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Abstract

Clairaut's theory describes the relationship between the internal flattening of a
celestial body and the rotational effects under hydrostatic equilibrium governed by
Newtonian gravity and small rotational centrifugal force. As a foundational theory in
geodesy, Clairaut's theorem has remained a cornerstone for centuries. In this study, we
build upon the classical formulation following Chao & Shih (2024) and Poisson & Will
(2014) to extend its applicability in three directions: (i) We generalize the classical
Clairaut's theory to accommaodate celestial bodies with small lateral density variations
above discontinuities, still under hydrostatic equilibrium. This generalized formulation
allows us to compute the radial profiles of internal flattening or deformation
coefficients. We apply this theory to estimate the influence of Large Low Shear
Velocity Provinces (LLSVPs) in Earth’s deep mantle on the flattening of the core-
mantle boundary (CMB), surface flattening, and the Earth's J: gravitational coefficient;
(if) We compute the shape deformation of celestial bodies expressed in spherical
harmonics of arbitrary degree, based on the generalized Clairaut equation. We further
analyze tidally locked bodies—those in synchronous rotation with their orbital
motion—under the influence of gravity and second-order tidal force, to assess the
magnitude of resulting equilibrium deformations; (iii) We demonstrate that the classical
Clairaut equation admits analytical solutions in constant-density layers. Based on this,
we attempt to approximate the Preliminary Reference Earth Model (PREM) with an n-
layer density model, thereby avoiding direct numerical integration and instead
employing an iterative approach to obtain accurate approximations of Earth’s internal

flattening profile.
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By integrating Clairaut’s theory with the principle of isostasy, we offer a relatively
simplified yet robust method for computing radial variations in internal flattening or
deformation coefficients within celestial bodies, including scenarios with lateral density
heterogeneities at the surface. This method simultaneously accounts for deformation
due to lateral mass loading and the resulting gravitational potential perturbations.
Compared to traditional isostatic models, which do not consider the gravitational effects
of lateral density variations on remote deformation, our approach provides a more

complete description of the hydrostatic shape of a celestial body across all depths.

Key words: Geopotential theory, Gravity anomalies and Earth structure, Planetary

geodesy and gravity, Isostatic equilibrium, Topography
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U(T, 9, ¢) = —4nG Zl,mril{le(r) r_l_l + le(r) Tl} Ylm(ar (,'b) (1)
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B p() AR T BB - AT o Py s it - § RS EREAA R
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PREM & Pseudo-m-layer model
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(a) 1e—5 Flattening profile
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le—6 Flattening profile
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