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Abstract

The minimal dominating set (MDS) is widely applied in optimization problems, par-
ticularly in distributed systems. This thesis focuses on distributed systems where multiple
interconnected computing nodes communicate and collaborate via networks. However,
designing systems in such distributed environments presents several challenges, includ-

ing transient faults, communication delays, and inconsistent node states.

To address these challenges, this study employs self-stabilizing algorithms. These
algorithms enable systems to automatically recover to a legitimate configuration in re-
sponse to node state changes or transient faults, without the need for centralized control
intervention. We propose two self-stabilizing algorithms under different distance mod-
els, demonstrating their ability to achieve system stabilization within a distance of 3 hops.
The second algorithm, although designed for a shorter distance-2 model, requires only a

constant factor more moves and rounds than the first algorithm to stabilize.

Furthermore, we prove that the stabilization time required by any algorithm must in-
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herently scale linearly with the number of nodes, due to the difficulty in breaking graph

symmetry. Starting from any initial configuration, we have reduced the number of moves

required by the first algorithm from a maximum of 2n to n, improving upon the latest re-

search by Chiu et al. [3]. Additionally, our second algorithm, while maintaining the same

performance standards as the latest research by Chiu et al., introduces a significant new

property: localized error correction. This feature effectively prevents error propagation,

resulting in the stabilization time being proportional to the number of nodes that have been

modified (i.e., contain errors).

Keywords: minimal dominating set, self-stabilizing algorithm, local error correction, graph

symmetry, distributed system, limited resources
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Chapter 1 Introduction

1.1 Motivation

A minimal dominating set (MDS) has broad applications across diverse fields, par-
ticularly in network theory [, 3, 4, 10, 12, 14, 16, 17, 19, 21] and image processing
[2, 6,7, 13, 15, 20]. In communication networks, an MDS optimizes communication
efficiency by selecting the minimal number of nodes necessary to cover all nodes, thereby
reducing overhead and congestion. It is also utilized in wireless sensor networks to im-
prove network coverage and energy consumption. Additionally, in image processing, it
helps identify key features. Knowing that finding a minimum dominating set is an NP-
complete problem [9], this paper focuses on the study of minimal dominating sets. Con-
sequently, finding an MDS is crucial for solving a variety of optimization problems where
minimalism and efficiency are paramount.

Having introduced MDS and highlighted its significance in covering all nodes effi-
ciently while reducing resource usage, it is crucial to consider the robustness and adapt-
ability of such solutions. In this context, self-stabilizing algorithms play a pivotal role.
Self-stabilizing algorithm, first introduced by Dijkstra [5], is a fault-tolerant algorithm de-
signed to ensure system recovery from arbitrary initial states, making it particularly useful
in distributed systems. The algorithm iteratively executes rules for each node based on its

current state and the states of its neighbors by evaluating the preconditions of these rules,

1 doi:10.6342/NTU202401576


http://dx.doi.org/10.6342/NTU202401576

which are boolean expressions composed of predicates. When a precondition.is satisfied,
the node undergoes a state change, referred to as a move. A node is privileged if itsatisfies
the precondition of any rule. A round is defined as the period during which.all privileged
nodes simultaneously complete once state changes, after which the system proceeds to
the next round. The algorithm guarantees stabilization in a legitimate state after a finite
number of moves and will remain in that state indefinitely until faults occur.

Consider a wireless system with limited resources. Each node must transmit its state
to neighboring nodes through a broadcasting process triggered by a move, which con-
sumes significant energy. The system must remain functional until the final round is fully
completed, making the duration of rounds critical to the system’s overall runtime. Con-
sequently, the complexity of constructing a minimal dominating set using self-stabilizing
algorithms is directly influenced by the number of moves and rounds required. Addition-
ally, the system must stabilize locally after any arbitrary transient faults to ensure contin-
uous and reliable operation. Thus, our objective is to develop self-stabilizing algorithms
that minimize both the number of moves and rounds and ensure local stabilization after ar-
bitrary transient faults. This approach aims to enhance efficiency and maintain reliability

within the constraints of available resources.

1.2 Previous Works

In this section, we review previous works (see in Table 1.1) that have utilized self-
stabilizing algorithms to find a minimal dominating set or a minimal k-dominating set
when k£ = 1, which is equivalent to finding an MDS, under different scheduler models.

Hedetniemi et al. [11] presented the first self-stabilizing algorithm for finding an

MDS under a centralized scheduler, stabilizing in (2n + 1)n moves. Xu et al. [19] pro-

2 doi:10.6342/NTU202401576
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posed a 4n rounds algorithm in the synchronous model. In [£], Gairing et al._explored/an
algorithm for finding a minimal k£-dominating set under the distance-2 model, demonstrat-
ing (k + 1)n moves. For the specific case of & = 1, their algorithm achieyes aminimal
dominating set with a maximum of 2n moves. This research pioneered the use of unique
identifiers to break graph symmetry. Since then, every subsequent study has also used
unique identifiers, necessitating that the system cannot be anonymous. Moreover, they
provided a mechanism to convert the algorithm from the distance-2 model to the distance-
1 model. Under the distance-1 model, their algorithm requires O(mn) moves, where m
represents the number of edges.

Furthermore, Turau [ | 7] introduced an algorithm requiring 9n moves under an unfair
distributed scheduler. This work was the first to introduce the WAIT state, in addition to
the commonly used IN and OUT states. Goddard et al. [10] provided a 4n 4 1 rounds
algorithm when executed under a synchronous scheduler. However, under a distributed
scheduler, the same algorithm requires 5n moves. Tsai [ 6] proposed an algorithm that
converges in 4n moves under a distributed scheduler.

In [ 18], Turau conducted a second study on the minimal £-dominating set, showing
that when k& = 1, it stabilizes after 2n moves in the distance-2 model using a centralized
scheduler. He also introduced a more efficient transformer requiring O(mn) moves using
a distributed scheduler in the distance-1 model. Chiu et al. [3] presented an algorithm that
requires 4n — 2 moves using an unfair distributed scheduler, establishing that this bound
is tight. Additionally, they proposed a self-stabilizing MDS-silent algorithm within the
distance-2 model, which stabilizes in at most 2n — 1 moves under an unfair distributed

scheduler.
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1.3 Our Results

Whereas earlier studies began with any configuration, our proof shows that every
protocol requires moves and rounds inherently proportional to the total number of nodes,
n. This is because breaking graph symmetry is a significant challenge, as it requires dis-
tinguishing between equivalent states within a graph, often leading to repeated analysis
of identical segments. In contrast, our approaches start with a stabilized system, assum-
ing that only the states of £ nodes have been altered. This allows us to achieve at most
k - poly(A) total state changes and rounds, where poly(A) is a polynomial function of the

maximum degree of the graph.

Stabilization Time

Reference Scheduler

Moves (number)  Rounds (number)
Hedetniemi et al. [11] Centralized < 2n?+n -
Xuetal. [19] Synchronous - <4n

Gairing et al. [&]

) < i
(distance-2) Centralized <2n

Gairing et al. [&] Centralized  O(mn) -

Turau [17] Distributed < 9n -
Goddard et al. [10] Distributed < 5n -
Goddard et al. [10] Synchronous - <4dn+1
Tsai [16] Distributed <dn -

Turau [ 1 8](distance-2) Centralized < 2n -

Turau [ 18] Distributed ~ O(mn) -

Chiu et al. [3] Distributed < 4n — 2 -

Chiu et al. [3](distance-2) Distributed <2n-1 -

any protocol Distributed ~ Q(n) Q(n)

Sge Sec. 4.1 of this study Distributed < min(n, kA?) < kA% — kA +1
(distance-4)

See Sec. 5.1 of this study o < min(n(2A — 1),
(distance-2) Distributed 53 \2 ~ 91 )

Table 1.1: Comparison of Complexity in Self-Stabilizing Algorithms for Finding an MDS

< kA2 +1

In this study, we utilize the self-stabilizing concept to devise two 3-hop local sta-
bilization algorithms for an MDS under a distributed scheduler. A hop is defined as the

4 doi:10.6342/NTU202401576
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distance that can be traversed by crossing a single edge in the graph. These-algorithms
differ in the distances over which each node can gather information from its neighbors.
The first algorithm operates in a distance-4 model, re-stabilizing in at mosgmin(m, KA
moves (based on Theorem 4.2.9 and Theorem 4.2.7) and kA? — kA + 1 rounds (based on
Theorem 4.2.8), detailed as Algorithm 1 in Section 4.1. The second algorithm operates
in a distance-2 model, achieving stabilization in at most min(n(2A — 1), 3kA? — 2kA)
moves (based on Theorem 5.2.12 and Theorem 5.2.10) and k¥A? + 1 rounds (based on
Theorem 5.2.11), detailed as Algorithm 2 in Section 5.1, consistent with the distance-2
model assumptions of Chiu et al.[3]’s recent work.

Our algorithms cascade faults and achieve local stabilization by focusing only on the
altered nodes. This innovation optimizes the stabilization time complexity, making it di-
rectly proportional to the number of errors (altered nodes £). To the best of our knowledge,
we are the first to propose local stabilization algorithms that effectively limit error propa-
gation and achieve stabilization proportional to the number of altered nodes. Furthermore,
by Theorem 4.2.9, starting from any configuration graph that adheres to the same assump-
tions as prior works, Algorithm 1 stabilizes in at most n moves while incorporating a better
property.

An overview of this thesis is organized as follows. We first establish foundational
definitions and notations in Chapter 2. Following this, Chapter 3 explores the lower bound
of rounds for all protocols. Chapters 4 and 5 present two self-stabilizing protocols with 3-
hop localized error correction for an MDS under a distributed scheduler, including proofs

of correctness and convergence.

5 doi:10.6342/NTU202401576
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Chapter 2 Preliminaries

2.1 Model

In this thesis, we consider a distributed system under a distance-m model, repre-
sented by an undirected graph G = (V, E) with n nodes. Here, V' denotes the set of
vertices (nodes) and F denotes the set of edges, each indicating a connection between
nodes. Each node has a finite internal state and a locally unique numeric identifier (ID).
Under the distance-m model, each node can synchronously gather the internal states and
IDs of neighboring nodes within a distance of m hops, without knowing the entire graph’s
structure or size. In each round, every node first evaluates rules based on its state, ID and
local information to determine if it is privileged. Then, each privileged node performs
a move and updates its state simultaneously. Therefore, the system operates in discrete
rounds.

It is important to note that unlike previous studies that began with arbitrary initial
configuration, our approach initiates from a stabilized graph where the system has already

reached a stable state with & nodes have been altered.

2.2 Self-Stabilization

An algorithm achieves self-stabilization if and only if, starting from any configura-
tion, it is guaranteed to reach a legitimate state after a finite number of moves and then re-

7 doi:10.6342/NTU202401576


http://dx.doi.org/10.6342/NTU202401576

mains in that legitimate state indefinitely. Self-stabilizing algorithms are typicaily defined
by rules that follow an “if <precondition>, then <action>" structure, each speetfyinga
precondition that triggers an associated action. A node is privileged when the precondition
of at least one rule holds true. We consider the system to be stabilized when all nodes are

unprivileged.

2.3 Minimal Dominating Set

A minimal dominating set, denoted as S, is a subset of vertices in a graph G = (V, E)
such that each vertex v € V' is either in .S or has at least one neighbor in S. Additionally,

there is no vertex v for which S remains a dominating set if v is removed from S.

2.4 Scheduler

In the context of self-stabilizing algorithms, schedulers play a critical role in manag-
ing the execution of processes to ensure system stability. These schedulers are typically
categorized into three types: the centralized scheduler, which employs a single control
node to determine which node should make a move in each round; the synchronous sched-
uler, which selects all the nodes to make a move simultaneously in each round; and the
distributed scheduler, which selects a nonempty subset of nodes, where these nodes in-
dependently decide whether to make a move based on their local information and the

information from their neighbors in each round.

8 doi:10.6342/NTU202401576
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Chapter 3 Lower Bound on the

Number of Rounds

In previous discussions, we highlighted the critical importance of the number of
rounds, rather than the number of moves, in determining an algorithm’s complexity, as
the system must function continuously until the final round is completely concluded.

In this chapter, our objective is to establish the lower bound on the number of rounds
required for convergence in an arbitrary graph. Determining this lower bound is pivotal
for minimizing the number of rounds, thereby optimizing the algorithm’s efficiency and
reducing overall energy consumption. We consider a linear graph with node identifiers
ranging sequentially from the minimum to the maximum over a length of n, as shown in
Figure 3.1. Initially, all nodes in the graph are in a dominating set, denoted as S’, meaning
they are in the IN state, represented by the color gray. Otherwise, nodes not in S’ are in
the OUT state, represented by the uncolored nodes. We aim to let S’ stabilize in a minimal

dominating set.

O—C@0—0C@0—6@—06—"~0

Figure 3.1: An Example of Q2(n) Rounds Required for Stabilization

Theorem 3.0.1. Starting from the configuration described above, every protocol requires

at least Q)(n) bound in rounds to stabilize.

Proof. In the initial configuration above, the nodes that are not neighbors of the minimal

9 doi:10.6342/NTU202401576
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ID node are presented symmetrically. Consequently, they may change to thessame,state
simultaneously in a single round. Regardless of whether these nodes collectively-ehange
to the OUT or IN state, the resulting set does not constitute a minimal deminating set.
This interdependency necessitates a linear number of rounds for the system to converge.
Therefore, in the described initial configuration, every self-stabilizing protocol requires

2(n) rounds for stabilization. O

This proof highlights the challenge of breaking symmetry in the initial configuration
and avoiding linear scaling of rounds with the number of nodes. In the subsequent chap-
ter, we present an advancement in self-stabilizing algorithms, which require the number
of rounds to be proportional to the number of altered nodes. Starting from a stabilized
graph, our system efficiently manages arbitrary transient faults without propagating er-
rors. Unlike previous works that require starting from an arbitrary configuration and,
after stabilization, a single fault may cause the entire graph to re-stabilize in a linear num-
ber of rounds, our approach only necessitates localized adjustments, providing practical

enhancements in system stability and efficiency.

10 doi:10.6342/NTU202401576
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Chapter 4 First Local Stabilization
Algorithm for MDS

(distance-4)

This chapter presents a 3-hop local stabilization in the self-stabilizing algorithm for
a minimal dominating set, operating under an unfair distributed scheduler in a distance-
4 model. Consider an undirected graph G = (V, E), representing a distributed system.
Initially, the graph is in a stable state. However, arbitrary transient faults alter the states
of k£ nodes. Despite these changes, utilizing our algorithm, the graph can stabilize within
3 hops from the £ altered nodes, eventually achieving a minimal dominating set.

It is established that if a node and all of its neighbors are not in the set, then the set
does not constitute an MDS. Conversely, if removing any node from the set still results
in a dominating set, then the set is not an MDS. Therefore, we select these two types of
nodes to implement modifications in our algorithm. The detailed algorithm is presented
as Algorithm 1 in Section 4.1. The proof of Algorithm 1, along with the upper bound of

min(n, kA?) moves and kA? — kA + 1 rounds is presented in Section 4.2.

11 doi:10.6342/NTU202401576
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4.1 A kA? Moves Algorithm (distance-4)

In this algorithm, we assume that each node can directly gather information from’all
nodes within a distance of four nodes. Furthermore, each node has a unique numeric ID,
distinct within a 4-hop radius, and includes a two-valued variable called state, which can
be either IN or OUT. The value IN (or OUT) indicates whether a node is (or is not) in the
MDS. To break symmetry, we use the technique described by [£], which employs locally
unique ID. In addition, our algorithm introduces a constraint (/nT'0Out; noBtNbry(v) A
InToOuty noBtNbry(v)) to rule R2. This constraint ensures that no nodes transition
from IN state to OUT state simultaneously within a 2-hop radius.

The first local stabilization algorithm for MDS (distance-4) is shown in Algorithm 1.

Algorithm 1 A kA% moves Algorithm (distance-4)
variables
* v.state € {OUT, IN} /1S ={v:v.state = IN}
macros
* noInNbr(v) = pw € N(v) : w.state = IN
* noBtNbry(v) = pw € N(v) : w.state = OUT Aw.id < v.id Aw has no IN state
neighbor

* noDpNbry(v) = fw € N(v) : w.state = OUT A w has exactly one IN state
neighbor

« InToOut, noBtNbry(v) = fw € N(v) : w.state = IN A ~nolnNbr(w) A
noDpNbry(w) A w.id < v.id

 InToOuty noBtNbry(v) = Pu € N(N(v)) : u.state = IN A =nolnNbr(u) A
noDpNbry(u) A u.id < v.id

rules
R1: if v.state = OUT A nolnNbr(v) A noBtNbry(v)

then v.state := IN; // join S
R2: if v.state = IN A =noInNbr(v) A noDpNbry(v) A InToOut; noBtNbry(v) A
InToOuty noBtNbry(v)

then v.state := OUT; // leave S

To formally establish the rules of kA? moves algorithm (distance-4), we need to
define the following predicates for each node v:

12 doi:10.6342/NTU202401576
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» nolnNbr(v) = pw € N(v) : w.state = IN

* noBtNbry(v) = pw € N(v) : w.state = OUT A w.id < v.id A w has no/IN state

neighbor

« noDpNbry(v) = Pw € N(v) : w.state = OUT A w has exactly one IN state

neighbor

« InToOut, noBtNbry(v) = fw € N(v) : w.state = IN A =noInNbr(w) A

noDpNbry(w) A w.id < v.id

 InToOuty noBtNbry(v) = fu € N(N(v)) : w.state = IN A =nolnNbr(u) A

noDpNbry(u) A u.id < v.id

The predicate noInNbr(v) indicates that a node v has no neighbors in the IN state. Ad-
ditionally, the predicate noBtNbry(v), which requires 2-hop information, indicates that
a node v has no better neighbors within a distance of 1 hop that are attempting to join the
MDS simultaneously and have a smaller ID. Furthermore, the predicate noDpNbry(v)
indicates that an IN state node v has no dependent neighbors who are in the OUT state
and has exactly one IN state neighbor. Finally, the predicate InToOut; noBtNbry(v)
(resp., InT'oOuty noBtNbry(v)) indicates that a node v has no better neighbors within a
distance of 1 hop (resp., 2 hops) that are attempting to leave the MDS simultaneously and
have a smaller ID than v’s ID. Consequently, determining if any 2-hop neighbors intend

to transition to the OUT state necessitates the use of 4-hop information.

4.2 Correctness and Convergence

Lemma 4.2.1. Starting from a stabilized graph, suppose the states of k nodes have been
altered. In any configuration where no node is privileged, the set S is a minimal dominat-

13 doi:10.6342/NTU202401576
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ing set of G.

Proof. In our proof, we incorporate a part of the proof presented in [ | |, Eemma16.]. By,
contradiction, suppose S is not a minimal dominating set, but no node is priviteged:: This
assumption leads to two possibilities: (i) .S is not a dominating set, or (ii) S is a dominating
set but lacks minimality.

In case (i), if S is not a dominating set, there must exist at least one node in the OUT
state that has no neighbors in S. Denote the set of all such nodes by S’. Let v1, be a node
with the minimal ID in S’. Then, v1, satisfies the precondition for rule R1 and executes
the rule. There is a contradiction with (i) S is not a dominating set.

In case (ii), if S is a dominating set but lacks minimality, there must exist at least
one node v2 in S that can be removed while still maintaining the dominating set property.
Consequently, v2 has at least one IN state neighbor (—noln/Nbr) and satisfies the con-
dition noDpNbr,. Let v2; be a node with the minimal ID in S. Then, v2, satisfies the
precondition for rule R2 and executes the rule. There is a contradiction with (ii) S is a

dominating set but lacks minimality. [

Lemma 4.2.2. Starting from a stabilized graph, suppose the states of k nodes have been

altered. If an OUT node has a neighbor in the IN state, it will never change its state.

Proof. Starting from a stabilized graph, suppose the states of k£ nodes have been altered.
Consider a node v in the OUT state that has at least one IN state neighbor. For v to transi-
tion to the IN state, all its neighbors must first become OUT (using rule R2). However, in
each round, only one neighbor can execute rule R2. Thus, there comes a crucial moment
when v has just one IN state neighbor while the rest are in the OUT state. At this junc-
ture, the lone IN neighbor cannot satisfy the condition noDpNbry(v), failing to trigger
the transition back to the OUT state. Consequently, the OUT node remains trapped in its
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state indefinitely. £

Lemma 4.2.3. Starting from a stabilized graph, suppose the states of k nodes have beén
altered. If a node in the OUT state is at a distance of 2 hops or more fronteach of.ilie k

altered nodes, then this OUT state node will never change its state.

Proof. Starting from a stabilized graph, every OUT state node must have at least one
neighbor in the IN state. To ensure that an OUT state node keeps its state, it is necessary
that none of its IN state neighbors are altered. According to Lemma 4.2.2, OUT state
nodes located at a distance of 2 hops or more from the k altered nodes will never change

their state. O]

Lemma 4.2.4. Starting from a stabilized graph, suppose the states of k nodes have been
altered. If a node in the IN state is at a distance of 4 hops or more from each of the k

altered nodes, then this IN state node will never change its state.

Proof. Starting from a stabilized graph, every IN node has only two possibilities: either
it has no neighbor in the IN state (no/n/Nbr) or it satisfies the condition =noDpNbrs.
To ensure that an IN state node keeps its state, neither it nor the nodes within 2 hops of
it (by the definition of noDpNbrsy) will be altered. Based on Lemma 4.2.3, if all OUT
nodes that are 2 hops away from the IN nodes are also at a distance of 2 hops or more
from the £ altered nodes, we can conclude that these OUT nodes will not change their
state. Consequently, IN nodes that are at a distance of 4 hops or more from the & altered
nodes will never change their state. Therefore, the state will change within a maximum of

3 hops. [

Lemma 4.2.5. Starting from a stabilized graph, suppose the states of k nodes have been
altered. Each node can execute any rule at most once in total; after that, it will not execute

any further rules.
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Proof. Starting from a stabilized graph, suppose the states of k£ nodes have been altered.
If a node executes a rule, it will either (i) execute rule R1 first or (i1) execute rule R2 first.

First, consider the case (i). Let v1 be a node that executes rule R1 and:subsequently
changes to IN state. In the current round, we know that v1 has no IN state neighbor
(noInNbr) and satisfies the condition noBtNbry. This implies that only v1 changes to
IN (using rule R1) in the current round. In the next round, every OUT state neighbor of
v1 has a neighbor in the IN state. By Lemma 4.2.2, the OUT state neighbors of v1 will
never change their state. Thus, v1 will never have a neighbor in the IN state, which means
that v1 will not execute any further rule.

Next, consider the case (ii). Let v2 be a node that executes rule R2 and subsequently
changes to state OUT. In the current round, we know that v2 has an IN state neighbor
(—noInNbr(v2))and satisfies the condition InT0Out; noBtNbry(v2)AInToOuty noBtNbry(v2).
It implies that only v2 changes to OUT (using rule R2) in the current round. According to

Lemma 4.2.2, since v2 has a neighbor in the IN state, it will never change its state. [

Lemma 4.2.6. Starting from a stabilized graph, suppose the states of k nodes have been
altered. Before the graph stabilizes, at most kA(A — 1) nodes in the IN state will change

to the OUT state.

Proof. According to Lemma 4.2.3, at most A nodes will change their state from OUT to
IN, and they are at a distance of 1 hop from the £ altered nodes. In the current round, none
of the kA nodes have an IN state neighbor (no/nNbr), meaning that there are at most
EA(A — 1) OUT state nodes at a distance of 2 hops from the £ altered nodes. According
to the definition of noDpNbr, we know that if an OUT state node, denoted as w, has at
least one neighbor change to IN state, then w has at most one IN state neighbor change
to OUT (satisfying noDpNbrs in the rule R2 precondition). Based on Lemma 4.2.4, if a
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node in the IN state is at a distance of 4 hops or more from each of the k altered nodes; it
will never change its state. Hence, at most kA (A — 1) IN state nodes will changete OUT

(using rule R2). [

Theorem 4.2.7. Starting from a stabilized graph, suppose the states of k nodes have been
altered. Algorithm 1 stabilizes to a minimal dominating set within at most kA% moves,

where A denotes the maximum degree of the graph.

Proof. Starting from a stabilized graph, suppose the states of k£ nodes have been altered.
According to Lemma 4.2.3, at most kA nodes will change their state from OUT to IN, and
they are at a distance of 1 hop from the & altered nodes. According to Lemma 4.2.6, at
most kA(A — 1) IN state nodes will change to OUT. Based on Lemma 4.2.5, a node can
only execute a rule at most once before the graph stabilizes. Summarizing the above and
Lemma 4.2.1, the graph stabilizes after at most kA + kA (A —1) = kA% moves, achieving

a minimal dominating set. [

Theorem 4.2.8. Starting from a stabilized graph, suppose the states of k nodes have been
altered. Algorithm I stabilizes to a minimal dominating set within at most kA?* — kA + 1

rounds, where A denotes the maximum degree of the graph.

Proof. Starting from a stabilized graph, suppose the states of k£ nodes have been altered.
According to Lemma 4.2.3, at most kA nodes will change their state from OUT to IN,
and they are at a distance of 1 hop from the £k altered nodes. According to Lemma 4.2.6,
at most kA(A — 1) nodes in the IN state will change to the OUT state. Since transitions
between OUT and IN states happen simultaneously for all nodes, the maximum number
of rounds occurs when only the node with the minimum ID transitions from OUT to IN
in the first round. Subsequently, each of the kA(A — 1) nodes in the IN state requires at
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most one round to transition. Summarizing the above, the graph stabilizes' afiter atymost

i f, [ ‘ 2
1+ kA(A —1) = kA% — kA + 1 rounds with a minimal dominating set. = || 0.

Theorem 4.2.9. Starting from any configuration graph, Algorithm 1 stabil%es: 10 asmini-

mal dominating set within at most n moves.

Proof. Starting from an arbitrary configuration graph, at most n nodes may have altered
states. According to Lemma 4.2.5, each node can execute any rule at most once. There-

fore, the graph stabilizes after at most n moves, achieving a minimal dominating set. [
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Chapter S Second Local Stabilization
Algorithm for MDS

(distance-2)

This chapter presents the second 3-hop local stabilization self-stabilizing algorithm
for a minimal dominating set, operating under an unfair distributed scheduler in a distance-
2 model. This algorithm operates under similar assumptions and conditions as the first
algorithm but with a stricter constraint: each node can only gather information within a
shorter distance, thus knowing less about its neighbors. Algorithm 2, presented in Sec-
tion 5.1, introduces this new algorithm. The proof of Algorithm 2, along with the upper
bound of min(n(2A — 1),3kA? — 2kA) moves and kA? + 1 rounds, is presented in Sec-

tion 5.2.

5.1 A 3kA? — 2kA Moves Algorithm (distance-2)

In this algorithm, we assume each node can directly gather information from all nodes
within a 2-hop distance. Each node has a locally unique ID within this range and a state
variable, which can take one of three values: IN, WAIT, or OUT. The state IN (or OUT)
indicates whether a node is (or is not) in the MDS. The WAIT state signifies a node that
is in the MDS but is transitioning to the OUT state. After stabilization, no node remains
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in the WAIT state.
The second local stabilization algorithm for MDS (distance-2) is detailed-in- Algo-

rithm 2.

Algorithm 2 A 3kA? — 2kA moves Algorithm (distance-2)
variables
* v.state € {OUT, WAIT, IN} /1S ={v:v.state = IN}
macros
 noInNbr(v) = pw € N(v) : w.state = IN
« noWaitNbr(v) = fw € N(v) : w.state = WAIT

* noBtNbrh(v) = pw € N(v) : w.state = OUT Aw.id < v.id Aw has no IN state
neighbor and no WAIT state neighbor

* noDpNbry(v) = fw € N(v) : w.state = OUT A w has exactly one IN state
neighbor

* WaitDpNbry(v) = Jw € N(v) : w.state = OUT A w has exactly one WAIT
state neighbor and no IN state neighbor

« WaitToOut, noBtNbr(v) = fw € N(v) : w.state = WAIT A w.id < v.id
« WaitToOuty, noBtNbr(v) = Pu € N(N(v)) : u.state = WAIT A w.id < v.id

rules
S1: if v.state = OUT A nolnNbr(v) A noWait Nbr(v) A noBtNbr)(v)
then v.state := IN; // join S
S2: if v.state = IN A =noInNbr(v) A noDpNbry(v)
then v.state := WAIT;
S3: if v.state = WAIT A (noInNbr(v) V Wait DpNbry(v))

then v.state := IN; // join S
S4: if v.state = WAIT A WaitToOut; noBtNbr(v) A WaitToOuty noBtNbr(v)
then v.state := OUT; // leave S

This paper utilizes the same predicates nol/nNbr(v) and noDpNbry(v) as defined
in Algorithm 1 in Section 4.1. Additionally, new predicates specific to each node v are

introduced as follows:

» noInNbr(v) = dw € N(v) : w.state = IN

« noWaitNbr(v) = pw € N(v) : w.state = WAIT

* noBtNbrh(v) = pw € N(v) : w.state = OUT A w.id < v.id A w has no IN state
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neighbor and no WAIT state neighbor

* WaitDpNbry(v) = Jw € N(v) : w.state = OUT A w has exactly-one WAIT state

neighbor and no IN state neighbor
» WaitToOut, noBtNbr(v) = fw € N(v) : w.state = WAIT A w.id < v.id

» WaitToOuty noBtNbr(v) = fu € N(N(v)) : u.state = WAIT A w.id < v.id

The predicate nolnNbr(v) indicates that a node v has no neighbors in the IN state,
and the predicate noWW ait Nbr(v) means that a node v has no neighbors in the WAIT state.
Additionally, the predicate noBtNbr)(v) indicates that a node v has no better neighbors
within a 1-hop distance that has no IN state neighbor and no WAIT state neighbor (meaning
they are attempting to join the MDS), and have a smaller ID. Furthermore, the predicate
Wait DpNbry(v) indicates that an IN state node v has no dependent neighbors in the
OUT state, has exactly one WAIT state neighbor, and no IN state neighbors. Finally, the
predicate WaitToOut, noBtNbr(v) (resp., WaitToOuts_noBtNbr(v)) indicates that
a node v has no better neighbors within a 1-hop (resp., 2-hop) distance that are in the
WAIT state (meaning they are attempting to leave the MDS) and have a smaller ID than

v’s ID.

5.2 Correctness and Convergence

Lemma 5.2.1. Starting from a stabilized graph, suppose the states of k nodes have been
altered. In any configuration in which no node is privileged, there is no node in the WAIT

state, and the set S is a minimal dominating set of G.

Proof. In our proof, we incorporate a part of the proof presented in [ | |, Lemma 16.]. Sup-
pose there exists a node in the WAIT state. Let v be a node with the minimal ID. Then v
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satisfies the precondition for rule S4 and executes the rule. This contradictionimplies that
a legitimate configuration cannot include any WAIT state nodes. By contradiction, sup-
pose S is not a minimal dominating set for G. This assumption leads to two possibilities:
(1) S is not a dominating set, or (ii) S is a dominating set but lacks minimality.

In case (i), if S is not a dominating set, there must exist at least one node in the OUT
state that has no neighbors in S. Denote the set of all such nodes by S’. Let vl be a
node with the minimum ID in S’. Since we prove that there is no WAIT state node after
stabilizing, v1, satisfies the precondition for rule S1 and executes the rule. There is a
contradiction with (i) S is not a dominating set.

In case (ii), if S is a dominating set but lacks minimality, there must exist at least
one node v2 in S that can be removed while still maintaining the dominating set property.
Consequently, v2 has at least one IN state neighbor (—noln N br) and satisfies the condition
noDpNbrsy. Then, v2, satisfies the precondition for rule S2 and executes the rule. There

is a contradiction with (ii) S is a dominating set but lacks minimality. [

Lemma 5.2.2. Starting from a stabilized graph, suppose the states of k nodes have been

altered. If an OUT node has a neighbor in the IN state, it will never change its state.

Proof. Starting from a stabilized graph, suppose the states of k£ nodes have been altered.
Consider a node v in the OUT state that has at least one IN state neighbor. For v to transi-
tion to the IN state, all its neighbors must first become OUT (using rule S4). However, in
each round, only one neighbor can execute rule S4. Thus, there comes a crucial moment
when v has just one WAIT state neighbor while the rest are in the OUT state. At this
juncture, the lone WAIT neighbor satisfied the condition Wait DpNbry(v) becomes IN
state, failing to trigger the transition back to the OUT state. Consequently, the OUT node

remains trapped in its state indefinitely. [
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Lemma 5.2.3. Starting from a stabilized graph, suppose the states of k nodeshavesbeen
altered. If a node in the OUT state is at a distance of 2 hops or more from eachof the k

altered nodes, then this OUT state node will never change its state.

Proof. Starting from a stabilized graph, every OUT state node must have at least one
neighbor in the IN state. To ensure that an OUT state node keeps its state, it is necessary
that none of its IN state neighbors are altered. According to Lemma 5.2.2, OUT state
nodes located at a distance of 2 hops or more from the k altered nodes will never change

their state. O]

Lemma 5.2.4. Starting from a stabilized graph, suppose the states of k nodes have been
altered. If a node in the IN state is at a distance of 4 hops or more from each of the k

altered nodes, then this IN state node will never change its state.

Proof. Starting from a stabilized graph, every IN node has only two possibilities: either
it has no neighbor in the IN state (no/n/Nbr) or it satisfies the condition =noDpNbrs.
To ensure that an IN state node keeps its state, neither it nor the nodes within 2 hops of
it (by the definition of noDpNbrs) will be altered. Based on Lemma 5.2.3, if all OUT
nodes that are 2 hops away from the IN nodes are also at a distance of 2 hops or more
from the £ altered nodes, we can conclude that these OUT nodes will not change their
state. Consequently, IN nodes that are at a distance of 4 hops or more from the & altered
nodes will never change their state. Therefore, the state will change within a maximum of

3 hops. [

Lemma 5.2.5. Starting from a stabilized graph, suppose the states of k nodes have been

altered. If a node executes rule S1, after that, it will not execute any further rules.

Proof. Starting from a stabilized graph, suppose the states of £ nodes have been altered.

Let v be a node that executes rule S1 and subsequently changes to IN state. In the current
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round, we know that v has no neighbors in the IN state (no/n/Nbr) or in the WAIT state
(noWait Nbr), while also satisfying the condition noBtNbr,. This implies thatonly v
changes to IN (using rule S1) in the current round. In the next round, every OUT state
neighbor of v will have a neighbor in the IN state. By Lemma 5.2.2, the OUT state neigh-
bors of v will never change their state. Thus, v will never have a neighbor in the IN state,

which means that v will not execute any further rule. 0

Lemma 5.2.6. Starting from a stabilized graph, suppose the states of k nodes have been

altered. If a node executes rule S4, after that, it will not execute any further rules.

Proof. Starting from a stabilized graph, suppose the states of £ nodes have been altered.
Let v be a node that executes rule S4 and subsequently changes to IN state. In the current
round, v satisfies the condition WaitT'oOut, noBtNbr(v) AW aitToOuty_noBtNbr(v)
but does not satisfy nol/nNbr or Wait DpNbr, in the rule S3 precondition. It implies that
only v changes to OUT (using rule S4), and v has an IN state neighbor (—nolnNbr(v))
in this round. According to Lemma 4.2.2, since v2 has a neighbor in the IN state, it will

never change its state. [

Lemma 5.2.7. Starting from a stabilized graph, suppose the states of k nodes have been

altered. Each node can execute rule S2 at most /A — 1 times.

Proof. In our proof, we use the same term from [3, Lemma 1.]. Let k£ be a nonnegative
integer, and consider the sequence (ry, s, ..., 1) of rules, where each r; may not be dis-
tinct. The sequence (11,79, ..., %) is termed a move sequence if a node can sequentially
execute the rules r; through ;. Starting from a stabilized graph, suppose the states of &
nodes have been altered. Let v be a node that executes rule S2 and subsequently changes
to WAIT state. After that, if v executes rule S2 twice, the possible sequence of moves for
v is either (i) (S4, S1, S2) or (ii) (S3, S2).
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First, consider the case (i). According to Lemma 5.2.6, once v executessrule S4,:it
will not execute any further rules, implying that v cannot execute rule S2 again.

Next, consider the case (ii). Before executing rule S2, we know that. has at'lcast
one IN state neighbor (—nolnNbr(v)) and satisfies the condition noDpNbry(v). This
implies that v has at most A — 1 neighbors in the OUT state, which has more than one IN
state neighbor. According to Lemma 5.2.6, once v executes rule S4, it will not execute
any further rules, implying that v can execute rule S2 (satisfying noDpNbr; in the rule

S2 precondition) at most A — 1 times. O

Lemma 5.2.8. Starting from a stabilized graph, suppose the states of k nodes have been
altered. Each node can execute any rule at most 2(A — 1) + 1 times in total; after that, it

will not execute any further rules.

Proof. Starting from a stabilized graph, suppose the states of k£ nodes have been altered.
By Lemma 5.2.7, a node has two possible move sequences: (i) the node never executes
rule S2, or (ii) the node executes rule S2 at least once.

First, consider the case (i). Let v1 be anode that never executes rule S2. By Lemma 5.2.5
and Lemma 5.2.6, once v1 executes rule S1 or rule S4, it will not execute any further rules,
implying that the move sequence of v1 is either (S1), (S3), or (S4).

Next, consider the case (ii). Let v2 be a node that executes rule S2 at least once. In
this case, we divide the move sequence of v2 into actions taken before and after executing
rule S2 once. Lemma 5.2.5 states that rule S1 cannot be executed before rule S2. Thus, it
can only execute rule S3 before rule S2. After executing S2, v2 can proceed to either S3
or S4. By Lemma 5.2.6, we know that if a node executes rule S4, it will not execute any
further rules after that. Consider these segments together. According to Lemma 5.2.7, a

node can execute rule S2 at most A — 1 times. Summarizing the above, each node can
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execute any rule at most 2(A — 1) + 1 times in total; after that, it will not execute, aity

further rules. (1]

Lemma 5.2.9. Starting from a stabilized graph, suppose the states of k nodes.-have:been
altered. Before the graph stabilizes, at most k/A(A — 1) nodes in the IN state will change

to the WAIT state.

Proof. According to Lemma 5.2.3, at most kA nodes will change their state from OUT to
IN, and they are at a distance of 1 hop from the £ altered nodes. In the current round, none
of the kA nodes have an IN state neighbor (no/nNbr), meaning that there are at most
EA(A — 1) OUT state nodes at a distance of 2 hops from the & altered nodes. According
to the definition of noDpNbr, we know that if an OUT state node, denoted as w, has at
least one neighbor change to IN state, then w has at most one IN state neighbor change
to OUT (satisfying noDpNbry in the rule S2 precondition). Based on Lemma 5.2.4, if a
node in the IN state is at a distance of 4 hops or more from each of the & altered nodes,
it will never change its state. Hence, at most KA(A — 1) IN state nodes will change to

WAIT (using rule S2). O

Theorem 5.2.10. Starting from a stabilized graph, suppose the states of k nodes have been
altered. Algorithm 2 stabilizes to a minimal dominating set within at most 3kA? — 2kA

moves, where A denotes the maximum degree of the graph.

Proof. Starting from a stabilized graph, suppose the states of £ nodes have been altered.
According to Lemma 5.2.3, at most kA nodes will change their state from OUT to IN, and
they are at a distance of 1 hop from the k altered nodes. According to Lemma 5.2.9, at most
EA(A —1) IN state nodes will change to WAIT (using rule S2). Let n; denote the number
of times rule S2 is executed before node i stabilizes. Let sum_n; be the sum of all n;.
Based on Lemma 5.2.8, node 7 can execute any rule at most 2n; + 1 times in total. Hence,
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sum_n;

the sum of all moves can be represented by kA + > 71" 2n; + 1. Summarizing the
above, sum_n; will not exceed kA(A — 1). Based on Lemma 5.2.1, the graph stabilizgs
after at most kA + 2kA(A — 1) + kA(A — 1) = 3kA? — 2kA moves with aiminimal

dominating set. O

Theorem 5.2.11. Starting from a stabilized graph, suppose the states of k nodes have
been altered. Algorithm 1 stabilizes to a minimal dominating set within at most kA? + 1

rounds, where A denotes the maximum degree of the graph.

Proof. Starting from a stabilized graph, suppose the states of k£ nodes have been altered.
According to Lemma 5.2.3, at most kA nodes will change their state from OUT to IN, and
they are at a distance of 1 hop from the k altered nodes. According to Lemma 5.2.9, at
most kA(A — 1) nodes in the IN state will change to the WAIT state. When kA OUT state
nodes each execute one round, all nodes attempting to transition to the WAIT state will
successfully do so in the next round. This is because a node’s transition to the WAIT state
is independent of other nodes’ IDs. Subsequently, each of the kA(A — 1) nodes in the
WALIT state requires at most one round to transition. Summarizing the above, the graph
stabilizes after at most kA +1+kA(A —1) = kA2 + 1 rounds with a minimal dominating

set. ]

Theorem 5.2.12. Starting from any configuration graph, Algorithm 2 stabilizes to a min-

imal dominating set within at most n(2A — 1) moves.

Proof. Starting from an arbitrary configuration graph, at most n nodes may have altered
states. According to Lemma 5.2.8, each node can execute any rule at most 2(A—1)+1 =
2A — 1 times in total. Therefore, the graph stabilizes after at most n(2A — 1) moves,

achieving a minimal dominating set. [
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Chapter 6 Discussion and Conclusion

6.1 Discussion and Fail Attempt

In our research, we explored various approaches to reduce the number of moves and
rounds from O(kA?) to O(kA). Our initial hypothesis involved modifying Algorithm 1,
specifically rule R1, to improve the traditional method, which selects nodes based on their
ID comparison. This method does not always yield the optimal node selection. By prior-
itizing certain nodes, we aimed to ensure that each step of the selection process was more
accurate and beneficial to the overall system.

In particular, we define a node as a danger node if it is in the OUT state, does not
have any IN state neighbors, and satisfies —-noDpNbr,. If such a node transitions to the
IN state, it could negatively impact nodes exactly 2 hops away, causing them to transition
to the OUT state. Therefore, if a node has a neighbor that meets these criteria, we define
the node as having a Danger N brs, which requires 3-hop neighboring information.

To address this, we revised rule R1 by splitting it into two separate conditions, while
leaving the remaining rule R2 unchanged, but renumbering it as rule R3. The new predi-

cate definition was structured as follows:

* DangerNbrs(v) = Jw € N(v) : w.state = OUTAnoInNbr(w)A—noDpNbrs(w)

* PriorNbry(v) = |[{w € N(v) : w.state = OUTADanger Nbrs(w)AnoInNbr(v)A
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noDpNbry(v) }

* R1: if v.state = OUT A noInNbr(v) AnoDpNbry(v) A DangerNbrs(v)

then v.state := IN; /I'join S

* R2: if v.state = OUT A noInNbr(v) A PriorNbry(v) = 0 A noBtNbry(v)

then v.state := IN; // join S

Despite this improved methodology, it did not consistently yield the desired results.
However, this attempt provided valuable insights into the challenges of optimizing self-

stabilizing algorithms.

6.2 Conclusion

In this thesis, we have demonstrated that the number of moves and rounds in any
protocol is inherently proportional to the number of nodes, primarily due to the significant
challenge of breaking graph symmetry. Consequently, previous protocols that began with
an arbitrary state required stabilization processes tied to the total number of nodes. In
contrast, our approach begins with a stabilized graph, assuming only £ nodes have been
altered.

Our primary contribution is the development of two self-stabilizing algorithms in
distance-4 and distance-2 models. These algorithms achieve error correction within 3 hops
under a distributed scheduler, enabling stabilization proportional to the number of altered
nodes, k. This enhancement significantly improves the robustness and efficiency of self-
stabilizing protocols, particularly in applications where reducing the impact of localized
changes is crucial.
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Starting from any configuration, as in previous works, our first protocol ensures, sta-

i N / ‘
bilization in at most n moves, as demonstrated by Algorithm 1. Furtherrnore W@ lﬂetro— -

7 ihipgy

duced a second algorithm, which not only operates under the same standard as the |lnostv
recent related study [3], but also incorporates an effective local error correcﬁon r;lech-
anism. Although the second algorithm gathers information from a shorter distance, the
required number of moves and rounds is only a constant factor higher compared to the

first algorithm.
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