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Abstract

This paper examines how tuition gaps between public and private universities, along
with financial aid policies, affect student-school matching and individual welfare under
borrowing constraints. Motivated by Taiwan’s higher education context—where public
universities offer higher quality at lower cost, and where the government has recently be-
gun promoting tuition subsidies for private institutions—we extend the Fernandez and Gali
(1999) matching model by integrating tuition, to more accurately represent the Taiwanese

university system.

We simulate two policy scenarios using a system of differential equations: (1) only
private universities charge tuition; and (2) tuition is gradually equalized across institutions
by increasing public college tuition and decreasing private college tuition, with total tu-
ition revenue held constant. This design allows us to isolate the redistributive effects of

narrowing the tuition gap.

The results show that reducing tuition disparities improves overall welfare, especially

v doi:10.6342/NTU202501700



for high-ability, low-wealth students. Our findings highlight the importance of carefully

calibrated tuition structures in enhancing both access and efficiency in stratified education

systems.

Keywords: Tuition gap ; Student-school matching ; Borrowing constraints ; Higher ed-

ucation ; Tuition subsidy policy
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Chapter 1 Introduction

To reduce educational inequality and financial barriers in higher education, the Min-
istry of Education (MOE) in Taiwan launched a tuition subsidy program targeting students
in private universities. The policy aims to narrow the tuition gap between public and pri-

vate institutions and promote choice based on student ability rather than family income.

Specifically, the program provides a direct tuition reduction of NT$35,000 for stu-
dents attending private universities per year. In addition, economically disadvantaged
students at both public and private institutions receive supplementary financial aid rang-
ing from NT$15,000 to NT$20,000. The initiative is further supported by three comple-
mentary measures: (1) full tuition waivers for senior high school and vocational school
students, (2) improvements to the student loan application and repayment system, and (3)

targeted financial assistance to low-income households.

These policies collectively aim to reduce educational cost disparities and support
students in pursuing academic paths aligned with their talents and interests, regardless of

socioeconomic background.

According to the Regulations Governing Tuition and Miscellaneous Fee Collection
for Institutions of Higher Education in Taiwan, universities and colleges are granted the

authority to propose their own tuition levels, which must then be approved by the MOE.

1 doi:10.6342/NTU202501700



Newly established institutions may initially set tuition fees independently, subject to MOE
review and approval. Any subsequent fee adjustments must undergo the same approval
process. Consequently, while fee levels vary across institutions, the variation within'each
institutional category (i.e., among public or among private institutions) tends to be rela-

tively small.

The substantial difference in tuition between public and private institutions primar-
ily stems from their distinct financial structures. According to data from the MOE, tuition
and miscellaneous fees account for only about 20% of annual revenue at public institu-
tions, which rely heavily on government subsidies—approximately a 70:30 ratio between
public funding and self-generated income. In contrast, tuition revenues at private institu-
tions often exceed 50% of their total income, reflecting a greater dependence on student

contributions.

Moreover, when excluding highly selective programs such as medicine, public uni-
versities in Taiwan generally exhibit higher admission scores than their private counter-
parts. This trend is illustrated in Figures 1.1 and 1.2, which are based on data from two
official sources: (1)University Admission Committee(~ 5 % 3 » 5 » % 4 R ¢ ), which
published the minimum admission scores and number of admitted students for each pro-
gram in the 2024 (113th academic year) university placement process; and (2) the Joint
Committee of Technological and Vocational College Admission (JCTV, 3 % fFedn 2 4
A € % & ¢ ), which provided the statistical distribution of admission scores for four-year
technological universities and two-year junior colleges during the same academic year.
These figures respectively depict the average admission thresholds for general universities
and technological institutions, thereby highlighting the correlation between institutional

type and entrance selectivity.

2 doi:10.6342/NTU202501700
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Figure 1.3: Public vs. Private University Tuition and Enrollment

Source: University Affairs Information Disclosure Platform (+ & f2Fetais 3 o B T
£),2024

Figure 1.3 presents tuition data drawn from the University Affairs Information Dis-
closure Platform (+ % f&Fuai: 37 3 2 B L 4 ). The results indicate a clear tuition gap:
on average, public institutions charge NT$25,842 per semester, while private institutions
charge NT$49,735—nearly NT$25,000 —highlighting a significant structural disparity in

the financial burden borne by students.

To explore the policy implications of tuition subsidies in a stratified education system,
I adapt the matching model of Fernandez and Gali (1999) to reflect institutional features of
Taiwan’ s higher education sector. In Taiwan, public universities are generally perceived
to be of higher quality than private ones, yet public institutions charge significantly lower
tuition fees. Despite this inverse relationship between quality and price, the government

provides tuition subsidies only to students attending private universities.

This raises an important policy question: Does subsidizing access to lower-quality

but higher-cost private universities improve equity and efficiency—or does it misallocate
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talent by incentivizing high-ability, low-wealth students away from better-quality public

institutions?

To explore these questions, we develop a model in which students differ in ability
and wealth, and compete for school placement through costly signaling under borrowing
constraints. We simulate two policy scenarios using a system of differential equations: (1)
only private universities charge tuition; and (2) tuition is gradually equalized across in-
stitutions by increasing public university tuition and decreasing private university tuition,
with total tuition revenue held constant. This design allows us to isolate the redistributive

impact of narrowing the tuition gap.

Results indicate that narrowing the tuition gap—either through subsidies for private
colleges or modest increases in public tuition—improves overall welfare and enhances
access for financially constrained students. Importantly, the benefits are not limited to
private school students; even those attending public institutions are better off, as reduced
competition for public seats leads to more efficient student-school matching. Charging
high tuition at lower-ranked institutions is particularly inefficient, as it distorts enrollment
incentives and intensifies pressure on public universities. By narrowing the gap, the sys-
tem not only expands access and improves sorting by ability and wealth, but also increases
overall enrollment. As total education expenditures decline, financially constrained stu-
dents are better able to afford higher-quality schools. These findings offer important in-
sights for designing tuition policies that promote both equity and efficiency in stratified

education systems.

The remainder of this paper proceeds as follows: Section 2 presents the model; Sec-

tion 3 analyzes theoretical results under perfect capital markets and borrowing constraints;
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Section 4 examines the role of wealth constraints; and Section 5 concludes:

1.1 Literature review

Prior work has examined how competition between public and private schools, com-
bined with peer-group effects, shapes educational outcomes and social stratification. Ep-
ple and Romano (1998) develop a general equilibrium model with heterogeneous students
(by income and ability) and peer effects, showing that private schools engage in income-
and ability-based tuition discrimination, and that equilibrium leads to stratification across
schools. While voucher policies may increase sorting and improve welfare for high-ability
students, public schools’ inability to internalize peer externalities results in overall ineffi-

ciency.

Cremer and Maldonado (2013) further explore mixed oligopoly in education, where
public and private schools coexist but differ in objectives. Their two-stage model shows
that while a single public school can restore efficiency without peer effects, once peer-
group dynamics are introduced, no configuration achieves efficient outcomes. Impor-
tantly, the presence of public provision alone is insufficient to ensure welfare gains, high-

lighting the need for targeted policy instruments to correct market failures in education.

In a complementary direction, Fernandez and Gali (1999) shift attention from in-
stitutional structures to the allocation mechanisms themselves—comparing markets and
tournaments under borrowing constraints. Their theoretical framework shows that the
way students are assigned to educational resources fundamentally affects equity and effi-
ciency when capital markets are imperfect. Specifically, even though tournaments involve
socially wasteful signaling expenditures, they can outperform market allocations by en-

6 doi:10.6342/NTU202501700



abling high-ability but low-wealth individuals to access better resources.

Extending this line of inquiry, Ferndndez and Rogerson (1996) develop a dynamic
intergenerational model that incorporates marital sorting, fertility behavior, educational
investment, and borrowing constraints. Their calibrated simulations show that increases
in assortative matching amplify long-run income inequality, particularly when educational
attainment depends on family income and when the returns to education are sensitive to
the relative supply of skilled labor. Together, these studies underscore that educational
inequality is shaped not only by institutional competition or public-private mix, but also by

the deeper structure of who gets matched to what opportunity under financial constraints.

Hopkins and Kornienko (2010) analyze how different types of inequality affect wel-
fare in tournament-based settings. While Fernandez and Gali (1999) focus on borrowing
constraints, Hopkins and Kornienko (2010) distinguish between inequality in endowments
(e.g., ability, wealth) and rewards (e.g., school quality). They show that reducing reward
inequality improves welfare by limiting excessive competition, whereas reducing endow-
ment inequality can worsen outcomes by intensifying positional rivalry. Their results offer

useful insights for evaluating redistribution in rank-based education systems.

Abdulkadiroglu and Sénmez (2003) reformulate school choice as a mechanism de-
sign problem, focusing on strategy-proofness and efficiency in student assignment. They
compare the Gale-Shapley student-optimal stable mechanism and the top trading cycles
mechanism—both direct and strategy-proof—highlighting the trade-off between eliminat-
ing justified envy and achieving Pareto efficiency. While their framework assumes fixed
priorities and capacities, their emphasis on assignment mechanisms as determinants of

access and welfare complements the matching model of Fernandez and Gali (1999).

7 doi:10.6342/NTU202501700



Chapter 2 Model

We extend the Fernandez and Gali (1999) matching model by integrating tuition, to
more accurately represent the Taiwanese university system. The economy is composed of
a continuum of individuals, each identified by their endowed ability a and initial wealth
w. For simplicity, we assume that students are uniformly distributed over the unit square
[0, 1], implying that ability and wealth are independently assigned across individuals. we
consider the case of schools with varying levels of quality. The quality of each school is

represented by an index s, which is assumed to follow a uniform distribution over [0, 1].

A student with ability a assigned to a school s produces an output level X(a, s),
where X : I? — R, is interpreted as a production function. We assume that X is twice
continuously differentiable and bounded, with X, > 0 and X > 0, meaning that output
increases in both ability and school quality. Furthermore, we assume X,; > 0. This
indicates that the interaction between student ability and school quality enhances output

through a complementary relationship in the production process.

To simplify exposition, we impose two additional assumptions: (i) X (0,0) = 0,
meaning that an student with the lowest ability attending the lowest-tier school obtains

zero output; and (ii) X,(a, s) < 1 forall (a,s) € I*
Students make decisions based on the allocation mechanism and the availability of

8 doi:10.6342/NTU202501700



capital markets. Each student chooses an expenditure level—potentially ‘borrowing if
credit is available—and is then assigned to a school. After completing education, the
student earns income, repays any debt, and consumes. The student’s objective is to maxi-
mize utility from consumption, which is given by total income X (a, s) minus educational
expenditures and the additional tuition cost associated with attending either a public or

private university. We assume the utility of not attending school is zero.

We define the allocation as a mapping S : I? — [0,1] U {0} that matches a school
of quality S(a,w) to each student, where students are distinguished by their ability level
a and initial wealth endowment w. Since some students may not go to any school in

equilibrium, we denote S(a,w) = () for this case.

Let 5 € (0,1). Schools with quality levels in the interval [0, 5] are classified as
private, while those in (5, 1] are classified as public. The student cost function is defined
as

C(s) =c-1{s < 5},

indicating that a student pays an additional fee c if assigned to a private school (i.e., when

s <°35).

9 doi:10.6342/NTU202501700



Chapter 3 The Tournament

In this paper, we view exams as a tournament that allocates each student to a school
with a quality ranking corresponding to the student’s position in the competition. The
signaling mechanism is defined by a function V' : I x R, — R, where V (a, ¢) denotes

the signal (or score) generated by a student with ability a and effort level e.

We assume that V, > 0 and V., > 0 for all a, and that V(a,0) = 0, implying
that a strictly positive expenditure is required to generate a positive signal. It is fre-
quently convenient to analyze the corresponding cost function e(v, a), implicitly defined
by V(a,e(v,a)) = v. That is, for a given signal level v, e(v, a) denotes the minimum

expenditure needed by a student with ability a to generate that signal.

Using the implicit function theorem to V' (a, e(v,a)) = v, we obtain the following
partial derivatives:
Va

ee=——<0, e, =

v (3.1)

1
v
We define the cumulative distribution function of signals in the economy as a map-

ping F': R, — [0, 1], i.e.

F(v):/O /0 1[v =V (a,E(a,w))]dwda, YveR,,

10 doi:10.6342/NTU202501700



where E(a,w) represents the resources used by student (a,w). With F, we can get that
the expenditure required by each student to achieve his equilibrium signal is e(F~1(s), a)

since

3.1 Equilibrium in complete economy

An equilibrium under tournament-based competition and perfect capital markets con-

sists of a feasible allocation S and a signal distribution F satisfying, V(a,w) € I%, Vs € [
S(a,w) = F(V(a,e(F~'(S(a,w),a))) (3.2)

X(a,S(a,w)) —e(F~Y(s),a) — C(S(a,w)) > X(a,s) —e(F(s),a) — C(s) (3.3)

Flv) = /0 /0 1o — V(a, e(F-1(S(a, w)), a))}dwda (3.4)

X(a,S(a,w)) —e(F~1(S(a,w),a)) — C(S(a,w)) >0 (3.5)

Condition (3.2) states the allocation rule about match between students and schools
with their rank in the signaling distribution. Condition (3.3) says that all the students
maximize their utility. Condition (3.4) says the signaling distribution makes the expendi-
ture required by each student to acheive his equilibrium. Condition (3.5) is the incentive

compatible constraint.

By some adequate change in Fernandez and Gali (1999), we can get the similar allo-
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cation rule (See Appendix A),

aif X(a,a) —c>0
S(a,w) = (3:6)

() otherwise

For the case S(a*) = s (whuch implies a = § ), we require the following incentive

compatibility condition:

U(a*,w*) = X(a*, S(a*,w*)) — e(F1(S(a*,w*)),a*) — C(S(a*,w"))

(3.7)
> X(a* +¢ S(a* +e,w?)) —e(FH(S(a* +e,w)),a* +e)
By continuity of X and e,
lim e(F~1(S(a* + ¢, w*)),a*) — e(F*(S(a*,w*)),a*) = c (3.8)

e—0t

Since X, > 0, there exists a such that X (a, S(a)) —c = X(a,a) —c > 0fora > a.

Lete(a) =0,
e(a) = /a Xs(z,2) = Vo(z,e(2))/Ve(z,e(2)) dz + const (3.9

Then by (3.8), Va € [a, 1],

(@) 0) = [ X(22) Vel ) Vi) de L G110)

12 doi:10.6342/NTU202501700



Bring (3.10) back to (3.9), we get

Ula,w) = X(a,S(a,w ) e(F~(a),a) — C(S(a,w))

3.1.1 Practical example

Consider X (a,s) = 2as + s, V(a,e) = a + e, then e(v,a) = v — a.

In the general case, which means there’s no difference between private and public

school, we can get

= /Oa X,(2,2) — Va(z,e(2))/Ve(z,e(2))dz = a® (3.12)

F(v) = f v —a® —a}da_ﬁ
(3.13)
F_l(S) = s+ 52
V(a, E(a,w)) = a* +a (3.14)
Ua,w) = X(a,S(a)) — e(F'(a),a) = 20" +a—a® =a” +a (3.15)

Now we consider the difference of private and public school. First, we can find s,

—1+v148c
4

satisfying X (s,s) = ¢, s0s = . In the jump case, we can get

13 doi:10.6342/NTU202501700



* 1

F(U>:/OS o[~ +al}do+ [ o[~ 5+ a4 elfdo

(

—1++/14+4(v+52—c eo —1++/14+4(v+52—c
( ) ifs < V/ 1+4( )

2 2

_ ) _ o —14++/1+4(v+52—c) —1++4/1+4(v+52
=43 lfSE( + +2(v+§ 0)7 + ;r(v+§)]

—144/14+4(v+s?) if5> —144/1+4(v+s2)

2 2

\

and
V(a, E(a,w)) =a*—s*+a—C(a) + C(0) =a* — s> +a+c-1{a > s}
Ula,w) = X(a,S(a)) —e(F'(a),a) =a®> —s* +a—c
For the student with a < s = %@ will have negative utility, who will choose not

to enter any school. Figure 3.1 compares the two scenarios: the blue line represents the

differentiated tuition case, and the orange line depicts the baseline case.

Comparison of e(a)

1279 — g(a),c=02
-== e(a)+C(5(a)),c=0.2
— e(a),c=0

e(a)

Figure 3.1: Expenditure e(a) under perfect capital market
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3.2 With borrowing constraint

Under borrowing constraints, an equilibrium characterized by a feasible allocation
S, signal distribution F', expenditure e and fee C'(s), should satisfy requirements as under
perfect captital markets except the maximize utility condition (3.17) should consider the

borrowing constraint:

S(a,w) = F(V(a,e(F(S(a,w)),a))) (3.16)

X(a,S(a,w)) —e(F(S(a,w)),a) — C(S(a,w)) > X(a,s) —e(F(s),a) — C(s)
V(a,w) € I with e(F~'(S(a,w),a)) + C(S(a,w)) <w (3.17)

Fv) = /0 /0 o — V(a, e(F~'(S(a, w)), a)) }dwda (3.18)

X(aa S(aa ’LU)) T e<F71(S(a7 U))), a) - C(S(a> w)) >0 (319)
The necessary condition for maximizing utility is:
Xfa, S(a,w)) > S (e(F(S(a,w)),a) + C(S(a,w))) (3.20)

where the equation hold for the unconstrained student.
By the similar process in Fernandez and Gali (1999), we can get:

Now, denoted a(s): the lowest ability level assigned to school s in equilibrium, or

can be seen as the inverse function of S(a, 1) = S(a). following proposition characterizes

15 doi:10.6342/NTU202501700



the allocation rule: S(a,w) = s if and only if (a, w) € R(s) UT(s), where

R(s) :={a=a(s), w = e(F'(s),a) + C(s)}

Property 3.2.1. S(a,w) =s <= (a,w) € R(s) UT(s).
Proof. See appendix. [

By Property 3.1, we know that school s will have unconstrained student with a = a(s)
(says R(s)), and constrained student with a > a(s) (says T'(s)). By market clearance
condition, the amount of school rank higher than s, must equal the student whose a > a(s)

and with wealth w > e(F~'(s), a(s)) + C(s). Hence, 1 — s = [

aoll —e(F7H(s),a) —

C(s)]da , or can be written as

a(s) =s— /a(s) [e(F~(s),a) + C(s)]da (3.21)

Denoted e(a) = e(F~'(S(a)), a), and note that S(a(s)) = s, we have

e(a(s)) = e(F~(s),a(s)). By First order condition of (3.20),
Xo(a(s),s) = (e(a(s)) + C(s)) = (e(F~'(s), als)) + C(s))

If s # 5, we can get

Xi(a(s),8) = e, (F(s), a(s))(F~1)'(s) > 0 (3.22)
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and if at somewhere differentiable s, we have

Xi(a(s),5) = C'(s) = e, (F(s), a(s)) F ' (s) (3.23)

By differentiating (3.21), we get

da
a(s) en(F1(s),a(s))(F~1)(s)
1 er(F~1(s),a
1= X(als),8) - [, it da

1 —e(a(s)) — C(s)

The first equation is due to Leibniz integral rule, and the second equation is due to
(3.22). Since e,, < 0, f a(s) eU(F

(S) a) da < 1. Together with X; < 1, we can conclude
that a/(s) > 0.

By the allocation rule (3.2), we have F

(s) = V(a(s),e(a(s))). Then differentiate
Vord +Ve-e-d =d(Vo+ V.
from (3.1)), then ¢ = @

it by s, we get (F~1) =

¢'). Since V, = - (the result
_ Ve
V. =

Xs Va
2 — {2. Thus, by (3.24),

_ ( ~ Vala(s), e(a(s))
a'(s) Ve(a(s), e(a(s))
1 —e(a(s)) — C(s) Vala(s), e(a(s))
= 3.25
Xs(al(S) s) fal(s) efg)}g—_(ls()S)gfg))dz ‘/e(a’(SL E(Q(S» ( )
or can be written as
: 1 —e(a) — C(S(a)) Va(a, e(a))
e(a) = — IS — (3.26)
s ~ o crsggde  Vele (@)

At the same time, since S is increasing, there exists

S(a) such that X (a, 5) =
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C'(5) and e(a) = 0, which makes an unconstrained student with ability a indifferent to go
to school or not. Thus, the ability in [0, @) would not go to school (which makes them get

negative utility), and [0, §) wouldn’t have any students (since monotonicity).

By solving (3.24) and (3.25) simultaneously with X (a, §) = C(S) and e(a) = 0, and

the initial condition a(1) = 1 (or S(1) = 1), we can get a(s) and e(a).

The next two properties show that:

1 If both public and private schools exist (i.e. 5§ > 0), then the equilibrium always

occurs at the lowest-quality school that the student is willing to attend, denoted by

3, which is necessarily a private school.

ii For the same reason as in the unconstrained case, we have e(a™) = e(a) + ¢. More-

over, note that e(a) + C(S(a)) is continuous in a.

Property 3.2.2. [f'5s > 0, then 5 < 5.

Proof. See Appendix. [

Property 3.2.3. Suppose s > 0, and consider a(S) = a, the type of the unconstrained

student who attends school 5 (the highest-ranked private school). Let a* = a(5"). Then,

Proof. See Appendix. [

Since e(a) + C'(s) > ¢ Va € [a, 1], student with wealth less than ¢ would not go to

school in wealth constraint case. Since e, < 0, e(F~1(8),a) = 0 fora > a.
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After solving the unconstrained case, note that the constrained student who goes to
school 5, will not choose s < §since X is increasing and their wealth w =-e(a’)+C(S(a’))
for some «’, because of the continuity of the function e(a) + C'(S(a)), will not make him

better off.

3.2.1 Numerical Method and Practical Example

As the differential equations in this model do not admit a closed-form solution, we
employ numerical methods to simulate the model’s behavior. The following subsections

describe the implementation procedure using Python.

1. Fix a constant ¢ and choose suitable functional forms for X (a, s) and V'(a, €) such

that the following conditions are satisfied:

X,>0, 0<X;<l—¢, Xu@>0, V,>0, V.>0, V(a,0)=0.

2. Based on equations (3.24) and (3.25), derive the system of differential equations

jointly characterizing a(s) and e(a).

3. Impose the initial condition a(1) = 1, which reflects the assumption that the best

(unconstrained) student attends the best school.

4. (a) Implement an iterative procedure (or manually adjust step by step), where for
each trial a value of the initial condition e(1) = init_e is selected. Using the
initial conditions together with the system of differential equations derived in

step 2, solve for a discrete numerical solution

{si, a(s;), e(a(s;))}, wheres, =1,
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by applying the ode45 numerical solver.

(b) Setatolerance level ¢, and determine whether there exists a triple (5, a(5), e(a($)))
such that

[X(a(5),8) —c| <e, e(a(3)) - 0] <e

(c) Since a/(s) > 0, the function X (a(s), s) is strictly increasing in s. There-
fore, if a solution exists, it is unique. Iteratively refine the initial guess init_e,
reduce the tolerance €, and examine the stability and convergence of the solu-

tion.

5. Record the resulting value s and the corresponding ¢nit_e. Plot the outcomes ac-

cordingly.

Let X(a,s) = (1 —&1)as + Z(a+s),then 0 < Xy(a,s) = (1 —&)a+L <1—c

if 61 > 2c. Let V/(a,e) = (a + d2)e, and hence e(v, a) = T ev(v,a) = ﬁ.

Then we have

1 ey s),a
1- XS(Q(S>7 S) fa(s) %da

a(s) = 1 —e(a(s)) — C(s)
1= (1= dv)als) + B(als) + 6) - (%)
= 1 —e(a(s)) — C(s)

with a(1) = 1,and

e/(@) ]. - e(a/) - C S(a)) Va(a’ e(a))
T L (Tal @Ay,
Xs(a,8(a)) Ja eo(FI(S(a) @) 9% e(a,e(a))
 1-e@-C(S) e
Y@y — (@+82) In(3FE)  a+0

where X (a($), 8) = ¢, e(a(5)) + C(3) = c.
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Chapter 4 Discussion

In this section, we examine two policy directions for narrowing the tuition gap be-
tween private and public universities under the assumption of borrowing constraints. The
first scenario reduces tuition charged by private institutions. The second direction includes
two designs: first, introducing a modest tuition fee at public universities while reducing
private tuition; second, applying a uniform tuition across all institutions. Both designs are
adjusted such that total tuition revenue remains constant across cases. This framework al-
lows us to evaluate how different methods of narrowing tuition gaps affect student-school

matching outcomes and individual welfare.

The analysis extends the numerical method presented in the previous section, using

the same functional forms. We set the parameters as 9; = d, = 0.25, ¢ = 0.1 and 5 = 0.5.

4.1 Scenario 1: Only Private Universities Charge Tuition

Given a fixed proportion of public and private universities (5 = (0.5), we examine the
effects of increasing the tuition gap between the two sectors. The results are illustrated in

Figure 4.1 and Figure 4.2.

When the additional tuition for private schools is high (c = 0.1), students with ability
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a € [0,0.2044) opt not to enroll in any school, and those with wealth w < 0.1 are similarly

excluded. Consequently, schools with quality s € [0, 0.2665) are left without any students.

Reducing the tuition to ¢ = 0.05 leads to improved access: students with ability
a € [0,0.1237) and wealth w < 0.05 still do not enroll, but the range of unattended

schools shrinks to s € [0,0.1725).

When the additional tuition is fully eliminated (c = 0), students of all ability levels
choose to enroll, and all schools are populated. In this case, the threshold function a(s)—
defined as the minimum student ability required to attend school s—is described by the

red line in the corresponding figure, and satisfies a(s) < s for all s.

This change in the tuition structure leads to several notable effects. Now we focus
on ¢ = 0.1 case versus ¢ = 0. First, among unconstrained students with ability levels a €
[0.2044, 1], total educational expenditure increases. For lower-ability students attending
private schools, the rise in tuition induces a decrease in effort, as the marginal increase
in total cost is less than 0.1. In contrast, students attending public institutions increase
their learning effort in response to the wider tuition gap. Around the boundary s = 0.5,
a noticeable kink appears in the slope of total expenditure: at ¢ = 0.1, the threshold
a(0.5) = 0.4322, and students attending private schools exhibit a steeper cost-effort slope
than those attending public schools. This discontinuity in slope becomes smoother as the

tuition gap narrows.

Second, the function a(s) shifts downward with the increase in tuition gap, indicat-
ing that for any given school s, the minimum admitted student ability becomes lower.
This can be interpreted as a crowding-out effect: students who were previously able to

afford enrollment are pushed out due to rising tuition, and are replaced by less capable but
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wealthier students who compensate for their lower ability with increased effort.

4.2 Scenario 2: Equalizing Tuition Across Institutions

We consider schools in the interval [0, 0.5] as private and those in (0.5, 1] as public.

The tuition fee function is given by:

C(S) =0.1x 1{3§0~5}‘

Under this setting, the lowest ability and the corresponding school quality at the lower
bound of enrollment are (a, s) = (0.2045,0.2665). The total tuition paid by students in
private schools is calculated as (0.5 — 0.2045) x 0.1 = 0.023347. Figure 4.3 illustrates

the utility distribution of students over the domain [a, w] € [0, 1]2.

We next consider a modified tuition structure in which private school fees are set
at ¢y = 0.05, and public schools also charge a fee denoted by cp,. The corresponding

tuition fee function is given by:

C(s) = 0.05 * <05 + Cpup * Ls0.5)

To ensure the same total tuition revenue, we slightly modify the original code to
construct an iterative procedure over ¢y, adjusting its value until the total tuition collected
remains constant. Through this process, we obtain ¢, = 0.0127, and the corresponding

threshold values are (a, s) = (0.1217,0.1603).

Using the same coding procedure, we generate Figure 4.4, which illustrates the utility
distribution of students over the domain [a, w] € [0, 1]°.
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Figure 4.1: Threshold ability a(s) under different private tuition levels ¢

24 doi:10.6342/NTU202501700



e(a)+C(S(a))
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Figure 4.2: Total educational cost e(a) + C(s) under different private tuition levels ¢

2D Projection: Z(a, w) (Color = Magnitude)
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Figure 4.3: Utility U (a, w) over (a,w) € [0,1]* under C(s) = 0.1 - 1,<0.5}
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2D Projection: Z(a, w) (Color = Magnitude)
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Figure 4.4: Utility U(a,w) over (a,w) € [0,1]* under C'(s) = 0.05 * 1{,<0.51 + Cpup *
15505

Furthermore, we consider the case in which both public and private schools charge
the same tuition, meaning that there is no gap between the two tuition levels. We denote
this common fee by cgume, Which is chosen such that the total tuition revenue remains the

same as in the previous scenarios. Specifically, the tuition fee function becomes:

C(S) = Csame-

Following a similar computational procedure, iterating cg,ne until the total fee to be
the same, we obtain cgpne = 0.0257 and (a, s) = (0.0707,0.0960). See Figure 4.5 for the
total cost structure. The shaded regions in the figure represent the areas where fees are
charged.
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Figure 4.5: Total educational cost e(a) + C'(S(a)) under different combinations of public
and private tuition levels

4.2.1 Welfare Comparison: Who Benefits from Tuition Reform?

Next, we compute the utility difference between the high private fee regime and the
alternative regime featuring lower private fees equal to public fee. The resulting changes

in individual utility are presented in Figure 4.7.

Overall, all students experience an increase in utility under the latter regime. This
improvement is primarily driven by reduced competition for public school seats, particu-
larly among high-ability students. Under the high private fee regime, the large cost differ-
ential between private and public schools (e.g., a gap of 0.1) strongly incentivized high-
ability students to choose private schools. The introduction of lower private fees equal
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Figure 4.6: Threshold ability a(s) under different combinations of public and private tu-
ition levels
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Difference in Z(a, w): ALL - Private (Enhanced 0.0-0.04 range)
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Figure 4.7: Utility difference Uynitorm (@, W) — Uprivate (@, w) across (a, w) € [0, 1]?
to public fee (where cyi — cpuy = 0.05 — 0.0127) narrows this gap, thereby reducing the

pressure to 0 on public school access.

When the tuition gap was large, high-ability, low-wealth (w € [0.0257, 0.1]) students
were unable to attend any school. Narrowing the gap allows them to re-enter the system
and benefit significantly. Additionally, students with slightly higher wealth also experi-
ence notable welfare improvements, as the easing of financial constraints allows them to
access higher-quality school options. Interestingly, the increase in utility is more substan-
tial for students enrolled in private schools compared to those in public schools, suggesting
that the new regime not only improves access but also enhances sorting efficiency across

school types.
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Chapter S Conclusion

Based on our previous discussion, we found that a Pareto improvement for the en-
tire student population can be achieved either by reducing private school tuition under
the current fee structure or by redirecting this reduction to increase public school student

expenditure.

The primary reason is that the main cause of expenditure distortion is the tuition
gap between public and private institutions. Whether through reducing private school
tuition or increasing public school fees, narrowing this gap diminishes resource allocation
distortions. This approach prevents excessive competition and ensures talented students

are not barred from appropriate educational institutions due to financial constraints.

Notably, implementing a policy that both reduces private school tuition and intro-
duces fees at public institutions does not reduce public school students’ utility—since the
tuition they would pay remains less than the loss incurred from excessive competition

under the distorted resource allocation.

Furthermore, lowering private school tuition enables more students to attend these in-
stitutions with relatively lower expenditure than before, while non-financially constrained

students of equal ability can access comparatively better schools.

Therefore, policies aimed at narrowing the tuition gap between public and private
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institutions warrant encouragement, particularly when they facilitate more efficient allo-

cation for all students while maintaining the same overall tuition revenue.

31 doi:10.6342/NTU202501700



References

Abdulkadiroglu, Atila and Tayfun Sénmez (2003) “School choice: A mechanism design

approach,” American economic review, 93 (3), 729-747.

Cremer, Helmuth and Dario Maldonado (2013) “Mixed oligopoly in education,” technical

report, IZA Discussion Papers.

Epple, Dennis and Richard E Romano (1998) “Competition between private and public

schools, vouchers, and peer-group effects,” American Economic Review, 33—62.

Fernandez, Raquel and Jordi Gali (1999) “To each according to---? Markets, tournaments,
and the matching problem with borrowing constraints,” The Review of Economic Stud-

ies, 66 (4), 799-824.

Fernandez, R. and R. Rogerson (1996) “Income Distribution, Communities, and the Qual-

ity of Public Education,” The Quarterly Journal of Economics, 111 (1), 135-164.

Hopkins, Ed and Tatiana Kornienko (2010) “Which inequality? The inequality of en-
dowments versus the inequality of rewards,” American Economic Journal: Microeco-

nomics, 2 (3), 106-137.

32 doi:10.6342/NTU202501700



Appendix A — Details about the

tournament

A.1 The perfect capital case

by FOC, we have that feasible allocation S(a,w) can be supported by the thresh-

oldsF'~1(s) if V(a, w), s satisfies
X, ey (FY(5) — C'(s) = 0 A1)

and SOC

Xgs— €y (F1)? —e, - (F71)'(s) —"(s) <0 (A.2)

Denote G = X,(a, S(a,w)) — e,(F~(S(a,w)),a)(F~)(S(a,w)) — ¢ (S(a,w))

and f(s) = F~!(s) for simplicity.
By Implicit function theorem on s(a) # s,

s 0G 0G

5w = 30 %
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with

oG 0s o 08 , 05 o 08

bw = w0y~ )5y [t
5
5—2; = Xos — eon(f)2 — f'er — (S) (A.5)

Thus we can get S(a,w) = S(a,w’) = S(a) .

To get S'(a), consider £ X:

d
d_Xs = Xgs + X S = [61)1; : (Fil)/z + ey (Fﬁl)// + C//]S/ + €ya (F71>/ (A6)
a

since e,, > 0 and X,s > 0, by SOC,

Xas — €ya * (F_l),

! P —
S (a) - Xss — ey - (Ffl)/Z — e, - (Ffl)// ——

>0 (A7)

In order to satisfy feasibility, for any s’ € [0, 1], by (A.7),

11
s =0(1,5) = / / 1y sepdzdw = S(a) = a (A.8)

o Jo
For the case s(a*) # s*, note that there’s no a such that s(a) = s* for (A.8). If

s(s*) > s*,a = s* + € will deviate, and similar as the case s(s*) < s*, hence we can

conclude that S(a) = a for a € [0, 1].
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A.1.1 The Jump point

For the case S(a*) = s* (whuch means a = s* ), we need

U(a*,w*) = X(a*, S(a*,w*)) — e(F1(S(a*,w*)),a*) — C(S(a*,w*"))

(A.9)
> X(a* +e S(a* +e,w)) —e(FHS(a* +e,w)),a" +e)
By continuity of X and e,
lim e(F1(S(a* + ¢, w*)),a*) — e(F*(S(a*,w*)),a*) > c (A.10)

e—0t
To maximize all students’ utility, (A.10) will be equal:
e(F7Y(S(a*T,w*)),a*) = e(F7Y(S(a*,w*)),a*) + c.

Let s* € (0,1) - rank [0, s*| be ¥ = and rank (s*,1] be = =
Ula,w) = X(a,S(a,w)) —e(F1(S(a,w)),a) — C(S(a,w)) (A.11)

where C(S(a,w)) = ¢ - 1{s(auw)<s}-

Denote e(a) = e(F~(a),a), then
¢'(a) = ey(F(a),a))(F'Y(a) + eq = Xs(a,a) — V,/V. (A.12)

Since X, > 0, there exists a such thatX (a, S(a)) — ¢ = X(a,a) — ¢ > 0 fora > a. Let

e(a) =0,

e(a) = /a Xi(z,2) = Vi(z,e(2))/Ve(z,e(2)) + dz + const (A.13)
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Then by (A.10), Va € [a, 1],

e(F*(a),a) = /a Xo(2,2) = Val(z,e(2)) [ Ve(z,e(2))dz + ¢ - 1gss) (A.14)

Bring (A.14) back to (A.11), we get

Ula,w) = X(a,a) — /a Xs(z,2) = Vi(z,e(2))/Ve(z,e(2))dz — ¢ (A.15)

A.2 The borrowing constraint case

The first lemma says that students attending school s have no expenditures, and the
second lemma says that in equilibrium, no student spends more than 1. Thus, the FOC

will hold for some student.

Lemma 1. ¢(F~'(s),a) =0Va € [0,1].
Proof. If s = 0, by (3.18), we can get F'(0) = 0. Then
V(a,e(F71(0),a)) = F'(0) =0 = e(F*(0),a) = 0since V, > 0and V(a,0) =0

If >0, suppose e(F~(s),a’) = k > 0 forsome @’ > 0. Since there alway exists s’ = s—e
and C'(s") = C(s), and this school have no student, which means entering this school will
not have extra expenditure other than the fee C'(s). Then, by continuity, the student will

prefer s’ than s, which is a contradiction. [

Lemma 2. if X, < 1 — ¢, then e(F~'(S(a,w)),a) + C(S(a,w)) < 1Vs € [s,1]

Proof. Take (a,w) with S(a,w) = s and e(F~'(s),a)) + C(s) > 1 for some s. First,
s = s holds by Lemma 1.
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For s > s, By Revealed preference, X (a,s) — e(F~1(S(a,w),a)) — C(s)> X (a,s)~—

C(s). But we have

X(a,s) —e(F~Y(s),a) — C(s) = X(a, s) / X,(a,2)dz — e(F(s),a) = C(s)

as /Xaz )dz — 1

<X(a,8)+(1—c)-(s—5)— 1< X(a,s) — C(s) =+

Let QQ(s) represent the set of students who can afford to go to school s,denoted as
Q(s) = {(a,w) € I?,a > as,w > e(F~'(s),a)) + C(s)}, where a, stands for the lowest
ability that can afford to go to school s by spending less than 1, that is, e(F~!(s), as) = 1

(since e, < 0). Note that (a, w) € Q(1) are affordable to go to any school in [0, 1].

Lemma 3. V(a,w), (¢/,w') € Q(1), (i) a > a’ = S(a,w) > S(a',w')

(i) S(a,w) = S(a,w’).

Proof. (i) Suppose a > d’, s = S(a,w) < S(a’,w’) = s'. By revealed preference,

X(a,s) —e(F~(s),a)) = C(s) = X(a,8") — e(F (), a)) = C(s)

X(d,s) —e(F1(s),d)) - C(s") > X(d,s) —e(F*(s),d")) — C(s)

by the fact of single crossing property and e,,, < 0,
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If s = &/, since in Q(1), the student are all unconstrained, X, (a, s) = L{e(F~(s),a)+
C(s)] = Xs(d',s) = a = a' —+« by the fact that X, > 0.

(i) if s = S(a,w) > S(a,w’) = " for a, s, s’ are indifferent for person in
Q(1), hence we have the FOC holds in both cases. By (i), if a” > a, a” prefers

s than [¢', s); if a” < a, a” prefers s’ than (s, s]. Hence, in (1), only student with

ability=a would go to school [¢', s].

Notice that it is only zero measure. Thus, we can know that [¢', s] is filled by
{(a,w) : w € [e(F71(s),a)) + C(s'),e(F7(s),a)) + C(s)] forsome a € I}.

By Market clearance,

s_s < /0 (e(F1(s), 2)) + C(s)) — (e(F~\(s'), 2)) + C(s'))dz
_ /0 //S(e(F_l(s),z))—i—C(s))’dsdz

< / Xs(1,8)ds < s — s =+

The last two inequalities are due to X,(z,s) > (e(F~1(s), 2))+C(s)) and X5 > 0

and X, <1—c< 1.

Now, we want to say that Va € [0, 1], if the student with wealth= 1 choose to go to

school, then he is effectively unconstrained.

Consider (a,w) = (a1, 1), the student of the lowest ability who can afford to go to
school s = 1(says e(F~!(1),a;) + C(1) = 1). According to the previous two lemmas,

the student would go to S(ay,1) = s; < 1 and spend less than 1.

Then we can set (Q(s;), note that every student in ()(s;) are unconstrained by the
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single crossing property (since in Q(s1) with a < a; cannot attend s > sy even if he
can afford it). Then we can find a,: the lowest ability student who can afford to s;(says

e(F~1(s1),as) + C(s1) = 1). Thus, we can also find s, = S(as, 1).

Thus, by iteration, we can get a sequence Q(s1), Q(s2), - such that any student
(a,1) € Q(s;) is effectively unconstrained for all j, and will converge to ay, s, with
S(ay,1) = sg. Note that ay is the point to determine whether to go to school( if a <
ag,S(a,1) = 0). Otherwise, denote s = s, a, as the lowest ability student who can

afford to s, by implicit function theorem, we will have

. da asle(F1(s),av) + C ()] Xs(ay, ')
. s _ _ds ) _ s\Qs’,
0 sl—>n;1’ ds €a<F_1(S/), as/) ea(F_l(S/)v as’) ~U e

Hence, we can conclude that Va € [ay, 1], (a, 1) are effectively unconstrained and

the FOC will hold:

X,(a,S(a,1)) = (e(F~*(S(a,1)),a) + C(S(a,1))) (A.16)

Define S(a) = S(a, 1), and note that any student (a,w) with w > e(F~*(S(a)), a)
will be able to afford the school chosen by the student with the same ability and highest

wealth, which is the direct result of Lemma 3.(i1).

Lemma 4. for a € |ay, 1], (i) S is strictly increasing, (ii) S(1) = 1, (iii) S is continuous,

(iv) S is (a.e.) differentiable.

Proof. (1) By Lemma 3.

(i1) By the strict monotonicity of S and market clearing.
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(iii) If s;, = lim,,,_ S(z) < lim,_,, S(z) = sy, monotonicity of S implies that no
unconstrained student will attend schools in the interval (s, sg). we can know
that s, sy is filled by {(a,w) : w € [e(F(s1),a)) + C(sr), e(F7 (sg)ya)) +

C(sy)] for some a € [ag, 1]}. By Market clearance,

SH = SL < / (e(F~ (sn),2)) + Clsu)) — (e(F~(s1), 2)) + C(s1))dz

1 SH SH
= / / (e(F71(s),2) + C(s))dsdz < / Xs(1,s)ds < sy — s, —4—

Thus, lim._,,_ S(z) = lim._,,, S(z) and S is continuous.

(iv) Follows from (i) and the boundedness of the range of S. [J

A.2.1 Proof of properties
Proof of property 3.1

Proof. By Lemma 3, all students in R(s) will go to school s. Then we fix s.

First, w € [0,e(F~1(s),a(s)) + C(s))will go to other school.

Second, (a,w), with w € (e(F~!(s),a(s)) + C(s),1] and a > a(s) won’t go to s since
they will choose s’ > s.

Third, similarly, (a,w) with w € [e(F~1(s),a(s)) + C(s),1] and a < a(s) won’t go to s
since they will choose s’ < s.

Finally, students in 7'(s) = {(a,w) : w = e(F~(s),a(s))+C(s), a > a(s)} can’t afford
s’ > s, and prefer s to any s € [sy, $), so they go to s. O
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Proof of property 3.2

Proof. Suppose § > 5, then by Lemma 1, e(a) = 0.
Also we have X (a,$) — e(a) — C(5) = X(a,5) = 0 to make unconstrained student
indifferent to go to school or not. However, X (a,s) = 0 implies thata = § =0 < §

2

which is a contradiction.

[

Proof of property 3.3

Proof. First, we have C(51) = 0and C(3) = c. If e(a™) < e(a) + ¢, then

Ife(at) > e(a) + ¢, then

X(@", st —e(@) - CG") < X(@",s") —e(@ —C(s) = X(a*,s) — e(a(s)) — C(5)

by continuity of X, violating IC constraint. [
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