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Abstract

In this thesis, we study the moduli space of elliptic curves with a specified N-torsion,
for 4 < N < 20. Our focus is on expressing the coefficients of the Tate normal form
of elliptic curves in terms of explicit modular functions. These modular functions
are specific generators for the field of modular functions on I'y (IV) constructed from

Generalized n-functions.

Keywords: Modular Form, Tate Normal Form
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Chapter 1

Introduction

The study of elliptic curves and their moduli spaces plays a critical role in modern
number theory. The moduli space Y;(N), the quotient space of the complex upper
plane under the action of the matrix group I'y(/NV) using Mébius transformation, is
important for understanding elliptic curves over C since it provides a parametrization
for the elliptic curves with a specified N-torsion point. A useful tool for studying
these curves is the Tate normal form, which simplifies the representation of elliptic
curves with torsion points. With this tool, we are able to narrow our focus to two
coefficients, which are modular functions on I';(N) [I]. On the other hand, Yang
[7][¢] gave a table of generators. In this thesis, we aim to express the coefficients of

the Tate normal form in terms of the generators given by the table.

This work builds on the properties of modular forms and the relationship between
the Dedekind eta function and modular functions. By expressing the coefficients in
this way, we provide a clear method for relating the Tate normal form to known

generators of modular forms.
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This work is organized as follows. In Chapter 2, we review the necessary back-
ground on elliptic curves, modular forms, and the Dedekind eta function. Chapter
3 introduces the Tate normal form and formulates our method for expressing its co-
efficients using modular generators. Chapter 4 introduces the specific eta-quotient
generators for fields of modular functions on I'y(N) given by Yifan Yang [7][3], and

Chapter 5 presents the computed expressions for each N in the range 4 < N < 20.
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Chapter 2

Preliminaries

2.1 Complex Elliptic Curves

In this section, we denote the complex projective plane by P?(C), which is defined
to be the set of all equivalence classes of C*\ {(0,0,0)} under the equivalence relation

~ defined by
(21, 22, 23) ~ (21, 24, 25) < (21, 29, 23) = (2], 25, 23) for some \ # 0.

Also we denote the set (a : b : ¢) to be the equivalence class containing (a,b,c) €

C*\ {(0,0,0)}.
An elliptic curve over C is a nonsingular projective curve consisting of the zeros

of the algebraic equation
Y2Z 4+ a1 XYZ 4 asYZ? = X3+ auX?Z + ay X Z% + agZ3, ay,...,a6 € C

called the Weierstrass Form and the point O = (0 : 1 : 0) € P*(C) at infinity. In

the following text, an elliptic curve would always mean an elliptic curve over C. A
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curve is said to be nonsingular if the tangent line is well defined at each point on
the curve. The nonsingularity condition imposes a restriction on the elliptic curve.

To be precise, set

2 2

bQ = aq + 4@2, b4 = 2@4 + aias, b6 = dag + 4@6,
2 2 2

bs = ajas + 4azas — ajazay + aza; — ay,

A = —b3bg — 8b3 — 27b§ + 9babybs.

Then the curve defined by the Weierstrass form is nonsingular if and only if A # 0

(III.1.4 in [6]). For simplicity, the Weierstrass form is usually written as

y2+a1xy+a3y:x3+a2x2+a4x+a6, ai,...,ag € C

in nonhomogeneous coordinates © = X/Z and y = Y/Z.
The elliptic curve is also a curve with an additive group structure and identity

O=(0:1:0).

Theorem 2.1.1. (II1.2.3, [(]) Let E be an elliptic curve defined by

y2 + a2y + azy = 3 + a2x2 + a4x + ag.

Let P = (zp,yp), Q@ = (vg,yg) € E. lf p = 2¢ and yp + yg + a171 + a3 = 0, we

have P 4+ Q = O. Otherwise, set

M, it xp # xq,
\ = T —Tp
314 + 2a97p + ay — aryp .
, ifap =2z,

2yp + a1xp + as
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Yprg — YQrp

if Trp 7é xrQ,
T —Xp

V=
—x?j; + asxp + 2a6 — asyp

2yp +axp + as

, ifxp = xq.

and we define the addition P + Q = (zp+q. yr+g) by

$p+Q:)\2+(l1)\—a2—LL’p—IQ,
ypr@ = —(A+a1)rpyg — v — as.

Then, the set of points on E forms a group under this addition.

Next, we define the isomorphism between elliptic curves.

Definition. A morphism ¢ : E; — E, is a function ¢ = (¢g, ¢1,¢2) such that
®1, 2, 3 are homogeneous polynomials of XY, Z with coefficients in K of the same
degree. An isogeny ¢ : Fy — Es is a morphism satisfying ¢(O) = O and ¢(F;) =
Es. Two elliptic curves F; and FE5 are said to be isomorphic if there are isogenies
¢: Fy — FEy and v : EFy — E; such that ¢ o1y and 1 o ¢ are identity maps on FE;

and Fs respectively.

It can also be shown that an isogeny from E; to Es is also a group homomorphism.
(II1.4.8 [6]) Therefore, when two elliptic curves E; and E, are said to be isomorphic,
they are also isomorphic in the sense of group isomorphism.

Recall that the Weierstrass form of an elliptic curve is written as

E:y® + a1xy + asy = 2° + asx® + asx + ag, aq,...,as € C.

By the substitution y — $(y — a1z — a3), E can be simplified to the elliptic curve

5 d0i:10.6342/NTU202501859



of the form

E1 . y2 = 45(73 + b25(72 + 2b4l‘ + b(j, bQ, b4, bﬁ e C.

Furthermore, by the substitution x — (%, ﬁ), E; becomes the elliptic curve of

the form

Fy:y* =42 — Az — B, A,BeC.

Observe that the point O at infinity is fixed by the substitution. Clearly, the three
elliptic curves E, F; and FE5 are isomorphic to each other. Therefore, every el-

liptic curve is isomorphic to a elliptic curve defined by the equation of the form

y? =423+ Az + B, A,BeC.

Another property of elliptic curves is their relation to complex tori, which we

define as below:

Definition. Let w; and ws be two nonzero complex numbers such that w; /ws is not

a real number. A lattice A with period wy,ws is the set
Zw + Lwy = {nw1 + mws|(n,m) € ZZ} :

The quotient C/A, the set of cosets of A in C, is called a complex torus.

An important function defined on the complex torus C/A is the Weierstrass -

function p(z; A) defined by

1
p(z;A) == )

+ > <(2_1w)2—1>,ze(c

weA\{0}
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The Laurent series of p(z;A) at z =0 is
L& 2%k
(2 4) = 5+ > Gaia(A)z
k=1

where Gor(A) = > w? is called the Eisenstein series of weight 2k. Also, the

wEA
w#0
Weierstrass p-function satisfies

0/ (2 0)% = 4p(2; A)° — ga(A)p(2; A) — g3(A) (2.1)
= 4(p(=A) — o2 A)(p(z: A) — (2 A)(p(z: 4) — p( 22 )
(2.2)

for z ¢ A, where go(A) := 60G4(A) and g3(A) = 140G¢(A) (P21-23,[2]). Moreover,

the complex torus C/A is in one-to-one correspondence to the elliptic curve

En :y? = 42% — g2(N)z — g3(A),

through the map

2z (p(2) 1 9'(2) 1)
¢:C— E CP?*C),

00— (0:1:0)
(VL.3,6, [6]). We call Ej the elliptic curve corresponding to A. Two elliptic F; and
E5 corresponding to A; and Aj respectively are isomorphic if and only if Ay = aA, for
some nonzero o € C (VI1.4.1.1 [6]). Therefore, every elliptic curve E, corresponding
to A with period wq, ws is isomorphic to the elliptic curve E, corresponding to Z-+7Zr.

Without loss of generality, we may assume the imaginary part of 7 is positive. Also,
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every elliptic curve defined by

vy =42® — Az — B, A,B € C,

is an elliptic curve corresponding to some lattice A (VL.5.1 [6]). Combining all the
results, we may conclude that every elliptic curve is isomorphic to some elliptic curve

E. corresponding to Z + Zt with 7 having the positive imaginary part.

Finally, we end this section with a result of the moduli space of elliptic curves.
For N > 2, An N-torsion point P on the elliptic curve E is a point on E such
that P+ P+ ---+ P = O. We define an equivalence relation on the set of pairs

N
(E, P), where E is a complex elliptic curve and P is an N-torsion point on E, as

follows: (E4, Py) and (Es, P,) if there is an isomorphism ¢ : FE; +— FEy such that
o(P1) = Py. Let S1(N) be the set of equivalence classes of pairs (E, P). We write

[E, P] to represent an equivalence class containing the pair (E, P). Next, we set

[(N) = ca,b,c,d € Z,ad —be =1,a,d = 1(mod N),c = 0(mod N) ;,

and set H = {a 4+ bi € C : b > 0} to be the upper half plane. The matrix group

'y (V) acts on H by the Mobius transformation.

a b b
T:L-—i_ , 1€ M
cT+d

We write I'y(N)7 = {y7 : v € I'1(N)} for 7 € H and set Y;(N) to be the quotient

space of orbits under I';(N). Then we have the following nontrivial result:

Theorem 2.1.2 (Theorem 1.5.1,[1]). Let A, = Z + Z7 for 7 € H. The set Sy(N)
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can be written as S;(N) = {[E.,p(1/N;A;)]: 7 € H}. Two equivalent classes
[E.,0(1/N;A;)] and [E./, p(1/N; A,)] are the same if and only if I'y(N)7 = To(N)7'.

In other words, there is a one-to-one correspondence defined by

¥ S1(N) = Yi(N),  [Er, p(1/N;Az)] = Dy (N)T.

2.2 Tate Normal Form

Let E be an elliptic curve defined by the Weierstrass form

y2+a1xy+a3y:x3+a2x2+a4x+a6, ai,...,ag € C,

and let P = (x¢,yo) be an N-torsion point on E. We can transform the Weierstrass
form into the Tate normal form by the following procedure: By the substitution
(x,y) = (x 4+ xo,y + yo), we can transform FE into an isomorphic elliptic curve E’

defined by the Weierstrass form

y* + dyay + ayy = 2 + aha® + djx, dy, ..., d, € C, (2.3)

with an N-torsion point P = (0,0) on E’. For an elliptic curve with Weierstrass

form above and N-torsion point above, we have the following lemma:

Lemma 1. If P is an N-torsion point with N > 3, then a} # 0.

Proof. Suppose that a4 = 0. Suppose @) = (0,yg) is on E. By applying @ to the
equation above, we have yé = 0, which implies yg = 0 and P = Q. Therefore, (0,0)
is the only point with = -coordinate 0. By the addition formula (Theorem 2.1.1),

we have P+ P = O and thus P is a 2-torsion point, which is a contradiction to our

9 d0i:10.6342/NTU202501859



assumption. Therefore, aj # 0. ]

Next by substituting (z,y) — (z,y + — ), we further transform E’ to the iso-

a/
as

morphic elliptic curve with Weierstrass form
y2 + bixy + by = 3+ bQ.TZ, by, by, b3 € C, (24)

with N-torsion point P = (0,0). For the elliptic curve with the Weierstrass form

above, we have the following lemma.

Lemma 2. If P is an N-torsion point with NV > 4, then by # 0.

Proof. Suppose that by = 0. Let @) = (2¢,0) be a point on E. By applying @
to (2.4), we have z{, = 0, which implies that 2o = 0 and P = Q. Therefore, P is
the only point with y -coordinate 0. Since N > 4, we have b3 # 0 by the previous
lemma. By direct computation, we have P+ P = (0, —bs) and P+ P+ P = O, which

implies that P is a 3 -torsion point, which is a contradiction. Thus, by # 0. 0

Let u = bg/by # 0. Note that bsu® = byu?. By the substitution (z,y) — (u?z,u?y),

E"” can be transformed into the isomorphic elliptic curve E” with Weierstrass form
uSy? + biuPzy + bsudy = uba® + bou'ta?, (2.5)

with N-torsion point P = (0,0). Write 1 + g = bju™" and f = bzu™> = bou™?

(f #0). Then, the equation can rewritten as
2 _ .3 2
y + L+ gay + fy =2+ fa7,

which is called the Tate normal form. We have the following theorem from [1].

10 d0i:10.6342/NTU202501859



Theorem 2.2.1. Suppose that N > 4. Then every isomorphism class of pairs (£, P)
with E an elliptic curve and P € E a torsion point of order N can be represented

by a unique pair of the form

E:y*+ (14 g)zy+ fy=2*+ f2*, P =(0,0),

with f,g € C and f # 0.

Finally, we end this section with a result from [1], which gives a full set of repre-
sentatives for the set of isomorphism classes of pairs (E, P) with E an elliptic curve
and P an N-torsion point on F for N > 4. Note that the functions 7 +— p(1/N;7),
T — ©(2/N;7) are modular forms of weight 2 on I'y(N) and 7 — ¢'(1/N;7),

T — ©'(2/N;7) are modular forms of weight 3 on I'y (V).

Theorem 2.2.2. Let N > 4 and let S;(NN) be the set of isomorphism classes of pairs

(E, P) with E an elliptic curve and P an N-torsion point on E. Then,

S1(N) = {[E-, (0,0)]}, Er:y*+ (1+g(r))ay + f(r)y = 2" + f(r)a?, 7 € H,

where

(p(1/N;7) — p(2/N;7))°

o=
_ 9'(2/N;7)
A= Gy

are modular functions on I'y (V).

11 d0i:10.6342/NTU202501859



2.3 Modular Forms and Modular Functions

Set
a b
GLy(Z) = a,b,c,d € Z, ad — bc = +1 ; ,
c d
a b
SLy(Z) = a,b,ec,d €Z, ad—bc=1},
c d

and PSLy(Z) = SLo(Z)/{£I}. The group GLy(Z) acts on C through Mobius

transformation, which is defined by

a b b a b
T = ﬂ, € GLy(Z), T € C.
cT +d
c c d

This action of GLy(Z) leads to a classification of matrices.

a b
Definition. Let v = € SLy(Z).

c d

(a) ~ is elliptic if and only if |a + d| < 2,

(b) v is parabolic if and only if |a + d| = 2,

(c) = is hyperbolic if and only if |a + d| > 2.

12 d0i:10.6342/NTU202501859



a b

Note that for v = € SLy(Z),
c d
o at + b
T=T =T
K T +d ’

S+ (d—a)T—b=0.

The discriminant of the quadratic equation is

(d—a)®+4bc = (d — a)® + 4(ad — 1) = (d + a)?* — 4.

Therefore, we have the following theorem

a b
Theorem 2.3.1. (Theorem 1.3.1, [5]) Let v = € SLy(Z).

c d
(a) ~ is elliptic if and only if 7 has two complex fixed points 7 and its complex

conjugate 7 with 7 € H,

(b) ~ is parabolic if and only if v has exactly one fixed point in P}(Q) = QU {oo},

(c) ~ is hyperbolic if and only if v has two real fixed point in in P!(R) := RU{o0}.

This further gives us a classification of points in the upper half plane H.

Definition. Let I' be a subgroup of SLy(Z). An elliptic point is a fixed point of
some elliptic matrix of I'. A cusp of I is a fixed point of some parabolic matrix of

I' (including the point at infinity).

13 d0i:10.6342/NTU202501859



Next, we review some matrix group that is frequently used in the study of modular

forms. For a positive integer N > 2, we define

a b

[o(N) = € SLy(Z)|c =0(mod N) 3,
c d
a b

['(N) = € SLy(Z)|c =0(mod N),a,d = 1(mod N) ¢,
c d
a b

['(N) = € SLy(Z)|b,c = 0(mod N),a,d = 1(mod N)
c d

These are the most common examples of congruence subgroups.

Definition. A congruence subgroup I' of SLy(Z) is a subgroup of SLs(Z) that con-
tains ['(IV) for some positive integer N. The smallest such N is called the level of

I.

For a congruence subgroup I' of SLy(Z), we denote T to be the subgroup #I'/+1

of PSLy(Z). Note that

(SLy(Z):T), if—TIeT,

[PSLy(Z):T] =
USLy(Z):T), if —T¢T.

Therefore,

[PSLy(Z) : To(N)] = [SL2(Z) : To(N)],

14 d0i:10.6342/NTU202501859



[PSLy(Z) : T1(N)] =
5ISLa(Z) : T1(N)], if N >3,
B [SLy(Z) :T(N)], if N=2,
[PSLy(Z) : T(N)] =

[SLy(Z) : T(N)], if N> 3.

1
2

For calculating the index of subgroup, we have the following theorem:

Theorem 2.3.2 (Theorem 4.2.5, [5]). For an integer N > 2,

LSLy(Z) : T(N)] = SN [Lyn(1 — 1/p?), N >2,

— 2

(a) [PSLy(Z):T(N)] =
[SLo(Z) : T(2)] = 6, N =2

(b) [PSLa(Z) : To(N)] = [SL2(Z) : To(N)] = N v (1 +1/p).

HSLo(Z) : Ty (N)] = SN TLyn(1 = 1/p?), N >2,

(c) [PSLy(Z) : T1(N)] =
[SLo(Z) : T1(2)] = 3, N =2

The product J[,y runs through all primes p that divide N.

Let H = HUP*(Q). For N > 2, we set Xo(N), X;(N) and X(N) to be the quotient

space of orbits of H under the action of I'o(N), I'y(N) and T'(N) respectively.

Remark. For X;(N), there exists a model over Q where the cusp corresponding to

0 is Q-rational ([3]).

Recall that a cusp a € P(Q) of a subgroup I' of SLs(Z) is a fixed point of a
parabolic matrix of I". Let v € SLy(Z) be a matrix in SLy(Z) such that v - oo = a.
Then, for § € SLy(Z) with § - a = a, we know that (y7167) - 0o = co. Let T, (T

respectively) be the stabilizer subgroup of « of T' (0o respectively). Then v~ 1T, is

15 d0i:10.6342/NTU202501859



a subgroup of I',. Let SLy(Z)s be the stabilizer subgroup of oo of SLy(Z). Since

11
SLy(Z)s is generated by + and ' is a subgroup of SLs(Z).., we have the

0 1

following definition:

Definition. Let v, o, and I" be defined as above. The width of a cusp « of I" is the

smallest integer h such that

1 h 1 h
1 yel' or —~7t vel.
0 1 0 1
1 h
Then « is said to be regular if =1 v € I', and « is said to be irregular if
0 1
1 h
—y1 yeTl
0 1

Note that the definition of A is independent of the choice of ~ since if v; and vy
are two matrices in SLy(Z) such that v, - 00 = 75 - 00 = @, 77 2 € 4. Also, two
T-equivalent cusps a; and am (i.e. a3 = 0-ay for some o € I') have the same width.
Here we cite a result for cusps of I'y(N). The cusp oo is written as 1/0 and

ged(0, N) = N for all integers N.

Theorem 2.3.3. (Theorem 4.2.9, [5]) Let N > 4 be an natural number.

(a) Let a1/c1, ag/ca € P(Q) be two cusps written in lowest terms. Then, a;/c¢
and as/cy are T'y(N)-equivalent if and only if there is » € {£1} such that

c1 = rea(mod N) and ay = rag(mod ged(cq, N)).

(b) T'1(N) has no elliptic points.

16 d0i:10.6342/NTU202501859



(¢c) For N > 5, I'i{(N) has no irregular cusps. I'1(4) has one orbits of irregular
cusps (represented by 1/2), and two orbits of regular cusps (represented by 0

and 00).

(d) Let a/c be a cusp written in lowest terms. For N > 5, the width of a/c of
['y(N) is N/ ged(e, N). The three orbits [0], [1/2] and [o0o] of I'y(4) have width

4, 1, and 1 respectively.

Next we proceed to define the modular forms and modular functions. Let f :

a b

H — C be a complex valued function on H. For all integer matrix v = with
c d

positive determinant, and integer k, we define the slash operator of weight & of v on

J by

k)2
fly = (det ) f (ar—i—b) .

(et + d)* et +d

By direct computation, it is clear that

f’k(”Yl”Yz) = (f’k71)|k72,

for all 2 x 2 integer matrices 71, 7, with positive determinant and integer k.

The modular form is defined as below:

Definition. Let I" be a congruence group and k be a nonnegative integer. A function

f:H — C is a modular form of weight k on I' if
(a) f is holomorphic on H,

(b) (flxy)(7) = f(7) for all vy € T" and 7 € H,

17 d0i:10.6342/NTU202501859



(c) f is holomorphic at every cusp of I' (definition given later).

If the function f also vanishes at every cusp of I'; then the function f is called the

cusp form of weight k on I'.

A classical example of a modular form is the Eisenstein series Go(7), k > 1 with
respect to Z + Zt, which is a modular form of weight 2k on SLy(Z). The modular

function is defined as below:

Definition. Let I' be a congruence group. A function f : H — C is a modular

function on I if
(a) f is meromorphic on H,
(b) f(yr) = f(r) for all y € T" and 7 € H,
(¢) f is meromorphic at every cusp of I' (definition given below).

We define a function on H to be holomorphic or meromorphic at cusps as follows:

Definition. Let o € P}(Q) and o € SLy(Z) be a matrix such that coo = . Then

the function (f|xo)(7) admits a Fourier expansion of the form

(flko)(7) = 3 ane™ /M,

ne’l

where h is the width of the cusp a(P.38-39, [5]). Let n be the smallest integer such

that a,, # 0. Then f(7) is said to be

(a) meromorphic at « if n > —oo.
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(b) holomorphic at « if n > 0.

(¢) vanishing at « if n > 0.

2miT 2mi/h

It is standard to set ¢ = e and ¢, = e in the Fourier series of modular forms
and modular functions. Thus, the Fourier series of modular forms and modular

functions written in this way is also called the g-expansion.

2.4 Valence Formula

Now we review the valence formula and set bounds for the number of zeros for
modular form of weight k on I';(N). Let H = HUP!(Q). Let f be a meromorphic
function on H. For 7y € H, define v, (f) to be the unique integer v such that
f(7)/(T —70)" is holomorphic and nonzero at 7, € H. If 7, € P(Q), let 0 € SLy(Z)
be a matrix that satisfies coo = 75. Then, f|yo admits a Fourier expansion of the

form

(fleo)(7) = 3 ape ",

nez

where h is the width of 75. Then v, (f) is defined to be the smallest integer n such

that a, # 0.

Theorem 2.4.1. (Theorem 5.6.11, [2])Let I" be a subgroup of SLy(Z) of finite order.

Let f be a modular function of weight k& on I', which is not identically 0. Then,

T€l\H

where e, = |[{y €T : y7 = 7}| and e, = 1 if 7 € P}(Q).

By the valence formula and the fact that T';(N), N > 4 does not have elliptic
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points (Theorem 4.2.9, [5]), we can deduce that

Corollary 2.4.1.1. Let f be a modular form of weight & on T'; (V) for some N > 4.

For 7 € H, we have

() < [SLa(2) : T35 = 5N T - ),

The product ][,y runs through all primes p that divide N.

Finally, we end this section with a theorem for a criterion of equality based on

equality of the g-expansions.

Corollary 2.4.1.2 (Corollary 5.6.14, [2]). Let k£ be an integer, let h be a positive
integer and let " be a subgroup of SL,(Z) of finite index. Set m = [PSLy(Z) : T].
If two modular forms f;(7) = Y50 a4}, g, = €™™/" i = 1,2 of weight k on T’

satisfy all) = a® forall 1 <n <1+ %’“, then f1 = fo.

2.5 Transformation Formula for p(s7 +t;7)

Recall that the Weierstrass p-function p(z; 7) corresponding to A, = Z + Z7 and

its first derivative with respect to z is defined by

1 1 1
o(z;7)= =+ (-),ZGC,TEH,
22 weza{o} (z —w)? w2
and
@/(Z‘T)——z—2 > 1 ec rem
’ 2 weA,\{0} (z —w)®’ 7

We have the following transformation formula:

Theorem 2.5.1. Let N >4, s,t € Q and 7 € H and set Ps(7) = p(s7 + t;7) and
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a b
Qsi(7) = ¢'(s7 + ;7). Then, for v = € SLy(Z), we have

c d

(Ps,t|2'7)(7—) = Pas+ct,bs+dt(7-)7 (Qs,t|37) (T> - Qas+ct,bs+dt(7_)~

Proof. Note that for z € Z and 7 € H

(m,n)ez?
(m,n)#(0,0)
2 > 1
p(z7) = 3 2 (m%:GZQ (z —m1 —n)?
(m,n)#(0,0)
a b
For v = € SLy(Z), set m" = am + cn, n' = bm + dn, ' = as + ct and
c d
t' = bs + dt and we have
1 cT +d
syT+t —m —nyT - (as + ct)T + (bs + dt) — (am + cn)T — (bm + dn)
1
T STt —mit—
1 ct+d
myT+n (am + cn)T + (bm + dn)
cT +d
S
1 cT +d

syT+t  sT4+t

Since ad—bc = 1, (a, ¢) and (b, d) are pairs of relatively prime integers. Therefore, as
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(m,n) runs through Z2\ {(0,0)}, (m’,n’) also runs through Z?\ {(0,0)}. Therefore,

Pl = — v Y ( : - A X )

(syT +1)? (mmyez? (syr+t—m —ny1)2  (myT +n)?
(m,n)#(0,0)

_(ord’ ( (c7 + d)? _(c¢+d>2>
2 \(

ST+t —m/ —n'T)2  (m/T+n')?

-9 0 1
S T)= -
Qs (V7) (syT + 1) (m%:eﬁ (syT +t—m —nyr)3
(m,n)#(0,0)
C =2(er + d)? i (er +d)?
(T )3 (m! ') €72 (s'T+t —m/ —n'T)?
(m’,n")#(0,0)

= (CT + d)gQS/,t/(T).

Therefore,

(Ps,t|2’7)(7—) - Pas+ct,bs+dt(7-)7 (Qs,t|37) (T) = Qas+ct,bs+dt(7-)~

From this theorem, it can be deduced that for a # 0(mod N), p(a/N;7) and
¢ (a/N;T) are modular forms of weight 2 and 3 respectively ([!]). Also, it is easy

to see that

1

KJ(G/N§—N77) = 7%p(at; NT),
1
' (a/N; _Nir) = 7 p(aT; NT).

Finally, we write the g-expansion of Weierstrass p-function p(z;7) with respect to

7 + Z7, T € H, which will be useful later.
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Theorem 2.5.2. (Theorem 2.1.11, [2]) Let 7 € H and let ¢ = ™. Then,

1 627riz 00 qn627riz q—n627riz ann
7)) =2m)* | =+ s : :
@(Z, T) ( 7TZ) <12 + (1 _ 627”2)2 + Z ((1 _ qn627rzz)2 + (1 _ q—neQsz)Q g |1 qn )

n=1

' B 3 eQm’z(l + eQTriz) o0 qn€27riz(1 + qn627riz) q—n627riz(1 4 q—n€27m'z)
pzi7) = (2mi) DS ——+ . .
(1 _ 6271’12)3 — (1 _ qn627'rzz)3 (1 _ q7n627r1z)3

2.6 Elliptic Function and Jacobi Theta Functions

Here we review the definition of elliptic functions.

Definition. Let A be a complex lattice with period wy,ws. An elliptic function f

with respect to A is a meromorphic function that satisfies

flz+w) = fz+w) = f(2),

for all z € C.

Next we review the properties of elliptic function.

Theorem 2.6.1. (Proposition 2.1.2,[2]) Let f be a nonzero elliptic function with

respect to a lattice A with period wy, wq. Let D = {swy +tws : 0 < s,t < 1}.

(a) With multiplicity, f has the same number of poles as the number of zeros in

D.

(b) If f is not constant function, then f has at least two poles and at least two

zeros, with multiplicity.

Note that (b) implies that a holomorphic elliptic function is necessarily a constant

function. A classic example of elliptic functions is the Weierstrass p-function.
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Next we define the Jacobi theta function 6;(z;7) by
91(2; 7_) _ _/L'eﬂ'iqu/S H (1 o qm)(l . qm627riz)(1 o qm—1€—27riz)7 q= 2T
m=1

The Jacobi theta function is a holomorphic function with zeros only on Z + Zr.

Also, it satisfies the equations

O1(z 4+ 1;7) = —01(2;7),
Oz + 7 7) = =g 20, (7).

O(z+717+1;7) = e%izq_lm@l(z; 7).

Finally, we conclude this section with a theorem about the relation between the

Weierstrass p-function and the Jacobi theta function 6;.

Theorem 2.6.2. Let z,w € C and 7 be a complex number with nonzero imaginary

part. Then we have

01(z —w;7) - 01(2 +w;T)
01(z;7)2 01 (w; )2

o(z;7) — p(w;7) = C(7) -

where C(7) is a function of 7.

Proof. We only give a brief sketch of the proof. Let

01(z —w;T) - 01(z +w;T)
01(2;7)? - 0F (w; 7)

F(z7m) = p(z;7) — p(w; ), G(z;7) =

Fix w and view F and G as functions of z and 7. By the equations of 6; above, it

is clear that both F' and G are elliptic functions with respect to the lattice Z + Zr.
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Next, note that the poles of F' are m + nt, m,n € Z and the zeros of G are
+w +m + nt, m,n € Z. Using the fact that the zeros of 6; are m + nr, m,n € 7%,
the same is true for G. Therefore, F'//G is a holomorphic elliptic function with
respect to Z + Zt, and thus is a function of 7. Write C(7) = F(z;7)/G(z;7) and

we have

01(z —w;T) - 01(z +w;T)
91(Z§T)2 : Ql(w;7)2

o(z;7) — p(w;7) = C(7) -

Remark. By comparing the coefficients of the Laurent series of both sides, it can be
shown that C(7) = —4n?n(7)%, where n(7) is the Dedekind eta function defined in

section 2.7.

2.7 Generalized Dedekind Eta Function
Recall that the Dedekind n-function is defined by
o) = [LA=g). g=e
The generalized Dedekind n-functions E;%) and Eg(,N ) are defined by

E;{X) (7_) _ qB(g/N)/Q ﬁ (1 . 627rih/qu—1+g/N> (1 . 6—27rih/qu—g/N) . = 627rz'7'7

m=1

for real numbers g and h which are not simultaneously multiples of N and

EéN)<T> _ qNB(g/N)/2 ﬁ (1 . q(mfl)NJrg) (1 _ qufg> . q= 62”“,

m=1
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for real number g which is not a multiple of N, where B(z) = {z}?> — {z} + 1/6,
{z} = x — [z] and [z] is the largest integer less than x. These functions are useful
for constructing modular forms and modular functions.

First we cite a theorem about the transformation of 7(7)

Theorem 2.7.1. ([7]) Let (1) be the function defined above and let h be a positive

integer. Then

Theorem 2.7.2. ([7]) Let Eg}i) and E(™) be the functions defined above. Then
N 1 —7i N —7i,
E&g) (_NT> =e g/NEéo)(NT) =e g/NEéN)(T).
Also, we have

EngN,h(T) = Efgﬁh(T) = _e%ih/NEg,h(T)v Egnin = Egp.

Furthermore, let

a b
c d
Ifc=0,
Egn(r+0) = embB(g/N)Eg,ngrh(T)
Otherwise,

Eyn(47) = €™ Byt chpgran(T)

where € and § are quantities determined by a, b, ¢, d, g, h.
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2.8 Generators for the field of modular functions with

respect to [';(NV)

For N € {4,5,6,7,8,9,10, 12}, the field of modular functions on I'; (V) is gener-

ated by a single modular function #(7) listed below:

N t(r) N t(7)
4 M 8 F0a(m)” )?
16 n(27)24 "Bos(r)?
. B Eﬂ,l(’t")f o | pmiso_ Foa(r)®
E(LZ(T)Q EUQ(T)E(_) 1(7)
6 EM 10 6,4775/10M
9n(37)%n(27)* ) Eys(m)Epa(T)
ré e4m‘/7 'EU,I((T)3 12 €4m/12 EO 1(7—)
Eo,2(1)2E3(7) Eo5(T)

Table 2.1
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For N € {11,13,14,15,16,17,18,19,20}, the field of modular functions on I'y (V)

is generated by two modular functions defined below. For simplicity, we write E;h

to represent (

(N)\k
Eg’h ) .
N X Y
3
11 e8i/11 Eo3E0,4F05 el2mi/il Et'J,flEO,L’) _
Eg 1o,z Eg1Eo,2
5] 3
13 el2mi/13 Ej 4o 5 Eo el7mi/13 FoaEqe
53=1E0,2E0,3 ESJEO,Q
3 2
14 | e8mi/14 EosBjafor 1 el2mi/14 Eo1EjsEo. 1
Eo,lEg_‘gEo.s Eo,lEgggEo,s
7
15 8mi/15 Eo1Eo 7 1 el4mi/15 EU!’lEU‘E’Eg:ﬁ 1
Eo,1E0,2 Eo 1 Eo2Ef ;
p)
16 637”:/4 EU’5E0.6EU!7 1 697”:/8 EO,LLE(;Q?EO,S
Eo1Eo2FE03 FEo1Eg5oFo 3
17 eZUﬂi/ITM (3287@/17M
Eg 1Eo2Eo3 E§ 1 EG o
18 o2mi/3 Eo.aFosE09 (8i/9 EosEoelorlos 1
Ey1E02E03 Ey 1 By 2By 3Ep 4
19 6257717/19% 11 | etdmi/19 EOAE(%,SE&?E(Q),BE(QJ_Q
Eg 1Eo2Fo3 E§ 1 E§ 2 Ej 3 Fo s
20 odri/5 EpsEosEoy L 117i/10 Eo 5 E0,8FE00F010 L1
Eo1Ep2FEp 4 Ey1Eo2Ey3Ep4
Table 2.2
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Here we also show a table of equations satisfied by X and Y defined above.

N

equation

11

Y24+Y =X%-X?

13

Y3 (X -1)Y? - XY = X* 4 x°

14

Y24+ XY +Y=X-X

15

Y24+ XY +Y = X%+ X?

16

Y34 (X —1)Y? - X2y = X4 - x3

17

Yo — (4X - )Y+ (6X? - 3X)Y?
—(X* +4X3 -5X? + X)Y?
+X34X —1)(X - 1)Y

= XS(X —1)

18

Y34+ XY?2 4+ (2X2 - 2X)Y
= X* - 3X% +2X?

19

Y5 - (5X —3)Y°
—(3X3 —15X2 4+ 14X - 3)Y*
+(X —1)(9X* - 18X* + 7X? - 1)Y?3

—X2(X — 1)(9X* - 20X + 13X2 — X —2)Y

=XT(X-1)*

20

Y44 XY3 4 X(2X —3)Y2 - X(2X2 — )Y

~X(2X2-1)Y =X*X-1)

Table 2.3
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0 1

Note that normalizes the group I'y(IV). Therefore, if f is a modular
N 0
0 1
function on I'y(IV), then so is f|o . The generators listed in Table 2.1 and
N 0

2.2 hold the following properties:

0 -1
(a) The set of generators under the slash operator of weight 0 of is still

N 0

a set of generators.

(b) The quotient of n -functions (generalized n -functions, respectively) under the

0 -1
slash operator of weight 0 of is again a quotient of n -functions

N 0

(generalized n -functions, respectively).

(¢) For N € {11,13,15,17,18,19,20}, the poles of the generators are at co.

Remark. For 4 < N < 20 with N # 4,6, we choose Ej, instead of E, so that
the cusp corresponding to 0 is Q-rational in the model of X;(IN) given by 7

(X(7),Y(7))-

For N € {4,5,6,7,8,9,10,12}, the result can be found in [7].

For N € {11,13,14,15,16,17,18,19,20}, the result can be found in [3].
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Chapter 3

Main Result

Let N > 4. Recall that in theorem 2.2.2; the function f and g on H are defined

as

(p(1/N:7) — p(2/N;7))°

=""vamnr
_ J@/Ni)
"= Gy

which are modular functions on I'; (V). Our aim is to write f and g in terms of ¢

(or X,Y) for 4 < N < 20.

3.1 The order at cusps of f and g

To calculate the order at cusps of f and ¢, we first write f and ¢ as products of
generalized Dedekind eta functions. For simplicity, we write E,; and E, instead of
E;%) and EéN ). Let a,b be two real numbers not a multiple of N and let 7 be a

complex number with nonzero imaginary part. Set ¢ = €2™7. By direct computation,
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we have

;7_) _ _Z-e—m'b/Nqa2/2N277(7_)Ea7b(7_),

where 6; is the Jacobi theta function defined in Section 2.5, n is the Dedekind eta

function, and E,; is the generalized Dedekind eta function. Thus, by Theorem 2.6.2

and the fact that E_, (1) = —e 2™/NE,_ (1), we have

Eo1(7)Eo3(T)
Eo1(1)2Ep2(7)?
Ey3(7)
Eo1(1)Eg2(1)?

o(1/N;7) — p(2/N;7) = Cn(7)*

= COn(r)!
for some constant C'. By equation (2.2) in chapter 2 and Theorem 2.6.2,

¢'(a/N;7)*

= 4(p(a/N;7) — p(1/2;7))(p(a/N;7) — o(7/2;7))(9(a/N; 7) — o((7 +1)/2; 7))
— (7)12 Eo,—a+N/2(T)Eo,a+N/2(T) EN/z,a(T)EN/Q,—a(T) EN/z,—a+N/2(T)EN/2,a+N/2(T)
EO,a (T)on,N/2 (7')2 EO,a(T)zEN/ZO (7')2 Eo,a(7')2Ez\f/2,N/2(7')2

()2 Eoany2(T) Eny2a(T)* Enppasny2(7)?
Eo.a(7)0Eo.ny2(T)? Eny2.0(T)* Enyanya(T)?

for some constant C’ and C”. Note that

Eonp(7) =20 T (1+¢™),

m=1
EN/2 N/2 =q —1/24 H m 1/2 ’
EN/QO —1/24 H . m 1/2

392 d0i:10.6342/NTU202501859



Therefore,

Enjany2(T)Enp2o(T) = q e H ¢ 1
—1/12
H 1 _ q2m
Also,
2m)2
EON/2 _2611/12 H 1—q

Therefore, Eg n/o(T)Enjo,n/2(T)Enj2o(T) = 2.

Hence,

E (7)?Eny2,a(T)*Eny2,atny2(T)?
/ N:7)2 = " 12 ~0,a+N/2 ,a ) ’
@ (a/ 7T> C 77(7—) EO,a(T)6

where C"" = C” /2. Note that

Eoains(T) = (14 mMN)g 2 T (1 4 27N gm) (1 4 e7274/Ng™),

m=1
EN/2a+N/2 _q —1/24 H 27rza/N m— 1/2)(1+€ 27rza/qu 1/2)’
EN/2a _ —1/24 H 627m‘a/qu—1/2)<1 . 627ria/qu—1/2)‘
Therefore,
EN/Q,(H-N/Q( )EN/Za — —1/12 H 4ma/N 2m— 1)(1 . 6—47ria/Nq2m—1),

and

1 647ria/Nq2m) (1 . e—47ria/Nq2m>

eQwia/qu)(l _ e—27rz'a/qu) ’

EO,a+N/2( ) (1 +€2ma/N 1/12 H

m=1
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Hence, if 2a is not a multiple of N,

EO,a+N/2<T)EN/2,a+N/2(T)EN/2,a(T)

= (1 + e¥mia/N)y IO—O[ (1- 647”:(1/qu)(1 — 6_47”:G/qu)
(]. — eQWza/qu)<1 _ e—27rza/qu)

m=1

E0,2a(7)
E()’a (7') ’

— (1 +€27ria/N)

and we have

Eo2a(7)?
/ C\2 e 12 ~0,2a
p (G/N, T) - C 77<7_> E[)@(T)S )

and

o (a/N;7)? = Dnm”m,

where C* = (1 + €?™/N)C" and D = +/C*. Combining all the results, we have

(p(1/N;71) — p(2/N; 7))
o (1/N;7)2

FEos3(1)3Eo1(7)°
E072(7')8

f(r) =

=D

and

_ 9'(2/N;7)
o (1/N;7)
Eoa(T)Eo1(7)*
FEoa(r)> 7

— D/I

for some quantities D', D” determined by N.

With this expression, we may now calculate the order at cusps of f and g. Let a/c

a b
be a cusp of I';(N) written in the lowest terms. Then there is v = € SLy(7Z)

c d

such that yoo = a/c. Let g, h be two real numbers that are not simultaneously the
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multiples of N. By Theorem 2.7.2, E, ,(77) = €€*™° Eog1 chbg+an, Where € and € are
quantities determined by a, b, ¢, d, g, h. Again by Theorem 2.7.2, the lowest exponent
of the g-expansions of Eygychpgran i 3B(ag + ch), where B(z) = {z}?* — {a} +1/6,
{z} = = — [z], and [z] is the greatest integer lower than z. By Theorem 2.3.3, the
width of a/c is N/ ged(c, N) if N > 5. Therefore, denote the order of f and g at the

cusp a/c by ord,/. f and ord,,. g and for N > 5, we have

ordg/ f = 2gyuj(c,]V)[3lg(§§) *‘513(;%) _'813(?5)L
ord,/cg = 2{gcdil’jv)[13(j§) 413(;%) _‘513(§5)L

Finally, we conclude this section with a table of the order of f and g at I';(N)-

inequivalent cusps for 4 < N < 20.

N | cusps | ordg/. f | orda/cg || N | cusps | ord,). f | ordg/. g
0 1 o0 0 1 1

4l 12| -1 0 2/7 0 0
00 0 00 - 1/3 -3 —2
0 1 1 3/7 0 0

5 2/5 0 0 1/2 2 1
12 | -1 ~1 00 0 0
00 0 0 0 1 1
0 1 1 1/4 | -2 ~1

PIRVER S ~1 o | 13 0 ~1
1/2 1 0 3/8 0 0
o0 0 0 1/2 1 1

Table 3.1
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N | cusps | ord,/. f | ordgq/.g || N | cusps | ord,,. f | ord,/. g
8 00 0 0 13 ] 6/13 0 0
0 1 1 1/2 2 2
2/9 0 0 00 0 0
1/4 | =5 —3 0 1 1
o | 1/3 1 0 17 | =2 ~1
4/9 0 0 1/6 -3 -2
1/2 2 2 1/5 2 ~1
2/3 1 0 3/14 0 0
00 0 0 1 1/4 2 1
0 1 1 2/7 -2 1
1/5 -2 -1 1/3 3 3
1/4 | -1 ~1 5/14 0 0
10 3/10 0 0 3/7 -2 -1
1/3 3 1 1/2 1 1
2/5 | -2 ~1 0 0 0
1/2 1 1 0 1 1
00 0 0 2/15 0 0
0 1 1 17 | -11 —6
2/11 0 0 1/6 —1 —1
1/5 —7 —4 1/5 1 0
1/4 1 -1 1/4 4 3
1 3/11 0 0 4/15 0 0
1/3 3 2 15 1/3 1 1
4/11 0 0 2/5 1 0
5/11 0 0 7/15 0 0
1/2 2 2 1/2 2 2
00 0 0 3/5 1 0
0 1 1 2/3 1 1
1/6 | -2 ~1 4/5 1 0
1/5 | —4 -3 5/6 | —1 -1
1/4 1 0 0 0 0
| 13 1 1 0 1 1
5/12 0 0 1/8 | -2 ~1
2/3 1 1 17 | -8 -5
3/4 1 0 1/6 0 -1
1/2 2 2 3/16 0 0
00 0 0 1/5 5 1
0 1 1 6| 14 1 1
2/13 0 0 5/16 0 0
1/6 -9 -5 1/3 3 3
1/5 | -1 —2 3/8 | —2 -1
3/13 0 0 7/16 0 0
3| 1/4 4 1 1/2 1 1
4/13 0 0 3/4 1 1
1/3 3 3 00 0 0
5/13 0 0 17 0 1 1
Table 3.2
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N | cusps a/c | ordg/. f | ordg/eg || N | cusps a/c | ordg. f | ordg/c g
2/17 0 0 7/19 0 0
1/8 —13 -7 8/19 0 0
1/7 -5 —4 19 9/19 0 0
1/6 3 -1 1/2 2 2
3/17 0 0 00 0 0
1/5 5 2 0 1 1
4/17 0 0 1/10 —2 —1

17 1/4 4 4 1/9 —12 -7
5/17 0 0 1/8 -1 ~1
1/3 3 3 1/7 4 -1
6/17 0 0 3/20 0 0
/17 0 0 1/6 3 1
8/17 0 0 1/5 1 1
1/2 2 2 1/4 1 1

0 0 0 b0 | 3/10 —2 ~1
0 1 1 1/3 3 3
1/9 ) 1 7/20 0 0
1/8 —5 -3 3/8 -1 -1
1/7 —2 -3 2/5 1 1
1/6 1 0 9/20 0 0
1/5 5 3 1/2 1 |
2/9 —2 ~1 3/5 1 1

| 1A 2 2 3/4 1 1
5/18 0 0 4/5 1 |
1/3 1 1 o~ 0 0
7/18 0 0
4/9 —2 -1
1/2 1 1
2/3 1 1
5/6 1 0

00 0 0

0 1 1
2/19 0 0
1/9 ~15 -8
1/7 7 -5
1/7 1 —2
3/19 0 0

19 1/6 6 1
1/5 5 4
4/19 0 0
1/4 4 4
5/19 0 0
6/19 0 0
1/3 3 3

Table 3.3
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Remark. For N =4, g = 0 when N = 4, the order of g is co when N = 4. This fact

can be proved using Corollary 2.4.1.2. By Theorem 2.3.3, the widths of the orbits

[0], [1/2] and [oo] are 4,1 and 1. Therefore,

4 3 1 2
ordyf = 5[33(1) + 53(1) - 83(1)] =1,
ordyjsf = ;[33(34% + 53(1) —sB(22) = -,
ordsf = 0.

3.2 A representation of f and ¢ in terms of generators

The problem divides into two cases.

1. The first case is for N € {4,5,6,7,8,9,10,12}. In this case, the field of

modular functions can be generated by one modular function .

2. The second case is for N € {11,13,14,15,16,17,18,19,20}. In this case, the

field of modular functions can be generated by one modular function X, Y.
We describe our method by giving an example for each case.

Example 1. (N = 7) Set

_ O =\ _ (L _ (p(r:NT) = p(27: N7))?
FO= || = (5) =

I P e N P A Gt L)
o=l @ =9(-%) = 5w

The final equality is due to Theorem 2.5.1. Write T(1) = t(—x=). By Theorem
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2.7.2, we have

E1 (’T)3
Tir) = Ba(1)2E4(1)”

Note that T'(7) is still a generator of I'y (N) and we have

P(T T
F(r) = ( (7))’ G(r) = R(T(r )7
Q(T'(r)) S(T(r))
for some polynomial P, @, R, S in one variable with complex coefficients. We can
further rewrite it as
Q(T(7))(p(r; N7) — p(27;: N7))* — P(T(7))¢/ (7; N7)* = 0, (3.1)
and
S(T(1))¢'(21; N7) — R(T(7))¢'(T; NT) = 0. (3.2)
For the first equation above, assume that
P(z) =) a,z", Q(z)=>_ bya",
n=0 n=0
for some ag, - -+ , an, by, -+ , b, € C. Note that the equation has a solution ay, . .., an, b, ..., b,

not all zero when n is large enough. In this case, we set m = 3. By calculating the

g-expansion of the left-hand side (For g-expansion of p-function, see Theorem 2.5.2;

For g-expansion for E{N), see Section 2.7.),
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aoq® + (—bo + 8ag + a1)q’ + (=3by — by + 34ag + 5a1 + a2)q"
+ (=120 — by + 104ag + 15a; + 2a + as)g’
+ (—25by — 8by + 3by — by + 259aq + 36a; + 5as — az)q°
+ (—60bg + 2by — 13by + 6bs + 558ag + T6ar + 10as + 4as)q”
+ (—105by — 34by + 35by — 27bs + 1084ag + 146a; + 20as — az)q®

+ (—204b0 + 8b1 - 8762 + 92b3 + 1952&0 + 266@1 + 36@2 + 10&3)(]9 +..-= 0.

Therefore, by solving the system of linear equations

Qg =0
—bo + 8ag + a4 -0
—3by — b1 + 34ap + Sa; + as =0
—12by — by 4+ 104ag + 15a;1 + 2a4 + as =0
—25by — 8b1 + 3by — bg + 259ay + 36a; + Sas — ag =0
—60bg + 2b; — 13by + 6b3 + 558ag + T6a; + 10ay + 4as =0
—105by — 34by + 35by — 27bs 4+ 1084ay + 146ay + 20ay —az =10
—204by 4 8by — 87by 4+ 92b3 + 1952ag + 266a; + 36as + 10as =0

we have

ap =0, a1 = by, ay = —2by, az = by, by = by, by =0, by =0, b3 = 0.

Note that the left-hand side of equations (5.1) and (5.2) are modular forms of weight
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6 and 3 respectively. By applying this solution to the equation and checking the
coefficients of ¢* are zeros for 0 < k < 13, by Corollary 2.3.1.2, F =T — 2724+ T3 =

T(1—T)% By similar way, we have G =T — T? = T(T — 1). Finally, note that

) () = Gl 50), T(=) = 7).

Therefore, f =t(1 —t)? and g = t(1 — ).

Example 2. (N = 11) Define F' and G the same way as in Example 1, and define

z(7) and y(7) by

by Theorem 2.7.2. Then, z and y generate the field of modular functions on I'1 ()
and satisfy the equation

v 4y =a2® — 2, (3.3)

in Table 2.3. Again, ' and G can be written as

for some polynomials P, (), R, S in two variables with complex coefficients. These

can further be rewritten as

Q(z(7),y(r)(p(m: N7) — p(2m: N7))* — P(x(7),y(r))/(r; N7) =0, (34)
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and

S(x(7),y(7)¢' (275 N7) — R(2(r), y(7))¢'(T; NT) = 0. (3.5)

By equation (5.3), we may assume that the degree of y is smaller than 2in P, Q, R, S.

In this case, we may assume that

R(z,y) = ag + a1z + agy + asx? + asxy + asx®,

S(z,y) = by + bix + boy + bsx® + byxy + bsz®.

Note that the terms in R and S are sorted by the smallest degree k of ¢* in the
g-expansion of z(7)™y(7)", m,n € NU{0}. Then by similar method in Example 1,

we have

ap = 0,a1 = bs, a2 = 0,a3 = —bs, a4 = b5, a5 = 0,

bo = 0,b1 = 0,by = 0,b3 = bs, by = 2b5, b5 = bs.

Since 23 + 2zy — y = (x + y)?(mod y* + y — 23 + 2?) (Note that this is just for

simplification), we have

_ z(lz—y-1)
= (z 4 y)?

From Table 3.2 and 3.3, observe that for N € {11,13, 14, 15,16, 17,18,19,20}, f and
g don’t have poles at oo and whenever f and g have poles at a cusp a/c, ord,/. f >
2ord,.g. Since X and Y has only poles at oo, S(X(7),Y (7)) has zeros of order
more than —ord, . g at a/c. Therefore, S(X(7),Y(7))? - F is a modular function

with no poles at cusps except co. Hence, we may assume that Q(z,y) = S(z,y)%

By similar method, we have
_ 2Py(z—1)
ICEE
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1
By 7+ —47, we have

T

CXY(X 1)
f_(X+w4’
X(X -V —1)
I T X 1Y)

3.3 Table of Results

Finally, we conclude this chapter with tables of f and ¢ writing in terms of ¢ (or

X and Y respectively). For N € {4,5,6,7,8,9,10,12},

N f 9
4 t 0
5 t t
6 t—t? t
7 t(1—1t)? t—t2
g t(1—1) t(1—1)
(t+1)2 t+1
9 t(1—1)%(1 —t +12) t(1—1)?
10 t(1—1t) tH(1—1t)
(1+8)(1+t—12)? (I4+8(14+t—1t?)
t1—t) (1 —t+t2)(1+ %) | t(1—t)(1 —t+¢?)
12
(1+1)? L+t
Table 3.4

For N € {11,13,14,15,16,17,18,19,20}, for simplicity, we break f and g into three

polynomial P,Q, R € Z[x,y] such that

s PEY)

RX,v)2 9~
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N P(X,Y) QIX.Y)
11 X}Y(X —-1) -X(X-Y-1)
-X(X-1 B v
13 (X3 -2X24Y24+ X +Y) X(X-Y -1
14 X3HXP+ X2V - X —Y) X(X2-Y —1)
(X?+ X +1)(X+1)°X? 5 3
15 (XZEXY £ X +Y +1) XX +DET+ X -Y)
(X —1)?
16 (Xt - XY + (2 - 1)X? X3 - X2+ XY -2V +Y
~XY?-Y?4Y]
X(X-1)
. 9 _ 8 _ 7
Z[X X Hﬁ 4Y+%)X 5 —2X5 + (=Y +3)Xx*
+(=YZ4+5Y —1)XC + (6Y2 — 5Y) X7 3 ) )
+H(=5Y? +5Y) X+ (Y +5Y? - V)X @Y 1AV V)X — ¥
+(—3Y* - 5Y% — 5Y?)X?
+(4Y1 +3Y3 + V)X — Y]
. X
X(X -2)(X —1)° 3 2
18 2 - (XF-3X2 4+ (-Y +2)X
(X +Y)(X2-X-Y) T2y
(X —1)*X*?
JXO 4+ (Y - 2)X° — X4
(BY2+Y +5)X7
+2(—4Y? 4+ 3Y + 2)X°¢ (X —1)Y
19 +(=11Y* +5Y2 — 12V + 1) X° X7 - X* - 3X3%Y
+(19Y2 — 9Y2 4+ 6Y) X4 +(Y2+2Y) X2
+(12y* = 7Y + 11V + V) X3 +(2Y2 +2Y)X - V(Y 4+ 1)?]
+(=Y? —18Y* +3Y? — 5Y? - V) X*
H(=2Y° Y1 -YX
+5Y° +3Y* —¥3 + ¥?]
(X -1)X°?
[§] _ 5 2 4
20 2X0 4 2(Y - 1DXP 4+ (Y2 4+ Y +1)X (¥ — 1)(X?+ XY? — Y2 1Y)

HY —1)(Y2 4+ 1)X3 +2(Y3 — Y2 4 V) X2

—2Y (Y —1)°X - Y?(Y — 1)]

Table 3.5
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N R(X,Y)
11 (X +Y)?
13 (X +Y)?
14 3X3 4+ XY +(Y - 1)X -V
3X*+ XY +6X°
15 +3X2%Y +6X2
+2XY +3X+Y +1
16 2X+Y-1)(X2-X-Y+1)
17 (-Y —1+2X)
(Xt - XY —2XY? 4+ Y3 4+ Y?)
IXT+ (Y —9)X°
18 +(—5Y +8)X?
+(Y24+7Y —2)X -2V
4X® —17X7 + (—10Y +29)X°®
+(—Y?2 +34Y — 25)X5
19 +(15Y2 — 43Y + 11)X*
+(—2Y3 — 42Y? + 23Y +2) X3
+(11Y3 +45Y2 — 2Y) X2
F(—2Y* —11Y3 - 20Y2 - 3Y)X + Y (Y +1)3
X° - X'+ (5Y - 1)X*
20 +(4Y?% - 8Y +2)X?

+(3Y3 —3Y?24+4Y - 1)X - Y?

Table 3.6
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