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Abstract

In this study, we investigate a single-product flow shop joint production-maintenance
planning problem in a deteriorating system. The yield rates of machines decline over
time but can be increased through preventive maintenance. However, machines must
be shut down during maintenance periods, which may lead to higher inventory costs or
demand shortage costs. Determining the appropriate timing for maintenance and the
associated production plan to minimize the total cost is therefore a crucial issue for the
factory to remain cost-effective. When the system consists of only one stage, we show that
the maintenance and inventory cycles are nested. This property allows us to decompose
the planning horizon into subproblems by maintenance and reformulate our problem as
a shortest-path problem, where the edge costs can be solved by linear programming.
When the system consists of only two stages, we show that the maintenance timing
across the two stages follows either a synchronized or a neighboring pattern. An exact
algorithm which exhibits a two-layer shortest-path structure is then developed to find
an optimal solution. For problems with more than two stages, we develop a heuristic
algorithm that decomposes the problem by stage and utilizes the single-stage algorithm
to generate a near-optimal solution. Finally, we illustrate how our heuristic algorithm
can be extended to problems with stochastic yield declining rates by using a rolling
schedule approach. Through numerical experiments, we demonstrate the effectiveness of

our heuristic algorithm under both deterministic and stochastic settings.

Keywords: production planning; preventive maintenance; nonlinear integer program; ex-
act algorithms; heuristic algorithms.
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Chapter 1

Introduction

1.1 Background and motivation

Production planning and preventive maintenance are two major concerns of a manufac-
turing company. Production planning problems, also known as lot-sizing problems, focus
on developing a production plan that meets customer demands while balancing produc-
tion, inventory, and demand-related costs (e.g., shortage and backlogging costs). Most
studies on production planning assume that production systems operate flawlessly and
that manufacturing equipment does not deteriorate. Nevertheless, in reality, machines
degrade over time, and this degradation may result in lower yield rates and a higher
probability of machine breakdowns. As a common strategy for tackling these issues,
manufacturers implement preventive maintenance to raise yield rates and reduce the risk
of machine breakdowns. Based on machinery conditions and system status, the plan-
ning of preventive maintenance seeks to determine the best maintenance schedule that

maximizes system reliability.
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Interestingly, while extensive research has been conducted on production planning
and preventive maintenance, they are typically treated as separate problems in the lit-
erature. However, these decisions are inherently interdependent: though maintenance
improves machine health and enhances productivity, it also requires temporary machine
shutdowns, which may lead to excessive storage of work-in-process (WIP) or even demand
shortages. The best timing for maintenance therefore depends not only on machine sta-
tus but also on WIP levels and demand quantities, and the optimization of production
planning and maintenance scheduling should be carried out together to further minimize

costs or maximize profits.

Another key issue when developing production and maintenance plans is to under-
stand the manufacturing process. In many cases, it is required to go through several
processing stages in sequence to produce an end product; that is, the production process
follows a flow shop structure. This poses additional challenges for manufacturers as they
have to coordinate maintenance timing and manage the inventory of work-in-processes
(WIPs) across multiple stages. For example, in a two-stage system, when the second stage
is under maintenance, the first stage may reduce production to avoid high inventory cost
as these WIPs cannot be processed by the second stage immediately. Therefore, to de-
velop an effective production plan for the first stage, it is necessary to consider not only
its maintenance schedule but also that of the second stage. These considerations further
complicate the problem and require the decision maker to determine the production plan

and maintenance schedule from multiple perspectives.

To the best of our knowledge, while some literature is devoted to integrating produc-

tion and maintenance decisions in a single-stage setting, there is almost no research that
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considers a multi-stage setting (see Chapter 2 for details). We therefore attempt to extend
the research scope in this area and believe that the integrated production-maintenance

problem in a deteriorating multi-stage system is worthwhile to study.

1.2 Research objectives

In this study, we investigate a single-product joint production-maintenance planning
problem in a deteriorating flow shop system. We are given a planning horizon that con-
sists of several periods. To produce an end product, it is required to go through several
sequential processing stages, and we assume that it is viable to finish all stages consec-
utively within a single planning period (Zangwill, 1969; Love, 1972; Hwang et al., 2013;
Zhao and Zhang, 2020). The demand quantity in each period is known and deterministic

and is given before planning begins.

At the beginning of a period, the decision maker determines (1) the input quantity
and (2) whether to perform maintenance at each stage. Note that since we want to find
the overall production plan for each stage, we view all the machines in the same stage as a
whole, or simply say that there is only one machine in a stage. Maintenance takes exactly
one period to complete, and production is not allowed during this maintenance period.For
each stage, the realized output quantity is assumed to be the input level multiplied by
the yield rate at that stage, and the defective items are discarded. Moreover, we view
the outputs of each stage (except for the last stage) as work-in-progresses (WIPs), and

they constitute the input of the next stage.

At the end of a period, machine yield rates decrease (until they reach a lower bound)
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according to an exogenous yield declining rate if maintenance is not performed in that
period. On the other hand, if maintenance is conducted, the yield rates are restored to
as-new ones. Note that while some studies model system deterioration as an increasing
probability of random breakdowns (Aghezzaf et al., 2007; Nourelfath et al., 2010; Aghezzaf
et al., 2016), here we follow another stream of literature and models the deterioration
as a decline in yield rates (Sloan and Shanthikumar, 2000; Xiang et al., 2014; Zhang
et al., 2023). The company is allowed to strategically reject the demand requests but
pay a shortage cost to compensate customers. Our goal is to develop a joint production-
maintenance schedule that minimizes the sum of production, inventory, and demand

shortage costs over the entire planning horizon.

To address our problem, we first formulate it as a nonlinear integer program. How-
ever, the high computational burden of solving this model drives us to look for more
efficient algorithms. When the system consists of one or two stages, we derive theoreti-
cal properties of an optimal solution and develop exact algorithms to solve the problem.
When the system consists of more than two stages, we utilize the single-stage algorithm
and develop a heuristic algorithm to find a near-optimal solution efficiently. We also
demonstrate how our heuristic algorithm can be extended to the case when the yield
declining rates are stochastic. Numerical experiments are conducted to show the average

performance and the efficiency of our proposed algorithms.
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1.3 Research plan

Our research plan is organized as follows. In Chapter 2, we review related studies. In
Chapter 3, we precisely describe our problem and formulate it as a nonlinear integer
program. To approach our problem, we develop both exact and heuristic algorithms
in Chapter 4. A numerical study that demonstrates the effectiveness of the heuristic
algorithm is also provided in the same chapter. In Chapter 5, we extend our problem
to the scenario when the yield declining rates are random and explain how our heuristic

algorithm can be modified accordingly. Finally, Chapter 6 concludes our study.
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Chapter 2

Literature Review

In this chapter, we review related studies on production planning and preventive main-
tenance problems. In Section 2.1, we review classic works on lot-sizing problems. From
Sections 2.2 to 2.4, we review research that integrates maintenance decisions into produc-
tion planning problems. Section 2.2 presents studies that model system deterioration as
an increasing probability of random failure. On the other hand, Section 2.3 investigates
studies that characterize deterioration using multiple states to describe machine condi-
tions. Finally, Section 2.4 focuses on research that considers a multi-stage deteriorating

manufacturing system.

2.1 Lot-sizing problems

Lot-sizing problems have been studied extensively in the literature (Brahimi et al., 2006;
Buschkuehl et al., 2010; Brahimi et al., 2017). In the seminal work done by Wagner

and Whitin (1958), a single-stage production system with dynamic (period-dependent
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and non-constant) demand is investigated. They first show that production occurs only
when the inventory is empty. Building on this property, they demonstrate how the prob-
lem can be divided into subproblems and develop an exact algorithm based on dynamic

programming to find an optimal solution.

To better handle lot-sizing problems, Zangwill (1968) proposes a novel network formu-
lation that facilitates the development of theoretical properties and efficient algorithms.
Using this technique, Zangwill (1969) extends the work of Wagner and Whitin (1958) in
two directions. First, he demonstrates how the problem and algorithm can be modified to
incorporate demand backlogging. Moreover, he generalizes the framework to accommo-
date systems with multiple processing stages (also referred to as multi-echelon systems)

and develops an exact algorithm to solve the problem.

Unlike the above works which assume unlimited production capacity, capacitated lot-
sizing problems have also received considerable attention in the literature. Florian and
Klein (1971) study a single-stage production system with a constant capacity across all
planning periods. Building on the theoretical results and solution approaches in the unca-
pacitated problem, they utilize dynamic programming to solve the capacitated one. For
multi-stage capacitated lot-sizing, Hwang et al. (2013) first introduce the novel concept
of a “basis path” to characterize an optimal solution. Following this idea, they develop a

sophisticated algorithm that finds an optimal solution in polynomial time.

While the above works develop elegant solution approaches to tackle single- and multi-
stage lot-sizing problems, all of them assume a perfect production system where machine
yield rates remain constant over the planning horizon. This distinguishes our study from

theirs.

doi:10.6342/NTU202500607



2.2 Preventive maintenance with random failure

For studies that consider production planning in a deteriorating system, Aghezzaf et al.
(2007) propose an integrated model that incorporates both production and maintenance
decisions. Both unplanned corrective maintenance and planned preventive maintenance
can be conducted to restore machine conditions and reduce the probability of machine
breakdowns. Through a numerical study, they demonstrate how much cost is saved when
production and maintenance decisions are made simultaneously rather than considered

separately.

Nourelfath et al. (2010) adopt a similar setting to Aghezzaf et al. (2007) to model
the joint production and maintenance problem but consider multiple machines (referred
to as components) within the same stage. After formulating the problem, they propose
a sophisticated approach to evaluate the expected maintenance cost, the expected main-
tenance duration, and the average production capacity in each period. In addition, they
develop a genetic algorithm that searches for an effective maintenance schedule to solve

large-scale instances.

In contrast to the above studies which assume that maintenance restores machines to
an as-good-as-new state, some studies consider imperfect preventive maintenance. For ex-
ample, Aghezzaf et al. (2016) consider a scenario where maintenance restores machines to
a state between as-bad-as-old and as-good-as-new. To address the problem, they demon-
strate how it can be formulated by a mixed-integer program and propose an iterative

heuristic algorithm to find near-optimal solutions.
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Although the above studies are devoted to integrating production planning and pre-
ventive maintenance, their modeling choices, which involve an increasing probability of
machine breakdown as the time from the last maintenance increases, are different from
our work. In our setting, we assume that machine yield rates decrease over time and
do not consider random breakdowns. Therefore, their modeling techniques and solution

approaches cannot be applied to our problem.

2.3 Preventive maintenance with declining yield rates

For research that incorporates declining machine yield rates, Sloan and Shanthikumar
(2000) and Xiang et al. (2014) both consider joint production and maintenance planning
problems in deteriorating systems, with deterministic demand in the former and stochas-
tic demand in the latter. A Markov decision process is used to describe the state (yield
rate) of machines, which directly impacts system productivity. The optimal policies for

both problems are presented in their respective studies.

Extending these works, Zhang et al. (2023) study a problem where production output
is not only determined by yield rates but is also a random variable. Their problem is even
more complicated as the transition probabilities between different machine states are no
longer homogeneous but depend on the workload of the previous period. A stochastic
dynamic programming model is proposed to formulate the problem, and the structure of

the optimal policy is characterized in their work.

Aldurgam (2020) investigates a problem that considers maintenance, production, and

inspection at the same time. Besides preventive maintenance, the decision maker deter-
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mine whether to inspect some products and repair the defective ones when necessary.
Balancing the costs of inspection and product repair against the compensation costs in-
curred from selling defective items thus become the trade-off of the problem. Theoretical

properties are derived to gain insights to the problem.

While the modeling choices for describing system deterioration in the above works
are similar to ours, they focus on single-stage systems rather than multi-stage ones. The

differentiates our work from all the above.

2.4 Preventive maintenance with multiple stages

For studies that integrate production planning and preventive maintenance in a multi-
stage system, Shao et al. (2022) investigate a problem that involves two deteriorating
stages in a just-in-time system. For each stage, the decision maker determines the pro-
duction quantity per period and the interval between two consecutive maintenance to
minimize the cost. Though their study considers multiple stages, they model system

deterioration as an increasing risk of machine breakdown, which differs from this study.

Guo and Gu (2020) examines a two-stage, multi-product assembly system with de-
layed differentiation configuration. In this system, the first stage performs the common
operations required by all products, while the second stage consists of multiple machines,
each responsible for producing a specific product type. In each period, a product type
is selected for manufacturing and the corresponding machine at the second stage is ac-
tivated, and the decision maker determines whether to perform preventive maintenance

on the other machines in the second stage. Nevertheless, given that the two stages must

10
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operate in tandem in the same period, their problem is essentially equivalent to that
of a single-stage system with multiple machines. On the contrary, we consider a true

multi-stage system in this study.

To the best of our knowledge, there is only a limited number of studies that consider
a multi-stage system with both maintenance and production decisions. We therefore

believe our problem is worth of investigation.

11
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Chapter 3

Problem Description and

Formulation

In this chapter, we precisely describe our production-maintenance problem and formulate

it as a nonlinear integer program.

Let S = {1,...,m} be the set of stages and m = |S| be the number of stages. Moreover,
we assume that the planning horizon consists of n periods and let T = {1, 2, ..., n} be the
set of periods. In the sequel, we use s € S as the index of a stage and ¢ € T as the index

of a period.

Regarding our decision variables, we define z, as the input quantity to stage s in
period ¢, and y, as the amount of inventory of the work-in-process that has been processed
through s stages at the beginning of period ¢t. We include y; ,,11 to represent the inventory
level at stage s at the end of the planning horizon. For simplicity, we sometimes abbreviate

the “work-in-process that has been processed through s stages” as the “WIP at stage s”,

12
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and we assume that the ending inventory of a period equals the beginning inventory of
the next period. For maintenance decisions, we define z € {0, 1} as 1 if stage s is under
maintenance in period ¢ or 0 otherwise, and wg € [0,1] as the yield rate of stage s in
period t. Figure 3.1 provides an example with 2 stages and 4 periods that visualizes the

above decision variables.

J X11 X12 X13 X14
stage 1 Z Z Z Z
& M1 1 Y12 12 Y13 13 Y14 14 Yis
(yield rate Wll ) (le) (W13) (W14)
X21 X22 X23 X324
stage 2 zZ zZ zZ zZ
& 21 A Y22 2 Y23 2 Y2a 24 Va5
l(W“) (W22) (W23) (W2a)
period 1 period 2 period 3 period 4

Figure 3.1: Visualization of the decision variables

In period ¢, there is a known and deterministic demand D;, and we let the decision
variable r; be the demand fulfilled in this period. The company pays a shortage cost F' to
compensate for each unit of unfulfilled demand, and demands are lost if not met on time.
We use P, and R, to denote the production cost per input to stage s and the inventory
cost per WIP at stage s, respectively. With the above notations, the total cost that the

company seeks to minimize is then

(3.1)

min ZZ(Psl‘st+Rsyst) +FZ<Dt_Tt)’

seS teT teT

which is the sum of the production cost, inventory cost, and demand shortage cost.

Moreover, we assume that F' > ) o P, to exclude the trivial case where all demand

13
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requests are rejected in an optimal solution.

It is evident that there are some relationships between our decision variables. To
be more specific, the inventory level should depend on the input quantity and the yield
rate, and no production is allowed during a maintenance period. Let M be a large
enough number, we then formulate the inventory balancing and production-maintenance

constraints

Yst+1 = Yst + WstT s — Tstr1t Vse S \ {m}vt er (32)
Ymitl = Ymt + Wi tTmys — 1 VEET (3.3)
T < M(1—2zy4) VseStel. (3.4)

Constraints (3.2) and (3.3) balance the inventory at each stage in each period. Since
both w, and x, are continuous variables, their multiplication makes our formulation

nonlinear. Constraint (3.4) stops production when maintenance takes place.

To precisely describe our deteriorating production system, we assume that the yield
rate at stage s drops by B, at the end of period ¢ when there is no maintenance, and it
continues to decrease from period to period until it reaches a lower bound L,. On the
contrary, the yield rate is restored to 100% upon the completion of maintenance. To make
sure the yield rate stays above the lower bound, we further introduce a binary variable
vg € {0,1}, which is 1 if wg — By < L or 0 otherwise. The constraints that formulate

the change in yield rates according to the maintenance decision are then

wg <1 VseSteT (3.5)

14
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Ws 41 < Mzg + Mog + (wse — Byy) Vs e S,teT\ {n} (3.6)

Wspr1 < Mzg+M(1—vg)+ Ly Vse S,teT\{n}. (3.7)

Constraints (3.5) to (3.7) collectively ensure that maintenance can restore the yield rate
to 100%. In addition, when no maintenance is performed (zy = 0), the binary variable
vs activates exactly one of constraints (3.6) and (3.7), and it sets the yield rate wy 41 to

the maximum of wg — By (drops by By) and Lg (reaches the lower bound).

Finally, let W, > L, be the initial yield rate of stage s. The formulation is then

completed by adding the following constraints

we, =W, VseS (3.8)
Ysi = Ysmy1 =0 Vs €S (3.9)
<D, VteT (3.10)
Tty Yst, Wst, Ty >0 Vse S, teT (3.11)
za, Vst €{0,1} Vse S;teT. (3.12)

Constraint (3.8) initializes the yield rate. Constraint (3.9) sets the inventory at both
the beginning and the end of the planning horizon to zero (Zangwill, 1969; Florian and
Klein, 1971; Hwang et al., 2013). Constraint (3.10) sets the upper bound of the fulfilled

demand. Constraints (3.11) and (3.12) are nonnegativity and binary constraints.

When m > 1, we refer to our problem as the multi-stage problem. For the special

cases when m = 1 or m = 2, we refer to the problems as the single-stage problem and

mxn mxn

the two-stage problem, respectively. Moreover, we define z = [xg|""", 2 = [z ", y =

15
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]mx(n+1) }mxn

[Yst ,and w = [wg as the production plan, maintenance schedule, inventory
level, and yield rate for the entire production system, respectively. Since y and w can
be computed once x and z are given, we use solely (z, z) to represent a joint production-

maintenance schedule. The notation f(z, z) is adopted to denote the associated objective

value of schedule (z, z).

All the notations mentioned above are summarized in Table 3.1.

16
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Sets

S Set of stages; S ={1,...,m}.
T  Set of periods; T'= {1, ...,n}.
Parameters

m  Number of stages.

n  Number of periods.

D; Demand in period t.

P, Production cost per input to stage s.

Rs; Inventory cost per WIP at stage s.

F Shortage cost per end product.

By Yield declining rate of stage s in period ¢.

L, Lower bound of yield rate of stage s.
W, Initial yield rate of stage s.

Decision variables

T Input quantity to stage s in period t.

Ys« Amount of inventory at stage s at the beginning of period t.
r;  Demand fulfilled in period t.

wg  Yield rate of stage s in period t.

zg 1 if stage s is under maintenance in period ¢ or 0 otherwise.
v 1 if wg — By < Lg or 0 otherwise.

Table 3.1: List of notations

17
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Chapter 4

Algorithms

In this chapter, we develop algorithms to approach our production-maintenance problem.
In Sections 4.1 and 4.2, we show that the problem is polynomial-time solvable when the
system consists of one or two stages, respectively, and present our exact algorithms for
these cases. In Section 4.3, we propose a heuristic algorithm to address the problem with
an arbitrary number of stages. The effectiveness of the heuristic algorithm is evaluated

through a numerical study in Section 4.4.

To keep the article concise and avoid overly technical details when proving the the-
oretical properties, we assume that the production cost, the inventory cost, the yield
declining rate, the lower bound of the yield rate, and the demand are all strictly positive
throughout this chapter. All our theorems and algorithms can be easily extended to the

case where these values are nonnegative.

Assumption 1. Py, Ry, By, Ls, D, >0 foralls e S andt € T.

Before discussing how to solve our production-maintenance problem, we first focus

18
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on a category of schedule that better captures the relationship between our two major
decisions, production and maintenance. As machines are restored after maintenance, it is
natural that maintenance should be followed by production; otherwise, the maintenance
would either be wasted or better rescheduled. To formalize this idea, we define an effec-
tive schedule in Definition 1, which captures the relationship between maintenance and

production described above.

Definition 1. A feasible schedule (x, z) is said to be effective if 2y = 1 implies x5441 > 0

forallse S andt € T\ {n}, and z5, =0 for all s € S.

ollowing Definition 1, a natural question is that whether we can limit our attention
to those effective schedules when searching for an optimal schedule. Since in an optimal
schedule that is not effective, there exists “redundant” maintenance that is not imme-
diately followed by production in the next period. Such maintenance can be removed
without affecting the optimality of the schedule. This observation is formally confirmed

by Theorem 1.

Theorem 1. There exists an optimal schedule that is effective.

Proof. Suppose that in an optimal schedule (z, z), there exists an index k € T'\ {n} such
that 25 = 1 and 441 = 0 for some s € S§. We want to show that setting z,, = 0

preserves optimality.

I[fxgy =0forallt =Fk+1,...,n, our claim obviously holds. Now assume that there
exists another index [ > k + 1 such that z¢y >0 and z,;, = O forallt =k +1,...,1 — 1.
Because (z,z) is optimal and z,;_y = 0, we must have z,;_1 = 1, which immediately
implies that the maintenance in period k is redundant. Since the objective value remains
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the same after setting zg = 0, we can repeat this process to eliminate all redundant

maintenance and eventually obtain an optimal schedule that is effective. O

With effective schedules, we can now better handle the structure of an optimal sched-
ule from at least two perspectives. First, it is clear by definition that consecutive mainte-
nance is not allowed as production should be activated after maintenance. This eliminates
many schedules to consider when searching for an optimal one. Second, maintenance and
production are more closely connected since maintenance always implies positive produc-
tion in the next period. This facilitates the development of our algorithms when deciding
when to perform maintenance and when to initiate production. Finally, since there is
always an optimal schedule that is effective, in the remainder of this article we will focus

on effective schedules only.

4.1 An exact algorithm for the single-stage problem

In this section, we present an exact algorithm that solves our single-stage problem. Since
the problem here involves only one stage, we omit the stage index s from all notations

for simplicity.

To find an optimal solution, it is important to first understand the relationship be-
tween the decision variables. Recall that we have characterized the relationship between
production and maintenance through an effective schedule. We now examine how inven-

tory, another key decision variable in our problem, relates to maintenance.

Since maintenance raises the machine’s yield rate to 100%, it suggests that one should
not carry inventory across a maintenance period: producing immediately after the ma-
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chine is restored saves both production costs (as the yield rate is 100%) and inventory
costs (as no inventory is held over the period). This intuition is formally validated by
Theorem 2, which turns out to play a pivotal role in the development of our exact algo-

rithm.

Theorem 2. There exists an effective optimal schedule (x, z) satisfying that z, = 1 implies

Y1 =0 for allt € T\ {n}.

Proof. Assume for contradiction that in an effective optimal schedule (z, z), there exists
an index k € T\ {n} such that z; = 1 and yg; > 0. Let i < k denote the only period
index satisfying x; > 0 and 2, = 0 for all t = ¢ + 1,...,k, and let w; € [0,1] be the
yield rate in period ¢. Clearly, we have ;11 > vy > --- > yr > ypr1 > 0, and we let

e = min {w;x;, yx+1} > 0. Now consider another schedule (z/, 2") defined as

(

Wy

Ty = r+e ift=k+1

Tt otherwise
\

and z; = z, for all £ € . We then have the corresponding inventory level

yy—e fi+1<t<k+1
/
Yy =

Yy otherwise

according to the inventory balancing constraint. Note that (2/,2") is feasible since (1)

the value of € ensures that both z} and y; are nonnegative for all t € T and (2) (z, 2) is
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effective and z; = 1 together implies 2,1 = 0, which further ensures that it is valid to

set x},, to a positive value. Nevertheless, since

F@ ) — f(@,2) = eP (1 - i) —R(k—i+1) <0,

w;

it follows that (2',2’) is a better solution, which contradicts the optimality of (z,z).
(Figure 4.1 illustrates the proof by visualizing schedules (x, z) and (2/, ') and highlighting
the differences of inventory levels.) O]

Last production

before period k
x; >0 ‘ { Jxﬂl > 0 (effective)
schedule —-
W.
(X,Z) ! VYi+1 >0
period i period k
X! =x; ——
P w Xip1 = Xpp1 €
schedul
sc1?1}e SN Sy ESUN S SV SE——
(x 'z ) mvenfory jnvenfory mventory
period i decreases€ decreases € period k decreases €

Figure 4.1: Schedules (z,z) and (2, 2’) in the proof of Theorem 2

While it is clear from Theorem 2 that maintenance always leads to zero inventory, the
theorem does not guarantee that the reverse is always true. This means the inventory
level may return to zero multiple times between two consecutive maintenance, which in
turn suggests that the maintenance and inventory cycles are nested, with the maintenance

cycle being longer than the inventory cycle.

Our algorithm utilizes this nested-cycle property and decomposes the entire planning
horizon into several subproblems by maintenance. Each subproblem consists of several
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consecutive periods, with maintenance scheduled only in the last period except for the
last subproblem (as no maintenance is conducted at the end of the planning horizon).
The goal of a subproblem is to determine the optimal production plan (the input quantity
for each period considered by the subproblem) that minimizes the total cost within that
subproblem. Moreover, since each subproblem ends with maintenance, there should no
inventory carried over between consecutive subproblems. This implies the subproblems
are independent of one another and allows us to solve each subproblem separately and

combine their solutions to construct an optimal schedule for the whole problem.

Figure 4.2 illustrates the decomposition idea with a 7-period example. Suppose that
the optimal solution schedules maintenance in periods 2 and 5. This divides the planning
horizon into three subproblems: the first one contains periods 1 and 2, the second one
contains periods 3, 4, and 5, and the third one contains periods 6 and 7. Moreover, since
the inventory level returns to zero after maintenance, we have y3 = yg = 0 by Theorem
2. Together with the boundary condition y; = ys = 0, it follows that the beginning and

ending inventory of each subproblem are both zero, which ensures the independence of

subproblems.
M M
y1=0 y3=0 Y6 =0 yg =0
period 1 period 2 period3  period4  period 5 period 6 period 7

Figure 4.2: Decomposing the planning horizon for the single-stage problem

While the decomposition idea is intuitive, we have to address two key questions to

develop it into an algorithm: (1) how to compute the minimum cost for each subproblem,
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and (2) how to optimally decompose the whole problem so that the total cost over the

entire planning horizon is minimized.

To answer the first question, we begin by precisely formulating a subproblem. We
use (Qi;) to denote the subproblem that covers the planning horizon from period i + 1
to j (i < j), and let T;; = {i +1,...,j} be the corresponding set of periods. Since the
maintenance decisions are fixed within a subproblem (scheduled in the last period of the
subproblem), the yield rate for each period can be computed based on the yield declining
rates and is no longer an endogenous variable. In particular, for a given (Q;;), we define

max {W -3, By, L} ifi=0

=i+1

W) =
max {100% — S5 By, L} if i #0

t'=i+1

as the realized yield rate in period t € T;;. Note that Wt(i) depends on (Q);;) only through

1 and is independent of j.

With the realized yield rate, an optimal solution to (Q;;) and the corresponding

minimum cost ¢(7, j) can then be obtained by solving the following linear program

c(i,7) = min Z (Pzi+ Ry) + F Z (Dy — 1) (4.1)

teTy; teTy,
st. z; < M, (4.2)
Yir1 = Yj41 =0 (4.3)
Yer1 = Yr + Wt(i)a:t —ry VteT (4.4)
T,y >0 Vit e T, (4.5)
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Ogrt SDt VtETij, (46)

where M; = 0 for all j # n and M,, = co. Constraint (4.2) ensures that when j # n, no
production occurs in the last period of the subproblem as maintenance is performed in
that period. Constraint (4.3) ensures that both the beginning and ending inventory of
the subproblem are zero. Constraint (4.4) balances the inventory based on the realized

yield rate Wt(i).

With the minimum cost of each subproblem, we now reformulate our problem as
an equivalent shortest-path problem to find the optimal way to decompose the entire
planning horizon. To construct the graph, we first create n+ 1 nodes labeled from 0 to n,
where the tth node corresponds to period ¢ € T" and the Oth node serves as an artificial
starting node. A directed edge from node i to j, denoted as (i, j), exists if and only if
1 < j. This construction produces a directed graph that is acyclic and contains (";rl)
edges. Moreover, when a path from node 0 to n passes through one or more intermediate
nodes t ¢ {0,n}, it indicates that maintenance is scheduled in each period t. Therefore,

every path from node 0 to n corresponds to a maintenance schedule, and conversely, every

maintenance schedule is represented by a path.

To complete the graph, we assign each edge an appropriate cost so that the shortest
path from node 0 to n corresponds to the optimal maintenance schedule. Since we only
consider effective schedules, for edges (j — 1,7) where 2 < j < n — 1, i.e., maintenance
is scheduled in consecutive periods, we set their costs to infinity to prevent the shortest
path from visiting them. For all other edges (7, j), we set their costs as ¢(i, j). With this

setup, the cost of the shortest path is then the smallest total cost over the entire planning
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horizon. One can then use any shortest-path algorithm to find the shortest path and the

corresponding optimal maintenance schedule.

We provide a 4-period example in Figure 4.3 to better illustrate how our problem
is reformulated as a shortest-path problem. Since there are four periods, we construct
a graph with 4 + 1 = 5 nodes and (‘;’) = 10 edges. The cost of edge (i,j) is given by
(i, 7) except for edges (1, 2) and (2, 3), whose costs are set to infinity. Suppose that the
shortest path from node 0 to 4 is 0 —+ 1 — 3 — 4. This indicates that the minimum
cost of the corresponding optimal solution is ¢(0, 1) 4+ ¢(1, 3) 4+ ¢(3,4). Furthermore, since
the shortest path visits intermediate nodes 1 and 3, it suggests that periods 1 and 3 are
under maintenance in the optimal solution. Finally, because the entire planning horizon
is divided into three subproblems (Qo1), (Q13), and (Qs4), we can obtain the optimal

production plans by solving the corresponding linear programs.

c(1,4)

Figure 4.3: An example of the shortest-path reformulation for solving the single-stage
problem

Regarding time complexity, note that there are two major steps in our algorithm:
computing the edge costs and solving the shortest path. Suppose that the linear pro-

gramming solver takes a polynomial time of O(L,,) to solve a linear program with O(n)
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variables and O(n) constraints. We then need O(n*L,,) time to compute all edge costs as
there are O(n?) edges in the graph. Together with the fact that solving the shortest path
on an acyclic graph with n + 1 nodes requires O(n?) time, the overall time complexity of

our algorithm is O(n%L,).

4.2 An exact algorithm for the two-stage problem

In this section, we extend our findings from the single-stage problem and develop an exact
algorithm for the two-stage problem. To develop our algorithm, we derive theoretical
properties that are general to the multi-stage problem in Subsection 4.2.1. Subsection
4.2.2 then focuses on the two-stage problem and presents the framework of our algorithm.

Finally, Subsection 4.2.3 provides the remaining details of our algorithm.

4.2.1 Properties of the multi-stage problem

Since our production-maintenance problem is an extension of the traditional lot-sizing
problem (which does not involve maintenance decisions), we follow the idea in the lit-
erature and define an extreme schedule in Definition 2. Theorem 3 then verifies that
a critical property of an optimal solution to the lot-sizing problem also holds for our

problem: production occurs only if the inventory is empty.

Definition 2. A feasible schedule (z,z) is said to be extreme if v4ys = 0 for all s € S

andteT.

Theorem 3. There exists an optimal schedule that is extreme.
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Proof. For our production-maintenance problem, note that once the maintenance sched-
ule is given, the yield rate in each period at each stage becomes known and fixed, and
the problem is simplified to a production planning problem. As indicated by Zangwill
(1968), for any maintenance schedule z, there exists an optimal production plan z(z) to
the resulting production planning problem such that (z(z), z) is extreme. Let z* denote
the optimal maintenance schedule for our problem. It then follows that (x(z*), z*) is an

extreme optimal schedule. O

Beyond understanding the connection between production and inventory, it is also
crucial to study whether the relationship between inventory and maintenance in the
single-stage problem can be extended to the multi-stage problem. Recall that in the
single-stage problem, the inventory level always returns to zero upon the completion of
maintenance. Fortunately, Theorem 4 confirms that this property is also true for the

multi-stage problem.

Theorem 4. There exists an extreme optimal schedule (x, z) that is effective. Moreover,

in such a schedule, if zss = 1, then ysp41 =0 for all s € S and t € T'\ {n}.

Proof. For any extreme optimal schedule that is not effective, we can repeat the proof of
Theorem 1 to remove all redundant maintenance and obtain an effective optimal schedule.
Moreover, such schedule remains extreme since we do not modify x4 and ys, in the proof.
This shows the existence of an extreme effective optimal schedule (z,z). Finally, since
(z, z) is effective, we know that zy = 1 implies z4,1 > 0, which further leads to ys 41 = 0

according to Theorem 3 as (z, 2) is extreme. O

While Theorem 4 helps us understand when the inventory level returns to zero, in the
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multi-stage problem, there is no guarantee that all stages will be under maintenance in
the same period. This means the inventory levels of different stages may not return to
zero simultaneously and thus prevents us from directly extending the decomposition idea

in the single-stage algorithm.

To address this issue, our plan is to investigate the possible combinations of mainte-
nance timing across all stages. Nevertheless, when there are more than two stages, the
analysis becomes challenging due to the extremely large number of possible combinations.
Therefore, we begin with a more tractable problem and focus on the two-stage case in

the remainder of this section.

4.2.2 Solving the two-stage problem

Interestingly, for the two-stage problem, when the second stage is under maintenance and
stops production, it is reasonable for the first stage to stop production as well. This is
because if the first stage continues to produce around the periods when the second stage
is under maintenance, the WIP at stage 1 would accumulate (as it cannot be processed
by stage 2) and incur additional inventory costs. This suggests that the first stage should
stop its production and also schedule its maintenance around the maintenance period of
the second stage. Theorem 5 formally characterizes the possible maintenance patterns

across the two stages.

Theorem 5. For the two-stage problem, there exists an effective extreme optimal schedule

(w,2) such that if zop = 1, then either z1, =1 or z1411 =1 for allt € T'\ {n}.

Proof. Assume for contradiction that in an effective extreme optimal schedule (z,z),
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there exists an index k € T'\ {n} such that 25, = 1 and 21, = 21441 = 0. Since (z,2) is
effective, we have xg 41 > 0, which further implies that wy g4121 g+1 + Y1 k41 = Ta 41 > 0
according to the inventory balancing constraint. Moreover, since (x,z) is extreme, it
follows that exactly one of x; ;41 and y; 41 is strictly positive. Below we show that both

cases lead to a contradiction.

For the former case (2141 > 0 and y; g1 = 0), we have

W Tk < Top + Y1 pe1 = 0,

and therefore xy, = 0. It is then obvious that setting z;x = 1 (which restores the yield
rate in period k + 1 at stage 1 to 100%) is a better solution, which contradicts to the

optimality of (z, z).

For the latter case (y1 x+1 > 0 and z1 541 = 0), let I < k be the only index satisfying

z1y>0and 2y, =0forallt =1+1,..., k. Moreover, let

T2 k41 ifl <k

W1,kT1 K ifl=%k

be a positive number. Now consider another schedule (27, z') defined as

xy —— if (s,t) = (1,1)

w1,

Lot = Y xg + € if (s,t) = (1,k+1)

Tyt otherwise

\
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and

1 if (s,t) = (1, k)
zet Otherwise

We then have the corresponding inventory level

yg —€ ifs=landl+1<t<k+1
/
yst: ,

Yst otherwise

and the yield rate of stage 1 in period k + 1 is restored to w}, ; = 100%. Note that
(«',2') is feasible since (1) the value of e ensures that both z} and y; are nonnegative for

all t € T and (2) setting 27, = 1 is feasible since 2 ; = 0. Nevertheless, since

Fa' o) — fla,2) < E[Pl (1 _ i) Rk -1+ 1)} <0,

w1,

it follows that (2/,2") is a better solution, which contradicts the optimality of (z,z).
(Figure 4.4 illustrates the proof for the case when [ < k by visualizing schedules (z, z)

and (z’,2") and highlighting the differences of inventory levels.) O

With Theorem 5, we categorize the patterns of maintenance across the two stages as
follows. For the case when 2y, = 21, = 1, we say that the maintenance pattern in period ¢
is synchronized. For the case when 25,1 = 21, = 1, we say that the maintenance pattern
in period t is neighboring. 1t is important to note that Theorem 5 does not eliminate the
case when stage 1 is under maintenance, but stage 2 is not scheduled for maintenance in

any neighboring period.
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Last production
before period k

xl‘k = 0
X1,; >0 —0 X141 =0
’ € Ik = x! =¢
Xyj=Xp;——— [ L+l =
1,i LT Zip =1
inventory inventory invenfory
period i decreases € decreases € decreases €
Xz 41 > 0 (effective)
M
period k

Figure 4.4: Schedules (z,2) and (2, 2’) in the proof of Theorem 5 when | < k

To illustrate the types of maintenance patterns, we consider an example maintenance
schedule with 10 periods in Figure 4.5. We can see that the maintenance pattern in
period 2 is synchronized, and the patterns in periods 7 and 9 are neighboring. Note that
in an optimal schedule, it is possible to have multiple maintenance patterns consecutively
concatenated like periods 6 to 9 in the example. Finally, stage 1 is under maintenance in

period 4 alone, with no maintenance at stage 2 near this period.

Periods 11213 (456|789 |10
Stage 1 M M M M
Stage 2 M M M

Figure 4.5: An example of maintenance schedule for the two-stage problem

With the maintenance patterns defined above, our next step is to understand how the
pattern is connected to the inventory level. When the maintenance pattern in period ¢ is
synchronized, according to Theorem 4, the beginning inventory levels of both stages in
period t 4+ 1 are both zero. On the other hand, when the maintenance pattern in period
t is neighboring, while the beginning inventory level of stage 1 in period t + 1 is zero,

whether that of stage 2 in period t 4 1 is also zero requires further analysis. Theorem 6
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indicates that it has at most two possible values.

Theorem 6. For the two-stage problem, there exists an effective extreme optimal schedule

(x, 2) such that if (214, 224) = (1,0) for some t € T'\ {n}, then

1. Ift=n—1andt =n — 2, we have Y241 = 0;

2. If t <n — 3, we have either yo41 =0 or ya 41 = Dyp1. Moreover, when 29441 = 0,

we have Yg 41 = 0.

Proof. First, we analyze the case when ¢ = n—1 and consider an effective extreme optimal
schedule (z,z) such that (21,-1,22,-1) = (1,0). According to the inventory balancing

and the boundary condition v 5,41 = 0, we have

Ton = Tin T Yin — Yintl = Tin + Yin = Tig,

which is positive since (z, z) is effective. It then follows that y,,, = 0 as (z, 2) is extreme.

Next, we analyze the case when t = n — 2 and consider an effective extreme optimal
schedule (z, z) such that (21 ,-2,22,-2) = (1,0). Assume for contradiction that ys,—1 >
0. Since (z,z) is effective and extreme, we have z1,-1 > 0, 2,1 = 0, and 2, = 0.
Consider another schedule (z/,z'), which postpones the maintenance at stage 1 from

period n — 2 to n — 1, defined as

0 if (s,¢) = (1,n — 1)

Lo = Yo+ 2101 if (s,8) = (1,n)

Tt otherwise
\
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and
4

0 if (s,t)=(1,n—2)

=\ 1  if(s,t)=(1,n—1)"

zs otherwise
\

We then have the corresponding inventory level

, Yst — T1n—1 if (87 t) = (17n>

yst =

Yst otherwise

Note that (2',2') is feasible as 7 , = 0 allows 27, = 1. Nevertheless, since

f(@,2") = f(z,2) = —Riz1n1 <0,

it follows that (2, 2') is a better solution than (z, 2).

Next, we analyze the case when t < n — 3, where y,,4; can take on two possible
values. Assume for contradiction that in an effective extreme optimal schedule (z, z),
there exists an index k € T'\ {n} such that (z14,22) = (1,0) and yo 11 ¢ {0, Dgy1}-

Below we split our discussion into two cases based on the value of y2441.

When yo g1 > D1, since Yo gro > Yor1 — Der1 > 0 and (z, 2) is extreme, we have
Topt1 = Topre = 0. We first show that it is impossible to have z; ;42 = 1. In this case,

the inventory balancing constraint at stage 1 in period k + 2 suggests that

Ytk+2 < Topr2 + Yrers = 0,

34

doi:10.6342/NTU202500607



where the last equality holds as 2 y12 = 1 implies y; 443 = 0. However, this contradicts

the inventory balancing constraint at stage 1 in period k + 1 since

Y142 = W1 k+1T1k+1 — L2k+1 — Y1,k+1 = W1 k+1T1 k+1 > 0,

where the last equality holds as z;; = 1 implies y; 441 = 0, and the inequality holds
as 71 = 1 implies x1 541 > 0. Therefore, we must have 24,2 = 0. Nevertheless, in
this case, we can follow a similar proof above by postponing the maintenance at stage 1
from period k to k + 1 and generating a solution better than (z, z). This shows that the

assumption ys p+1 > D41 leads to a contradiction.

When 0 < yo 441 < Dyi1, we have z5,41 = 0 since (z, 2) is extreme, and therefore
Y241+ W2 k4122 k+1 < Dgy1. This implies the demand in period k+1 is partially satisfied.
Nevertheless, it is no more costly to increase (respectively, decrease) the production until
all the demand in period k + 1 is either fully satisfied (respectively, fully rejected). This

leads to another optimal solution such that yo 1 € {0, Dy}

Finally, we prove that 23541 = 0 leads to y2 41 = 0, or equivalently, yo p11 = Dyt
leads to zg 441 = 1. Since 21, = 1 implies ¥ 441 = 0 and y2 441 > 0 implies 2941 = 0,
we have

W1 k4101 k41 = L2541 T Y1 kr2 — Y1k+1 = Y1p42 > 0,

which further suggests that =740 = 0 as (z,z) is extreme. Moreover, according the

inventory balancing constraint at stage 1 in period k + 2, we have

Togy2 T Y1e43 = Yihs2 > 0.

35

doi:10.6342/NTU202500607



If 25 442 = 0, we can follow a similar proof above by postponing the maintenance at stage
1 from period k to k + 1 and generating a solution better than (x,z). This suggests
that x40 > 0. Since zo,1; = 0, it immediately follows that it is always true to have

29 k+1 = 1 in an optimal solution. O

Building on the theoretical properties of the two-stage problem, we now develop an
exact algorithm to find an optimal solution. The algorithm extends the decomposition
approach in the single-stage algorithm but now divides the planning horizon into subprob-
lems based on maintenance patterns. To be more specific, we split the planning horizon
at period ¢ if and only if the maintenance pattern in that period is either synchronized
(214 = 224 = 1) or neighboring (z;; = 22¢—1 = 1). This strategy ensures that each
subproblem includes exactly one stage 2 maintenance (except for the last subproblem),

and therefore stage 2 maintenance is fixed within each subproblem.

However, recall that Theorem 5 does not rule out the possibility of conducting main-
tenance at stage 1 without neighboring maintenance at stage 2. Therefore, it is possible
that stage 1 is under maintenance in multiple periods within a subproblem. This gives a
subproblem two objectives: (1) to determine the optimal maintenance schedule for stage
1, and (2) to determine the optimal production plans for both stages so that the total

cost is minimized over the subproblem.

We use the maintenance schedule depicted in Figure 4.6 as an example to explain
how the planning horizon is decomposed. Since the maintenance patterns in periods 2, 7,
and 9 are either synchronized or neighboring, we use these periods to divide the planning

horizon into four subproblems: the first one contains periods 1 and 2, the second one
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contains periods 3 to 7, the third one contains periods 8 and 9, and the final subproblem
consists of period 10 alone. Note that we do not split the planning horizon at period
4 since the maintenance pattern in that period is neither synchronized nor neighboring,
even if stage 1 is under maintenance in that period. Instead, the stage 1 maintenance in

period 4 should be identified when solving the second subproblem.

Periods 1| 2§34 |5|6|718]|9]}I10
Stage 1 M M M M
Stage 2 M M M

Figure 4.6: Decomposing the planning horizon for the two-stage problem

Under this decomposition method, each subproblem in the two-stage problem is char-
acterized by the maintenance and inventory status in its last period. While we know
that the maintenance pattern in the last period of a subproblem, say period ¢, is either
synchronized or neighboring, in the neighboring case (z1; = 294,-1 = 1 and 25, = 0),
Theorem 6 further indicates that the inventory level ys .41 will either be 0 or equal to
D,;,1 > 0. Based on this, we classify the ending state of a subproblem into three types:
synchronized, neighboring with zero inventory, and neighboring with positive inventory,
which are denoted as S, Ny, and N, respectively. For convenience, we also refer to the

beginning state of a subproblem as the ending state of its preceding subproblem.

It is not surprising that the minimum cost of a subproblem depends on both its
beginning state and ending state. We use (Qjq;5) to denote the subproblem that covers
the planning horizon from period i + 1 to j (i < j) with beginning state o and ending
state 3, where «, 5 € {S, Ny, Ny, 0}. The notation o = ) (respectively, 5 = () is adopted

to denote the boundary cases when ¢ = 0 (respectively, 7 = n), where the subproblem

37

doi:10.6342/NTU202500607



includes the first (respectively, last) period of the entire planning horizon.

It is important to note that not all pairs of (i, «, j, f) form a valid subproblem. This
is because certain combinations would result in schedules that are not effective. For
example, (Q1.s3n,) is not a valid subproblem since stage 2 is under maintenance in both
periods 1 and 2, which obviously makes the schedule not effective. To ensure that a
subproblem corresponds to an effective schedule, we impose conditions on i and j for
each possible combination a and 8 to define a walid subproblem in Table 4.1. Figure 4.7

further visualizes the structures of subproblems for all 14 valid combinations of o and £.

(@f)=(59) (@, B) = (8, No) or (S,N,)
Periods | ... | i Qi+l | ... | ..o | ] Periods | ... | @ Qi+l | ... | ..o | ]
Stage 1 M M Stage 1 M M
Stage 2 M M Stage 2 M M
(a,B) = (No,S) (@, B) = (Ny, No) or (N, N)
Periods | ... | i Qi+l | ... | ... | ] Periods | ... | @ Ji+l| ... | ... | |
Stage 1 M M Stage | M M
Stage2 | M M Stage2 | M M
(., B) = (N4, No) or (N4, N,) (. ) = (@,5) (a,B) = (8, Np) or (@, N,)
Periods | ... | i j Periods fi=1| ... | ... | j . Periods | i=l b
Stage 1 M M Stage 1 M Stage 1 M
Stage2 | M M Stage 2 M Stage 2 M
(@ f) = (2.0 (@.f)=(S,9) (@ B) = (No, 0)
Periods Ji=1| ... | ... | ... |[j=n Periods | ... | i coe | e | Jmn Periods | ... | i cee | e | Jmn
Stage 1 Stage 1 M Stage 1 M
Stage 2 Stage 2 M Stage2 | M

Figure 4.7: Visualization of all valid subproblems

All the conditions in the table can be checked easily except for the most special case

when o = N,. In this case, we must have § € {Ny, N} and j = i+2. To see the reason,
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Q@ £ Conditions on ¢ Conditions on 7 Conditions on 7 and j
o0 i=0 j=n -
(/I i=0 1<j<n-1 —

D No i=0 2<j<n—1 _

0 Ny 1=0 2<j<n-3 -

S 0 1<i<n-1 j=n -

S S 1<i<n-3 3<j<n-—-1 J>1+2
S Ny 1<i1<n-—-4 4<5j<n—-1 j>i+3
S Ny 1<i<n-—6 4<5j<n-3 jJ>1+3
No 0 2<i<n-1 j=n -
No S 2<i<n-3 4<j<n-1 j>i+2
No Ny 2<i<n-3 4<j<n-—1 j>i+2
Ny N, 2<i<n-5 4<j<n-3 i>i+2
N, Ny 2<i<n-3 4<j<n-1 j=i+2
N, Ny 2<i:1<n-—5 4<5j<n—-3 j=1+2

Table 4.1: Conditions on ¢ and j for a valid subproblem

note that a = N, implies 21; = 29,1 = 1 and y2,11 = D; 41 > 0, which further implies
22i+1 = 1 by Theorem 6. This rules out the possibility of («, 8) = (N4, 0). Furthermore,
according to Theorem 5, we have either 2,41 = 1 or 21,492 = 1 since 25,41 = 1. The
former case (21,41 = 1) cannot hold as it would lead to consecutive maintenance at stage
1, and therefore it is impossible to have («, 8) = (N4, S). In the latter case (21,42 = 1),

it follows that the maintenance pattern in period ¢ + 2 is neighboring, which marks the
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end of a subproblem, and we thus derive the condition j =i+ 2 when a = ..

For a valid subproblem (Qiaj3), we now precisely formulated it as a mathematical
program. Let Tj; = {i +1,...,j} be the set of periods covered by (Qia;s). Based on the
values of ¢ and « (i.e., the beginning period and the beginning state of the subproblem),

we define

/

max {Wg - i Bg’tl, LQ} ifi=0

t'=i+1

(d,0) _
Woi™ = { max {100% — 3 By, LQ} ifiZ0and a =9

t'=i+1

max {100% — 31 Bay, Lo} if i # 0 and o € {Np, N}
\

as the realized yield rate of stage 2 in period ¢t. Moreover, we let W’ be the initial yield rate
at stage 1 at the beginning of the subproblem, where W’ = W if i = 0 and W’ = 100%
if ¢ > 0. An optimal solution to (Q;sj3) and the minimized cost c(i, o, j, 8) can then be

obtained by solving the following nonlinear integer program

c(i,a,j, B) =min > " (Para+ Rya) + F Y (D —11) (4.7)

s€S teTy; teTy;
st 21, < Mg (4.8)
Agfﬁz,j + Af g1 < Mg (4.9)
Y41 = Y1541 = 0 (4.10)
Y21 = Dy, (4.11)
Yo 41 = Dj (4.12)
w1 =W’ (4.13)
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Y+l = Y10 + W1T1p — Toyp VEE T (4.14)

Y2441 = Yo + Wg(,iia)i@,t -1y VieTly (4.15)
X1t S M(l — Zl,t) Vit S Ej (416)
wyy < 1 Vte T;j (417)

Wi g1 < Mzyg+ Moy + (wiy — Bry) Ve T\ {7} (4.18)

W1,t4+1 S le,t + M(l — Ul,t) + L1 YVt € Tij \ {j} (419)
Tsty Ysty Wst, Tt 2 0 Vs € Sat c Tzij (420)
21, V1t € {0, 1} YVt € Tl-j, (421)

where Mz = 0if 8 # 0 and My = oo; Ag: 1if 8 = S or 0 otherwise; Agzl
if B € {No, Ny} or 0 otherwise; D!, = D1 if @ = Ny and 0 otherwise; and finally,

Dj = Dy, if = Ny and 0 otherwise.

Constraint (4.8) ensures that when 8 # (), no production occurs at stage 1 in period
j since maintenance is always performed in that period no matter g is S, Ny, or N,.
Similarly, constraint (4.9) ensures that when 3 # (), stage 2 production is not allowed in
period j when = S (where the constraint reduces to 2 ; < 0) and in period j — 1 when
B € {No, N;+} (where the constraint reduces to x5 ;_; < 0). Constraint (4.10) ensures at
stage 1, there is no inventory both at the beginning and the end of the subproblem. Con-
straint (4.11) (respectively, (4.12)) ensures that when o = N, (respectively, 5 = N, ), we
have D;;; (respectively, D;.1) end products on hand at the beginning (respectively, end)
of the subproblem. Constraint (4.13) sets the initial yield rate at stage 1 at the beginning

of the subproblem. The meanings of the rest of the constraints are very similar to that of
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the whole problem provided in Chapter 3. The only difference is that the maintenance

schedule and the yield rate at stage 2 are now realized and no longer endogenous.

Though the subproblem (Q;qj3) can be precisely formulated as a nonlinear integer
program, we still need to show that it is polynomial-time solvable. Nevertheless, for now
we temporarily assume that all ¢(i, o, 7, 5) values are given and demonstrate how these
values can be utilized to design our exact algorithm. We will present an algorithm to
solve the subproblem in the next subsection. In the final part of this subsection, we follow
the idea of shortest-path reformulation in the single-stage algorithm and adapt it for the

two-stage problem to find the optimal way to decompose the entire planning horizon.

To construct the graph, we first create 3n — 1 nodes as follows. For each period
1 <t < n, we create three copies of nodes that represent the three possible ending
states of a subproblem, and we use (t,w), where w € {S, Ny, N, }, to label each node.
The source node (0,() and the destination node (n, ) are also added to the graph. A
directed edge from node (i, «) to (4, ), denoted as (i, «, j, B), exists if and only if i < j.
This construction produces a directed graph that is acyclic and contain O(n?) edges.!
Moreover, if the subproblem formed by (i,a) and (7, 3) is valid (cf. Table 4.1), we set
the edge cost of (i,q,j, ) to c(i,q, j, 5); otherwise, we set the edge cost to infinity to

prevent the shortest path from visiting this edge.

Under this construction, when a path from node (0,0) to (n, () passes through one

or more intermediate node (¢,w), it indicates that the maintenance and inventory status

ITo count the precise number of edges, we first define internal nodes as those that are neither the
source nor the destination. We then have 9(";1) edges among internal nodes. Together with 3n — 2
edges from the source node to an internal node, 3n — 2 edges from an internal node to the destination
node, and one direct edge from the source to the destination, there are 9(";1) +2(3n —2) + 1 edges in
total.
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in period ¢ should follow the state w. Since every path from (0,0) to (n,) represents
a unique maintenance schedule, and every maintenance schedule can be represented by
a unique path, the shortest path from (0,0) to (n,0) is then associated to the optimal

maintenance schedule that minimizes the total cost.

To better illustrate our algorithm, we revisit the 10-period example provide in Figure
4.6 and provide the corresponding graph and the shortest path in Figure 4.8 (where many
edges are omitted for clarity). For each period 1 <t < 9, we create three copies of nodes
to represent the three possible cases. Suppose that the shortest path from the source
to the destination is (0,0) — (2,5) — (7,Ny) — (9,Ny) — (10,0). This indicates
that the minimum cost is ¢(0,0,2,5) + ¢(2,5,7, Ny) + (7, N4, 9, Ng) + ¢(9, Ng, 10, 0),
and the maintenance patterns in periods 2, 7, and 9 are synchronized, neighboring, and
neighboring in the optimal solution, respectively, as shown in Figure 4.6. Moreover, since
we visit the node (7, NV,), the ending inventory in period 7 should be exactly Dg (the
demand in period 8). It is important to note that while stage 2 maintenance are revealed
as we travel the shortest path, there may be some independent stage 1 maintenance that
are only revealed after we solve the subproblems. We will address this issue in the next

subsection.

4.2.3 Solving the subproblem (Q;,;3) and complexity analysis

In the previous subsection, we formulated the subproblem (Q);q;s) as a nonlinear integer
program (cf. (4.7)—(4.21)) but have not yet explained how it can be solved in polynomial
time. In this subsection, we complete the description of our two-stage algorithm by

presenting an algorithm that solves (Qjq;3). A complexity analysis of the entire two-
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Figure 4.8: An example of the shortest path reformulation for solving the two-stage
problem

stage algorithm (which incorporates the algorithm below for solving the subproblems) is

provided at the end of this subsection.

Recall that in (Q;q;5), the maintenance schedule for stage 2 is fixed, and our goal is to
determine the maintenance schedule for stage 1 and the production plans for both stages
so that the total cost within the subproblem is minimized. For cases when j < i+2, since
the subproblem includes at most two periods, one can solve it easily by enumerating all
possible production and maintenance plans. We provide the shortcut formulas (which are
derived from the enumeration) for these cases at the end of this subsection for reference.

In the following, we focus on the more complex case when j > 7 + 3.

To solve the subproblem, one can notice that it is actually a variant of the single-
stage problem: we still optimize the maintenance schedule for a single stage, but now
we make production decisions for two stages. This observation motivates us to adapt
the decomposition strategy from the single-stage algorithm to solve the subproblem. To
be more specific, we decompose the planning horizon Tj; into inner subproblems based

2

on stage 1 maintenance.” For an inner subproblem, the only stage 1 maintenance is

2To clarify the terminology, note that a subproblem is created by dividing the entire planning horizon
according to maintenance patterns, and each subproblem is further divided into inner subproblems based

44

doi:10.6342/NTU202500607



conducted in the last period, and our goal is to determine the optimal production plans

for both stages that minimize the total cost within that inner subproblem.

Figure 4.9 illustrates an example of how to decompose the subproblem (Q3s7n,)
(which is the second subproblem in the example given at the end of Subsection 4.2.2).
According to the ending state of the subproblem, we know that stage 1 is under main-
tenance in period 7 and stage 2 is under maintenance in period 6. Suppose that stage 1
is also under maintenance in period 4 in the optimal solution. This divides the planning
horizon Ty; = {3,4, 5,6, 7} into two inner subproblems: the first one covers periods 3 and
4, and the second one covers periods 5, 6, and 7. For each inner subproblem, the yield
rate at each stage in each period is realized and no longer endogenous, and our goal is to

determine the best production plans for both stages so that the total cost is minimized.

Periods |1 |23 415|678 |9]10
Stage 1 M M | M M
Stage 2 M : M M

Figure 4.9: Decomposing T57 for the subproblem (Q2s7 v, )

Although the decomposition approach for solving a subproblem seems applicable, it is
necessary to verify whether the inner subproblems are independent of one another. This
requires us to check whether y; ;41 and y2 .41 are both zero upon the completion of stage
1 maintenance in period ¢ € T;; so that no inventory is carried over between consecutive
inner subproblems. Unfortunately, while Theorem 4 guarantees that y; ;11 is always zero,

Theorem 6 reveals a special case where ¥ ,41 may not be zero.

The unfortunate case occurs when 5 € { Ny, N, }, where we have z; j = 25 ;1 = 1. In

on stage 1 maintenance.
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this case, when stage 1 is also under maintenance in period ¢t = j—2, i.e., (21 j-2, 22,j-2) =
(1,0), Theorem 6 is unable to determine whether y, ;1 is 0 or D;_;. To address this
issue, we introduce a remedy by considering two alternative subproblems. The alternative
subproblems is almost the same as the original subproblem but only differ in the demand
quantity. Note that this remedy is required only when 5 € {Ny, N, }; when 3 € {S,0},

the subproblem can be divided directly without further adjustment.

To construct this remedy, we notice that in an optimal solution, the demand request in
period 7 —1 is either fulfilled or rejected. This generates our two alternative subproblems:
one assumes that the demand in period j — 1 is fulfilled, and the other assumes that it is
rejected. We then strategically adjust the demand in periods 7 — 1 and j — 2 to account

for these cases in the following way.

In the fulfilled case, given that stage 2 is under maintenance in period j — 1, it is
necessary to prepare D;_; products in period j — 2 and store them for one period so that
we can meet the demand in period j—1. Therefore, we treat the demand in period j—2 as
effectively D;_o+ D;_; and that in period j —1 as zero, with an additional inventory cost
RyD;_y. Formally, we define Dﬁf ) as the adjusted demand in period ¢ € T;; for the fulfilled
case, where D', =0, DY), = D;_» + D;_y, and DY) = D, for all t € T;;\ {j — 1,5 — 2}.
The cost of this alternative subproblem is then obtained by first computing the minimum
cost of the subproblem with the adjusted demand Dﬁf ) and then adding the inventory

cost RQDj_l.

In the rejected case, we define Dﬁ” as the adjusted demand in period ¢ € Tj;. Since

the demand in period 7 — 1 is not fulfilled, we simply set D;’:)l =0 and D,gr) = D, for all

t € T;; \ {j — 1}. The cost of this alternative subproblem is then the minimum cost of
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the subproblem with the adjusted demand DY) plus the shortage cost F.D;_;.

Note that in both adjusted cases, we have D](’i )1 = D](-T_)1 = 0, which ensures that
y2,j—1 = 0 if stage 1 is under maintenance in period j — 2. This allows us to apply the
decomposition approach to solve these alternative subproblems (as there is no inventory
carried over between consecutive inner subproblems). Finally, we compare the costs of

the fulfilled and rejected cases and select the one with the smaller cost.

We use D = [Dylsery,, DY) = [Dﬁf)]teTij, and D) = [D]Sr)]tegpij to denote the vectors of
the original demand, the adjusted demand for the fulfilled case, and the adjusted demand
for the rejected case over the planning horizon T;;. Since the structure of the original
subproblem and both alternative subproblems is almost identical except for the demand
values (the original demand D for 3 € {S,0}, and the adjusted demand D) and D)
for p € {Ny, N1}), below we provide a general approach to solve a subproblem for any

given demand vector d = [d]ser,,, where d € {D, DY), D"}

To compute the minimum cost of a subproblem, we have to (1) explain how to solve an
inner subproblem and (2) determine the optimal way to divide the subproblem. Given the
demand vector d, we use the notation (@, 7 4) to denote the inner subproblem that covers
the planning horizon from period ¢/ + 1 to 7’ (i < ¢ < 5/ < j). Since the maintenance
schedule for stage 1 is fixed within an inner subproblem (scheduled in period j" if j’ # n),
we define the realized yield rate of stage 1 in period ¢ as

max {Wl — -1 Bl,t’7 Ll} if i/ =0

t'=i’'+1

Wl(,it’a’i) = Wl,t = >
max {100% — Y1 Biw, L} if i #0

t'=i'+1
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which is obviously dependent on the beginning period i of the subproblem, the beginning
state a of the subproblem, and the beginning period ¢’ of the inner subproblem. Together
with stage 2 realized yield rate Ws,, we can obtain an optimal solution to (@, i ;) and

compute the minimum cost (¢, ' | d) by solving the linear program?®

d(7,5"| d) = min Z Z (Psxst + Rsyst) + F Z (dt — rt) (4.22)

seS tETi/j/ tETi/j/

st (4.8)-(4.12)

vy < My (1.23)
Y41 = Y1541 =0 (4.24)
Y2,ir41 = Ajryajip1 =0 (4.25)
i = yrp + Wy, — 20, VE € Ty (4.26)
Yo,u41 = Yo + WQ(?&):EZt -1y Vi€ Ty (4.27)
To, Yt = 0Vt € Tiry (4.28)
0<n<d YteTu, (4.29)

where M; = 0 for all j" # n and M,, = oo; and Ay = 0 if 7' = j or 1 otherwise.

In the above formulation, we include constraints (4.8)—(4.12) to ensure that the main-
tenance and inventory conditions are aligned with those in (Qinj3). Constraint (4.23)
ensures that production at stage 1 stops in period j' if j* # n. Constraints (4.24) and
(4.25) ensures zero inventory at the beginning and the end of the inner subproblem, ex-

cept for the ending inventory at the stage 2 of period j, which is defined by constraint

3The linear program may be infeasible in some special cases. In such cases, we set ¢/(i', j' | d) = oc.
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(4.12). Finally, constraints (4.26) and (4.27) balances the inventory based on the realized

yield rate W;, and Wy ;.

Once all the ¢(¢,j' | d) are computed through linear programming, we reformulate
the subproblem as a shortest-path problem to find the minimum cost. The process is very
similar to what we did in the single-stage problem. The graph consists of j — 7+ 1 nodes
labeled from 7 to j, where node t represents period ¢ and node ith serves as an artificial
starting node. A directed edge from node ¢ to j exists if and only if ¢ < j. For edges
(7/,4") where 7/ =4 +1 and 2 < j' < n — 1, we set the edge cost to infinity; otherwise,
the edge cost is ¢(¢', j' | d). A path from node i to j passing through intermediate nodes

t ¢ {i,j} implies that stage 1 maintenance is scheduled in each period t.

Let g;;(d) denote the cost of the shortest path from node i to j when the demand over
the planning horizon T}; is given by d. For 8 € {S, 0}, we have c(i, o, j, ) = g;;(D). For
B € {Ny, N, }, we compare g;;(DY))+ RyD;_; (where demand in period j — 1 is fulfilled)
and g;;(D") + FD;_; (where demand in period j — 1 is rejected) and let c(i, o, j, 3) be
the smaller one. Table 4.2 summarizes the formulas to calculate ¢(i, o, 7, f) based on «

and f (including those shortcut formulas when j <i+ 2).

We conclude the introduction of the two-stage exact algorithm by illustrating how to
solve the four subproblems in the example given at the end of Subsection 4.2.2. The first,
third, and fourth subproblems each consist of at most two periods, so their minimum costs
can be readily obtained from Table 4.2. For the second subproblem, i.e., (Q2,s7,n, ), since
its ending stating is N, , we follow the remedy and create two alternative subproblems

by adjusting the demand quantity.

In the case when the demand in period 6 is fulfilled, we set D,Ef ) = D, forall t €
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Conditions @ B c(i,a, 3, B)

0 S FD;
j=i+1 S 0 (P1 + P2)Dy,
Py +P:
No 0 (%4E22) Dn
. P P.
) ) min {F(Dl + D2), FD1 + (Py + P2) D3, (gl + 42 ) D1
; Py Py Py P+ Ry Py Py
+min W11 Way + Waq + Rz, W11 Waa + Wao ? Wia2Was + W22’F} DQ}
0 s min{ —PL__ 4 P2 F}D1+min{ Py Py p, F}Dg
W11 W21 Wayp? W11 W21 W21 ’
P
0 No FDy+ (4 + P2 + R1) Dy
. P P
P Ny FDy +min{ 4 + Py + Ry, F} Do+ (gFs + Pa + R1) Dy
S S (P1 + PQ)Di+1 + min{P1 + P> + Ro, F}Di+2
Py +P. . [ P+P
No s (FEL2) Dy + min { $EE22 4 Ry, F} Dy
No No FDit1+4 (P1+ P2+ R1)Diyo
No Ny FD;y1 +min{Py + P>+ R1,F}D;12+ (P1 + P>+ R1)D; 43
Ny No RoDjy1+ (PL+ P>+ R1)Djy2
N4 Ny RoD;t1 +min{P1 + P> + R1,F}D;y2+ (P1 + Po + R1)Di+3
S or Ny or 0 S or 0 9i;(D)
otherwise

S or Ng or 0 No or N4 min {gij(D(f)) + RQDjfl,gi]‘(DO‘)) + FDjfl}

Table 4.2: Computation of ¢(i, o, 7, )

{3,4,7}, Déf) = D5 + Dg, and Déf) = 0, and compute all ¢(7/,5" | DY) values. For
the other case when the demand in period 6 is rejected, we set DY) = D, for all t €
{3,4,5,7} and Dér) = 0, and compute all ¢/(i, 5’ | D)) values. For both cases, we then
construct a graph with nodes labeled from 2 to 7 (where edge costs are based on either
d(',5"| DY) or (i, 5 | D)), solve the shortest path from node 2 to 7, and obtain the
minimum costs go7(DY)) and go7 (D). Finally, we record ¢(2, S, 7, Ny ) as the minimum

of gor(DY)) + RyDg and go7(D™)) + FDg.

We would like to add a remark on the design of our two-stage exact algorithm. In

the previous subsection, we provided an overview of the main framework, which involves
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a larger graph with 3n — 1 nodes and edge costs defined as ¢(i, a, 7, ). To compute each
edge cost, we introduce a secondary and smaller graph with j — 74 1 nodes and solve the
shortest path on this graph to obtain ¢(i, o, j, 5). This two-layer shortest-path structure
enables us to trace the shortest path on the larger graph to determine stage 2 maintenance
decisions, as well as certain stage 1 maintenance decisions that follow from the visited
maintenance patterns. When an edge is traversed (on the larger graph), we then turn to

its corresponding smaller graph to finalize the remaining stage 1 maintenance.

Regarding the time complexity of our entire two-stage exact algorithm, since the larger
graph consists of O(n) nodes and O(n?) edges, finding the shortest path takes O(n?) time
once all edge costs are known. The bottleneck thus lies in computing each edge cost,
which involves solving all the subproblems. For each subproblem, we construct a smaller
graph with O(n) nodes and O(n?) edges to find its minimum cost. Let O(L,) be the
(polynomial) time required for a linear programming solver to solve a linear program with
O(n) variables and O(n) constraints. We then need O(n?L,,) time to compute all edge
costs within the smaller graph. Since finding the shortest path on a smaller graph takes
O(n?) time, solving a single subproblem requires a total time of O(n*L,,+n?) = O(nL,).
Finally, given that there are O(n?) subproblems in total, we can conclude that the total

time complexity of our algorithm is O(n*L,,).
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4.3 A heuristic algorithm for the multi-stage prob-

lem

When the system has more than two stages, the combinations of maintenance patterns
across all stages can become highly complex. Whether a polynomial-time exact algorithm
exists for the multi-stage problem remains an open question. To complement our theo-
retical results, we propose an efficient heuristic algorithm that generates a near-optimal
solution for the multi-stage problem in this section. The average-case performance of our

heuristic algorithm will be evaluated in the next section.

Our heuristic algorithm is inspired by the exact algorithm for the single-stage problem.
The high-level idea is intuitive: we decompose the multi-stage problem by stage, apply the
single-stage exact algorithm to each stage, and combine all resulting schedules to obtain
the final solution. To be more precise, let (!, 2#) denote the schedule reported by the
heuristic algorithm, and let d; denote the “demand” at stage s in period ¢ when applying
the single-stage algorithm. Below we introduce our two-phase heuristic algorithm for the

multi-stage problem.

In phase 1 of our heuristic algorithm, we start with the last stage (which produces end

products) and initialize d}* to D;. We solve the production and maintenance plan for the

H

last stage by applying the single-stage algorithm and obtain the values of xfi,t and z,,

, for
all t € T. We then move on to the (m — 1)th stage and construct a single-stage problem

for it. Since the input quantity to stage m has just been determined and is known for

each period, we set the “demand” at stage m — 1 in period ¢ to match the input quantity
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required by stage m in the same period. More precisely, we define di" ' = :L‘g’t for the
single-stage problem at stage m — 1 and apply the exact algorithm again to solve it. This
process continues for the (m — 2)th stage, the (m — 3)th stage, and subsequent stages
until reaching the first stage. Therefore, when phase 1 terminates, we have all values of
rf and 22 for all s € S and t € T. The flowchart for phase 1 of the heuristic algorithm

is depicted in Figure 4.10.

Apply the single-
Phase 1 Initialize s = m; PP &

Start Let demand d* = D,

stage algorithm to

obtain xX and z&

Lets =s—1and

demand dj = x;"'_,_l,t

Figure 4.10: Flow chart for phase 1 of the heuristic algorithm

Before we introduce phase 2 of our heuristic algorithm, we would like to add a remark
on our problem. Note that in our problem, once the maintenance schedule is given,
the yield rate in each period at each stage is realized and becomes exogenous. This
implies that we can obtain an optimal production plan under the given maintenance
schedule by solving the resulting linear program. Building on this observation, in phase
2, we fix the maintenance schedule z obtained in phase 1 and solve the resulting linear
program to update the production plan z/. The updated production plan and the original
maintenance schedule are then reported as the heuristic solution. Algorithm 1 presents

the pseudocode of our heuristic algorithm.
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Algorithm 1 A heuristic algorithm for the multi-stage problem

—

10:

Phase 1
Let (27, 2") denote the heuristic solution.
Let di be the demand at stage s in period ¢ when solving the single-stage problem.
Set dj* = D, forallt € T.
for s from m to 1 do
Construct a single-stage problem for stage s with demand d;.
Apply the single-stage algorithm to obtain zfI and 2 for all t € T'.
Set di ' =xf forallt € T.

end for

Phase 2

Fix z# and update 2 by solving the resulting linear program.

Report (xf) 27) as the heuristic solution.

4.4 Numerical study

In this section, we demonstrate the average-case performance of our heuristic algorithm

through numerical experiments. All the experiments in this section are conducted on a

laptop with Windows 10, Intel i7-1165G7, 2.80 GHz, and 8 GB RAM. We implement our

heuristic algorithm in Python 3.12.
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4.4.1 Experiment settings

In our experiments, we consider instances with m = 3 stages and n = 10 periods. In
the basic setting, we set the production cost P; = 10 and the inventory cost Ry = 3s for
stage s. Note that the inventory cost increases as the stage approaches the final stage.
The unit shortage cost is F' = 50. The yield declining rate (in %) of stage s is uniformly
drawn from [2, 8], and the lower bound of yield rate is set to be Ly = 50%. Finally, for

each period, we randomly select an integer between 1 and 20 as the demand quantity.

To further investigate our algorithm under different situations, we design three factors
and seven scenarios in our experiments. The first factor is the rate of machine deterio-
ration. The yield declining rate of a stage is uniformly drawn from [0, 5] for the scenario
with a low deterioration rate and from [5, 10] for the scenario with a high deterioration
rate. The second factor is the volatility of demand. For the scenario with low demand
variance, the range of demand is narrowed to 1 to 10; for the scenario with high demand
variance, the range of demand is extended to 1 to 40. The last factor is the inventory
costs. We set R, = s and Ry = 5s for scenarios with (relatively) low and high inventory

costs, respectively. The information of the seven scenarios is summarized in Table 4.3.

4.4.2 Benchmark

We compare our algorithm with two benchmarks. The first one is our nonlinear integer
program. We write Python programs to invoke Gurobi Optimizer 11.0 to solve the math-
ematical program. The second benchmark is a genetic algorithm (GA). In this algorithm,

a solution’s chromosome, with size m X n, represents the maintenance plan. Entry (s,¢) in
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Scenario Scenario name By, D, R,

1 Basic setting Ul2,8] UJL,20] 3s
2 Low deterioration rate  U[0,5] U[1,20] 3s

3 High deterioration rate U[5,10] U][1,20] 3s

4 Low demand variance — U|[2,8] Ul[1,10] 3s
5 High demand variance  U[2,8] UJ[1,40] 3s
6 Low inventory cost Ul2,8] UJ[L,20] s
7 High inventory cost Ul2,8] UJL,20] 5s

Table 4.3: Experiment setting of scenarios

the chromosome is 1 if maintenance is conducted at stage s in period ¢ or 0 otherwise. To
generate an initial solution, we randomly set each entry in the chromosome to 0 or 1 with
equal probability. We then repeat the above process and generate 30 initial solutions
to create the initial solution pool. For each solution, we follow the maintenance plan
recorded in its chromosome and solve the resulting linear program to obtain an optimal
production plan. The cost of the schedule is then computed and recorded as the fitness

value of the solution.

In each GA iteration, we first randomly select 10 solutions from the solution pool. The
two solutions with the highest fitness values among them are then chosen as parents to
performe crossover. We randomly select a crossover point ¢, for each stage s and generate
two offspring as follows. For the first offspring, the first ¢; entries of stage s are from
parent 1, and the remaining n — t, entries come from parent 2. For the second offspring,

the first ¢, entries of stage s are from parent 2, and the remaining n — ¢, entries come
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from parent 1. For each offspring, there is a 5% mutation probability such that a random
stage and a random period are selected, and the maintenance decision is reversed. To
complete one iteration, we add the two offspring to the solution pool and remove the two

worst solutions. After 50 iterations, the best solution in the pool is reported.

4.4.3 Solution performance

For each scenario, we randomly generate 50 instances. For each instance, we first solve

the nonlinear integer program to obtain an optimal solution, then solve the same instance

HE GA to

using our heuristic algorithm and the genetic algorithm. We use z*, z"FV, and 2
denote the cost of an optimal solution, the heuristic solution, and the solution reported by
the genetic algorithm, respectively. Table 4.4 summarizes the average and the standard
deviation of the optimality gaps under different scenarios. From the last row, we may see
that our proposed algorithm reports a solution that has a smaller cost than the solution

generated by the genetic algorithm on average. A smaller standard deviation also implies

that our algorithms are more robust than the genetic algorithm.

By looking at scenarios 2 and 3, we see that our heuristic algorithm performs better
when the yield declining rate is low. When the deterioration rate is high, finding the
proper timing to maintain a machine becomes more critical; otherwise, we have to pro-
duce products with a poor machine yield rate. This makes the problem more challenging
in such cases. Scenarios 4 and 5 show that our algorithm can generate good solutions
regardless of the variance of demand. Finally, the last two scenarios suggest that our al-
gorithm achieves better performance when the inventory cost is low. When the inventory

cost is high, the trade-off between storing products (conducting maintenance) and pro-
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Average S.D.

Scenario Scenario name

z}:fU 1 zj*A -1 zi?U ‘N Z:’*A = |
1 Basic setting 5.03%  6.80%  2.63% = 3.12%
2 Low deterioration rate ~ 3.36%  5.54%  2.20%  3.01%
3 High deterioration rate  6.19% 9.05% 3.78% 4.92%
4 Low demand variance  5.16%  6.98%  2.73%  3.32%
5 High demand variance — 5.29%  7.58%  2.64%  3.60%
6 Low inventory cost 1.86%  4.56% 1.36%  2.15%
7 High inventory cost 5.59%  6.63%  3.32%  3.59%

Average 4.64%  6.73%  3.07%  3.69%

Table 4.4: Optimality gaps of the algorithms

ducing with a lower yield rate (delaying maintenance) becomes more difficult. Therefore,

our algorithm cannot achieve the same performance quality as in other cases.

Regarding the running time of our heuristic algorithm, in the basic scenario, it takes
around 0.111 seconds to solve an instance, while the genetic algorithm takes about 0.664
seconds to report a solution. The running time in other scenarios is similar to that in the
basic scenario. This demonstrates that our heuristic algorithm outperforms the genetic

algorithm not only in effectiveness but also in efficiency.

o8

doi:10.6342/NTU202500607



Chapter 5

Stochastic Yield Declining Rates

In this chapter, we extend our problem and algorithms by considering stochastic yield
declining rates. We assume that the yield declining rates are no longer deterministic
but follow a known probability distribution. In Section 5.1, we describe the stochastic
version of our problem and explain how to modify our heuristic algorithm to address the
randomness. In Section 5.2, we extend the numerical experiments from Section 4.4 to

evaluate our heuristic algorithm under a stochastic setting.

5.1 Problem description and algorithms

So far, we have assumed that the yield declining rate in each period at each stage is
deterministic and known before planning begins. This assumption relies heavily on an
accurate estimation of machine conditions. However, in practice, machine conditions in
future periods often exhibit high variance and cannot be precisely predicted in advance.

This requires manufacturers to make decisions under random yield declining rates and
59
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motivates us to study the stochastic version of our problem.

We assume that the yield declining rate is stochastic but follows a known probability
distribution. Mathematically, let B, be the random variable that represents the yield
declining rate of stage s in period ¢. Since the distribution is known, the expected yield

declining rate E[Bg] can be readily computed for all s € S and t € T..

To address the stochastic problem, we modify our heuristic algorithm by adopting
a rolling schedule approach as follows. In each period, we first compute the expected
yield declining rate and solve the problem as if it were a deterministic problem using our
heuristic algorithm in Section 4.3. Once a heuristic schedule is obtained, we execute the
production and maintenance plan for the first period. At the end of the first period, the
actual yield declining rates are realized, and we update the yield rate accordingly. At the
beginning of the second period, we reapply our heuristic algorithm to solve the problem
with a planning horizon from the second period to the last period. The updated plan for

the second period is then executed, and this process repeats until all periods are visited.

5.2 Numerical study

To evaluate our heuristic algorithm under a stochastic setting, we extend the numerical
experiments in Section 4.4. In the basic setting (scenario 1), we follow all the settings,
except we let By, follow a uniform distribution U 2,8]. Regarding the remaining scenarios,
we modify scenarios 2 and 3 to test the variance of Est. In scenario 2, we let Est ~ Ul4, 6]
to represent a smaller variance; in scenario 3, we let Est ~ U[0,10] to represent a larger

variance. Scenarios 4, 5, 6, and 7 (which evaluate the impact of demand volatility and
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inventory costs) are unchanged. The modified scenarios are presented in Table 5.1.

Scenario Scenario name By, D, R,
1 Basic setting Ul2,8 UJ[1,20] 3s
2 Low yield declining rate variance — Ul4,6] UJ[1,20] 3s

3 High yield declining rate variance UJ0,10] U][1,20] 3s

4 Low demand variance Ul2,8] UJ[1,10] 3s
5 High demand variance Ul2,8] UJ[1,40] 3s
6 Low inventory cost Ul2,8] UJ[L,20] s
7 High inventory cost Ul2,8] UJ[1,20] b5s

Table 5.1: Experiment setting of scenarios

Regarding the benchmarks, we modify the genetic algorithm to a rolling schedule
version. For our nonlinear integer program, note that once all periods are visited in an
experiment, the actual yield declining rates become known information. We imagine a
situation in which we were to know the actual yield declining rates in advance and solve
the corresponding deterministic problem. This provides the best possible plan under the
stochastic setting. However, since this method relies on knowing future information, it is

impractical and serves only as a benchmark.

Table 5.2 provides the experiment results. Compared to the experiments conducted
in Section 4.4, we observe that the average optimality gaps are slightly larger here. One
reason is that the optimal solution here is able to acquire future information in advance,
and therefore comparing to such solutions makes our performance not as good as the

deterministic ones. The stochastic setting also results in larger standard deviations.
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Average 8D

Scenario Scenario name
ZI:];DU B 1 ZS*A N 1 zI—;}jU b 1 ZZG*A y | 1
1 Basic setting 6.55%  9.76%  6.45% - 4.97%
2 Low yield declining rate variance ~ 5.54%  9.09%  4.25%  4.31%

3 High yield declining rate variance  6.90% 8.74% 7.95% 4.22%

4 Low demand variance 7.15%  852%  7.32%  4.93%
5 High demand variance 6.75%  8.92%  572%  4.63%
6 Low inventory cost 1.08%  5.63% 1.10%  3.06%
7 High inventory cost 9.61%  9.64%  7.30%  4.94%

Average 6.22%  8.61%  6.54%  4.63%

Table 5.2: Optimality gaps of the algorithms

By comparing the results in scenarios 2 and 3, we observe that the performance of our
algorithm drops as the variance of the yield declining rates increases. This observation
aligns with our intuition since we only use the expectation to estimate the future yield
rate. Therefore, the heuristic algorithm struggles when the variance is large. The results

and interpretations of the other scenarios are similar to those discussed in Section 4.4.

For the running time, our heuristic algorithm takes around 0.404 seconds to find a
10-period plan for an instance using a rolling schedule approach (so that our algorithm
is invoked 10 times). On the contrary, the genetic algorithm takes about 3.010 seconds
to generate a schedule. This again confirms that our heuristic algorithm is both effective

and efficient under a stochastic setting.
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Chapter 6

Conclusion

In this study, we investigate a single-product flow shop joint production-maintenance
planning problem in a deteriorating system. Unlike traditional works that treat produc-
tion planning and preventive maintenance as separate problems, we propose an integrated
model that considers both decisions simultaneously. Since solving the mathematical pro-
gram is time-consuming, we develop algorithms that generate either an optimal or a

near-optimal solution efficiently.

When the system consists of only one stage, we prove that the inventory and mainte-
nance cycles are nested and reformulate our problem as a shortest-path problem, where
the edge costs can be solved by linear programming. This reformulation allows the prob-
lem to be solved in polynomial time using any shortest-path algorithm. When the system
consists of two stages, we show that maintenance timing across the two stages follows
either a synchronized or a neighboring pattern. This property enables us to extend the
single-stage algorithm and design an exact algorithm that exhibits a two-layer shortest-

path structure.
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For problems with more than two stages, we propose a heuristic algorithm that utilizes
the single-stage algorithm to generate a near-optimal solution. We also demonstrate how
our heuristic algorithm can be extended to the case when the yield declining rates are
stochastic. Through numerical experiments, we verify the effectiveness and efficiency of

our heuristic algorithm under both deterministic and stochastic settings.

There are two future directions for our study. The first is the solvability of the multi-
stage problem. When the system consists of more than two stages, it is worthwhile to
investigate whether there exists an exact algorithm to find an optimal solution. The
second direction is to consider a capacitated version of our problem. In this study,
we assume that production capacity is unlimited when no maintenance is performed.
Investigating whether the problem under capacity constraints is polynomial-time solvable

(or show that it is NP-hard) presents another promising research opportunity.
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