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摘摘摘要要要

在量子系統中高精度地估計參數是許多領域的重要工作，從工程、物理到生物學皆
是如此。Holevo-Cramer-Rao界限（HCRB）是量子計量學中的一個重要的適界（tight
bound）。一般來說，它在漸近（asymptotical）情況下是可達到的（achievable），
但在有限樣本（finite copy）—特別是單樣本（single shot）—的情況下並不總是可
達到的。在這本論文中，我們刻畫了估計量（estimator）和最佳測量在單樣本下飽
和HCRB的幾個必要/充分條件。特別是，我們提供了兩個關於HCRB可達性的刻畫。
其中之一（定定定理理理4.1）作為物理圖像和達到HCRB的充分條件。我們提供了一個條件
（定定定理理理4.1中的條件5），它作為該定理的刻畫。在某些條件下，這種刻畫可以簡化為
其他量子Cramer-Rao界限的可達性必要條件（見頁碼30的討論）。然而，總的來說，
該定理並不是HCRB可達性的必要條件。另一個刻畫（定定定理理理5.1）提供了HCRB可達性
的數學刻畫，這是必要且充分的條件。通過這種刻畫（定定定理理理5.1），其他量子Cramer-
Rao界限的可達性可以很容易地確立（推推推論論論5.2和推推推論論論5.3）。

關關關鍵鍵鍵詞詞詞: 量子計量學，Holevo-Cramer-Rao界限，可達性。
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Abstract

Estimating parameter in quantum system with high precision is an important work
in many field, ranging from engineering, physics to biology. The Holevo Cramer-Rao
bound (HCRB) is an important tight bound in quantum metrology. In general, it is
asymptotic achievable, while it is not always achievable with finite copy, in particular,
single shot level. In this work, we characterize several necessary/sufficient conditions
for the estimator and the optimal measurement to saturate the HCRB in single copy
level. In particular, we develop 2 characterizations for the achievability of the HCRB.
First one of them (Theorem 4.1) is served as a physical picture and sufficient condi-
tion for saturating the HCRB. We provide a condition (condition 5 in Theorem 4.1)
which is served as a characterization of the theorem. With some condition, this char-
acterization can be reduced to a necessary condition for the achievabilty of the other
quantum Cramer-Rao bound (see discussion on page 30). In general, however, the the-
orem is not a necessary condition for the achievability of the HCRB. Second one of
them (Theorem 5.1) gives a mathematical characterization for the saturation of the
HCRB, it is necessary and sufficient condition. With this characterization (Theorem
5.1), the achievability of other quantum Cramer-Rao bound can be easily established
(Corollary 5.2 and Corollary 5.3).

Keywords: Quantum metrology, Holevo-Cramer-Rao bound, Achievability.
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Introduction to the Thesis

Quantum metrology is a field that focuses on estimating parameters in physical systems
with high precision [DGG20; Liu+19a; Liu+22; MD16; SK20; TB16]. It has a wide
range of applications, including gravitational wave detection [Adh14; DBS13], quantum
imaging [Alb+20], phase estimation [BD16; Pez+17; YZF14], channel estimation [AD22;
EMD11; Gór+20; LJW15; ZJ21], etc.

In quantum metrology, people establish various quantum versions of the Cramér-Rao
bound (CRB) and design many protocols to saturate them, including the symmetric log-
arithmic derivative CRB (SLD CRB) [BC94; Hel67; Hel69], right logarithmic derivative
CRB (RLD CRB) [Hol11; YL73], Holevo-Cramér-Rao bound (HCRB) [AFD19; Hay05;
Hol11; Suz16; Suz19], and Nagaoka-Hayashi bound (NHB) [Con+21; Con+23; Nag05].
The SLD CRB has a wide range of applications in quantum metrology. In the single pa-
rameter case, it is always saturable [Liu+19b; Par09]. In phase estimation and unitary
parameter estimation [Hum+13; Pez+17; YZF14], the SLD CRB is also saturable in
the asymptotic regime. However, it is not always achievable for general state/channel
estimation problems, even in the asymptotic regime. The RLD CRB is particularly
useful for Gaussian state estimation and estimation in the D-invariant model [Suz16;
Suz19; YL73], but it is not necessarily achievable in both finite and asymptotic regimes.
The HCRB is probably the most important bound in general quantum metrology. It
is not always achievable with a finite number of copies, but it is always asymptoti-
cally achievable for any quantum statistical model with some mild regularity conditions
[HM08; KG09; YCH19; YFG13]. Despite the HCRB being asymptotically achievable,
it requires collective measurement in a large number of copies, which is extremely hard
to implement in practical usage [Con+21; Con+23; YHT+20]. Recently, the NHB has
been generalized from two parameters to multiple parameters [Con+21; Nag05]. It is
a tighter bound than the HCRB in the finite copy regime and asymptotically coincides
with the HCRB.

In practical scenarios, we do not have infinite copies to attain tight bounds. How to
and when we can saturate the various bounds in finite copies, particularly a single copy,
is significantly important. It is known that measurement incompatibility prevents us
from attaining the quantum CRB [CCY22a; RJD16; Yan+19; Nur24]. Several necessary
and sufficient conditions for achieving the SLD CRB are characterized in [Yan+19;
Nur24]. However, regarding conditions on the optimal measurement to saturate the
RLD, NHB, and HCRB in finite copies, to the author’s best knowledge, there is no such
characterization for those bounds.

In this work, we provide several necessary and sufficient conditions for the achievabil-
ity of the HCRB, characterizing the existence of an estimator and optimal measurement.
In particular, we give two characterizations for the achievability of the HCRB. The first
characterization (Theorem 4.1) gives a sufficient condition for the achievability of the
HCRB, and we provide a condition (Condition 5 in Theorem 4.1) that serves as a

xi
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characterization for the theorem. Although this condition is neither a necessary nor
sufficient condition for the achievability of the HCRB, it can be reduced to a necessary
condition for the saturation of the SLD CRB. Hence, it serves as an information geo-
metrical characterization for quantum statistical models related to the HCRB [CCY22a;
Suz19]. The second characterization (Theorem 5.1) gives a mathematical characteriza-
tion for the saturation of the HCRB. It is a necessary and sufficient condition, revealing
the relationship between the optimal estimator/measurement and a special operator
(defined in eq. (3.2)).

This thesis is organized as follows. In the first part, we will give an introduction to
quantum metrology. Chapter 1 presents elements of classical estimation theory and
quantum measurement. To provide the motivation for studying the HCRB, we introduce
various quantum Fisher information and the HCRB in Section 2.2 and Section 2.3 of
Chapter 2. In Section 2.4 of Chapter 2, we demonstrate several, but not exhaustive,
challenges in the saturation of the HCRB, and state the main problem that we want to
solve. In the second part, we will demonstrate the main results of this thesis. Chapter
3 sets up some preliminary ingredients for proving the main results. Chapter 4 presents
our first main result (Theorem 4.1); Chapter 5 demonstrates our second main result
(Theorem 5.1). This thesis concludes with a summary and outlook in Chapter 6.

xii doi:10.6342/NTU202400907



Part I

Introduction to Quantum
Metrology
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Chapter 1

Mathematical Preliminary

The goal of quantum metrology is to estimate the unknown parameter in a quantum
system. To get information about the state, one needs to measure, obtain a probability
distribution, and perform statistics based on the distribution. In Section 1.1, we will
introduce measurement in quantum systems. In Section 1.2, we will introduce how to
estimate an unknown parameter for a parametrized probability distribution.

1.1 Element of Quantum Theory

A quantum system can be described by a density operator in a Hilbert space.

Definition 1.1 (State Postulate). Let H be a (finite dimensional)1 Hilbert space. A
linear operator ρ on H is called a density operator if it satisfies the following three
conditions:

ρ = ρ†, Trρ = 1, ρ ≥ 0

the above inequality is in matrix inequality sense, that is, ρ is positive semi-definite.

To extract information from a quantum system, one needs to perform a measurement
on the quantum system.

Definition 1.2 (Quantum Measurement). Let H be a Hilbert space. We call a collection
of positive semi-definite hermitian operators on H: {Mω}ω∈Ω a positive operator-valued
measure (POVM) if and only if the operators satisfy that∑

ω

Mω = idH

where idH is the identity operator on H. Given a quantum state ρ, the probability of
getting outcome ω is given by

p (ω) = TrρMω

For rigorous mathematical treatment of measurement, see [Hol11], [Hay05].

Example 1.3. Let the quantum state ρ be given by ρ = 1
2

(
id2 +

∑
j θ

jσj

)
, where id2

is the 2-dimensional identity operator, {σj}j is the Pauli operators.

1Though out this thesis, we only consider finite dimensional quantum system.
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CHAPTER 1. MATHEMATICAL PRELIMINARY

• Choosing the measurement:

M ≡
{

1

2
|y+⟩ ⟨y+| ,

1

2
|y−⟩ ⟨y−| ,

1

2
|z+⟩ ⟨z+| ,

1

2
|z−⟩ ⟨z−|

}
where |y±⟩ (resp. |z±⟩) are the eigenvectors of σy (resp. σz) with eigenvalue ±1.
By the measurement postulate, the outcome probability is given by

p (y±) =
1

4
(1 ± θy) , p (z±) =

1

4
(1 ± θz)

• Choosing the measurement:

M ≡
{

1

2
|z+⟩ ⟨z+| ,

1

2
|z−⟩ ⟨z−|

}
The outcome probability is given by

p (z±) =
1

2
(1 ± θz)

From the definition of measurement and the example above, we see that the outcome
alphabet and distribution will depend on the measurement chosen by us.

Definition 1.4. Let {Πω}ω∈Ω be a POVM on H. It is called projection valued-measure
(PVM) if and only if, for all ω, Πω is a projection operator, and they satisfy that

ΠωΠω′ = δωω′Πω, ∀ω, ω′

That is, they are not only projection operators but are also orthogonal to each other.

In physics, a PVM is sometimes called a perfect measurement or noiseless measure-
ment; in contrast, a POVM is sometimes called a noisy measurement. From the point
of view of an information theorist, a POVM can be realized as a randomized decision,
while a PVM can be realized as a deterministic decision. Here we introduce a theo-
rem that states that every noisy measurement (POVM) can be realized as a perfect
measurement on an extended space (sometimes such a space is called the environment).

Theorem 1.5 (Naimark Extension Theorem, [Hay16; Hol11; Wil11]). Given a POVM
{Mω}ω∈Ω on H. There exists a Hilbert space Ĥ, pure state σ on Ĥ and a PVM {Πω}ω∈Ω
on H⊗ Ĥ such that

TrρMω = Tr (ρ⊗ σ) Πω, ∀ω ∈ Ω

1.2 Element of Parameter Estimation

In general estimation scheme, we consider an alphabet Ω = {ω1, ..., ωk} to be our output,
and a family of distribution pθ indexed by parameter θ ∈ Θ ⊂ RP, where P is number of
parameter. The goal of estimation is that estimate the parameter θ from an observing
data.

Example 1.6. Given a coin, whose outcome probability is given by

p (H) = θ, p (T) = 1 − θ

4 doi:10.6342/NTU202400907



1.2. ELEMENT OF PARAMETER ESTIMATION

Suppose that we do identical experiment N times, and get n head, N − n tail. How to
guess the probability θ?

Since p (H) = θ, the likelihood of this scenario is given by:

L = θn (1 − θ)N−n

we guess the parameter by maximize the possibility

∂θL = 0 = nθn−1 (1 − θ)N−n − (N − 1) θn (1 − θ)N−n−1

⇒ ∂θL = 0 ⇔ θ =
n

N

One can take the second derivative test to show that θ = n
N indeed maximize the

probability.

Example 1.7. Consider the i.i.d. tensor product state ρ⊗n with ρ = 1
2

(
id2 +

∑
j θ

jσj

)
.

Choosing the measurement be identical, independent, Πz± ≡ |z±⟩ ⟨z±| on each system.
Suppose that we get the output string: ωn = ω1ω2...ωn, where ωj = z+ or z−. Given
each subsystem, the outcome probability is given by

p (z±) =
1

2
(1 ± θz)

The likelihood of the string ωn is

L (θ |ωn ) = p⊗n (ωn) =
n∏

j=1

p (ωj) =

(
1

2
(1 + θz)

)n+
(

1

2
(1 − θz)

)n−

where n+ (resp. n−) is the number of + (resp. −) in the outcome string. We estimate
the parameter θz by maximize the likelihood, that is, solving the equation:

∂θL (θ |ωn ) = 0 ⇔ θ =
n+ − n−

n

The purpose of an estimator is to estimate the true value of a parameter θ. In the
following we define a concept which gives a criterion on accuracy of an estimator.

Definition 1.8 (Locally Unbiased Estimator). An estimator θ̂ is called locally unbiased
if and only if it satisfies that

E
[
θ̂j

] ∣∣∣
θ=θ0

=
∑
ω

θ̂j (ω) pθ (ω)

∣∣∣∣∣
θ=θ0

= θ0,j , ∀j

∂iE
[
θ̂j

] ∣∣∣
θ=θ0

=
∑
ω

θ̂j (ω) ∂ipθ (ω)

∣∣∣∣∣
θ=θ0

= δij , ∀i, j

where ∂j ≡ ∂
∂θj

.

The above definition says that an estimator is locally unbiased if and only if at point

θ0, E
[
θ̂j

]
equal to θ0,j up to first order. Note that the estimators in Example 1.6 and

Example 1.7 are all locally unbiased. For comparison between unbiased and locally
unbiased, please see Remark on page 8.

In the following, we give a theorem that quantify the quality on precision of an
estimator.

5 doi:10.6342/NTU202400907



CHAPTER 1. MATHEMATICAL PRELIMINARY

Theorem 1.9 (Cramer-Rao Bound). Let pθ be a family of probability distribution
indexed by θ ∈ Θ ⊂ RP. Let θ̂ be a locally unbiased estimator at θ0, then the covariance
matrix Σ would satisfy the Cramer-Rao inequality:

Σ ≥ J−1

where the component of the matrix Σ and J is given by

Σij = E
[(
θ̂i − θ0,i

)(
θ̂j − θ0,j

)]∣∣∣
θ=θ0

=
∑
ω

(
θ̂i (ω) − θ0,i

)(
θ̂j (ω) − θ0,j

)
pθ (ω)

∣∣∣∣∣
θ=θ0

Jij = E [(∂i log pθ) (∂j log pθ)]|θ=θ0
=
∑
ω

(∂i log pθ (ω)) (∂j log pθ (ω))

∣∣∣∣∣
θ=θ0

=
∑
ω

(∂ipθ (ω)) (∂jpθ (ω))

pθ (ω)

∣∣∣∣∣
θ=θ0

The matrix J is called the Fisher information matrix.

The meaning of the above theorem is that the Fisher information serves as the
best attainable bound for covariance. It can be viewed as an uncertainty relation for a
random variable.

6 doi:10.6342/NTU202400907



Chapter 2

Element of Quantum Metrology

2.1 Problem Formulation in Quantum Metrology

In quantum metrology, people consider the problem where a parameter is encoded on
a quantum state. In general, the parameter encoded on a state can characterize the
quantum system. Here are some examples.

Example 2.1. The Gibbs state can be written in the following form:

ρβ =
e−βH

Z
, Z = Tre−βH

where β is the temperature (more precisely, the inverse of the temperature) parameter,
and H is a positive semi-definite hermitian operator. Usually, a Gibbs state character-
izes a system at thermal equilibrium. If one can estimate the temperature with high
precision, one can characterize the system at thermal equilibrium.

Example 2.2. Consider the qubit state:

ρθ =
1

2

id2 +
∑
j

θjσj


where θ = (θx, θy, θz) is the Bloch vector, and σj are the Pauli operators. If one can
estimate the Bloch vector, one can access the information of the quantum state.

Example 2.3. Consider a unitary operator Uθ with some phases θ encoded on the
operator (maybe single- or multi- parameter). Let ρ0 be a state, then

ρθ = Uθρ0U
†
θ

the information of θ is encoded on the state ρθ. If one can estimate θ, one can charac-
terize the unitary channel.

Example 2.4. Consider a randomized Pauli channel with

ρp =
3∑

j=0

pjσjρ0σj

where ρ0 is a state, σ0 = id2,
∑

j pj = 1. The probability (randomized) parameter is
encoded on the state ρp. If one can estimate p, one can characterize the randomized
Pauli channel.

7
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The goal of quantum metrology is to estimate the parameter with high precision.
In general, we consider a quantum statistical family {ρθ}θ indexed by parameter θ ∈
Θ ⊂ RP. To get information in the quantum state, we perform a measurement on
the state. After applying a measurement on ρθ, we obtain a probability distribution:
pθ;M (ω) ≡ TrρθMω, and get a Fisher information matrix:

(JM )ij = E [(∂i log pθ;M ) (∂j log pθ;M )] =
∑
ω

(Tr∂iρθMω) (Tr∂jρθMω)

TrρθMω

where ∂j (·) ≡ ∂
∂θj

(·). Trace the inverse of the information matrix with a weight matrix

W > 0 (a real symmetric positive definite matrix), then we obtain a scalar quantity:
trW (JM )−1. We see that for different measurement {Mω}, we obtain different Fisher
information matrices. As introduced in Theorem 1.9, Fisher information represents
the best attainable lower bound on the covariance of an estimator. To get the best
precision bound, we optimize over all possible POVM, and thus we define the following
quantity.

Definition (Most Informative Bound). Let W ∈ L
(
RP
)
≡ RP×P be a real, positive

definite, symmetric matrix,

CMI [W ] ≡ min
M is a POVM

trW (JM )−1

We use Tr to denote trace (physical operation) on quantum system, tr to denote trace
on matrix space.

For the above bound, one has the following characterization.

Theorem (Exercise 6.44, [Hay16]).

CMI [W ] = min
{

trWΣ|θ̂ is locally unbiased, M is POVM
}

where
Σij =

∑
ω

(
θ̂i − θ0,i

)(
θ̂j − θ0,j

)
TrρθMω (2.1)

If we denote Xj =
∑

ω

(
θ̂j (ω) − θ0,j

)
Mω, then the above local unbiasedness condition

can be rewritten as
TrρXj = 0, Tr∂iρXj = δij

From the above, we define the local unbiasedness for set of hermitian operators.

Definition. Let Xj be a set of hermitian operators, it is called locally unbiased if and
only if it satisfies

TrρXj = 0, Tr∂iρXj = δij

we denote the set of all locally unbiasedness hermitian operator by X , and when a set
of hermitian operator Xj is locally unbiased, we denote that X⃗ ∈ X .

Remark. In contrast to classical statistics, which usually focuses on “unbiased” esti-
mation, quantum estimation adapts the concept of “locally unbiased” estimation. This
adaptation arises because, in general, the optimal measurement depends on the param-
eter. Different measurements yield different outcomes, resulting in different statistics.
An estimator that performs optimally with respect to one measurement at a true value
may not perform optimally with respect to another true value.
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2.2. QUANTUM FISHER INFORMATION

The most informative bound is the best attainable bound from a single measurement.
However, optimizing over all possible POVMs is extremely challenging [Hay97; HO23].
A common approach to minimizing a quantity is first to establish a lower bound and
then attempt to achieve equality.

In the next section, we introduce the quantum Fisher information as a way to es-
tablish lower bounds on the most informative bound.

2.2 Quantum Fisher Information

We start with the single parameter case, and introduce the concept of symmetric loga-
rithmic derivative (SLD) operator.

Definition. The operator LS
j (for each j) satisfy the equation:

∂jρ =
1

2

{
ρ, LS

j

}
is called the SLD operator, where on the above, {A,B} = AB +BA. The matrix:(

JS
)
ij
≡ 1

2
Trρ

{
LS
i , L

S
j

}
is called SLD Fisher information matrix. The quantity:

CS [W ] ≡ trW
(
JS
)−1

is called SLD CRB. In particular, when parameter is 1-dimensional, that is, single
parameter, the SLD operator is the operator which satisfy the equation:

∂θρ =
1

2

{
ρ, LS

θ

}
and the SLD Fisher information is given by

1

2
Trρ

{
LS
θ , L

S
θ

}
= Trρ

(
LS
θ

)2
For single parameter, given a measurement, our goal is to maximize the classical

Fisher information over all possible measurement, that is,

max
M is a POVM

JM = max
M is a POVM

∑
ω

(Tr∂θρMω)2

TrρMω

It is hard to directly optimize over all possible POVM. Hence, one common way is that
set an upper bound to the quantity, and try to saturate it. Given arbitrary a POVM
{Mω}, we have that

JM =
∑
ω

(Tr∂θρMω)2

TrρMω

=
∑
ω

(
Tr12 {ρ, Lθ}Mω

)2
TrρMω

=
∑
ω

(
ReTrρMωL

S
θ

)2
TrρMω
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(a)

≤
∑
ω

∣∣TrρMωL
S
θ

∣∣2
TrρMω

=
∑
ω

∣∣∣Tr
(√
Mω

√
ρ
)† (√

MωL
S
θ

√
ρ
)∣∣∣2

TrρMω

(b)

≤
∑
ω

1

TrρMω
Tr
(√

Mω
√
ρ
)†√

Mω
√
ρTr

(√
MωL

S
θ

√
ρ
)† (√

MωL
S
θ

√
ρ
)

=
∑
ω

Tr
√
ρLθMωLθ

√
ρ = Trρ

(
LS
θ

)2
where in (a), we use the fact that for any complex number z, |Rez|2 ≤ |z|2; in (b),

we use the Cauchy-Schwartz inequality:
∣∣TrA†B

∣∣2 ≤ TrA†ATrB†B applied on A =√
Mω

√
ρ,B =

√
MωL

S
θ

√
ρ. The above derivation holds for any POVM M , and hence

we have that
max

M is POVM
JM ≤ Trρ

(
LS
θ

)2
Equalities are saturated when

ImTrρMωLθ = 0
√
Mω

√
ρ

TrMωρ
=

√
MωLθ

√
ρ

TrρMωLθ

Now, choosing Mω = Πω = |ℓω⟩ ⟨ℓω| be eigenvector of LS
θ , we see that the above in-

equality can all be saturated. This shows that for single parameter, we have

max
M is POVM

JM = Trρ
(
LS
θ

)2
, ∂θρ =

1

2

{
ρ, LS

θ

}
As for multiparameter case, one has that JM ≤ JS, or CMI ≥ CS (For standard

proof, please see [ATD20; Liu+19a; SK20; Wat13]. For different approach, please see
[Yan+19]. For proof by numerical approach, please see [HO23]). In general, the equality
can not be saturated. To saturate the equality, the measurement should satisfy the
certain conditions, actually, one has the following theorem.

Theorem 2.5 (Theorem 1, Theorem 2 [Yan+19]). Given a set of measurement opera-
tors: Mω with

∑
ωMω = idH, and a quantum statistical family ρθ, then, SLD CRB is

saturable if and only if following condition holds:

• If measurement operator is regular, that is, TrρMω ̸= 0, then

MωL
S
j

√
ρ = ξωj Mω

√
ρ, ξωj =

TrρMωL
S
j

TrρMω
, ∀j, ω

• If measurement operator is non-regular, that is, TrρMω = 0, then

MωL
S
j

√
ρ = ηωijMωL

S
j

√
ρ, ηωij =

TrρLS
jMωL

S
i

TrρLS
jMωLS

j

, ∀ω, i, j

As a necessary condition for the achievability of the SLD CRB, one has the following
characterization.

Theorem 2.6 (Theorem 3, the partial commutativity condition, [Yan+19]). Suppose
that there exists a measurement Mω such that SLD CRB is saturable, that is, JM = JS,
then, the following condition must holds

√
ρ
[
LS
i , L

S
j

]√
ρ = 0
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2.2. QUANTUM FISHER INFORMATION

In general, the identity mentioned above does not hold; therefore, such a measure-
ment typically does not exist. Recently, a new characterization has been found for the
saturability of the SLD CRB [Nur24].

The SLD CRB has many applications in unitary/phase estimation problems [Hum+13;
Pez+17; YZF14] and in resource theory of asymmetry [Bud23; CH23; Mar22; ST23].

In classical estimation theory, unbiased and efficient estimator does not always ex-
ist; however, maximum likelihood estimator is asymptotically unbiased and efficient.
Whereas for the SLD CRB, even in asymptotic regime, it is not always achievable
(meaning, there does not necessarily exist a measurement such that JM → JS asymp-
totically). For the asymptotic achievability, one has the following characterization:

Theorem ([RJD16]). The SLD CRB is asymptotically achievable if and only if

Trρ
[
LS
i , L

S
j

]
= 0

Besides using the SLD Fisher information matrix to establish a lower bound, one
can also use the right logarithmic derivative (RLD) Fisher information to establish a
lower bound. Let’s first give the definition of the RLD CRB.

Definition. The operator LR
j satisfy the equation:

∂jρ = ρLR
j

is called the RLD operator. The matrix:(
JR
)
ij
≡ Tr

(
LR
i

)†
ρLR

j

is called RLD Fisher information matrix. The quantity:

CR [W ] ≡ trWRe
(
JR
)−1

+
∥∥∥√W Im

(
JR
)−1√

W
∥∥∥
1

is called the RLD CRB, where for a matrix A, ∥A∥1 ≡ tr |A|, and |A| =
√
A†A.

The reason that we use trWRe
(
JR
)−1

+
∥∥∥√W Im

(
JR
)−1√

W
∥∥∥
1

as the RLD CRB

rather than trW
(
JR
)−1

will be explained in the next section, as we introduce the Holevo
Cramer-Rao bound. The RLD CRB is a lower bound to CMI, and it is particularly useful
in Gaussian state estimation and D-invariant model [Hol11; YL73]. For its asymptotic
achievability, one has the following characterization:

Theorem (Corollary B.2, [YFG13]; Theorem 2.5, [Suz16]). The RLD CRB is asymp-
totically achievable if and only if the quantum statistical model is D-invariant.

In classical estimation theory, we have Lj ≡ ∂j log p, or, one has that ∂jp = pLj .
The SLD/RLD operator satisfy the relation:

∂jρ =
1

2

{
ρ, LS

j

}
∂jρ = ρLR

j

We see that the SLD/RLD are particularly two non-commutative generalization of clas-
sical Fisher information. Besides SLD/RLD, is there any other non-commutative gen-
eralization of Fisher information? The answer is yes. In general, quantum Fisher
information can be defined as follow.
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Definition 2.7 (Quantum f -Fisher information, Definition A.3 [Sag22]). Let f : (0,∞) →
(0,∞) be operator monotone and suppose that f(0) := limx→+0 f(x) ∈ [0,∞) exists.
Let ρ be a positive-definite (normalized) state, and

Kρ ≡ f (Adρ)Rρ

then, quantum f -Fisher information is defined as a matrix whose component is given
by

Jf
ij ≡

〈
∂iρ,K−1

ρ (∂jρ)
〉
HS

= Tr∂iρK−1
ρ (∂jρ)

where Adρ,Rρ are both super operators defined as

Adρ (X) = ρXρ−1, Rρ (X) = Xρ

In particular, if f(x) = 1
2(x + 1), it corresponds to the SLD Fisher information;

if f(x) = 1, it corresponds to the RLD Fisher information. The quantum f -Fisher
information is the unique monotone metric on matrix space, for discussion on f -Fisher
information, please see [Hay16; Pet96; PG11; Sag22], for one of its application, see
[Gao+23].

2.3 Holevo Cramer-Rao Bound

As we have seen in Section 2.2, quantum Fisher information-based bounds (in partic-
ular, the SLD/RLD CRB) are not necessarily asymptotically achievable. Is there any
bound that is asymptotically achievable, just like the maximum likelihood estimator in
classical estimation? The answer is yes; such a bound is called the Holevo-Cramer-Rao
bound (HCRB). It is asymptotically achievable and tighter than the SLD/RLD CRB.
In this section, we will introduce the HCRB.

The Holevo bound is based on the following inequality (Theorem 2.8) and the
matrix optimization (Lemma 2.9).

Theorem 2.8 (Lemma 3, [ATD20]; [Nag05]; Lemma 1, [HM08]; Equation 6.6.55
[Hol11]). Given a measurement {Mω} and locally unbiased estimator θ̂ (ω), then,

Σ ≥ Z (2.2)

where Σ is covariance matrix as defined in eq. (2.1), and Z is a matrix defined by

Zij = TrXiρXj

and Xj =
∑

ω

(
θ̂j (ω) − θ0,j

)
Mω.

The proof of the theorem can be found in the various reference as cited above, we
include the proof for reader’s convenience.

Proof for theorem 2.8. Let f : Ω → C be a complex-valued function, {Mω} be a
POVM on H, and F ≡

∑
ω f (ω)Mω. We have the following inequality:∑

ω

(f (ω) − F )Mω (f (ω) − F )† ≥ 0
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2.3. HOLEVO CRAMER-RAO BOUND

The above matrix inequality can be modified as∑
ω

|f (ω)|2Mω ≥ FF †

Let f (ω) = c†
(
θ̂ (ω) − θ0

)
, where c ∈ CP is a P-dimensional complex vector,

and c† is the conjugate transpose of the complex vector. This will imply that
F =

∑
ℓ c̄ℓXℓ, where c̄ℓ means the complex conjugate of the complex number cℓ.

By the above matrix inequality, we have that

c†Σc =
∑
ω

∣∣∣c† (θ̂ (ω) − θ0

)∣∣∣2Mω ≥
∑
ij

c̄icjXiXj

Trace both side of the matrix inequality with Trρ, we then have that for any
c ∈ CP,

c†Σc ≥ c†Zc

Hence, we have the matrix inequality: Σ ≥ Z.

Lemma 2.9 (Lemma 6.6.1, [Hol11]). Let R be a complex hermitian matrix and W be
a positive definite matrix, then

min
V≥±R

{TrWV } = TrAbs {WR} =
∥∥∥√WR

√
W
∥∥∥
1

The minimum is achieved for V = W−1Abs {WR}, where for positive operator A and
hermitian operator B, Abs {AB} is defined as

Abs {AB} ≡
√
A
∣∣∣√AB√

A
∣∣∣√A−1

⇒ TrAbs {AB} =
∥∥∥√AB√

A
∥∥∥
1

and for a matrix X, |X| =
√
X†X, ∥X∥1 = Tr |X|.

Proof. Original proof is due to [Hol11], we include proof for reader’s convenience.
Consider the matrix inequality: V ≥ ±R. For any positive definite W , we have
that √

WV
√
W ≥ ±

√
WR

√
W

Let (λj , |ej⟩) be eigenpair (pair of eigenvalue and eigenvector) of
√
WR

√
W . For

each j, we have that〈
ej ,

√
WV

√
Wej

〉
≥ ±λj ⇒

〈
ej ,

√
WV

√
Wej

〉
≥ |λj |

Summing over all j, we arrive that

TrWV =
∑
j

〈
ej ,

√
WV

√
Wej

〉
≥
∑
j

|λj | =
∥∥∥√WR

√
W
∥∥∥
1

The above holds for any V ≥ ±R. We have that

min
V≥±R

TrWV ≥
∥∥∥√WR

√
W
∥∥∥
1
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However, taking V = W−1/2
∣∣∣√WR

√
W
∣∣∣W−1/2, we have that

TrWV = Tr
∣∣∣√WR

√
W
∣∣∣ =

∥∥∥√WR
√
W
∥∥∥
1

Therefore, we conclude that

min
V≥±R

TrWV =
∥∥∥√WR

√
W
∥∥∥
1

Now, back to the matrix inequality (2.2). The meaning of this is that the classical
covariance is greater than the quantum covariance, or the quantum covariance can serve
as a lower bound to the classical covariance. But notice that the matrix Z is possibly
complex. Saturating the matrix inequality would directly require Z to be a real matrix,
which is a stringent condition for a general quantum statistical model. To remedy this
defect, we combine Theorem 2.8 and Lemma 2.9, resulting in the following theorem.

Theorem 2.10 (Theorem 3, [ATD20]; [Nag05]; Equation 19, [HM08]). Let {Mω} be a
measurement, θ̂ (ω) be a locally unbiased estimator, Σ, Xj , Z are defined as in Theorem
2.8, and W be a real positive definite matrix, then

trWΣ ≥ trWReZ +
∥∥∥√W ImZ

√
W
∥∥∥
1

(2.3)

Before the proof of the theorem, we first establish a lemma.

Lemma 2.11 (Lemma 4, [ATD20]). Let A be a hermitian matrix with A ≥ 0, then,
ReA ≥ ±iImA.

Proof of Lemma 2.11. Since A ≥ 0, we have that

∀v, (R ∋) ⟨v,Av⟩ ≥ 0 ⇒ ∀v, ⟨v,Av⟩ ≥ 0 ⇒ ∀v,
〈
v, Āv

〉
≥ 0

⇒ Ā ≥ 0

where Ā is entry-wise complex conjugate of A. Since A ≥ 0 ⇒ Ā ≥ 0, this implies
that

A ≥ 0 ⇒ ReA+ iImA ≥ 0 ⇒ ReA ≥ −iImA

Ā ≥ 0 ⇒ ReA− iImA ≥ 0 ⇒ ReA ≥ iImA

⇒ ReA ≥ ±ImA

Proof of Theorem 2.10. The proof of the theorem can be found in the various
references as cited above. Here, the author includes the proof for reader’s conve-
nience. By Theorem 2.8 and Lemma 2.11, we have the matrix inequality:

Σ ≥ Z ⇒ Σ − ReZ ≥ ±iImZ
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2.3. HOLEVO CRAMER-RAO BOUND

By Lemma 2.9, we directly arrive that

trWΣ − trWReZ ≥
∥∥∥√W ImZ

√
W
∥∥∥
1
⇒ trWΣ ≥ trReZ +

∥∥∥√W ImZ
√
W
∥∥∥
1

For the clarity of the following discussion, let W be the identity matrix of suitable
size. The quantity on the right-hand side of equation (2.3) represents the minimum
among all real matrices V that satisfy the inequality V ≥ Z. Specifically, this minimum
is given by V = ReZ + |ImZ|. Since the matrix ReZ + |ImZ| is real, it is possible to
saturate the inequality without imposing further restrictions on the quantum system,
such as requiring Z to be a real matrix. Moreover, by optimizing the lower bound (2.3)
through the minimization of the modified quantum covariance (ReZ + |ImZ|) using the
optimal locally unbiased estimator, we obtain the celebrated HCRB.

Definition (Holevo-Cramer-Rao Bound, [Nag05], [Hol11]). The quantity:

CH[W ] = min
X⃗∈X

{
trWReZ +

∥∥∥√W ImZ
√
W
∥∥∥
1

}
is called the Holevo-Cramer-Rao bound, and we have the inequality:

CMI ≥ CH

The HCRB is in general not achievable in finite copy; however, it is always achievable
in the asymptotic regime with some mild regularity conditions. Roughly speaking,
the HCRB is achievable in Gaussian state estimation schemes. Quantum statistical
models with i.i.d. extensions are locally asymptotically normal, and hence the HCRB
is asymptotically achievable. For detailed information on convergence and different
approaches, see the various references [GK06; KG09; YFG13; YCH19] on quantum
local asymptotic normality.

Furthermore, the HCRB is a tighter bound than the SLD CRB and RLD CRB, and
we state the following theorem.

Theorem ([Hol11]).
CH ≥ max

{
CS,CR

}
Proof. Here we mention the proof for the theorem. For CH ≥ CS, see for example,
corollary 3, [ATD20]; section C., [RJD16]; [Nag05]; [HM08]. For CH ≥ CR, see
for example, [HM08], [Nag05].

Theorem ([RJD16]). CH = CS if and only if Trρ
[
LS
i , L

S
j

]
= 0, and if CH = CS, the

optimizer of the HCRB is

LS,j ≡
∑
ℓ

((
JS
)−1
)
ℓj
LS
ℓ

Theorem (Theorem 2.5, [Suz16]). CH = CR if and only if the model is D-invariant,
and if model is D-invariant, the optimizer of the HCRB is

LR,j ≡
∑
ℓ

((
JR
)−1
)
ℓj
LR
ℓ
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Recently, the HCRB is cast as a convex optimization problem [AFD19; Con+21;
HO23], and hence it can be computed efficiently.

Here, we summarize the various definitions and theorems.

Definition 2.12 (Most Informative Bound). Let W ∈ L
(
RP
)
≡ RP×P be a real,

positive definite, symmetric matrix,

CMI [W ] ≡ min
M is a POVM

trW (JM )−1

We use Tr to denote trace (physical operation) on quantum system, tr to denote trace
on matrix space.

Definition 2.13. Let Xj be a set of hermitian operators, it is called locally unbiased
if and only if it satisfies

TrρXj = 0, Tr∂iρXj = δij

we denote the set of all locally unbiasedness hermitian operator by X , and when a set
of hermitian operator Xj is locally unbiased, we denote that X⃗ ∈ X .

Theorem 2.14 (Exercise 6.44, [Hay16]).

CMI [W ] = min
{

trWΣ|θ̂ is locally unbiased, M is POVM
}

where
Σij =

∑
ω

(
θ̂i − θ0,i

)(
θ̂j − θ0,j

)
TrρθMω

Definition 2.15. The operator LS
j satisfy the equation:

∂jρ =
1

2

{
ρ, LS

j

}
is called SLD operator, where on the above, {A,B} = AB +BA. The matrix:(

JS
)
ij
≡ 1

2
Trρ

{
LS
i , L

S
j

}
is called SLD Fisher information matrix. The quantity:

CS [W ] ≡ trW
(
JS
)−1

is called SLD CRB. In particular, when parameter is 1-dimensional, that is, single
parameter, SLD operator is operator which satisfy the equation:

∂θρ =
1

2

{
ρ, LS

θ

}
and the SLD Fisher information is given by

1

2
Trρ

{
LS
θ , L

S
θ

}
= Trρ

(
LS
θ

)2
Definition 2.16. The operator LR

j satisfy the equation:

∂jρ = ρLR
j
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is called RLD operator. The matrix:(
JR
)
ij
≡ Tr

(
LR
i

)†
ρLR

j

is called RLD Fisher information matrix. The quantity:

CR [W ] ≡ trWRe
(
JR
)−1

+
∥∥∥√W Im

(
JR
)−1√

W
∥∥∥
1

is called RLD CRB.

Theorem 2.17 ([Hol11]).
CH ≥ max

{
CS,CR

}
Theorem 2.18 ([RJD16]). CH = CS if and only if Trρ

[
LS
i , L

S
j

]
= 0, and if CH = CS,

then the optimizer of the HCRB is

LS,j ≡
∑
ℓ

((
JS
)−1
)
ℓj
LS
ℓ

Theorem 2.19 (Theorem 2.5, [Suz16]). CH = CR if and only if the model is D-
invariant, and if model is D-invariant, then the optimizer of the HCRB is

LR,j ≡
∑
ℓ

((
JR
)−1
)
ℓj
LR
ℓ

Definition 2.20 (Holevo-Cramer-Rao Bound, [Nag05], [Hol11]). The quantity:

CH[W ] = min
X⃗∈X

{
trWReZ +

∥∥∥√W ImZ
√
W
∥∥∥
1

}
is called the Holevo-Cramer-Rao bound, and we have the inequality:

CMI ≥ CH

2.4 Statement of the Problem

The HCRB is the ultimate precision that we can achieve (in the asymptotic regime).
In practical schemes, however, we do not have infinite copies of the state. To saturate
the HCRB in a large number of copies, one needs to perform collective measurements
on a large tensor product of the state, which is extremely challenging in experimental
settings [Con+21]. Saturating the HCRB in finite copies is particularly important and
highly non-trivial work. To the best of the author’s knowledge, the achievability of the
HCRB is only characterized for pure state and Gaussian state estimation, where the
HCRB is achievable and optimal measurements can be constructed (see, for example,
[Mat02; YFG13]). For the general finite-dimensional mixed state estimation problem,
no general characterization is given. Characterizing the achievability of the HCRB is
non-trivial due to its inherent complexity. The following are some reasons.

1. The HCRB comes from a matrix optimization (Lemma 2.9), and it is not like
the usual Fisher information bound, which is established based on the Cauchy-
Schwartz inequality. This means that saturation of the HCRB cannot directly
apply methods like those in [Yan+19], which fully utilize the Cauchy-Schwartz in-
equality to establish and characterize conditions on the measurement that saturate
the SLD CRB.
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2. Endowing a matrix space with a metric allows tools from geometry to be applied
to the matrix space. The connection between geometry and physics becomes
apparent. Geometrical objects like torsion and curvature can help in studying
properties of a quantum statistical model. For example, if one assigns the SLD
metric to a quantum statistical model, the achievability of the SLD CRB for
pure state and faithful state models is fully characterized [AN00; Hay05; NF23].
Another example is the RLD CRB, which is highly related to D-invariant models
and characterizes the achievability of the tight bound in Gaussian state models
[Hol11; Suz16; Suz19; YL73]. To the best of the author’s knowledge, no study has
been conducted on information geometry by endowing the HCRB as a metric on
matrix space. This is possibly because the HCRB, in general, is not a monotone
metric on matrix space, which prevents us from applying techniques like those in
[Gao+23], where full use was made of operator Jensen’s inequality and the integral
representation of operator convex functions to derive relations between conditions
on recoverability and the monotonic metric.

The contribution of this work is to provide some partial answers to the following
problem:

When will there exists a POVM such that CMI = CH?
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Part II

Achievability of Tight Bound in
Quantum Metrology

19





Chapter 3

Some Preliminary Results for
The Characterizations

In this chapter, we introduce some preliminary for our main result.

Definition 3.1. Let V H = ReZH + V H
I , where ZH = TrρXH

j X
H
i , XH

j is optimizer of

CH, that is,

XH
j = argmin

X⃗∈X
CH [W ] (3.1)

and

V H
I = W− 1

2

∣∣∣√W ImZH
√
W
∣∣∣W− 1

2

Theorem 3.2 (Achievability in Extended Space). The following two conditions are
equivalent.

1. For any RP×P ∋W > 0, there exists a pair of estimator, measurement
{(
θ̂i (ω) ,Mω

)}|Ω|

ω=1
(where Ω is output alphabet and |Ω| is its cardinality) such that the covariance
matrix of the estimator and the quantum covariance matrix satisfy the following
relation:

Σ = V H

where V H is defined in Definition 3.1. That is, there exists a locally unbiased
estimator, POVM such that CMI[W ] = CH[W ].

2. There exists a Hilbert space Ĥ, a pure state σ on it, a set of observable X̃i on

L
(
H⊗ Ĥ

)
with [

X̃i, X̃j

]
= 0

Tr∂i (ρ⊗ σ) X̃j = δij , Tr (ρ⊗ σ) X̃jX̃i = V H

Proof. (1 ⇒ 2) Suppose that there exists locally unbiased estimator and POVM
such that

CMI[W ] = CH[W ] ⇔ Σ = V H

by Naimark theorem, there exists a Hilbert space Ĥ, pure state σ on it and a
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PVM Πω on H⊗ Ĥ such that

TrρMω = Tr (ρ⊗ σ) Πω

defining the operator by

X̃j ≡
∑
ω

(
θ̂j (ω) − θ0,j

)
Πω ≡

∑
ω

x̃j,ωΠω

where x̃j,ω ≡ θ̂j (ω) − θ0,j . It is easy to see that X̃j commute, and we have that

Tr (ρ⊗ σ) X̃j =
∑
ω

Tr (ρ⊗ σ) x̃j,ωΠω

=
∑
ω

x̃j,ωTrρMω

=
∑
ω

(
θ̂j (ω) − θ0,j

)
TrρMω = 0

Tr∂i (ρ⊗ σ) X̃j =
∑
ω

∂iTr (ρ⊗ σ) x̃j,ωΠω

= ∂iTrρ

(∑
ω

x̃j,ωMω

)
= ∂iTrρXj = δij

Next,

Tr (ρ⊗ σ) X̃jX̃i = Tr (ρ⊗ σ)

(∑
ω,m

x̃j,ωx̃i,ω′ΠωΠω′

)
=
∑
ω,ω′

Tr (ρ⊗ σ) x̃j,ωx̃i,ω′δωω′Πω

=
∑
ω

x̃i,ωx̃j,ωTr (ρ⊗ σ) Πω

=
∑
ω

x̃i,ωx̃j,ωTrρMω = Σij

(2 ⇒ 1) Suppose that there exists a Hilbert space Ĥ, a pure state σ on it, and a
set of observable X̃j such that [

X̃i, X̃j

]
= 0

Tr (ρ⊗ σ) X̃j = 0, Tr∂i (ρ⊗ σ) X̃j = δij

Tr (ρ⊗ σ) X̃jX̃i = V H

Let spectral decomposition of X̃i be

X̃j ≡
∑
ω

x̃j,ωΠω =
∑
ω

x̃j,ω |eω⟩ ⟨eω|
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defining the estimator and measurement by

θ̂j (ω) = θ0,j + TrX̃jΠω = θ0,j + x̃j,ω

Mω ≡ ⟨φ|Πω |φ⟩ , Xi =
∑
ω

x̃i,ω (ω)Mω

where with abuse of notation, we denote that ⟨φ|Πω |φ⟩ ≡
(idH ⊗ ⟨φ|) Πω (idH ⊗ |φ⟩), and σ = |φ⟩ ⟨φ|. Then, we have∑

ω

θ̂j (ω) TrρMω =
∑
ω

(θ0,j + x̃j,ω) Tr (ρ⊗ σ) Πω

= Tr (ρ⊗ σ)

(
θ0,j +

∑
ω

x̃j,ωΠω

)
= θ0,j + Tr (ρ⊗ σ) X̃j = θ0,j

Tr∂iρXj =
∑
ω

∂iTrρx̃j,ωMω

=
∑
ω

∂iTr (ρ⊗ σ) x̃j,ωΠω

= Tr∂i (ρ⊗ σ) X̃j = δij

and

Σij =
∑
ω

x̃i,ωx̃j,ωTrρMω

=
∑
ω

x̃i,ωx̃j,ωTr (ρ⊗ σ) Πω

=
∑
ω,ω′

Tr (ρ⊗ σ) x̃i,ωx̃j,ωδωω′Πω

= Tr (ρ⊗ σ)

∑
ω,ω′

x̃j,ωx̃i,ω′ΠωΠω′

 = Tr (ρ⊗ σ) X̃jX̃i

Condition 1 is just the statement of achievability; condition 2 tells us that if such
estimator and measurement exists, then it is nothing but measuring a set of commutative
observables on a larger space (extended by Naimark extension theorem). The extended
space together with the special operator (defined in eq. (3.2)), would help us discuss
the achievability of the HCRB.

Lemma 3.3 (Lemma B.9, in supplement material of [YFG13]). Given P × P positive
semidefinite hermitian matrix J . Then there exists a Hilbert space Ĥ, pure state σ on
it, and set of operators B1, ..., BP such that

TrσBj = 0, TrσBjBi = Jij

We now introduce a very important operator. Observing that V H
I − iImZH is a

positive semi-definite matrix, by Lemma 3.3, there exists Hilbert space Ĥ, pure state
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σ on it, and observables Bj such that

TrσBj = 0, ∀j, TrσBjBi =
(
V H
I − iImZH

)
ij

Proposition 3.4. Let Ĥ, σ, Bj satisfy that

TrσBj = 0, TrσBjBi = V H
I = W− 1

2

∣∣∣√W ImZH
√
W
∣∣∣W− 1

2

then the operator X̄j ∈ L
(
H⊗ Ĥ

)
(defined as follow) is locally unbiased estimator and

its quantum covariance matrix is just the optimum matrix of the HCRB, here

X̄j ≡ XH
j ⊗ idĤ + idH ⊗Bj (3.2)

and XH
j is the optimizer of CH, as eq. (3.1)

Proof. For the unbiasedness:

Tr (ρ⊗ σ) X̄j = Tr (ρ⊗ σ)
(
XH

j ⊗ idĤ + idH ⊗Bj

)
=
(
TrρXH

j

)
(Trσ) + (Trρ) (TrσBj)

= 0 + 0 = 0

Tr∂i (ρ⊗ σ) X̄j = ∂iTr
((
ρXH

j

)
⊗ σ + ρ⊗ (σBj)

)
=
(
Tr∂iρX

H
j

)
(Trσ) + (Tr∂iρ) (TrσBj)

= δij

for quantum covariance,

Tr (ρ⊗ σ) X̄jX̄i = Tr (ρ⊗ σ)
(
XH

j X
H
i ⊗ idĤ +XH

j ⊗Bi +XH
i ⊗Bj + idH ⊗BjBi

)
= TrρXH

j X
H
i +

(
TrρXH

j

)
(TrσBi) +

(
TrρXH

i

)
(TrσBj) + TrσBjBi

=
(
ReZH + iImZH

)
ij

+
(
V H
I − iImZH

)
ij

=
(
ReZH + V H

I

)
ij

=
(
V H
)
ij

By studying the properties of the operators X̄j , one can characterize the quantum
statistical model.

Lemma 3.5. Let V be a finite dimensional, complex inner product space, {|vj⟩}Pj=1 ⊂ V,
P ≤ M ≤ dimV and ⟨·, ·⟩ be inner product on it. Suppose that ⟨vi, vj⟩ ∈ R for

any i, j, then, there exists a set of orthonormal vectors {|ek⟩}Mk=1 with spanR {|vj⟩} ⊂
spanR {|ek⟩} such that

⟨ek, vj⟩ ∈ R, ∀j, k

that is, in basis |ek⟩, |vj⟩ is real vector (vectors with real component).
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Proof. Performing Gram Schmidt process then we get the result. Let

|u1⟩ = |v1⟩

|u2⟩ = |v2⟩ −
⟨u1, v2⟩
⟨u1, u1⟩

|u1⟩

|u3⟩ = |v3⟩ −
⟨u2, v3⟩
⟨u2, u2⟩

|u2⟩ −
⟨u1, v3⟩
⟨u1, u1⟩

|u1⟩

...

we see that the coefficient ⟨ui, vj⟩ / ⟨ui, ui⟩ are all real, and {|uj⟩}Pj=1 forms a set
of orthogonal vectors, spanR {|uj⟩} = spanR {|vj⟩}, and

|vj⟩ =
∑
ℓ

uj,ℓ |uℓ⟩

the coefficient are all real. Let |ek⟩ = |uk⟩√
⟨uk,uk⟩

, and extend the set of vectors to

orthonormal set {|ek⟩}Mk=1, then we get the result.

Lemma 3.6. Let V be a finite dimensional, real inner product space, and ⟨·, ·⟩ be inner
product on V. Suppose that {|uj⟩}Pj=1, {|vj⟩}Pj=1 (P ≤ dimV) be two sets of vectors
such that

⟨ui, uj⟩ = ⟨vi, vj⟩

for all i, j. That is {|uj⟩}Pj=1, {|vj⟩}
P
j=1 admits same Gram matrix. Let {|ej⟩}dimV

j=1 be
a orthonormal basis with |uj⟩ =

∑
ℓ uj,ℓ |eℓ⟩, then, there exists a orthonormal basis |fℓ⟩

such that under this basis, |vj⟩ =
∑

ℓ vj,ℓ |fℓ⟩ we have uj,ℓ = vj,ℓ.

Proof. First extending vectors {|uj⟩}Pj=1 to a basis
{∣∣u′j〉}dimV

j=1
with∣∣u′j〉 = |uj⟩ , ∀1 ≤ j ≤ P〈

u′j , u
′
k

〉
= 0, ∀1 ≤ j ≤ P, P + 1 ≤ k ≤ dimV〈

u′j , u
′
k

〉
= δjk, ∀P + 1 ≤ j, k ≤ dimV

that is,
∣∣u′j〉 for j = P + 1, ...,dimV is orthogonal to

∣∣u′j〉 for j = 1, ...,P and
further, for j = P + 1, ...,dimV,

∣∣u′j〉 is orthonormal. Do the similar things for

|vj⟩, and extending them to
∣∣v′j〉. We see that

{∣∣u′j〉}dimV
j=1

,
{∣∣v′j〉}dimV

j=1
are both

basis of V, further, they admits same gram matrix with

〈
u′i, u

′
j

〉
=
〈
v′i, v

′
j

〉
=

(
gij 0
0 δij

)
, gij = ⟨ui, uj⟩ = ⟨vi, vj⟩

Since
∣∣u′j〉, ∣∣v′j〉 are both basis and admits same Gram matrix, there exists a

unitary operator Q such that Q
∣∣u′j〉 =

∣∣v′j〉. Defining that |fℓ⟩ ≡ Q |eℓ⟩, we see
that ∣∣v′j〉 = Q

∣∣u′j〉 = Q
∑
ℓ

[
u′j
]e
ℓ
|eℓ⟩ =

∑
ℓ

[
u′j
]e
ℓ
|fℓ⟩ =

∑
ℓ

[
v′j
]f
ℓ
|fℓ⟩
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this means that, under basis |fℓ⟩,
∣∣v′j〉 has same component representation as

∣∣u′j〉
in basis |eℓ⟩.
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Chapter 4

1-st Characterization

Condition 1 first appeared in the supplement material of the paper [YFG13], as a proof
of the achievability of the HCRB for the pure state case. The main contribution of
Theorem 4.1 is that the author generalizes this condition to the mixed state case, de-
velops two equivalent conditions (condition 2 and 3), and provides a necessary condition
(condition 5) which is served as a characterization for the theorem.

Theorem 4.1 (1-st Characterization). The relations for following conditions are:

1 ⇔ 2 ⇒ 3 ⇒ 1 ⇒ 4 ⇔ 5

in particular 1, 2, 3 are (equivalent and) sufficient for achivability of HCRB, that is,
conditions in Theorem 3.2.

1. There exists Hilbert space Ĥ, pure state σ on it, a set of commutative observables
X̃j such that X̃j (ρ⊗ σ) = X̄j (ρ⊗ σ), where X̄j is defined as in Proposition
3.4. Equivalently, there exists hermitian operators Kj with Kjρ = ρKj = 0 such
that

X̃j = X̄j +Kj

are all commute.

2. There exists real number x̃j,ω basis |eω⟩ such that it satisfy the equation:

(ρ⊗ σ) X̄j |eω⟩ = x̃j,ω (ρ⊗ σ) |eω⟩

3. There exists basis |eω⟩ such that

x̃j,ω =

〈
eω, X̄jψm

〉
⟨eω, ψm⟩

and x̃j,ω is real and independent of m, where for each m, |ψm⟩ is eigenvector of
ρ⊗ σ.

4. There exists Hilbert space Ĥ, pure state σ on it such that

(ρ⊗ σ)
1
2
[
X̄i, X̄j

]
(ρ⊗ σ)

1
2 = 0

5. The optimizer of CH satisfy the equation:

√
ρ
[
XH

i , X
H
j

]√
ρ = 2i

(
ImZH

)
ji
ρ =

(
Trρ

[
XH

i , X
H
j

])
ρ (4.1)
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Proof. 1 ⇒ 2. Suppose that there exists X̃j = X̄j + Kj such that X̃j are com-
mutative, Kj (ρ⊗ σ) = (ρ⊗ σ)Kj = 0, then, set

X̃j =
∑
ω

x̃j,ω |eω⟩ ⟨eω|

then, we see that (ρ⊗ σ) X̃j = (ρ⊗ σ) X̄j and

(ρ⊗ σ) X̃j |eω⟩ = ρX̄j |eω⟩ = x̃j,ω (ρ⊗ σ) |eω⟩

2 ⇒ 1. Suppose that there exists real numbers x̃j,ω and basis |eω⟩ such that

(ρ⊗ σ) X̄j |eω⟩ = x̃j,ω (ρ⊗ σ) |eω⟩

defining that X̃j =
∑

ω x̃j,ω |eω⟩ ⟨eω|, we see that X̃j are commute and

(ρ⊗ σ) X̄j |eω⟩ = x̃j,ω (ρ⊗ σ) |eω⟩
⇒ (ρ⊗ σ) X̄j |eω⟩ ⟨eω| = x̃j,ω (ρ⊗ σ) |eω⟩ ⟨eω|

⇒
∑
ω

(ρ⊗ σ) X̄j |eω⟩ ⟨eω| =
∑
ω

x̃j,ω (ρ⊗ σ) |eω⟩ ⟨eω|

⇒ (ρ⊗ σ) X̄j = (ρ⊗ σ) X̃j

where we have used the fact that
∑

ω |eω⟩ ⟨eω| = idH⊗Ĥ.
2 ⇒ 3. Suppose there exists a basis |eω⟩ and real numbers x̃j,ω such that
ρX̄j |eω⟩ = x̃j,ωρ |eω⟩, inner product both side by |ψm⟩, eigenvector of ρ ⊗ σ,
we get that

λm
〈
ψm, X̄jeω

〉
= x̃j,ωλm ⟨ψm, eω⟩

and for the above equation holds for any m, we then get that

x̃j,ω =

〈
eω, X̄jψm

〉
⟨eω, ψm⟩

x̃j,ω is independent of m.
3 ⇒ 1. Suppose that there exists basis |eω⟩ such that the value

x̃j,ω =

〈
eω, X̄jψm

〉
⟨eω, ψm⟩

is real and independent of m, defining that

X̃j ≡
∑
ω

x̃j,ω |eω⟩ ⟨eω|

we then have that

X̃jρ =
∑
ωm

〈
eω, X̄jψm

〉
⟨eω, ψm⟩

|eω⟩ ⟨eω|λm |ψm⟩ ⟨ψm|

=
∑
ωm

〈
eω, X̄jψm

〉
λm |eω⟩ ⟨ψm|
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=
∑
ωm

|eω⟩
〈
eω, X̄jλmψm

〉
⟨ψm|

= X̄jρ

and X̃j are all commutative.
1 ⇒ 4. Suppose that X̃j are commuting observables and X̃j (ρ⊗ σ) = X̄j (ρ⊗ σ),
then we have that

(ρ⊗ σ)1/2
[
X̄i, X̄j

]
(ρ⊗ σ)1/2

= (ρ⊗ σ)1/2 X̄iX̄j (ρ⊗ σ)1/2 − (ρ⊗ σ)1/2 X̄jX̄i (ρ⊗ σ)1/2

=
(
X̄i (ρ⊗ σ)1/2

)†
X̄j (ρ⊗ σ)1/2 −

(
X̄j (ρ⊗ σ)1/2

)†
X̄i (ρ⊗ σ)1/2

=
(
X̃i (ρ⊗ σ)1/2

)†
X̃j (ρ⊗ σ)1/2 −

(
X̃j (ρ⊗ σ)1/2

)†
X̃i (ρ⊗ σ)1/2

= (ρ⊗ σ)1/2
[
X̃i, X̃j

]
︸ ︷︷ ︸

=0

(ρ⊗ σ)1/2 = 0

4 ⇒ 5. By the fact that (ρ⊗ σ)
1
2
[
X̄i, X̄j

]
(ρ⊗ σ)

1
2 = 0, we see that[

X̄i, X̄j

]
=
[
XH

i , X
H
j

]
⊗ idĤ + idH ⊗ [Bi, Bj ]

⇒
(√
ρ
[
XH

i , X
H
j

]√
ρ
)
⊗ σ + ρ⊗

(√
σ [Bi, Bj ]

√
σ
)

= 0

By the fact that σ = |φ⟩ ⟨φ|, the above can be reduced to that(√
ρ
[
XH

i , X
H
j

]√
ρ
)
⊗ σ + ρ⊗ (⟨φ| [Bi, Bj ] |φ⟩σ) = 0

⇒
(
√
ρ
[
XH

i , X
H
j

]√
ρ+

(
2iImẐ

)
ji
ρ

)
⊗ σ = 0

By that Ẑij = TrσBjBi ⇒ 2iImẐji = Trσ [Bi, Bj ] and ImẐ = −ImZH, we have
that √

ρ
[
XH

i , X
H
j

]√
ρ = 2i

(
ImZH

)
ji
ρ =

(
Trρ

[
XH

i , X
H
j

])
ρ

5 ⇒ 4. Suppose that
√
ρ
[
XH

i , X
H
j

]√
ρ =

(
Trρ

[
XH

i , X
H
j

])
ρ, by Lemma 3.3,

there exists a Hilbert space Ĥ, pure state σ on it and set of observables such that
TrσBj = 0,TrσBjBi = V H

I −iImZH. Now, we have that X̄j = XH
j ⊗idĤ+idH⊗Bj ,

and

(ρ⊗ σ)1/2
[
X̄i, X̄j

]
(ρ⊗ σ)1/2 =

(
√
ρ
[
XH

i , X
H
j

]√
ρ+

(
2iImẐ

)
ji
ρ

)
︸ ︷︷ ︸
=0, by

√
ρ[XH

i ,XH
j ]

√
ρ=(Trρ[XH

i ,XH
j ])ρ

⊗σ = 0

Sufficiency for Theorem 3.2. Since we have that X̃j (ρ⊗ σ)
1
2 = X̄j (ρ⊗ σ)

1
2 , we

see that
TrX̃jρ = TrX̄jρ = 0

∂iTr (ρ⊗ σ) X̃j = Tr∂i (ρ⊗ σ) X̃j

29 doi:10.6342/NTU202400907



CHAPTER 4. 1-ST CHARACTERIZATION

= 2ReTr
(
∂i (ρ⊗ σ)1/2

)(
X̃j (ρ⊗ σ)1/2

)
= 2ReTr

(
∂i (ρ⊗ σ)1/2

) (
X̄j (ρ⊗ σ)

)
= Tr∂i (ρ⊗ σ) X̄j = δij

and

Tr (ρ⊗ σ) X̃jX̃i = Tr
(
X̃j (ρ⊗ σ)

1
2

)†
X̃i (ρ⊗ σ)

1
2

= Tr
(
X̄j (ρ⊗ σ)

1
2

)†
X̄i (ρ⊗ σ)

1
2

= Tr (ρ⊗ σ) X̄jX̄i = V H

Observables X̄j are really special operators; they are locally unbiased with an
optimal covariance matrix, but they are not necessarily commuting. The equation
X̃jρ = X̄jρ means that from the viewpoint of the state, these two operators are equiv-
alent. Condition 1 tells us that if one can find commutative observables equivalent to
X̄j (from the perspective of ρ), then the HCRB is saturable. An estimation scheme
consists of one measurement and statistics based on the measurement (the estimator).
Condition 2 tells us that the construction of the optimal measurement is just solving
an eigenvector equation on the support of ρ. Condition 3 tells us how to construct the
estimator based on the measurement. Condition 4 means that if 1 is satisfied, then it
is necessary for X̄j to commute on the support of the state. Condition 5 serves as an
equivalent commutativity condition in the original space. Such a condition is indepen-
dent of the extended space. That is, to check the commutativity condition, one can
directly check in the original space and need not always extend the space to a larger
space.

Condition 5 serves as a partial commutativity condition for the optimizer of the

HCRB. Note that when the model is asymptotically classical, that is, Trρ
[
LS
i , L

S
j

]
= 0

(see Theorem 2.18), the partial commutativity condition for the HCRB is reduced to
the partial commutativity condition for the SLD operators, which is expressed as

√
ρ
[
LS
i , L

S
j

]√
ρ = 0. (4.2)

Note that the above condition is necessary for the saturation of the SLDCRB. From our
approach, Condition 1 is sufficient but not necessary for achieving the HCRB. Hence,
Condition 5, which is necessary for Condition 1, is neither necessary nor sufficient for
achieving the HCRB. However, it can be reduced to a necessary condition for achieving
the SLD CRB.

In Gaussian state estimation, the canonical observables Rj satisfy the canonical
commutation relation:

i

2
[Ri, Rj ] = Sij idH (4.3)

where Sij is element of real skew-symmetric matrix. Multiplying both side of the equa-
tion by

√
ρ from left and right, we have

i

2

√
ρ [Ri, Rj ]

√
ρ = Sijρ
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Therefore, partial commutativity condition 5 can be viewed as finite dimensional ana-
logue of eq. (4.3). Note that it is impossible for any two finite dimensional hermitian
operators to satisfy eq. (4.3), since for any two finite dimensional hermitian operator
A,B, we have

Tr [A,B] = 0, TridH = dimH

which implies that [A,B]��∝idH.

Proposition 4.2 (Theorem B.10, supplement material of [YFG13]). For any pure state
parametric family, the HCRB is achievable.

Proof. For proof, see Theorem B.10 of [YFG13]. Essentially, it is because that
the pure state model always satisfy condition 1 in Theorem 4.1.
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Chapter 5

2-nd Characterization

Theorem 5.1 (Characterization of Achievability of HCRB). The following condition
is necessary and sufficient for Theorem 3.2.

• There exists a Hilbert space Ĥ, a pure state σ on it, a PVM |eω⟩ ∈ H ⊗ Ĥ
and orthonormal (w.r.t. Hilbert Schmidt inner product on L

(
H⊗ Ĥ

)
) linear

operators bω ∈ L
(
H⊗ Ĥ

)
such that

spanR
{
X̄j

√
ρ⊗ σ

}
⊂ spanR {bω}√

⟨eω, (ρ⊗ σ) eω⟩ =
〈
bω,

√
ρ⊗ σ

〉
S

∂i
√
⟨eω, (ρ⊗ σ) eω⟩ =

〈
bω, ∂i

√
ρ⊗ σ

〉
S

where X̄j is defined as in eq. (3.2), ∂i
√
ρ⊗ σ is derivative of operator

√
ρ⊗ σ with

respect to parameter θi, ⟨A,B⟩S ≡ Re ⟨A,B⟩HS.

Proof. In the following, we denote ρ⊗ σ by ρ̂, ∂i
(
ρ̂1/2

)
≡ ρ̂

1/2
;i .

(Condition 2 in Theorem 3.2 ⇒ Theorem 5.1) First, observing that the fol-
lowing two Gram matrix are equal under inner product ⟨A,B⟩S = Re ⟨A,B⟩HS

X̃j ρ̂
1/2 ρ̂

1/2
;j ρ̂1/2

X̃iρ̂
1/2

ρ̂
1/2
;i

ρ̂1/2

V H
ij

1
2δij 0

1
2δij

〈
ρ̂
1/2
;i , ρ̂

1/2
;j

〉
S

0

0 0 1


X̄j ρ̂

1/2 ρ̂
1/2
;j ρ̂1/2

X̄iρ̂
1/2

ρ̂
1/2
;i

ρ̂1/2

V H
ij

1
2δij 0

1
2δij

〈
ρ̂
1/2
;i , ρ̂

1/2
;j

〉
S

0

0 0 1


where we have used the facts that

δij = Tr∂iρ̂X̃j =
(

Trρ̂
1/2
;i X̃j ρ̂

1/2 + ρ̂1/2X̃j ρ̂
1/2
;i

)
= 2Re

〈
ρ̂
1/2
;i , X̃j ρ̂

1/2
〉
HS

= 2
〈
ρ̂
1/2
;i , X̃j ρ̂

1/2
〉
S
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〈
ρ̂1/2, ρ̂

1/2
;j

〉
S

= Re
〈
ρ̂1/2, ρ̂

1/2
;j

〉
HS

= Tr
(
ρ̂1/2ρ̂

1/2
;j + ρ̂

1/2
;j ρ̂1/2

)
= Tr∂j ρ̂ = 0

Defining b′
ω = 1√

⟨eω ,ρ̂eω⟩
|eω⟩ ⟨eω| ρ̂1/2, we have

Trb′†
ω′b

′
ω = Trρ̂1/2 (|eω′⟩ ⟨eω′ |) (|eω⟩ ⟨eω|) ρ̂1/2

=
δω′ω√

⟨eω, ρ̂eω⟩
√
⟨eω′ , ρ̂eω′⟩

⟨eω′ , ρ̂eω⟩

= δω′ω

which means 〈
b′
ω′ ,b′

ω

〉
S

=
〈
b′
ω′ ,b′

ω

〉
HS

= δω′ω

Further, 〈
b′
ω, ρ̂

1/2
〉
S

=
〈
b′
ω, ρ̂

1/2
〉
HS

=
√
⟨eω, ρ̂eω⟩〈

b′
ω, ρ̂

1/2
;i

〉
S

=
1√

⟨eω, ρ̂eω⟩

〈
|eω⟩ ⟨eω| ρ̂1/2, ρ̂1/2;i

〉
S

=
1

2
√
⟨eω, ρ̂eω⟩

〈
eω,
(
ρ̂
1/2
;i ρ̂1/2 + ρ̂1/2ρ̂

1/2
;i

)
eω

〉
=

1

2
√
⟨eω, ρ̂eω⟩

⟨eω, ∂iρ̂eω⟩ = ∂i
√

⟨eω, ρ̂eω⟩

by Lemma 3.5 and Lemma 3.6, there exists orthonormal (with respect to
Hilbert-Schmidt inner product) linear operators bω such that〈

b′
ω, ρ̂

1/2
〉
S

=
〈
bω, ρ̂

1/2
〉
S

=
√

⟨eω, ρ̂eω⟩〈
b′
ω, ρ̂

1/2
;i

〉
S

=
〈
bω, ρ̂

1/2
,i

〉
S

= ∂i
√
⟨eω, ρ̂eω⟩

(Theorem 5.1 ⇒ Condition 2 in Theorem 3.2) Assume Theorem 5.1, define
that

x̃j,ω =

〈
bω, X̄j ρ̂

1/2
〉
S〈

bω, ρ̂1/2
〉
S

and let X̃j ≡
∑

ω x̃j,ω |eω⟩ ⟨eω|. It is obvious that X̃j are all commute, it is suffices
to show that X̃j admits optimum covariance matrix and is locally unbiased, that
is, X̃j satisfy the following:

TrX̃j ρ̂X̃j = V H
ij

Trρ̂X̃j = 0, Tr∂iρ̂X̃j = δij

for optimum covariance matrix, we have that

TrX̃iρ̂X̃j =
∑
ω

x̃i,ωx̃j,ω ⟨eω, ρ̂eω⟩

=
∑
ω

〈
bω, X̄iρ̂

1/2
〉
S

〈
bω, X̄j ρ̂

1/2
〉
S〈

bω, ρ̂1/2
〉2
S

〈
bω, ρ̂

1/2
〉2
S
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=
∑
ω

〈
X̄iρ̂

1/2,bω

〉
S

〈
bω, X̄j ρ̂

1/2
〉
S

=
〈
X̄iρ̂

1/2, X̄j ρ̂
1/2
〉
S

= V H
ij

for locally unbiasedness,

Trρ̂X̃j =
∑
ω

x̃j,ω ⟨eω, ρ̂eω⟩

=
∑
ω

〈
bω, X̄j ρ̂

1/2
〉
S〈

bω, ρ̂1/2
〉
S

〈
bω, ρ̂

1/2
〉2
S

=
∑
ω

〈
ρ̂1/2,bω

〉
S

〈
bω, X̄j ρ̂

1/2
〉
S

=
〈
ρ̂1/2, X̄j ρ̂

1/2
〉
S

= Trρ̂X̄j = 0

Tr∂iρ̂X̃j =
∑
ω

x̃j,ω ∂i ⟨eω, ρ̂eω⟩︸ ︷︷ ︸
⟨eω ,∂iρ̂eω⟩

=
∑
ω

〈
bω, X̄j ρ̂

1/2
〉
S〈

bω, ρ̂1/2
〉
S

2
√
⟨eω, ρ̂eω⟩∂i

√
⟨eω, ρ̂eω⟩

= 2
∑
ω

〈
X̄j ρ̂

1/2,bω

〉
S

〈
bω, ρ̂

1/2
;i

〉
S

= 2
〈
X̄j ρ̂

1/2, ρ̂
1/2
;i

〉
S

= δij

Equivalence between Condition 2 in Theorem 3.2 and Theorem 5.1 states that,
optimal estimator exists if and only if it can be constructed by component of X̄j (ρ⊗ σ)1/2

(under some basis bω); the probability given by optimal measurement |eω⟩ and the prob-
ability given by the basis bω is equal up to first order (at true value θ0), that is:〈

bω, (ρ⊗ σ)1/2
〉
S

=
√

⟨eω, (ρ⊗ σ) eω⟩,
〈
bω, ∂i (ρ⊗ σ)1/2

〉
S

= ∂i
√
⟨eω, (ρ⊗ σ) eω⟩

From the construction of the estimator, we see that given any orthonormal linear op-
erator bω (with respect to inner product ⟨·, ·⟩S) with spanR {bω} ⊃ spanR

{
X̄j ρ̂

1/2, ρ̂1/2
}

,
the estimator:

θ̂j (ω) − θ0,j ≡ x̃j,ω =

〈
bω, X̄j (ρ⊗ σ)1/2

〉
S〈

bω, (ρ⊗ σ)1/2
〉
S

with the probability distribution: pω ≡
〈
bω, (ρ⊗ σ)1/2

〉2
S
, are always locally unbiased

and admits optimal covariance. There not always, however, exists a PVM |eω⟩ with

⟨eω, (ρ⊗ σ) eω⟩ =
〈
bω, (ρ⊗ σ)1/2

〉2
S

∂i
√

⟨eω, (ρ⊗ σ) eω⟩ =
〈
bω, ∂i (ρ⊗ σ)1/2

〉
S
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Theorem 5.1 is not only the characterization for the achievability of the HCRB,
but also applicable to the achievability of other bounds.

Corollary 5.2. The SLD CRB is achievable if and only if the quantum statistical model
satisfies Theorem 5.1 and Theorem 2.18.

Proof. By Theorem 2.18, we have CH = CS. When Theorem 5.1 is satisfied,
CH is achievable. Hence, CS is achievable.

Similarly, we have the following corollary.

Corollary 5.3. The RLD CRB is achievable if and only if the quantum statistical model
satisfies Theorem 5.1 and Theorem 2.19.

In the following we demonstrate some examples which the HCRB is achievable.

Example 5.4 (Pure state model). Let ρθ = |ψθ⟩ ⟨ψθ| be a pure state model, Ĥ, σ ≡
|φ⟩ ⟨φ|, Bj and X̄j be defined as in Proposition 3.4. Defining that |lj⟩ = X̄j |ψ⟩ |φ⟩,
we have

TrX̄i (ρ⊗ σ) X̄j = ⟨ψ| ⟨φ| X̄iX̄j |ψ⟩ |φ⟩ = V H
ij

is real matrix, there exists an orthonormal basis |eω⟩ ∈ H ⊗ Ĥ such that ⟨eω, lj⟩ are all
real. Let

bω ≡ |eω⟩ ⟨ψ ⊗ φ|

It is straightforward to verify that bω, |eω⟩ satisfy Theorem 5.1.

Example 5.5. Consider the model which satisfies Theorem 4.1. Let |eω⟩ be eigenbasis

of observables X̃j , and bω ≡ |eω⟩ ⟨eω| (ρ⊗ σ)1/2, it is straightforward to show that
bω, |eω⟩ satisfy Theorem 5.1.
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Chapter 6

Summary and Outlook

6.1 Summary

In this thesis, we demonstrate two characterizations for the achievability of the HCRB:
Theorem 4.1 and Theorem 5.1. They characterize several conditions for the existence
of the estimator and the optimal measurement that saturate the HCRB at the single-
shot level.

Theorem 4.1 is a sufficient but not necessary condition for the achievability of the
HCRB. However, the operator characterization (eq. (4.1)) admits significant connec-
tions to other physical theories. In particular, with Theorem 2.18, it can be reduced
to a necessary condition for the achievability of the SLD CRB. On the other hand, the
form of eq. (4.1) is also similar to the CCR algebra in Gaussian states, and hence, it
serves as a finite-dimensional analogue of the CCR algebra. Therefore, it can be viewed
as a clue to establish the physical meaning of the achievability of the HCRB.

Theorem 5.1 is both necessary and sufficient for the achievability of the HCRB. It
states that the optimal (locally unbiased) estimator can be constructed via components

of the operator X̄j (ρ⊗ σ)1/2 (under some basis bω), and the probability generated by
the optimal measurement (

√
p =

√
eω, (ρ⊗ σ) eω) is equal to the probability generated

by the basis bω (⟨bω, (ρ⊗ σ)⟩S) up to the first order. The theorem not only characterizes
the achievability of the HCRB but also establishes the achievability of other quantum
Cramer-Rao bounds (Corollary 5.2 and Corollary 5.3).

6.2 Outlook

Our work potentially admits many applications, including quantum channel estimation
problems and quantum information geometry. Our characterizations (Theorem 4.1
and Theorem 5.1), however, each admit their drawbacks.

Theorem 4.1 is not a necessary condition for the achievability of the HCRB. In
particular, eq. (4.1) is neither necessary nor sufficient for the achievability of the HCRB.
A future objective would be to modify Theorem 4.1 to a necessary condition while
preserving the physical characterization (eq. (4.1)). The author believes that this
condition potentially serves as an information geometrical characterization for quantum
statistical models, just like the role of the partial commutativity condition (Theorem
2.6) for the SLD CRB, and the D-invariant model for the RLD CRB.

Theorem 5.1 is both a necessary and sufficient condition for the achievability of
the HCRB. However, the characterization is a mathematical one and does not give
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a physical picture of the achievability of the HCRB. Moreover, the characterization
depends on an extended Hilbert space, and we do not give an explicit construction of
the optimal measurement. A future objective would be to find the physical meaning of
Theorem 5.1 (like the operator characterization in eq. (4.1) in Theorem 4.1) and
characterize Theorem 5.1 so that it can dispense with the extended Hilbert space and
provide an explicit construction of the optimal measurement.
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