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摘要

LassoNet是一種 Lasso的擴展模型，其結合了前饋神經網絡以捕捉非線性關

係，並同時保留其稀疏解。然而，它跟 Lasso一樣有偏誤問題，特別是在高維廣

義線性模型中。本文中將 LassoNet擴展到高維廣義線性模型中，使其能夠在維持

稀疏性的同時建模複雜的數據結構。然而因為該擴展模型的估計結果仍然與 Lasso

一樣存在偏誤問題，所以我們引入了 van de Geer et al. (2014)提出的去偏誤架構，

並通過基於自助法的校正方法作進一步改進。我們的改進提供了一個具有良好預

測性和解釋性的去偏 LassoNet估計式。我們提出的方法拓展 LassoNet的應用範

圍，並為分析高維數據中預測變量與響應變量之間的非線性和稀疏關係提供了一

個可靠的框架。

關鍵字：神經網路、去偏誤、高維度模型、變數選擇、LassoNet
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Abstract

LassoNet, an extension of Lasso, incorporates feed­forward neural networks (FFNs)

to capture nonlinear relationships while retaining sparse solutions. However, it inherits

Lasso’s bias issues, particularly in high­dimensional GLMs. In this thesis, we extend Las­

soNet to GLMs, enabling it to model complex data structures while maintaining sparsity.

As the estimations provided by this extended model still exhibit bias similar to Lasso, we

address this issue by incorporating the debiasing framework introduced by van de Geer

et al. (2014) and further enhancing it with a bootstrap­based correction. These refinements

yield a debiased LassoNet estimator that is both predictive and interpretable. The proposed

method broadens the applicability of LassoNet, providing a reliable framework for ana­

lyzing high­dimensional data with nonlinear and sparse relationships between predictors

and response.

Keywords: Neural Networks, Bias Reduction, High­dimensional Models, Variable Se­

lection, LassoNet
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Chapter 1 Introduction

1.1 Background

In recent years, high­dimensional regression models have been widely applied across

various domains, particularly in fields where the number of predictors far exceeds the

number of observations, such as genomics (Feng and Simon, 2019), finance (Andrews

and Lu, 2001), and image analysis (He et al., 2019; Liu et al., 2024). In these scenarios,

only a few predictors are informative, while including too many irrelevant predictors can

overly complicate the model, leading to overfitting. This has spurred the development of

advanced techniques for variable selection, aiming to enhance model interpretability and

improve predictive accuracy. Until now, numerous methods for variable selection in linear

models have been developed, including stepwise selection, screening, and penalty­based

approaches. Among these, the most classical penalty­based method is Lasso (Tibshirani,

1996), which has become a widely recognized approach, particularly in large p smaller n

scenarios. The primary advantage of Lasso lies in its ability to efficiently achieve feature

sparsitywhile simultaneously estimating coefficients by incorporating an ℓ1­regularization

term into the loss function. Since the success of variable selection via Lasso, numerous

Lasso­based methods and related studies have been developed, such as the Adaptive Lasso

(Zou, 2006), the Dantzig Selector (Candes and Tao, 2007), and the Elastic Net (Zou and
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Hastie, 2005), among others. It is well known that, under irrepresentable condition, the

nonzero coefficients selected by Lasso are consistent with the true predictors with high

probability. However, this condition primarily relies on the sample covariance matrix of

the predictors satisfying certain structural assumptions, which are often difficult to verify

in practice (Zhao and Yu, 2006). Despite these challenges, Lasso has provided a solid

foundation for subsequent research and improvements in variable selection techniques.

In the aforementioned Lasso­based variable selection methods, the focus has been

primarily on standard linear models, which assume a linear relationship between the re­

sponse and predictors. Lemhadri et al. (2021) proposed LassoNet, which additionally in­

corporates a feed­forward neural network (FFN) to model the nonlinear effects. Although

a nonlinear term is introduced into the model, they successfully mimic the Lasso frame­

work to achieve sparse solutions and simultaneous estimation. LassoNet shares the same

primary limitation as Lasso. Its inherent estimation bias is caused by the ℓ1 ­regularization

term, which shrinks all coefficients, including the true predictors, toward zero. This bias

not only reduces the accuracy of prediction performance but also complicates the interpre­

tation of those nonzero coefficients. Luckily, many debiasing methods have been devel­

oped for the Lasso estimator. Since the distribution of the Lasso estimator is not tractable,

a direct and standard way to debias the regression estimator is bootstrap (Efron, 1992).

However, Lahiri (2010) demonstrated that the residual bootstrap approximation for Lasso

is inconsistent, making it difficult to draw valid inferences directly from the Lasso esti­

mates. To address this issue, Chatterjee and Lahiri (2011) proposed a modified bootstrap

Lasso estimator, which mitigates the inconsistency problem by employing a thresholding

technique. On the other hand, in the large p small n scenario, Zhang and Zhang (2014)

proposed a low­dimension projection estimator (LDP), also known as ”de­biased Lasso”.

2
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This estimator is an asymptotically Gaussian­distributed estimator of low­dimension pa­

rameters in the high­dimensional linear regression model. The LDP approach introduces

a correction score designed to address the bias in the Lasso estimator. Additionally, this

approach can be used for variable selection, to estimate the entire regression coefficient

vector, and to construct confidence intervals to quantify the uncertainty of the estimator.

Following the research line of Zhang and Zhang (2014), van de Geer et al. (2014)

approached the problem from a different perspective by starting with the Karush–Kuhn–

Tucker (KKT) conditions (Boyd and Vandenberghe, 2004) for the Lasso estimator. They

reformulated these conditions into a form of the Lasso estimator plus a bias term. In this

framework, approximating the inverse of the sample covariance matrix became neces­

sary, and the authors successfully addressed this using node­wise Lasso regression (Mein­

shausen and Bühlmann, 2006). Furthermore, they extended their debiasing approach to

generalized linear models (GLMs) with convex loss functions, providing a broader frame­

work for bias correction. Building on this work, Xia et al. (2023) further addressed the

limitations of the sparsity assumption on the inverse of the information matrix in GLM

settings. They proposed a refined debiased Lasso estimator designed for the ”large n, di­

verging p” scenario. On the other hand, Li (2020) took an approach more closely aligned

with Zhang and Zhang (2014), proposing a modified correction score to reduce the bias

of the modified debiased Lasso estimator through a bootstrap method. A notable advan­

tage of their correction is that it does not rely on the irrepresentable condition, making it

particularly useful in high­dimensional settings.

3
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1.2 Proposed method

In the GLM framework, the link function primarily captures the linear relationship

between predictor x and response y, neglecting potential nonlinear effects. To address this

limitation, this thesis extends LassoNet to GLMs to model more complex structures, while

maintaining the ability to obtain sparse solutions in high­dimensional settings, similar to

Lasso in GLMs. However, like Lasso in GLMs, this extension also results in a biased

solution. To overcome this, we incorporate the debiasing method proposed by van de Geer

et al. (2014) into this extension, achieving a debiased LassoNet estimator. Furthermore,

we further reduced the bias of this debiased estimator through a bootstrap approach. With

these refinements, we obtained a model that is not only predictable but also interpretable

and reliable.

1.3 Organization of the thesis

The rest of the thesis is organized as follows. In Chapter 2, we introduce some prelim­

inary concepts necessary for understanding the LassoNet model, including an overview

of Lasso, the framework of fully connected neural networks, and the bootstrap procedure

for estimation debiasing. In Chapter 3, we provide a detailed description of the LassoNet

model, its extension to GLMs, and the exact debiasing procedure. In Chapter 4, we present

the empirical results and compare our approach with other existing methods. Finally, we

discuss our findings and summarize the main contributions of this work in Chapter 5.

4
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Chapter 2 Preliminary

In this chapter, we introduce some preliminary knowledge relevant to the LassoNet

model, including Lasso, fully­connected neural networks, and the framework of estima­

tion debiasing with bootstrap. In Section 2.1, we present the ℓ1­regularization function,

provide intuition to explain why the Lasso optimization leads to sparse solutions, and dis­

cuss the associated challenges and limitations of Lasso. In Section 2.2, we describe the

framework of neural network models, the process of training these models, and explore

some common network­based architectures, such as recurrent neural networks and con­

volutional neural networks.

2.1 Lasso

As mentioned in the introduction, Lasso is a regularization method designed to ad­

dress overfitting in models. When considering a linear regression model:

Y = Xβ + ϵ, ϵ ∼ N(0, σ2I), (2.1)

where Y = (y1, · · · , yn) ∈ Rn is the response vector, X = [x1,x2, · · · ,xp] ∈ Rn×p

is the design matrix with column vectors xi, and β = (β1, β2, · · · , βp) ∈ Rp represents

the unknown regression coefficients. Based on the residual sum of squares criterion, the

5
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Lasso solution is written as:

β̂
Lasso

= arg min
β

{ 1

2n
(Y −Xβ)T (Y −Xβ) + λ‖β‖1}, (2.2)

where ‖·‖1 denotes the ℓ1 norm, and λ is a regularization parameter controlling the sparsity

of the Lasso estimator. Specifically, when λ increases, more components in β̂
Lasso

become

zero; conversely, a smaller λ results in fewer zero components. In extreme cases, when

λ = 0, the Lasso estimator reduces to the ordinary least squares (OLS) solution, whereas

as λ → ∞, it converges to a zero estimator. In fact, (2.2) is equivalent to the following

Lagrangian form

β̂
Lasso

= arg min
β

{ 1

2n
(Y −Xβ)T (Y −Xβ)}

subject to ‖β‖1 ≤ t

(2.3)

where t is a non­negative tuning parameter. An intuitive way to understand why the Lasso

can obtain a sparse solution is as follows. When considering the case p = 2 the constraint

region for the Lasso is a diamond­shaped region defined by |β1| + |β2| ≤ t, which has

four corners. Meanwhile, the residual sum of squares has elliptical contours. When the

solution lies at a corner of the diamond, it results in one of the parameters βj being zero. As

p increases, the diamond generalizes to a higher­dimensional rhomboid with more corners,

providing more opportunities for additional β′
js to become zero.

2.2 Fully­Connected Neural Network

In this section, we introduce one of the main structures in the LassoNet model:

the fully­connected neural network (FCNN) (Hastie et al., 2009). A neural network, in

6
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essence, is a regression model constructed by stacking multiple hidden layers. Assume

the input, also called the covariate, is x = (x1, · · · , xp)
T ∈ Rp, and the response is y ∈ R.

Given an activation function σd : R→ R and the number of neurons in the (d− 1)th and

dth layers as qd−1 and qd, respectively, the dth layer of a deep FCNN is defined by the

mapping z : Rqd−1 → Rqd:

r 7→ z(d) = (z
(d)
1 (r), · · · , z(d)qd

(r))T , (2.4)

where z(d)j (r), for j = 1, · · · , qd, are the neurons in the dth layer, and r = (r1, · · · , rqd−1
)T ∈

Rqd−1 is the output variable from the (d− 1)th layer:

z
(d)
j (r) = σd

(
w

(d)
0,j + 〈wd

j , r〉
)
= σd

(
w

(d)
0,j +

qd−1∑
ℓ=1

w
(d)
ℓ,j rℓ

)
, (2.5)

wherew(d)
j = (w

(d)
1,j , · · · , w

(d)
qd−1,j

)T ∈ Rqd−1 are the unknown network weights, andw(d)
0,j ∈

R is the bias term. A depth­D, D ∈ N, FCNN is obtained by composing D layers as in

(2.5). When the input x is given, a depth­D FCNN can be expressed as:

g(D)
w (x) ≡

(
z(D) ◦ z(D−1) ◦ · · · ◦ z(1)

)
(x), (2.6)

where the Dth layer is the output layer, this network structure models the underlying

relationship between y and x. Common nonlinear activation functions include the sig­

moid function, σsigmoid(u) = 1
1+e−u , and the Rectified Linear Unit (ReLU), σReLU(u) =

max(0, u), which enhance model complexity and help mitigate underfitting.

Specifically, if the response variable is continuous, there will be only one neuron in

the output layer i.e. qd = 1, and the identity function is typically chosen as the activation

function for the output layer. On the other hand, when considering a classification problem

7
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withK classes, there will be qd = K neurons in the output layer. In this case, the network

often employs a softmax activation function at the output layer to normalize the outputs

into probabilities:

σsoftmax(uk) =
euk∑K
j=1 e

uj

, k = 1, · · · , K, (2.7)

where uk = w
(D)
0,k + 〈wD

k , z
D−1(x)〉.

Typically, training the FCNN involves solving an optimization problem to minimize

the loss function. A widely used algorithm for optimizing the loss function is gradient

descent. For a training set {xi, yi}ni=1,xi ∈ Rp, yi ∈ R following the empirical risk min­

imization criterion and considering a classification problem as an example, we minimize

the empirical loss function:

L (w) = − 1

n

n∑
i=1

(
yi log

(
g(D)
w (xi)

))
(2.8)

using the gradient descent algorithm outlined in Algorithm 1.

Algorithm 1 Gradient Descent Algorithm
Require: Initial weight w0, learning rate η > 0

k ← 0

while w(k) not covered do

k ← k + 1

∆w(k) = −∇L
(
w(k)

)
w(k+1) = w(k) + η∆w(k)

end while

However, due to the high dimensionality of L(w), the gradient may converge slowly

or even get trapped in suboptimal regions, making optimization inefficient. To address this

8
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issue, more advanced algorithms, such as AdaptiveMoment Estimation (Adam) (Kingma,

2014), have been developed. Adam is a momentum­based learning method that adap­

tively adjusts the learning rate for each parameter. Momentum methods are inspired by

physical analogies, where the velocity determines the momentum’s direction. By incor­

porating a momentum term, the algorithm accumulates past gradients’ effects, enabling

faster convergence when the gradients consistently point in the same direction. Addi­

tionally, momentum helps the optimization escape shallow local minima or flat regions

by counteracting oscillations when gradients point in opposing directions. Adam further

improves on momentum­based methods by introducing adaptive learning rates for each

parameter. It computes moving averages of the first and second moments of the gradient,

enabling it to scale the updates dynamically. This adaptive behavior makes Adam partic­

ularly effective in high­dimensional and sparse settings, where the scale of gradients can

vary significantly. For these reasons, Adam has become a standard choice for training

neural networks, including LassoNet.

9
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Algorithm 2 Adam Algorithm
Require: Global learning rate η, decay rates ρ1, ρ2 ∈ [0, 1)

Require: Small constant ϵ for numerical stable

Split the dataset into B batches with batch sizem

k ← 0

Initializew(k)
B , s = 0, r = 0

while w(k)
B not converged do

k ← k + 1

for b = 1, · · · , B do

G = 1
|Bb|
∇
∑
j∈Bb

(
yj log

(
g
(D)

w
(k)
b

(xj)

))
▷ Compute the gradient

s = ρ1s+ (1− ρ1)G ▷ update biased first moment estimate

r = ρ2r + (1− ρ1)G�G ▷ update biased second moment estimate

ŝ = s
1−ρ1

▷ correct bias in first moment

r̂ = r
1−ρ2

▷ correct bias in second moment

∆w = − η√
r̂+ϵ

ŝ

w
(k)
b+1 +∆w

end for

end while

Note: � denotes element­wise multiplication

To conclude, while we have introduced gradient descent and Adam as two key opti­

mization algorithms for training FCNNs, many other algorithms are available depending

on the specific needs of the task and the user’s familiarity with the methods. Readers

are encouraged to select the algorithm that aligns best with their understanding and the re­

quirements of their application. In addition to FCNNs, other neural network architectures,

such as recurrent neural networks (RNNs) (Chen and Li, 2021) and convolutional neural

networks (CNNs) (Alzubaidi et al., 2021), are widely used for tasks involving sequential

data or image data, respectively. These architectures introduce unique structures and train­

10
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ing procedures tailored to their specific applications. However, since our research does

not involve RNNs or CNNs, we do not provide further discussion on these architectures

here.

11
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Chapter 3 Method

In Section 3.1, we introduce the structure of the LassoNet model and provide an

explanation of how it successfully achieves sparse solutions. In Section 3.2 we provide

the debiasing procedure van de Geer et al. (2014) proposed for high­dimensional GLMs.

In Section 3.3 we provide the procedure of debiasing the LassoNet model.

3.1 Lassonet

First, we consider a residual feed­forward neural network (FFN):

H = {h : hβ,w(x) = β′x+ g(D)
w (x)},

where g(D)
w was defined in Section 2.2,β ∈ Rp andx ∈ Rp . This structuremodels both the

linear and non­linear effects between the predictor x and the response y ∈ R simultane­

ously. The linear component typically enhances interpretability, while the non­linear part

captures complex relationships. In sparse high­dimensional linear models, Lasso (Tibshi­

rani, 1996) is a commonly used tool for selecting predictive regressors. Similarly, within

the FFN framework described above, applying LassoNet (Lemhadri et al., 2021) enables

variable selection and estimation simultaneously. Given n training observations and an

input design matrix X = [x1,x2, · · · ,xp] ∈ Rn×p, with K neurons in the first hidden

13
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layer, the LassoNet optimization function is defined by

min
β,w

L(β,w) + λ‖β‖1

subject to ‖w(1)
k ‖∞ ≤M‖βk‖, k = 1, · · · , p

(3.1)

where λ andM > 0 are hyper parameters, L(β,w) is the loss function, andw(1)
k denotes

the weights corresponding to the k­th predictor in the first hidden layer. In fact, based on

the constraint above, we can observe that traditional Lasso is a special case of this model.

When M = 0, the k­th regressor does not pass through the network, reducing the model

to standard Lasso. Conversely, as M approaches infinity, the model behaves exactly as a

FNN. Thus, M serves as a balancing parameter, adjusting the weights between linearity

and nonlinearity within the model.

3.2 Debiasing Lasso Estimators

3.2.1 Node­wise Lasso regression

We present the procedure for debiasing the Lasso estimator proposed by van de Geer

et al. (2014). Here, we start with the case of linear regression. Considering the linear

regression model in (2.1), the Lasso estimator in (2.2) satisfies the KKT stationarity con­

dition:

−1
n

XT
(
Y −Xβ̂

Lasso
)
+ λŝ = 0, (3.2)

where ‖ŝ‖∞ ≤ 1 and ŝj = sign
(
β̂Lasso
j

)
if β̂Lasso

j 6= 0. We can also represent (3.2) with

the notation Σ̂ = XTX/n as:

Σ̂
(
β̂

Lasso
− β

)
+ λŝ = XTϵ/n (3.3)

14
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Themain idea in their procedure is to approximate the inverse of Σ̂ using node­wise Lasso,

denoted as Ω̂. Incorporating this approximation into (3.3), they derive:

β̂
Lasso

+ Ω̂λŝ− β = Ω̂XTϵ/n− δ/
√
n, (3.4)

where δ =
√
n
(
Ω̂Σ̂− I

)(
β̂ − β

)
. In the same paper, it is proven that δ is asymptotically

negligible under certain conditions. Thus, using (3.4) and (3.2) the following debiased

estimator is suggested:

β̂
DB−Lasso

= β̂
Lasso

+ Ω̂λŝ = β̂
Lasso

+ Ω̂XT
(
Y −Xβ̂

)
/n (3.5)

To construct Ω̂ for the debiasing procedure, we rely on node­wise Lasso. This involves

treating each covariate as a response variable and regressing it on the remaining covariates

using Lasso below, we outline the detailed steps for calculating Ω̂: For the design matrix

X , let xj denote the jth column and let X−j denote the submatrix excluding the jth

column.

• Calculate the Lasso regression coefficients for each covariate:

α̂j ≡ arg min
α∈Rp−1

{ 1
n
(xj −X−jα)T (xj −X−jα) + 2λj‖α‖1}, for j = 1, · · · , p

with components of α̂j = {α̂j,k；k = 1, · · · , p, k 6= j}

• γ̂2
j ≡ (xj −X−jα̂j)

T (xj −X−jα̂j) /n+ λj‖α̂j‖1

We then define Ω̂ as:

Ω̂ = Γ̂−2Â

where

Γ̂2 ≡ diag
(
γ̂2
1 , · · · , γ̂2

p

)
(3.6)
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and

Â ≡



1 −α̂1,2 · · · −α̂1,p

−α̂2,1 1 · · · −α̂2,p

... ... . . . ...

−α̂p,1 −α̂p,2 · · · 1


(3.7)

Based on these steps, they successfully construct the debiased Lasso estimator in the

case of linear model.

3.2.2 Extensions of node­wise Lasso regression

Having established the Node­wise Lasso procedure for linear regression, we now ex­

plore its extension to GLMs. Specifically, the procedure is extended to strictly convex loss

functions. For the data set {xi, yi}ni=1,xi ∈ Rp, yi ∈ R we let ρβ (xi, yi) = ρ
(
βTxi, yi

)
be a convex loss function in β ∈ Rp and define. The first derivative and the Hessian

matrix of ρβ are defined as:

ρ
(1)
β =

∂

∂β
ρβ, ρ

(2)
β =

∂

∂β ∂βT
ρβ

Moreover, for a given function g, the empirical loss is defined as:

Lg (β) =
1

n

n∑
i=1

g (xi, yi)

and the corresponding ℓ1­regularized estimator is written as:

β̂
Lasso

= arg min
β

{Lg (β) + λ‖β‖1} (3.8)
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The general debiased estimator for this extended version is then defined as

β̂
DB−Lasso

= β̂
Lasso

− Ω̂L
ρ
(1)

β̂
Lasso

(
β̂

Lasso
)

(3.9)

To compute Ω̂ we first define the input matrix as

Σ̂ ≡ L
ρ
(2)

β̂
Lasso

(
β̂

Lasso
)

Given this input matrix, the node­wise Lasso procedure is applied as follows. For each

j = 1, · · · , p we solve:

α̂j = arg min
α∈Rp−1

{Σ̂j,j − 2Σ̂j,\jα+αT Σ̂\j,\jα+ 2λ‖α‖1} (3.10)

where Σ̂j,\j denotes jth row of Σ̂ excluding the jth element, and Σ̂\j,\j is the submatrix of

Σ̂ obtained by removing the jth row and column. Next, we calculate:

γ̂j = Σ̂j,j − Σ̂j,\jα̂j, j = 1, · · · , p (3.11)

to construct Ω̂ = Γ̂−2Â, where Γ̂ and Â are defined as in (3.6) and (3.7) respectively.

3.3 Debiasing the LassoNet

In this section, we provide further details on how we improve the statistical inference

of LassoNet. The debiasing methods discussed above primarily consider GLM, where the

link function connects only the linear predictor to the response. However, in many cases,

the relationship between predictors and responses is more complex.
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3.3.1 Merge LassoNet and GLM

Here we extend the LassoNet to GLM. Specifically, for any GLMwith a link function

link ℓ(·) we incorporate a feed­forward network (FFN) gw to model the mean of the re­

sponse, such that E(y|x) = ℓ−1(β′x+ gw(x)). For example, consider logistic regression

with the canonical logit link, which can be formulated as:

yi ∼ Bin(1, logit−1(β′xi + gw(xi))), i = 1, · · · , n (3.12)

In this setting, we can use the optimization function in (3.1) with the negative log­likelihood

of (3.12) as the loss function to obtain a sparse model. This approach allows us to retain

the interpretability benefits of traditional GLMs while adapting to more complex data

structures.

3.3.2 Bootstraping the Bias of LassoNet

Although a sparse model can be obtained via (3.1), like most regularization methods,

suffers from estimation bias. In other words, the estimator produced by LassoNet is not

unbiased. Our simulation experiments (4.1) also demonstrate that the LassoNet estimator

exhibits a larger bias compared to Lasso. To correct the bias, we adopt a bootstrap strategy

inspired by Li (2020), who proposed a method for bootstrapping the bias of a noiseless

Lasso estimator. While Li (2020) utilized a noiseless estimator for a standard linear model,

we extend this idea to LassoNet. Specifically, we first obtain a noiseless estimator for Las­

soNet using node­wise regression and then bootstrap the bias of this noiseless estimator.

The detailed debiasing procedure is as follows:

18
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Algorithm 3 Procedure for Bootstrap Debiased LassoNet

1: Obtain the initial estimator β̂ by training LassoNet using the optimization function in

(3.1).

2: Let β̂
DB−Net

denote the noiseless estimator, obtained by following the procedure out­

lined in Section 3.2.

3: Define X as the design matrix. Resample the rows of X with replacement B times

to create bootstrap design matricesX∗
b , b = 1, . . . , B.

4: Generate the bootstrap response Y ∗
b from an exponential family distribution de­

noted as fY ∗
b |X

∗
b
(y∗

b |X∗
b , β̂

DB−Net
) with canonical link function ℓ(·) satisfying

E(Y ∗
b |X∗

b) = ℓ−1(X∗
bβ̂

DB−Net
).

5: Obtain the bootstrap Lasso estimator β̂
∗
b by minimizing the negative log­likelihood

with ℓ1 penalty:

β̂
∗
b = arg min

β

{− log{fY ∗
b |X

∗
b
(y∗

b |X∗
b ,β)}+ λ‖β‖1},

where λ is a tuning parameter.

6: Estimate the bias b̂ of β̂
DB−Net

as

b̂ =
1

B

B∑
b=1

(β̂
∗
b − β̂

DB−Net
),

and define the bootstrap debiased LassoNet estimator as

β̂
BS−DB−Net

= β̂
DB−Net

− b̂.

7: Construct a two­sided 100× (1− α)% confidence interval for βj as

(qα/2(β̂
∗
(j)), q1−α/2(β̂

∗
(j))),

where qα(·) is the α­quantile, β̂∗ = {β̂∗
1 , β̂

∗
2 , . . . , β̂

∗
B}, and β̂∗

(j) represents all values of

the j­th component across the elements in β̂∗.
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Based on this procedure, we successfully corrected the bias in LassoNet. The effec­

tiveness of this correction is demonstrated by our simulation experiments.
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Chapter 4 Simulation

In this chapter, we demonstrate the empirical performance of our debiasing procedure

for the LassoNet model. For this experiment, we consider a logistic regressionmodel as an

example to evaluate the effectiveness of bias correction. The sample size is set to n = 200,

and the number of covariates p = 50. We generate y′is following the model in 3.12, where

each xi is sampled from N (0, 1) for i = 1, · · · , n, and gw is a FCNN with 10 layers and

50 nodes per layer. Let βs denote the non­zero coefficients. We set the true coefficient

vector as β = (B, 0p−6)
T where B = (1.5, 0.5, 1.5, 0.5, 1.5, 0.5)T represents the true

signal, and 0k is a zero vector of length k. This setting demonstrates a weak sparsity level,

as well as a smaller contrast between strong signals (1.5) and weak signals (0.5). For this

synthetic data, we select the regularization parameter λ by training the Lasso model using

10­fold cross­validation, rather than tuning it in every repetition. This decision is based

on findings from Lemhadri et al. (2021), which demonstrated in their experiments that the

regularization parameter λ in the LassoNet model exhibits the same property as in Lasso;

specifically, as λ increases, the shrinkage effect becomes stronger. However, the effect

ofM on bias remains unclear. Thus, in this experiment, we focus solely on investigating

the effect of different values ofM on the debiasing performance. Additionally, to prevent

overfitting, we train the model using a single layer with 10 nodes.

To evaluate the validity of the debiasing performance with bootstrapping, we com­
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pare the performances of the following estimators: the original Lasso estimator, the Las­

soNet estimator, the debiased LassoNet estimator (DB­Net), the un­debiased bootstrap

LassoNet estimator (BS­Net), where the LassoNet estimator is bootstrapped directly, and

the debiased bootstrap LassoNet estimator (BS­DB­Net). The following reports are based

on 50 repetitions.

4.1 Evaluation of estimation bias

First, we present the overall loss for all estimators, measured as ‖β̂−β‖2. As shown

in Figure 4.1

Figure 4.1: Comparison of the overall loss, measured as‖β̂ − β‖2 across Lasso, the Las­
soNet, the debiased LassoNet estimator (DB­Net), the un­debiased bootstrap LassoNet
(BS­Net), and the debiased bootstrap LassoNet (BS­DB­Net).

it is evident that asM increases, the bias of the LassoNet model becomes larger, es­

pecially in the weak non­linearity region (M < 1), where the bias increases dramatically.
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Meanwhile, the BS­Net also exhibits a large bias, as it is bootstrapped from an estimator

with significant bias. This observation highlights that directly bootstrapping the LassoNet

estimator cannot achieve good debiasing performance. Instead, our two­step debiasing

procedure is necessary to address this issue effectively. Moreover, we observe that BS­

Net and BS­DB­Net are competitive in terms of overall loss; however, their bias remains

larger than that of the Lasso estimator. Nonetheless, as shown in Figure 4.2

Figure 4.2: Comparison of the signal loss, measured as‖B̂ −B‖2 across Lasso, the Las­
soNet, the debiased LassoNet estimator (DB­Net), the un­debiased bootstrap LassoNet
(BS­Net), and the debiased bootstrap LassoNet (BS­DB­Net).

when focusing solely on the signal, we observe that as the non­linearity becomes

stronger, the bias of LassoNet and BS­Net increases at a faster rate. Meanwhile, we also

observe that BS­DB­Net outperforms DB­Net in cases of strong non­linearity.
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4.2 Evaluating variable selection performance

Next, we evaluate the variable selection performance of all estimators. In Figure 4.3

Figure 4.3: Comparison of the number of selections among Lasso, the debiased LassoNet
estimator (DB­Net), the un­debiased bootstrap LassoNet estimator (BS­Net), and the de­
biased bootstrap LassoNet estimator (BS­DB­Net).

we compare the number of selected variables among the four estimators. Note that

for DB­Net, BS­Net, and BS­DB­Net, the coefficients are not exactly zero. Variables are

selected based on whether 0 falls within the 95% confidence interval defined in step 7 of

Algorithm 3. Specifically, if 0 is within the interval, the variable is not selected; other­

wise, it is selected. As shown in Figure 4.3, Lasso and LassoNet tend to select too many

variables, especially under strong non­linearity, where LassoNet almost selects all vari­

ables. In contrast, BS­DB­Net, DB­Net, andBS­Net successfully achieve sparse solutions.

However, Figures 4.4 and 4.5
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Figure 4.4: False negatives for the debiased LassoNet estimator (DB­Net), the un­debiased
bootstrap LassoNet estimator (BS­Net), and the debiased bootstrap LassoNet estimator
(BS­DB­Net).

Figure 4.5: False positives for the debiased LassoNet estimator (DB­Net), the un­debiased
bootstrap LassoNet estimator (BS­Net), and the debiased bootstrap LassoNet estimator
(BS­DB­Net).

reveal that BS­Net exhibits a higher rate of false negatives compared to the other two
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estimators, particularly under strong non­linearity. This occurs because BS­Net shrinks all

coefficients toward zero, making it unable to detect true signals. Meanwhile, although both

BS­DB­Net and DB­Net fail to detect all true signals, BS­DB­Net consistently identifies

all strong signals with zero false positives, ensuring that no irrelevant features are selected.

In contrast, DB­Net selects both incorrect signals and irrelevant features, compromising

the model’s interpretability.
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Chapter 5 Conclusion

In this thesis, we extend the LassoNet model to GLMs, enabling it to capture both

linear and nonlinear relationships between the response and covariates. Additionally, we

address the inherent bias in Lasso­type models caused by the ℓ1­regularization penalty.

To mitigate the bias in the extended version, we incorporate node­wise Lasso regression

and bootstrap techniques into the debiasing process. This debiasing procedure allows the

extendedmodel not only to retain the advantages of Lasso­typemodels, namely, the ability

to select relevant features but also to correct the shrinkage in the estimated coefficients.

Our numerical studies demonstrate that the BS­DB­Net procedure achieves less signal loss

compared to four alternative estimators when the relationship between the input and output

is weakly linear. Furthermore, our procedure exhibits superior performance in variable

selection by accurately identifying relatively strong signals and avoiding the selection of

irrelevant features. While the current procedure performs effectively on synthetic data,

reducing the computational cost of training the neural network and the bootstrap process

could open avenues for applying this method to high­dimensional settings, including ultra­

high­dimensional scenarios.
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