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摘要

不可壓縮 Navier-Stokes方程是否能夠從平滑的初始數據展現出有限時間奇異

行為，是非線性偏微分方程中的一個具有挑戰性的問題之一。本文提出了一些

數值證據，針對 Thomas Y. Hou使用的平滑初始數據的軸對稱 Navier-Stokes方程

進行數值模擬，得到其可能在原點發展出潛在的奇異行為。我們的方法遵循了

Berger和 Kohn的結果，這套方法是基於方程的尺度不變性。與 Thomas Y. Hou的

情況不同，我們固定黏性項進行數值模擬，並且最後呈現不同的結果。由於這種

基於方程自身性質的方法，它可以在迭代過程中保持結構。

關鍵字：網格細化方法、尺度不變性、軸對稱 Navier-Stokes方程、潛在爆破
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Abstract

Whether the 3D incompressible Navier-Stokes equation can exhibit finite-time sin-

gularity from smooth initial data is one of the challenging problems in nonlinear PDEs. In

this paper, we present numerical evidence that the axisymmetric Navier-Stokes equations,

with Thomas Y. Hou’s smooth initial data, can develop potential singular behavior at the

origin. Our method follows the approach of Berger and Kohn’s study, which is based on

the scaling invariance of the equation. Different from Thomas Y. Hou’s situation, we

fix the viscosity and then obtain some different results. Due to the method’s reliance on

the self-similarity properties of the equation, it can preserve the structure throughout the

iteration process.

Keywords: refinemenft method, scaling invariance, axisymmetry Navier-Stokes equa-

tions, potentially blow-up
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Chapter 1 Introduction

In the realm of fluid dynamics, the three-dimensional (3D) incompressible Navier-

Stokes equations serve as the foundational mathematical framework dictating the behavior

of viscous, incompressible fluid movements. Stemming from fundamental physical prin-

ciples and predicated on a linear correlation between stress and the rate of strain within the

fluid, their relevance to practical scenarios remains uncontested [13]. For example, they

have been used to model ocean currents, weather patterns, and other fluid-related phenom-

ena. The question about the global regularity of the 3D Navier-Stokes equations, given

that the initial data is smooth and of finite energy, is one of the most important and famous

fundamental questions in nonlinear partial differential equations. Moreover, among the

seven Millennium Problems posted by the Clay Mathematics Institute, the Navier-Stokes

equation is one of them [6]. The main difficulty in this problem is that the nonlinearity

due to vortex stretching is super-critical.

In this paper, we focus on the 3D incompressible axisymmetric Navier-Stokes equa-

tions and present numerical evidence that they seem to evolve potentially singular solu-

tions at the origin with a smooth initial data of finite energy. Specifically, we observe

that the maximum value increases and the maximum location moves toward the origin

over time. However, in such blow-up problems, we should implement an adaptive mesh

method to describe the location of the singularity in more detail. Our method is a re-

1
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finement based on Berger and Kohn’s results [2], with some adjustments. In the refining

process, the key point comes from the scaling invariance of the equations. We only refine

the region of interest.

In this paper, the problem’s conditions are the same as in Hou’s result [11]. Under

a periodic cylindrical domain, we numerically solve the 3D axisymmetric Navier-Stokes

equations. For the boundary condition, we impose a no-slip no-flow condition at r = 1.

On the other hand, we use a periodic boundary condition along the z−axis with period 1.

Suppose that uθ , ωθ, and ψθ be the angular components of the velocity, the vorticity, and

the vector stream function, respectively. In [12], Hou and Li established the following

variables from the uθ, ωθ, and ψθ:

ũ =
uθ
r
, ω̃ =

ωθ

r
, ψ̃ =

ψθ

r
,

and, moreover, converted the 3D incompressible Navier-Stokes equations into the follow-

ing form:


ũt + urũr + uzũz = 2ũψ̃z + ν

(
ũrr +

3
r
ũr + ũzz

)
,

ω̃t + urω̃r + uzω̃z = 2ũũz + ν
(
ω̃rr +

3
r
ω̃r + ω̃zz

)
,

−
(
∂rr +

3
r
∂r + ∂zz

)
ψ̃ = ω̃,

(1)

where ur = −rψ̃z, uz = 2ψ̃+rψ̃r, and ν is a constant viscosity. If we directly simulate (1)

and plot the results using only finite difference methods, it seems to develop potentially

singular solutions at the origin. The initial data we used is the same as in Hou’s study:

ũ0 (z, r) = g (r)h (z) , ω̃0 (z, r) = 0,

2
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where

h (z) = sin(2πz)
1+12.5(sin(πz))2 ,

g (r) = 12000 (1− r2)
18
.

In Fig.1.2, we present the smooth initial data of finite energy along with the results after

a short time. Additionally, in Figs.1.4, we plot the maximum locations of ũ and ω̃ after a

short period. It appears that they may develop potentially singular solutions at the origin.

((a)) After solving once, the profiles of ũ and ω̃.

((b)) At a short time, the profiles of ũ and ω̃

Figure 1.2: The evolution of profiles of ũ and ω̃ with initial data ũ0 (z, r) =
g (r)h (z) , ω̃0 (z, r) = 0

We employ a second-order finite difference method to discretize the spatial deriva-

3
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((a)) In first case, maximum locations r (left) , z (right) of ũ w.r.t the numbers of
solving equations of the first case.

((b)) In first case, maximum locations r (left) , z (right) of ω̃ w.r.t the numbers of
solving equations of the first case.

Figure 1.4: In the computing process, we record the maximum locations of ũ, ω̃ and plot
z, r separately corresponding to time. The left-hand side (LHS) pertains to the result of ũ,
while the right-hand side (RHS) pertains to the result of ω̃.

4
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tives and a first-order forward method for time discretization. An adaptive time-step size

is utilized based on the standard stability constraint for time-stepping. Eventually, after

several refinement steps, the smallest time-step size reaches orders of O (10−13). The

overall method achieves second-order accuracy.

5
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Chapter 2 Preliminaries

In this section, we introduce the 3D axisymmetric incompressible Navier-Stokes

equations along with the boundary conditions, which constitute the main focus of this

paper. First, we define some related variables. Let u (x, y, z) ∈ R3 represent the velocity

field, and define ω = ∇× u as the 3D vorticity vector. To establish the 3D axisymmetric

Navier-Stokes equations, we decompose the radially symmetric velocity field as follows:

u (t, z, r) = ur (t, z, r) er + uθ (t, z, r) eθ + uz (t, z, r) ez,

where er, eθ, ez are unit vectors in cylindrical coordinates and defined by

er =
1

r
(x, y, 0)T , eθ =

1

r
(−y, x, 0)T , ez = (0, 0, 1)T .

Due to this definition, we can express the vorticity in cylindrical coordinates as follows:

ω (t, z, r) = −
(
uθ (t, z, r)

)
z
er + ωθ (t, z, r) eθ +

1

r

(
ruθ (t, z, r)

)
r
ez.

Let ψ be the stream function, where ψθ be the angular part. Through a change of variables,

we define:

ũ =
uθ

r
, ω̃ =

ωθ

r
, ψ̃ =

ψθ

r
,

7
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Hou and Li in [12] derived the following equivalent axisymmetric Navier-Stokes equa-

tions: 

ũt + urũr + uzũz = 2ũψ̃z + ν
(
ũrr +

3
r
ũr + ũzz

)
,

ω̃t + urω̃r + uzω̃z = 2ũũz + ν
(
ω̃rr +

3
r
ω̃r + ω̃zz

)
,

−
(
∂rr +

3
r
∂r + ∂zz

)
ψ̃ = ω̃,

ur = −rψ̃z, u
z = 2ψ̃ + rψ̃r

(2)

One of the benefits of this revised form is that it has eliminated the singularity 1
r
from the

cylindrical coordinates.

Next, we set the initial conditions. Our smooth initial condition is the same as in

Hou’s study, which is given below:

ũ0 (z, r) = g (r)h (z) , ω̃0 (z, r) = 0,

where

h (z) = sin(2πz)
1+12.5(sin(πz))2 ,

g (r) = 12000 (1− r2)
18
.

The main feature of this case is that the initial maximum location is at r = 0. Therefore,

in the 3D dynamics, it initially moves away from r = 0 and then moves toward the origin.

Upon observing the initial profile, its mass is concentrated near the origin. Moreover, the

flow is initially entirely driven by a large swirl. The other two velocity components are

initially set to zero. If we examine whether the solution exhibits blow-up behavior in the

very early stages, these initial data do not seem to lead to potentially singular behavior.

In particular, the maximum of ũ actually decreases in the initial stages. However, after a

short time, the profiles dynamically evolve beneficial structures, and we observe a strong

nonlinear alignment of vortex stretching. Beyond this initial stage, we observe that the

8
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maximum vorticity rapidly increases throughout the computation.

Last but not least, following Hou’s result, we impose similar boundary conditions.

We apply a periodic boundary condition in the z−axis with period 1 and the odd symmetry.

Given that uθ, ωθ, ψθ are odd functions of r, ũ, ω̃, ψ̃ are even functions. Thus, we impose

the following conditions at the r = 0:

ũr (t, z, 0) = ω̃r (t, z, 0) = ψ̃r (t, z, 0) = 0.

On the solid boundary at r = 1, we enforce a no-slip no-flow boundary condition. Specif-

ically, the no-flow boundary condition is given by

ψ̃ (t, z, 1) = 0,

and the no-slip boundary condition is given by uθ (t, 1, z) = uz (t, 1, z) = 0 for all z.

From equations (2.1d) and (2.4), this can further imply ψ̃r (t, 1, z) = 0. Therefore, under

these new variables ũ, ω̃, ψ̃ the no-slip boundary condition translates to:

ũ (t, z, 1) = 0, ω̃ (t, z, 1) = −ψ̃rr (t, z, 1) .

Moreover, through discretizing ω̃ (t, z, 1) = −ψ̃rr (t, z, 1) and imposing ψ̃r (t, 1, z) =

0, we enforce the no-slip boundary condition for ω̃ as a vorticity boundary condition.

Lastly, choosing a suitable simulation domain involves considering the periodicity and

odd symmetry of the solution. Therefore, we only need to consider equations (2.1) in the

half-period domain:

D = {(z, r) : 0 ≤ r ≤ 1, 0 ≤ z ≤ 0.5} ,

9
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Furthermore, ur and uz satisfy the following conditions

ur = −rψ̃z = 0 on r = 0, 1 and uz = 2ψ̃ + rψ̃r = 0 on z = 0, 1/2.

Thus, under these conditions, we can envision the boundaries of D acting like ’solid bar-

riers’ or ’impermeable boundaries’.

To numerically capture potential singularity profiles of the equations (2), we employ

a numerical method inspired by Burger and Kohn’s result [2]. In the next section, we

delve into this numerical process in greater detail. This method can indeed be general-

ized for other equations exhibiting scaling invariance. Additionally, we explore various

applications of this method in the subsequent section.

10
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Chapter 3 A Refinement Method

In addressing the numerical challenge of blow-up problems, there are two main types

of commonly used mesh adaptation techniques. One approach, akin to the Berger-Kohn

algorithm [2], involves mesh refinement. Here, grid points are added as the mesh size de-

creases, aligning with the principle of rescaled invariance. In contrast, the other approach

involves mesh movement [3, 5]. This method adjusts a fixed number of grid points to con-

centrate finer mesh sizes near potential blow-up points. In our focus on mesh refinement

in this paper, different refinement processes are explored. For instance, in [1, 9], adaptive

time step generation is guided by L2−norm or L∞−norm,considerations, respectively.

Alternatively, in [4], a time-adaptive mesh is determined using a posteriori error estima-

tion.

Unlike the aforementioned approaches, our adaptive time-step method is directly de-

rived from the rescaled invariance described in the Berger-Kohn algorithm [2]. While the

previous results primarily concentrate on refining the temporal mesh, we also incorporate

a space-adaptive mesh approach based on scaling invariance. Despite the computational

challenges posed by increasing values of u, this method enables a more detailed and spe-

cific characterization of the solution profile.

11
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3.1 Refinement Process in One Dimension

In this section, we delve into the refinement process in greater detail. The fundamen-

tal concept is rooted in the scaling invariance of (2), akin to the Berger-Kohn algorithm

[2]. The refinement method is crucial as it provides a meaningful approach to determining

adaptively-defined temporal mesh sizes. By leveraging scaling invariance, this method

preserves the underlying structure.

Asmentioned earlier, the foundation of our method relies on the following observation:

if ũ (t, z, r), ω̃ (t, z, r), ψ̃ (t, z, r) are the solutions to (2), then so are


ũλ (s, k, l) = λ2ũ (λ2s, λk, λl) ,

ω̃λ (s, k, l) = λ3ω̃ (λ2s, λk, λl) ,

ψ̃λ (s, k, l) = λψ̃ (λ2s, λk, λl) ,

(3)

for any λ > 0 with t = λ2s, z = λk, r = λl. This formula can be verified by substituting

(3) into (2) directly.

Following the Burger-Kohn algorithm, we control the rescaled solutions ũλ, ω̃λ, ψ̃λ

by factors of λ2, λ3, λ, respectively. This means choosing a small λ when ũ, ω̃, ψ̃ have

large values. Subsequently, we adjust the coefficients λ2, λ, λ corresponding to t, z, r

to refine the spatial and temporal mesh sizes, respectively. This refinement process is cru-

cial. Specifically, among the three equations in (3), we focus on refining the mesh based

on ω̃. The scaling parameter for ω̃ is theoretically the largest, allowing it to span a broader

range during growth. Consequently, fewer iterations are needed to reach higher values, as

will be discussed later. However, due to rapid initial growth, numerical control measures

are necessary. Conversely, ũ initially exhibits a decreasing trend.

12
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Next, we introduce the refinement method based on ω̃ to generate a newmesh. For con-

venience, we consider a one-dimensional spatial domain, taking ω̃λ (s, k) = λ3ω̃ (λ2s, λk)

as an example. For the two-dimensional case, the same process is applied to the second

axis. After refining the mesh based on ω̃, we will redefine ũ and ψ̃ on this new mesh.

This method has an iterative structure, so in k-iterations, there are k different mesh sizes

and rescaled solution data ω̃k corresponding to the rescaling parameters p = λ, λ2, . . . , λk,

where λ is fixed initially. To avoid excessively high computational costs, we only refine

the region near the mass center. Specifically, the region where ω̃k exceeds a certain thresh-

old will be refined. Therefore, besides λ, other parameters must be set. In conclusion, we

need to set the following parameters:

λ = the scaling parameter and λ < 1

M0 = the initial threshold before first refinement

In general, we should set suitable conditions for the region we want to refine. Following

Berger and Kohn [2], we primarily refine the region where {αM ≤ ω̃ ≤M} for some

initially fixed positive α < 1 due to the increasing value in blow-up problems. For the

3D axisymmetric Navier-Stokes equations, we use the same setting for refinement. To

meaningfully determine the criterion, we define M0 based on the initial data ω̃0. due to

the initial condition ω̃ = 0, we set this threshold by solving for ω̃ once or twice to obtain

the value. For convenience, we use ω̃0 to represent

M0 = λa ||ω̃0||L∞ , (4)

13
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for some a > 0. For the convenience of the discussion, we define the following symbols:

ω̃kentire : the entire solution with k different mesh size

ω̃k : the k-th rescaled solution

Zkentire : the entire grid points of z with k different mesh size

Zk : the k-th refined grid points of z

Mk : the k-th maximum value before refinement.

dk : the k-th spatial mesh size

dtk : the k-th temporal mesh size.

Note that k = 0 means that we have not done any refinement in the process.

At the first, we directly update the solution from the initial data using the Euler finite

difference scheme. However, we need to ensure that dt0 is sufficiently small. In most

cases, the blowup time T is quite small. As we start updating the solution data, after some

time steps, we will encounter:

||ω̃ (t0m , ·, ·)||L∞ > M0

where tnm means time τn plusm time step dtn, i.e. tnm := τn+mdtn. The value τn is the

time when the maximum value of ω̃ equals to the previous thresholdMn−1, with τ0 = 0.

Hence, when ω̃ > M0, we need to use interpolation to find τ1 such that:

||ω̃ (τ1, ·, ·)||L∞ =M0 with (m− 1) dt0 ≤ τ1 ≤ mdt0.

14

http://dx.doi.org/10.6342/NTU202402879


doi:10.6342/NTU202402879

At this time, we also perform interpolation on ũ and ψ̃ sto find their values at time τ1.

The next remark outlines the necessary steps in the program. This is crucial because, in

computations, if the interval size is too small, we may not perform the interpolation within

it.

Remark 1. Suppose in the n-th process the maximum value is greater than Mn at time

tnm with step size dtn. Before the (n+ 1)-th refining process, we initially perform the

translation to apply the linear interpolation on the time interval [0, dtn] and then preform

the translation again to find the suitable time τn in the interval [(m− 1) dtn,mdtn].

Secondly, we begin the process of refining the mesh using α, M0 to initially deter-

mine the region that requires refinement. We denote CNS as the set of grids that satisfy the

condition awaiting refinement:

Rz0 = {z ∈ CNS} :=
{
z0refine11

, . . . , z0refineend

}
. (6)

Based on the (3), if we set s, k are the spatial and temporal parameters of ω̃, respectively,

then t = λ2s, z = λk. FromRz0 , we can deduce that k should be restricted on

Dz1 =
{
λ−1z0refine1

, . . . , λ−1z0refinedend

}
.

To maintain accuracy and stability, we ensure that the mesh size inDz1 remains consistent

with the original setting, i.e. ∆s = ∆t, and ∆k = ∆z. Here’s how we achieve this

refinement:

1. Inserting New Grid Points: Initially, we have grid points {zj} used to determine

ω̃, but they determine the scaling solution only on the grid points with mesh size

λ−1d0. Hence, the λ−1 − 1 new points should be inserted between each pair of the

15

http://dx.doi.org/10.6342/NTU202402879


doi:10.6342/NTU202402879

original points of z−axis.

2. Creating a Finer Domain: This insertion of new points results in a finer domain

D′
z1

:= Dz1 ∪ {new points}.These new points reduce the mesh size on the z−axis

from d0 to d1 = λd0.

3. Example with λ = 1
4
: If λ = 1

4
, then 4− 1 = 3 new points should be added to each

interval of z−axis. This refinement decreases the mesh size on the ∆z to ∆z
4
.

4. Choosing λ−1: Initially, we choose λ−1 as a positive constant to control the level of

refinement. This ensures that the refined mesh remains structured and aligned with

the original grid spacing in z.

By following these steps, we effectively refine the mesh while maintaining the necessary

accuracy and stability required for the numerical solution of the problem.

After completing the refinement process, we follow these steps to determine the solu-

tion data:

1. Interpolation at New Points: Perform interpolation to compute the solution data at

the newly inserted grid points within D′
z1
.

2. Constructing the rescaled solution ω̃1 on D′
z1
: Obtain the first rescaled solution ω̃1

over the refined domain D′
z1
.
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3. Mapping Back to Original Domain: Transform ω̃1 back to the original domainRz0 .

Although the solution exists inRz0 , the mesh size is now d1 = λd0.

4. Collecting Finer Grid Points: Define Z1 as the grid points on the z−axis trans-

formed from D′
z1
. These points Z1 represent the finer resolution grid compared to

Z0.

5. Entire Solution ω̃1entire: The new solution ω̃1entire spans the entire domain Z1entire =

((Z0 \ Rz0) ∪ Z1). This domain is characterized by mesh sizes d0, d1.

6. Interpolation for ũ and ψ̃: Ensure ũ and ψ̃ are appropriately defined over Z1entire

using interpolation techniques.

By following these steps, we effectively refine the mesh and obtain the first rescaled solu-

tion ω̃1, ensuring that the solution data remains accurate and stable throughout the entire

domain.

Before proceeding with updating of the data ω̃1entire , we introduce the new parameters

M1 and dt1

M1 = λ−3M0 (7)

dt1 = λ2dt0.

Next, we replace dt0 as dt1 and start the update from time τ0. Once ω̃1entire reaches its max-

imum atM1, we will begin the mesh refinement process again and obtain a new rescaled

solution ω̃2. It is important to note that the maximum of ω̃2 will be maintained atM0 due
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to the λ3 factor in (4). Similarly, we employ linear interpolation to find τ2 such that the

maximum of ω̃1entire (τ2, ·) = M1. Then, use again interpolation to find the data of ũ1entire

and ψ̃1entire at time τ1.

On the other hand, wewill encounter points where themesh sizes on the left-hand side

and right-hand side are different, which can be seen as a kind of boundary data issue. These

cases require additional handling using interpolation to find auxiliary points. For instance,

at the interface where the mesh size changes from d0 to d1, the solution data needs to be

interpolated to ensure continuity and accuracy across themesh boundaries. By introducing

auxiliary points through interpolation, we can create a smooth transition between regions

with different mesh sizes. This ensures that the numerical solution remains stable and

accurate even at the boundaries where mesh refinement occurs.

Last, we continue the process outlined above, updating the data in the entire domain.

Before the k-th iteration, we have k different mesh sizes in the whole domain with dn =

λnd0, temporal mesh size with dtk−1 = λ2(k−1)dt0, the solution data in the entire domain

ω̃k−1entire , and the sequence of k − 1 rescaled solutions ω̃1, ω̃2, . . . , ω̃k−1. Note that the

maximum criterion isMk−1 = λ−3(k−1)M0. As time progresses, when themaximum value

of ω̃k−1entire reachesMk−1, the k-th refinement method follows. Similarly, we employ linear

interpolation to determine the time τk such that ||ω̃k−1entire (τk, ·)||L∞ =Mk−1, then we also

store the data of the rescaled solution data ω̃k−1 (τk−1, ·) with ||ω̃k−1 (τk, ·)||L∞ =M0.

After multiple iterations, the domain becomes increasingly refined, especially near the

mass center. Consequently, we have a sequence of times:

τ0, τ1, . . . , τk−1, τk, . . .

In this framework, τk is our approximated blow-up time. For any τk, it corresponds to the

18

http://dx.doi.org/10.6342/NTU202402879


doi:10.6342/NTU202402879

entire domain data such that:

||ω̃kentire (τk, ·)||L∞ =Mk−1 = λ−3(k−1)M0

Given thatλ < 1 andM0 > 0 are positive and fixed constants, we find that ||ω̃kentire (τk, ·)||L∞ →

+∞ as k → +∞.

Figure 3.1: The diagram of the refinement process
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3.2 Extend the coarser region

When we operate the refining process, we may encounter a situation where different

mesh sizes exist within the region we want to refine. To handle this, we first adjust these

regions to have the minimum mesh size present. Then, we proceed to refine this newly

adjusted region. However, to maintain the structure of the problem, we aim to arrange

these refined meshes layer by layer. Specifically, the region with mesh size dk should be

positioned between the regions with mesh sizes dk−1 and dk+1.

To achieve this, we design a suitable program. In the computational process, we

store the boundary values of each refinement layer for z and r. After completing n−th

refinement process, we have the latest boundary values zbddn1 , zbddn2 , rbddn1 , rbddn2 . These

boundary values are stored in two new matrices:

Zboundaryn =



zbdd01 zbdd02

zbdd11 zbdd12

...
...

zbddn1 zbddn2


, Rboundaryn =



rbdd01 rbdd02

rbdd11 rbdd12

...
...

rbddn1 rbddn2


,

Thesematrices store the boundary data for each layer of refinement, ensuring that themesh

sizes are arranged appropriately and the structure of the problem is maintained throughout

the refinement process. At this stage, the previous n − 1 rows contain old data. We

now update them and check whether some regions should be extended. Starting from the

n− 1 row, we check if:

zbddn−1,1 > zbddn1 , and zbddn−1,2 < zbddn2 .
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If this condition is true, it indicates the need to extend this region such that:

zbddn−1,1 < zbddn1 , and zbddn−1,2 > zbddn2 .

Continuing this process, for the i-row, we check if

zbddi,1 > zbddi+1,1
, and zbddi,2 < zbddi+1,2

.

If this condition is true, it indicates the need to extend the region such that:

zbddi,1 < zbddi+1,1
, and zbddi,2 > zbddi+1,2

.

This iterative process ensures that each layer is appropriately extended to maintain the

necessary structure and alignment with adjacent layers. By doing so, we achieve a refined

and well-structured computational grid.

Certainly, here’s a summary of the 2D programming process:

1. Set Parameters and Initial Data:Beginwith suitable parameters and initial data ũ0, ω̃0.

2. First Maximum Reached: When ||ω̃0||L∞ ≥ M0, use interpolation to find the time

τ1 and determine ũ0, ω̃0, ψ̃0 at τ1.

3. Start Refining Process: Initiate the refinement process.

4. After Refining: Use interpolation to combine the solution data into the entire solu-
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tion ω̃1entire:

ω̃1entire = ω̃10non-refined ∪ ω̃11refined

where

(a) ω̃10non-refinedis defined on {(z, r) : ω̃0 ≤ αM0} with the mesh size d0

(b) ω̃11refinedis defined on {(z, r) : αM0 ≤ ω̃0 ≤M0} with the mesh size d1.

so as ũ1entire and ψ̃1entire .

5. Store Rescaled solution: Obtain the resacled solution ω̃1 and store.

6. Continue Updating: Update the entire solution data using the new temporal mesh

size dt1 and new thresholdM1, until ||ω̃1entire||L∞ ≥M1.

7. Apply Interpolation: Use linear interpolation to find τ2 such that

||ω̃1entire (τ2, ·, ·)||L∞ =M1

and find ũ1entire and ψ̃1entire at τ2.

8. Refine the Region: Refine the region further and ensure that every finer region is

layered appropriately.
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9. Iteration: At then-th iteration, obtain the sequence ofn rescaled solutions ω̃1, ω̃2, . . . , ω̃n

and the entire solution data

ω̃n =

 ∪
i∈{1,2,...,n−1}

ω̃nino-refined

 ∪ ω̃nirefined

where

(a) ω̃ninon-refinedis defined on {(z, r) : αMn−1 ≤ ω̃n−1entire ≤ αMn}.

(b) ω̃nnrefinedis defined on {(z, r) : αMn−1 ≤ ω̃n−1entire ≤Mn}.

3.3 Application 1: theEnergy-Subcritical SemilinearHeat

Equation

Here, we are similar to Berger and Kohn’s result and show the first two examples,

the 1D and 2D energy-subcritical semilinear heat equation,

ut = ∆u+ up, where p = 5, x ∈ Rd, d = 1, 2.

where the scaling invariance is

ur (y, s) = r
2

p−1u
(
ry, r2s

)
. (8)

These two examples are different from the 3D Navier-Stokes equations due to the fixed

blowup point at the origin. Firstly, we introduce a lemma about checking the semilinear

heat equations. For this lemma, we revise Berger and Kohn’s content by Herrero and
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Velazquez’s result in [15][10]:

lim
t→T

u
(
x ((T − t) |log (T − t)|)

1
2 , t
)
(T − t)

1
p−1 = f (x) (9)

where

f (x) = κ

(
1 +

(p− 1) x2

4p

) −1
p−1

, where κ = (p− 1)
−1
p−1 . (10)

This behavior shows that there would be a free-boundary moving in (x, t)-coordinates at

the rate ((T − t) |log (T − t)|)
1
2 . Moreover, Filippas and Liu[7] or Velazquez[14] showed

the same results in multiple dimension.

3.3.1 Convergence of rescaled solutions

If we store the rescaling solutions uk (xk, τk) which is defined on the region

[
−λ−kxk−1refined1

, λ−kxk−1refined2

]
,

we can show that these profiles converge to a predicted one. To compare the profiles for

different k, it is natural to rescale each uk (yk, τk) such that they are defined on a fixed

interval z → [−1, 1]. Note that this rescaling affects the space alone, not the value of uk.

Following the similar argument in Berger-Kohn[2], we can explain the following lemma,

which states why all profiles of the rescaled solutions uk, whose maximum reaches M0,

will converge to the predicted profile. In the following, o (1)means a term which tends to

0 as k → ∞.

Lemma 1. If we consider rescaled profiles

z → uk
(
zλ−kxk, τk

)
, −1 ≤ z ≤ 1,
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then these profiles will converge to the profile

z →M0

[
1 + z2λ−2

(
α1−p − 1

)] 1
1−p . (11)

Proof. Coming form the result of [15][10], we know the actual profile f which is intro-

duced in (10). Following (8), we first have

uk (xk, τk) = λ
2k
p−1u

(
λkxk, τk

)
(12)

Based on a fact in [8]

lim
t→T

(T − t)
−1
p−1 u

(
x
√
T − t, t

)
= 0 or ± κ (13)

where T is the blow-up time and κ = 1
p−1

1
p−1 , there is an estimate

(T − τk)
λ−2k

=M1−p
0

1

p− 1
+ o (1) . (14)

Combined with (12) (13), we can derive the following computation:

uk (xk, τk) =
[
Mp−1

0 (T − τk) (p− 1)
] 1

p−1 u
(
M

p−1
2

0

√
T − τk (p− 1)

1
2 xk, τk

)
+ o (1)

=M0 (T − τk)
1

p−1 (p− 1)
1

p−1

[
(T − τk)

−1
p−1 f

(
M

p−1
2

0 (p− 1)
1
2 |xk|√

|log (T − τk)|

)]
+ o (1)

=M0

[
1 +

p− 1

4p

Mp−1
0 (p− 1) x2k
|log (T − τk)|

] −1
p−1

+ o (1) (15)
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That is,

uk
(
zλ−1xk−1, τk

)
=M0

[
1 +

p− 1

4p

Mp−1
0 (p− 1) z2λ−2x2k−1

|log (T − τk)|

] −1
p−1

+ o (1)

Following the definition of the refined region and the radial symmetry, we can get

uk−1

(
xkrefined1

, τk−1

)
= uk−1

(
xkrefinedend

, τk−1

)
= αM0 (15)

Hence, from (15) (15), we have

αM0 =M0

[
1 +

p− 1

4p

Mp−1
0 (p− 1) x2k−1

|log (T − τk−1)|

] −1
p−1

+ o (1) ,

so that xk−1

|log(T−τk−1)|
1
2
tends as k → ∞ to the root ζ ,

ζ =
(
α1−p − 1

) 1
2

√
4p

(p− 1)2
M1−p

0 (16)

Finally, we can conclude that the rescaled profile uk is asymptotically

z →M0

[
1 + z2λ−2

(
α1−p − 1

)] 1
1−p .

The argument for the two-dimensional case is similar to the one-dimensional case

described above, but in (11) , we should replace z with |z| due to the radial property of the

solution. Moreover, to observe the 2D rescaled profile, we select the cross-section at x = 0

and y = 0 for visualization purposes. This adjustment accounts for the symmetry and

ensures that the comparison of profiles is consistent with the radial nature of the problem.
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3.3.2 One Dimensional Case

In 1D simulation, we use the following setting:

1. Initial data with domain:

u0 (x) = 1 + cos (πx) , x ∈ [−1, 1]

2. The numbers of grid points and the initial mesh size:

n = 100, dx0 =
2

100
= 0.02, dt0 = (dx0)

2 /4

3. Initial threshold:

M0 = 3, α =
1.8

M0

4. Scaling parameter:

λ =
1

2

5. The number of iterations:

N = 40, 80.

Next, let’s quickly and sequentially explain why we chose these parameters. Initially,

the initial data satisfies the radial property. Consequently, in the subsequent results, we

can observe that the refined region is symmetric about the origin. This symmetry is crucial

for simplifying the analysis and ensuring consistency in the refinement process.

Next, we choose a sufficiently small mesh size to maintain computational accuracy.

The specific choice of mesh size is somewhat flexible, provided it is small enough to cap-
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Figure 3.2: The final grid points of 1D after 80 iterations.

ture the necessary details of the solution. This ensures that the numerical solution remains

accurate while balancing computational efficiency. On the other hand, the value of α can

be chosen arbitrarily large or small. However, to manage computational memory effi-

ciently, we select a suitable value based on the problem’s requirements. Here, we refer

to the Berger-Kohn results and choose a value that balances accuracy and memory usage.

Typically, we opt for selecting positive integers as reciprocals of λ. Although λ can be

chosen arbitrarily, selecting an appropriate value is important to manage memory usage

effectively. Again, referring to the Berger-Kohn results, we choose a suitable λ to ensure

the accuracy and feasibility of the computations. Finally, as noted in Berger-Kohn, the

more iterations we use, the more accurate the result is. To demonstrate this, we compare

the results of 80 iterations with those of 40 iterations. This comparison highlights the im-

provements in accuracy achieved through increased iterations.

In Figure 3.2, we illustrate the final mesh size after 80 iterations. For better visualiza-

tion, we focus on a small region, specifically [−0.1, 0.1], rather than the entire domain.

The blue points in the figure represent the grid points. From this zoomed-in view, it is

evident that the mesh size becomes increasingly fine near the center region. Additionally,

we can observe that the grid is nearly symmetrical around the center point, demonstrating
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the consistency and accuracy of our mesh refinement process.

((a)) The entire solution with different color corresponding to different mesh size
after 80 iterations.

((b)) The approximated blow-up time. The x-axis is the numbers of refined mesh.
The y-axis is the approximated time. In final stage, due to they rounding, the
approximated time almost maintain near 0.022.

Figure 3.4: The result after 80 iterations

Based on the 80 iterations, we plot the entire solution, and the rescaling solutions

when the maximum reaches the M , and numerically verify the blow-up rate. In Figure

3.3(a), this plot shows the entire solution data after 80 iterations. Each color corresponds

to a different mesh size used in the computation. We observe that over time (iterations), the

mass center becomes progressively finer, indicating increasing resolution in critical areas.

In Figure 3.3(b), This figure displays the approximated blow-up time. As the number of

iterations k increases, the computed blow-up time appears to approach a certain value.
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((a)) The rescaled profiles from iteration 20 to 40. The red one is the predict profile
ploted by (11).

((b)) The rescaled profiles from iteration 20 to 80. The red one is the predict profile
ploted by (11).

Figure 3.6: After 80 iterations, observe the rescaled profiles. Compare the results from 40
and 80 iterations by zooming in on the same small region, the pink box, near x = 0.4 and
u = 2.
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((a)) The blow-up rate based on 40 iterations, and the final point approaches ap-
proximately −68 on the x-axis and 14 on the y-axis.

((b)) The blow-up rate based on 80 iterations, and the final point approaches ap-
proximately −115 on the x-axis and 27 on the y-axis.

Figure 3.8: Compute the blow up rate based on 40 and 80 iterations, respectively. The
x-axis is log (T − t) and the y-axis is log ||u (t)||. The red points is computed from the
iterating process and the blue line is the predicted result, which the slope is −1

4
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This trend suggests that with more iterations, the time step size dtk, decreases gradually.

However, it’s important to note that numerical calculations might be affected by rounding

errors inherent in computational tools like MATLAB, where very small numbers can be

rounded off.

In Figure 3.6, we can compare the rescaled profiles from 20 to 40 iterations with from

20 to 80 iterations. For comparing the difference, we restrict the domain in the [−1, 1]

and plot first the predicted profile, the red one. With the iteration increasing, the rescaling

profiles, blue lines, seem to be more and more closed to the red in two results. This is what

we want. To further confirm whether these rescaled profiles converge to the predicted

profile, we zoom in on the positive position of u = 2 cross-section and show 40 result in

the figure 3.5(a) and 80 result in the figure 3.5(b). As the iteration count increases, the

rescaled profiles progressively approach the predicted profile from the right side towards

the center. The proximity between the rescaled profiles and the predicted profile becomes

increasingly accurate with higher iteration counts.

To determine if the solution exhibits Type I behavior, where the blow-up rate conforms

to the ODE rate,

lim sup
t→T

(T − t)
1

p−1 ||u (·, t)||L∞(Rn) < +∞,

we analyze the blow-up rates plotted in Figure 3.8. Figures 3.7(a) and 3.7(b) respectively

depict analyses based on the first 40 and 80 iterations. The x-axis represents log (T − t),

where T is the estimated blow-up time derived from the iteration count. The y-axis rep-

resents log (||u (t)||L∞). The red points is the data from the computation and The blue

line originates from the same starting point and follows the slope − 1
p−1

. Ideally, the red

points should align closely with or be parallel to the blue line, indicating consistency with

the expected blow-up rate. Note that not all data points are plotted; only select points are
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chosen for clarity, as initial iterations may exhibit slight oscillations due to certain unfa-

vorable points. Finally, the result is almost same as out expectation. Note the blow-up

rate is main in the time closed to the blow-up time. In fact, we are more concerned about

the tail part, specifically the top-left position. In Figure 3.7(a), the final point approaches

approximately −68 on the x-axis and 14 on the y-axis. In Figure 3.7(b), it approaches

approximately −115 on the x-axis and 27 on the y-axis. When we want to compute the

blow-up rate, the rounding error is crucial. Direct subtraction of computed time from the

estimated blow-up time may yield infinity due to rounding. To mitigate this, dtk values

used in each iteration are stored in a matrix. When computing the blow-up rate, T − t is

obtained by summing this matrix backwards from the last time point to ensure accuracy.

3.3.3 Two Dimensional Case

Computing the 2D problem poses greater challenges compared to the 1D case,

primarily due to increased computational demands. We present two examples with dif-

ferent initial data sets. For the first example, results are based on iterations up to 40, 60

respectively. Due to the extremely fine and dense nature of the final entire solution pro-

file in 2D, visualizing the entire solution is impractical. In the second example, we focus

solely on the 60 iterations result. The initial data is constructed following the behavior

described in (9). This allows us to compare the approximated blow-up time with the pre-

dicted blow-up behavior.

Example 1
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1. Initial data with domain:

u0 (x, y) = (0.002)
−1
4 exp

−

( √
x2 + y2

0.002 |ln (0.002)|

)2
× ϕ (r)

with (x, y) ∈ [−1, 1]× [−1, 1]

where r =
√
x2 + y2 and ϕ (·) is a cut-off function defined by

ϕ (z) =



1, if z ≤ 0.25

−8 (z − 0.25)2 + 1, if 0.25 < z ≤ 0.5

8 (z − 0.75)2 , if 0.5 < z ≤ 0.75

0, if z > 0.75

(17)

2. The numbers of grid points of each axis and the initial mesh size:

n = 400, dx0 = dy0 =
1

200
= 0.005, dt0 = (dx0)

2 /4

3. Initial threshold:

M0 = λ
−2
p−1 ||u0||L∞ ∼ 5.62, α =

3.6

M0

4. Scaling parameter:

λ =
1

2

5. The number of iterations:

N = 40, 60.

Let’s revisit the setup described earlier. To ensure the radial property, our initial

data is chosen based on the final behavior characteristics. Additionally, to accommodate

Dirichlet boundary conditions, a cutoff function is applied to enforce the initial data to
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Figure 3.9: The final mesh size of 2D after 60 iterations.

be zero on the boundary. In our computational experiments focusing on accuracy and

stability in the 2D case, we employ a grid size of 500 points along both the x-axis, y-

axis. This choice ensures sufficient resolutionwhilemaintaining computational feasibility.

Similarly, the scaling parameter remains consistent across the setup.

Figure 3.10: The approximated blow-up time based on different numbers of refined mesh.
Concerning rounding error, it’s almost 0.0018.

In Fig.3.9, This figure displays the final mesh configuration after 40 iterations. To

enhance clarity, the domain is limited to [−0.1, 0.1]× [−0.1, 0.1]. Here, the color intensity

increases as the mesh grid converges towards the origin, reflecting finer resolution. By a

similar manner, we plot the 60 iterations blow-up time in Figure 3.10. The plot reveals a

nearly horizontal final phase, attributable to rounding effects in the computations.
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((a)) The cross-section at x = 0 here, and zoom in near y = 0.4.

((b)) The cross-section at y = 0 here, and zoom in near x = 0.4.

Figure 3.12: The rescaled profiles from 20 to 40 iterations, and the predicted profile, the
red one. For checking the convergence, zoom in on a small region, the pink box, near
x, y = 0.4 and u = 4. 3.11(a),3.11(b) correspond to different section, x = 0, y = 0.
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((a)) The cross-section at x = 0 here, and zoom in near y = 0.4.

((b)) The cross-section at y = 0 here, and zoom in near x = 0.4.

Figure 3.14: The rescaled profiles from 20 to 60 iterations, and the predicted profile, the
red one. For checking the convergence, zoom in on a small region, the pink box, near
x, y = 0.4 and u = 4. 3.13(a) and 3.13(b) correspond to different section, x = 0, y = 0.
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Next, we plot the rescaled profiles based on 40, 60 iterations and show them in Figure

3.12, 3.14, respectively. We observe the x = 0, y = 0 cross-section for visualization. First

of all, we consider 40 iterations result in the figure 3.11(a), 3.11(b), where the profiles of

the cross-sections at x = 0 and y = 0 are depicted. The red line represents the predicted

profile. Here, we consider the result from 20 to 40 iterations. However, over subsequent

iterations, the rescaled profiles gradually become smoother, converging towards the pre-

dicted profile. For checking such closer examination, we focused on the positive region

with u = 5.5. Similarly, we plot, and zoom in the result of 60 iterations in the figure

3.14. Comparing the figure 3.12 with the figure 3.14, especially in the small region, it’s

evident that with an increasing number of iterations, the final profile closely approximates

the predicted profile.

Finally, we can attempt to approximate the blow-up rate to investigate whether it fol-

lows a Type I behavior. Again, plot the relation between log (T − t) and log ||u (t)||L∞ . In

Figure 3.16, we show the result of 40 iterations and 60 iterations, and the x-axis presents

log (T − t) while the y-axis presents log ||u (t)||L∞ , in a similar manner. Despite the ini-

tial iterations displaying some peculiar points that clearly surpass the blue line—where

we anticipated the data to align—the tail end nearly maintains a slope of −1
p−1

. In Fig-

ure 3.15(a), log ||u (t)||L∞ ∼ 16 with log (T − t) ∼ −60. The other figure 3.15(b),

log ||u (t)||L∞ ∼ 25 with log (T − t) ∼ −100.

Based on such simulation result, we can briefly conclude that based on our setting,

initial data and the nonlinear exponent p = 5, the solution will blow-up in finite time.

Moreover, following the Berger-Kohn result, the rescaling profile will also converge to

the profile (11).

Example 2
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((a)) The blow-up rate of 2D base on 40 iterations and the final point approaches
approximately −61 on the x-axis and 16 on the y-axis.

((b)) The blow-up rate of 2D base on 60 iterations and the final point approaches
approximately −90 on the x-axis and 24 on the y-axis.

Figure 3.16: Compute the blow-up rate based on 40, 60 iterations, respectively. The x-axis
is log (T − t) and the y-axis is log ||u (t)||. The red points is computed from the iterating
process and the blue line is the predicted result, which the slope is −1

4
.
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1. Initial data with domain:

u0 (x, y) = T
−1
4 f

(
r√

T |logT |

)
× ϕ (r) , (x, y) ∈ [−1, 1]× [−1, 1]

where T = .002, r =
√
x2 + y2, f is introduced in (10), and ϕ (·) is the same

cut-off function defined in (17).

2. The numbers of grid points of each axis and the initial mesh size:

n = 200, dx0 = dy0 =
1

100
= 0.001, dt0 = (dx0)

2 /4

3. Initial threshold:

M0 = λ
−2
p−1 ||u0||L∞ ∼ 3.98, α =

2.5

M0

4. Scaling parameter:

λ =
1

2

5. The number of iterations:

N = 60.

Here we show another example which the initial data is constructed by (9). We quickly

introduce how to construct. This behavior depends on the the value of the blow-up time.

That is, we can first assume a blow-up time Ttheory then put it into the (10). Hence, we can

get a final behavior which depends on Ttheory. Next, if we want to get a initial data which

should blow up in finite time Ttheory, we put t = 0 in (9) and use the change of variable

x = z√
Ttheory|logTtheory|

. Finally, we can get an initial data

u0 (z) = T
−1
p−1

theoryf

(
z√

Ttheory |logTtheory|

)
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where f is defined in (10). In fact, we can test more different examples. However, there

are some advantage in this case. One of them is that we can roughly predict the blow up

time based on the initial data. Here, it should be near Ttheory = 0.002. On the other hand,

this initial data provides the radial property so that the solutions is symmetry to the origin.

However, due to the influence of the outer part, the final approximated blow-up time will

not exactly equal to Ttheory. Therefore, there will be an error. In the figure 3.17, we can see

that the approximated time is near Tapprox = 0.0023, that is |Tapprox − Ttheory| = O (10−4).

This kind of error is acceptable. Nevertheless, in the figure 3.19, 3.20, we can see that

the rescaled profiles converging to the predicted one and the blow-up rate, respectively.

These results is based on the 60 iterations.

Figure 3.17: The approximated blow-up time based on different numbers of refined mesh.
Concerning rounding error, it’s almost 0.0023.

3.4 Application 2: A random path

To address a scenario involving a moving blowup point, our initial objective is to

implement a method that accommodates its random trajectory. This involves beginning

with an assumed starting point, whichwe treat as the blowup point, and allowing it to move

randomly. Our goal is to dynamically refine the computational domain to accommodate
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((a)) The cross-section at x = 0 here, and zoom in near y = 0.4.

((b)) The cross-section at y = 0 here, and zoom in near x = 0.4.

Figure 3.19: The rescaled profiles from 20 to 60 iterations, and the predicted profile, the
red one. For checking the convergence, zoom in on a small region, the pink box, near
x, y = 0.4 and u = 4. 3.18(a) and 3.18(b) correspond to different section, x = 0, y = 0.

Figure 3.20: The blow-up rate of 2D base on 60 iterations and the final point approaches
approximately −90 on the x-axis and 24 on the y-axis.
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this movement. However, there are specific constraints that need to be considered in this

context:

1. Move slowly,

2. Move toward to the origin.

Figure 3.21: Simulation of the maximum locations under this random path

Therefore, it may be necessary to extend the computational region to allow for layer-

by-layer arrangement of these refined meshes. In Fig. 3.23, we present results after 5

iterations. Additionally, in Fig. 3.21, we illustrate the random trajectory of this point.
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((a)) 1-st refinement under a random path

((b)) 2-nd refinement under a random path.

((c)) 3-nd refinement under a random path

((d)) 4-nd refinement under a random path

((e)) 5-nd refinement under a random path

Figure 3.23: 5th refinement under a random path
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Chapter 4 Numerical Results of 3D

Navier-Stokes equations

Finally, we present some numerical results for the 3D axisymmetric Navier-Stokes

equations:



ũt + urũr + uzũz = 2ũψ̃z + ν
(
ũrr +

3
r
ũr + ũzz

)
,

ω̃t + urω̃r + uzω̃z = 2ũũz + ν
(
ω̃rr +

3
r
ω̃r + ω̃zz

)
,

−
(
∂rr +

3
r
∂r + ∂zz

)
ψ̃ = ω̃,

ur = −rψ̃z, u
z = 2ψ̃ + rψ̃r,

where the refinement method is based on the scaling invariance:


ũλ (s, k, l) = λ2ũ (λ2s, λk, λl) ,

ω̃λ (s, k, l) = λ3ω̃ (λ2s, λk, λl) ,

ψ̃λ (s, k, l) = λψ̃ (λ2s, λk, λl) .

For the constant viscosity ν, we set ν = 5 × 10−4 which is same as Hou’s ini-

tial setting. As discussed in Chapter 3.1, we define the refinement region as CNS =

{αM ≤ ω̃ ≤M} := [zNS1 , zNS2 ] × [rNS1 , rNS2 ], with α = 0.6 and the initial threshold

M0 ≈ 2.7× 103. However, in our experiment, we find if we want to make the computing

45

http://dx.doi.org/10.6342/NTU202402879


doi:10.6342/NTU202402879

stability, we have to refine the region extend to the origin. That is, in every refinement,

we have to refine C ′
NS = [0, zNS2 ] × [0, rNS2 ]. Considering the mesh size, we choose 200

grids and 400 grids on z− and r− axis, respectively, so that the mesh size of z is same as

the mesh size of r. Finally, for convenience, we choose λ = 1/2.

Figure 4.1: The final mesh of the domain

First of all, we check the final mesh of the domain and display it in Fig. 4.1. The

final mesh satisfies our requirements, with the mesh arranged layer by layer as intended.

In Fig.4.3, we display the velocity and vorticity results for the 7th, 8th, and 9th itera-

tions, respectively. After the 9th iteration, the maximum of ω̃ reaches 1010. For visu-

alization, the view is from the top. To facilitate comparison, the plots are constrained

to the domain (z, r) ∈ [0, 2.5× 10−3] × [0, 2× 10−2]. Additionally, the mass center

becomes progressively thinner and more concentrated. These figures illustrate that the

solution’s mass center moves toward the origin as hypothesized. However, especially

in the 9th iteration result, we can observe the appearance of turbulence. In the next

stage, this turbulence may influence the profiles of velocity and vorticity. In Fig. 4.5,

we display the 10th, 11th and 12th iteration results, where the maximum value achieve to

1011, 1012, 1013, respectively. For convenience, we restrict the visualization to the small

region [0, 1× 10−3] × [0, 5× 10−3]. From these results, we can infer that the solution to
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((a)) 7-th iteration result. (L): velocity, (R):vorticity

((b)) 8-th iteration result. (L): velocity, (R):vorticity

((c)) 9-th iteration result. (L): velocity, (R):vorticity

Figure 4.3: 7th, 8th, 9th iteration results in [0, 2.5× 10−3]× [0, 2× 10−2]
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((a)) 10-th iteration result. (L): velocity, (R):vorticity

((b)) 11-th iteration result. (L): velocity, (R):vorticity

((c)) 12-th iteration result. (L): velocity, (R):vorticity

Figure 4.5: 10th, 11th, 12th iteration results [0, 1× 10−3]× [0, 5× 10−3]
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Figure 4.6: 12th iteration result at [0, 2× 10−4]× [0, 1× 10−3]

the Navier-Stokes equations is unstable at this stage. However, the instability observed in

the 11th iteration appears to stabilize in the 12th iteration. In Fig. 4.6, we display the 12th

iteration result in the smaller region, [0, 2× 10−4]× [0, 1× 10−3]. This result shows more

stability compared to the 10th and 11th iterations. Throughout the process, the values

continue to increase, and the maximum location moves towards the origin. These results

suggest a more natural progression, which differs slightly from Hou’s results.

Figure 4.7: In 9−th iteration, the maximum and minimum value of vorticity
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If we consider the changes in vorticity over the first 12th iterations, where the max-

imum value reaches 1013 and the minimum drops to −1012, as shown in Fig.4.7, We can

observe a clear trend: the maximum value of vorticity becomes increasingly positive,

while the minimum value becomes increasingly negative. This indicates a significant am-

plification in the range of vorticity values. Despite this divergence, the difference between

these extremes consistently remains at least 10.

Figure 4.8: Plot of log− and loglog− scale of maximum value of velocity and vorticity.
The first row is about velocity, and the second row is about vorticity.

In Fig.4.8, we provide more detailed information about the changes in velocity and

vorticity. We take the log and loglog of the changes in both velocity and vorticity. As

mentioned earlier, velocity decreases in the first stage. Simultaneously, vorticity rapidly

increases and then almost maintains a certain level. After this stage, both components

begin to increase steadily. This detailed analysis highlights the distinct phases in the evo-

lution of velocity and vorticity, emphasizing the transition from initial rapid changes to a

more stable growth pattern.

We show the relation between the maximum location of vorticity and the time. In Fig. 4.9,

we separately plot the location z and r corresponding to the time. This shows that they
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really move toward to the origin. Moreover, in the simulation process, they first move

away and then move toward the origin. Interestingly, the stage moving away from the

origin seems to be related to the stage when velocity is decreasing and the change of value

of vorticity is almost stop. It’s worth to note that when the maximum location moves away

from the origin, the maximum of velocity decreases and of vorticity is almost stop.

Figure 4.9: Vorticity maximum location of z and r. The LHS is the location of z w.r.t
time. The RHS is the location of r w.r.t time.

Figure 4.10: Approximated blow up time of 3D Navier Stokes equations

Using this refinement method, we can approximate the blow-up time through a se-

quence of values τ0, τ1, τ2, . . .. We display the approximated blow-up time in Fig. 4.10.

The result indicates an approximate blow-up time of Tblowup ∼ 2.3 × 10−3. Finally, in

Fig. 4.11, we show the rescaled profiles from the 7th to the 12th iteration. These profiles

appear irregular, and based on the numerical results, we cannot guarantee that the rescaled
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Figure 4.11: ross section of scaled solutions from 7th to 12th. The LHS is cross at r =
Maxlocation. The RHS is cross at z = Maxlocation.

profiles will converge to a predicted profile. This irregularity may indicate the presence

of underlying complexities in the solution dynamics, suggesting that further investigation

and refinement of the computational methods may be necessary to fully understand the

convergence behavior.
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Chapter 5 Conclusion

Utilizing the invariance scaling formula, we refine both the spatial and temporal

mesh, resulting in a non-uniform mesh that provides increasingly detailed information

about the equation. However, choosing the same mesh as the final one would result in

unnecessary storage and computational wastage. That is, we only need to refine the cru-

cial region, namely, the mass center. Compared with the Berger-Kohn, our method is also

concerning the entire domain situation and can be easily used in others case. Moreover, in

sec.3.2, we provide a programming techniques. Hence, even for an example with a mov-

ing blow-up point, we can also numerically solve it by this method. In blow-up problems,

the values tend to increase significantly, potentially leading to numerically unstable sce-

narios. Consequently, ensuring accuracy across the entire solution becomes challenging.

On the other hand, although this can describe the blow-up profile in more detail, due to

more and more added grids, the computation becomes more and more large. Therefore, it

is also a careful problem how to reduce the computation and designing an efficient pro-

gram.

In this work, we primarily present the results of applying this method to the 3D axisym-

metric Navier-Stokes equations. These numerical results exhibit some differences from

the original hypothesis. During the first 9 iterations, the solution concentrates and be-

comes progressively thinner. However, starting from the 10th iteration, turbulence begins
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to appear, indicating that the solution to the 3D Navier-Stokes equations becomes unsta-

ble. Compared with Hou’s results, our findings are based on a fixed constant viscosity. In

some dynamic situations, our results differ from Hou’s and appear more natural. Unfor-

tunately, due to time limitations, I was unable to test other cases or different viscosities.

For example, we could adjust the initial data such that

ũ0 (z, r) = g (r)h (z) , ω̃0 (z, r) = 0,

where

h (z) = sin(2πz)
1+12.5(sin(πz))2 ,

g (r) = 1200 (1− r2 + 0.2r)
18
.

The notable difference in this initial data is that the initial maximum location is not at the

origin. Additionally, both Hou’s and our results consider vorticity to be initially zero.

Therefore, choosing a nonzero initial vorticity is a feasible direction for future work.

Lastly, we could also test different viscosities to observe whether viscosity influences

the blow-up problem.

In theory, although how to analysis or prove whether the 3D Navier-Stokes equations

is still a unknown and challenging problem, we can numerically prove it and display some

evidence. In numerical world, while the results suggest some positives, there remain spe-

cific computational intricacies that need optimization, especially storing data and linear

interpolation. Presently, we consider utilizing the matrix form to solve the equation as

essential. In solving the Poisson equation in the equations, it is worth to think how to

optimize and reduce the computation.
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