-sliding mode. Consider the following gerneral state-
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space system (Eqn. (2.1) in [21: Shtessel et al. 2014]):

ẋ = f(x, u, d), (3.9)

where x ∈ Rn is the state vector, u ∈ Rm is the control input, and d ∈ Rp is the bounded

disturbances. A sliding surface is defined as (Eqn. (2.2) in [21: Shtessel et al. 2014])

S = {x : σ(x) = 0}, (3.10)

where σ is the sliding variable (Definition 1.1 in [21: Shtessel et al. 2014]).

Definition 2. (Definition 2.1 in [21: Shtessel et al. 2014]) An first-order sliding mode take

place on sliding surface S if σ(x(t)) = 0, ∀t > tr, where tr ∈ R+ is the reaching time.

If the control input, u, in the Equation (3.9) is discontinuous, e.g. u = sign(x), the

closed-loop system can be written as (Eqn. (2.3) in [21: Shtessel et al. 2014]),

ẋ = f c(x, d), (3.11)

where f c is discountinuous with respect to the x(t); therefore, the existence of the unique

solution cannot be guaranteed in this closed loop system because the Lipschitz condition

[38: Khalil 2002] cannot be applied. As a result, a solution concept called Fillipov’s

solution [39: Filippov 1988] is used to handle the differential equations with discontinuous

right-hand side.

Definition 3. (Definition 1.3 in [21: Shtessel et al. 2014]) The control input u that drives

the state variable x to the sliding surface S in finite time tr, and keeps the state variable

on the sliding surface thereafter in the presence of the bounded disturbances d, is called

the first-order sliding mode controller.
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Example 3. (Eqn. (1.1) in [21: Shtessel et al. 2014]) Consider the following 1-dimensional

motin of a unit mass system:


ẋ1 = x2 x1(0) = x10

ẋ2 = u+ f(x1, x2, t) x2(0) = x20

, (3.12)

where u is the control input, x1, x2 are the state variables, position and velocity, saperately,

and f(x1, x2, t) is the bounded disturbances term, i.e., 0 < |f(x1, x2, t)| < L. The control

objective is to design a control input, u, and sliding variable, σ, such that the state variable,

x1 and x2, converge to the sliding surface in finite time and stay on the surface thereafter.

The final control input and sliding variable are designed as

σ(x, t) = x2 + cx1,

u = −cx2 − ρsign(σ),
(3.13)

where c, α and ρ are the positive constants. The effect of the sliding mode controller is

shown in the following schematic diagram, Figure 3.3.

Figure 3.3 tells us that no matter where the initial state is, the state variable will

converge to the sliding surface in finite time, stay in the sliding surface thereafter and

converge to the origin asymptotically.

Theorem 1. The first-order sliding mode only exists iff the relative degree of the system

is equal to 1 [41: Perruquetti 2010].

3.2.3 Second-Order Sliding Mode

[21: Shtessel et al. 2014] The second-order sliding mode is also called the 2-sliding
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Figure 3.3: The schematic diagram of the close-loop system phase portrait. The blue dot
means the initial state, the red line represents the sliding surface, and the blue arrow shows
the phase portraits [40: MAFarooqi 2023].

mode. Consider the following system:

ẋ = a(t, x) + b(t, x)u,

σ = σ(t, x),

(3.14)

where x ∈ Rn is the state variables, u ∈ R is the control input, and σ is the measured

output. Provided that the R.D. of the system Equation (3.14) is equal to 2, then the second

time derivative of the output function σ(x, t) is

σ̈ = h(x, t) + g(x, t)u, (3.15)

where h(x, t) and g(x, t) are the smooth functions. Suppose that the following inequalities

hold globally (Eqn. (4.10) in [21: Shtessel et al. 2014]):

0 < Km ≤ g ≤ KM , |h| ≤ C, (3.16)
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where Km, KM , C are the positive constants. Equation (3.16) implies the following dif-

ferential inclusion (Eqn. (4.11) in [21: Shtessel et al. 2014]):

σ̈ ∈ [−C,C] + [Km, KM ]u. (3.17)

Definition 4. (Definition 4.1 in [21: Shtessel et al. 2014]) Consider a discontinuous dif-

ferential equation, ẋ = f(x)with a smooth ouput function, σ = σ(x), and let the diffential

equation be in the Filippov sense. Assumed that:

1. σ and the time derivative σ̇ = σ
′
x(x)f(x) are continuous functions of x.

2. The set σ = σ̇ = 0 is a nonempty integral set.

3. The Filippov set of admissible velocities at the set σ = σ̇ = 0 contains more than

one vector.

A second-order sliding mode takes place on the set σ = σ̇ = 0 and the set is called a

2-sliding set.

The third point means that the set σ = σ̇ = 0 is a discontinuous set. That 2-sliding

mode can be illustrated in Figure 3.4.

Definition 5. [21: Shtessel et al. 2014] The control input u = ϕ(σ, σ̇), that drives all the

trajectories to the set σ = σ̇ = 0 in finite time tr, and keeps the trajectories on the set

thereafter is called the second-order sliding mode controller.

3.2.4 Super-Twisting Controller
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Figure 3.4: The schematic diagram of the 2-sliding mode. M is a point on the 2-sliding
mode, and the two vectors on theM represents the 2 velocities in the Filippov set at the set
σ̇ = σ = 0 (Fig. 4.2 in [21: Shtessel et al. 2014]).

Unlike the twisting controller (Chaper 4.2.1 in [21: Shtessel et al. 2014]), the super-

twisting controller is a second-order sliding mode controller only requiring the dynamic

system of relative degree 1. Reconsider the system Equation (3.14), which has R.D. equal

to 1; then the first time derivative of the output function σ(x, t) is (Eqn. (4.34) in [21:

Shtessel et al. 2014])

σ̇ = h(x, t) + g(x, t)u. (3.18)

Assume that the following inequalities hold (Eqn. (4.35) in [21: Shtessel et al. 2014]):

0 < Km ≤ g ≤ KM , |ḣ|+ UM |ġ| ≤ C, |h
g
| ≤ qUM , 0 < q < 1, (3.19)

for some positive constantsKm, KM , C, UM , q. A super-twisting controller is defined as

u = −λ|σ|
1
2 sign(σ) + u1, u̇1 =


− u, |u| > UM

− αsign(σ), |u| ≤ UM

(3.20)
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Theorem 2. (Theorem 4.5 in [21: Shtessel et al. 2014]) With Kmα > C and λ large

enough, the super-twisting controller Equation (3.20) guarantees a 2-sliding mode in finite

time tr. The control input u enters the segment [−UM , Um] and stays there for all time

t > tr.

Remark 1. (Remark 4.5 in [21: Shtessel et al. 2014]) The super-twisitng controller Equa-

tion (3.20) does not need σ̇ measurement.

A schematic to illustrate the super-twisting controller phase portrait are shown in

Figure 3.5.

Figure 3.5: The schematic diagram of the super-twisting controller phase portrait ( Fig. 4.8
in [21: Shtessel et al. 2014]).

3.2.5 First-Order Differentiator
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(Chapter 4.3.2 in [21: Shtessel et al. 2014]) A differentiator is also called an ob-

server. Consider an input signal f(t) consisting of a bounded measurable noise and an

unknown base signal f0(t) where ḟ0(t) has a known global Lipschitz constant L > 0. The

problem is to find the estimations of f0(t) and ḟ0(t) when the noise is absent. To obtain

the estimations, consider the following auxiliary system:

ż0 = ν, (3.21)

where ν is the control input. Let the output function be

σ0 = z0 − f0(t), (3.22)

and the first order derivative of the output function is [21: Shtessel et al. 2014]

σ̇0 = −ḟ0(t) + ν, |f̈0| ≤ L. (3.23)

Obviously, the R.D. of the system Equation (3.21) is 1 because the control input ν shows

up in the Equation (3.23). The problem becomes designing a 2-sliding mode controller to

keep a system Equation (3.21) with R.D. equals 1 in a 2-sliding mode, i.e., σ0 = σ̇0 = 0,

which also means that the following equations will be held:

f0(t) = z0,

ḟ0(t) = ν.

(3.24)

A super-twisting controller mentioned in Section 3.2.4 can be applied here and the first
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order differentiator is designed as (Eqn. (4.39) in [21: Shtessel et al. 2014])

ν = −λ1|σ0|
1
2 sign(σ0) + z1,

ż1 = −λ0sign(σ0),
(3.25)

where ν and z1 can be taken as the differentiator outputs.

Theorem 3. (Theorem 4.6 in [21: Shtessel et al. 2014]) If the noises are absent for any

λ0 > L and for any λ1 large enough, z0 converges to f0(t) and ν converges to ḟ0(t) in

finite time.

For satifying Theorem 3, the following two choices of the λ0 and λ1 are valid ([21:

Shtessel et al. 2014], p. 161):


λ0 = 1.1L

λ1 = 1.5L
1
2

and


λ0 = 2L

λ1 = L
1
2

. (3.26)

Theorem4. (Theorem 4.7 in [21: Shtessel et al. 2014]) Let the noises satisfy the inequality

|f(t) − f0(t)| ≤ ϵ, where ϵ is a positive constant. Then, the estimation errors will be

bounded in the finite time for positive constants µ1 and µ2, i.e.,

|z0 − f0(t)| ≤ µ1ϵ,

|ν − ḟ0(t)| ≤ µ2ϵ
1
2 .

(3.27)
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Chapter 4

System Overview
In this chapter, the coordinate system used in this thesis will be first presented, then

the fixed-wing UAV model, wind model, the formation geometry and the error dynamics

will be presented under these coordinate systems.

4.1 Coordinate System

The coordinate systems used in this thesis are shown in Figure 4.1.

Figure 4.1: The coordinate system of inertial frame {I}, geometry frame {G}, leader’s and
follower’s body frame {L} and {F}.

The {I} represents the inertial frame, which follows the North-East-Down (NED)
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convention, and the {L} and {F} represent leader’s and follower’s body frame, respec-

tively, which follow the front-right-down (FRD) convention. The body frame of the UAV

is shown in Figure 4.2. The {G} is the geometry frame, where the formation geometry

will be defined in this frame and the origin of the geometry frame represents the desired

formation position for the follower UAV. It is worth mentioning that although the l axis of

the {G} is parallel to the y axis of the {L}, the h axis of the {G} is parallel to the z axis of

the {I} instead. The transformation between the {I}, {G}, and {L} can be represented

as follows:
I
LR = Rz(ψL)Ry(θL)Rx(ϕL),

I
GR = Rz(ψL)Rz(

π

2
) = Rz(

π

2
+ ψL),

(4.1)

where ILR and I
GR are the rotation matrix between {I}, {L}, and {I}, {G}. The Rx, Ry,

and Rz represent the rotation matrix around the x, y, and z axis, respectively.

Figure 4.2: The top view of the UAV body frame {B}.
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4.2 Wind Model

From the wind field definition in Equation (2.1), the wind model in frame {I} can

be modified as

IVw =


wx

wy

wz

 = IVws +
IVwg

= IVwsc +
IVwss +

IVwg ,

(4.2)

where IVwsc and IVwss are the constant and sinusoidal steady wind velocity, respectively.

In this thesis, although the wind is spawned in inertial frame {I}, the proposed formation

controller and wind observer will be designed in the geometry frame {G}. The Equation

(4.2) can be transformed into the geometry frame by using the rotation matrix in Equation

(4.1) and becomes

GVw =


wl

wf

wh

 = G
I RIVw. (4.3)

4.3 Fixed-Wing UAV Model

The fixed-wing UAV kinematic model described in {I} can be represented as follows

(Eqn. (2.10) in [16: Beard and McLain 2012]):


ẋ = Vg cosχ cos γ

ẏ = Vg sinχ cos γ

ż = −Vg sin γ

, (4.4)

where x, y, and z denote the position of the UAV, Vg represents the ground speed, χ is the
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course angle, and γ is the flight path angle. According to the wind triangle from Equation

(3.1), Equation (4.4) can be rewritten as follows:


ẋ = Va cosψ cos θ + wx

ẏ = Va sinψ cos θ + wy

ż = −Va sin θ + wz

, (4.5)

where θ is the pitch angle of the UAV,wx, wy, andwz are the wind velocity along the three

axes. In this thesis, with the Assumption 3, a workable and robust innerloop controller has

been existed and Va, ψ, and θ hold loop systems are assumed to be first order systems as

shown in Equation (4.6) [30: Wang et al. 2023]


V̇a = τVa(V

c
a − Va)

ψ̇ = τψ(ψ
c − ψ)

θ̇ = τθ(θ
c − θ)

, (4.6)

where V c
a , ψc, and θc are airspeed, heading angle, and pitch angle command of the UAV.

τVa , τψ, and τθ are inverse time constant of the Va, ψ, and θ hold loop systems, respectively.

4.4 Formation Geometry

In this section, the subscript L and F are first denoted as the symbol of the leader’s

and the follower’s UAV. The relative position and the desired position between a follower

and a leader can be described by the formation geometry, which is shown in Figure 4.3.

Where V ∈ R3 are the ground speed vector, Va ∈ R3 is the airspeed vector, and

Vw ∈ R3 is the wind speed vector. It is obvious to see that these three vectors constructed

the wind triangle; p represents the UAV position; (le, fe, he) are the forward, lateral, and

vertical formation error and (lc, fc, hc) are the desired forward, lateral, and vertical dis-
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Figure 4.3: The 3-dimensional formation geometry. The blue dot shows the desired
formation position for the follower UAV.
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tance relative to the leader. From Figure 4.3, the formation error can also be represented

as following equation [17: Yu et al. 2018], [25: Gu et al. 2006],


le

fe

he

 =


sinχL − cosχL 0

cosχL sinχL 0

0 0 −1




xL − xF

yL − yF

zL − zF

−


lc

fc

hc

 , (4.7)

then the formation error dynamics l̇e, ḟe and ḣe can be derived by taking the time derivative

of Equation (4.7). The derivation is conducted below,

for l̇e:

le = (xL − xF ) sinχL − (yL − yF ) cosχL − lc

⇓

l̇e = (ẋL − ẋF ) sinχL + (xL − xF )χ̇L cosχL − (ẏL − ẏF ) cosχL + (yL − yF )χ̇L sinχL − l̇c

= (VLx − VFx) sinχL − (VLy − VFy) cosχL + χ̇L [(xL − xF ) cosχL + (yL − yF ) sinχL]

= VL cosχL sinχLcos γL − VF cosχF sinχLcos γF − VL sinχL cosχLcos γL

+ VF sinχF cosχLcos γF + χ̇L(fe + fc)

= VF sin (χF − χL)cos γF + χ̇L(fe + fc)

,

(4.8)

38



doi:10.6342/NTU202500345

for ḟe:

fe = (xL − xF ) cosχL + (yL − yF ) sinχL − fc

⇓

ḟe = (ẋL − ẋF ) cosχL − (xL − xF )χ̇L sinχL + (ẏL − ẏF ) sinχL + (yL − yF )χ̇L cosχL − ḟc

= (VLx − VFx) cosχL + (VLy − VFy) sinχL − χ̇L [(xL − xF ) sinχL − (yL − yF ) cosχL]

= VL cosχL cosχLcos γL − VF cosχF cosχLcos γF + VL sinχL sinχLcos γL

− VF sinχF sinχLcos γF − χ̇L(le + lc)

= VLcos γL − VF cos (χF − χL)cos γF + χ̇L(−le − lc)

,

(4.9)

for ḣe:

he = −(zL − zF )− hc

⇓

ḣe = −żL + żF − ḣc

= VL sin γL − VF sin γF

, (4.10)

where l̇c, ḟc, and ḣc are equal to zero based on Assumption 7. Vx and Vy are the ground

speed components along with the x and y axis in {I}. The overall formation error dynam-

ics is expressed in Equation (4.11).


l̇e

ḟe

ḣe

 =


VF sin (χF − χL)cos γF

VLcos γL − VF cos (χF − χL)cos γF

VL sin γL − VF sin γF

+ χ̇L


fe + fc

−le − lc

0

 . (4.11)

Based on the Assumption 5, cos γF ≈ 1 and cos γL ≈ 1 can be considered and discarded

in the later equation. Then the wind triangle is applied to Equation (4.11) and Equation
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(4.11) becomes


l̇e

ḟe

ḣe

 =


VaF sin (ψF − χL)

VL − VaF cos (ψF − χL)

VL sin γL − VaF sin θF

+ χ̇L


fe + fc

−le − lc

0

+


wl

wf

wh

 . (4.12)

4.5 Control Objective

The more rigorous control objective can be reiterated as : Given a desired formation

configuration, gc :=
[
lc fc hc

]⊤
∈ R3, the formation controller will output the control

command, uc :=
[
V c
a ψc θc

]⊤
∈ R3 to the follower UAV such that the formation error,

ge :=
[
le fe he

]⊤
∈ R3 converge to zero asymptotically even under the variant wind

field IVw. That is to say,

lim
t→∞

ge(t) → 0. (4.13)

The control architecture of the proposed follower system is shown in Figure 4.4.

Formation
UAV

Kinematic

Wind 

-+

Wind Observer

Leader UAV

-+

Follower System

Airspeed
Heading

Pitch

Formation
Geometry

Formation
Controller

Figure 4.4: The proposed control architecture for the follower UAV.
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Chapter 5

Proposed Method
In this chapter, a Lyapunov-based formation controller (LBFC) with a sliding mode

wind observer (SMWO) is proposed for the fixed-wing UAVs formation flight under vari-

ant wind field. In Section 5.1, a LBFC based on the known wind information will be first

derived. Then, in Section 5.2, a SMWO will be designed to estimate the wind velocity

and wind acceleration. Finally, the wind estimation information is incorporated into the

formation controller to obtain the practical Lyapunov-based formation controller, which is

named as Lyapunov-based formation controller with sliding mode wind observer (LBFC-

SMWO).

5.1 Lyapunov-Based Formation Controller

The control objective is to design control commands uc such that the formation error

ge approaches zero asymptotically. In this section, a 2-step controller design is proposed

to achieve the control objective assumed that the wind information is known.

The first step is to design desired follower UAV states, xd :=
[
Va

d
F ψdF θdF

]⊤
∈ R3

and prove that when the follower UAV follows the desired states, the ge will converges to

zero.

The second step is to design the control commands uc to guarantee the follower UAV

track the desired states. The formation controller diagram is shown in Figure 5.1. Where

IL :=

[
p⊤
L χL χ̇L żL VL

]⊤
is the required leader’s information for the formation

controller.
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Formation

Formation
Geometry

Lyapunov-based Formation Controller

Desired 
States

Commanded
States-+

Figure 5.1: The proposed Lyapunov-based formation controller diagram.

5.1.1 Desired Follower UAV States Design

To derive the desired follower UAV states xd, the following Lyapunov candidate is

defined as

W1(ge) =
1

2
∥ge∥22. (5.1)

The time derivative of Equation (5.1) is

Ẇ1 = g⊤e ġe

= lel̇e + feḟe + heḣe,

(5.2)

then the formation error dynamics in Equation (4.12) can be substituted into Equation (5.2)

and the time derivative ofW1 can be rewritten as

Ẇ1 =le(VaF sin (ψF − χL) + χ̇Lfc + wl)+

fe(VL − VaF cos (ψF − χL)− χ̇Llc + wf )+

he(VL sin γL − VaF sin θF + wh).

(5.3)

In order to satisfy the requirement of the Lyapunov’s stability theorem [38: Khalil 2002],
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the following relations are constructed:

VaF sin (ψF − χL) + χ̇Lfc + wl = −c1le, (5.4)

VL − VaF cos (ψF − χL)− χ̇Llc + wf = −c2fe, (5.5)

VL sin γL − VaF sin θF + wh = −c3he, (5.6)

where c1, c2, c3 are positive constants. By substituting Equation (5.4), Equation (5.5), and

Equation (5.6) into Equation (5.3), Ẇ1 can be further represented as

Ẇ1 = −c1l2e − c2f
2
e − c3h

2
e < 0. (5.7)

BecauseW1 > 0 and is radially unbounded, and Ẇ1 < 0 in R3 − {0}, which satisfy the

requirement of Lyapunov’s stability theorem [38: Khalil 2002]. As a result, ge = 0 is

globally asymptotically stable (G.A.S).

In order to meet the relation in Equation (5.4), Equation (5.5), and Equation (5.6),

Va
d
F can be designed by taking Equation (5.4) and Equation (5.5) squared on both sides

then sum them up,

(Va
d
F sin (ψF − χL))

2 = (−c1le − χ̇Lfc − wl)
2

(Va
d
F cos (ψF − χL))

2 = (c2fe − χ̇Llc + VL + wf )
2

⇓

(Va
d
F )

2 = (−c1le − χ̇Lfc − wl)
2 + (c2fe − χ̇Llc + VL + wf )

2

Va
d
F =

√
(c1le + χ̇Lfc + wl)2 + (c2fe − χ̇Llc + VL + wf )2.

(5.8)

Similarly, ψdF can be designed by dividing Equation (5.4) by Equation (5.5) [17: Yu et al.
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2018], [18: Zhang et al. 2021],

VaF sin (ψdF − χL) = −c1le − χ̇Lfc − wl

VaF cos (ψdF − χL) = c2fe − χ̇Llc + VL + wf

⇓

tan (ψdF − χL) =
−c1le − χ̇Lfc − wl

c2fe − χ̇Llc + VL + wf

ψdF = arctan
{

−c1le − χ̇Lfc − wl
c2fe − χ̇Llc + VL + wf

}
+ χL.

(5.9)

Lastly, θdF can be designed by simply taking the mathematical operation of Equation (5.6),

VL sin γL − VaF sin θdF + wh = −c3he

⇓

θdF = arcsin(
c3he + VL sin γL + wh

Va
d
F

).

(5.10)

Finally, the desired follower UAV states can be summarized in Equation (5.11).

Va
d
F =

√
(c1le + χ̇Lfc + wl)2 + (c2fe − χ̇Llc + VL + wf )2

ψdF = arctan
{

−c1le − χ̇Lfc − wl
c2fe − χ̇Llc + VL + wf

}
+ χL

θdF = arcsin(
c3he + VL sin γL + wh

Va
d
F

).

(5.11)

Equation (5.11) shows that the ge = 0 is G.A.S when the follower UAV tracks the desired

states ud, whichmeans that the states errors of the followerUAV, xde := [Va
d
e, ψ

d
e , θ

d
e ]

⊤ ∈ R3

should converge to zero, i.e.,

Va
d
e := VaF − Va

d
F , |Vade| → 0,

ψde := ψF − ψdF , |ψde | → 0,

θde := θF − θdF , |θde | → 0.

(5.12)
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where ψde ∈ [−π, π].

5.1.2 Controller Command Design

To guarantee the Equation (5.12) is satisfied, following the similiar process as obtan-

ing the desired follower states, another Lyapunov candidate,W2, is defined as

W2(xde) =
1

2
∥xde∥22. (5.13)

The time derivative of Equation (5.13) becomes

Ẇ2 = xd⊤e ẋde

= Va
d
eV̇a

d

e + ψde ψ̇
d
e + θde θ̇

d
e

= Va
d
e(V̇aF − V̇a

d

F ) + ψde (ψ̇F − ψ̇dF ) + θde(θ̇F − θ̇dF ).

(5.14)

From Assumption 3, we stated that there are the innerloop hold systems assumed to be

first order systems as in Equation (4.6). Therefore, Equation (5.14) can be written as

Ẇ2 = Va
d
e(τVa(Va

c
F−VaF )−V̇a

d

F )+ψ
d
e (τψ(ψ

c
F−ψF )−ψ̇dF )+θde(τθ(θcF−θF )−θ̇dF ). (5.15)

Next, we construct the following relationships:

τVa(Va
c
F − VaF )− V̇a

d

F = −c4Vade,

τψ(ψ
c
F − ψF )− ψ̇dF = −c5ψde ,

τθ(θ
c
F − θF )− θ̇dF = −c6θde ,

(5.16)

where c4, c5, c6 are positive constants. By subsituting Equation (5.16) into Equation (5.15),
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Ẇ2 can be further represented as

Ẇ2 = −c4Vade
2 − c5ψ

d
e

2 − c6θ
d
e

2
< 0. (5.17)

BecauseW2 > 0 and is radially unbounded, and Ẇ2 < 0 in R3 − {0}, which satisfy the

requirement of Lyapunov’s stability theorem [38: Khalil 2002]. As a result, ude = 0 is also

globally asymptotically stable (G.A.S).

From the Equation (5.16), the control commands can then be derived trivially as

Va
c
F =

1

τVa
(V̇a

d

F − c4Va
d
e) + VaF ,

ψcF =
1

τψ
(ψ̇dF − c5ψ

d
e) + ψF ,

θcF =
1

τθ
(θ̇dF − c6θ

d
e) + θF ,

(5.18)

where the dynamics of desired follower UAV states can be calculated from the time deriva-

tive of the Equation (5.11) as

V̇a
d

F =
ȧa+ ḃb√
a2 + b2

,

ψ̇dF =
ȧb− aḃ

a2 + b2
+ χ̇L,

θ̇dF =
ċVa

d
F − cV̇a

d

F

Va
d
F

2
√
Va

d
F

2 − c2
,

(5.19)

where the auxiliary variables a, b, c are defined as

a := −c1le − χ̇Lfc − wl,

b := c2fe − χ̇Llc + VL + wf ,

c := c3he + VL sin γL + wh.

(5.20)

Under Assumption 6, V̇L, χ̈L and γ̇ can be regarded as zero. Then the dynamics of the
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auxiliary variables ȧ, ḃ, ċ can be further represented as

ȧ = −c1l̇e − ẇl

ḃ = c2ḟe + ẇf

ċ = c3ḣe + ẇh

. (5.21)

It is worth noting that Equation (5.18) can not be applied directly to the follower

UAV due to the unknownwind velocitywl, wf , wh in Equation (5.20) and wind accerlation

ẇl, ẇf , ẇh in Equation (5.21). To address this issue, a sliding mode observer to estimate

the wind velocity and acceleration will be elaborated on Section 5.2.

5.2 Sliding Mode Wind Observer

This section provides the derivation of the estimated wind velocity and wind accel-

eration using first order differentiator which is a modification of super-twisting controller

[21: Shtessel et al. 2014]. The concept of the designed sliding mode wind observer is

referred to [20: Yang et al. 2021]. In [20: Yang et al. 2021], a second order differentiator

is used to estimate the wind velocity and wind acceleration under inertial frame {I}. In

this work, the wind velocity and wind acceleration should be estimated under the geom-

etry frame {G} instead. A intuitive way is to estimate the IVw and IVwa first and then

transform them into the geometry frame {G} using the relation in Equation (4.3).

GV̂w = I
GRIV̂w, (5.22)

However, this method does not work for the transformation of wind acceleration between

{I} and {G} because the dynamic of the {G} relative to the {I} is not considered in the

observer designed in [20: Yang et al. 2021]. As a result, this thesis proposes a new sliding
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mode wind observer design to estimate the GVw and GVwa under the geometry frame {G}

directly.

The proposed wind observers can be divided into two observers. The first one is

wind velocity observer which estimates the wind velocity GV̂w and formation error ĝe

using the first order differentiator. The second one is wind acceleration observer which

estimates the wind acceleration GV̂wa and second wind velocity GV̂w2 using the estimated

wind velocity GV̂w from the first observer by applying another first order differentiator.

The overall wind observer block diagram is shown in Figure 5.2.

Wind Observer
Wind Velocity Observer

Wind Acceleration Observer Estimator Estimator

Estimator Estimator

Figure 5.2: The proposed sliding mode wind observer block diagram. Including wind
velocity observer and wind acceleration observer.

5.2.1 Wind Velocity Observer

In order to simplify the derivation of the following observers, we define

l̇e0 := VaF sin (ψF − χL) + χ̇L(fe + fc),

ḟe0 := VL − VaF cos (ψF − χL) + χ̇L(−le − lc),

ḣe0 := VL sin γL − VaF sin θF ,

(5.23)
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the Equation (4.12) can be rewritten as Equation (5.24) for ∗ ∈ {l, f, h}.

∗̇e = ∗̇e0 + w∗. (5.24)

Let the sliding variables be σ∗ = ∗̂e−∗e and consider an auxiliary system as ˙̂∗e = ν. The

time derivative of the sliding variable is

σ̇∗ = −∗̇e + ν. (5.25)

Substitute Equation (5.24) into Equation (5.25),

σ̇∗ = −∗̇e + ν

= −w∗ + ν − ∗̇e0

= −w∗ + u∗,

(5.26)

where u∗ := ν− ∗̇e0 , which can be regarded as the control input of the designed observer.

A first order differentiator [21: Shtessel et al. 2014] can now be applied to Equation (5.26),

u∗ = −λ1|σ∗|
1
2 sign(σ∗) + ŵ∗,

˙̂w∗ = −λ0sign(σ∗),
(5.27)

The final wind velocity observer can be obtained by substituting the auxiliary system and

control input back into Equation (5.27),

˙̂∗e = ∗̇e0 − λ1|σ∗|
1
2 sign(σ∗) + ŵ∗,

˙̂w∗ = −λ0sign(σ∗),
(5.28)

where λ0 = 1.1L1 and λ1 = 1.5L1 , which is selected and validated by rule of thumb [21:
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Shtessel et al. 2014]. L1 is a Lipschitz constant satisfied with

L1 ≥ |ẇ∗|. (5.29)

5.2.2 Wind Acceleration Observer

After deriving the wind velocity observer, the wind acceleration observer can be de-

signed by applying the same procedure. However, the real wind velocity GVw can not be

directly measurable; therefore, the estimated wind velocity GV̂w from the wind velocity

observer is used instead. The wind acceleration system is defined as

˙̂w∗ = a∗, (5.30)

and let the sliding variable be σa∗ = ŵ∗2 − ŵ∗, the wind acceleration observer can be

designed as

˙̂w∗2 = −λ3|σa∗ |
1
2 sign(σa∗) + â∗,

˙̂a∗ = −λ2sign(σa∗),
(5.31)

where λ2 = 1.1L2, λ3 = 1.5L2, and L2 is a Lipschitz constant satisfied with

L2 ≥ |ȧ∗|. (5.32)

An intuitive explanation of why the Lipschitz condition, Equation (5.29) and Equa-

tion (5.32), are needed is that if L1 and L2 are not big enough, the true wind acceleration

and wind jerk will go beyond the observer’s capability to estimate.

It is worth mentioning that although both GV̂w and GV̂w2 give us the estimated wind

velocity, their properties are quiet different. Because GV̂w2 is estimated from GV̂w, the
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convergence time of GV̂w2 must be longer than GV̂w. On the other hand, GV̂w2 is smoother

than GV̂w due to the integration of GV̂wa . The more detailed comparison and discussion

will left to be shown in the Chapter 6.

5.3 LBFC-SMWO

The proposed LBFC-SMWO can be obtained by substituting the estimated wind ve-

locity and wind acceleration from the wind observer, Equation (5.28) and Equation (5.31),

into the auxiliary variables, Equation (5.20) and Equation (5.21), which is included in the

control commands, Equation (5.18). The overall block diagram of the proposed LBFC-

SMWO is shown in Figure 5.3.

UAV

Kinematic

Wind 

-+

Leader UAV

-+

Follower System

Airspeed
Heading

Pitch

Wind Velocity Observer

Wind Acceleration Observer Estimator Estimator

Estimator Estimator

Formation
Geometry

Lyapunov-based Formation Controller

Desired 
States

Commanded
States-+

Wind Observer

Formation Control

Figure 5.3: The block diagram of the proposed LBFC-SMWO in the follower UAV system.

5.4 Stability Issues

The stability of the proposed LBFC and LBFC-SMWO has not been proved in this

thesis. Equation (5.7) and Equation (5.17) show that the formation error and the states

error of the follower UAV will converge to zero asymptotically. It remains to show that

existing a Lyapunov candidate W = W1 +W2 satifying the following inequalities [38:
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Khalil 2002] to guarantee the stability of the proposed LBFC.

W > 0,

Ẇ < 0.

(5.33)

After the stability of the LBFC is proved, the stability of the LBFC-SMWO should be

analyzed by considering the SMWO’s dynamics.
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Chapter 6

Simulations
In this chaper, the effectiveness of the proposed Lyapunov-based formation controller

and sliding mode wind observer are validated through two simulation methods, model-in-

the-loop (MIL) and software-in-the-loop (SITL), respectively. In the MIL simulation, the

proposed LBFC-SMWO are implemented in MATLAB/Simulink@R2023b with continu-

ous system. The perfect inner-loop controller for airspeed, heading angle, and pitch angle

are designed according to Equation (4.6), and the inverse time constant of each controller

are set to be τVa = τψ = τθ = 0.5. As for the SITL simulation, the open-source PX4 au-

topilot [19: Meier et al. 2015] has provided off-the-shelf SITL simulation package, which

is easy to be integrated with the proposed algorithm and validated the performance in a

more realistic environment.

6.1 Performance Indices

To evaluate the performance of the proposed LBFC-SMWO numerically, the follow-

ing two performance indices are adopted:

• Integral Absolute Error (IAE): The IAE [42: Dorf and Bishop 2017] is defined as

IAE :=
tr∑
i=0

|ei|, (6.1)

where ei is the error between the reference and the actual value at time i and tr is

the total time to reach steady state. The IAE is used to evaluate the transient state

performance of the system.
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• Root Mean Square Error (RMSE): The RMSE is defined as

RMSE :=

√√√√ 1

tf − tr

tf∑
i=tr

e2i , (6.2)

where tf is the final time of the simulation. The RMSE is used to evaluate the steady

state performance of the system.

6.2 MIL Simulation

6.2.1 SMWO Performance Evaluation

The proposed SMWO performance is evaluated from three aspects:

• The relation of the wind velocity estimation between which from the wind observer

and the acceleration observer, i.e., V̂w and V̂w2 .

• The influence of the initial formation error to the estimation performance.

• The effect of the different observer gains, L1 and L2, to the estimation results.

To better observing the wind estimation results, we consider a formation flight with

only one follower and one virtual leader which will not be affected by the wind. In other

words, a virtual leader can be considered as a reference trajectory for the follower to follow.

The virtual leader’s trajectory expressed in inertial frame {I} is

pL(t) =
[
VLh

t 0 −90 + VLvt

]⊤
, t ∈ [0, tf ]s, (6.3)

where tf = 30 is the final time of the simulation, VLh
=

√
V 2
L − V 2

Lv
m/s, VLv = −1 m/s

and VL = 18m/s represents the components of virtual leader’s ground speed in horizontal

and vertical, respectively. The required virtual leader’s information for SMWO can be
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represented as

IL(t) =
[
p⊤
L(t) 0 0 VLv VL

]⊤
. (6.4)

The steady wind profile combined with constant and sinusoidal parts is

Vw(t) = Vwsc + Vwss =


2(1− e−2t) + sin(0.2t)

− sin(0.2t)

0.7 sin(0.2t)

 , t ∈ [0, 30]s. (6.5)

The formation configurations gc =
[
0 0 0

]⊤
. The LBFC controller gains and the initial

conditions for the virtual leader and the follower are listed in Table 6.1 and Table 6.2,

separately.

Table 6.1: The LBFC gains for the the SMWO performance evaluation.

Parameter c1 c2 c3 c4 c5 c6
Value 1.0 1.0 1.0 3.0 3.0 3.0

Table 6.2: Initial conditions of the leader and the follower for the SMWO performance
evaluation.

Parameter Value Parameter Value Unit
xL0 0 xF0 10 m
yL0 0 yL0 -10 m
zL0 -90 zL0 -100 m
VL0 18 VF0 18 m/s
ϕL0 0 ϕF0 0 rad
γL0 0.055 θF0 0 rad
χL0 0 ψF0

π
18

rad

Notice that the difference of the initial position between the leader and follower is

for better observing the transient state of the wind estimation. This part will be discussed

in Section 6.2.1.2.
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6.2.1.1 Comparison of the Estimated Wind Velocity from Wind Velocity Observer

and Acceleration Observer

Figure 6.1 shows the result of the wind velocity estimation from wind observer and

wind acceleration observer with fixed observer gainsL1 = 1 and differentL2 = 0.1, 1.0, 10.

By observing Figure 6.1(a), Figure 6.1(b), and Figure 6.1(c), the Vw2 is indeed smoother

thanVw due to the integration from the discontinuous acceleration estimation. At the same

time,Vw2 also converges slower thanVw because the estimation ofVw2 is based on the es-

timation ofVw. By increasing the value of the observer gain L2, the convergence speed of

Vw2 can be improved and almost align withVw. However, an over-large observer gain L2,

or more precisely say that an inappropriate ratio of L1 and L2 will cause some problems

for the wind acceleration estimation. These problems will be revealed in Section 6.2.1.3.
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(a) ŵl vs. ŵl2 .
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Figure 6.1: The comparison of the estimated wind velocity from wind observer V̂w and
acceleration observer V̂w2 . GT means the ground truth of the wind velocity.
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6.2.1.2 Initial Formation Error Influence on SMWO

To investigate how the initial formation error affects the transient of the wind velocity

estimation, the observer gains are first fixed as L1 = 1 and L2 = 0.1; the initial formation

error ge0 are set to be [−10,−10,−10]⊤, [0, 0, 0]⊤, and [10, 10, 10]⊤, respectively. The

relation between the initial formation error and the initial position of the follower UAV

are listed in Table 6.3.

Table 6.3: Relation between the initial formation error and the initial position of the
follower UAV.

le0 = fe0 = he0 xF0 yF0 zF0

-10 10 -10 -100
0 0 0 -90
10 -10 10 -80

Figure 6.2 shows the results of V̂w and V̂w2 with different initial formation errors.

When the initial formation error is -10 or 10, the initial transient state of the estimation

goes the opposite direction with respect to the ground truth value, which can be explained

by Equation (5.28). Take the case when the initial formation error is -10 as an example,

the initial sliding variable σ∗0 is 10 because the initial estimation of the formation error ∗̂e0

are always set to be 0. As a result, the ˙̂w∗ will keep being negative and the ŵ∗ will keep

decreasing untill the formation error estimation catch up the real value. The observation

when the initial formation error is 10 can be explained by the same token.

It is worth noting that when the initial formation error is 0, the estimation of the

wind velocity should be always align with the ground truth value, or precisely speaking,

zigzag move along with the ground truth value. However, the ŵf and ŵf2 do not show

this behavior. This is because an exponential term dominating the wind profile at the

begining of the simulation, which makes the wind acceleration is too large to follow the

Lipschitz contraints in Equation (5.29). To verify this, the observer gains are increased
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Figure 6.2: The influence of initial formation error on wind velocity estimation process.
The observer gains are L1 = 1 and L2 = 0.1. err represents the initial formation error.

to L1 = 10 and L2 = 0.1, and the results are shown in Figure 6.3. In this case, the ŵf

is exactly aligned with the ground truth value at the beginning, and the ŵf2 remains the

same behavior as before because the observer gain L2 remains unchanged and violates the

Equation (5.32).

0 5 10 15
-10

0

10

0 5 10 15
-10

0

10

0 5 10 15
-10

0

10

(a) V̂w.

0 5 10 15

-1

0

1

0 5 10 15
-3

-2

-1

0

1

0 5 10 15

-1

0

1

(b) V̂w2
.

Figure 6.3: The influence of initial formation error on wind velocity estimation process.
The observer gains are L1 = 10 and L2 = 0.1. Zoom in the first 15 s.

6.2.1.3 Observer Gain Influence on SMWO
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The relation between the different observer gains L1, L2 and the estimation perfor-

mance of wind velocity and wind acceleration are discussed in this section. The initial

formation error is set to be [−10,−10,−10]⊤ for the better observations of the transient

state of the estimation. L1 and L2 are considered to be 0.1, 1, 10. The wind velocity es-

timation Vw2 results are shown in Figure 6.4, and the wind acceleration estimation Vwa

results are shown in Figure 6.5. At the beginning, from the wind profile Equation (6.5),

we knows that the L1 should be larger than 0.2 and L2 should be larger than 0.04 to satisfy

the Lipschitz constraints Equation (5.29) and Equation (5.32). As a result, whenL1 = 0.1,

the estimation value fails to converge to the ground truth value.

On the other hand, by the discussion in Section 6.2.1.1, the larger the L2 is, the faster

the convergence speed of the wind velocity estimation Vw2 is. However, too large L2

will cause the wind acceleration estimation Vwa to converge to the undesired transient

state of the Vw, which can be especially observed from the case when L1 = 1 and L2 =

10 in Figure 6.5(a), Figure 6.5(c), and Figure 6.5(e). Overall, the larger the observer

gains are, the faster the convergence speed of the estimation is, the larger the overshoot

of the estimation is, and the bigger the zigzag amplitude of the estimation is as well. The

estimation results of different observer gains are concluded in Table 6.4.

Table 6.4: The performance of wind velocity and wind acceleration estimation with
different observer gains, L1 and L2.

L1

0.1 1 10

0.1 L1 not satisfy
Lipschitz constraints. Balance. Converging speed:

slow.

L2 1 L1 not satisfy
Lipschitz constraints.

Balance.
Accel. estimates
transient state.

Balance.

10 L1 not satisfy
Lipschitz constraints.

Accel. estimates
transient state.

Max oscillation:
large.

Balance represents the moderate converging speed and maximum overshoot of the
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estimation. From Table 6.4, the best observer gains ratio, L1 over L2, can be concluded as

10. It is worth noting that how large the observer gains should be are determined by the

property of the wind profile, i.e., the observer gains should obey the Lipschitz constraints,

and that’s why the best observer gains ratio is proposed instead of the best observer gains.

6.2.2 LBFC-SMWO Performance Evaluation

The proposed LBFC-SMWO is evaluated from two different formation flight tra-

jectories, the straight line and the circular orbit, because other kinds of different traje-

cotories,i.e., bow-tie shape, can be decomposed into several pieces of these two basic

trajectories. Without loss of generality, a formation flight with one follower and one vir-

tual leader is considered. The LBFC-SMWO performance will be focused on analyzing

the follower’s system response through IAE and RMSE. The steady wind profile of the

constant Vwsc and sinusoidal Vwss parts are

Vw = Vwsc + Vwss ,

Vwsc =

[
M(1− e−2t) cos(D) M(1− e−2t) sin(D) 0

]⊤
,

Vwss =

[
1 sin(0.2t) −1 sin(0.2t) 0.7 sin(0.2t)

]⊤
,

(6.6)

whereM means the magnitude of the constant steady wind andD represents the direction

of the constant steady wind. The formation configurations are set to gc =
[
−7 14 0

]⊤
.

The LBFC gains and the SMWO gains are listed in Table 6.5.

6.2.2.1 Formation Flight in Straight Line Trajectory

In the straight line formation flight, the virtual leader fly straight along with π
4
radians
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(b) ŵl2 estimation error.

0 5 10 15 20 25 30

-2

-1

0

0 5 10 15 20 25 30
-4

-2

0

0 5 10 15 20 25 30

-5

0

(c) ŵf2 .
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Figure 6.4: The influence of different observer gains, L1 and L2, on wind velocity
estimation V̂w2 .
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Figure 6.5: The influence of different observer gains, L1 and L2, on wind acceleration
estimation V̂wa .
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Table 6.5: The LBFC gains and SMWO gains for the LBFC-SMWO performance
evaluation.

Parameter c1 c2 c3 c4 c5 c6
Value 0.2 0.2 1.0 0.4 0.4 3.0

Parameter L1 L2

Value 1.0 0.1

in x-y plane of the inertial frame {I} with a constant ground speed VL = 18m/s and

ascending speed VLv = −1m/s. The virtual leader’s trajectory can be expressed as

pL(t) =
[
VLh

cos(π
4
)t VLh

sin(π
4
)t −90 + VLvt

]⊤
, t ∈ [0, tf ]s, (6.7)

where tf = 70. The initial conditions of the virtual leader and the follower are listed in

Table 6.6 and Figure 6.6 shows the schematic of the straight line formation flight.

Table 6.6: The initial conditions of the leader and the follower for LBFC-SMWO
performance evaluation in straight line trajectory.

Parameter Value Parameter Value Unit
xL0 0 xF0 -10 m
yL0 0 yF0 -10 m
zL0 -90 zF0 -80 m
VL0 18 VF0 18 m/s
ϕL0 0 ϕF0 0 rad
γL0 0.055 θF0 0 rad
χL0

π
4

ψF0 0 rad

To better unstanding how much influence of different wind profiles may have on the

formation flight performance, two situations, with wind and without wind are discussed.

Firstly, we compared the LBFC performance with wind compensation and without wind

compensation even under no wind environment. Secondly, under wind environment, dif-

ferent cases of the wind settings including wind direction, constant wind magnitude, wind

property and whether applying wind compensation or not are considered. All the cases

are listed in Table 6.7.
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Figure 6.6: The schematic of the straight line formation flight.

Table 6.7: The cases of the different wind settings for formation flight performance
evaluation.

Environment Wind
Direction Vwsc Magnitude Property Compensation

Cases
w/o wind - - - Cx

- - - Cv

w/ wind D+135 M2 Pc Cx
D-135 M8 Ps Cv
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In Table 6.7, D means the wind direction, D+135 means the wind direction is 135

degrees in inertial frame {I}; M means the wind magnitude, M2 means the wind mag-

nitude of the steady constant wind Vwsc is 2 m/s; P means the wind property, Pc means

the wind profile is only steady constant wind Vwsc and Ps means the wind profile contains

both steady constant wind Vwsc and sinusoidal wind Vwss ; C means the compensation,

Cv means the wind compensation is turned on and Cx means the wind compensation is

turned off. For example, the case with a steady constant wind blowing to the direction of

135 degrees in inertial frame {I} with a magnitude of 2 m/s and wind compensation on

will be represented as D+135M2PcCv.

The trajectory of the straight line formation flight under no wind environment is

shown in Figure 6.7. Figure 6.8 shows the formation error comparison between with

wind compensation and without wind compensation. From Figure 6.8, under no wind en-

vironment, the formation error converges in 20 s in both cases. However, the case with

wind compensation has larger error value than without wind compensation instead. This

situation can be also observed from the states and states error in Figure 6.9.

In Figure 6.9(d), the states error of θde and Vade have an undesired overshoot and un-

dershoot compared to the case without wind compensation in Figure 6.9(b), which may

result from the transient state of the wind velocity estimation and the wind acceleration es-

timation. In Figure 6.10, the wind estimation takes around 10 s to converge to the ground

truth value, which induced the larger states error and formation error in the transient states.

For the formation flight of the straight line trajectory under the wind environment,

we want to discuss how the different wind settings would pose influence on the formation
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(a) Without wind compensation.
(b) Without wind compensation. Zoom in

transient state.

(c) With wind compensation.
(d) With wind compensation. Zoom in transient

state.

Figure 6.7: The 3D visualization of the straight line trajectory of the formation flight under
no wind environment. The green fixed-wing UAV represents the leader and the red
fixed-wing UAV represents the follower, which are plotted out each 5 seconds. The blue
dot-dashed line represents the referenced trajectory of the leader. The red arrow means the
airspeed direction of the follower.
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Figure 6.8: The comparison of the formation error between the case with wind
compensation and without wind compensation under no wind environment.
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Figure 6.9: The states and states error of the follower UAV of the straight line formation
trajectory under no wind environment.
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Figure 6.10: The wind estimations under no wind environment. Zoom in the first 30 s.
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Figure 6.11: The comparison of the formation flight of the IAE and RMSE under different
wind directions.

flight performance, which is evaluated by IAE and RMSE. The transient state is from 0 s

to 20 s, i.e., tr = 20, which is selected manually, and the steady state is from 20 s to 70 s,

i.e., tf = 70.

First of all, different wind directions, D+135 and D-135, are considered. Figure 6.11

shows the results of the IAE and RMSE of the formation flight. In Figure 6.11(a), all

the cases with D+135 has a smaller IAE than the cases with D-135. This is because the

virtual leader is flying to the direction of π
4
radians in the inertial frame {I} andD+135will

benefit the follower to follow the virtual leader. Conversely, the D-135 degrees will hinder

the follower to follow the virtual leader. The influence of the different wind direction will

fade out after entering the steady state. Figure 6.11(b) shows that the RMSE in no matter

D+135 or D-135 cases are pretty much the same.

Second of all, the different wind magnitudes, M2 and M8, are considered. From

Figure 6.12, both the IAE and RMSE of the cases with M2 are smaller than the cases

with M8. This is trivial for the cases without the wind compensation, but for the cases

with wind compensation, D135PcCv, D135PsCv, D-135PcCv, and D-135PsCv, in Figure
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(b) The RMSE.

Figure 6.12: The comparison of the formation flight of the IAE and RMSE under different
wind magnitude.

6.12(b) show that the RMSE can be tremendously reduced by the wind compensation in

both M2 and M8 cases.

Thirdly, the different wind properties, Pc and Ps, are considered. The results of the

IAE and RMSE are shown in Figure 6.13. In Figure 6.13(a), the difference of the influ-

ences from Pc or Ps cannot be discriminated. As for the RMSE, the cases D+135M2Cx,

D+135M8Cx, D-135M2Cx, and D-135M8Cx, in Figure 6.13(b) show that the cases with

Ps have larger RMSE than the cases with Pc. However, under the wind compensation

cases D+135M2PcCv, D+135M8PcCv, D-135M2PcCv, and D-135M8PcCv, the RMSE

can be a lot reduced for both Pc and Ps cases and the difference between Pc and Ps cases

are not that significant. Here a brief conclusion can be drawn that with the LBFC-SMWO,

the formation error can be reduced under the time-variant or time-invariant wind environ-

ment.

Lastly, the influence of whether with wind compensation or not is discussed. Fig-

ure 6.14 shows that both the IAE and RMSE are dramatically reduced by the wind com-

pensation when the wind magnitude is 8. However, when the wind magnitude is 2,i.e.,
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Figure 6.13: The comparison of the formation flight of the IAE and RMSE under different
wind property.
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(b) The RMSE.

Figure 6.14: The comparison of the formation flight of the IAE and RMSE under whether
with wind compensation.

D+135M2Ps in Figure 6.14(a), the IAE will be a lot affected by the compensation of the

transient states of the wind estimation, causing the error under the wind compensation is

larger than without wind compensation instead. The results of the straight line formation

flight performance evaluation from IAE and RMSE under different wind settings are listed

in Table 6.8.

6.2.2.2 Formation Flight in Circular Orbit Trajectory

In the circular orbit formation flight, the virtual leader flies in a circular orbit tra-

70



doi:10.6342/NTU202500345

Table 6.8: The results of the formation flight performance evaluation under different wind
settings in the straight line trajectory. The RMSE is calculated from the squared root of the
sum of the squared of the RMSE_le, RMSE_fe, and RMSE_he.

Wind

Dir. 135
Prop. c
Mag. 2 8
Com. v x v x

Cases D+135M2PcCv D+135M2PcCx D+135M8PcCv D+135M8PcCx
IAE 126.2011 175.5890 199.5060 760.4023

RMSE 0.2651 14.8597 2.0686 59.0756
RMSE_le 0.2631 14.8591 2.0676 59.0486
RMSE_fe 0.0327 0.1325 0.0654 1.7849
RMSE_he 0.0003 0.0077 0.0041 0.0952

Wind

Dir. 135
Prop. s
Mag. 2 8
Com. v x v x

Cases D+135M2PsCv D+135M2PsCx D+135M8PsCv D+135M8PsCx
IAE 159.0133 135.3816 131.8863 675.0948

RMSE 0.3157 16.8203 0.5371 60.5621
RMSE_le 0.3147 16.8066 0.5369 60.5313
RMSE_fe 0.0256 0.1924 0.0144 1.8081
RMSE_he 0.0010 0.6519 0.0008 0.6769

Wind

Dir. -135
Prop. c
Mag. 2 8
Com. v x v x

Cases D-135M2PcCv D-135M2PcCx D-135M8PcCv D-135M8PcCx
IAE 199.0827 299.0857 367.5379 917.5854

RMSE 0.3868 14.9530 1.6221 59.7878
RMSE_le 0.3843 0.2186 0.4525 0.2139
RMSE_fe 0.0434 14.9514 1.5577 59.7873
RMSE_he 0.0002 0.0433 0.0065 0.1338

Wind

Dir. -135
Prop. s
Mag. 2 8
Com. v x v x

Cases D-135M2PsCv D-135M2PsCx D-135M8PsCv D-135M8PsCx
IAE 229.2925 347.5453 388.2147 936.7830

RMSE 0.3105 15.7312 1.6926 59.9923
RMSE_le 0.3098 4.8118 0.4501 4.8335
RMSE_fe 0.0208 14.9625 1.6317 59.7931
RMSE_he 0.0010 0.6652 0.0033 0.7002
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jectory with a radius of R, a ascending speed VLv = −1 m/s and the ground speed

Vg = 18 m/s. The virtual leader’s trajectory can be expressed as

pL(t) =
[
R cos(ωt) R sin(ωt) −90 + VLvt

]⊤
, t ∈ [0, tf ]s, (6.8)

where ω =
VLh

R
is the angular velocity and tf = 100. The initial conditions of the virtual

leader and the follower are listed in Table 6.9 and Figure 6.15 shows the schematic of the

circular orbit formation flight.

Table 6.9: The initial conditions of the leader and the follower for LBFC performance
evaluation in the circular orbit trajectory.

Parameter Value Parameter Value Unit
xL0 R xF0 0 m
yL0 0 yF0 0 m
zL0 -90 zF0 -90 m
VL0 18 VF0 18 m/s
ϕL0 0 ϕF0 0 rad
γL0 0.055 θF0 0 rad
χL0 π/2 ψF0 0 rad

Figure 6.15: The schematic of the circular orbit formation flight.
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In the circular orbit formation flight, different orbit radius R are considered to eval-

uate the performance of the LBFC-SMWO under a fixed wind direction, magnitude, and

property. The cases of the different orbit radius for evaluation are listed in Table 6.10. In

Table 6.10: The cases of the different orbit radius for formation flight performance
evaluation in the circular orbit trajectory.

Radius Wind
Direction Magnitude Property Compensation

Cases
R50

D+135 M2 Ps
Cx

R200
R300 Cv

Table 6.10, R means the radius of the circular orbit, R50 means the radius of the circular

orbit is 50 m, and the other definition of the wind settings are the same as in Table 6.7.

The formation error of the cases for R50Cx and R50Cv are shown in Figure 6.16. For

the lateral error le and forward error fe, both cases do not converge to zero in the steady

state, which can be revealed by the unconverging wind estimation in Figure 6.17. This
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Figure 6.16: The formation error of the circular orbit formation flight with the radius of 50
m.

is due to the fact that the derivative of the wind velocity and acceleration in geometry

frame {G} will be larger when the trajectory radius is smaller, which will need larger

observer gains to catch up the variation. On the other hand, the vertical component of
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(a) The wind velocity estimation.
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(b) The wind acceleration estimation.

Figure 6.17: The wind estimations of the circular orbit formation flight with the radius of
50 m. The groundtruth wind is in the geometry frame {G}.

the wind will not be affected along with the trajectory radius, which is why the vertical

error he converges to zero in R50Cv but not in R50Cx. For cases R200 and R300, the

wind estimation all catch up the rate of the variation of the ground truth wind as shown in

Figure 6.18 due to the large enough trajectory radius.

The formation flight trajecotories of the cases R200 and R300 are shown in Figure

6.19. It is worth noting that the follower UAV almost collides with the leader UAV at

around 15 s and 10 s in Figure 6.19(a), Figure 6.19(c) and Figure 6.19(b), Figure 6.19(d).

This is an inter-agent collision problem which is not considered in this work; however,

it should be carefully dealt with in the future. The formation error of the cases R200

and R300 are shown in Figure 6.20, which shows that the influence of the wind is still

mitigated by the compensation when entering the steady state as discussed in the straight

line trajectory cases. However, due to the larger intial formation error, the error in the

transient state is enhanced by the transient state of the wind estimation, which can be also

revealed by the first 40 s from Figure 6.19(b) and Figure 6.19(d). The results of the circular

orbit formation flight performance evaluation from IAE and RMSE under different orbit

radius are listed in Table 6.11.
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(a) The wind velocity estimation (R200).
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(b) The wind acceleration estimation (R200).
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(c) The wind velocity estimation (R300).
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(d) The wind acceleration estimation (R300).

Figure 6.18: The wind estimations of the circular orbit formation flight with the radius of
200 m and 300 m. The groundtruth wind is in the geometry frame {G}.
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(a) Without wind compensation (R200). (b) With wind compensation (R200).

(c) Without wind compensation (R300). (d) With wind compensation (R300).

Figure 6.19: The trajectory of the circular orbit formation flight with the radius of 200 m
and 300 m.
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(a) The formation error of the circular orbit
formation flight with the radius of 200 m.
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(b) The formation error of the circular orbit
formation flight with the radius of 300 m.

Figure 6.20: The formation error of the circular orbit formation flight with the radius of
200 m and 300 m.

76



doi:10.6342/NTU202500345

Table 6.11: The results of the formation flight performance evaluation under different orbit
radius in the circular orbit trajectory. The RMSE is calculated from the squared root of the
sum of the squared of the RMSE_le, RMSE_fe, and RMSE_he.

Rad. 50 200 300
Com. v x v x v x
Cases R50Cv R50Cx R200Cv R200Cx R300Cv R300Cx
IAE 783.5661 635.3324 2588.3270 1796.7158 3584.8097 2605.7188

RMSE 16.7882 13.9664 1.4585 15.8050 2.3618 15.8937
RMSE_le 11.6894 9.8608 1.3831 12.9451 2.0969 11.8227
RMSE_fe 12.0499 9.8701 0.4630 9.0451 1.0869 10.6033
RMSE_he 0.0466 0.6358 0.0013 0.6383 0.0040 0.6353

6.3 SITL Simulation

In the software-in-the-loop (SITL) simulation, a more realistic simulation environ-

ment including the sensor noises, control saturations, and the information exchanges delay

will be included to evaluate the performance of the LBFC-SMWO. An open-source PX4

simulation package [43: GazeboSimulation 2024] is adopted to provide the off-the-shelf

SITL environment. The innerloop controller in SITL is ran by the customized PX4 autopi-

lot v1.15 1 [44: Autopilot 2024], [19: Meier et al. 2015], while the Gazebo sim Garden

[45: GazeboGarden 2024] is used as a physical simulator to simulate the fixed-wing UAV

dynamics and a ground control station (GCS) QGroundControl [46: QGC 2024] is used

to monitor the UAV’s states. The overall SITL simulation architecture is shown in Figure

6.21. The PX4 autopilot also provides upper level API to control the vehicle’s attitude,

however, only θ and ϕ can be controlled in fixed-wing airframe. As a result, in order

to meet the LBFC requirements, a ψ controller is designed with P control based on As-

sumption 2 by utilizing the built-in ϕ controller. On the other hand, the PX4 autopilot

calculates the airspeed value by Bernoulli’s equation [47: Wikipedia 2024]; however, in

the simulation, it does not adopt the real wind value to calculate the accurate differential

1The customized PX4 autopilot is available at https://github.com/TigerWuu/Formation-PX4
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Figure 6.21: The overall SITL simulation architecture.

pressure and uses the x-axis velocity in the fixed-wing body frame instead. This problem

is also solved in the customized PX4 autopilot 2 to obtain a more accurate wind estimation

value. The wind profile in the Gazebo sim is generated from the customized wind plugin

3 modified from wind_effect plugin in [48: Gazebosim 2024].

The proposed LBFC-SMWO algorithm 4 is implemented in C++ and the information

exchange between the algorithms and PX4 autopilot is organized through ROS2 humble

[49: ROS2 2024] and μXRCE−DDS protocol. The whole SITL simulation are ran on the

desktop computer equipped with Intel i9-11900K CPU and Nvidia RTX 2060 GPU. The

information flow chart of the implemented LBFC-SMWO algorithm and PX4 autopilot

are shown in Figure 6.22.

6.3.1 Fixed-wing System Overview

2The airspeed sensing problem has been issued and concretely described in https://github.com/PX4/
PX4-Autopilot/issues/23756

3The customizedwind pluginwill publish the truewind value into ROS2 topic. It is for better visualizing
the estimation results.

4The proposed LBFC-SMWO source code is available at https:// github.com/ TigerWuu/
PX4_formation_sim
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Figure 6.22: The information flow chart of the implemented LBFC-SMWO algorithm and
PX4 autopilot in SITL simulation. uORB is a publish-subscribe message API implemented
in PX4 autopilot for the information exchange. The infomation transmission frequency is
also shown in the figure.

The selected airframe is Standard VTOL [50: GazeboVehicles 2024], however, only

fixed-wing mode will be used for the LBFC-SMWO performance evaluation. The limita-

tion of the Va, ψ, θ are as follows:

• 12 m/s ≤ Va ≤ 28 m/s

• −π rad ≤ ψ ≤ π rad

• −1
6
rad ≤ θ ≤ 1

6
rad

From Equation (5.18), the inverse time constant τVa , τψ, and τθ are necessary for the LBFC

algorithm, whereas the inverse time constant of the innerloop system in SITL cannot be

obtained directly. As a result, we collect the step response data of the Va, ψ, θ innerloop

systems from SITL simulation first, which is shown in Figure 6.23 and then do the time-

domain system identification through the MATLAB function tfest [51: MathWorks 2022]

with 1 pole and 0 zero. The identified transfer functions of the innerloop system are shown

in Equation (6.9).

GVa =
0.1861

s+ 0.1918
, Gψ =

0.08939

s+ 0.08405
, Gθ =

2.079

s+ 2.012
. (6.9)
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The inverse time constant can be obtained through Equation (6.9) as τVa = 0.1918, τψ =

0.08405, and τθ = 2.012 [42: Dorf and Bishop 2017].
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Figure 6.23: The step response of the innerloop system in SITL simulation.

6.3.2 Three UAVs Formation Flight

In the three UAVs formation flight, the simulation procedures will follow Figure 6.24.

There are four timestamps in the simulation procedures:

Figure 6.24: The simulation procedures of the formation flight in SITL simulation.

1. t0: the virtual leader UAV starts to fly along with the desired trajectory and the
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follower UAVs start takeoff to 10 meters height above the ground in the multirotor

(MR) mode.

2. t1: The virtual leader UAV keeps flying and the follower UAVs start transition to

the fixed-wing (FW) mode.

3. ti: The virtual leader UAV keeps flying and the follower UAVs start to execute the

formation flight.

4. ton: The follower UAVs start to receive the wind estimation value to compensate

the wind effect.

At t0, the three UAVs are initialized on the ground as shown in Figure 6.25. F1 are located

at
[
0 0 0

]⊤
, F2 are located at

[
−3 −3 0

]⊤
, and F3 are located at

[
−3 3 0

]⊤
in

the inertial frame {I}.

Figure 6.25: The initial conditions of the three UAVs at t0.

At ti, the follower UAVs has transitioned to the fixed-wing mode and start executing

the formation flight. The initial airspeed VaF0 = 10 m/s, the altitude zF 0 = −10 m, and
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the heading angle ψF 0 = π
2
radians. The schematic of the formation flight at ti is shown

in Figure 6.26.

(a) The straight line formation flight at ti. (b) The circular orbit formation flight at ti.

Figure 6.26: The schematic of the three UAVs formation flight at ti.

The steady wind profile of the constant wind Vwsc and the sinusoidal wind Vwss gen-

erated from the wind plugin are

Vw = Vwsc + Vwss ,

Vwsc =

[
2 cos(3π

4
) 2 sin(3π

4
) −0.7

]⊤
,

Vwss =

[
1 sin(0.2t) 1 sin(0.2t) 0

]⊤
.

(6.10)

The desired formation configuration of the three UAVs is shown in Table 6.12.

Table 6.12: The desired formation configuration of the three UAVs in SITL simulation.

lc fc hc

F1 0 0 0
F2 -7 14 0
F3 7 14 0

The controller and observer gains are listed in Table 6.13.
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Table 6.13: LBFC gains and SMWO gains for LBFC-SMWO performance evaluation

Parameter c1 c2 c3 c4 c5 c6
Value 0.08 0.08 1.0 0.25 0.2 1.5

Parameter L1 L2

Value 1.0 0.1

6.3.2.1 Straight Line Trajectory

In the straight line formation flight, the virtual leader fly straight along with π
4
radians

in x-y plane of the inertial frame {I} with a constant ground speed VL = 18 m/s and

constant altitude zL = −20 m. The virtual leader’s trajectory can be expressed as

pL(t) =
[
VL cos(π4 )t VL sin(π4 )t −20

]⊤
. (6.11)

The formation trajectory of the three UAVs in the straight line formation flight is

shown in Figure 6.27.

Figure 6.28 shows that the le is greatly reduced after the compensation of the wind

estimation. In Figure 6.28(a), only the le oscillates around 50 m due to the wind influence.

The wind estimation values and the groundtruth can be seen in Figure 6.29, which shows

that only wl is not zero because the wind direction is perpendicular to the flight direction.

After the wind compensation, Figure 6.28(b) shows the le is mitigated, yet the oscillation

still exists. Figure 6.30 also shows that the the states error starts to oscillates in high

frequency after the wind compensation, however, ψde still does not converge to zero. Both

the formation error and the states error do not converge to zero after the wind compensation

may due to themodeling error, that is, the inverse time constant of the system identification

is not that accurate or a time delay in the wind estimation value. Figure 6.29 shows that

the wind estimation value is not exactly aligned with the groundtruth wind value, and this

may result from the airspeed sensor is only 10 Hz, which is slower than the other sensors
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(a) Without wind compensation. (b) Without wind compensation. Zoom in.

(c) With wind compensation. (d) With wind compensation. Zoom in.

Figure 6.27: The 3D visualization of the straight line trajectory of the three UAVs formation
flight. The green dot represents the virtual leader and the red fixed-wing UAV represents
the followers, which are plotted out each 5 seconds. The blue dot-dashed line represents the
actual trajectories of the three followers.
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from Figure 6.22.
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(a) Without wind compensation.
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(b) With wind compensation.

Figure 6.28: The formation error of the straight line formation flight. Only the F1 is shown
here.

6.3.2.2 Circular Orbit Trajectory

In the circular orbit formation flight, the virtual leader flies in a circular orbit trajec-

tory with a radius of 400m, the constant ground speed Vg = 18m/s, and a constant altitude

zL = −20 m. The virtual leader’s trajectory can be expressed as

pL(t) =
[
400 cos(ωt) 400 sin(ωt) −20

]⊤
, (6.12)

The formation trajectory of the three UAVs in the circular orbit formation flight is shown

in Figure 6.31.

As compared to the straight line formation flight, both the le and fe are reduced after

the wind compensation as shown in Figure 6.32 because the variant flight direction along

with the circular orbit cause the variant wind direction in the geometry frame {G}. The

wind estimations are shown in Figure 6.33 and the states error are shown in Figure 6.34.
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(a) Wind velocity estimation without wind
compensation.
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(b) Wind acceleration estimation without wind
compensation.
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(c) Wind velocity estimation with wind
compensation.
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(d) Wind acceleration estimation with wind
compensation.

Figure 6.29: The wind estimation of the straight line formation flight. Only the F1 is shown
here.
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(a) The states error without wind compensation.

0 20 40 60 80 100 120 140
-20

-10

0
t 1 t i t on

0 20 40 60 80 100 120 140
0

0.5

1

0 20 40 60 80 100 120 140

-0.2

-0.1

0

(b) The states error with wind compensation.

Figure 6.30: The states error of the straight line formation flight. Only the F1 is shown here.

86



doi:10.6342/NTU202500345

(a) Without wind compensation. (b) Without wind compensation. Zoom in.

(c) With wind compensation. (d) With wind compensation. Zoom in.

Figure 6.31: The 3D visualization of the circular orbit trajectory of the three UAVs
formation flight. The green dot represents the virtual leader and the red fixed-wing UAV
represents the followers, which are plotted out each 5 seconds. The blue dot-dashed line
represents the actual trajectories of the three followers.
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(b) With wind compensation.

Figure 6.32: The formation error of the circular orbit formation flight. Only the F1 is
shown here.
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(a) Wind velocity estimation without wind
compensation.
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(b) Wind acceleration estimation without wind
compensation.
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(c) Wind velocity estimation with wind
compensation.
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(d) Wind acceleration estimation with wind
compensation.

Figure 6.33: The wind estimation of the circular orbit formation flight. Only the F1 is
shown here.
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(a) The states error without wind compensation.
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(b) The states error with wind compensation.

Figure 6.34: The states error of the circular orbit formation flight. Only the F1 is shown
here.
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Chapter 7

Conclusions and Future Works

7.1 Conclusions

In this thesis, a Lyapunov-based foromation controller with sliding mode wind ob-

server algorithm is proposed for the fixed-wing UAVs formation flight under the variant

wind field environment. The proposed formation controller can not only handle the 2D

formation flight but also the 3D formation flight. The proposed wind observer estimate

the bounded variant wind velocity and acceleration in the geometry frame {G}, which

make it easily be incorporated into the proposed formation controller.

On the other hand, the proposed algorithm are validated not only in the ideal MIL

simulation but also in the more realistic SITL simulation provided by the off-the-shelf

PX4 Autopilot. Although the proposed algorithm performs worse in the SITL simulation

than in the MIL simulation due to the more realistic conditions such as the sensor noises,

time delays, and the UAV model uncertainties. The simulation results still show that the

formation error can be mitigated after the wind compensation. Besides, the success of

the integration of the proposed algorithm into SITL simulation shows the potential of

the proposed algorithm to be implemented in the real fixed-wing UAVs with the PX4

Autopilot and Pixhawk hardware [52: Pixhawk 2024] in the future.

7.2 Future Works

The proposed LBFC-SMWO algorithm can be further improved in the following

aspects:
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• To apply the proposed algorithm in a close formation flight system to mitigate the

energy consumption by utilizing the upwash effect from the leader UAV. The spe-

cific formation configuration [11: Mirzaeinia et al. 2019], [12: Zhang and Liu 2018]

and the wake vortex from leader UAV should be considered.

• The inter-agent collision avoidance algorithm should be incorporated into the pro-

posed algorithm to avoid the collision between the UAVs.

• The rigorous proof of the stability of the proposed LBFC and LBFC-SMWO algo-

rithm should be conducted.

After the improvement of the proposed algorithm, the real flight test would be conducted

to validate the proposed algorithm in the real fixed-wing UAVs.
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