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Abstract

In this thesis, we theoretically investigate quantum wave mixing in a one-dimensional
waveguide quantum electrodynamics (QED) system comprising a multi-level transmon
qubit driven by two coherent microwave fields. By combining Floquet theory with Dyson
series formalism, we systematically analyze the multi-photon processes responsible for
generating spectral sidebands. Our framework shows that frequency conversion can be
engineered by tuning the relative powers and detunings of the driving fields, enabling the
creation of tunable and symmetric frequency combs. By including higher energy levels
of the transmon, we identify new quantum pathways that significantly affect the spectral
response. Numerical simulations based on our theory show excellent agreement with ex-
perimental spectra, validating our approach. These findings provide valuable insights for
the development of quantum photonic devices such as frequency converters, frequency-
selective photon routers, and on chip light sources.

Keywords: quantum wave mixing, frequency conversion, coherent control, multi-

level artificial atom, Floquet analysis
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Chapter 1

Introduction

1.1 Motivation

Controlling the interaction between light and matter at the quantum level is essential for
realizing key functionalities in quantum technologies, including quantum communication,
computing, and metrology [3, 4, 5, 6, 7, 8]. In these applications, light is widely used as a
carrier of quantum information, thus necessitating the ability to generate and manipulate
specific quantum states, such as entangled photons and single-photon states [9, 10, 11, 12],
and precise engineering of their frequency and temporal properties through frequency con-
version [13, 14, 15]. Such operations inherently rely on nonlinear light - matter interac-
tions, which mediate effective photon - photon coupling, enable quantum interference,
and support coherent transformation between frequency modes [16, 17, 18]. A particu-
larly important mechanism for implementing these nonlinear interactions is wave mixing
[19, 20].

Realizing wave mixing at the quantum level requires strong interaction between light
and matter [21]. In conventional three-dimensional (3D) systems involving natural atoms,
achieving such interactions is challenging because atoms emit light isotropically, while the
incident field typically occupies only a limited number of spatial modes [22, 23]. This spa-
tial mode mismatch significantly weakens the light-matter interaction. To overcome this
limitation, the electromagnetic field can be confined to a one-dimensional (1D) waveg-
uide, thereby enabling strong light - atom interactions [24, 25, 26]. This configuration
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opens access to regimes that are difficult or even inaccessible with natural atoms in free
space, such as elastic and inelastic scattering of photons [25, 27, 28], signal amplification
without population inversion [29], non-reciprocal transport of microwaves [30, 31, 32],

and collective Lamb shift [33, 34, 35, 36], among others.

Within this architecture, wave-mixing processes have been investigated using two- or
three-level artificial atoms, typically under resonant or symmetrically detuned driving at
weak to moderate power levels [37, 38, 39, 40, 41, 42]. These studies have demonstrated
fundamental nonlinear effects such as sum- and difference-frequency generation [39, 43],

as well as the influence of photon statistics on spectral properties [40, 41, 42, 44, 45].

More recent research suggests that higher energy levels can play a significant role in
light — atom interaction applications under intense driving conditions [2, 29]. However,
the influence of these higher levels on wave-mixing processes under strong driving re-
mains unexplored. This gap motivates us to investigate wave mixing beyond the low-
and moderate-power regimes commonly considered in the literature [46], which forms a

central focus of this thesis. Specifically, we study three key topics:

1. The origin of sidebands arising from quantum dynamics.

2. The control of sideband asymmetry by tuning the relative strengths of the two driv-

ing fields.

3. The enhancement of wave mixing by higher transmon levels compared to few-level

approximations.

In the remainder of this chapter, we provide the theoretical and conceptual foundations
necessary for analyzing wave mixing in superconducting systems. Sec. 1.2 introduces su-
perconducting artificial atoms, with a focus on the transmon. Sec. 1.3 reviews classical
and quantum wave-mixing processes. Sec. 1.4 presents the open quantum system frame-
work, including the master equations used in our analysis. Finally, Sec. 1.5 summarizes
the overall structure of this thesis.
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1.2 Superconducting Atoms

Superconducting atoms are artificial quantum systems based on Josephson junctions, fab-
ricated on micron-scale chips. These systems exhibit discrete energy levels analogous to
those of natural atoms, but with the added benefits of design flexibility and experimen-
tal controllability [47, 48]. Their ability to strongly interact with microwave photons has
opened the door to a wide range of quantum optical phenomena on a chip, leading to the
development of circuit quantum electrodynamics (circuit QED) [49, 50], a platform for
exploring light-matter interaction at the quantum level.

In the following sections, we introduce the physical origin of nonlinearity in Josephson
junctions (Sec. 1.2.1), and present the transmon artificial atom (Sec. 1.2.2), a widely used

architecture in circuit QED experiments.

1.2.1 Josephson Junction: a Nonlinear Inductor

(@) (b)

superconductor

Cooper 1
insulator m/ pair L, x — G Ea

superconductor

Figure 1.1: The Josephson junction. (a) Schematic diagram of a Josephson junction, con-
sisting of two superconducting layers separated by an insulating barrier. The Cooper pairs
can pass through the insulating layer via quantum tunneling, forming a supercurrent. (b)
The standard circuit representation of a Josephson junction. The right side shows the con-
ventional circuit symbol, a cross inside a square box, indicating the presence of both the
Josephson element and the junction capacitance C';. The left side shows the equivalent
circuit model, where the junction is decomposed into a nonlinear Josephson inductance
L ; and a junction capacitance C';, forming a nonlinear parallel LC oscillator.

A Josephson junction consists of two superconductors separated by a thin insulator as
illustrated in Fig. 1.1(a). In a superconductor, electrons form bound pairs known as Cooper
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pairs [51, 52]. Despite the presence of the potential barrier created by the insulator, these
Cooper pairs can tunnel through the barrier via the quantum tunneling effect [52]. The
resulting tunneled current is a dissipationless supercurrent /(¢), which is governed by the

Josephson relations [52, 53]:

I(t) = I sin o(t), (1.2.1)
de(t) _ 2|
oo = 22V, (1.2.2)

where [ is the critical current, ¢(t) the superconducting phase difference, and V' (¢) the
voltage across the junction. The fact or 2|e| corresponds to the charge of a Cooper pair.

Applying the chain rule,

dI(t) _dI(t) d¢

i 1.2.3
dt dp  dt’ ( )
the voltage can be recast as
dl
V(t)=L,— 1.2.4

which resembles the voltage-current relation for an inductor in classical circuit theory
[54, 55]. From this perspective, the Josephson junction behaves like an electrical circuit
consisting of a nonlinear inductor with inductance L; = h/2le|l. cos ¢ along with an

intrinsic capacitor C'y [56].

The total energy of this junction is given by

E;;=FEc, + Ep,, (1.2.5)

4 d0i:10.6342/N'TU202503909



where £, = —E; cos ¢ represents the energy stored in the nonlinear inductor and the
Josephson energy is E; = hl./2|e|. The capacitive energy is Fc, = 2n%e?/C; and n
denotes the net number of Cooper pairs accumulated on the superconducting electrode
connected to the junction. Following the standard quantization procedure [54, 56], we
replace n and  with quantum operator n and ¢, which satisfy the canonical commutation

relation [56]:
(o, 0] = —1i. (1.2.6)

This leads to the quantum Hamiltonian of the Josephson junction:

- 2¢* .
HJJ = —="N —EJCOS(p. (127)
Cy

1.2.2 Transmon Artificial Atom

Building on the nonlinear properties of the Josephson junction described in the previous
section, one can implement external control by embedding it into a suitably designed su-
perconducting circuit, as shown in Fig. 1.2(a). This allows us to tune the energy levels via
gate voltage and circuit parameters. The total capacitance Cy, = C; + C, determines the

charging energy Ec = €?/2Cyx. The Hamiltonian is
H =4E¢ (7 —n,)* — Ejcos . (1.2.8)

The eigenenergies of the Hamiltonian Eq. (1.2.8) are periodic functions of the offset charge
ng [21], as shown in Fig. 1.2(b). In practice, the offset charge n, inevitably fluctuates due
to background noise, such as that caused by stray electric fields or material imperfections
[57]. These fluctuations lead to variations in the transition frequencies, resulting in deco-
herence. To suppress the sensitivity to charge noise, the transmon is typically operated in
the regime F;/Ec > 1, where the Josephson energy dominates and forms a deep poten-
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[
—_— Y
(b)
Ej/E; =1 E;/E¢ = 20

2, 2
g 12)
S 12) 15 ~ [8E,E; — 2E
wn
= 1 1 7y
) I1) 1)
gs 0.5 0.5 =~ ./ 8E]EC - EC
g |0)

/\/\ v

A o) 0

-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1

Ng Ng

Figure 1.2: The standard transmon circuit and its energy-level configuration. (a) A trans-
mon circuit consists of a small superconducting island connected to ground through a
Josephson junction, characterized by a nonlinear inductance L ; and capacitance C';. A
gate capacitor C; allows external control via the gate voltage V,, which influences the
charge states on the island. (b) First three energy levels as a function of the offset charge
ng. The left panel corresponds to the regime E,;/E- = 1, where the energy levels de-
pend strongly on n,. The right panel shows the transmon regime £,/ E¢ = 20, where the
levels become nearly independent of n, due to phase localization. Here, hiwo denotes the
energy difference between the ground and first excited state, defined at integer values of
ngy. (retrieved from Ref. [1])
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tial well around ¢ = 0 (and other points ¢ = 27N, with N € Z). This localizes the phase

and makes the energy levels nearly independent of n, [21, 58, 59].

In this limit, the Hamiltonian can be approximated by expanding the cosine potential:

H ~4Ecn? + =2¢? — =25 + O(¢°). (1.2.9)

The first two terms describe a harmonic oscillator, resulting in equally spaced energy levels
with spacing /8- E; [21, 58]. The quartic term introduces anharmonicity, yielding the
following expression for the energy levels [21]:

1 E
E,, ~ +\/8F,;Eq (m + 5) — 1—20 (6m* +6m +3) , (1.2.10)

where m is the energy level index. The first transition energy shifted by an anharmonicity

a = Epirm — Epm ~ —Ec. (1.2.11)

Such anharmonicity is essential for enabling selective qubit control and, more broadly,
allows the transmon to serve as a controllable quantum system for exploring nonlinear

phenomena in quantum optics and wave mixing.

1.3 Nonlinear Optics: Wave-Mixing Processes

A wave-mixing process refers to the generation of new frequency components when two
or more electromagnetic waves interact with a nonlinear material, typically resulting in
the creation of sum and difference frequencies.

In the following sections, we first present the classical description based on nonlinear
polarization and Maxwell’ s equations (Sec. 1.3.1). We then introduce the basic concepts
of quantum wave mixing via atom-field interactions (Sec. 1.3.2).
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1.3.1 Classical Wave-Mixing Processes

From a classical perspective, wave-mixing process arises when the polarization P of a
medium responds nonlinearly to the applied electric field E. This polarization acts as a
source term in Maxwell’s equation:

O°E 0P

V2E — — = lyg——.
Ho€o 12 Mo 02

(1.3.1)

When P includes higher-order responses to the applied electric field E, the carrier fre-
quency of the resultant electric fields differs from the incident frequency, resulting in the
generation of new frequencies. To illustrate the underlying mechanism, we express the

polarization P as [60]
P=c (x"E+ xPE* + yOE* +...), (1.3.2)

where (™ denotes the nth-order susceptibility tensor.

To illustrate the effect of nonlinear terms, let us begin with the lowest-order nonlin-
earity, represented by the second-order susceptibility y(?. This gives rise to three-wave
mixing (TWM), a fundamental nonlinear process in which two input waves at frequencies

wq1 and wgo generate a third wave at wye. Consider an input signal:
E(t) = Eie™a" + Eye™t t cc., (1.3.3)

with E; and E, are amplitudes and c.c. denotes the complex conjugate, interacting with
the a nonlinear material. The resultant waves are determined by the induced polarizations.
The response of the first-order susceptibility tensor corresponds to the scattering of the
incident waves [61], while the effect of the second-order tensor on the polarization is
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given by

P2 (t) = eox D E?
= Efemwdlt + E22€2iwd2t + 2E1E2€i(wd1+wd2)t + 2E1E;‘€i(wd1“wd2)t +cc.

(1.3.4)

This reveals new frequency components 2wy, 2wge and wy; + wgo, corresponding to
second-harmonic generation (SHG), sum-frequency generation (SFG), and difference-

frequency generation (DFG) [60].

We now further consider the third-order response, in which case the input signal con-
sists of three electric fields with frequencies wy;, wge, and wys. The frequencies wpey, of

the resulting waves are given by

3wai, 3Wdz, 3wWds,
Wa1 + Wa2 + Wa3, W1 + Wiz — W3, Wa1 + Waz — Waz, Wa2 + Waz — Wai, (1.3.5)

2wWg1 £ Waz, 2wWa1 £ Waz, 2wWar £ wWar, 2wWae £ Wa3, 2waz £ Wy, 2Waz £ Wa.

However, when only two distinct input frequencies are applied, the generated frequencies

reduce to:

3wd1, 3wd2, del + Wq2, deg + W1 - (136)

Higher-order nonlinearities beyond x(® can, in principle, generate even more frequen-
cies. However, they typically require extremely high field strengths and are rarely signif-
icant in standard optical media. In practice, for typical materials, nonlinear optical effects
are well described by the second- and third-order susceptibilities [60, 62].
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1.3.2 Quantum Wave-Mixing Processes

In the previous sections, we introduced wave-mixing process from a classical perspective,
where the nonlinear effects of electric polarization play a significant role in determining
the frequencies of the resulting electric fields. New frequencies arise from the nonlinear
polarization response of a material, typically due to structural asymmetry and strong driv-
ing. At the quantum level, however, wave mixing arises from a subtler mechanism: the

interaction between discrete atomic energy levels and quantized electromagnetic fields.

To illustrate this quantum process, we begin by examining a typical case where a M -
level transmon coupled to two quantized radiation fields with frequency wy; and wgo. The

Hamiltonian that describes this system is given by

M-1

Hi(nlt) (t) = Z Z_ h/mg; (aiam,m,le’mim)t + alam,LmeMEm)t), (1.3.7)

i=1 m=1
where Af-m) = Wg; — Wm,m—1 denotes the detuning between the frequency of ith radiation
field (¢ = 1,2) and the transition frequency wy, ,m—1 = W, — Wy—1 between mth and
(m — 1)th atomic energy level form = 1,2,--- | M. The coupling strength between the
ith field and the mth atomic level is given by v/mg; [47]. The operator a; (a;r) denotes
the annihilation (creation) operator for the photonic mode of frequency wy;, and atomic

T —

ladder operator oy, -1 = 0),_1 ., = |m){m — 1|. The superscript /) indicates that the

Hamiltonian is expressed in the interaction picture.

The dynamics of this system are governed by the Schrodinger equation:

—d
ih—U(t:to) = HD () Ut to), (1.3.8)
where U (t; t() stands for the unitary time-evolution operator with initial condition U (to; o) =

I/, and I[; denotes the M x M identity matirx. By expressing the time-evolution operator
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Final
state

Initial
state

U(t; to) UOtt))  UD(t) UB(t) US(t;t,)

Figure 1.3: Diagrammatic representation of the Dyson series for the time-evolution op-

erator in the interaction picture. Each vertical segment denotes a sequential application

of the interaction Hamiltonian Hi(n?, with the series summing over all possible orders of

interaction events. The initial state evolves into the final state through these successive
perturbative processes. Notably, wave-mixing processes first emerge at second order and
beyond, where the time-ordered products of multiple Hi(n? at different times can generate
new frequency components through interference between field modes.

as a power series in the coupling strength, we obtain the so-called Dyson series [63, 64]:

. . 2 t t1
U(t;to)zl—i/ dt, HO () (—i) /dtl/ dty HD (t) HD (8) + - -+
h to h to to

e}

=> U (t;ty). (1.3.9)

k=0

A schematic representation of this expansion is shown in Fig. 1.3, where each term U ¥ (¢; t,)
describes an interaction process involving n photon absorption or emission events, and its

amplitude scales with the k-th power of the coupling strengths g;.

It is important to note that while the Dyson series expansion is a powerful tool for
treating weakly interacting systems, it becomes problematic when the driving frequency
matches the transition frequency of the atom [64]. In such cases, the interaction Hamil-
tonian, Eq. (1.3.7), becomes time-independent, causing the Dyson series, Eq. (1.3.9), to
diverge in the long-time limit when g; (¢ —to) > 1. Physically, this divergence reflects the
onset of strong population (Rabi) oscillations, which are inherently nonperturbative and
cannot be accurately described by a perturbative expansion. However, since the purpose
of this section is not to describe the full dynamics in detail, but rather to conceptually il-
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lustrate how wave mixing arises from multiphoton processes, such issues are beyond the

scope of concern here.

We now illustrate the quantum wave-mixing process by examining the contributions
of each term in the Dyson series, Eq. (1.3.9), under the condition g;(¢ — ¢y) < 1, which
allows us to approximate the interaction Hamiltonian as nearly constant over [to, t], by

evaluating it at ¢.

The zeroth-order term is simply the identity operator,
UO(t:ty) =1, (1.3.10)
representing free evolution. The first-order term is approximately given by

U0t 10) -1

2
E

M-1

O

2
_ § : m —iamy g it
=—1 gz t - tO) A;0mm—1€ ‘ + a;Om—1,m€ ° .

i=1 m=1

(1.3.11)

In this case, the wave-mixing process does not occur, as this term corresponds to only a
single photon interaction, see Fig. 1.4(a). This suggests that higher-order terms are essen-
tial for describing quantum wave mixing. We now turn to the second-order term, which
describes the absorption or emission of two photons at frequencies wy; and/or wgo. It is

approximately:

U (t;to) = (—i)* Y 2 Vimg;gi(t —to)*

i,j=1m,n=1
_,A(.n) . (m)
X <ajai0-n,n710'm,mfle Y2 t@ S

A()y A (m)
+a}aian_1,nam7m_1elAi te in

. (n) . A (m)
—l—ajaZTJn,n,lam,l,me BTt IATE

(n) (m)
+ alalon 1 0O 1 t). (13.12)
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In this expression, we observe four distinct terms, each corresponding to a different field-

atom interaction process, as illustrated in Fig. 1.4(b):

* QjA;0yn—10m,m—1, describing the absorption of two photons with frequencies wy;
and wg;; the atom is excited upward by two energy levels (see Fig. 1.4(b), leftmost

panel).

. a}aian_l,namm_l, describing the absorption of a photon with frequency wy;, fol-
lowed by emission of a photon with frequency wg;; the atom first moves up one
level and then returns to its original state (see Fig. 1.4(b), second panel from the

left).

*a; a} On.n—10m—1,m, describing the emission of a photon with frequency wy;, followed
by absorption of a photon with frequency wy;; the atom first drops one level and then

is excited back to the original level (see Fig. 1.4(b), third panel from the left).

. a; ajan,l,nam,lym, describing the emission of two photons with frequencies wy; and

wgj; the atom relaxes downward by two energy levels (see Fig. 1.4(b), rightmost

panel).

These terms include both self-mode and cross-mode processes. When ¢ = j, they corre-
spond to self-mixing, where the quantum state acquires a phase oscillating at frequency
2wg1 or 2wge. When i # j, they enable mixing between the two modes, resulting in phase
oscillations at frequency 4(wy; — wg2) during the state’s evolution.

For the higher-order terms, each additional order brings an extra factor of g;(t —
to), making their contributions progressively smaller in the limit g;(¢t — ¢y) < 1. This
implies that the probabilities for more complex multiphoton absorption/emission pro-
cesses become negligible [41]. Therefore, in this section, we restrict our analysis to
the second-order effects, which dominate the quantum wave-mixing process under weak
coupling/short-time conditions.

In conclusion, quantum wave mixing arises from the interference between different
photon modes mediated by the discrete energy levels. The atom serves as a nonlinear
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]wai wdi”wdi wdj”wdi wdil

Figure 1.4: Illustration of quantum transitions contributing to wave-mixing processes.
(a) First-order processes: single-photon absorption or emission at frequency wy;, corre-
sponding to transitions between adjacent levels. (b) Second-order processes: sequential
two-photon absorption or emission involving frequencies wy; and wg;. These processes
can lead to interference and wave-mixing when both modes are involved.

element that enables these modes to interact, even in the absence of intrinsic material non-
linearity. Through successive transitions described by higher-order Dyson terms, multi-
photon processes become possible, leading to the emergence of new frequency compo-

nents.

1.4 Open Quantum System

In reality, physical systems are often not completely isolated from their surrounding. The
interaction with the environment inevitably leads to decoherence and energy relaxation.
In such cases, the system is referred to as an open quantum system, and its dynamics can

no longer be described solely by the unitary Schrodinger equation.

In this section, following the standard approach [65, 66, 67], our objective is to address
the dynamics of an open quantum system.
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Born-Markov
Master Equation

Redfield Equation

Lindblad Equation

Figure 1.5: Hierarchical relationship among the master equations discussed in Sec. 1.4.
The Born-Markov master equation, Eq. (1.4.14), refers to a class of approximations based
on weak system-environment coupling and memoryless dynamics. The Redfield equation,
Eq. (1.4.28), 1s a specific realization that retains coherence between all atomic transitions,
including those with different transition frequencies. The Lindblad equation, Eq. (1.4.31),
is a further simplification that applies a secular approximation, eliminating inter-transition
coherences.

1.4.1 Born-Markov Master Equation

We consider a quantum system of interest interacting with an external environment. The

total Hamiltonian in the Schrodinger picture is given by
HY =HY @I+ IsoHY + HY). (1.4.1)

Here, H, foi) acts on the total Hilbert space H,, which is given by the tensor product of the
system Hilbert space H s and the environment Hilbert space Hp, i.e., Hiot = Hs @ Hp.

Similarly, the system Hamiltonian H és)

operates on Hg, while the environment Hamil-
tonian H; acts on H . Throughout this chapter, the superscripts (%) and ) denote the
Schrodinger and interaction pictures respectively. The dynamics of the total system are
governed by the Liouville-von Neumann equation, which describes the unitary evolution
of the density matrix:

Aot ®) _ i (g 1 (1.42)

- » Mto

dt h
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To simplify the analysis, we transform to the interaction picture, where oscillatory terms
are removed:
(1) :
dpyot (t) t

e = g (1), piad (1) (14.3)

where the interaction-picture Hamiltonian and the density matrix are represented as

H{(t) = Usep(t)Hin Ul 5 (8), (1.4.4)
P (1) = Ul p(0)pha) () Usen (1), (1.4.5)

S)

with Uggp(t) = e~k +HE)E Formally integrating Eq. (1.4.3) gives
1) Oy & [ i T n @
Prot (1) = pior (0) — 7 dt [Hint (), pro (t )} . (1.4.6)
0
Substituting Eq. (1.4.6) into Eq. (1.4.3), we obtain

dpil) (1)

at

> .

[H0.50] - [ (8. [BD@), 4] a4

Since we are primarily interested in the dynamics of the system, we take the partial trace

over the bath degrees of freedom to obtain

dps' (1) _ o [dpial()
dt Pl dt
0 I
= —5Tra [ HO) (1), 03(0)] = 5 / Teg | HU)0), [H) (), ol ()] |

(1.4.8)

The first term on the right-hand side of Eq. (1.4.8), Trp [Hi(it) (1), Pt (0)} , is assumed to
be zero under the assumption that the bath is in a symmetric equilibrium state. It is note
that if the bath were initially in a non-equilibrium state, this assumption might no longer

hold. To further simplify the derivation, we assume that the system-bath interaction is

16 d0i:10.6342/N'TU202503909



turned on at ¢ = 0, resulting in a factorized initial state:

P (0) = pg (0) @ p3(0), (14.9)

where pg) (0) and pg) (0) are the initial density operators of the system and bath, respec-

tively. We then consider a typical scenario in which the system-bath coupling is suffi-
ciently weak that Eq. (1.4.8) can be truncated at second order. Additionally, we assume
that the bath has a large number of degrees of freedom and remains approximately in ther-
mal equilibrium. Applying these assumptions—known as the Born approximation—we

obtain:
I I
Pt (t) = p§ (t) @ pp. (1.4.10)

By substituting Eq. (1.4.10) into Eq. (1.4.8), we have

dpt (¢ 1
—pizt( - = | T [H ). [H 0.0 (0) © 5] |t (14.11)
0

We observe that the integral involves the past states p(sl)(t’ ), meaning that the current

evolution of the system depends on its entire history. As a consequence, the differential
equation, Eq. (1.4.11), is difficult to solve. However, in most practical situations, the
memory effect can be neglected. Thanks to the large number of bath degrees of freedom,
the bath correlation time 75 is much shorter than the characteristic system timescale 7.

This separation of timescales justifies two key approximations:

p$ () ® ps — p§(t) @ pa, (1.4.12)

t [ee)
/ dt’ — / dt'. (1.4.13)
0 0

Substituting Eq. (1.4.12) and Eq. (1.4.13) into Eq. (1.4.11) and changing the integration
variable to s =t — t/, we get the Born-Markov master equation:
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Wl [ e[, [0 - 9. AP0 @ g as 1)
0

To better understand these approximations, we now consider a typical interaction Hamil-

tonian:
Hy =Ty (9@ BYY), (1.4.15)

where S5 and B are Hermitian operators acting on the Hilbert spaces (Hs) and the
bath (H ), respectively, through the coupling channel a.

Assuming the system has a discrete energy spectrum, the operator S can be decom-
posed in the basis of atomic bare states (i.e., the eigenstates of H és)) into components

S&%a, each connecting eigenstate pairs whose energy difference is hw,:

S =35, (1.4.16)
with
SE = 3 mISEn)m) (n]. (1.4.17)
Em—En,=hw,

To illustrate the meaning of the decomposition, Eq. (1.4.16), we consider a two-level sys-
tem as an example. Let |0) and |1) be the ground and excited states, with energies Ey, and
E. The operator S5 can then be decomposed into two terms: one corresponding to the
downward transition |1)(0| with frequency w, = (E; — Ey)/h > 0, and the other being
its Hermitian conjugate |0) (1|, associated with w, = (Ey — Ey)/h < 0.

To move to the interaction picture, we apply the following transformation:

S(Iw (t) = iHst/F G(S) —iHst/h _ ,=iwat G(S)

,Wa, @,Wa Q,Waq?

(1.4.18)
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(DT (4) = (iHst/hg(S)t p~iHst/h _ giwat g(S)t
Saia(?) Soion® Sovwu- (1.4.19)

Wa

Here, the Baker-Campbell-Hausdorff formula is used along with the following commuta-

tion relations:

[Hs, S$) ] = —waSS)., (1.4.20)
[Hs, SN = +wa SN, (1.4.21)

which can be easily derived from Eq. (1.4.16). Applying Eq. (1.4.15), Eq. (1.4.18) and

Eq. (1.4.19), the interaction Hamiltonian in the interacting picture is given by

H) () =1 e 8% @ BO(t) =1y ettsE)i @ BI(1).  (1.422)

Q,Wq Q,Wq

Substituting Eq. (1.4.22) into Eq. (1.4.14), we obtain:

d
ﬂ_:——/ Tog [H{)0). [H (= 9).05(1) © ol ] | ds
— = [ [HQ - 960 @ o B
0

int wnt

/ Z Z el (wa—wh)t zwassﬁw pS ()S TTr [Bél)(t—s)pg)Bél)T(t)]

o, wa,wl,

— HOWH (= )00 (1) @ )| + hc. ds

z(wa wh )t zwasS TS(S o ( )TI'B [B(DWt)BéD (t — S)P(BJ)} } + h.c. ds.

(1.4.23)
To quantify the bath-induced effects, we define
Fas(vit) = / em<Bff)T(t)Bg)(t - s)>ds, (1.4.24)
0
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with the bath two-time correlation function is given by <Bc(f)T (t) Bg) (t—s)> = [Bc(f)T (t)BéI) (t—
s) pg) . If the bath is in a stationary state (i.e. pp(t) = 0), the two-time correlation func-
tion depends only on the time difference s, and F,,5(v;t) becomes independent of t. We

now decompose F,3(v) into

FQB(V> = Fa5<l/) + iAag(V), (1425)

where

Tos(v) = %(Faﬁ(u) + Fga(u)> - % / O; ei”S<Bgf>T(s)Bg”(0)>ds, (1.4.26)
Ans(v) = %(Faﬁ(u) - Fga(u)>. (1.4.27)

Here, the real part I', (/) describes dissipative effects like relaxation and dephasing, while
the imaginary part A,z(v) accounts for energy shifts (the Lamb shift). Substituting this

decomposition into the Eq. (1.4.23) and transform to the Schrodinger picture, we obtain

dps™ (1)
dt

_ _% [HS, pg5><t>} + L [p(ss)(t)] + Lo [p(ss’(t)} : (1.4.28)

where the superoperators L, [p(ss) (t)] and Lp [p(ss) (t)] denote

L0 0] =i 3 [(Buslwn) = Apalwr)) S5 o 1)L

a,f wa,wy,

S S S S S S
~Aap(wa) SIS pO () + Apalwl) ol (£)S S5

oWy,

(1.4.29)
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and

Lo o 0] = 32 3 | Casteon) + Taalewr) S5o8 (0511

o, wa,wl
—Tap(wa) SSE S5, P8 (8) = Toalwl ol (0)SF SE ]

(1.4.30)

Equation (1.4.28) is known as the Redfield equation.

1.4.2 Lindblad Equation

The transition from Eq. (1.4.23) to Eq. (1.4.28) involves moving from the interaction pic-
ture to the Schrodinger picture. In this process, the rapidly oscillating terms e #(«a—«a)t
are absorbed into the time dependence of the density matrix and are no longer explicitly
visible. When the frequency difference |w, — w/,|~! is large compared to the system’ s
relaxation rate, these terms average out and can be neglected. This leads to the secular
approximation, where only the w, = w/, terms are retained. Applying this approximation,

Eq. (1.4.28) simplifies to:

dp (¢ i

—pilt< ) - —5 |[Hs+ Hp, p$)(t )} +D (p(s)( )) : (1.4.31)
where

Hy =" Aaplwa) S S, (1.4.32)

is the Lamb shift Hamiltonian, which describes the energy level shifts of the system and

s 1 s) (s
D (5570)) = 50X Faste) [ 62,87 052 - 5 {52582, 0)}.

a,f wa

(1.4.33)
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is the dissipator, which captures dissipation and decoherence arising from the coupling to

mode w, in channels a and 3. Equation (1.4.31) is known as the Lindblad master equation.

1.5 Thesis Outline

This thesis is organized as follows. Chapter 2 introduces the Hamiltonian and derives the
equation of motion, along with the emission spectrum obtained via input-output theory.
Chapter 3 compares the theoretical predictions with experimental results, focusing on the
coherent spectral features and their interpretation in terms of wave mixing process. Finally,

Chapter 4 summarizes our main findings.
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Chapter 2

Waveguide Quantum Electrodynamics

Framework

2.1 Hamiltonian and Master Equation

We consider a one-dimensional waveguide with one end terminated by a small capacitor,
which acts as an anti-mode mirror at x = 0. An M-level transmon is positioned at this
end of the waveguide (z = 0) and is coupled to it [2, 33, 68]. The transmon is driven
by two microwave fields with carrier frequencies wy; and wge, and corresponding Rabi
frequencies €2; and (), respectively, as illustrated in Fig. 2.1. The number of transmon
levels M must be chosen sufficiently large to ensure that the population in the (M + 1)th
level remains negligible under any applied drive strength. The Hamiltonian describing

this system is given by
15 = HY (t) + HY + H, @.1.1)

where the system Hamiltonian

S S S S
HO(t) = HY + H () + Hiho(8), (2.1.2)
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Figure 2.1: Schematic of the waveguide QED system studied in this work. An M-level
transmon 1s coupled to the mirror end of a one-dimensional semi-infinite waveguide,
where the mirror is formed by terminating the waveguide with a large capacitor. The
transmon is driven by two external coherent fields with carrier frequencies wy; and wys,
and Rabi frequencies €2; and (2, respectively.

with

M-1
HY =" R, (2.1.3)
m=0

describing the bare energy levels of the transmon. Here, 0,,,,, = |m)(m| is the atomic
projection operator for m = 0,1,..., M — 1. The two-tone driving fields are represented

by

3
b

- Q .
Hip (t) =T 5 L (Gmmere” 0t 4 heel) (2.1.4)
m=1
M-1
- Q .
H{go(t) =T \/ﬂ_; 2 (Gmmere™ ™2 4 e, (2.1.5)
m=1
where 0y, 1 = a;_lm = |m)(m — 1| denotes the atomic ladder operator between

the mth and (m — 1)th levels. The energy of the waveguide modes is described by the
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Hamiltonian

HY) = / dwhwal ., (2.1.6)
0

where al, and a,, are the creation and annihilation operators for a waveguide photon of

frequency w, satisfying the commutation relation [69]:

la, al,] = 6(w — ). (2.1.7)
The interaction between the transmon and the waveguide is discribed by

M—1 oo
HI(S) — ik Z / dw/mg(w) (Tmm—10w + Tm—1,mal) , (2.1.8)
m=1"0

where \/mg(w) is the coupling strength between the mth energy level of transmon and

the waveguide mode at frequency w [21].

To derive the master equation, we now follow the general formalism outlined in Sec. 1.4.
By comparing Eq. (2.1.8) with Eq. (1.4.15), we identify the system and bath operators in

our case as

M-1 M-1
S =Y Vmowerm 8= Vmowme, (2.1.9)
m=1 m=1

B§S’=i/ dw g(w)al, Bés)zi/ dw g(w)a. (2.1.10)
0 0

By substituting Eq. (2.1.10) into Eq. (1.4.25) and assuming the bath is initially in the
vacuum state [47], we find that only the term with « = 3 = 1 survives. Therefore, to
obtain the master equation, it is sufficient to compute I';; (v):
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Fu(v) = /O dsemTrB(B§I>*(s)B§I>(0)pg>)

0 0 0 (2.1.11)
_ / ds/ dw'/ dw"g(w’)g(w”)ei(“'—”)s(O]aw/alu |0>
0 0 0
Using the commutation relation given in Eq. (2.1.7), we have
o 1
Fii(v) = / dw' g* (W) {775(00’ —v) +iPV ( - >] : (2.1.12)
0 w' —v
This leads us to
o0 g*(v), ifv >0,
I'i(v) = 7T/ dw' ¢*(W)d(w —v) = (2.1.13)
0

0, ifv <0,

which shows that I'j; () is non-zero only for downward transitions (i.e. decay) and van-

ishes for upward ones. The factor Ay (v) is given by:

P .
Ap(v) = PV/() duw' = ~ g*(v) PV/0 dw' =~ 0. (2.1.14)

w —v w —v

It is noteworthy that, to obtain Eq. (2.1.14), we assume ¢(v) is approximately constant
over the relevant bandwidth [35]. Substituting Eqgs. (2.1.2), (2.1.9), (2.1.13), and (2.1.14)
into Eq. (1.4.28), the master equation is obtained [70]:
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dp M—1
% = —1 mzzo Wm[o-mm’ p]

M-1 \/EQI (

+1
-~ 2

7iwd1t iwdlt
[O'm,mfle + O-mfl,m6 9 P]
=1

—iwgat twqat

([O'm,mfle + O'mfl,me ) /)] (2115)

2
m,n=1
gl mny®
+ 9 ([Ummpa Unn} + [Unna Pamm})
m,n=1

To simplify notation, we define v, -1 = T11(wim — Win—1) = 27¢*(Wm — Wim—1) as the
decay rate for the |m) to |m — 1) transition. The last term is included to account for the
pure dephasing effect, with 7* denoting the pure dephasing rate associated with the energy

levels |0) and |1) (see Appendix C.2 for details).

2.2 Emission Spectrum

The emission spectrum encodes how the driven transmon emits energy. By analyzing the
spectrum, we can identify characteristic frequency components, quantify energy transfer
processes, and distinguish between elastic and inelastic scattering between the photon and

the transmon.

In this section, we derive the emission spectrum for our system. Sec. 2.2.1 introduces
the input-output formalism [35], relating the output field to atomic operators, followed by
the derivation of the general spectral expression in Sec. 2.2.2. The spectrum is then sepa-
rated into coherent and incoherent components in Sec. 2.2.3. Finally, Sec. 2.2.4 provides
an analytical example under monochromatic driving.
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2.2.1 Input-Output Formalism

We begin the discussion by considering the Heisenberg equation for the field operator

a(t):

day(t) @ [
P |:Htot , Ay (1)
M—1
= —iway(t) — Vmg(w)om—_1.m(t). (2.2.1)
m=0

Integrating Eq. (2.2.1), the dynamics of the field operator is obtained

Gy (tr) = au(ts) / ar Z\/_ MG (W) Gt (1)@ mm= (2.2.2)

ti

where a,,(t) = ay(t)e™" and Gp—1m(t) = Opm_1m(t)e“mm-1" are the slowly varying
field and atomic operators, respectively, and w,; ;,—1 = Wy, — Wi,—1 denotes the transition
frequency between the mth and (m — 1)th levels. Here, ¢; and ¢ denote the times at which

the interaction between the transmon and the field begins and ends, respectively.

By summing over all frequency modes, the input-output relation can be obtained:

<

aOUt = aln Z V m’ym,m—lo-m,m—1<t>7 (223)

=0

3

where the input and output signals are given by

ain(t) dw a,(t;) ’“"t, 224
\/ 27T / ( )

Aot (1) dw a,(ty) —iwt, 2.2.5
= / e 222

From this, the input-output relation, Eq. (2.2.3), shows that the output signal consists of
the incoming wave and the response from the atom.
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2.2.2 Emission Spectrum Expression

With the input-output relation discussed in previous section, we now derive the expression

for the scatter-field emission spectrum, defined as [71]:

1 > |
Sw) = 55 Re { / dr e lim (VO (t + 1)V (1)) | (2.2.6)

—0o0

where 7 is the characteristic impedance, and the scattered voltage operator is given by

[2,72]

— |
VD) = iy [ daviaoe (22.7)
T Jo

In this expression, the field operator a9 (¢) is the slowly varying amplitude. By using

Eq. (2.2.2), we can relate the scattered signal % (t) to atomic response through

M-1

t
ag(t) = - / Aty A mg(w)F ()T (2.2.8)
0

m=0

Substituting Eq. (2.2.8) into Eq. (2.2.7), we obtain

IhZ, - : t ) /
V(SC)(t) i . 0 z : /_mezwm,m,lt / dt,a_ iy (t/) / J \/—g( )€Z(w_w7n’m71)(t —t)'
T 0 0
m=0
(2.2.9)

To evaluate the frequency integral, we assume that \/wg(w) varies slowly near wy, ;1
[35], allowing it to be approximated as a constant. By changing variables w’ = w—wy, ;m—1
and extending the lower limit of integration to —oo (since wy, ,,,—1 is in the GHz range),
we obtain:
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/ dw /wg(w)e W emm U0 o g (Winm1) - 276(E = 1), (2.2.10)

0

Substituting Eq. (2.2.10) into Eq. (2.2.9) and perform the time integral yields the scattered

voltage operator:

/hZ
V69(¢) =0 Z T 1B 10m-1.m(t), (2.2.11)

where 0,1 (t) = Gp1m(t)e™mm=1" and v, 1 = 27g* (Wi — Wyn—1). Substituting

this expression into Eq. (2.2.6), we obtain

t—o00

Z C,..Re [/ lim (o, m 1(t+7) 0p10(t)) e ™7dr |, (2.2.12)

m,n=1

with the coefficient

h
Cmn = 4_\/mnf)/m,mflf)/n,nflwm,mflwn,nfl~ (2213)
m

2.2.3 Coherent and Incoherent Parts

To obtain the emission spectrum, Eq. (2.2.12), one needs to compute the steady-state two-
time correlation function of the atomic operator. The fluctuation about the steady state of

the atomic ladder operator is defined as

5T mam1(t) = Omm1(t) — (Gmm1 (1), . (2.2.14)

where (0 m—1(t)),, = liMy_o0 (0m,m—1(t)) denotes the steady state of atmoic coherence.
Substituting Eq. (2.2.14) into Eq. (2.2.12), the emission spectrum can be decomposed into
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two contributions: the coherent part

M—1 o
Seo(w) = Z CrnRe {/0 tllglo (Omm 1t + 7)) (on_1,(t)) e ™dr|, (2.2.15)
m,n=1

and the incoherent one

t—o00

M-1 o
Sinco(w) = Z C,..Re {/@ lim (50 m_1(t +7) 00, _1.,(t)) e ™“7dr| . (2.2.16)

m,n=1
2.2.4 Example: Monochromatic Driving (Mollow Triplet)

In this section, our objective is to apply the formalism developed in the previous section
to illustrate the coherent and incoherent spectral behavior of a simple model: a single two-
level atom is driven by a classical field with carrier frequency wy and Rabi frequency €24

[73, 74]. The dynamics of this system are governed by the master equation:

d A Ry
d_): = 25[02”0] + 27d (lo10 + 001, ]) + % ([001p, 710] + [001, po00]) » (2.2.17)

where A = wy — wyg is the field-to-atom detuning and o, = o1, — 0qq is the population

inversion operator.

Sandwiching the master equation by atomic states, we obtain the optical Bloch equa-

tions:
o) = (i = 10) {o10(1) + B ., (22.18)
D om(®) = (18 =22 n (1) ~ S (1), (22.19)
& 00 = 19 ({or0(0) — o (1)
— 10 ((0:(8)) + (ow(®) + (o (1)), (2.2.20)
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with the constraint (oo (f)) + (o11(¢)) = 1. The steady-state solutions are given by:

04/2

Jim (010(t)) = A i {o2(1)), (2.2.21)

Jim {o0a(1)) = (Jim (c20())) (2222)
. o 2(A% + (10/2)%)

M) = 58T (e 2) 1 (22.23)

By applying the quantum regression theorem (see Appendix D for a detailed discussion),
the dynamics of the two-time correlation functions are determined through the same equa-

tions that govern the evolution of the single-time expectation values:

%<010(7)001>35 = <—ZA — %) (010(T)001) s + %(az(ﬂamss, (2.2.24)
%(010(7)001%5 = (ZA - %) (o01(T)o01)ss — %(@(T)am)ss, (2.2.25)
%<02(7)001>ss = iQd<<U1o(7)001>ss - <<701(7')Uo1>ss> (2.2.26)

=10 ({0=(T)0)ss + {G00(T)o00)ss + (11 (P01} ), (2:227)

where (A(7)B)ss = limy_, o (A(t 4+ 7)B(t)) with the initial condition:

(@40)- s = fim (o (0o (1) = 5 fim (0:(1)) + 1). 2229
(0000 )us = Jim (- (- (1) =, 2:229)
(00000 )us = fim (0:(0)0- (1)) = fim (o- (1) (2.230)

By solving Egs. (2.2.24) to (2.2.26), we obtain, in the resonant case where A = 0 [74]:
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<0’ (T)U > = Q?l 7%0 ei‘*’lOT + 16*(710/2*1'0-’10)7'
T s T2 002 | 42+ 203 2
1 Yo 3vo/d+ K M0/2  Yo/d+E 3710 3
2 <7%0 + 293 K K 2k exXp 4 K Wi | T
1 7%0 3v0/d— K Y0/2  Yw0/d— kK 3710 )
+ 5 (7%0 n 293 - - o exp 1 + K —1wig | T )
(2.2.31)
where
o Y10 2 9
K= (T) e} (2.2.32)
Substituting Eq. (2.2.31) into Eq. (2.2.12), we get
S(w) = Seo(w) + Sinco(w), (2.2.33)
where
0
SCO(CL)) o 27 - md(w — (.Ul()), (2234)
Y10/2
Sinco W)X = -
) o 3 T = ano?
i b 3710/4 " 1 3710/4
4 (3710/4)2 + [(W - wlO) - Qd]z 4 (3’}/10/4)2 + [((JJ - (JJ10) + Qd]Z ’
(2.2.35)

As we can see, the coherent spectrum shows a sharp delta-function peak at the atomic
transition frequency w = wjy, reflecting the phase-coherent component of the emission
due to the continuous driving.

In contrast, the incoherent spectrum exhibits a broader structure with three peaks lo-
cated at w = wyg and w = wyg £ 24, known as the Mollow triplet, as shown in Fig. 2.2.

These broadened features arise from quantum fluctuations and spontaneous emission pro-

CCSSES.
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— Qg=5 (Y10)
Qg =10 (y10)
— Q4=15 (v10)

-15 =10 -5 0 5 10 15
W — wio (Y10)

Figure 2.2: Incoherent emission spectra Siyeo(w) showing the Mollow triplet under differ-
ent driving strengths 2; = 5, 10, 15 (in units of 71¢). The three Lorentzian peaks appear
around w = wyp and w = wyg = Q4. As (), increases, the sidebands shift further apart and
become more pronounced.

2.3 Bichromatic Driving: Floquet Analysis

In the previous section, we discussed the coherent and incoherent fluorescence spectra un-
der a single-tone driving scenario. We now turn to a more general case in which a single
multiple level atom is simultaneously excited by two driving fields. In such a situation, it
is not possible to find an appropriate rotating frame that eliminates both carrier frequen-
cies. As a result, the system’ s dynamics become periodic in the long-time limit, and the
formalism developed in the previous sections is no longer applicable. In this section, we
introduce Floquet analysis to handle this type of periodic problem in the computation of

emission spectra [75].

2.3.1 Periodic Steady States under Bichromatic Drivings

We begin the discussion by considering the master equation in a rotating frame with fre-
quency wy = 5 (war + wWaz):
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G 1€+ Oy €, (1) (23.1)

2
m,n=1
M-1 mnv‘b
+ 9 ({Ummﬁ(t)v Jnn] + [Unnu ﬁ(t)amm]) )
m,n=1

where § = % (wgo — wqy) represents the frequency difference between two driving fields.
It is noteworthy that this frequency is incorporated into the master equation, Eq. (2.3.1),
making the solution inherently periodic with a period 27 /§. To address this periodicity,

we express the density matrix using a Fourier series representation

o0

pty = > p(t)e", (2.3.2)

l=—00

where () (t) represents the Ith Fourier coefficient. Substituting Eq. (2.3.2) into Eq. (2.3.1)
and collecting terms, we get the following coupled differential equations:
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dp(t) 0 N "
o = —ilop () i Y (mws = wi) [omm, 7 (2)]
m=0
M-1
fi S Y (S0 4 o A0)])
m=1 2
M-1
Q
+iy \/ﬁg 2 ([oman-1, 8 O] + [0m-1m, 50 (1)])
m=1
M-—1
+ Z v mn2m,m—1 ([Um_l,mﬁl (t)70-n,n—1] + [O-n—l,mﬁ(l (t)o-"%m_l])
myn=1
M-1 P
+ Z mzﬁy ([o-mmfa(l)(t):o-””] + [O-”n"a(l)(t)o- D
m,n=1

(2.3.3)

By vectorizing the density matrix, Eq. (2.3.3), (see Appendix £ for details), we define

- . - r ~l ]
Xog () oo (1)
! ~(l
xB ) Ao (t)
() — ! | =
X( )(t> = X](V[)_ljo(t) - PE\/}—LO(Q ’ (23.4)
! ~(l
x9@) ()
l ~(l
_X](\/[)—l,M—l(t)_ _PEM)—LM—1(75)_

where X((¢) is an M? x 1 column vector. Using this representation, we obtain the fol-

lowing recurrence relation:

X(l)(t) — AX(l_l)(t) + B(Z)X(l)(t) + C’X(l+1)(t), (2.3.5)

where
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N

Il

=
<[§

[le (]IM ® Omm—1 — Uﬁ,m—l ® ]IM)

1 (2.3.6)
-+ ng (]IM X Om—1,m — O-rj;z—l,m X I[M) ] s
M-1
C =1 \/Tm [le (]IM Q Om—1,m — O’Tj;Lfl,m ® ]IM)
st (2.3.7)
+ Qd2 (]IM ® Omm—1 — O—Zr;,m—l ® ]IM) ] )
and
BW = 15T,
M-1
+ Z {2 (mws — W) (I @ Tpm) — 7 (Nws — wy,) (Tpn @ Tay)
m,n=0
A MNYmm—
+ + [ (0-3;”_1 X Um,m—l) - (HM ® Un,n—lam—l,m)
(2.3.8)
+ (Ug,m_l & O'n,nfl) - <(0m,m710n71,n)T & HM) ]
mn’y¢

D) |: (O—z;n ® Umm) - (]IM & Unno_mm)

(0 )  (Guun) 1) }

are M? x M? matrices. In a realistic situation, it is not necessary to perform the infinite
summation in Eq. (2.3.2); instead, the series converges for sufficiently large values of /.
We therefore truncate the series by setting [ = L. To solve for the Fourier coefficients, we

re-express Eq. (2.3.3) as

X(t) = MX(t), (2.3.9)
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where X() is a column vector of dimension (2L + 1)M? x 1, containing the Fourier

coefficients for each order [, and M is a block matrix defined as

M = 0 0 A BO o 0 0 |- (2.3.10)

o o0 o0 o0 0 A BW

In this expression, the matirx B(") describes the self-evolution of the /th Fourier compo-
nent, while matrices A and C' represent the coupling between different orders [. With
this compact equation, Eq. (2.3.9), the dynamics of each Fourier component can be easily

obtained using the formal solution:

X(t) = eMX(0). (2.3.11)

2.3.2 Coherent Spectrum and Sideband Structure

We now turn to examine the emission spectra under the two-tone driving scenario. First,
we transform the emission spectrum of the coherent part described by Eq. (2.2.15) into a

rotating frame with frequency w;, yielding

M-1 o
Seo(w) = Y ChnRe { /0 lim (Gt (t + 7)) (Gn_1n(t)) e @7 dr | (2.3.12)
m,n=1

Here, G, (t) = e {(m=mwsty - Substituting Eq. (2.3.2) into Eq. (2.3.12) and truncating
the series by setting [ = L, we obtain
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M-1 w / L
Seo(w) = Z CmnRe[/ (Z <5-m,m—1>§;) 6ip§(t+7—)>
0

m,n=1 p=—L

L
- (z ) ) ]

q=—L

(2.3.13)

To address the time-oscillating terms in Eq. (2.3.13), we compute the time-averaged
spectrum and find that it remains nonzero only under the condition p + ¢ = 0. As a

consequence, the coherent spectrum reduces to

M-1
Seo(w) = Y CinnRe

m,n=1

L (o]
> " (Fmm- 1) (Gn1) / e—“w—%—PéﬁdT] . (2.3.14)
0

p=—L

By integrating Eq. (2.3.14), the time-averaged coherent spectrum becomes

M-1 L
Seo@) = > Chn Y Re [<5m,m_1>§;> (Gn1m) 7| 76 (w — wy — pd) . (2.3.15)
m,n=1 p=—L
Since the delta function ¢ (w — ws — pd) represents an idealized spectrum with zero
width, which cannot be resolved in real experiments due to finite spectral resolution, we
approximate the delta function with a Lorentzian profile. This leads to the expression for

the time-averaged coherent spectrum as

M-1 L
Seo(w) = Com Y Re [ (Grm1) P (51 ) TP i (2316
() Z Z © [<U mt)ss (Ontn)s (w— (ws —1—105))2 + € ( )

m,n=1 p=—L
2.3.3 Incoherent Spectrum via Laplace Transform Method

In this section, we analyze the emission spectrum of the incoherent part using a similar
computational approach to that discussed in the previous section. The incoherent spectrum
in the rotating frame of frequency wj is given by
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M—-1

Smco(w> = Z C’mnRe |:/0 lim <(55’m,m_1(t + 7') 55n—1,n(t)> e_i(w—ws)T drl .

o t—o00
(2.3.17)
with
lim (06 ,,,m—1(t + 7) 6Gp—1,(t))
freo (2.3.18)
= tlggo (Omm—1(t +T)Fn11n(t)) = (Grmm-1(t + 7)) (Gn1n(t))] -

Here, the first term on the right-hand side is a standard two-time correlation function for

atomic operators, which can be evaluated using the quantum regression theorem:

lim (1 (t -+ 7) Gp1n(t)) = Tr [&m,m,l A )], (2.3.19)

t—o0

where A, (7) is the time-evolved auxiliary operator associated with the initial condition

A, (0) = 0—1,,Pss- The second term is the product of single-time expectation values in

the long-time limit

im (G m—1(t + 7)) (Gr-1n(t)) = Um [Tt [0 m—1 p(t + 7)] - (Grn1.(1))] . (2.3.20)

t—o00 t—o0

Using Eq. (2.3.19) and Eq. (2.3.20), we now define an auxiliary density matrix to isolate

the incoherent part of the correlation:

n(7) = An(7) = lim j(t +7) (Gn-1n(t)) - (2.3.21)

[1]:

Owing to the periodicity of the steady-state solution discussed in Sec. 2.3.1, we express this
auxiliary density matrix =,,(7) as a Fourier series: =,(7) = Y, ég)(T)e“‘ST. Substituting
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this into the Eq. (2.3.1) and applying a Laplace transform gives the following expression:

2

m=1

M-—1 /
B Z mm;m m—1 <|:0_m_17m_,$1)(s)70'm/ m/—l:| + |:O—m/_l m/7‘_‘n

m,m’=1

M-1 '~ P
S S| NETIR P Y ST

m,m/=1

(2.3.22)

By vectorizing the auxiliary density matrix in Eq. (2.3.22), we obtain:

(2.3.23)

Y, (7 = 0) = M(s)Ya(s),

where Y,,(s) is a column vector of dimension (2L + 1) M? x 1, composed of the Fourier

Q)

components =}, (s), and M (s) is a block matrix defined as

DD(s) —C 0 0 0 0 0
0 ~A DY) —C 0 0 0
M(s)y=| 0 0 —A DO —C 0 o |, 2329
0 0 0 -A DW(s) —C 0
0 0 0 0 0 —A D (s)
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DY (s) = (s +il§) Iy

M-1
_ Z {z (mws — W) (I @ Tpm) — 7 (Nws — Wiy ) (T @ Lpy)
m,m/=0
\% m,m—
; ! |:(O—m m/—1 & Om,m— 1) - (]IM ® O—m’,m’flamfl,m>
(2.3.25)
+ (O-Z;L,m—l ® Um’,m’—l) - ((Um,m—lam’—l,m’>T X HM) }
I
+ mTZ v |: (O'z;L/m/ & Umm) — (]IM & O'm/m/O'mm)
+ (O-Z—‘nm 02 Um’m’) - <(Ummam’m’)T & ]IM) ] }
By solving Eq. (2.3.23) and substituting s = —i (w — wy) [75], the incoherent spectrum
can be obtained as:
Simeol Z C,mRe [Yn(?ﬂ Lo (=i (w —ws))] , (2.3.26)
m,n=1
where YMZL 1.m(8) denotes the (m — 1,m) element of 3(10)(8).
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Chapter 3

Experimental Comparison and

Interpretation

In the previous chapter, we developed a formalism that goes beyond the conventional two-
or three-level approximation to compute both coherent and incoherent emission spectra
under strong two-tone driving. In this chapter, we investigate the effects of higher trans-
mon levels on the wave-mixing process in realistic conditions by comparing the spectra
predicted by our method with experimental results. Additionally, we analyze the frequen-
cies generated in single-atom wave mixing using the Dyson series formalism introduced
in Sec. 1.3.2.

It is important to note that all the experiments discussed in this chapter were conducted

by Mr. Fahad Aziz in Professor Io-Chun Hoi" s group at National Tsing Hua University.

3.1 Characterizing the Transmon Used in Experiment

To obtain the spectral results presented in the following sections, it is necessary to first
characterize the fundamental parameters of the transmon. Experimentally, this is achieved
by sending a weak probe field—with carrier and Rabi frequencies denoted by wyo and
(25, respectively—to interact with a transmon that is simultaneously driven by a pump
field characterized by carrier frequency wy; and Rabi frequency {2;. The response of the
transmon is analyzed via the reflection of the probe field, and the reflection coefficient is
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(aout(t))
(ain(t))

ing the input is a classical single-mode probe field, the input expectation value becomes

defined as r = . By substituting the output field a,,; using Eq. (2.2.3) and assum-

[29, 76]

0 '
(ain(t)) — i et (3.1.1)
21/ (wa2/w10) 110

from which we obtain the reflection coefficient;

21 m,m— ]
r=1+%" b/ m{we/ glm I () (3.1.2)
2

In this setup, the probe field is chosen to be sufficiently weak, i.e, {25 /710 < 1, such that

the density matrix of the driven transmon can be expanded perturbatively as

Q .
p(t) = pO(t) + — pO (1) e iument, (3.13)
where (%) (t) represents the zeroth-order density matrix in the absence of the probe field,
and ) (¢) accounts for the first-order response due to the probe. Substituting this expan-

sion into the master equation, Eq. (2.1.15), we have

ap® A -
=i Y (mwa — wn) [Cmm, PV
dt —
M—-1
Q ~
+i Z:l Vﬁ? L (et + Tt 7]
= % (3.1.4)
M-—1
—+ mgzl mn;/m7m_1 ([O-m—l mP ", 0n n—l} + [U”—l,n,ﬁ 0 O-m,m_l:|)
M—-1 mn p
+ mznzl 2’7 ([O-mmﬁ 0 ,O'nn} + [Unn, 16 0 O-mm}) ’
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and

dﬁ(l)
dt =1 (de - wdl)
M-1
+1 (mwdl — wm) [Jmmyﬁ(l)}
m=0
M-1
+i \/77_;91 ot + Gt 7]
m=1
- (3.1.5)
Tt \/ﬁfho [O-m,mfl, P O)]
m=1
-1
+ mél V mngm,m—l ([o'memﬁ 1 7an,n71} + [Unfl,n,,a 1 O'm,m—]_i|)
~ mny?
+ m;1 2/y ([Ummﬁ ! 70'nn:| + [O’nm ﬁ 1 Umm])

By numerically solving these coupled equations, we compute the first-order correction
P (t), from which the expectation value (0, 1, (1)) = %Tr [Om—1.mp D (t)] eat can
be evaluated. This allows us to determine the reflection coefficient and thereby character-
ize the transmon’ s parameters. Fig.3.1 shows the reflection coefficient as a function of the
probe frequency and pump power. We first observe that for pump powers P < —20 dBm,
only a single resonance is visible at wg, /2w = 4.82 GHz. In this regime, the pump field is
too weak to significantly populate the second excited state |2), so the observed bright stripe
corresponds to the |0) <> |1) transition, indicating that w;o/27 = 4.82 GHz. As the pump
power increases to the range —20 dBm < P < 0 dBm, a second bright stripe emerges at
wgz/2m = 4.50 GHz, signaling |1) <= |2) transition. This allows us to extract the charging
energy of the transmon as E¢/h = w1o/2m — way /27 = 320 MHz. By substituting these
extracted parameters into Eq. (3.1.2), and performing a fitting procedure, we further de-
termine the linewidth v, /27 = 44.20 MHz and pure dephasing rate v¢ /27 = 0.37 MHz.
It is also noteworthy that, in this work (not shown here), we examined the steady-state
population distribution under the given pump power range and found that populations for

levels M >5 are negligible. This allows us to truncate the Hilbert space at M = 4 for all
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numerical simulations. To accurately determine the Rabi frequency of the pump field, we
modify the formula provided in Ref. [2] by introducing a calibration factor. Specifically,
we introduce a tuning parameter 7 into the driving amplitude 5= = pkev 10FertP)/10-3,

where we find = 2.66, and apply this calibrated factor in all subsequent calculations.

| wio/27 (GHz) | 710/27 (MHz) | 7?/27 (MHz) | Ec/h (MHz) |

@2 | w2 | 03 | 30
(by L @Bm) | ke (GHz/VW) |
| 1236 [ 06886295 |

Table 3.1: (a) Basic parameters of the transmon sample. The quantity Fc/h denotes
the charging energy, and wy(/27 is the transition frequency between the ground and first
excited states |0) <> |1). The decay rate and pure dephasing rate between these two
levels are given by v10/27 and ¢ /27, respectively. Higher-level transition frequencies are
determined from Eq. (1.2.11), and the corresponding decay rates are scaled as 7, ,,—1 =
710 * (Wm,m—1/w10) [2]. (b) Experimental values for P and k..

(b)
73.7

27.4

8.7

Qi/vi0

2.7

0.9 0.6
42 44 46 48 50 5.2 42 44 46 48 50 527

Wy [ 21 (GHZ) Wqz / 2 (GHZ)

Figure 3.1: (a) Experimentally measured reflection coefficient as a function of probe fre-
quency wge and pump power P. The dip near 4.82 GHz corresponds to the |0) < |1)
transition. As the pump power increases, it splits due to the Autler-Townes splitting. The
dip near 4.50 GHz corresponds to the |1) <> |2) transition. From the difference between
these two frequencies, the charging energy is estimated to be £ = 320 MHz. (b) The-
oretically calculated reflection coefficient, used to determine the scaling factor n = 2.66
by matching with the experimental result in (a).
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3.2 Power-Tunable Frequency Conversion

In the previous section, we discussed how the fundamental parameters of the transmon can
be extracted from the reflection coefficient. We now turn our attention to the single-atom

wave-mixing process by analyzing the emission spectra introduced in Chapter 2.

We begin by considering a simple case in which the carrier frequencies of the two-tone
drives are set to wg; /27 = 4.82 GHz and wgs /27 = 4.825 GHz. The power of the second
drive is chosen as P, = —1 dBm. Figure 3.2 displays the emission spectrum as a function

of the incident power P;.

In this configuration, we observe that the frequency generation process can be ac-
tively manipulated by tuning the relative strengths of the two driving fields. When P, >
P, (P, < P,), the red (blue) sidebands dominate the spectral response, as indicated by
arrows with negative (positive) indices. Notably, when the driving strengths are equal,
P, = P,, the emission spectrum becomes symmetric, resulting in the formation of a fre-

quency comb, as shown in Fig. 3.3

Our formalism also allows for the prediction of generated frequencies through Eq. (2.3.15):

1-—- 1+
Wp = Wsg +p(5 = (Tp) wq1 + <Tp) Wq2- (321)

This equation reveals that frequency components associated with odd integers p can be
produced. In contrast, those with even p are absent—a consequence of the inability to

absorb or emit fractional photons.
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Figure 3.2: Emission spectra as function of input power P, with fixed driving frequen-
cies wq1 /21 = 4.82GHz, wge/2m = 4.825GHz, and fixed P, = —1dBm. Panel (a)
shows the measured spectrum, while panel (b) displays the corresponding theoretical re-
sult. The top numbers indicate the sideband index p. The two central lines correspond
to the input driving tones (p = £1). As P, increases, higher-order blue sidebands (e.g.,
p = +3,+5) gradually become visible, while red sidebands (e.g., p = —3, —5) become
more pronounced once P, > P,. Arrows mark the power levels at which the line cuts in
Fig. 3.3 are taken.
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Figure 3.3: Measured and simulated emission spectra under bichromatic driving at
wag1 /27 = 4.82 GHz and wgs /27 = 4.825 GHz, with fixed P, = —1 dBm. The three
panels correspond to different values of P;: (a) P, = —3dBm, where blue sidebands
emerge on the right side of the driving tones, such as p = +3 at 2wz — wg; and p = +5
at 3wge — 2wyr; (b) P, = —1 dBm, where sidebands become more symmetric, and peaks
at p = £3, £5 are observed on both sides; (c) P, = 1dBm, where red sidebands on the
left become dominant, including p = —3 at 2wy — wge and p = —5 at 3wy — 2wge. Blue
dots are experimental data; solid red curves are theoretical fits.
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3.3 Understanding Spectral Peaks via Dyson Expansion

In previous sections, we provided a heuristic explanation suggesting that the transmon
cannot absorb or emit fractional photons, leading to frequency generation only at odd
values of p. In this section, our objective is to quantitatively investigate the underlying
mechanism using the Dyson series formalism outlined in Sec. 1.3.2.

Following a procedure similar to that in Sec. 1.3.2, we begin by expressing the atomic

ladder operators as

(Fmtm(tito)) =Y (Omrm(tit)) ) et (33.1)
k=0
where the kth-order Dyson contribution is given by

(Om1m(tst0)) ) = > Trses [(U(k/)(t;t0)>T

k' +k'" =k

O UR (8 10) piof (to)} e~ tmm-1(t=to)

(3.3.2)

with U*) (¢ ty) denoting the k’th-order time-evolution operator and Pt (to) is the initial
system-bath density matrix. It is important to note that the initial state of the transmon-
waveguide system is required to evaluate Eq. (3.3.2). To evaluate Eq. (3.3.2), we must
specify the initial state of the transmon-waveguide system. In our case, this state is given
by |U(ty)) = |m) @ |an) ® |ag), where |m) denotes the transmon in its mth level, and
|a) and |ave) represent the two driving fields, each in a coherent photonic state.

By substituting p\-/ (to) = |W(tg)){(¥(to)| into Eq. (3.3.2), we find a key result:

(G () =0 (3.3.3)

for even k. This implies that the observable contributions to frequency generation arise
only from odd-order terms in the Dyson series—providing a rigorous explanation for the
absence of frequencies associated with even p coherent part of the emission spectrum. The
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first-order contribution, i.e., K = 1, is given by

cm

1,—

(Gt (1)) = Zgz’% [

)] e

—tWm,m—1%t jiwst

e

(3.3.4)

)

where g; is the coupling strength, «; is the coherent amplitude of the ¢th driving field,

and the coefficient Cz.(ff) (t) captures the corresponding one-photon pathways. All Dyson

coefficients in this section, including tho

se for higher-order terms, are listed explicitly

in Appendix A. This process is illustrated schematically in Fig.3.4(a). The third-order

contribution, k£ = 3 describes various three-photon processes and is given by:

2
~ 3 *
<O‘m—1,m(t)>(D) = Z 9r39;9i {arajai [

2,7, r=1
+ a0 a;
*
+ Q005

*

+ QO

Q;

*
+ a,aq;

Each term in this expression corresponds

(m,m—1,m—1
erivier

o)

[ (m’m’m)
erz',——l——

ol
CmtLmt1m) (t)} *

i+ ——
* Cm+Lme1)

0] i
ol

(3.3.5)

-Cv(m)

|

to a distinct physical process involving three

(t)

(t) } efiw'mnnf lteiwst .

(m,m)
Cliim

J

C(m)

T,—

photons, as schematically illustrated in Fig. 3.4(b).
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Figure 3.4: (a) Diagram of a first-order (single-photon) process contributing to the expec-
tation value (G,,-1,,(t)), where a single photon from mode ¢ induces a direct transition
between |m — 1) and |m). (b) Various types of third-order (three-photon) processes. Each
process involves the absorption and emission of three photons across different energy lev-
els. The corresponding operator orderings are shown on the right, and the black arrow
denotes the final observable transition.

To evaluate the coherent part of the emission spectrum, we substitute Eq. 3.3.1 into

Eq. 2.3.12, yielding the first-order contribution:
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Sl / Z 9ige TN (t+ 7.1)

i,i'=1 (3.3.6)

. ezwm,m_lTe—z(w—ws)‘r dT,

with

PO (t47) 6—iA§7”>t

AMALY

It + 7, t;m) = afay C (t 4 7) (q.(,@ (t)) —m (3.3.7)
Here, Agm) represents the frequency detuning component associated with the i-th driving
field and mth level of transition. It is important to note that in the time-averaged spectrum,
only terms with A™ = A(™ contribute, due to rapid phase oscillations averaging out the

cross terms. Consequently, Eq. (3.3.6) simplifies to

2 2
c m |gial
S (@) = 6 (w — wai) (3.3.8)
i=1 (A(»m))
(2
from which we see that the coherent single-photon emission process results in two domi-
nant peaks located at the driving frequencies wy; and wgs in the emission spectrum. These
peaks reflect direct radiative transitions stimulated by the corresponding drive fields.

Following a similar procedure for the third-order term (k = 3), we obtain:

co mm / Z glgng'gl g5’ Gy’ I(,J?m gl (t + 7, t; m)
iGril = (3.3.9)
. eiwm,m_lTefi(wfws)‘r dr.

In the time-averaged spectrum, the dominant contributions arise from resonant conditions
among the detunings. Specifically, only the terms satisfying any of the following reso-
nance conditions contribute significantly:
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A 4 A ATY p APTD ALY AT =g,

A — A L AT AL AT AT =0, (3.3.10)

T (2

i %

A 4 AT AT ALY ALY AT — g,

Under these conditions, the third-order time-averaged spectrum takes the form:

2
SO (@) < Y gigigraioan|* 6 (w — (wai + wy — war)) » (3.3.11)

i,4,r=1

which represents three-photon processes generating new frequencies, such as wy;, wgo,
2wq1 —Wgo, and 2wgs —wy, as combinations of the input drive tones. This result highlights
the nonlinear nature of the frequency mixing process mediated by the multilevel structure

of the transmon.

By the same reasoning, a K -photon process (i.e., k = K) can generate emission at

frequencies up to

WK = + (Kwdl — (K - 1)wd2), (3312)

representing the highest-order sideband from the process. A comprehensive summary
of the emission frequencies generated by various multi-photon processes is presented in

Fig.3.5.

53 d0i:10.6342/N'TU202503909



: Kwd] — ([&" — 1)&)(1‘)
11 ) T
S VT V5 VY
‘M 3 2 WM 1,M—2 l\/\/\/\/\/\f) zwdl — We

. AAVAVAVAVAV RS

w@ )y MWWW\» Wiz
|0> g Y10 :.
W Ky — (K~ 1)y

Figure 3.5: Schematic illustration of the emitted frequency components resulting from
wave-mixing process in an M-level atom driven by two coherent fields at frequencies
wq1 and wgo. Each colored arrow on the right indicates a frequency component generated
through coherent multi-photon mixing of the input tones. The green and red arrows repre-
sent the input frequencies wy; and wyo, respectively. The orange and black arrows denote
the first sidebands arising from three-photon processes: 2ws — w; and 2w; — ws. The
higher-order components, labeled Kwy; — (K — 1)wgo and Kwgo — (K — 1)wqy, illustrate
the general structure of sidebands produced by K -photon process.

3.4 Detuning-Controlled Frequency Conversion

In Sec. 3.2, we demonstrated that when the two driving fields have equal strengths, P, =
P,, the resulting emission spectrum exhibits a symmetric frequency comb. The Dyson-
series analysis in the previous section further revealed that each peak within this spec-
trum corresponds to a distinct multi-photon transition pathway. Motivated by this insight,
we now investigate whether higher-order sidebands can be enhanced by increasing the
drive strengths. The underlying idea is that stronger driving fields can populate higher
excited states of the transmon, thereby opening up more efficient multi-photon pathways
responsible for generating higher-order spectral components. To explore this, we set both
drive powers to a relatively strong value of P, = P, = 2 dBm, and apply symmetric
detuning around the |0) <> |1) transition frequency by a tunable offset Aw, such that
Wa1 /2T = wio/2m — Aw/2m and wge /27 = wio/27 + Aw/27.

Figure 3.6 presents the emission spectrum as a function of the detuning Aw/27. The
two central, prominent black lines correspond to the driving frequencies wy; /27 and wgs /27
To the right of wys /27, blue sidebands appear, while to the left of wy; /27 , red sidebands
emerge. These sidebands arise from multiphoton transitions of various orders involving
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different combinations of the two drives. As the detuning Aw /27 increases, the sideband
frequencies shift further outward, resulting in a broader frequency comb with increased

spacing between adjacent spectral peaks.

Importantly, we find that many higher-order sidebands remain visible even at large de-
tunings, indicating that strong drive powers can effectively sustain the nonlinear mixing
processes. In addition to the emergence of high-order peaks, we also observe that the am-
plitude of a given-order sideband remains nearly constant as Aw increases. This suggests
that the efficiency of a fixed-order wave-mixing process is not significantly diminished by
detuning, further validating our strategy of using strong drives to achieve robust frequency

conversion.

Moreover, the spacing between adjacent spectral peaks is directly controlled by the
detuning Aw, allowing for tunable frequency spacing in the resulting comb. Fig 3.7(a)
and 3.7(b) show the emission spectra at two representative detunings, Aw /27 = 12 MHz
and Aw/27m = 26 MHz, respectively. In both cases, the output forms a frequency comb
consisting of evenly spaced peaks, with clearly different spacings between the two panels.

This confirms that the comb spacing can be flexibly tuned by adjusting the drive detuning.

(a) (b)

\ \ \ | =
301 g 300 31 1 | +1 0.152
AR A L | el N N SN | [l <
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= 20 | = 20 R 0.102
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3 pOn LA L. L RS AT RRY I -
<10 <10 L] 005§
| 1N @
5 5 ‘\ll II | é
i 0.00.D
4.7 4.8 4.9 4.7 4.8 4.9
Frequency (GHz) Frequency (GHz)

Figure 3.6: Emission spectra as function of detuning Aw /27, with fixed input powers
P, = P, = 2dBm. The driving frequencies are chosen as wy; /27 = wyo/2m — Aw/27
and wga/2m = wyo/2m + Aw/2m, where wyo/27 = 4.82 GHz. Panel (a) shows the ex-
perimental results, and panel (b) displays the corresponding theoretical simulation. As
detuning increases, frequency-converted sidebands emerge and shift accordingly.
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Figure 3.7: Linecuts of the emission spectrum at two different drive detunings: (a)
Aw/2r = 12MHz and (b) Aw/27 = 26 MHz. Both spectra exhibit a frequency
comb structure resulting from wave-mixing processes between the two drives. The spac-
ing between adjacent peaks is determined by the detuning Aw/2m, allowing for tun-
able frequency conversion. In panel (a), higher-order components such as p = 47 at
+ (dwg — 3wye) are also observed, although with reduced amplitude.

3.5 Influence of Number of Atomic Levels

Building on the analysis in Sec. 3.3, where the height of a side peak is shown to arise
from multiple quantum pathways, it follows that the number of atomic levels involved
can significantly impact the side peak strength. In this section, we numerically investigate
how the inclusion of different numbers of atomic levels affects the side peaks in a comb-
like spectrum. We perform simulations using two-, three-, four-, and five-level atomic
models, systematically varying the input power while keeping the drive frequencies fixed.
This approach allows us to assess the influence of level truncation on the formation and
intensity of side peaks.

Figure 3.8 illustrates the relative height of four representative side peaks—p = +3 and
+5—as a function of input power, under fixed drive frequencies wg; /q2 /27 = 4.82 GHz+
12 MHz. For each case, we compare the simulation results using atomic models truncated
at two, three, four, and five levels. At low power (—30 to —20 dBm), the population in
higher excited states remains negligible, and the dynamics are well described by lower-
level truncations. As a result, the simulation results from all four truncation cases closely
overlap in this regime. As the input power increases, we observe that models including
more atomic levels generally yield significantly stronger side peaks, particularly in the
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Figure 3.8: Relative height of selected side peaks as a function of driving power, compar-
ing two-, three-, four-, and five-level atomic models. Panels (a)-(d) correspond to the side
peaks with indices p = +3, —3, 45, and —5, respectively. The drive frequencies are fixed
at Wq1/42/27 = 4.82 GHz £ 12 MHz, and the input power is varied from -30 to 20 dBm.
Each curve is normalized by the corresponding peak height obtained from the five-level

model at 0 dBm. Red crosses indicate the normalization reference points.
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high-power regime (5 to 20 dBm). This reflects the growing importance of higher-order
quantum pathways that involve transitions through higher excited states.

These results highlight the breakdown of the few-level approximation in the strong-
driving regime and emphasize the necessity of including higher excited states to accu-
rately capture the nonlinear spectral response. In particular, the emergence of secondary
peak maxima at higher input powers—absent in the two-level model—demonstrates how
higher-order quantum pathways enabled by additional atomic levels can substantially en-

hance the side peak strength.
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Chapter 4

Conclusions

In this thesis, we have investigated quantum wave mixing in a waveguide QED system
consisting of a multi-level transmon artificial atom driven by two coherent microwave
fields. By combining Floquet analysis with a Dyson series formalism, we systematically
identified the underlying multi-photon processes responsible for the formation of spectral
sidebands. This theoretical framework offers a comprehensive approach to interpreting
wave-mixing behavior in strongly driven quantum systems.

Our results demonstrate that the strength and asymmetry of the generated sidebands
can be dynamically controlled by tuning the relative amplitudes of the two driving fields,
thereby enabling efficient and tunable frequency conversion. Additionally, we have shown
that the inclusion of higher excited states in the transmon significantly modifies the nonlin-
ear optical response by introducing new quantum pathways. These higher-level pathways
affect both the amplitude and structure of the spectral sidebands in ways that are not cap-
tured by simpler few-level models.

Theoretical predictions based on our approach closely match experimental observa-
tions, providing deeper insight into light-matter interactions in the strongly driven, multi-
level regime. These findings open up promising opportunities for quantum photonic tech-
nologies, including controllable frequency converters, frequency comb generators, frequency-
selective photon routers, and chip-integrated quantum light sources.

Looking ahead, we propose extending the Dyson-series-based framework to incorpo-
rate dissipation and decoherence effects. This would enable us to study how environmental
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interactions impact individual quantum pathways, potentially allowing selective enhance-
ment or suppression of specific multi-photon processes. Such control could pave the way
for engineered wave-mixing dynamics tailored to generate desired frequency components

or quantum states on demand.
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Appendix A

Dyson Series for a M/ -Level Atom
Coupled to Two Coherent Fields

This appendix provides the explicit expressions for the Dyson expansion terms for an
M-level atomic system coupled to two classical coherent fields. These expressions are
intended as a reference to support the analysis in Sec. 3.3.

Let U(t;ty) denote the interaction-picture time-evolution operator generated by the
interaction Hamiltonian given in Eq. (1.3.7). By Eq. (1.3.9), the time-evolution operator

U (t) is expanded as a Dyson series in powers of the coupling constants:

Utito) = Y _ UM (t;t0), (A.0.1)
k=0

with the kth order term

UB (£ ty) = (——) / dt,. / dty_ 1 - / dty HD (1) --- HP (1), (A.0.2)

In the steady-state limit, we average over the initial time ¢, according to

1
U® () = lim — / dto UM (t: ). (A.0.3)
T ) r

T—o0
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Below, we list the explicit expressions for U*)(¢) up to k = 3.

» Zeroth-order Dyson term. This term corresponds to the identity operator, repre-

senting free evolution:

UO) = 1. (A.0.4)

* First-order Dyson term. The time-averaged first-order contribution is given by

o0 =>"> o (Cfffi) ()ai0mm1 + O™ (t)ajam_l,m> L (A0S)

M-—1
=1 m=1

where the coefficients are

L et
TR0 0= —m (A.0.6)
o == ler o] (A0.7)

* Second-order Dyson term. The time-averaged second-order contribution takes the
form

2 M-1

U(Q)(t) = Z Z 9i9i <C](ZTJ)r(t)ajaian,n—lo—mmz—l
+ C;ZT—)&- (t>a;r‘ai0'nfl,n0'm,mfl (A08)
+ CJ(ZT)— (t>ajago-n,n—lam—1,m

+ C](ZT)— (t>a;r‘a}0-n—1,no'm—l,m) )

where the coefficients are

1 o (xa4alm)

= (A.0.9)
A £AP 4 A

64 d0i:10.6342/N'TU202503909



and
el @) = [ (A.0.10)

* Third-order Dyson term. The time-averaged third-order contribution is expressed

as

2
o9 = > Z 9959

i,j,k=1m,n,p=1
(pnm)
X (ijz‘,+++(t)akajai(jp,p*lan,n*lam,m*l
pnm T
+ Chi 41 (1) 03,0500 1, p0 0 n-10mm—1
pnm T
+ Ck]z +— +( ) akaj&ia'p,pflanfl,nam,mfl
+ o) L (t) afala;op 1 pon 100
kji,— Y%V p—1pYn—-1,nYmm—1
pnm T
+ Ck]z ++— (t) Arpaia; 0pp—10nn—10m—1,m

(prm) oot
+ kji,—+— ()ak;ajaio-pfl,po-n,nflo'mfl,m

+ Ckz;:”—irf (t) akaTaTUp,p—lo-n—l,nUm_l,m
+CEm(t) a,taTaTgp_l,pan_l,nam_l,m) , (A.0.11)

where the coefficients are

K (AP +aialm)e

L (pnm) 1 1
——Chgiari () = . (A.0.12)
prm MHEEE AP AT L AT AP L AT A
i :tA(p)—A<.n)+A(.m>)t
and
(1) =— o @] (A.0.14)
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Appendix B

Comparison of Classical and Quantum

Wave Mixing

This appendix provides a brief comparison between the classical (Sec. 1.3.1) and quantum
perspectives (Secs. 1.3.2 and 3.3) on wave mixing, focusing on their underlying mecha-

nisms, implementation platforms, and the resulting frequency components.

* Mechanism: In the classical picture, wave mixing arises from the nonlinear polar-
ization response of a medium, where new frequencies are generated through higher-
order susceptibilities ™ in the electric field expansion. This nonlinear polarization
acts as a source term in Maxwell’ s equations, leading to the generation of new fre-
quency components. In contrast, the quantum perspective describes wave mixing as
the result of interference of quantum transition amplitudes between discrete energy
levels. This interference leads to the emission of new frequencies corresponding to
the energy differences between the initial, intermediate, and final states involved in

the multi-photon process.

* Platform: Classical wave mixing typically occurs in macroscopic nonlinear media,
such as bulk dielectric materials [77, 78, 79] or optical fiber [80, 81, 82], where
the response arises from the collective behavior of a large number of atoms or
molecules. In contrast, quantum wave mixing can occur in systems where indi-
vidual quantum system, such as (artificial) atoms [41, 83, 84, 85, 86] or quantum
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dots [87, 88], interact with quantized electromagnetic fields. These platforms allow
the study of quantum coherence, photon statistics, and few-photon interactions that

have no classical analog.

Generated frequencies: If we draw an analogy between the classical nonlinear
susceptibility y¥) and the Ith-order term in the Dyson expansion, and assume that
the input consists of only two frequencies wy; and wgo, both approaches predict
the generation of new frequency components formed by linear combinations of the

inputs.

— In the classical picture, the [th-order polarization term YV E! gives rise to out-

put frequencies

Wnew = M1Wd1 T NaWdz, (B.0.1)

where 1,1y € Z and |ny| + |ny| = I. For example, at second order (%),

possible output frequencies include

2041,  2wae, wWa £ wWgo, (B.0.2)

as well as their negative counterparts. At third order (x®), the generated

frequencies include

3war, BwWaz, 2w £ wae,  2wae £ war, (B.0.3)

along with their negative counterparts.

— On the quantum side, the /th-order Dyson term represents a multi-photon pro-
cess involving [ interactions between the atom and the field. The quantum

picture imposes two important constraints:

1. Dipole-forbidden transitions: In transmon, certain transitions between en-
ergy levels are forbidden by dipole selection rules, even if the energy
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X lx

Figure B.1: (a) A transition from |m + 2) — |m) is forbidden due to the dipole selec-
tion rule, preventing the observation of second-harmonic or sum-frequency signals. (b) A
sequential two-photon process |m) — |m + 1) — |m) leads to no net energy exchange,
resulting in a vanishing contribution to observables such as the emission spectrum.
difference matches that of a single photon. For example, a direct transi-
tion between non-adjacent levels (e.g., |m + 2) — |m)) may be dipole-
forbidden. As a result, frequency components that would correspond to
such transitions—such as second-harmonic signals (2wy; and 2wg0) and

sum-frequency signals (wg; + wg2)—cannot appear in the spectrum, de-

spite being allowed in the classical picture (see Fig. B.1a).

2. Energy conservation and orthogonality: Some frequencies allowed in
classical wave mixing, such as wy; — wge, do not appear in the quantum
case because they violate energy conservation. For instance, a second-
order process where the atom interacts sequentially with w,; and wge may
return it to the original state without net energy exchange. Such terms
vanish in observables, as the corresponding final state is orthogonal to

the initial state in the Dyson expansion (see Fig. B.1b).

A direct comparison of the generated frequencies up to the fifth order is summarized

in Table B.1.

69 d0i:10.6342/N'TU202503909



Order Classical Quantum
Ist W1, Waz W1, Waz
2nd del, deg, Wd1 + Wq2 -
3rd 3wd1, 3wd2, 2wd1 + Wq2, del — Wq2, 2(,0032 — Wq1
2wd2 + wWd1
4th 4wd1, 4wd2, 3wd1 + Wq2, -
3wd2 + Wd1, 2wd1 + 2wd2
S5th 5wd1, 5wd2, 4wd1 + Wq2, 3wd1 — 2wd2, ?)a)dg — 2wd1
dwgs £ wgr, 3w £ 2wgo,
3wd2 + del

Table B.1: Comparison between classical and quantum wave mixing frequencies gener-
ated by two coherent input fields at frequencies wy; and wgo. The left column lists the clas-
sically allowed frequencies arising from nonlinear polarization, as obtained from standard
perturbative expansions in y(™ (see Sect. 1.3.1). The right column shows the quantum
mixing frequencies derived from the coherent spectrum of an M -level cascade atomic sys-
tem interacting with the same input fields (see Sect. 3.3). In contrast to the classical case,
the quantum scenario is subject to additional constraints, resulting in fewer accessible fre-
quency components at each order.
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Appendix C

Examples for Applying the Formalism
in Sec. 1.4

C.1 Model: Multiple Transmons in a Semi-Infinite Waveg-

uide

As an application of the master equation derived in Sec. 1.4, we consider a system of
transmon qubits coupled to a semi-infinite waveguide, as illustrated in Fig. C.1. This con-
figuration follows the setup studied in Ref. [2], except that we do not include the classical

driving field. The total Hamiltonian includes the system, bath, and interaction terms. The

x=0
_C D D [ 3 I N ] D
( Qubit 1 - Qubit 2 - Qubit N
1x1 x2 _é_ ?xN

Figure C.1: Schematic of a system consisting of /N transmon qubits coupled to a semi-
infinite one-dimensional waveguide. The left end of the waveguide is terminated by a
large capacitor, effectively forming a mirror at x = 0. The qubits are placed at positions
x1,T9, ..., xyN along the waveguide. The figure is adapted from Ref. [2].
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system Hamiltonian is given by
N
Hs =T woioy, (C.1.1)
=1

where wj is the transition frequency of the i-th qubit, and o= are the raising and lowering
operators of the i-th qubit. The bath Hamiltonian describing the waveguide photon modes

1S
Hy = / dwhw al a,,, (C.1.2)
0

where a,, and o/, are the annihilation and creation operators of the waveguide mode with

frequency w. The interaction Hamiltonian is

N 0o
Hy = ZTLZ/ dw g(w) cos(k,x;) (awazr — CLLU;) , (C.1.3)
i=1 70

where k,, = w/v is the wavevector corresponding to frequency w, and g(w) is the coupling
strength between the qubit and the waveguide mode. The cos(k,x;) factor reflects the

standing wave pattern due to the mirror.

By comparing Eq. (C.1.3) with Eq. (1.4.15), we obtain the following identifications:

¥ = o7 (C.1.4)

S = of (C.1.5)

B = / dw gi(w) cos(kyz;)al, (C.1.6)
0

BZ.(f) = z/ dw g;(w) cos(kwx;)ay,. (C.1.7)
0

Here, the summation over « () in Eq. (1.4.15) runs over the values

1=, 1t,27,2%, ..., N",N™ . (C.1.8)

Let us calculate F,,5(w), assuming that the bath is in the vacuum state. We first consider
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the case of F}- ;- (w):

o0

ds e (B (5) B\ (0))

d/ dw/ dw” gi(w")g;(w")

cos (ko) cos(kurz;)e @ =) (0] agal . |0)

Fi- - (w)

V)

S— S

o0 [e.9]

:/ ds dw' gi(w") g;(w") €08 (ko ;) €08k ;) )3
0 0
= / dw'gi(w)g;(w")
0
1
. /7 . /_ J—
cos(krx;) cos(ky xj)[m%w w) ZPV(w —w)]' (C.1.9)

According to Eq. (1.4.25), we can identify the real and imaginary parts as follows:

[i- j-(w) = /000 dw'gi(w")g;(w') cos(kyx;) cos(kyx;)mo(w — w)

= 1g;(w)g;(w) cos(kyz;) cos(k,x;)

(e

= T i(@)gs(w) [ cos (ki + 2,)) +cos (s — 1)) |

and

cos(ky ;) cos(ky ;)

Ay (w)= PV / " g (g ()

< —gwgpy [ bt eolion)
~ — ),
0

w —w

T i) g (w )[sm (kw(a:i+xj)) + sin (kw(mi —xj))]

T
T2
Aj(w), (C.1.11)

where the approximation assumes that the coupling constants are flat around the transition

frequency.

For the other terms I'y5(w), such as I';- j+(w), I+ j- (w), and I';+ j+(w), the corre-
sponding expectation values involve terms like (0|aa|0), (0]a’a’|0), and (0]ata|0), all of
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which vanish in the vacuum state. Therefore, in the system considered here, the Lamb

shift superoperator given by Eq. (1.4.29) reduces to

Lilp®)] =i [(Ay(w;) = Aji(wi) o p(t)o

i7j

—Aij(wj)oi o5 p(t) + Aji(wi)p(t)ofor ], (C.1.12)

where o and 5 each run over the values defined in Eq. (C.1.8), but only the terms with
(o, B) = (i~,j~) contribute. As the atoms are two-level systems, w and w’ need not
be summed over, but are fixed by their respective transition frequencies. For clarity, we
have dropped the superscript ) and the subscript S on the density matrix p(SS) (t) in the

expression. For the dissipation superoperator, Eq. (1.4.30) takes the form:

Lo [p(t)] = Z [(Tij(w;) + Lji(wi))os p(t)o;

i,J
—Ly(ws)o; o) p(t) = Ti(wi)p(t)oi o] . (C.1.13)
Together with Egs. (1.4.28), (C.1.1), (C.1.12), and (C.1.13), we obtain the (Redfield)

master equation for this system.

C.2 Pure Dephasing

The contribution of pure dephasing to the master equation can also be derived using the
formalism introduced in Sec. 1.4. In what follows, we illustrate how pure dephasing arises
from environmental fluctuations in superconducting circuits.

Environmental fluctuations in electrical circuits lead not only to energy relaxation but
also to the so-called pure dephasing, both of which influence quantum coherence. While
energy relaxation results in population decay, pure dephasing disrupts phase coherence
without affecting populations. These fluctuations, originating from charge noise, flux
noise, and TLS defects, cause random shifts in transition frequencies. To model this effect,
consider a M-level system, the fluctuations in energy levels can be incorporated into the
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Hamiltonian as [89, 90]:

M-—1
Hs + H™) 1) (wm + Seom( )) T (C2.1)

m=1

where w,, is the frequency of the mth level, and dw,, (¢) is its fluctuation. By Eq. (1.4.15),

we identify:

S = G (C.2.2)
B (t) = bwp, (t) I 5. (C.2.3)

Here, we explicitly include the identity operator on the bath Hilbert space to avoid any
confusion. One might wonder why we do not instead assign 549 (t) = 0w (t)omm and
BY) = I;. This is because we consistently collect all time-dependent factors into the bath
operator, as shown in the decomposition of the interaction Hamiltonian in Eq. (1.4.22)

during the derivation process.

According to Eq. (1.4.24)The factor F},,,,(w) now evaluated as

Fon(w:t) = /0 " s €960, (1) deon (¢ — 5){I5)

= /00 ds €5 5wy (t) Swp (t — 5). (C.2.4)
0

To account for the statistical nature of the frequency fluctuations, we define the averaged

quantity [91]

F (@) = 2(Fon(w: 1)) = 2 /0 " ds € (o (1) dun(t — 5)), (C.2.5)

where the double brackets ((-)) denote an average over all possible realizations of noise.
Under the assumption that the noise is stationary (i.e., its statistical properties do not
change with time), the autocorrelation depends only on the time difference s, and we may
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rewrite the above as

F? (w) =2 /0 s e (8w () dwn(0))), (C.2.6)

which is independent of the absolute time ¢. The evolution of the system’s density matrix

is given by
dp(t '

where, for clarity, we again omit the superscript and subscript on the density matrix pés) (1).

The pure dephasing superoperator is

[
£olo0)] = 32 T2 o000, — (1)) + e

¢
=y IO mg(()) { 100mp(t). 0] + [, ()] }- (C2.8)

Note that both w and ' take the value zero because o,,,,,, do not induce transitions between
energy levels. As a result, we always have w = 0 in the definition of /¢, (w), making it a
real quantity that we refer to as the pure dephasing rate. Now, if the frequency fluctuations

satisfy the relation
dwn, () = mdw (1), (C.2.9)

where dw; (t) is the fluctuation of the transition frequency between the ground and first

excited states, then the dephasing superoperator simplifies to

Lol = 30 ™8] f0110(0), 0] + [0 0] . €210

m,n

where 7% = FY,(0) denotes the pure dephasing rate associated with the |[0) > |1) transi-

tion.
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Appendix D

Quantum Regression Theorem

The quantum regression theorem (QRT) provides a method for calculating two-time cor-
relation functions in open quantum systems [92, 93]. It extends the dynamics governed
by the master equation, originally derived for the single-time evolution of the system’s
density matrix, to compute two-time correlations such as (A(t + 7)B(t)), where both A
and B are system operators.

Let us begin by calculating the single-time expectation value of an operator A:
(A(t)) = Tr[A(t) protl, (D.0.1)

where py is the total (system + bath) density matrix. We now switch to the Schrodinger
picture, where the operator evolves according to A(t) = UT(t,0) AU(t,0), with U(t,0)

being the time-evolution operator from time 0 to ¢. Therefore,

(A(t)) = Tr[A(t) prod]
= Tr[UT(t,0)AU(t, 0) prod
= Tr[AU(t,0)pUT (t,0)]
= Tr[Ap(t)]

= Trg[Ap(t)], (D.0.2)

where p(t) is the system density matrix, obtained by tracing out the bath degrees of free-
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dom:

p(t) = Tralpw(t)] = Tra[U(t,0)peUT (¢, 0)]. (D.0.3)

The system density matrix p(t) evolves according to the master equation:

= L(t)p(t), (D.0.4)

where £(t) is the Liouvillian superoperator [67] that governs the open-system dynamics.
Once p(t) is obtained from this equation, the single-time expectation value (A(t)) can be

directly computed.

Now consider the two-time correlation function (A(t +7)B(t)), where A(t) and B(t)

are arbitrary system operators in the Heisenberg picture:

(A(t +7)B(t)) = Tr[A(t + 7)B(t) puot]
= Tr[UT(t 4+ 7,0) AU (t + 7,0) U (¢, 0) BU(t, 0) pro(]
= Tr[UT(t 4+ 7,0)AU(t + 7,t) BU(t, 0) prod]
= Tr[UT(t,0)UT(t + 7,t) AU (t 4 7,t) BU(t, 0) prot]
= Tr[UYt 4 7,8) AU (t + 7,t) BU(t,0) poiU T (£, 0)]
= Tr[UT(t 4 7,t) AU (t + 7, 1) Bpioy(1)]
= Tr[AU(t + 7,t) Bp () U (t + 7, 1)]

= Trg[AAN(t + T,1)], (D.0.5)

where we have used the following properties of the time-evolution operator:

Ulty,to) = Ulty, t2)U(ta, o) (associativity), (D.0.6)

Ul(to, t1) = Ul(ty, to) (time reversal). (D.0.7)
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The operator A(t + 7,t), known as the two-time operator, is defined as

At +7,t) = Trg[U(t + 7,t) Bpo U (t + 7, 1)]. (D.0.8)

By comparing Egs. (D.0.3) and (D.0.8), we find that the two-time operator A(¢ + 7, t)

evolves under the same master equation as the system density matrix:

dA(t +7,1)

= L(T)A(t + 7,1), (D.0.9)
dr

with the initial condition

A(t,t) = Trg[U(t, t)Bpsr(t)UT(t,t)]
- TTB [Bptot(t)]

= Bp(t) (D.0.10)

In summary, the quantum regression theorem shows that both the single-time density ma-
trix p(t) and the two-time operator A(t + 7,t) obey the same master equation. This result
allows us to compute two-time correlation functions using the same dynamical tools de-

veloped for single-time observables.
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Appendix E

Numerical Method: Vectorization of

Master Equation

In many problems of quantum optics and open quantum systems, we encounter the Marko-

vian master equation of the form:

—— = LO)p)], (E.0.1)

where L(t) |- - - | denotes a (possibly time-dependent) superoperator that encapsulates both
unitary evolution and bath-induced effects. A typical example is the Redfield equation,
which is given in Eq. (1.4.28). We note that every term appearing on the right-hand side

of the Redfield equation can be expressed in the form

ApB, (E.0.2)

where A and B are operators. For instance, it contains terms such as

SB,MPST

a,w’

(E.0.3)

which clearly fit the ApB structure with A = Sz, and B = S|, or

a,w’?
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St Sswp; (E.0.4)

which fits the same structure with A = ST S5, and B = 1I.

To solve such equations numerically, it is convenient to vectorize the density matrix
and rewrite the operator evolution in matrix form. Vectorization is a standard linear algebra
technique where an n x n operator (e.g., the density matrix p) is flattened into an n? x 1
column vector, denoted by p. = vec(p). Under this transformation, operator expressions

such as ApB can be rewritten using the Kronecker product identity [94]:
ApB = (BT @ A) p., (E.0.5)

where ® denotes the Kronecker product. Explicitly, if the original matrix p is written as

P11
r 7 P21

P11 P12 " Pin

P21 P22 Pon
p= , then p. = Pnl
P12

_pnl Pn2 " pnn_
_pnn_

This allows the master equation, Eq. (E.0.1), to be cast as a matrix differential equation:

dp.
dt

= Lu(t) pe (E0.6)

where £(t) is now understood as a n? x n? matrix acting on the vectorized state p.

Once vectorized, the operator evolution problem reduces to the standard numerical
integration of a system of first-order ordinary differential equations (ODEs). The formal
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solution depends on how L, (t) varies with time. We distinguish three typical cases:

1. Time-independent

When L ;(t)=L,, is constant in time, the equation becomes:

dpe
dt

= EMpC, (E07)
whose solution is simply
pe(t) = e p(0). (E.0.8)

An important advantage is that, numerically, one can bypass step-by-step time in-
tegration and directly evaluate the solution at any desired time using the matrix

exponential.

2. Time-dependent and mutually commuting
If L/(t) depends on time but satisfies [Ly; (1), Lyr(t2)] = 0 for all ¢4, ¢o, the solu-

tion can be written as:

p°(t) = exp (/Ot L (s) ds) p°(0). (E.0.9)

In this case, we first compute the time integral of £,(s), and then take the matrix

exponential of the result.

3. Time-dependent and non-commuting
In the most general case, where £,(t) does not commute at different times, the

solution must be written as a time-ordered exponential:

p°(t) = T exp ( /0 t Lar(s) ds) °(0). (E.0.10)

Here 7 denotes the time-ordering operator, which ensures that the matrix exponen-

tiation accounts for the non-commuting property of £,,(¢) at different times.
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Appendix F

Tranforming the Master Equation to a

Rotating Frame

In the laboratory frame, master equations often contain explicitly time-dependent oscil-
latory terms, which significantly complicates both analytical and numerical treatment of
the system dynamics. It is often useful to transform the system’s dynamics into a rotating
frame. This is done to eliminate fast oscillations or time dependencies in the Hamilto-
nian or dissipator, thereby simplifying the structure of the master equation. The rotating
frame transformation is performed via a time-dependent unitary operator U (t), such that

the density matrix in the rotating frame is given by:

pt) = U®)pt)U(t). (F.0.1)

Throughout this section, we adopt the convention that quantities with a tilde (e.g., p(¢) or
H (t)) refer to the rotating frame, while those without a tilde are defined in the laboratory

frame. Taking time derivative to Eq. (F.0.1) leads:

~ T
P = () s+ uen (57 +ve (B2 v, ko2
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Inserting the identity / = UTU = UUT into the first two terms allows us to rewrite them

as:

T T
W0 oyt 0y + viop 22 ~ L Oy + oy L0
T i
=00 W50+ s #o3)

- - v G 0.

where we have used the identity 90Ut + UL = 0, which follows from the unitarity of

U.

A (U@UT (1) = dU—(t)UT(t) +U(t)

dUT(t)
dt dt ’

dt

(F.0.4)

We now turn to the third term, which involves the time derivative of the density ma-
trix in the laboratory frame. Assuming the density matrix satisfies the Redfield master

equation in the laboratory frame, Eq. (1.4.28):

CLH ), p(0)] + L1 (0] + Lo [p(8)] (F.0.5)

U) [H(t), p(0)] U () + U Le [p()] U (1) + UL [pt)] U ()

(U@ H®U(t), 5(1)] + Li [5(1)] + Lp [5(t)] -
(F.0.6)

Here, H (t) is understood to include both the free and driving terms in the laboratory frame,
and is therefore time-dependent. The transformed superoperators are defined as:
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Ut) (Lr [p(t)]) U'(2), (F.0.7)

U(t) (Lo [p®)) UT(t). (F.0.8)

Lr[p(1)]

Lo [p(t)]

Substituting Eq. (F.0.3) and Eq. (F.0.6) into Eq. (F.0.2), we arrive at the Redfield master

equation in the rotating frame:

[0, 5(0)] + L2 [p0)] + £ [p(0)). (F0.9)

(F.0.10)

F.1 Example: Application to the Main-Text Master Equa-
tion
We now apply a rotating-frame transformation to the main-text master equation, Eq. (2.1.15),

moving into a frame rotating at frequency w, as an example. Comparing Eq. (2.1.15) with

Eq. (F.0.5), the Hamiltonian in the laboratory frame is given by

+ Om1,me ™) (F.1.1)
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Moreover, there is no Lamb shift contribution (i.e., £y, [p(t)] = 0), and the dissipation

term is
M—-1
vV MNYm,m—1
‘CD [p<t)] = Z #([Umfl,mpa O'n,nfl] + [O-nfl,napo'm,mfl])
m,n=1
’ (F.1.2)
-1 &
mny
+ Z 2 ([Umm/)7 O-nn} + [Unnu )Oo-mmD .
m,n=1

To perform the transformation, we define the rotating-frame unitary operator as

M-1 M-1
U(t) = exp (—i Z mwstamm> = Z e imwsty (F.1.3)

The first term in Eq. (F.0.10) becomes

M—
_v/mf ; '
+ 5 R (Gmmore n=w)t gy et (F.1.4)

i(wdQ _ws)

i(wdg—ws)t) )

— t
(Um,m—le + Om—1,m€

The second term of Eq. (F.0.10), is evaluated as

_dut(t P
iRU (t) Udt( ) __ > hmw, . (F.1.5)
m=0

Therefore, the effective Hamiltonian in the rotating frame reads
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—i(wg1—ws)

Pt O g e @) (F.1.6)

(Um,mfl €

(O-mymile*l(wd27ws)t _|_ O-m717me7’(wd27ws)t) X

For the dissipation term, we apply the transformation in Eq. (F.0.8), using the identity

U(t)opmnUT(t) = e~ im—mwsty (F.1.7)

Notably, in each commutator, the phase factor introduced by one operator is exactly can-
celed by its counterpart. As a result, the form of the dissipation term remains unchanged

in the rotating frame:

Lo [p(t)] = Lo [p(t)]. (F.1.8)

So, together with Eq. (F.0.9), (F.1.6), (F.1.8) and (F.1.2), we obtain the main-text master
equation in the rotating frame with respect to frequency ws:
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dp . -
d_p =1 (mws - wm) [Umma :0]
¢ m=0
M-1
m=1
M-1
m=1
M-1
V MNYm,m— ~ ~
+ + ([Um—l,mpa Un,n—l] + [Un—l,na po—m,m—l])
m,n=1
- mny®
+ 9 ([Umm/aa Unn] + [Unna ﬁamm}) .
m,n=1

90

(F.1.9)
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Appendix G

Fitting Formula for Experimental

Spectra

In the experiment, the signal is measured using a pump-on and pump-off method [95], and
the results are presented as the power ratio in decibels (dB). To relate these measurements

with theoretical quantities, we first express the measured power difference = in dB

Pon

off

where P,, and Py are the measured powers with the pump and without the pump (back-

ground noise), respectively. Since the total measured power includes both the background

and pump-induced signal, we write Py, = Pogr + Pignal, leading to
P, on P, signal
=14 == G.0.2
Poff Poff ( )

with Pyena denoting the signal power induced by the bichromatic drive.

To connect this experimental signal with theory, we assume that P, 1s proportional
to the theoretical emission spectrum. The total theoretical spectrum consists of incoher-
ent and coherent parts, S(w) = Seo(w) 4 Sineo(w), which leads to the following fitting
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function:

F(w) = 10log (1 + [Seo(w) 4 Sinco(w)] AwRBW) ;

G.0.3
Pygr ( )

where Awrpw = 910kHz is the resolution bandwidth determined by the spectrum ana-

lyzer, and Py is treated as a fitting parameter.
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Appendix H

Summary of Fitting Parameters for

Theoretical Models

This appendix provides the fitted parameters used in the theoretical spectra presented in

Chapter 3.
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The parameters used are wq /27 = 4.82GHz, wgy /27 = 4.825GHz, and
94

—1dBm. Also shown are the fitted scaling factors 7, 1y for the two drives, and the

background noise offset power Pg.

the fitted linewidth of a sideband peak labeled by index p, evaluated at a specific input

Table H.1: Fitted peak widths (MHz) of sidebands in Fig. 3.3. Each entry represents

power P;.
P
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