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摘要

在本論文中，我們以理論方式研究一維波導量子電動力學系統中的量子波混頻現

象。該系統是由一個多能階 transmon同時受到兩組相干微波場的驅動所組成。我

們結合 Floquet理論與 Dyson展開，系統性地分析導致頻譜邊帶產生的多光子過

程。本研究架構顯示，透過調控兩組驅動場的相對功率與失諧量，可以實現可調

式頻率轉換，從而產生可調式頻率梳。進一步地，當我們將 transmon的更高能階

納入考量時，發現新的量子途徑會對頻譜響應產生顯著影響。根據本理論進行的

數值模擬結果與實驗頻譜高度吻合，驗證了我們方法的正確性。本研究成果對於

發展量子光子元件具有重要意義，包括頻率轉換器、具頻率選擇性的光子路由器，

以及片上光源等。

中文關鍵字: 量子波混頻、頻率轉換、相干控制、多能階人工原子、Floquet分

析
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Abstract

In this thesis, we theoretically investigate quantum wave mixing in a one-dimensional

waveguide quantum electrodynamics (QED) system comprising a multi-level transmon

qubit driven by two coherent microwave fields. By combining Floquet theory with Dyson

series formalism, we systematically analyze the multi-photon processes responsible for

generating spectral sidebands. Our framework shows that frequency conversion can be

engineered by tuning the relative powers and detunings of the driving fields, enabling the

creation of tunable and symmetric frequency combs. By including higher energy levels

of the transmon, we identify new quantum pathways that significantly affect the spectral

response. Numerical simulations based on our theory show excellent agreement with ex-

perimental spectra, validating our approach. These findings provide valuable insights for

the development of quantum photonic devices such as frequency converters, frequency-

selective photon routers, and on chip light sources.

Keywords: quantumwavemixing, frequency conversion, coherent control, multi-

level artificial atom, Floquet analysis
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Chapter 1

Introduction

1.1 Motivation

Controlling the interaction between light and matter at the quantum level is essential for

realizing key functionalities in quantum technologies, including quantum communication,

computing, and metrology [3, 4, 5, 6, 7, 8]. In these applications, light is widely used as a

carrier of quantum information, thus necessitating the ability to generate and manipulate

specific quantum states, such as entangled photons and single-photon states [9, 10, 11, 12],

and precise engineering of their frequency and temporal properties through frequency con-

version [13, 14, 15]. Such operations inherently rely on nonlinear light–matter interac-

tions, which mediate effective photon–photon coupling, enable quantum interference,

and support coherent transformation between frequency modes [16, 17, 18]. A particu-

larly important mechanism for implementing these nonlinear interactions is wave mixing

[19, 20].

Realizing wave mixing at the quantum level requires strong interaction between light

and matter [21]. In conventional three-dimensional (3D) systems involving natural atoms,

achieving such interactions is challenging because atoms emit light isotropically, while the

incident field typically occupies only a limited number of spatial modes [22, 23]. This spa-

tial mode mismatch significantly weakens the light–matter interaction. To overcome this

limitation, the electromagnetic field can be confined to a one-dimensional (1D) waveg-

uide, thereby enabling strong light–atom interactions [24, 25, 26]. This configuration

1
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opens access to regimes that are difficult or even inaccessible with natural atoms in free

space, such as elastic and inelastic scattering of photons [25, 27, 28], signal amplification

without population inversion [29], non-reciprocal transport of microwaves [30, 31, 32],

and collective Lamb shift [33, 34, 35, 36], among others.

Within this architecture, wave-mixing processes have been investigated using two- or

three-level artificial atoms, typically under resonant or symmetrically detuned driving at

weak to moderate power levels [37, 38, 39, 40, 41, 42]. These studies have demonstrated

fundamental nonlinear effects such as sum- and difference-frequency generation [39, 43],

as well as the influence of photon statistics on spectral properties [40, 41, 42, 44, 45].

More recent research suggests that higher energy levels can play a significant role in

light–atom interaction applications under intense driving conditions [2, 29]. However,

the influence of these higher levels on wave-mixing processes under strong driving re-

mains unexplored. This gap motivates us to investigate wave mixing beyond the low-

and moderate-power regimes commonly considered in the literature [46], which forms a

central focus of this thesis. Specifically, we study three key topics:

1. The origin of sidebands arising from quantum dynamics.

2. The control of sideband asymmetry by tuning the relative strengths of the two driv-

ing fields.

3. The enhancement of wave mixing by higher transmon levels compared to few-level

approximations.

In the remainder of this chapter, we provide the theoretical and conceptual foundations

necessary for analyzing wave mixing in superconducting systems. Sec. 1.2 introduces su-

perconducting artificial atoms, with a focus on the transmon. Sec. 1.3 reviews classical

and quantum wave-mixing processes. Sec. 1.4 presents the open quantum system frame-

work, including the master equations used in our analysis. Finally, Sec. 1.5 summarizes

the overall structure of this thesis.

2
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1.2 Superconducting Atoms

Superconducting atoms are artificial quantum systems based on Josephson junctions, fab-

ricated on micron-scale chips. These systems exhibit discrete energy levels analogous to

those of natural atoms, but with the added benefits of design flexibility and experimen-

tal controllability [47, 48]. Their ability to strongly interact with microwave photons has

opened the door to a wide range of quantum optical phenomena on a chip, leading to the

development of circuit quantum electrodynamics (circuit QED) [49, 50], a platform for

exploring light–matter interaction at the quantum level.

In the following sections, we introduce the physical origin of nonlinearity in Josephson

junctions (Sec. 1.2.1), and present the transmon artificial atom (Sec. 1.2.2), a widely used

architecture in circuit QED experiments.

1.2.1 Josephson Junction: a Nonlinear Inductor

insulator

superconductor

superconductor
Cooper
pair

(a) (b)

Figure 1.1: The Josephson junction. (a) Schematic diagram of a Josephson junction, con-
sisting of two superconducting layers separated by an insulating barrier. The Cooper pairs
can pass through the insulating layer via quantum tunneling, forming a supercurrent. (b)
The standard circuit representation of a Josephson junction. The right side shows the con-
ventional circuit symbol, a cross inside a square box, indicating the presence of both the
Josephson element and the junction capacitance CJ . The left side shows the equivalent
circuit model, where the junction is decomposed into a nonlinear Josephson inductance
LJ and a junction capacitance CJ , forming a nonlinear parallel LC oscillator.

A Josephson junction consists of two superconductors separated by a thin insulator as

illustrated in Fig. 1.1(a). In a superconductor, electrons form bound pairs known as Cooper

3
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pairs [51, 52]. Despite the presence of the potential barrier created by the insulator, these

Cooper pairs can tunnel through the barrier via the quantum tunneling effect [52]. The

resulting tunneled current is a dissipationless supercurrent I(t), which is governed by the

Josephson relations [52, 53]:

I(t) = Ic sinφ(t), (1.2.1)
dφ(t)

dt
=

2|e|
h̄

V (t), (1.2.2)

where Ic is the critical current, φ(t) the superconducting phase difference, and V (t) the

voltage across the junction. The fact or 2|e| corresponds to the charge of a Cooper pair.

Applying the chain rule,

dI (t)

dt
=

dI (t)

dϕ
· dϕ
dt

, (1.2.3)

the voltage can be recast as

V (t) = LJ
dI

dt
, (1.2.4)

which resembles the voltage-current relation for an inductor in classical circuit theory

[54, 55]. From this perspective, the Josephson junction behaves like an electrical circuit

consisting of a nonlinear inductor with inductance LJ = h̄/2|e|Ic cosφ along with an

intrinsic capacitor CJ [56].

The total energy of this junction is given by

EJJ = ECJ
+ ELJ

, (1.2.5)

4
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where ELJ
= −EJ cosφ represents the energy stored in the nonlinear inductor and the

Josephson energy is EJ = h̄Ic/2|e|. The capacitive energy is ECJ
= 2n2e2/CJ and n

denotes the net number of Cooper pairs accumulated on the superconducting electrode

connected to the junction. Following the standard quantization procedure [54, 56], we

replace n and φ with quantum operator n̂ and φ̂, which satisfy the canonical commutation

relation [56]:

[φ̂, n̂] = −i. (1.2.6)

This leads to the quantum Hamiltonian of the Josephson junction:

ĤJJ =
2e2

CJ

n̂2 − EJ cos φ̂. (1.2.7)

1.2.2 Transmon Artificial Atom

Building on the nonlinear properties of the Josephson junction described in the previous

section, one can implement external control by embedding it into a suitably designed su-

perconducting circuit, as shown in Fig. 1.2(a). This allows us to tune the energy levels via

gate voltage and circuit parameters. The total capacitance CΣ = CJ + Cg determines the

charging energy EC = e2/2CΣ. The Hamiltonian is

Ĥ = 4EC (n̂− ng)
2 − EJ cos φ̂. (1.2.8)

The eigenenergies of the Hamiltonian Eq. (1.2.8) are periodic functions of the offset charge

ng [21], as shown in Fig. 1.2(b). In practice, the offset charge ng inevitably fluctuates due

to background noise, such as that caused by stray electric fields or material imperfections

[57]. These fluctuations lead to variations in the transition frequencies, resulting in deco-

herence. To suppress the sensitivity to charge noise, the transmon is typically operated in

the regime EJ/EC ≫ 1, where the Josephson energy dominates and forms a deep poten-

5



doi:10.6342/NTU202503909

,

(a)

(b)

Figure 1.2: The standard transmon circuit and its energy-level configuration. (a) A trans-
mon circuit consists of a small superconducting island connected to ground through a
Josephson junction, characterized by a nonlinear inductance LJ and capacitance CJ . A
gate capacitor Cg allows external control via the gate voltage Vg, which influences the
charge states on the island. (b) First three energy levels as a function of the offset charge
ng. The left panel corresponds to the regime EJ/EC = 1, where the energy levels de-
pend strongly on ng. The right panel shows the transmon regime EJ/EC = 20, where the
levels become nearly independent of ng due to phase localization. Here, h̄ω10 denotes the
energy difference between the ground and first excited state, defined at integer values of
ng. (retrieved from Ref. [1])
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tial well around φ = 0 (and other points φ = 2πN , withN ∈ Z). This localizes the phase

and makes the energy levels nearly independent of ng [21, 58, 59].

In this limit, the Hamiltonian can be approximated by expanding the cosine potential:

Ĥ ≈ 4EC n̂
2 +

EJ

2
φ̂2 − EJ

24
φ̂4 +O(φ̂6). (1.2.9)

The first two terms describe a harmonic oscillator, resulting in equally spaced energy levels

with spacing
√
8ECEJ [21, 58]. The quartic term introduces anharmonicity, yielding the

following expression for the energy levels [21]:

Em ≈
√

8EJEC

(
m+

1

2

)
− EC

12

(
6m2 + 6m+ 3

)
, (1.2.10)

wherem is the energy level index. The first transition energy shifted by an anharmonicity

α ≡ Em+1,m − Em,m−1 ≈ −EC . (1.2.11)

Such anharmonicity is essential for enabling selective qubit control and, more broadly,

allows the transmon to serve as a controllable quantum system for exploring nonlinear

phenomena in quantum optics and wave mixing.

1.3 Nonlinear Optics: Wave-Mixing Processes

A wave-mixing process refers to the generation of new frequency components when two

or more electromagnetic waves interact with a nonlinear material, typically resulting in

the creation of sum and difference frequencies.

In the following sections, we first present the classical description based on nonlinear

polarization and Maxwell＇s equations (Sec. 1.3.1). We then introduce the basic concepts

of quantum wave mixing via atom–field interactions (Sec. 1.3.2).

7
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1.3.1 Classical Wave-Mixing Processes

From a classical perspective, wave-mixing process arises when the polarization P of a

medium responds nonlinearly to the applied electric field E. This polarization acts as a

source term in Maxwell’s equation:

∇2E− µ0ϵ0
∂2E
∂t2

= µ0
∂2P
∂t2

. (1.3.1)

When P includes higher-order responses to the applied electric field E, the carrier fre-

quency of the resultant electric fields differs from the incident frequency, resulting in the

generation of new frequencies. To illustrate the underlying mechanism, we express the

polarization P as [60]

P = ϵ0
(
χ(1)E+ χ(2)E2 + χ(3)E3 + . . .

)
, (1.3.2)

where χ(n) denotes the nth-order susceptibility tensor.

To illustrate the effect of nonlinear terms, let us begin with the lowest-order nonlin-

earity, represented by the second-order susceptibility χ(2). This gives rise to three-wave

mixing (TWM), a fundamental nonlinear process in which two input waves at frequencies

ωd1 and ωd2 generate a third wave at ωnew. Consider an input signal:

E(t) = E1e
iωd1t + E2e

iωd2t + c.c., (1.3.3)

with E1 and E2 are amplitudes and c.c. denotes the complex conjugate, interacting with

the a nonlinear material. The resultant waves are determined by the induced polarizations.

The response of the first-order susceptibility tensor corresponds to the scattering of the

incident waves [61], while the effect of the second-order tensor on the polarization is

8
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given by

P (2)(t) = ϵ0χ
(2)E2

= E2
1e

2iωd1t + E2
2e

2iωd2t + 2E1E2e
i(ωd1+ωd2)t + 2E1E

∗
2e

i(ωd1−ωd2)t + c.c..

(1.3.4)

This reveals new frequency components 2ωd1, 2ωd2 and ωd1 ± ωd2, corresponding to

second-harmonic generation (SHG), sum-frequency generation (SFG), and difference-

frequency generation (DFG) [60].

We now further consider the third-order response, in which case the input signal con-

sists of three electric fields with frequencies ωd1, ωd2, and ωd3. The frequencies ωnew of

the resulting waves are given by

3ωd1, 3ωd2, 3ωd3,

ωd1 + ωd2 + ωd3, ωd1 + ωd2 − ωd3, ωd1 + ωd3 − ωd2, ωd2 + ωd3 − ωd1,

2ωd1 ± ωd2, 2ωd1 ± ωd3, 2ωd2 ± ωd1, 2ωd2 ± ωd3, 2ωd3 ± ωd1, 2ωd3 ± ωd2.

(1.3.5)

However, when only two distinct input frequencies are applied, the generated frequencies

reduce to:

3ωd1, 3ωd2, 2ωd1 ± ωd2, 2ωd2 ± ωd1. (1.3.6)

Higher-order nonlinearities beyond χ(3) can, in principle, generate even more frequen-

cies. However, they typically require extremely high field strengths and are rarely signif-

icant in standard optical media. In practice, for typical materials, nonlinear optical effects

are well described by the second- and third-order susceptibilities [60, 62].

9
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1.3.2 Quantum Wave-Mixing Processes

In the previous sections, we introduced wave-mixing process from a classical perspective,

where the nonlinear effects of electric polarization play a significant role in determining

the frequencies of the resulting electric fields. New frequencies arise from the nonlinear

polarization response of a material, typically due to structural asymmetry and strong driv-

ing. At the quantum level, however, wave mixing arises from a subtler mechanism: the

interaction between discrete atomic energy levels and quantized electromagnetic fields.

To illustrate this quantum process, we begin by examining a typical case where aM -

level transmon coupled to two quantized radiation fields with frequency ωd1 and ωd2. The

Hamiltonian that describes this system is given by

H
(I)
int (t) =

2∑
i=1

M−1∑
m=1

h̄
√
mgi

(
aiσm,m−1e

−i∆
(m)
i t + a†iσm−1,me

i∆
(m)
i t
)
, (1.3.7)

where ∆(m)
i = ωdi − ωm,m−1 denotes the detuning between the frequency of ith radiation

field (i = 1, 2) and the transition frequency ωm,m−1 = ωm − ωm−1 between mth and

(m − 1)th atomic energy level for m = 1, 2, · · · ,M . The coupling strength between the

ith field and the mth atomic level is given by
√
mgi [47]. The operator ai (a†i ) denotes

the annihilation (creation) operator for the photonic mode of frequency ωdi, and atomic

ladder operator σm,m−1 = σ†
m−1,m = |m⟩⟨m − 1|. The superscript (I) indicates that the

Hamiltonian is expressed in the interaction picture.

The dynamics of this system are governed by the Schrodinger equation:

ih̄
d

dt
U(t; t0) = H

(I)
int (t)U(t; t0), (1.3.8)

whereU(t; t0) stands for the unitary time-evolution operator with initial conditionU(t0; t0) =

IM , and IM denotes theM×M identity matirx. By expressing the time-evolution operator

10
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Initial 
state

Final
state

Figure 1.3: Diagrammatic representation of the Dyson series for the time-evolution op-
erator in the interaction picture. Each vertical segment denotes a sequential application
of the interaction Hamiltonian H

(I)
int , with the series summing over all possible orders of

interaction events. The initial state evolves into the final state through these successive
perturbative processes. Notably, wave-mixing processes first emerge at second order and
beyond, where the time-ordered products of multiple H(I)

int at different times can generate
new frequency components through interference between field modes.

as a power series in the coupling strength, we obtain the so-called Dyson series [63, 64]:

U(t; t0) = I − i

h̄

∫ t

t0

dt1H
(I)
int (t1) +

(
− i

h̄

)2 ∫ t

t0

dt1

∫ t1

t0

dt2 H
(I)
int (t1)H

(I)
int (t2) + · · ·

=
∞∑
k=0

U (k)(t; t0). (1.3.9)

A schematic representation of this expansion is shown in Fig. 1.3, where each termU (k)(t; t0)

describes an interaction process involving n photon absorption or emission events, and its

amplitude scales with the k-th power of the coupling strengths gi.

It is important to note that while the Dyson series expansion is a powerful tool for

treating weakly interacting systems, it becomes problematic when the driving frequency

matches the transition frequency of the atom [64]. In such cases, the interaction Hamil-

tonian, Eq. (1.3.7), becomes time-independent, causing the Dyson series, Eq. (1.3.9), to

diverge in the long-time limit when gi(t− t0) ≫ 1. Physically, this divergence reflects the

onset of strong population (Rabi) oscillations, which are inherently nonperturbative and

cannot be accurately described by a perturbative expansion. However, since the purpose

of this section is not to describe the full dynamics in detail, but rather to conceptually il-
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lustrate how wave mixing arises from multiphoton processes, such issues are beyond the

scope of concern here.

We now illustrate the quantum wave-mixing process by examining the contributions

of each term in the Dyson series, Eq. (1.3.9), under the condition gi(t − t0) ≪ 1, which

allows us to approximate the interaction Hamiltonian as nearly constant over [t0, t], by

evaluating it at t.

The zeroth-order term is simply the identity operator,

U (0)(t; t0) = I, (1.3.10)

representing free evolution. The first-order term is approximately given by

U (1)(t; t0) ≈ − i(t− t0)

h̄
H

(I)
int (t)

= −i
2∑

i=1

M−1∑
m=1

√
mgi(t− t0)

(
aiσm,m−1e

−i∆
(m)
i t + a†iσm−1,me

i∆
(m)
i t
)
.

(1.3.11)

In this case, the wave-mixing process does not occur, as this term corresponds to only a

single photon interaction, see Fig. 1.4(a). This suggests that higher-order terms are essen-

tial for describing quantum wave mixing. We now turn to the second-order term, which

describes the absorption or emission of two photons at frequencies ωd1 and/or ωd2. It is

approximately:

U (2)(t; t0) ≈ (−i)2
2∑

i,j=1

M−1∑
m,n=1

√
nmgjgi(t− t0)

2

×
(
ajaiσn,n−1σm,m−1e

−i∆
(n)
j te−i∆

(m)
i t

+ a†jaiσn−1,nσm,m−1e
i∆

(n)
j te−i∆

(m)
i t

+ aja
†
iσn,n−1σm−1,me

−i∆
(n)
j tei∆

(m)
i t

+ a†ja
†
iσn−1,nσm−1,me

i∆
(n)
j tei∆

(m)
i t
)
. (1.3.12)

12



doi:10.6342/NTU202503909

In this expression, we observe four distinct terms, each corresponding to a different field–

atom interaction process, as illustrated in Fig. 1.4(b):

• ajaiσn,n−1σm,m−1, describing the absorption of two photons with frequencies ωdi

and ωdj; the atom is excited upward by two energy levels (see Fig. 1.4(b), leftmost

panel).

• a†jaiσn−1,nσm,m−1, describing the absorption of a photon with frequency ωdi, fol-

lowed by emission of a photon with frequency ωdj; the atom first moves up one

level and then returns to its original state (see Fig. 1.4(b), second panel from the

left).

• aja
†
iσn,n−1σm−1,m, describing the emission of a photonwith frequencyωdi, followed

by absorption of a photon with frequency ωdj; the atom first drops one level and then

is excited back to the original level (see Fig. 1.4(b), third panel from the left).

• a†ja
†
iσn−1,nσm−1,m, describing the emission of two photons with frequencies ωdi and

ωdj; the atom relaxes downward by two energy levels (see Fig. 1.4(b), rightmost

panel).

These terms include both self-mode and cross-mode processes. When i = j, they corre-

spond to self-mixing, where the quantum state acquires a phase oscillating at frequency

2ωd1 or 2ωd2. When i ̸= j, they enable mixing between the two modes, resulting in phase

oscillations at frequency ±(ωd1 − ωd2) during the state’s evolution.

For the higher-order terms, each additional order brings an extra factor of gi(t −

t0), making their contributions progressively smaller in the limit gi(t − t0) ≪ 1. This

implies that the probabilities for more complex multiphoton absorption/emission pro-

cesses become negligible [41]. Therefore, in this section, we restrict our analysis to

the second-order effects, which dominate the quantum wave-mixing process under weak

coupling/short-time conditions.

In conclusion, quantum wave mixing arises from the interference between different

photon modes mediated by the discrete energy levels. The atom serves as a nonlinear

13
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(a)

(b)

Figure 1.4: Illustration of quantum transitions contributing to wave-mixing processes.
(a) First-order processes: single-photon absorption or emission at frequency ωdi, corre-
sponding to transitions between adjacent levels. (b) Second-order processes: sequential
two-photon absorption or emission involving frequencies ωdi and ωdj . These processes
can lead to interference and wave-mixing when both modes are involved.

element that enables these modes to interact, even in the absence of intrinsic material non-

linearity. Through successive transitions described by higher-order Dyson terms, multi-

photon processes become possible, leading to the emergence of new frequency compo-

nents.

1.4 Open Quantum System

In reality, physical systems are often not completely isolated from their surrounding. The

interaction with the environment inevitably leads to decoherence and energy relaxation.

In such cases, the system is referred to as an open quantum system, and its dynamics can

no longer be described solely by the unitary Schrodinger equation.

In this section, following the standard approach [65, 66, 67], our objective is to address

the dynamics of an open quantum system.
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Born-Markov
Master Equation

Redfield Equation

Lindblad Equation

Figure 1.5: Hierarchical relationship among the master equations discussed in Sec. 1.4.
The Born-Markov master equation, Eq. (1.4.14), refers to a class of approximations based
onweak system-environment coupling andmemoryless dynamics. The Redfield equation,
Eq. (1.4.28), is a specific realization that retains coherence between all atomic transitions,
including those with different transition frequencies. The Lindblad equation, Eq. (1.4.31),
is a further simplification that applies a secular approximation, eliminating inter-transition
coherences.

1.4.1 Born-Markov Master Equation

We consider a quantum system of interest interacting with an external environment. The

total Hamiltonian in the Schrodinger picture is given by

H
(S)
tot = H

(S)
S ⊗ IB + IS ⊗H

(S)
B +H

(S)
int . (1.4.1)

Here,H(S)
tot acts on the total Hilbert spaceHtot, which is given by the tensor product of the

system Hilbert space HS and the environment Hilbert space HB, i.e., Htot = HS ⊗HB.

Similarly, the system Hamiltonian H
(S)
S operates on HS , while the environment Hamil-

tonian H
(S)
B acts on HB. Throughout this chapter, the superscripts (S) and (I) denote the

Schrodinger and interaction pictures respectively. The dynamics of the total system are

governed by the Liouville-von Neumann equation, which describes the unitary evolution

of the density matrix:

dρ
(S)
tot (t)

dt
= − i

h̄
[H

(S)
tot , ρ

(S)
tot (t)]. (1.4.2)
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To simplify the analysis, we transform to the interaction picture, where oscillatory terms

are removed:

dρ
(I)
tot(t)

dt
= − i

h̄
[H

(I)
int(t), ρ

(I)
tot(t)], (1.4.3)

where the interaction-picture Hamiltonian and the density matrix are represented as

H
(I)
int(t) = US⊗B(t)H

(S)
int U

†
S⊗B(t), (1.4.4)

ρ
(I)
tot(t) = U †

S⊗B(t)ρ
(S)
tot (t)US⊗B(t), (1.4.5)

with US⊗B(t) = e−
i
h̄
(H

(S)
S +H

(S)
B )t. Formally integrating Eq. (1.4.3) gives

ρ
(I)
tot(t) = ρ

(I)
tot(0)−

i

h̄

∫ t

0

dt′
[
H

(I)
int(t

′), ρ
(I)
tot(t

′)
]
. (1.4.6)

Substituting Eq. (1.4.6) into Eq. (1.4.3), we obtain

dρ
(I)
tot(t)

dt
= − i

h̄

[
H

(I)
int(t), ρ

(I)
tot(0)

]
− 1

h̄2

∫ t

0

[
H

(I)
int(t),

[
H

(I)
int(t

′), ρ
(I)
tot(t

′)
]]
dt′. (1.4.7)

Since we are primarily interested in the dynamics of the system, we take the partial trace

over the bath degrees of freedom to obtain

dρ
(I)
S (t)

dt
= TrB

[
dρ

(I)
tot(t)

dt

]
= − i

h̄
TrB
[
H

(I)
int(t), ρ

(I)
tot(0)

]
− 1

h̄2

∫ t

0

TrB
[
H

(I)
int(t),

[
H

(I)
int(t

′), ρ
(I)
tot(t

′)
]]
dt′.

(1.4.8)

The first term on the right-hand side of Eq. (1.4.8), TrB
[
H

(I)
int(t), ρ

(I)
tot(0)

]
, is assumed to

be zero under the assumption that the bath is in a symmetric equilibrium state. It is note

that if the bath were initially in a non-equilibrium state, this assumption might no longer

hold. To further simplify the derivation, we assume that the system-bath interaction is
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turned on at t = 0, resulting in a factorized initial state:

ρ
(I)
tot(0) = ρ

(I)
S (0)⊗ ρ

(I)
B (0), (1.4.9)

where ρ(I)S (0) and ρ
(I)
B (0) are the initial density operators of the system and bath, respec-

tively. We then consider a typical scenario in which the system–bath coupling is suffi-

ciently weak that Eq. (1.4.8) can be truncated at second order. Additionally, we assume

that the bath has a large number of degrees of freedom and remains approximately in ther-

mal equilibrium. Applying these assumptions—known as the Born approximation—we

obtain:

ρ
(I)
tot(t) ≈ ρ

(I)
S (t)⊗ ρB. (1.4.10)

By substituting Eq. (1.4.10) into Eq. (1.4.8), we have

dρ
(I)
S (t)

dt
= − 1

h̄2

∫ t

0

TrB
[
H

(I)
int(t),

[
H

(I)
int(t

′), ρ
(I)
S (t′)⊗ ρB

]]
dt′. (1.4.11)

We observe that the integral involves the past states ρ(I)S (t′), meaning that the current

evolution of the system depends on its entire history. As a consequence, the differential

equation, Eq. (1.4.11), is difficult to solve. However, in most practical situations, the

memory effect can be neglected. Thanks to the large number of bath degrees of freedom,

the bath correlation time τB is much shorter than the characteristic system timescale τS .

This separation of timescales justifies two key approximations:

ρ
(I)
S (t′)⊗ ρB → ρ

(I)
S (t)⊗ ρB, (1.4.12)∫ t

0

dt′ →
∫ ∞

0

dt′. (1.4.13)

Substituting Eq. (1.4.12) and Eq. (1.4.13) into Eq. (1.4.11) and changing the integration

variable to s = t− t′, we get the Born-Markov master equation:
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dρ
(I)
S (t)

dt
= − 1

h̄2

∫ ∞

0

TrB
[
H

(I)
int(t),

[
H

(I)
int(t− s), ρ

(I)
S (t)⊗ ρB

]]
ds. (1.4.14)

To better understand these approximations, we now consider a typical interactionHamil-

tonian:

H
(S)
int = h̄

∑
α

(
S(S)
α ⊗ B(S)

α

)
, (1.4.15)

where S(S)
α and B

(S)
α are Hermitian operators acting on the Hilbert spaces (HS) and the

bath (HB), respectively, through the coupling channel α.

Assuming the system has a discrete energy spectrum, the operator S(S)
α can be decom-

posed in the basis of atomic bare states (i.e., the eigenstates of H(S)
S ) into components

S
(S)
α,ωa , each connecting eigenstate pairs whose energy difference is h̄ωa:

S(S)
α =

∑
ωa

S(S)
α,ωa

, (1.4.16)

with

S(S)
α,ωa

=
∑

Em−En=h̄ωa

⟨m|S(S)
α |n⟩|m⟩⟨n|. (1.4.17)

To illustrate the meaning of the decomposition, Eq. (1.4.16), we consider a two-level sys-

tem as an example. Let |0⟩ and |1⟩ be the ground and excited states, with energies E0 and

E1. The operator S(S)
α can then be decomposed into two terms: one corresponding to the

downward transition |1⟩⟨0| with frequency ωa = (E1 − E0)/h̄ > 0, and the other being

its Hermitian conjugate |0⟩⟨1|, associated with ωa = (E0 − E1)/h̄ < 0.

To move to the interaction picture, we apply the following transformation:

S(I)
α,ωa

(t) = eiHSt/h̄S(S)
α,ωa

e−iHSt/h̄ = e−iωatS(S)
α,ωa

, (1.4.18)
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S(I)†
α,ωa

(t) = eiHSt/h̄S(S)†
α,ωa

e−iHSt/h̄ = eiωatS(S)†
α,ωa

. (1.4.19)

Here, the Baker-Campbell-Hausdorff formula is used along with the following commuta-

tion relations:

[HS, S
(S)
α,ωa

] = −ωaS
(S)
α,ωa

, (1.4.20)

[HS, S
(S)†
α,ωa

] = +ωaS
(S)†
α,ωa

, (1.4.21)

which can be easily derived from Eq. (1.4.16). Applying Eq. (1.4.15), Eq. (1.4.18) and

Eq. (1.4.19), the interaction Hamiltonian in the interacting picture is given by

H
(I)
int(t) = h̄

∑
α,ωa

e−iωatS(S)
α,ωa

⊗ B(I)
α (t) = h̄

∑
α,ωa

e+iωatS(S)†
α,ωa

⊗ B(I)†
α (t). (1.4.22)

Substituting Eq. (1.4.22) into Eq. (1.4.14), we obtain:

dρ
(I)
S (t)

dt
= − 1

h̄2

∫ ∞

0

TrB
[
H

(I)
int(t),

[
H

(I)
int(t− s), ρ

(I)
S (t)⊗ ρ

(I)
B

]]
ds

=
1

h̄2

∫ ∞

0

TrB
[
H

(I)
int(t− s)ρ

(I)
S (t)⊗ ρ

(I)
B H

(I)
int(t)

−H
(I)
int(t)H

(I)
int(t− s)ρ

(I)
S (t)⊗ ρ

(I)
B

]
+ h.c. ds

=

∫ ∞

0

∑
α,β

∑
ωa,ω′

a

{
e−i(ωa−ω′

a)teiωasS
(S)
β,ωa

ρ
(I)
S (t)S

(S)†
α,ω′

a
TrB
[
B

(I)
β (t− s)ρ

(I)
B B(I)†

α (t)
]

e−i(ωa−ω′
a)teiωasS

(S)†
α,ω′

a
S
(S)
β,ωa

ρ
(I)
S (t)TrB

[
B(I)†

α (t)B
(I)
β (t− s)ρ

(I)
B

]}
+ h.c. ds.

(1.4.23)

To quantify the bath-induced effects, we define

Fαβ(ν; t) ≡
∫ ∞

0

eiνs
〈
B(I)†

α (t)B
(I)
β (t− s)

〉
ds, (1.4.24)
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with the bath two-time correlation function is given by
〈
B

(I)†
α (t)B

(I)
β (t−s)

〉
= TrB

[
B

(I)†
α (t)B

(I)
β (t−

s)ρ
(I)
B

]
. If the bath is in a stationary state (i.e. ρ̇B(t) = 0), the two-time correlation func-

tion depends only on the time difference s, and Fαβ(ν; t) becomes independent of t. We

now decompose Fαβ(ν) into

Fαβ(ν) = Γαβ(ν) + i∆αβ(ν), (1.4.25)

where

Γαβ(ν) =
1

2

(
Fαβ(ν) + F ∗

βα(ν)
)
=

1

2

∫ ∞

−∞
eiνs
〈
B(I)†

α (s)B
(I)
β (0)

〉
ds, (1.4.26)

∆αβ(ν) =
1

2i

(
Fαβ(ν)− F ∗

βα(ν)
)
. (1.4.27)

Here, the real partΓαβ(ν) describes dissipative effects like relaxation and dephasing, while

the imaginary part ∆αβ(ν) accounts for energy shifts (the Lamb shift). Substituting this

decomposition into the Eq. (1.4.23) and transform to the Schrodinger picture, we obtain

dρ
(S)
S (t)

dt
= − i

h̄

[
HS, ρ

(S)
S (t)

]
+ LL

[
ρ
(S)
S (t)

]
+ LD

[
ρ
(S)
S (t)

]
, (1.4.28)

where the superoperators LL

[
ρ
(S)
S (t)

]
and LD

[
ρ
(S)
S (t)

]
denote

LL

[
ρ
(S)
S (t)

]
= i
∑
α,β

∑
ωa,ω′

a

[(
∆αβ(ωa)−∆βα(ω

′
a)
)
S
(S)
β,ωa

ρ
(S)
S (t)S

(S)†
α,ω′

a

−∆αβ(ωa)S
(S)†
α,ω′

a
S
(S)
β,ωa

ρ
(S)
S (t) + ∆βα(ω

′
a)ρ

(S)
S (t)S

(S)†
α,ω′

a
S
(S)
β,ωa

]
(1.4.29)
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and

LD

[
ρ
(S)
S (t)

]
=
∑
α,β

∑
ωa,ω′

a

[(
Γαβ(ωa) + Γβα(ω

′
a)
)
S
(S)
β,ωa

ρ
(S)
S (t)S

(S)†
α,ω′

a

−Γαβ(ωa)S
(S)†
α,ω′

a
S
(S)
β,ωa

ρ
(S)
S (t)− Γβα(ω

′
a)ρ

(S)
S (t)S

(S)†
α,ω′

a
S
(S)
β,ωa

]
.

(1.4.30)

Equation (1.4.28) is known as the Redfield equation.

1.4.2 Lindblad Equation

The transition from Eq. (1.4.23) to Eq. (1.4.28) involves moving from the interaction pic-

ture to the Schrodinger picture. In this process, the rapidly oscillating terms e−i(ωa−ω′
a)t

are absorbed into the time dependence of the density matrix and are no longer explicitly

visible. When the frequency difference |ωa − ω′
a|−1 is large compared to the system＇s

relaxation rate, these terms average out and can be neglected. This leads to the secular

approximation, where only the ωa = ω′
a terms are retained. Applying this approximation,

Eq. (1.4.28) simplifies to:

dρ
(S)
S (t)

dt
= − i

h̄

[
HS +HL, ρ

(S)
S (t)

]
+D

(
ρ
(S)
S (t)

)
, (1.4.31)

where

HL =
∑
α,β

∑
ωa

∆αβ(ωa)S
(S)†
α,ωa

S
(S)
β,ωa

(1.4.32)

is the Lamb shift Hamiltonian, which describes the energy level shifts of the system and

D
(
ρ
(S)
S (t)

)
=
∑
α,β

∑
ωa

Γαβ(ωa)

[
S
(S)
β,ωa

ρ
(S)
S (t)S(S)†

α,ωa
− 1

2

{
S(S)†
α,ωa

S
(S)
β,ωa

, ρ
(S)
S (t)

}]
,

(1.4.33)
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is the dissipator, which captures dissipation and decoherence arising from the coupling to

mode ωa in channelsα and β. Equation (1.4.31) is known as the Lindblad master equation.

1.5 Thesis Outline

This thesis is organized as follows. Chapter 2 introduces the Hamiltonian and derives the

equation of motion, along with the emission spectrum obtained via input-output theory.

Chapter 3 compares the theoretical predictions with experimental results, focusing on the

coherent spectral features and their interpretation in terms ofwavemixing process. Finally,

Chapter 4 summarizes our main findings.
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Chapter 2

Waveguide Quantum Electrodynamics

Framework

2.1 Hamiltonian and Master Equation

We consider a one-dimensional waveguide with one end terminated by a small capacitor,

which acts as an anti-mode mirror at x = 0. An M -level transmon is positioned at this

end of the waveguide (x = 0) and is coupled to it [2, 33, 68]. The transmon is driven

by two microwave fields with carrier frequencies ωd1 and ωd2, and corresponding Rabi

frequencies Ω1 and Ω2, respectively, as illustrated in Fig. 2.1. The number of transmon

levelsM must be chosen sufficiently large to ensure that the population in the (M + 1)th

level remains negligible under any applied drive strength. The Hamiltonian describing

this system is given by

H
(S)
tot (t) = H

(S)
S (t) +H

(S)
B +H

(S)
I , (2.1.1)

where the system Hamiltonian

H
(S)
S (t) = H

(S)
A +H

(S)
MW1(t) +H

(S)
MW2(t), (2.1.2)
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mirror

,

,

-level
transmon

Figure 2.1: Schematic of the waveguide QED system studied in this work. An M -level
transmon is coupled to the mirror end of a one-dimensional semi-infinite waveguide,
where the mirror is formed by terminating the waveguide with a large capacitor. The
transmon is driven by two external coherent fields with carrier frequencies ωd1 and ωd2,
and Rabi frequencies Ω1 and Ω2, respectively.

with

H
(S)
A =

M−1∑
m=0

h̄ωmσmm, (2.1.3)

describing the bare energy levels of the transmon. Here, σmm = |m⟩⟨m| is the atomic

projection operator form = 0, 1, . . . ,M − 1. The two-tone driving fields are represented

by

H
(S)
MW1(t) = h̄

M−1∑
m=1

√
mΩ1

2

(
σm,m−1e

−iωd1t + h.c.
)
, (2.1.4)

H
(S)
MW2(t) = h̄

M−1∑
m=1

√
mΩ2

2

(
σm,m−1e

−iωd2t + h.c.
)
, (2.1.5)

where σm,m−1 = σ†
m−1,m = |m⟩⟨m − 1| denotes the atomic ladder operator between

the mth and (m − 1)th levels. The energy of the waveguide modes is described by the
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Hamiltonian

H
(S)
B =

∫ ∞

0

dωh̄ωa†ωaω, (2.1.6)

where a†ω and aω are the creation and annihilation operators for a waveguide photon of

frequency ω, satisfying the commutation relation [69]:

[aω, a
†
ω′ ] = δ(ω − ω′). (2.1.7)

The interaction between the transmon and the waveguide is discribed by

H
(S)
I = ih̄

M−1∑
m=1

∫ ∞

0

dω
√
mg(ω)

(
σm,m−1aω + σm−1,ma

†
ω

)
, (2.1.8)

where
√
mg(ω) is the coupling strength between the mth energy level of transmon and

the waveguide mode at frequency ω [21].

To derive themaster equation, we now follow the general formalism outlined in Sec. 1.4.

By comparing Eq. (2.1.8) with Eq. (1.4.15), we identify the system and bath operators in

our case as

S
(S)
1 =

M−1∑
m=1

√
mσm−1,m, S

(S)
2 =

M−1∑
m=1

√
mσm,m−1, (2.1.9)

B
(S)
1 = i

∫ ∞

0

dω g(ω)a†ω, B
(S)
2 = i

∫ ∞

0

dω g(ω)aω. (2.1.10)

By substituting Eq. (2.1.10) into Eq. (1.4.25) and assuming the bath is initially in the

vacuum state [47], we find that only the term with α = β = 1 survives. Therefore, to

obtain the master equation, it is sufficient to compute Γ11(ν):

25



doi:10.6342/NTU202503909

F11(ν) =

∫ ∞

0

ds eiνs TrB
(
B

(I)†
1 (s)B

(I)
1 (0)ρ

(I)
B

)
=

∫ ∞

0

ds

∫ ∞

0

dω′
∫ ∞

0

dω′′g(ω′)g(ω′′)ei(ω
′−ν)s⟨0|aω′a†ω′′ |0⟩.

(2.1.11)

Using the commutation relation given in Eq. (2.1.7), we have

F11(ν) =

∫ ∞

0

dω′ g2(ω′)

[
πδ(ω′ − ν) + iPV

(
1

ω′ − ν

)]
. (2.1.12)

This leads us to

Γ11(ν) = π

∫ ∞

0

dω′ g2(ω′)δ(ω′ − ν) =


πg2(ν), if ν > 0,

0, if ν < 0,

(2.1.13)

which shows that Γ11(ν) is non-zero only for downward transitions (i.e. decay) and van-

ishes for upward ones. The factor ∆11(ν) is given by:

∆11(ν) = PV
∫ ∞

0

dω′ g
2(ω′)

ω′ − ν
≈ g2(ν) PV

∫ ∞

0

1

ω′ − ν
dω′ ≈ 0. (2.1.14)

It is noteworthy that, to obtain Eq. (2.1.14), we assume g(ν) is approximately constant

over the relevant bandwidth [35]. Substituting Eqs. (2.1.2), (2.1.9), (2.1.13), and (2.1.14)

into Eq. (1.4.28), the master equation is obtained [70]:
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dρ

dt
= −i

M−1∑
m=0

ωm[σmm, ρ]

+ i
M−1∑
m=1

√
mΩ1

2
([σm,m−1e

−iωd1t + σm−1,me
iωd1t, ρ]

+ i

M−1∑
m=1

√
mΩ2

2
([σm,m−1e

−iωd2t + σm−1,me
iωd2t, ρ]

+
M−1∑
m,n=1

√
mnγm,m−1

2
([σm−1,mρ, σn,n−1] + [σn−1,n, ρσm,m−1])

+
M−1∑
m,n=1

mnγϕ

2
([σmmρ, σnn] + [σnn, ρσmm]) .

(2.1.15)

To simplify notation, we define γm,m−1 ≡ Γ11(ωm − ωm−1) = 2πg2(ωm − ωm−1) as the

decay rate for the |m⟩ to |m − 1⟩ transition. The last term is included to account for the

pure dephasing effect, with γϕ denoting the pure dephasing rate associated with the energy

levels |0⟩ and |1⟩ (see Appendix C.2 for details).

2.2 Emission Spectrum

The emission spectrum encodes how the driven transmon emits energy. By analyzing the

spectrum, we can identify characteristic frequency components, quantify energy transfer

processes, and distinguish between elastic and inelastic scattering between the photon and

the transmon.

In this section, we derive the emission spectrum for our system. Sec. 2.2.1 introduces

the input–output formalism [35], relating the output field to atomic operators, followed by

the derivation of the general spectral expression in Sec. 2.2.2. The spectrum is then sepa-

rated into coherent and incoherent components in Sec. 2.2.3. Finally, Sec. 2.2.4 provides

an analytical example under monochromatic driving.
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2.2.1 Input-Output Formalism

We begin the discussion by considering the Heisenberg equation for the field operator

aω(t):

daω(t)

dt
=

i

h̄

[
H

(H)
tot , aω(t)

]
= −iωaω(t)−

M−1∑
m=0

√
mg(ω)σm−1,m(t). (2.2.1)

Integrating Eq. (2.2.1), the dynamics of the field operator is obtained

ãω(tf ) = ãω(ti)−
∫ tf

ti

dt′
M−1∑
m=0

√
mg(ω)σ̃m−1,m(t

′)ei(ω−ωm,m−1)t′ , (2.2.2)

where ãω(t) = aω(t)e
iωt and σ̃m−1,m(t) = σm−1,m(t)e

iωm,m−1t are the slowly varying

field and atomic operators, respectively, and ωm,m−1 = ωm − ωm−1 denotes the transition

frequency between themth and (m−1)th levels. Here, ti and tf denote the times at which

the interaction between the transmon and the field begins and ends, respectively.

By summing over all frequency modes, the input–output relation can be obtained:

aout(t) = ain(t)−
M−1∑
m=0

√
mγm,m−1σm,m−1(t), (2.2.3)

where the input and output signals are given by

ain(t) =
1√
2π

∫ ∞

0

dω ãω(ti)e
−iωt, (2.2.4)

aout(t) =
1√
2π

∫ ∞

0

dω ãω(tf )e
−iωt. (2.2.5)

From this, the input–output relation, Eq. (2.2.3), shows that the output signal consists of

the incoming wave and the response from the atom.
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2.2.2 Emission Spectrum Expression

With the input-output relation discussed in previous section, we now derive the expression

for the scatter-field emission spectrum, defined as [71]:

S(ω) =
1

2Z0

Re
[∫ ∞

−∞
dτ e−iωτ lim

t→∞

〈
V (sc)†(t+ τ)V (sc)(t)

〉]
, (2.2.6)

where Z0 is the characteristic impedance, and the scattered voltage operator is given by

[2, 72]

V (sc)(t) = −i

√
h̄Z0

4π

∫ ∞

0

dω
√
ωã(sc)ω (t)e−iωt. (2.2.7)

In this expression, the field operator ã(sc)ω (t) is the slowly varying amplitude. By using

Eq. (2.2.2), we can relate the scattered signal ã(sc)ω (t) to atomic response through

ã(sc)ω (t) = −
∫ t

0

dt′
M−1∑
m=0

√
mg(ω)σ̃m−1,m(t

′)ei(ω−ωm,m−1)t′ . (2.2.8)

Substituting Eq. (2.2.8) into Eq. (2.2.7), we obtain

V (sc)(t) = i

√
h̄Z0

4π

M−1∑
m=0

√
meiωm,m−1t

∫ t

0

dt′σ̃m−1,m(t
′)

∫ ∞

0

dω
√
ωg(ω)ei(ω−ωm,m−1)(t′−t).

(2.2.9)

To evaluate the frequency integral, we assume that
√
ωg(ω) varies slowly near ωm,m−1

[35], allowing it to be approximated as a constant. By changing variablesω′ = ω−ωm,m−1

and extending the lower limit of integration to −∞ (since ωm,m−1 is in the GHz range),

we obtain:
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∫ ∞

0

dω
√
ωg(ω)ei(ω−ωm,m−1)(t′−t) ≈ √

ωm,m−1g(ωm,m−1) · 2πδ(t′ − t). (2.2.10)

Substituting Eq. (2.2.10) into Eq. (2.2.9) and perform the time integral yields the scattered

voltage operator:

V (sc)(t) = i

√
h̄Z0

2

M−1∑
m=0

√
mγm,m−1ωm,m−1σm−1,m(t), (2.2.11)

where σm−1,m(t) = σ̃m−1,m(t)e
−iωm,m−1t and γm,m−1 = 2πg2(ωm − ωm−1). Substituting

this expression into Eq. (2.2.6), we obtain

S(ω) =
M−1∑
m,n=1

CmnRe
[∫ ∞

0

lim
t→∞

⟨σm,m−1(t+ τ) σn−1,n(t)⟩ e−iωτdτ

]
, (2.2.12)

with the coefficient

Cmn =
h̄

4π

√
mnγm,m−1γn,n−1ωm,m−1ωn,n−1. (2.2.13)

2.2.3 Coherent and Incoherent Parts

To obtain the emission spectrum, Eq. (2.2.12), one needs to compute the steady-state two-

time correlation function of the atomic operator. The fluctuation about the steady state of

the atomic ladder operator is defined as

δσm,m−1(t) = σm,m−1(t)− ⟨σm,m−1(t)⟩ss , (2.2.14)

where ⟨σm,m−1(t)⟩ss = limt→∞ ⟨σm,m−1(t)⟩ denotes the steady state of atmoic coherence.

Substituting Eq. (2.2.14) into Eq. (2.2.12), the emission spectrum can be decomposed into
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two contributions: the coherent part

Sco(ω) =
M−1∑
m,n=1

CmnRe
[∫ ∞

0

lim
t→∞

⟨σm,m−1(t+ τ)⟩ ⟨σn−1,n(t)⟩ e−iωτdτ

]
, (2.2.15)

and the incoherent one

Sinco(ω) =
M−1∑
m,n=1

CmnRe
[∫ ∞

0

lim
t→∞

⟨δσm,m−1(t+ τ) δσn−1,n(t)⟩ e−iωτdτ

]
. (2.2.16)

2.2.4 Example: Monochromatic Driving (Mollow Triplet)

In this section, our objective is to apply the formalism developed in the previous section

to illustrate the coherent and incoherent spectral behavior of a simple model: a single two-

level atom is driven by a classical field with carrier frequency ωd and Rabi frequency Ωd

[73, 74]. The dynamics of this system are governed by the master equation:

dρ

dt
= i

∆

2
[σz, ρ] + i

Ωd

2
([σ10 + σ01, ρ]) +

γ10
2

([σ01ρ, σ10] + [σ01, ρσ10]) , (2.2.17)

where ∆ = ωd − ω10 is the field-to-atom detuning and σz = σ11 − σ00 is the population

inversion operator.

Sandwiching the master equation by atomic states, we obtain the optical Bloch equa-

tions:

d

dt
⟨σ10(t)⟩ =

(
−i∆− γ10

2

)
⟨σ10(t)⟩+

iΩd

2
⟨σz(t)⟩, (2.2.18)

d

dt
⟨σ01(t)⟩ =

(
i∆− γ10

2

)
⟨σ01(t)⟩ −

iΩd

2
⟨σz(t)⟩, (2.2.19)

d

dt
⟨σz(t)⟩ = iΩd

(
⟨σ10(t)⟩ − ⟨σ01(t)⟩

)
− γ10

(
⟨σz(t)⟩+ ⟨σ00(t)⟩+ ⟨σ11(t)⟩

)
, (2.2.20)

31



doi:10.6342/NTU202503909

with the constraint ⟨σ00(t)⟩+ ⟨σ11(t)⟩ = 1. The steady-state solutions are given by:

lim
t→∞

⟨σ10(t)⟩ =
Ωd/2

∆− iγ10/2
· ⟨σz(t)⟩, (2.2.21)

lim
t→∞

⟨σ01(t)⟩ =
(
lim
t→∞

⟨σ10(t)⟩
)∗

, (2.2.22)

lim
t→∞

⟨σz⟩ =
−2(∆2 + (γ10/2)

2)

2(∆2 + (γ10/2)2) + Ω2
d

. (2.2.23)

By applying the quantum regression theorem (see Appendix D for a detailed discussion),

the dynamics of the two-time correlation functions are determined through the same equa-

tions that govern the evolution of the single-time expectation values:

d

dτ
⟨σ10(τ)σ01⟩ss =

(
−i∆− γ10

2

)
⟨σ10(τ)σ01⟩ss +

iΩd

2
⟨σz(τ)σ01⟩ss, (2.2.24)

d

dτ
⟨σ10(τ)σ01⟩ss =

(
i∆− γ10

2

)
⟨σ01(τ)σ01⟩ss −

iΩd

2
⟨σz(τ)σ01⟩ss, (2.2.25)

d

dτ
⟨σz(τ)σ01⟩ss = iΩd

(
⟨σ10(τ)σ01⟩ss − ⟨σ01(τ)σ01⟩ss

)
(2.2.26)

− γ10

(
⟨σz(τ)σ01⟩ss + ⟨σ00(τ)σ01⟩ss + ⟨σ11(τ)σ01⟩ss

)
, (2.2.27)

where ⟨A(τ)B⟩ss ≡ limt→∞⟨A(t+ τ)B(t)⟩ with the initial condition:

⟨σ+(0)σ−⟩ss = lim
t→∞

⟨σ+(t)σ−(t)⟩ =
1

2

(
lim
t→∞

⟨σz(t)⟩+ 1
)
, (2.2.28)

⟨σ−(0)σ−⟩ss = lim
t→∞

⟨σ−(t)σ−(t)⟩ = 0, (2.2.29)

⟨σz(0)σ−⟩ss = lim
t→∞

⟨σz(t)σ−(t)⟩ = lim
t→∞

⟨σ−(t)⟩. (2.2.30)

By solving Eqs. (2.2.24) to (2.2.26), we obtain, in the resonant case where ∆ = 0 [74]:
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⟨σ+(τ)σ−⟩ss =
Ω2

d

γ2
10 + 2Ω2

d

[
γ2
10

γ2
10 + 2Ω2

d

eiω10τ +
1

2
e−(γ10/2−iω10)τ

− 1

2

(
γ2
10

γ2
10 + 2Ω2

d

· 3γ10/4 + κ

κ
− γ10/2

κ
− γ10/4 + κ

2κ

)
exp

{
−
(
3γ10
4

− κ− iω10

)
τ

}
+

1

2

(
γ2
10

γ2
10 + 2Ω2

d

· 3γ10/4− κ

κ
− γ10/2

κ
− γ10/4− κ

2κ

)
exp

{
−
(
3γ10
4

+ κ− iω10

)
τ

}]
,

(2.2.31)

where

κ =

√(γ10
4

)2
− Ω2

d. (2.2.32)

Substituting Eq. (2.2.31) into Eq. (2.2.12), we get

S(ω) = Sco(ω) + Sinco(ω), (2.2.33)

where

Sco(ω) ∝ 2π · Ω2
d

γ2
10 + 2Ω2

d

δ(ω − ω10), (2.2.34)

Sinco(ω) ∝
1

2
· γ10/2

γ2
10/4 + (ω − ω10)2

+
1

4
· 3γ10/4

(3γ10/4)2 + [(ω − ω10)− Ωd]2
+

1

4
· 3γ10/4

(3γ10/4)2 + [(ω − ω10) + Ωd]2
.

(2.2.35)

As we can see, the coherent spectrum shows a sharp delta-function peak at the atomic

transition frequency ω = ω10, reflecting the phase-coherent component of the emission

due to the continuous driving.

In contrast, the incoherent spectrum exhibits a broader structure with three peaks lo-

cated at ω = ω10 and ω = ω10 ± Ωd, known as the Mollow triplet, as shown in Fig. 2.2.

These broadened features arise from quantum fluctuations and spontaneous emission pro-

cesses.
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Figure 2.2: Incoherent emission spectra Sinco(ω) showing the Mollow triplet under differ-
ent driving strengths Ωd = 5, 10, 15 (in units of γ10). The three Lorentzian peaks appear
around ω = ω10 and ω = ω10 ±Ωd. As Ωd increases, the sidebands shift further apart and
become more pronounced.

2.3 Bichromatic Driving: Floquet Analysis

In the previous section, we discussed the coherent and incoherent fluorescence spectra un-

der a single-tone driving scenario. We now turn to a more general case in which a single

multiple level atom is simultaneously excited by two driving fields. In such a situation, it

is not possible to find an appropriate rotating frame that eliminates both carrier frequen-

cies. As a result, the system＇s dynamics become periodic in the long-time limit, and the

formalism developed in the previous sections is no longer applicable. In this section, we

introduce Floquet analysis to handle this type of periodic problem in the computation of

emission spectra [75].

2.3.1 Periodic Steady States under Bichromatic Drivings

We begin the discussion by considering the master equation in a rotating frame with fre-

quency ωs =
1
2
(ωd1 + ωd2):
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dρ̃(t)

dt
= i

M−1∑
m=0

(mωs − ωm) [σmm, ρ̃(t)]

+ i

M−1∑
m=1

√
mΩd1

2
[σm,m−1e

iδt + σm−1,me
−iδt, ρ̃(t)]

+ i
M−1∑
m=1

√
mΩd2

2
[σm,m−1e

−iδt + σm−1,me
iδt, ρ̃(t)]

+
M−1∑
m,n=1

√
mnγm,m−1

2
([σm−1,mρ̃(t), σn,n−1] + [σn−1,n, ρ̃(t)σm,m−1])

+
M−1∑
m,n=1

mnγϕ

2
([σmmρ̃(t), σnn] + [σnn, ρ̃(t)σmm]) ,

(2.3.1)

where δ = 1
2
(ωd2 − ωd1) represents the frequency difference between two driving fields.

It is noteworthy that this frequency is incorporated into the master equation, Eq. (2.3.1),

making the solution inherently periodic with a period 2π/δ. To address this periodicity,

we express the density matrix using a Fourier series representation

ρ̃(t) =
∞∑

l=−∞

ρ̃(l)(t)eilδt, (2.3.2)

where ρ̃(l)(t) represents the lth Fourier coefficient. Substituting Eq. (2.3.2) into Eq. (2.3.1)

and collecting terms, we get the following coupled differential equations:
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dρ̃(l)(t)

dt
= −ilδρ̃(l)(t) + i

M−1∑
m=0

(mωs − ωm)
[
σmm, ρ̃

(l)(t)
]

+ i

M−1∑
m=1

√
mΩd1

2

([
σm,m−1, ρ̃

(l−1)(t)
]
+
[
σm−1,m, ρ̃

(l+1)(t)
])

+ i
M−1∑
m=1

√
mΩd2

2

([
σm,m−1, ρ̃

(l+1)(t)
]
+
[
σm−1,m, ρ̃

(l−1)(t)
])

+
M−1∑
m,n=1

√
mnγm,m−1

2

([
σm−1,mρ̃

(l)(t), σn,n−1

]
+
[
σn−1,n, ρ̃

(l)(t)σm,m−1

])
+

M−1∑
m,n=1

mnγϕ

2

([
σmmρ̃

(l)(t), σnn

]
+
[
σnn, ρ̃

(l)(t)σmm

])
.

(2.3.3)

By vectorizing the density matrix, Eq. (2.3.3), (see Appendix E for details), we define

X(l)(t) =



X
(l)
00 (t)

X
(l)
10 (t)

...

X
(l)
M−1,0(t)

X
(l)
01 (t)

...

X
(l)
M−1,M−1(t)



=



ρ̃
(l)
00(t)

ρ̃
(l)
10(t)

...

ρ̃
(l)
M−1,0(t)

ρ̃
(l)
01(t)

...

ρ̃
(l)
M−1,M−1(t)



, (2.3.4)

where X(l)(t) is an M2 × 1 column vector. Using this representation, we obtain the fol-

lowing recurrence relation:

Ẋ(l)(t) = AX(l−1)(t) + B(l)X(l)(t) + CX(l+1)(t), (2.3.5)

where
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A = i

M−1∑
m=1

√
m

2

[
Ωd1

(
IM ⊗ σm,m−1 − σT

m,m−1 ⊗ IM
)

+ Ωd2

(
IM ⊗ σm−1,m − σT

m−1,m ⊗ IM
) ]

,

(2.3.6)

C = i

M−1∑
m=1

√
m

2

[
Ωd1

(
IM ⊗ σm−1,m − σT

m−1,m ⊗ IM
)

+ Ωd2

(
IM ⊗ σm,m−1 − σT

m,m−1 ⊗ IM
) ]

,

(2.3.7)

and

B(l) = −ilδIM2

+
M−1∑
m,n=0

{
i (mωs − ωm) (IM ⊗ σmm)− i (nωs − ωn) (σnn ⊗ IM)

+

√
mnγm,m−1

2

[ (
σT
n,n−1 ⊗ σm,m−1

)
− (IM ⊗ σn,n−1σm−1,m)

+
(
σT
m,m−1 ⊗ σn,n−1

)
−
(
(σm,m−1σn−1,n)

T ⊗ IM
) ]

+
mnγϕ

2

[ (
σT
nn ⊗ σmm

)
− (IM ⊗ σnnσmm)

+
(
σT
mm ⊗ σnn

)
−
(
(σmmσnn)

T ⊗ IM
) ]}

.

(2.3.8)

are M2 ×M2 matrices. In a realistic situation, it is not necessary to perform the infinite

summation in Eq. (2.3.2); instead, the series converges for sufficiently large values of l.

We therefore truncate the series by setting l = L. To solve for the Fourier coefficients, we

re-express Eq. (2.3.3) as

Ẋ(t) = MX(t), (2.3.9)
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where X(t) is a column vector of dimension (2L + 1)M2 × 1, containing the Fourier

coefficients for each order l, andM is a block matrix defined as

M =



B(−L) C 0 0 0 0 0

... . . . ... ... ... ... ...

0 A B(−1) C 0 0 0

0 0 A B(0) C 0 0

0 0 0 A B(1) C 0

... ... ... ... ... . . . ...

0 0 0 0 0 A B(L)



. (2.3.10)

In this expression, the matirx B(l) describes the self-evolution of the lth Fourier compo-

nent, while matrices A and C represent the coupling between different orders l. With

this compact equation, Eq. (2.3.9), the dynamics of each Fourier component can be easily

obtained using the formal solution:

X(t) = eMtX(0). (2.3.11)

2.3.2 Coherent Spectrum and Sideband Structure

We now turn to examine the emission spectra under the two-tone driving scenario. First,

we transform the emission spectrum of the coherent part described by Eq. (2.2.15) into a

rotating frame with frequency ωs, yielding

Sco(ω) =
M−1∑
m,n=1

CmnRe
[∫ ∞

0

lim
t→∞

⟨σ̃m,m−1(t+ τ)⟩ ⟨σ̃n−1,n(t)⟩ e−i(ω−ωs)τ dτ

]
. (2.3.12)

Here, σ̃mn(t) = e−i(m−n)ωstσmn. Substituting Eq. (2.3.2) into Eq. (2.3.12) and truncating

the series by setting l = L, we obtain
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Sco(ω) =
M−1∑
m,n=1

CmnRe
[ ∫ ∞

0

(
L∑

p=−L

⟨σ̃m,m−1⟩(p)ss eipδ(t+τ)

)

·

(
L∑

q=−L

⟨σ̃n−1,n⟩(q)ss eiqδt

)
e−i(ω−ωs)τ dτ

]
.

(2.3.13)

To address the time-oscillating terms in Eq. (2.3.13), we compute the time-averaged

spectrum and find that it remains nonzero only under the condition p + q = 0. As a

consequence, the coherent spectrum reduces to

S̄co(ω) =
M−1∑
m,n=1

CmnRe

[
L∑

p=−L

⟨σ̃m,m−1⟩(p)ss ⟨σ̃n−1,n⟩(−p)
ss

∫ ∞

0

e−i(ω−ωs−pδ)τdτ

]
. (2.3.14)

By integrating Eq. (2.3.14), the time-averaged coherent spectrum becomes

S̄co(ω) =
M−1∑
m,n=1

Cmn

L∑
p=−L

Re
[
⟨σ̃m,m−1⟩(p)ss ⟨σ̃n−1,n⟩(−p)

ss

]
πδ (ω − ωs − pδ) . (2.3.15)

Since the delta function δ (ω − ωs − pδ) represents an idealized spectrum with zero

width, which cannot be resolved in real experiments due to finite spectral resolution, we

approximate the delta function with a Lorentzian profile. This leads to the expression for

the time-averaged coherent spectrum as

S̄co(ω) =
M−1∑
m,n=1

Cmn

L∑
p=−L

Re
[
⟨σ̃m,m−1⟩(p)ss ⟨σ̃n−1,n⟩(−p)

ss

] ϵl

(ω − (ωs + pδ))2 + ϵ2l
. (2.3.16)

2.3.3 Incoherent Spectrum via Laplace Transform Method

In this section, we analyze the emission spectrum of the incoherent part using a similar

computational approach to that discussed in the previous section. The incoherent spectrum

in the rotating frame of frequency ωs is given by
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Sinco(ω) =
M−1∑
m,n=1

CmnRe
[∫ ∞

0

lim
t→∞

⟨δσ̃m,m−1(t+ τ) δσ̃n−1,n(t)⟩ e−i(ω−ωs)τ dτ

]
.

(2.3.17)

with

lim
t→∞

⟨δσ̃m,m−1(t+ τ) δσ̃n−1,n(t)⟩

= lim
t→∞

[⟨σ̃m,m−1(t+ τ) σ̃n−1,n(t)⟩ − ⟨σ̃m,m−1(t+ τ)⟩ ⟨σ̃n−1,n(t)⟩] .
(2.3.18)

Here, the first term on the right-hand side is a standard two-time correlation function for

atomic operators, which can be evaluated using the quantum regression theorem:

lim
t→∞

⟨σ̃m,m−1(t+ τ) σ̃n−1,n(t)⟩ = Tr
[
σ̃m,m−1 Λ̃n(τ)

]
, (2.3.19)

where Λ̃n(τ) is the time-evolved auxiliary operator associated with the initial condition

Λ̃n(0) = σn−1,nρ̃ss. The second term is the product of single-time expectation values in

the long-time limit

lim
t→∞

⟨σ̃m,m−1(t+ τ)⟩ ⟨σ̃n−1,n(t)⟩ = lim
t→∞

[Tr [σm,m−1 ρ̃(t+ τ)] · ⟨σ̃n−1,n(t)⟩] . (2.3.20)

Using Eq. (2.3.19) and Eq. (2.3.20), we now define an auxiliary density matrix to isolate

the incoherent part of the correlation:

Ξ̃n(τ) = Λ̃n(τ)− lim
t→∞

ρ̃(t+ τ) ⟨σ̃n−1,n(t)⟩ . (2.3.21)

Owing to the periodicity of the steady-state solution discussed in Sec. 2.3.1, we express this

auxiliary density matrix Ξ̃n(τ) as a Fourier series: Ξ̃n(τ) =
∑

l Ξ̃
(l)
n (τ)eilδτ . Substituting

40



doi:10.6342/NTU202503909

this into the Eq. (2.3.1) and applying a Laplace transform gives the following expression:

Ξ̃(l)
n (0) = (s+ ilδ) Ξ̃(l)

n (s)− i

M−1∑
m=0

(mωs − ωm)
[
σmm, Ξ̃

(l)
n (s)

]
− i

M−1∑
m=1

√
mΩd1

2

([
σm,m−1, Ξ̃

(l−1)
n (s)

]
+
[
σm−1,m, Ξ̃

(l+1)
n (s)

])
− i

M−1∑
m=1

√
mΩd2

2

([
σm,m−1, Ξ̃

(l+1)
n (s)

]
+
[
σm−1,m, Ξ̃

(l−1)
n (s)

])
−

M−1∑
m,m′=1

√
mm′γm,m−1

2

([
σm−1,mΞ̃

(l)
n (s), σm′,m′−1

]
+
[
σm′−1,m′ , Ξ̃(l)

n (s)σm,m−1

])
−

M−1∑
m,m′=1

mm′γϕ

2

([
σmmΞ̃

(l)
n (s), σm′m′

]
+
[
σm′m′ , Ξ̃(l)

n (s)σmm

])
.

(2.3.22)

By vectorizing the auxiliary density matrix in Eq. (2.3.22), we obtain:

Yn(τ = 0) = M̃(s)Yn(s), (2.3.23)

where Yn(s) is a column vector of dimension (2L+ 1)M2 × 1, composed of the Fourier

components Ξ̃(l)
n (s), and M̃(s) is a block matrix defined as

M̃(s) =



D(−L)(s) −C 0 0 0 0 0

... . . . ... ... ... ... ...

0 −A D(−1)(s) −C 0 0 0

0 0 −A D(0)(s) −C 0 0

0 0 0 −A D(1)(s) −C 0

... ... ... ... ... . . . ...

0 0 0 0 0 −A D(L)(s)



, (2.3.24)

with
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D(l)(s) = (s+ ilδ) IM2

−
M−1∑

m,m′=0

{
i (mωs − ωm) (IM ⊗ σmm)− i (nωs − ωm′) (σm′m′ ⊗ IM)

+

√
mm′γm,m−1

2

[ (
σT
m′,m′−1 ⊗ σm,m−1

)
− (IM ⊗ σm′,m′−1σm−1,m)

+
(
σT
m,m−1 ⊗ σm′,m′−1

)
−
(
(σm,m−1σm′−1,m′)T ⊗ IM

) ]
+

mm′γϕ

2

[ (
σT
m′m′ ⊗ σmm

)
− (IM ⊗ σm′m′σmm)

+
(
σT
mm ⊗ σm′m′

)
−
(
(σmmσm′m′)T ⊗ IM

) ]}
.

(2.3.25)

By solving Eq. (2.3.23) and substituting s = −i (ω − ωs) [75], the incoherent spectrum

can be obtained as:

Sinco(ω) =
M−1∑
m,n=1

CmnRe
[
Y

(0)
n;m−1,m (−i (ω − ωs))

]
, (2.3.26)

where Y (0)
n;m−1,m(s) denotes the (m− 1,m) element of Ξ̃(0)

n (s).
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Chapter 3

Experimental Comparison and

Interpretation

In the previous chapter, we developed a formalism that goes beyond the conventional two-

or three-level approximation to compute both coherent and incoherent emission spectra

under strong two-tone driving. In this chapter, we investigate the effects of higher trans-

mon levels on the wave-mixing process in realistic conditions by comparing the spectra

predicted by our method with experimental results. Additionally, we analyze the frequen-

cies generated in single-atom wave mixing using the Dyson series formalism introduced

in Sec. 1.3.2.

It is important to note that all the experiments discussed in this chapter were conducted

by Mr. Fahad Aziz in Professor Io-Chun Hoi＇s group at National Tsing Hua University.

3.1 Characterizing the Transmon Used in Experiment

To obtain the spectral results presented in the following sections, it is necessary to first

characterize the fundamental parameters of the transmon. Experimentally, this is achieved

by sending a weak probe field—with carrier and Rabi frequencies denoted by ωd2 and

Ω2, respectively—to interact with a transmon that is simultaneously driven by a pump

field characterized by carrier frequency ωd1 and Rabi frequency Ω1. The response of the

transmon is analyzed via the reflection of the probe field, and the reflection coefficient is
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defined as r =
∣∣∣ ⟨aout(t)⟩⟨ain(t)⟩

∣∣∣. By substituting the output field aout using Eq. (2.2.3) and assum-
ing the input is a classical single-mode probe field, the input expectation value becomes

[29, 76]

⟨ain(t)⟩ →
iΩ2

2
√

(ωd2/ω10) γ10
e−iωd2t, (3.1.1)

from which we obtain the reflection coefficient:

r =

∣∣∣∣∣1 +∑
m

2i
√

m(ωd2/ω10)γm,m−1γ10
Ω2

⟨σm−1,m(t)⟩eiωd2t

∣∣∣∣∣ . (3.1.2)

In this setup, the probe field is chosen to be sufficiently weak, i.e, Ω2/γ10 ≪ 1, such that

the density matrix of the driven transmon can be expanded perturbatively as

ρ̃(t) ≈ ρ̃(0)(t) +
Ω2

γ10
ρ̃(1)(t) e−i(ωd2−ωd1)t, (3.1.3)

where ρ̃(0)(t) represents the zeroth-order density matrix in the absence of the probe field,

and ρ̃(1)(t) accounts for the first-order response due to the probe. Substituting this expan-

sion into the master equation, Eq. (2.1.15), we have

dρ̃(0)

dt
= i

M−1∑
m=0

(mωd1 − ωm)
[
σmm, ρ̃

(0)
]

+ i
M−1∑
m=1

√
mΩ1

2

[
σm,m−1 + σm−1,m, ρ̃

(0)
]

+
M−1∑
m,n=1

√
mnγm,m−1

2

([
σm−1,mρ̃

(0), σn,n−1

]
+
[
σn−1,n, ρ̃

(0)σm,m−1

])
+

M−1∑
m,n=1

mnγϕ

2

([
σmmρ̃

(0), σnn

]
+
[
σnn, ρ̃

(0)σmm

])
,

(3.1.4)
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and

dρ̃(1)

dt
= i (ωd2 − ωd1)

+ i

M−1∑
m=0

(mωd1 − ωm)
[
σmm, ρ̃

(1)
]

+ i
M−1∑
m=1

√
mΩ1

2

[
σm,m−1 + σm−1,m, ρ̃

(1)
]

+ i

M−1∑
m=1

√
mγ10

[
σm,m−1, ρ̃

(0)
]

+
M−1∑
m,n=1

√
mnγm,m−1

2

([
σm−1,mρ̃

(1), σn,n−1

]
+
[
σn−1,n, ρ̃

(1)σm,m−1

])
+

M−1∑
m,n=1

mnγϕ

2

([
σmmρ̃

(1), σnn

]
+
[
σnn, ρ̃

(1)σmm

])
.

(3.1.5)

By numerically solving these coupled equations, we compute the first-order correction

ρ̃(1)(t), from which the expectation value ⟨σm−1,m(t)⟩ = Ω2

γ10
Tr
[
σm−1,mρ̃

(1)(t)
]
eiωd1t can

be evaluated. This allows us to determine the reflection coefficient and thereby character-

ize the transmon＇s parameters. Fig.3.1 shows the reflection coefficient as a function of the

probe frequency and pump power. We first observe that for pump powers P < −20 dBm,

only a single resonance is visible at ωd2/2π = 4.82 GHz. In this regime, the pump field is

too weak to significantly populate the second excited state |2⟩, so the observed bright stripe

corresponds to the |0⟩ ↔ |1⟩ transition, indicating that ω10/2π = 4.82 GHz. As the pump

power increases to the range −20 dBm < P < 0 dBm, a second bright stripe emerges at

ωd2/2π = 4.50 GHz, signaling |1⟩ ↔ |2⟩ transition. This allows us to extract the charging

energy of the transmon as EC/h = ω10/2π − ω21/2π = 320MHz. By substituting these

extracted parameters into Eq. (3.1.2), and performing a fitting procedure, we further de-

termine the linewidth γ10/2π = 44.20MHz and pure dephasing rate γϕ/2π = 0.37MHz.

It is also noteworthy that, in this work (not shown here), we examined the steady-state

population distribution under the given pump power range and found that populations for

levelsM ≥5 are negligible. This allows us to truncate the Hilbert space atM = 4 for all
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numerical simulations. To accurately determine the Rabi frequency of the pump field, we

modify the formula provided in Ref. [2] by introducing a calibration factor. Specifically,

we introduce a tuning parameter η into the driving amplitude Ω
2π

= ηke
√
10(Pref+P )/10−3,

where we find η = 2.66, and apply this calibrated factor in all subsequent calculations.

(a)
ω10/2π (GHz) γ10/2π (MHz) γϕ/2π (MHz) EC/h (MHz)

4.82 44.20 0.37 320

(b)
Pref (dBm) ke (GHz/

√
W)

−123.6 6886295

Table 3.1: (a) Basic parameters of the transmon sample. The quantity EC/h denotes
the charging energy, and ω10/2π is the transition frequency between the ground and first
excited states |0⟩ ↔ |1⟩. The decay rate and pure dephasing rate between these two
levels are given by γ10/2π and γϕ/2π, respectively. Higher-level transition frequencies are
determined from Eq. (1.2.11), and the corresponding decay rates are scaled as γm,m−1 =
γ10 · (ωm,m−1/ω10) [2]. (b) Experimental values for Pref and ke.
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Figure 3.1: (a) Experimentally measured reflection coefficient as a function of probe fre-
quency ωd2 and pump power P . The dip near 4.82GHz corresponds to the |0⟩ ↔ |1⟩
transition. As the pump power increases, it splits due to the Autler–Townes splitting. The
dip near 4.50GHz corresponds to the |1⟩ ↔ |2⟩ transition. From the difference between
these two frequencies, the charging energy is estimated to be EC = 320MHz. (b) The-
oretically calculated reflection coefficient, used to determine the scaling factor η = 2.66
by matching with the experimental result in (a).
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3.2 Power-Tunable Frequency Conversion

In the previous section, we discussed how the fundamental parameters of the transmon can

be extracted from the reflection coefficient. We now turn our attention to the single-atom

wave-mixing process by analyzing the emission spectra introduced in Chapter 2.

We begin by considering a simple case in which the carrier frequencies of the two-tone

drives are set to ωd1/2π = 4.82GHz and ωd2/2π = 4.825GHz. The power of the second

drive is chosen as P2 = −1 dBm. Figure 3.2 displays the emission spectrum as a function

of the incident power P1.

In this configuration, we observe that the frequency generation process can be ac-

tively manipulated by tuning the relative strengths of the two driving fields. When P1 >

P2 (P1 < P2), the red (blue) sidebands dominate the spectral response, as indicated by

arrows with negative (positive) indices. Notably, when the driving strengths are equal,

P1 = P2, the emission spectrum becomes symmetric, resulting in the formation of a fre-

quency comb, as shown in Fig. 3.3

Our formalism also allows for the prediction of generated frequencies through Eq. (2.3.15):

ωp = ωs + pδ =

(
1− p

2

)
ωd1 +

(
1 + p

2

)
ωd2. (3.2.1)

This equation reveals that frequency components associated with odd integers p can be

produced. In contrast, those with even p are absent—a consequence of the inability to

absorb or emit fractional photons.
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Figure 3.2: Emission spectra as function of input power P1, with fixed driving frequen-
cies ωd1/2π = 4.82GHz, ωd2/2π = 4.825GHz, and fixed P2 = −1 dBm. Panel (a)
shows the measured spectrum, while panel (b) displays the corresponding theoretical re-
sult. The top numbers indicate the sideband index p. The two central lines correspond
to the input driving tones (p = ±1). As P1 increases, higher-order blue sidebands (e.g.,
p = +3,+5) gradually become visible, while red sidebands (e.g., p = −3,−5) become
more pronounced once P1 > P2. Arrows mark the power levels at which the line cuts in
Fig. 3.3 are taken.
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Figure 3.3: Measured and simulated emission spectra under bichromatic driving at
ωd1/2π = 4.82 GHz and ωd2/2π = 4.825 GHz, with fixed P2 = −1 dBm. The three
panels correspond to different values of P1: (a) P1 = −3 dBm, where blue sidebands
emerge on the right side of the driving tones, such as p = +3 at 2ωd2 − ωd1 and p = +5
at 3ωd2 − 2ωd1; (b) P1 = −1 dBm, where sidebands become more symmetric, and peaks
at p = ±3,±5 are observed on both sides; (c) P1 = 1 dBm, where red sidebands on the
left become dominant, including p = −3 at 2ωd1 − ωd2 and p = −5 at 3ωd1 − 2ωd2. Blue
dots are experimental data; solid red curves are theoretical fits.
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3.3 Understanding Spectral Peaks via Dyson Expansion

In previous sections, we provided a heuristic explanation suggesting that the transmon

cannot absorb or emit fractional photons, leading to frequency generation only at odd

values of p. In this section, our objective is to quantitatively investigate the underlying

mechanism using the Dyson series formalism outlined in Sec. 1.3.2.

Following a procedure similar to that in Sec. 1.3.2, we begin by expressing the atomic

ladder operators as

⟨σ̃m−1,m(t; t0)⟩ =
∞∑
k=0

⟨σm−1,m(t; t0)⟩(k)D eiωst , (3.3.1)

where the kth-order Dyson contribution is given by

⟨σm−1,m(t; t0)⟩(k)D =
∑

k′+k′′=k

TrS⊗B

[(
U (k′)(t; t0)

)†
· σm−1,m U (k′′)(t; t0) ρ

(S)
tot (t0)

]
e−iωm,m−1(t−t0),

(3.3.2)

with U (k′)(t; t0) denoting the k′th-order time-evolution operator and ρ(S)tot (t0) is the initial

system–bath density matrix. It is important to note that the initial state of the transmon–

waveguide system is required to evaluate Eq. (3.3.2). To evaluate Eq. (3.3.2), we must

specify the initial state of the transmon–waveguide system. In our case, this state is given

by |Ψ(t0)⟩ = |m⟩ ⊗ |α1⟩ ⊗ |α2⟩, where |m⟩ denotes the transmon in its mth level, and

|α1⟩ and |α2⟩ represent the two driving fields, each in a coherent photonic state.

By substituting ρ(S)tot (t0) = |Ψ(t0)⟩⟨Ψ(t0)| into Eq. (3.3.2), we find a key result:

⟨σ̃m−1,m(t)⟩(k)D = 0 (3.3.3)

for even k. This implies that the observable contributions to frequency generation arise

only from odd-order terms in the Dyson series—providing a rigorous explanation for the

absence of frequencies associated with even p coherent part of the emission spectrum. The
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first-order contribution, i.e., k = 1, is given by

⟨σ̃m−1,m(t)⟩(1)D =
2∑

i=1

giαi

[
C

(m)
i,− (t)

]∗
e−iωm,m−1teiωst, (3.3.4)

where gi is the coupling strength, αi is the coherent amplitude of the ith driving field,

and the coefficient C(m)
i,− (t) captures the corresponding one-photon pathways. All Dyson

coefficients in this section, including those for higher-order terms, are listed explicitly

in Appendix A. This process is illustrated schematically in Fig. 3.4(a). The third-order

contribution, k = 3 describes various three-photon processes and is given by:

⟨σ̃m−1,m(t)⟩(3)D =
2∑

i,j,r=1

grgjgi

{
αrαjα

∗
i

[
C

(m,m−1,m−1)
rji,−−+ (t)

]∗
+ αrα

∗
jαi

[
C

(m,m,m)
rji,−+− (t)

]∗
+ α∗

rαjαi

[
C

(m+1,m+1,m)
rji,+−− (t)

]∗
+ αrα

∗
jαi

[
C

(m)
r,− (t)

]∗
C

(m+1,m+1)
ji,−+ (t)

+ αrαjα
∗
i

[
C

(m)
r,− (t)

]∗
C

(m,m)
ji,+− (t)

}
e−iωm,m−1teiωst.

(3.3.5)

Each term in this expression corresponds to a distinct physical process involving three

photons, as schematically illustrated in Fig. 3.4(b).
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(b)

(a)

Figure 3.4: (a) Diagram of a first-order (single-photon) process contributing to the expec-
tation value ⟨σ̃m−1,m(t)⟩, where a single photon from mode i induces a direct transition
between |m−1⟩ and |m⟩. (b) Various types of third-order (three-photon) processes. Each
process involves the absorption and emission of three photons across different energy lev-
els. The corresponding operator orderings are shown on the right, and the black arrow
denotes the final observable transition.

To evaluate the coherent part of the emission spectrum, we substitute Eq. 3.3.1 into

Eq. 2.3.12, yielding the first-order contribution:
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S(1)
co;mm(ω) =

∫ ∞

0

2∑
i,i′=1

gigi′I(1)(t+ τ, t)

· eiωm,m−1τe−i(ω−ωs)τ dτ,

(3.3.6)

with

I(1)
i,i′ (t+ τ, t;m) = α∗

iαi′C
(m)
i,− (t+ τ)

(
C

(m)
i′,−(t)

)∗
= m

ei∆
(m)
i (t+τ)e−i∆

(m)

i′ t

∆
(m)
i ∆

(m)
i′

. (3.3.7)

Here, ∆(m)
i represents the frequency detuning component associated with the i-th driving

field andmth level of transition. It is important to note that in the time-averaged spectrum,

only terms with∆(m)
i = ∆

(m)
i′ contribute, due to rapid phase oscillations averaging out the

cross terms. Consequently, Eq. (3.3.6) simplifies to

S̄(1)
co;mm(ω) =

2∑
i=1

m |giαi|2(
∆

(m)
i

)2 δ (ω − ωdi) , (3.3.8)

from which we see that the coherent single-photon emission process results in two domi-

nant peaks located at the driving frequencies ωd1 and ωd2 in the emission spectrum. These

peaks reflect direct radiative transitions stimulated by the corresponding drive fields.

Following a similar procedure for the third-order term (k = 3), we obtain:

S(3)
co;mm(ω) =

∫ ∞

0

2∑
i,j,r,i′,j′,r′=1

gigjgrgi′gj′gr′I(3)
i,j,r,i′,j′,r′(t+ τ, t;m)

· eiωm,m−1τe−i(ω−ωs)τ dτ.

(3.3.9)

In the time-averaged spectrum, the dominant contributions arise from resonant conditions

among the detunings. Specifically, only the terms satisfying any of the following reso-

nance conditions contribute significantly:
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∆(m)
r +∆

(m−1)
j −∆

(m−1)
i +∆

(m−1)
r′ −∆

(m−1)
j′ −∆

(m)
i′ = 0,

∆(m)
r −∆

(m)
j +∆

(m)
i −∆

(m)
r′ +∆

(m)
j′ −∆

(m)
i′ = 0,

∆(m)
r +∆

(m+1)
j −∆

(m+1)
i +∆

(m+1)
r′ −∆

(m+1)
j′ −∆

(m)
i′ = 0.

(3.3.10)

Under these conditions, the third-order time-averaged spectrum takes the form:

S̄(3)
co;mm(ω) ∝

2∑
i,j,r=1

|gigjgrαiαjαr|2 δ (ω − (ωdi + ωdj − ωdr)) , (3.3.11)

which represents three-photon processes generating new frequencies, such as ωd1, ωd2,

2ωd1−ωd2, and 2ωd2−ωd1, as combinations of the input drive tones. This result highlights

the nonlinear nature of the frequency mixing process mediated by the multilevel structure

of the transmon.

By the same reasoning, a K-photon process (i.e., k = K) can generate emission at

frequencies up to

ωK = ± (Kωd1 − (K − 1)ωd2) , (3.3.12)

representing the highest-order sideband from the process. A comprehensive summary

of the emission frequencies generated by various multi-photon processes is presented in

Fig. 3.5.
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Kωd1 − (K − 1)ωd2

Kω2 − (K − 1)ω1

Figure 3.5: Schematic illustration of the emitted frequency components resulting from
wave-mixing process in an M -level atom driven by two coherent fields at frequencies
ωd1 and ωd2. Each colored arrow on the right indicates a frequency component generated
through coherent multi-photon mixing of the input tones. The green and red arrows repre-
sent the input frequencies ωd1 and ωd2, respectively. The orange and black arrows denote
the first sidebands arising from three-photon processes: 2ω2 − ω1 and 2ω1 − ω2. The
higher-order components, labeledKωd1− (K − 1)ωd2 andKωd2− (K − 1)ωd1, illustrate
the general structure of sidebands produced byK-photon process.

3.4 Detuning-Controlled Frequency Conversion

In Sec. 3.2, we demonstrated that when the two driving fields have equal strengths, P1 =

P2, the resulting emission spectrum exhibits a symmetric frequency comb. The Dyson-

series analysis in the previous section further revealed that each peak within this spec-

trum corresponds to a distinct multi-photon transition pathway. Motivated by this insight,

we now investigate whether higher-order sidebands can be enhanced by increasing the

drive strengths. The underlying idea is that stronger driving fields can populate higher

excited states of the transmon, thereby opening up more efficient multi-photon pathways

responsible for generating higher-order spectral components. To explore this, we set both

drive powers to a relatively strong value of P1 = P2 = 2 dBm, and apply symmetric

detuning around the |0⟩ ↔ |1⟩ transition frequency by a tunable offset ∆ω, such that

ωd1/2π = ω10/2π −∆ω/2π and ωd2/2π = ω10/2π +∆ω/2π.

Figure 3.6 presents the emission spectrum as a function of the detuning ∆ω/2π. The

two central, prominent black lines correspond to the driving frequenciesωd1/2π andωd2/2π.

To the right of ωd2/2π, blue sidebands appear, while to the left of ωd1/2π , red sidebands

emerge. These sidebands arise from multiphoton transitions of various orders involving
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different combinations of the two drives. As the detuning∆ω/2π increases, the sideband

frequencies shift further outward, resulting in a broader frequency comb with increased

spacing between adjacent spectral peaks.

Importantly, we find that many higher-order sidebands remain visible even at large de-

tunings, indicating that strong drive powers can effectively sustain the nonlinear mixing

processes. In addition to the emergence of high-order peaks, we also observe that the am-

plitude of a given-order sideband remains nearly constant as∆ω increases. This suggests

that the efficiency of a fixed-order wave-mixing process is not significantly diminished by

detuning, further validating our strategy of using strong drives to achieve robust frequency

conversion.

Moreover, the spacing between adjacent spectral peaks is directly controlled by the

detuning ∆ω, allowing for tunable frequency spacing in the resulting comb. Fig 3.7(a)

and 3.7(b) show the emission spectra at two representative detunings, ∆ω/2π = 12MHz

and ∆ω/2π = 26MHz, respectively. In both cases, the output forms a frequency comb

consisting of evenly spaced peaks, with clearly different spacings between the two panels.

This confirms that the comb spacing can be flexibly tuned by adjusting the drive detuning.
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Figure 3.6: Emission spectra as function of detuning ∆ω/2π, with fixed input powers
P1 = P2 = 2 dBm. The driving frequencies are chosen as ωd1/2π = ω10/2π − ∆ω/2π
and ωd2/2π = ω10/2π + ∆ω/2π, where ω10/2π = 4.82GHz. Panel (a) shows the ex-
perimental results, and panel (b) displays the corresponding theoretical simulation. As
detuning increases, frequency-converted sidebands emerge and shift accordingly.
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Figure 3.7: Linecuts of the emission spectrum at two different drive detunings: (a)
∆ω/2π = 12MHz and (b) ∆ω/2π = 26MHz. Both spectra exhibit a frequency
comb structure resulting from wave-mixing processes between the two drives. The spac-
ing between adjacent peaks is determined by the detuning ∆ω/2π, allowing for tun-
able frequency conversion. In panel (a), higher-order components such as p = ±7 at
± (4ωd1 − 3ωd2) are also observed, although with reduced amplitude.

3.5 Influence of Number of Atomic Levels

Building on the analysis in Sec. 3.3, where the height of a side peak is shown to arise

from multiple quantum pathways, it follows that the number of atomic levels involved

can significantly impact the side peak strength. In this section, we numerically investigate

how the inclusion of different numbers of atomic levels affects the side peaks in a comb-

like spectrum. We perform simulations using two-, three-, four-, and five-level atomic

models, systematically varying the input power while keeping the drive frequencies fixed.

This approach allows us to assess the influence of level truncation on the formation and

intensity of side peaks.

Figure3.8 illustrates the relative height of four representative side peaks—p = ±3 and

±5—as a function of input power, under fixed drive frequencies ωd1/d2/2π = 4.82GHz±

12MHz. For each case, we compare the simulation results using atomic models truncated

at two, three, four, and five levels. At low power (−30 to −20 dBm), the population in

higher excited states remains negligible, and the dynamics are well described by lower-

level truncations. As a result, the simulation results from all four truncation cases closely

overlap in this regime. As the input power increases, we observe that models including

more atomic levels generally yield significantly stronger side peaks, particularly in the
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Figure 3.8: Relative height of selected side peaks as a function of driving power, compar-
ing two-, three-, four-, and five-level atomic models. Panels (a)–(d) correspond to the side
peaks with indices p = +3,−3,+5, and−5, respectively. The drive frequencies are fixed
at ωd1/d2/2π = 4.82GHz ± 12MHz, and the input power is varied from–30 to 20 dBm.
Each curve is normalized by the corresponding peak height obtained from the five-level
model at 0 dBm. Red crosses indicate the normalization reference points.
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high-power regime (5 to 20 dBm). This reflects the growing importance of higher-order

quantum pathways that involve transitions through higher excited states.

These results highlight the breakdown of the few-level approximation in the strong-

driving regime and emphasize the necessity of including higher excited states to accu-

rately capture the nonlinear spectral response. In particular, the emergence of secondary

peak maxima at higher input powers—absent in the two-level model—demonstrates how

higher-order quantum pathways enabled by additional atomic levels can substantially en-

hance the side peak strength.
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Chapter 4

Conclusions

In this thesis, we have investigated quantum wave mixing in a waveguide QED system

consisting of a multi-level transmon artificial atom driven by two coherent microwave

fields. By combining Floquet analysis with a Dyson series formalism, we systematically

identified the underlying multi-photon processes responsible for the formation of spectral

sidebands. This theoretical framework offers a comprehensive approach to interpreting

wave-mixing behavior in strongly driven quantum systems.

Our results demonstrate that the strength and asymmetry of the generated sidebands

can be dynamically controlled by tuning the relative amplitudes of the two driving fields,

thereby enabling efficient and tunable frequency conversion. Additionally, we have shown

that the inclusion of higher excited states in the transmon significantly modifies the nonlin-

ear optical response by introducing new quantum pathways. These higher-level pathways

affect both the amplitude and structure of the spectral sidebands in ways that are not cap-

tured by simpler few-level models.

Theoretical predictions based on our approach closely match experimental observa-

tions, providing deeper insight into light–matter interactions in the strongly driven, multi-

level regime. These findings open up promising opportunities for quantum photonic tech-

nologies, including controllable frequency converters, frequency comb generators, frequency-

selective photon routers, and chip-integrated quantum light sources.

Looking ahead, we propose extending the Dyson-series-based framework to incorpo-

rate dissipation and decoherence effects. This would enable us to study how environmental
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interactions impact individual quantum pathways, potentially allowing selective enhance-

ment or suppression of specific multi-photon processes. Such control could pave the way

for engineered wave-mixing dynamics tailored to generate desired frequency components

or quantum states on demand.
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Appendix A

Dyson Series for aM -Level Atom

Coupled to Two Coherent Fields

This appendix provides the explicit expressions for the Dyson expansion terms for an

M -level atomic system coupled to two classical coherent fields. These expressions are

intended as a reference to support the analysis in Sec. 3.3.

Let U(t; t0) denote the interaction-picture time-evolution operator generated by the

interaction Hamiltonian given in Eq. (1.3.7). By Eq. (1.3.9), the time-evolution operator

U(t) is expanded as a Dyson series in powers of the coupling constants:

U(t; t0) =
∞∑
k=0

U (k)(t; t0), (A.0.1)

with the kth order term

U (k)(t; t0) =

(
− i

h̄

)k ∫ t

t0

dtk

∫ tk

t0

dtk−1 · · ·
∫ t2

t0

dt1 H
(I)
int (tk) · · ·H

(I)
int (t1). (A.0.2)

In the steady-state limit, we average over the initial time t0 according to

Ū (k)(t) = lim
T→∞

1

T

∫ 0

−T

dt0 U
(k)(t; t0). (A.0.3)
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Below, we list the explicit expressions for Ū (k)(t) up to k = 3.

• Zeroth-order Dyson term. This term corresponds to the identity operator, repre-

senting free evolution:

Ū (0)(t) = I. (A.0.4)

• First-order Dyson term. The time-averaged first-order contribution is given by

Ū (1)(t) =
2∑

i=1

M−1∑
m=1

gi

(
C

(m)
i,+ (t)aiσm,m−1 + C

(m)
i,− (t)a†iσm−1,m

)
, (A.0.5)

where the coefficients are

1√
m
C

(m)
i,+ (t) =

e−i∆
(m)
i t

∆
(m)
i

, (A.0.6)

C
(m)
i,− (t) = −

[
C

(m)
i,+ (t)

]∗
. (A.0.7)

• Second-order Dyson term. The time-averaged second-order contribution takes the

form

Ū (2)(t) =
2∑

i,j=1

M−1∑
m,n=1

gjgi

(
C

(nm)
ji,++(t)ajaiσn,n−1σm,m−1

+ C
(nm)
ji,−+(t)a

†
jaiσn−1,nσm,m−1

+ C
(nm)
ji,+−(t)aja

†
iσn,n−1σm−1,m

+ C
(nm)
ji,−−(t)a

†
ja

†
iσn−1,nσm−1,m

)
,

(A.0.8)

where the coefficients are

1√
mn

C
(nm)
ji,±+(t) =

1

∆
(m)
i

e−i
(
±∆

(n)
j +∆

(m)
i

)
t

±∆
(n)
j +∆

(m)
i

(A.0.9)
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and

C
(nm)
ji,∓−(t) =

[
C

(nm)
ji,±+(t)

]∗
. (A.0.10)

• Third-order Dyson term. The time-averaged third-order contribution is expressed

as

Ū (3)(t) =
2∑

i,j,k=1

M−1∑
m,n,p=1

gkgjgi

×
(
C

(pnm)
kji,+++(t)akajaiσp,p−1σn,n−1σm,m−1

+ C
(pnm)
kji,−++(t) a

†
kajaiσp−1,pσn,n−1σm,m−1

+ C
(pnm)
kji,+−+(t) aka

†
jaiσp,p−1σn−1,nσm,m−1

+ C
(pnm)
kji,−−+(t) a

†
ka

†
jaiσp−1,pσn−1,nσm,m−1

+ C
(pnm)
kji,++−(t) akaja

†
iσp,p−1σn,n−1σm−1,m

+ C
(pnm)
kji,−+−(t) a

†
kaja

†
iσp−1,pσn,n−1σm−1,m

+ C
(pnm)
kji,+−−(t) aka

†
ja

†
iσp,p−1σn−1,nσm−1,m

+ C
(pnm)
kji,−−−(t) a

†
ka

†
ja

†
iσp−1,pσn−1,nσm−1,m

)
, (A.0.11)

where the coefficients are

1
√
pnm

C
(pnm)
kji,±++(t) =

1

∆
(m)
i

1

∆
(n)
j +∆

(m)
i

e
i
(
±∆

(p)
k +∆

(n)
j +∆

(m)
i

)
t

±∆
(p)
k +∆

(n)
j +∆

(m)
i

, (A.0.12)

1
√
pnm

C
(pnm)
kji,±−+(t) =

1

∆
(m)
i

1

−∆
(n)
j +∆

(m)
i

e
i
(
±∆

(p)
k −∆

(n)
j +∆

(m)
i

)
t

±∆
(p)
k −∆

(n)
j +∆

(m)
i

, (A.0.13)

and

C
(pnm)
kji,∓+−(t) = −

[
C

(pnm)
kji,±−+(t)

]∗
, (A.0.14)
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C
(pnm)
kji,∓−−(t) = −

[
C

(pnm)
kji,±++(t)

]∗
. (A.0.15)
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Appendix B

Comparison of Classical and Quantum

Wave Mixing

This appendix provides a brief comparison between the classical (Sec.1.3.1) and quantum

perspectives (Secs. 1.3.2 and 3.3) on wave mixing, focusing on their underlying mecha-

nisms, implementation platforms, and the resulting frequency components.

• Mechanism: In the classical picture, wave mixing arises from the nonlinear polar-

ization response of a medium, where new frequencies are generated through higher-

order susceptibilitiesχ(n) in the electric field expansion. This nonlinear polarization

acts as a source term in Maxwell＇s equations, leading to the generation of new fre-

quency components. In contrast, the quantum perspective describes wave mixing as

the result of interference of quantum transition amplitudes between discrete energy

levels. This interference leads to the emission of new frequencies corresponding to

the energy differences between the initial, intermediate, and final states involved in

the multi-photon process.

• Platform: Classical wave mixing typically occurs in macroscopic nonlinear media,

such as bulk dielectric materials [77, 78, 79] or optical fiber [80, 81, 82], where

the response arises from the collective behavior of a large number of atoms or

molecules. In contrast, quantum wave mixing can occur in systems where indi-

vidual quantum system, such as (artificial) atoms [41, 83, 84, 85, 86] or quantum
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dots [87, 88], interact with quantized electromagnetic fields. These platforms allow

the study of quantum coherence, photon statistics, and few-photon interactions that

have no classical analog.

• Generated frequencies: If we draw an analogy between the classical nonlinear

susceptibility χ(l) and the lth-order term in the Dyson expansion, and assume that

the input consists of only two frequencies ωd1 and ωd2, both approaches predict

the generation of new frequency components formed by linear combinations of the

inputs.

– In the classical picture, the lth-order polarization term χ(l)El gives rise to out-

put frequencies

ωnew = n1ωd1 + n2ωd2, (B.0.1)

where n1, n2 ∈ Z and |n1| + |n2| = l. For example, at second order (χ(2)),

possible output frequencies include

2ωd1, 2ωd2, ωd1 ± ωd2, (B.0.2)

as well as their negative counterparts. At third order (χ(3)), the generated

frequencies include

3ωd1, 3ωd2, 2ωd1 ± ωd2, 2ωd2 ± ωd1, (B.0.3)

along with their negative counterparts.

– On the quantum side, the lth-order Dyson term represents a multi-photon pro-

cess involving l interactions between the atom and the field. The quantum

picture imposes two important constraints:

1. Dipole-forbidden transitions: In transmon, certain transitions between en-

ergy levels are forbidden by dipole selection rules, even if the energy
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(a) (b)

Figure B.1: (a) A transition from |m + 2⟩ → |m⟩ is forbidden due to the dipole selec-
tion rule, preventing the observation of second-harmonic or sum-frequency signals. (b) A
sequential two-photon process |m⟩ → |m + 1⟩ → |m⟩ leads to no net energy exchange,
resulting in a vanishing contribution to observables such as the emission spectrum.

difference matches that of a single photon. For example, a direct transi-

tion between non-adjacent levels (e.g., |m + 2⟩ → |m⟩) may be dipole-

forbidden. As a result, frequency components that would correspond to

such transitions—such as second-harmonic signals (2ωd1 and 2ωd2) and

sum-frequency signals (ωd1 + ωd2)—cannot appear in the spectrum, de-

spite being allowed in the classical picture (see Fig. B.1a).

2. Energy conservation and orthogonality: Some frequencies allowed in

classical wave mixing, such as ωd1 − ωd2, do not appear in the quantum

case because they violate energy conservation. For instance, a second-

order process where the atom interacts sequentially with ωd1 and ωd2 may

return it to the original state without net energy exchange. Such terms

vanish in observables, as the corresponding final state is orthogonal to

the initial state in the Dyson expansion (see Fig. B.1b).

A direct comparison of the generated frequencies up to the fifth order is summarized

in Table B.1.
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Order Classical Quantum
1st ωd1, ωd2 ωd1, ωd2

2nd 2ωd1, 2ωd2, ωd1 ± ωd2 –
3rd 3ωd1, 3ωd2, 2ωd1 ± ωd2, 2ωd1 − ωd2, 2ωd2 − ωd1

2ωd2 ± ωd1

4th 4ωd1, 4ωd2, 3ωd1 ± ωd2, –
3ωd2 ± ωd1, 2ωd1 ± 2ωd2

5th 5ωd1, 5ωd2, 4ωd1 ± ωd2, 3ωd1 − 2ωd2, 3ωd2 − 2ωd1

4ωd2 ± ωd1, 3ωd1 ± 2ωd2,
3ωd2 ± 2ωd1

Table B.1: Comparison between classical and quantum wave mixing frequencies gener-
ated by two coherent input fields at frequencies ωd1 and ωd2. The left column lists the clas-
sically allowed frequencies arising from nonlinear polarization, as obtained from standard
perturbative expansions in χ(n) (see Sect. 1.3.1). The right column shows the quantum
mixing frequencies derived from the coherent spectrum of anM -level cascade atomic sys-
tem interacting with the same input fields (see Sect. 3.3). In contrast to the classical case,
the quantum scenario is subject to additional constraints, resulting in fewer accessible fre-
quency components at each order.
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Appendix C

Examples for Applying the Formalism

in Sec. 1.4

C.1 Model: Multiple Transmons in a Semi-InfiniteWaveg-

uide

As an application of the master equation derived in Sec. 1.4, we consider a system of

transmon qubits coupled to a semi-infinite waveguide, as illustrated in Fig. C.1. This con-

figuration follows the setup studied in Ref. [2], except that we do not include the classical

driving field. The total Hamiltonian includes the system, bath, and interaction terms. The

Figure C.1: Schematic of a system consisting of N transmon qubits coupled to a semi-
infinite one-dimensional waveguide. The left end of the waveguide is terminated by a
large capacitor, effectively forming a mirror at x = 0. The qubits are placed at positions
x1, x2, . . . , xN along the waveguide. The figure is adapted from Ref. [2].
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system Hamiltonian is given by

HS = h̄

N∑
i=1

ωiσ
+
i σ

−
i , (C.1.1)

where ωi is the transition frequency of the i-th qubit, and σ±
i are the raising and lowering

operators of the i-th qubit. The bath Hamiltonian describing the waveguide photon modes

is

HB =

∫ ∞

0

dω h̄ω a†ωaω, (C.1.2)

where aω and a†ω are the annihilation and creation operators of the waveguide mode with

frequency ω. The interaction Hamiltonian is

Hint = ih̄
N∑
i=1

∫ ∞

0

dω g(ω) cos(kωxi)
(
aωσ

+
i − a†ωσ

−
i

)
, (C.1.3)

where kω = ω/v is the wavevector corresponding to frequency ω, and g(ω) is the coupling

strength between the qubit and the waveguide mode. The cos(kωxi) factor reflects the

standing wave pattern due to the mirror.

By comparing Eq. (C.1.3) with Eq. (1.4.15), we obtain the following identifications:

S
(S)

i− = σ−
i (C.1.4)

S
(S)

i+ = σ+
i (C.1.5)

B
(S)

i− = i

∫ ∞

0

dω gi(ω) cos(kωxi)a
†
ω (C.1.6)

B
(S)

i+ = i

∫ ∞

0

dω gi(ω) cos(kωxi)aω. (C.1.7)

Here, the summation over α (β) in Eq. (1.4.15) runs over the values

1−, 1+, 2−, 2+, . . . , N−, N+. (C.1.8)

Let us calculate Fαβ(ω), assuming that the bath is in the vacuum state. We first consider
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the case of Fi−,j−(ω):

Fi−,j−(ω) =

∫ ∞

0

ds eiωs⟨B(I)†
i− (s)B

(I)

j− (0)⟩

=

∫ ∞

0

ds

∫ ∞

0

dω′
∫ ∞

0

dω′′gi(ω
′)gj(ω

′′)

cos(kω′xi) cos(kω′′xj)e
−i(ω′−ω)⟨0|aω′a†ω′′ |0⟩

=

∫ ∞

0

ds

∫ ∞

0

dω′gi(ω
′)gj(ω

′) cos(kω′xi) cos(kω′xj)e
−i(ω′−ω)s

=

∫ ∞

0

dω′gi(ω
′)gj(ω

′)

cos(kω′xi) cos(kω′xj)
[
πδ(ω′ − ω)− iPV

( 1

ω′ − ω

)]
. (C.1.9)

According to Eq. (1.4.25), we can identify the real and imaginary parts as follows:

Γi−,j−(ω) =

∫ ∞

0

dω′gi(ω
′)gj(ω

′) cos(kω′xi) cos(kω′xj)πδ(ω
′ − ω)

= πgi(ω)gj(ω) cos(kωxi) cos(kωxj)

=
π

2
gi(ω)gj(ω)

[
cos
(
kω(xi + xj)

)
+ cos

(
kω(xi − xj)

)]
≡ Γij(ω) (C.1.10)

and

∆i−,j−(ω) = −PV
∫ ∞

0

dω′gi(ω
′)gj(ω

′)
cos(kω′xi) cos(kω′xj)

ω′ − ω

≈ −gi(ω)gj(ω)PV
∫ ∞

0

dω′ cos(kω′xi) cos(kω′xj)

ω′ − ω

=
π

2
gi(ω)gj(ω)

[
sin
(
kω(xi + xj)

)
+ sin

(
kω(xi − xj)

)]
≡ ∆ij(ω), (C.1.11)

where the approximation assumes that the coupling constants are flat around the transition

frequency.

For the other terms Γαβ(ω), such as Γi−,j+(ω), Γi+,j−(ω), and Γi+,j+(ω), the corre-

sponding expectation values involve terms like ⟨0|aa|0⟩, ⟨0|a†a†|0⟩, and ⟨0|a†a|0⟩, all of
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which vanish in the vacuum state. Therefore, in the system considered here, the Lamb

shift superoperator given by Eq. (1.4.29) reduces to

LL [ρ(t)] = i
∑
i,j

[(
∆ij(ωj)−∆ji(ωi)

)
σ−
j ρ(t)σ

+
i

−∆ij(ωj)σ
+
i σ

−
j ρ(t) + ∆ji(ωi)ρ(t)σ

+
i σ

−
j

]
, (C.1.12)

where α and β each run over the values defined in Eq. (C.1.8), but only the terms with

(α, β) = (i−, j−) contribute. As the atoms are two-level systems, ω and ω′ need not

be summed over, but are fixed by their respective transition frequencies. For clarity, we

have dropped the superscript (S) and the subscript S on the density matrix ρ
(S)
S (t) in the

expression. For the dissipation superoperator, Eq. (1.4.30) takes the form:

LD [ρ(t)] =
∑
i,j

[(
Γij(ωj) + Γji(ωi)

)
σ−
j ρ(t)σ

+
i

−Γij(ωj)σ
−
i σ

+
j ρ(t)− Γji(ωi)ρ(t)σ

+
i σ

−
j

]
. (C.1.13)

Together with Eqs. (1.4.28), (C.1.1), (C.1.12), and (C.1.13), we obtain the (Redfield)

master equation for this system.

C.2 Pure Dephasing

The contribution of pure dephasing to the master equation can also be derived using the

formalism introduced in Sec. 1.4. In what follows, we illustrate how pure dephasing arises

from environmental fluctuations in superconducting circuits.

Environmental fluctuations in electrical circuits lead not only to energy relaxation but

also to the so-called pure dephasing, both of which influence quantum coherence. While

energy relaxation results in population decay, pure dephasing disrupts phase coherence

without affecting populations. These fluctuations, originating from charge noise, flux

noise, and TLS defects, cause random shifts in transition frequencies. Tomodel this effect,

consider a M -level system, the fluctuations in energy levels can be incorporated into the
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Hamiltonian as [89, 90]:

HS +H (fluc)
int (t) = h̄

M−1∑
m=1

(
ωm + δωm(t)

)
σmm, (C.2.1)

where ωm is the frequency of themth level, and δωm(t) is its fluctuation. By Eq. (1.4.15),

we identify:

S(S)
m = σmm, (C.2.2)

B(S)
m (t) = δωm(t)IB. (C.2.3)

Here, we explicitly include the identity operator on the bath Hilbert space to avoid any

confusion. One might wonder why we do not instead assign S
(S)
m (t) = δωm(t)σmm and

B
(S)
m = IB. This is because we consistently collect all time-dependent factors into the bath

operator, as shown in the decomposition of the interaction Hamiltonian in Eq. (1.4.22)

during the derivation process.

According to Eq. (1.4.24)The factor Fmn(ω) now evaluated as

Fmn(ω; t) =

∫ ∞

0

ds eiωsδωm(t) δωn(t− s)⟨IB⟩

=

∫ ∞

0

ds eiωsδωm(t) δωn(t− s). (C.2.4)

To account for the statistical nature of the frequency fluctuations, we define the averaged

quantity [91]

F ϕ
mn(ω) ≡ 2⟨⟨Fmn(ω; t)⟩⟩ = 2

∫ ∞

0

ds eiωs⟨⟨δωm(t) δωn(t− s)⟩⟩, (C.2.5)

where the double brackets ⟨⟨·⟩⟩ denote an average over all possible realizations of noise.

Under the assumption that the noise is stationary (i.e., its statistical properties do not

change with time), the autocorrelation depends only on the time difference s, and we may
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rewrite the above as

F ϕ
mn(ω) = 2

∫ ∞

0

ds eiωs⟨⟨δωm(s) δωn(0)⟩⟩, (C.2.6)

which is independent of the absolute time t. The evolution of the system’s density matrix

is given by

dρ(t)

dt
= − i

h̄
[HS, ρ(t)] + Lϕ [ρ(t)] , (C.2.7)

where, for clarity, we again omit the superscript and subscript on the densitymatrix ρ(S)S (t).

The pure dephasing superoperator is

Lϕ [ρ(t)] =
∑
m,n

F ϕ
mn(0)

2
{σnnρ(t)σmm − σmmσnnρ(t)}+ h.c.

=
∑
m,n

F ϕ
mn(0)

2

{
[σmmρ(t), σnn] + [σnn, ρ(t)σmm]

}
. (C.2.8)

Note that both ω and ω′ take the value zero because σmm do not induce transitions between

energy levels. As a result, we always have ω = 0 in the definition of F ϕ
mn(ω), making it a

real quantity that we refer to as the pure dephasing rate. Now, if the frequency fluctuations

satisfy the relation

δωm(t) = mδω1(t), (C.2.9)

where δω1(t) is the fluctuation of the transition frequency between the ground and first

excited states, then the dephasing superoperator simplifies to

Lϕ [ρ(t)] =
∑
m,n

mnγϕ

2

{
[σmmρ(t), σnn] + [σnn, ρ(t)σmm]

}
, (C.2.10)

where γϕ ≡ F ϕ
11(0) denotes the pure dephasing rate associated with the |0⟩ ↔ |1⟩ transi-

tion.
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Appendix D

Quantum Regression Theorem

The quantum regression theorem (QRT) provides a method for calculating two-time cor-

relation functions in open quantum systems [92, 93]. It extends the dynamics governed

by the master equation, originally derived for the single-time evolution of the system’s

density matrix, to compute two-time correlations such as ⟨A(t + τ)B(t)⟩, where both A

and B are system operators.

Let us begin by calculating the single-time expectation value of an operator A:

⟨A(t)⟩ = Tr[A(t)ρtot], (D.0.1)

where ρtot is the total (system + bath) density matrix. We now switch to the Schrodinger

picture, where the operator evolves according to A(t) = U †(t, 0)AU(t, 0), with U(t, 0)

being the time-evolution operator from time 0 to t. Therefore,

⟨A(t)⟩ = Tr[A(t)ρtot]

= Tr[U †(t, 0)AU(t, 0)ρtot]

= Tr[AU(t, 0)ρtotU
†(t, 0)]

= Tr[Aρtot(t)]

= TrS[Aρ(t)], (D.0.2)

where ρ(t) is the system density matrix, obtained by tracing out the bath degrees of free-

77



doi:10.6342/NTU202503909

dom:

ρ(t) = TrB[ρtot(t)] = TrB[U(t, 0)ρtotU
†(t, 0)]. (D.0.3)

The system density matrix ρ(t) evolves according to the master equation:

dρ(t)

dt
= L(t)ρ(t), (D.0.4)

where L(t) is the Liouvillian superoperator [67] that governs the open-system dynamics.

Once ρ(t) is obtained from this equation, the single-time expectation value ⟨A(t)⟩ can be

directly computed.

Now consider the two-time correlation function ⟨A(t+ τ)B(t)⟩, where A(t) andB(t)

are arbitrary system operators in the Heisenberg picture:

⟨A(t+ τ)B(t)⟩ = Tr[A(t+ τ)B(t)ρtot]

= Tr[U †(t+ τ, 0)AU(t+ τ, 0)U †(t, 0)BU(t, 0)ρtot]

= Tr[U †(t+ τ, 0)AU(t+ τ, t)BU(t, 0)ρtot]

= Tr[U †(t, 0)U †(t+ τ, t)AU(t+ τ, t)BU(t, 0)ρtot]

= Tr[U †(t+ τ, t)AU(t+ τ, t)BU(t, 0)ρtotU
†(t, 0)]

= Tr[U †(t+ τ, t)AU(t+ τ, t)Bρtot(t)]

= Tr[AU(t+ τ, t)Bρtot(t)U
†(t+ τ, t)]

≡ TrS[AΛ(t+ τ, t)], (D.0.5)

where we have used the following properties of the time-evolution operator:

U(t1, t0) = U(t1, t2)U(t2, t0) (associativity), (D.0.6)

U †(t0, t1) = U(t1, t0) (time reversal). (D.0.7)

78



doi:10.6342/NTU202503909

The operator Λ(t+ τ, t), known as the two-time operator, is defined as

Λ(t+ τ, t) ≡ TrR[U(t+ τ, t)Bρtot(t)U
†(t+ τ, t)]. (D.0.8)

By comparing Eqs. (D.0.3) and (D.0.8), we find that the two-time operator Λ(t+ τ, t)

evolves under the same master equation as the system density matrix:

dΛ(t+ τ, t)

dτ
= L(τ)Λ(t+ τ, t), (D.0.9)

with the initial condition

Λ(t, t) = TrB[U(t, t)BρSR(t)U
†(t, t)]

= TrB[Bρtot(t)]

= Bρ(t) (D.0.10)

In summary, the quantum regression theorem shows that both the single-time density ma-

trix ρ(t) and the two-time operator Λ(t+ τ, t) obey the same master equation. This result

allows us to compute two-time correlation functions using the same dynamical tools de-

veloped for single-time observables.
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Appendix E

Numerical Method: Vectorization of

Master Equation

In many problems of quantum optics and open quantum systems, we encounter theMarko-

vian master equation of the form:

dρ(t)

dt
= L(t)[ρ(t)], (E.0.1)

whereL(t) [· · · ] denotes a (possibly time-dependent) superoperator that encapsulates both

unitary evolution and bath-induced effects. A typical example is the Redfield equation,

which is given in Eq. (1.4.28). We note that every term appearing on the right-hand side

of the Redfield equation can be expressed in the form

AρB, (E.0.2)

where A and B are operators. For instance, it contains terms such as

Sβ,ωρS
†
α,ω′ , (E.0.3)

which clearly fit the AρB structure with A = Sβ,ω and B = S†
α,ω′ , or
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S†
α,ω′Sβ,ωρ, (E.0.4)

which fits the same structure with A = S†
α,ω′Sβ,ω and B = I .

To solve such equations numerically, it is convenient to vectorize the density matrix

and rewrite the operator evolution inmatrix form. Vectorization is a standard linear algebra

technique where an n× n operator (e.g., the density matrix ρ) is flattened into an n2 × 1

column vector, denoted by ρc = vec(ρ). Under this transformation, operator expressions

such as AρB can be rewritten using the Kronecker product identity [94]:

AρB = (BT ⊗ A) ρc, (E.0.5)

where ⊗ denotes the Kronecker product. Explicitly, if the original matrix ρ is written as

ρ =



ρ11 ρ12 · · · ρ1n

ρ21 ρ22 · · · ρ2n
... ... . . . ...

ρn1 ρn2 · · · ρnn


, then ρc =



ρ11

ρ21
...

ρn1

ρ12
...

ρnn



.

This allows the master equation, Eq. (E.0.1), to be cast as a matrix differential equation:

dρc
dt

= LM(t) ρc, (E.0.6)

where LM(t) is now understood as a n2 × n2 matrix acting on the vectorized state ρc.

Once vectorized, the operator evolution problem reduces to the standard numerical

integration of a system of first-order ordinary differential equations (ODEs). The formal
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solution depends on how LM(t) varies with time. We distinguish three typical cases:

1. Time-independent

When LM(t)=LM is constant in time, the equation becomes:

dρc
dt

= LMρc, (E.0.7)

whose solution is simply

ρc(t) = eLM tρc(0). (E.0.8)

An important advantage is that, numerically, one can bypass step-by-step time in-

tegration and directly evaluate the solution at any desired time using the matrix

exponential.

2. Time-dependent and mutually commuting

If LM(t) depends on time but satisfies [LM(t1),LM(t2)] = 0 for all t1, t2, the solu-

tion can be written as:

ρc(t) = exp
(∫ t

0

LM(s) ds

)
ρc(0). (E.0.9)

In this case, we first compute the time integral of LM(s), and then take the matrix

exponential of the result.

3. Time-dependent and non-commuting

In the most general case, where LM(t) does not commute at different times, the

solution must be written as a time-ordered exponential:

ρc(t) = T exp
(∫ t

0

LM(s) ds

)
ρc(0). (E.0.10)

Here T denotes the time-ordering operator, which ensures that the matrix exponen-

tiation accounts for the non-commuting property of LM(t) at different times.
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Appendix F

Tranforming the Master Equation to a

Rotating Frame

In the laboratory frame, master equations often contain explicitly time-dependent oscil-

latory terms, which significantly complicates both analytical and numerical treatment of

the system dynamics. It is often useful to transform the system’s dynamics into a rotating

frame. This is done to eliminate fast oscillations or time dependencies in the Hamilto-

nian or dissipator, thereby simplifying the structure of the master equation. The rotating

frame transformation is performed via a time-dependent unitary operator U(t), such that

the density matrix in the rotating frame is given by:

ρ̃(t) = U(t)ρ(t)U †(t). (F.0.1)

Throughout this section, we adopt the convention that quantities with a tilde (e.g., ρ̃(t) or

H̃(t)) refer to the rotating frame, while those without a tilde are defined in the laboratory

frame. Taking time derivative to Eq. (F.0.1) leads:

dρ̃(t)

dt
=

(
dU(t)

dt

)
ρ(t)U †(t)+U(t)ρ(t)

(
dU †(t)

dt

)
+U(t)

(
dρ(t)

dt

)
U †(t). (F.0.2)
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Inserting the identity I = U †U = UU † into the first two terms allows us to rewrite them

as:

dU(t)

dt
ρ(t)U †(t) + U(t)ρ(t)

dU †(t)

dt
=

dU(t)

dt
U †(t)ρ̃(t) + ρ̃(t)U(t)

dU †(t)

dt

= −U(t)
dU †(t)

dt
ρ̃(t) + ρ̃(t)U(t)

dU †(t)

dt

= −
[
U(t)

dU †(t)

dt
, ρ̃(t)

]
,

(F.0.3)

where we have used the identity dU
dt
U † + U dU†

dt
= 0, which follows from the unitarity of

U .

0 =
d

dt

(
U(t)U †(t)

)
=

dU(t)

dt
U †(t) + U(t)

dU †(t)

dt
. (F.0.4)

We now turn to the third term, which involves the time derivative of the density ma-

trix in the laboratory frame. Assuming the density matrix satisfies the Redfield master

equation in the laboratory frame, Eq. (1.4.28):

dρ(t)

dt
= − i

h̄
[H(t), ρ(t)] + LL [ρ(t)] + LD [ρ(t)] , (F.0.5)

the third term in Eq. (F.0.2) becomes:

U(t)
dρ(t)

dt
U †(t) = − i

h̄
U(t) [H(t), ρ(t)]U †(t) + U(t)LL [ρ(t)]U

†(t) + U(t)LD [ρ(t)]U †(t)

≡ − i

h̄

[
U(t)H(t)U †(t), ρ̃(t)

]
+ L̃L [ρ̃(t)] + L̃D [ρ̃(t)] .

(F.0.6)

Here,H(t) is understood to include both the free and driving terms in the laboratory frame,

and is therefore time-dependent. The transformed superoperators are defined as:

86



doi:10.6342/NTU202503909

L̃L [ρ̃(t)] ≡ U(t) (LL [ρ(t)])U
†(t), (F.0.7)

L̃D [ρ̃(t)] ≡ U(t) (LD [ρ(t)])U †(t). (F.0.8)

Substituting Eq. (F.0.3) and Eq. (F.0.6) into Eq. (F.0.2), we arrive at the Redfield master

equation in the rotating frame:

dρ̃(t)

dt
= − i

h̄

[
H̃(t), ρ̃(t)

]
+ L̃L [ρ̃(t)] + L̃D [ρ̃(t)] , (F.0.9)

with the effective Hamiltonian in the rotating frame defined as:

H̃(t) = U(t)H(t)U †(t)− ih̄U(t)
dU †(t)

dt
. (F.0.10)

F.1 Example: Application to theMain-TextMaster Equa-

tion

Wenow apply a rotating-frame transformation to themain-textmaster equation, Eq. (2.1.15),

moving into a frame rotating at frequency ωs as an example. Comparing Eq. (2.1.15) with

Eq. (F.0.5), the Hamiltonian in the laboratory frame is given by

H(t) =
M−1∑
m=0

h̄ωmσmm

+
M−1∑
m=0

h̄

√
mΩ1

2

(
σm,m−1e

−iωd1t + σm−1,me
iωd1t

)
+

M−1∑
m=0

h̄

√
mΩ2

2

(
σm,m−1e

−iωd2t + σm−1,me
iωd2t

)
.

(F.1.1)
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Moreover, there is no Lamb shift contribution (i.e., LL [ρ(t)] = 0), and the dissipation

term is

LD [ρ(t)] =
M−1∑
m,n=1

√
mnγm,m−1

2
([σm−1,mρ, σn,n−1] + [σn−1,n, ρσm,m−1])

+
M−1∑
m,n=1

mnγϕ

2
([σmmρ, σnn] + [σnn, ρσmm]) .

(F.1.2)

To perform the transformation, we define the rotating-frame unitary operator as

U(t) = exp

(
−i

M−1∑
m=0

mωstσmm

)
=

M−1∑
m=0

e−imωstσmm. (F.1.3)

The first term in Eq. (F.0.10) becomes

U(t)H(t)U †(t) =
M−1∑
m=0

h̄ωmσmm

+
M−1∑
m=0

h̄

√
mΩ1

2

(
σm,m−1e

−i(ωd1−ωs)t + σm−1,me
i(ωd1−ωs)t

)
+

M−1∑
m=0

h̄

√
mΩ2

2

(
σm,m−1e

−i(ωd2−ωs)t + σm−1,me
i(ωd2−ωs)t

)
.

(F.1.4)

The second term of Eq. (F.0.10), is evaluated as

ih̄U(t)
dU †(t)

dt
= −

M−1∑
m=0

h̄mωsσmm. (F.1.5)

Therefore, the effective Hamiltonian in the rotating frame reads
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H̃(t) =
M−1∑
m=0

h̄ (ωm −mωs) σmm

+
M−1∑
m=0

h̄

√
mΩ1

2

(
σm,m−1e

−i(ωd1−ωs)t + σm−1,me
i(ωd1−ωs)t

)
+

M−1∑
m=0

h̄

√
mΩ2

2

(
σm,m−1e

−i(ωd2−ωs)t + σm−1,me
i(ωd2−ωs)t

)
.

(F.1.6)

For the dissipation term, we apply the transformation in Eq. (F.0.8), using the identity

U(t)σmnU
†(t) = e−i(m−n)ωstσmn. (F.1.7)

Notably, in each commutator, the phase factor introduced by one operator is exactly can-

celed by its counterpart. As a result, the form of the dissipation term remains unchanged

in the rotating frame:

L̃D [ρ̃(t)] = LD [ρ(t)] . (F.1.8)

So, together with Eq. (F.0.9), (F.1.6), (F.1.8) and (F.1.2), we obtain the main-text master

equation in the rotating frame with respect to frequency ωs:

89



doi:10.6342/NTU202503909

dρ̃

dt
= i

M−1∑
m=0

(mωs − ωm) [σmm, ρ̃]

+ i

M−1∑
m=1

√
mΩ1

2

[
σm,m−1e

−i(ωd1−ωs)t + σm−1,me
i(ωd1−ωs)t, ρ̃

]
+ i

M−1∑
m=1

√
mΩ2

2

[
σm,m−1e

−i(ωd2−ωs)t + σm−1,me
i(ωd2−ωs)t, ρ̃

]
+

M−1∑
m,n=1

√
mnγm,m−1

2
([σm−1,mρ̃, σn,n−1] + [σn−1,n, ρ̃σm,m−1])

+
M−1∑
m,n=1

mnγϕ

2
([σmmρ̃, σnn] + [σnn, ρ̃σmm]) .

(F.1.9)
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Appendix G

Fitting Formula for Experimental

Spectra

In the experiment, the signal is measured using a pump-on and pump-off method [95], and

the results are presented as the power ratio in decibels (dB). To relate these measurements

with theoretical quantities, we first express the measured power difference x in dB

x = 10 log10
(
Pon

Poff

)
, (G.0.1)

where Pon and Poff are the measured powers with the pump and without the pump (back-

ground noise), respectively. Since the total measured power includes both the background

and pump-induced signal, we write Pon = Poff + Psignal, leading to

Pon

Poff
= 1 +

Psignal

Poff
, (G.0.2)

with Psignal denoting the signal power induced by the bichromatic drive.

To connect this experimental signal with theory, we assume that Psignal is proportional

to the theoretical emission spectrum. The total theoretical spectrum consists of incoher-

ent and coherent parts, S(ω) = S̄co(ω) + Sinco(ω), which leads to the following fitting
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function:

F (ω) = 10log
(
1 +

[
S̄co(ω) + Sinco(ω)

] ∆ωRBW

Poff

)
, (G.0.3)

where ∆ωRBW = 910 kHz is the resolution bandwidth determined by the spectrum ana-

lyzer, and Poff is treated as a fitting parameter.
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Appendix H

Summary of Fitting Parameters for

Theoretical Models

This appendix provides the fitted parameters used in the theoretical spectra presented in

Chapter 3.
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Table H.1: Fitted peak widths (MHz) of sidebands in Fig. 3.3. Each entry represents
the fitted linewidth of a sideband peak labeled by index p, evaluated at a specific input
power P1. The parameters used are ωd1/2π = 4.82GHz, ωd2/2π = 4.825GHz, and
P2 = −1 dBm. Also shown are the fitted scaling factors η1, η2 for the two drives, and the
background noise offset power Poff.
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Table H.2: Fitted peak widths (MHz) of sidebands in Fig. 3.6. Each entry represents the
fitted linewidth of a sideband peak labeled by index p, evaluated at a specific detuning
∆/2π. The parameters used are ωd1/d2/2π = 4.82GHz ±∆/2π and P1 = P2 = 2 dBm.
Also shown are the fitted scaling factors η1, η2 for the two drives, and the background
noise offset power Poff.
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