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摘要

本博士論文探討量子計算在金融領域的創新應用，專注於為應用及開發量子

演算法於複雜金融模擬。透過運用量子力學的原理—疊加、纏結及干涉—本研究

將量子物理與計算金融結合，創造了一個開創性的量子演算法。本研究的核心，

多分步量子漫步（multi-SSQW），在傳統量子漫步的框架上進行擴展，融入多代

理決策過程。此整合使得能夠精細模擬反映真實世界金融市場複雜性的複雜金融

分佈和場景。該演算法的顯著靈活性、可靠的收斂特性和快速計算能力，將其定

位為金融分析和戰略決策的變革工具。本研究展示了實際應用，為未來的金融模

型和風險評估設定了新的先例。

關鍵字：量子漫步、量子演算法、量子態製備、量子金融、量子計算
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Abstract

This dissertation delves into the innovative application of quantum computing within

the finance sector, focusing on developing and implementing specialized quantum algo-

rithms designed for complex financial simulations. By harnessing the principles of quan-

tum mechanics—superposition, entanglement, and interference—this research synergizes

quantum physics with computational finance to create a pioneering quantum algorithm.

The centerpiece of our research, the multi-split-steps quantum walk (multi-SSQW), ex-

pands on traditional quantum walk frameworks by integrating multi-investors decision-

making processes. This integration allows for the sophisticated modeling of complex fi-

nancial distributions and scenarios, reflecting real-world financial market complexities.

The algorithm’s remarkable adaptability, consistent convergence, and capacity for swift

calculations establish it as a revolutionary resource for financial analysis and strategic

decision-making. Beyond theoretical implications, this research demonstrates practical

applications, providing a significant computational edge over traditional methods and set-
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ting a new precedent for the future of financial modeling and risk assessment.

Keywords: Quantum Walks, Quantum Algorithm, Preparing Quantum State, Quantum

Finance, Quantum Computing
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Chapter 1 Introduction

1.1 Quantitative Finance

The advancement of computing technology has played a crucial role in the devel-

opment of modern finance, particularly in option pricing and portfolio management. As

computers became more powerful, faster, and more accessible, they enabled financial

professionals to perform complex calculations, analyze vast amounts of data, and make

informed decisions in real time. In the early days of option pricing, the Black-Scholes-

Merton model required significant computational power to solve the complex partial dif-

ferential equations that underpin the model [1]. The availability of faster computers in

the 1970s and 1980s made it possible for traders and analysts to quickly price options

and other derivatives, paving the way for the rapid growth of the derivatives market [2].

Similarly, the increasing computational power in portfolio management allowed for the

practical implementation of Markowitz’s modern portfolio theory [3]. At the core of mod-

ern portfolio theory, the mean-variance optimization technique requires the computation

of large covariance matrices and the solution of quadratic optimization problems [4]. As

computers became more powerful, portfolio managers could construct and rebalance port-

folios more efficiently, considering a wider range of assets and constraints. The 1960s and

1970s saw the emergence of the Capital Asset Pricing Model (CAPM) and the Arbitrage
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Pricing Theory (APT), which further advanced the understanding of risk and return in fi-

nancial markets [5, 6]. These models and the increasing availability of financial data and

computing power enabled the development of more sophisticated portfolio management

strategies.

The advent of high-performance computing and parallel processing in the 1990s and

2000s further revolutionized the fields of option pricing and portfolio management[7].

These technologies enabled the development of more sophisticated pricing models, such

as the Heston stochastic volatility model and the Bates jump-diffusion model, which could

better capture the complexities of real-world financial markets [8, 9]. In portfolio man-

agement, high-performance computing enabled more advanced optimization techniques,

such as resampling and robust optimization, which could handle larger datasets and incor-

porate more realistic assumptions [10]. In recent years, the explosion of big data and the

advancements in machine learning and artificial intelligence have opened up new frontiers

in option pricing and portfolio management [11]. Machine learning techniques, such as

neural networks and support vector machines, are being used to develop more accurate

pricing models and to identify new pricing factors [12]. In portfolio management, ma-

chine learning algorithms are employed to identify financial data patterns, optimize asset

allocations, and develop new investment strategies [13]. The evolution of computing tech-

nology has not only made existing financial models and techniques more efficient but has

also enabled the development of entirely new approaches to option pricing and portfolio

management. As computing power continues to grow and new technologies emerge, it is

likely that the fields of finance and computer science will become even more intertwined,

driving further innovation and shaping the future of the financial industry.

2
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1.2 Quantum Computing

Since the 1950s, digital computing has significantly enhanced our ability to solve

complex problems with quantitative methods. This has led to a significant transformation

in fields such as finance, wheremodern quantitativemethods have revolutionized financial

analysis and decision-making.

Similarly, quantum mechanics has transformed our understanding of particle physics

by introducing principles like superposition, entanglement, and interference. These prin-

ciples highlight the intricate probabilities of quantum states that go beyond the precise

predictions of classical mechanics.

In the 1980s, theoretical physicists Richard Feynman and David Deutsch proposed

the revolutionary idea of a quantum computer, a machine capable of simulating phenom-

ena that classical computers could not, leveraging the inherent uncertainty and probabilis-

tic nature of quantummechanics, which allow qubits to exist in multiple states at once and

to be interconnected in ways that enable rapid data processing. This differs fundamentally

from classical computers, which represent data as binary bits—either 0 or 1. This propo-

sition marked a pivotal moment, suggesting that quantum computers could perform tasks

like factorization and simulation with unprecedented efficiency. Feynman’s seminal paper

on simulating quantum systems [14] laid the groundwork for the concept of quantum com-

puting. In this work, Feynman introduced the revolutionary idea that a quantum computer

could simulate systems that are infeasible for classical computers, fundamentally changing

our approach to computational physics and beyond. Shor’s algorithm for factorization [15]

demonstrated quantum computing’s potential to break classical cryptographic protocols,

marking a pivotal moment in integrating quantum mechanics with computer science. In

3
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his influential paper, Peter Shor introduced an algorithm that proved quantum computers

could factor large numbers exponentially faster than the best-known classical algorithms,

highlighting a significant computational advantage of quantum technology. While not as

foundational as earlier works, the article by Trabesinger [16] provides a comprehensive

overview of quantum computing developments up to 2012. This piece examines both

theoretical advancements and experimental implementations, serving as a crucial bridge

between the initial theoretical proposals and their practical realizations. Trabesinger’s re-

view captures the evolving landscape of quantum computing, highlighting key milestones

and the emerging possibilities enabled by this cutting-edge technology. Further cementing

the reality of these advancements, the work of F. Arute et al. [17], which was published

in Nature in 2019, reports the achievement of quantum supremacy using a programmable

superconducting processor, showcasing the practical capabilities of quantum computers

to perform a task—sampling output from a quantum circuit—that is beyond the reach of

today’s most powerful supercomputers.

Advancements in quantum algorithms have shown significant promise across vari-

ous computational domains. For instance, Harrow, Hassidim, and Lloyd’s algorithm for

linear systems of equations [18] could revolutionize computational speed, while Lloyd,

Mohseni, and Rebentrost’s work on quantum principal component analysis [19] has im-

plications for more efficient data processing. Havlíček et al.’s exploration of quantum-

enhanced feature spaces in supervised learning [20] suggests innovative approaches to

machine learning. Further literature [21, 22] underscores quantum computing’s impact,

highlighting the breadth of its applications and suggesting a future where quantum solu-

tions redefine the efficiency of solving complex problems. These contributions illustrate

the rapid evolution of quantum computing and its capacity to transform industries by of-

4
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fering new computational paradigms.

Figure 1.1: Illustration of the three essential phases in the quantum computing process.

Achieving this advantage involves three critical stages: encoding classical data into

a quantum state, running quantum computations through sophisticated algorithms, and fi-

nally, measuring the results to interpret the outcome, which is shown in Fig.1.1. These

stages harness quantum computing’s potential to address problems at speed beyond the ca-

pability of classical algorithms, assuming efficient data-to-quantum-state conversion. The

generation of specific distributions of probabilities using quantum randomness is among

the exciting applications being explored, for example in finance, where it enables the as-

signment of probability amplitudes to a vast number of market scenarios represented by a

quantum system’s superposition states.

The evolution of quantum computing of IBM presents a transformative landscape

for various sectors, including finance. Moving beyond the quantum supremacy milestone

Google AI and NASA achieved in 2019, we see a focused trajectory toward creating scal-

able, fault-tolerant quantum systems. IBM’s roadmap through 2023 and beyond envisions

the enhancement of quantum execution speed and the scaling of quantum systems up to

thousands of qubits, indicative of quantum computing’s trajectory toward tackling incred-

ibly complex problems unmanageable by classical computers.

5
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Error correction and fault tolerance are cornerstones of IBM’s quantum development

strategy. By 2023, IBM aims to enhance quantum execution with error mitigation tech-

niques, setting the stage for even more sophisticated quantum algorithms that can handle

intricate calculations involved in financial simulations. The roadmap further anticipates

the improvement of quantum circuit quality to allow 1,000+ qubits systems by 2029, sug-

gesting an era where quantum computing may become integral to financial analysis, capa-

ble of managing the voluminous, complex data and the computation-intensive tasks that

the financial industry demands.

Advancements in quantum algorithms will play a pivotal role in finance, particularly

in risk analysis, asset pricing, and investment portfolio optimization. Quantum algorithms

can potentially speed up calculations for options pricingmodels dramatically, Monte Carlo

simulations, and other stochastic modeling techniques central to financial analysis and

decision-making.

1.3 Quantum Walks

Quantum walks (QWs) are employed as a methodological tool, incorporating the

intricacies and probabilities inherent in quantum systems to reflect the market＇s behav-

ior accurately. This quantum-based model offers a novel perspective, allowing for a more

detailed and nuanced prediction of financial market movements and decision-making pro-

cesses.

QWs, as a pivotal development in quantum computing, trace their conceptual origins

to the work of physicists such as Aharonov et al., who in 1993 laid the theoretical foun-

dations for quantum random walks, the quantum analog of classical random walks[23].

6
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This new framework introduced unique characteristics of quantum mechanics, such as su-

perposition and entanglement, into algorithms, enhancing their computational capabilities

beyond classical constraints.

Figure 1.2 illustrates the concepts of QW and classical random walk (CRW). The

left side of the figure depicts the CRW, where the particle moves step by step, flipping a

coin to decide its direction, resulting in a binomial distributio. The right side of the fig-

ure represents the QW, where the particle can be in a superposition of states, allowing it

to move along multiple paths simultaneously. This leads to a more complex probability

distribution compared to the CRW. The graphs below each walk show the respective prob-

ability distributions after several steps, highlighting the differences between quantum and

classical approaches. Differences and Similarities Between Quantum Walk and Classical

Figure 1.2: Illustration of the concepts of classical randomwalk (CRW) and quantumwalk
(QW).

Random Walk:

Similarities:

1. Basic Concept: Both simulate the movement of particles in space.

7
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2. Probabilistic Nature: In both quantum walk and classical random walk, a parti-

cle has multiple possible directions to move at each step, and these directions are

determined by a certain probability distribution.

Differences:

1. Superposition:

• Quantum Walk: A quantum bit can be in multiple states simultaneously, al-

lowing the quantum particle to move along multiple paths at the same time.

• Classical RandomWalk: A particle can only choose one path at each step.

2. Entanglement:

• QuantumWalk: Quantum particles can establish entanglement, meaning that

changing the state of one particle will immediately affect another particle, even

if they are far apart.

• Classical Random Walk: There is no such immediate correlation between

particles.

3. Interference:

• Quantum Walk: The paths taken by the particles can interfere with each

other, which can be used to enhance the probability of the correct path and

reduce the probability of incorrect paths, thus improving computational accu-

racy.

• Classical Random Walk: There is no interference phenomenon between the

paths of particle movement.

8
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QWs, the quantum analogs of classical random walks, represent a sophisticated tool

for developing quantum algorithms. Pioneering contributions fromAndrewM. Childs and

colleagues have characterized significant strides in using QWs for quantum computing.

Their work, including developing algorithms for universal computation through QWs,

has profoundly impacted the ability to perform complex quantum operations [24–26].

Additionally, the integration of Dirac cellular automata into QWs by Mallick and Chan-

drashekar [27] further illustrates the adaptability and power of QWs in modeling quantum

mechanical phenomena. Moreover, the innovative application of machine learning tech-

niques to optimize quantum walk parameters by Rajauria and Chawla [28] demonstrates

quantum walk strategies’ ongoing evolution and refinement. These advancements not

only enhance our understanding of QWs from both theoretical and practical perspectives

but also showcase the dynamic, ever-expanding field of quantum computing. QWs have

become a solid field of research in quantum computation, attracting attention from physi-

cists, computer scientists, and engineers alike. This interest is driven by QWs’ potential

to simulate natural processes and perform complex computational tasks more efficiently

than classical approaches.

The Discrete Time QuantumWalk(DTQW) was further explored by Aharonov, Am-

bainis, Kempe, and Vazirani in 2001, who demonstrated its applications in algorithm de-

velopment, particularly in quantum search algorithms [29]. These initial studies under-

scored the DTQW’s potential for significant algorithmic speedups, offering a robust plat-

form for solving complex computational tasks more efficiently than classical approaches.

On the other hand, continuous-time quantum walks (CTQW) were introduced by Farhi

and Gutmann in 1998 as a means to perform quantum computation [30]. CTQW has been

instrumental in modeling physical processes, such as energy transfer in photosynthesis,

9
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showcasing the practical applications of QWs in simulating natural systems.

QWs enable the simulation of various quantum-mechanical phenomena by adjusting

parameters and evolution coin operators specific to the quantum walk. In this discussion,

we focus on the one-dimensional DTQW. Unlike classical random walks that require only

a position Hilbert space, a DTQW also incorporates a coin Hilbert space to describe its

dynamics fully. This coin space encapsulates the internal state of the walker, essential for

directing its controlled dynamics [23].

The Hilbert space for QWs is defined by:

H = Hc ⊗Hp,

whereHc and andHp represent the coin and position Hilbert space. In a one-dimensional

DTQW, {| ↑⟩and| ↓⟩} are the basis states of the coin space, and the position space is

represented by the states |x⟩ where x ∈ Z. The probability amplitude for the quantum

state at position x is represented as:

Ψ(x, t)⟩ =

Ψ↑(x, t)

Ψ↓(x, t)

 ,

with two internal degrees of freedom indicating the quantum state’s dynamics.

The DTQWevolution is driven by two unitary operators: the coin and shift operators.

The coin operator manipulates the coin Hilbert space affecting the amplitude distribution

in the position space:

Ĉ(θ, ϕ, λ) =

 cos( θ
2
) −eiλ sin( θ

2
)

eiϕ sin( θ
2
) ei(λ+ϕ) cos( θ

2
)

 ,
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where θ, ϕ, and λ are parameters defining the unitary coin operation. Correctly setting

these parameters is critical for effectively employing the DTQW in quantum simulations

and for researching realistic dynamics [24, 27].

The shift operator defines the walker＇s movement in position space:

Ŝ = | ↓⟩⟨↓ | ⊗
∑
x

|x− 1⟩⟨x|+ | ↑⟩⟨↑ | ⊗
∑
x

|x+ 1⟩⟨x|.

This operator shifts the walker’s position left or right based on its internal state, dictated

by the coin operator.

The system＇s initial state often involves a superposition of position states influenced

by the coin state:

|Ψ0⟩ = (α| ↑⟩+ β| ↓⟩)⊗ |x = 0⟩.

Each timestep involves applying the shift operator after the coin operator to the internal

state, describing the system＇s evolution through the operator:

Ψ(x, t) = [Ŝ(Î ⊗ Ĉ)]t|Ψ0⟩ = Ŵ t|Ψ0⟩,

where Î is the identity operator in position space [31].

Figure1.3 illustrates a quantum circuit designed for a quantum walk algorithm. The

circuit comprises multiple qubits qubits representing the position space labeled p0 to p3,

with an additional coin qubit labeled c. The operations applied to the qubits include uni-

tary operations U and controlled increment (INC) and decrement (DEC) operators. These

gates manipulate the qubits’ states, facilitating the quantum walk’s progress. The unitary

operations U are applied to specific qubits at different stages of the circuit, while the INC
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and DEC operators control the increment and decrement of the quantum states in the po-

sition space. Finally, measurements are taken, which measure the position space of the

qubits and output the results to classical bits (cbits). This configuration represents a step-

by-step process in a DTQW, showcasing the iterative and controlled evolution of quantum

states within the algorithm.

(a)

(b) (c)

Figure 1.3: Quantum circuit illustrating a DTQW. The main circuit (a) shows the overall
setup for a multi-split-step quantum walk, while (b) and (c) illustrate the increment and
decrement operations, respectively, which manage the state transitions in the quantum
walk.

Figure 1.4 illustrates the use of the rotation gate RY (θ) as a coin operator in a quan-

tum walk. The rotation matrix RY (θ) is given by:

RY (θ) =

cos
(
θ
2

)
− sin

(
θ
2

)
sin

(
θ
2

)
cos

(
θ
2

)


This matrix shows how the rotation gate operates on the quantum state, with elements
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expressed in terms of cos and sin functions of θ. The Bloch sphere representation of a qubit

state |ψ⟩ indicates how the rotation affects the state vector. Additionally, the slide presents

probability distributions after t steps for different initial states and rotation angles θ. The

probability distributions are shown for three different initial states: |Ψ(0)⟩ = | ↓⟩ ⊗ |x =

0⟩, |Ψ(0)⟩ = 1√
2
(| ↓⟩+ | ↑⟩)⊗|x = 0⟩, and |Ψ(0)⟩ = 1√

2
(| ↓⟩+i| ↑⟩)⊗|x = 0⟩. The plots

illustrate how the probability distribution spreads over the interval [−t cos(θ), t cos(θ)] for

different values of θ (0, π/4, π/2, π). These plots demonstrate the impact of the rotation

angle on the dynamics of the quantum walk, showcasing how different values of θ affect

the spread of the probability distribution. This experiment shows that the angle of theRy-

gate controls the spread speed of the walk, while the initial state influences the direction

of the distribution.

(a) (b) (c)

Figure 1.4: Position space probability distributions after t steps using a rotation gate
(RY (θ)) as the coin operator with various initial states: (a) |Ψ(0)⟩ = | ↓⟩ ⊗ |x = 0⟩
(b) |Ψ(0)⟩ = 1√

2
(| ↓⟩⟩+ | ↑⟩)⊗ |x = 0⟩ (c) |Ψ(0)⟩ = 1√

2
(| ↓⟩⟩+ i| ↑⟩)⊗ |x = 0⟩.

Figure (1.5) vividly illustrates the distributions of probabilities in position space re-

sulting from DTQW using different coin operators. Each subfigure represents a unique

set of initial conditions and operator configurations. Each figure underlines the distinct

dynamics induced by different quantum gates in a quantum walk, offering insights into

how initial conditions and coin choices critically affect the evolution of quantum states

across a discrete lattice.

By adjusting the gate operator, rotation angle, and initial states, we can observe sig-
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nificant variations in the behavior of the quantum walk. This adjustment highlights the

versatility of quantum walks in modeling complex systems. These visualizations serve as

a compelling demonstration of the versatility and depth of QWs in exploring quantumme-

chanical phenomena and their potential applications in various quantum computing and

simulation tasks.

(a) (b) (c)

Figure 1.5: Visualization of the distributions of probabilities across different positions
using the DTQW with different coin operators.: (a) Ψ0 = | ↓⟩) ⊗ |x = 0⟩, (b) Ψ0 =
1√
2
(| ↓⟩+ i| ↑⟩)⊗ |x = 0⟩, (c) Ψ0 = | ↑⟩ ⊗ |x = 0⟩.

QWs have profound implications in various fields, including algorithm development,

cryptography, and complex system simulations, making them a pivotal concept in theo-

retical and applied quantum computing[31]. The ongoing development and study of QWs

continue to be an affluent area of research, significantly impacting the theoretical under-

pinnings and practical applications of quantum computing. The field has expanded to

include various adaptations and innovations, such as the split-step quantum walk, which

have broadened the scope of problems addressable by QWs [32]. Each step in the evolu-

tion of QWs advances our understanding of quantum computational principles and paves

the way for novel quantum technologies.

1.4 Quantum Financial Simulation

The inherent uncertainty in financial markets poses significant challenges in predict-

ing investor decision-making processes and understanding the impact of macroeconomic
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conditions and structural dynamics on asset valuation. This uncertainty is similar to the

principles of quantum theory, highlighting the potential of quantum computing to revolu-

tionize the financial sector. Quantum algorithms have the potential to effectively tackle a

wide range of financial problems. Our aim is to create quantum states that capture the in-

herent uncertainties in financial markets, allowing these states to be processed by quantum

computers. Moreover, we aim to develop quantum algorithms that can effectively simulate

the dynamic characteristics of financial systems, thus improving our capacity to analyze

and predict market behaviors. QWs, with their ability to explore multiple possibilities

simultaneously due to superposition, entanglement and interference present an advanced

method for simulating the intricacies of financial markets. These quantum analogs to

classical random walks can potentially encapsulate the market’s multifaceted nature more

precisely by simulating variousmarket conditions in parallel. EmployingQWs in financial

models allows for a thorough analysis of potential market scenarios and outcomes. In such

simulations, the quantumwalk initializes a superposition of quantum states, each mapping

to a possible financial scenario. This approach effectively mirrors the probabilistic distri-

bution of market outcomes. It enhances the preparation of quantum states—a foundational

step in quantum computing that enables simultaneous processing of multiple information

strands. The employment of specific quantum algorithms promises substantial computa-

tional speed over traditional methods.

In traditional finance, the classical random walk theory is a a widely accepted model.

This popular theory, proposed by Louis Bachelier[33], suggests that the path of stock

prices is fundamentally unpredictable. This implies that historical stock prices are insuf-

ficient to accurately forecast future prices. The Efficient Market Hypothesis [34] extends

this concept, asserting that a stock’s present value fully reflects all relevant information,
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and only unexpected occurrences can cause price fluctuations. Stock prices are estab-

lished through the uninterrupted interplay of buying and selling transactions conducted

by all market participants[35]. This dynamic process reflects the aggregate sentiments,

beliefs, and actions of these market participants[36]. As a result, the random walk theory

of stock prices does not imply that prices are erratic. Rather, they develop based on the

cumulative choices of market participants, frequently in reaction to fresh information [37].

Quantum mechanics and finance both embody inherent uncertainty, making the ap-

plication of quantum principles to financial market simulations a compelling area of re-

search. The spectrum of quantum computing’s applications within finance is broad and

diverse, with cutting-edge research focused on refining algorithms for tasks such as am-

plitude estimation and Monte Carlo simulations, which are pivotal for pricing financial

derivatives. The work of Egger et al. [38] and Herman et al. [39] surveys the landscape,

providing a holistic view of the intersections between quantum computing and finance.

Brassard et al.’s algorithm for amplitude estimation [40], founded upon Grover’s

quantum search technique, enhances the probability of pinpointing preferred outcomes,

presenting a breakthrough in outcome prediction within the financial sector. Rebentrost

et al. [41] put forward a quantum algorithm that utilizes the fundamental concepts of

superposition and quantum circuits for the Monte Carlo pricing of financial derivatives.

Moreover, the method outlined by Stamatopoulos et al. [42] utilizes quantum ampli-

tude estimation to achieve a quadratic speedup over conventionalMonte Carlomethods for

option pricing, indicating a quantum leap in the financial modeling realm. Additional stud-

ies by Zoufal et al. [43], Stamatopoulos et al. [44], Dong An et al. [45], and Chakrabarti

et al. [46] delve into various facets of quantum computational finance. These range from
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enhancing option pricing models to capitalizing on the quantum advantage for market risk

assessment and resolving stochastic differential equations, each contributing invaluable

insights into the transformative potential of quantum algorithms in finance.

By harnessing quantum mechanics principles, we propose an innovative framework

for analyzing financial markets. This approach allows us to encode various potential fi-

nancial scenarios within a quantum structure, yielding a sophisticated grasp of market

behavior.

We draw an analogy between financial market outcomes and quantum states through

the principle of superposition, as represented by Equation 1.1:

|ψ⟩ =
∑
i

√
pi |i⟩ (1.1)

where, |ψ⟩ is the state vector representing a superposition of all possible market

states, |i⟩ symbolizes a specific market outcome, and pi is the probability amplitude for

that outcome. Such a representation captures the diversity of potential future market states

in a single quantum state, facilitating using quantum probability to make financial fore-

casts.

Quantum state preparation is pivotal in utilizing quantum circuits across various

applications, including simulating complex distributions of probabilities. This process

hinges on practical algorithms capable of managing the randomness inherent in quantum

systems, whichmirrors the behavior of idealized Haar-random distributions, a key concept

in realizing versatile quantum computations [47, 48]. Significant advancements in quan-

tum state preparation have been demonstrated by Sanders et al., who introduced a black-
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box quantum state preparation method that operates without conventional arithmetic, en-

hancing efficiency [49]. Further, Rocchetto et al. have explored the application of vari-

ational autoencoders in encoding probability distributions, which helps prepare quantum

states and assess the performance of quantum circuits [50]. Additionally, Dasgupta and

Paine have developedmethods for loading symmetric and asymmetric probability distribu-

tions into quantum circuits, enhancing the scope of quantum simulations [51]. Similarly,

Choi et al. have shown the feasibility of preparing random states and benchmarking them

against many-body quantum chaos, underscoring the randomness of these systems [52].

These methodologies collectively advance the field of quantum computing, providing ro-

bust frameworks for preparing quantum states and executing complex quantum algorithms

efficiently.

We apply quantum evolution principles akin to those governing quantum systems

to model the dynamic and evolving nature of financial markets. This is encapsulated in

Equation 1.2:

U(t) |ψ(0)⟩ = |ψ(t)⟩, (1.2)

In this equation, U(t) is a time-dependent unitary operator that evolves the initial

quantum state |ψ(0)⟩ to a new state |ψ(t)⟩ at a later time t, analogous to the evolution of

market conditions over time. By employing quantum mechanics to model financial mar-

kets, we introduce an innovative approach that uses multiple walkers represents diverse

investors and underlines its potential for modeling and simulating dynamic financial sys-

tems. This novel perspective is poised to augment our understanding of market dynamics

significantly and could redefine how financial predictions are made.
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Grover and Rudolph’s innovative approach utilizes ancilla registers for controlled

rotations to generate specific distributions of probabilities, marking a significant step in

quantum state preparation [53]. This method simplifies the generation of superpositions

of quantum states, which is crucial for the effective use of quantum circuits:

√
pi |i⟩ →

√
pi |i⟩ ⊗ (cos θi |0⟩+ sin θi|1⟩). (1.3)

This approach allows for the creation of specific distributions of probabilities using

auxiliary qubits. It represents a significant advancement in the field and is central to our

innovative approach to financial simulation and preparation.

The distributions of probabilities shown in position space fromDTQW [27, 28, 31]do

not mirror everyday probability distributions, shown in Fig.(1.4) and (1.5), such as those

observed in financial markets. These QWs utilize various coin operators—like Z, X, and

H gates—to demonstrate how different initial states influence the probability distribution

of positions, thereby offering a quantum-based perspective to understand the complex

dynamics of financial markets. Such simulations provide valuable insights into the un-

derlying mechanisms of market sentiment and its impact on stock prices, reflecting how

quantum technologies can offer novel approaches to modeling economic behaviors.

In the financial world, market prices are primarily influenced by the interactions of

buyers and sellers, where sentiment plays a crucial role. Sentiment-driven buying and

selling is a significant determinant of stock price fluctuations, shaping market dynamics

in short-term financial settings [54, 55]. Investor sentiment, broadly categorized into op-

timism and pessimism, drives market behaviors significantly. Optimistic investors tend

to invest proactively, pushing stock prices upwards, whereas pessimistic investors are
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likely to sell off their stocks, leading to a decline in stock prices. This interaction of mar-

ket forces can be likened to the controlled dynamics seen in split-step quantum walks

(SSQW)[56, 57], which have been proposed as a model for simulating financial markets.

In this research, we present an innovative method that builds upon Eq. 1.2, expanding

the single-split-step quantum walk (SSQW) into a multi-split-step quantum walk (multi-

SSQW). This technique is employed in preparing quantum states and simulating financial

systems. The multi-SSQW model integrates an ancilla qubit, inspired by the ground-

breaking methodology introduced by Grover and Rudolph [53].This approach utilizes the

ancilla qubit in the coin space to control the position space, allowing for accurate depiction

of desired quantum states. The structure of the paper is organized as follows:

Initially, we revisit the theoretical foundations of QWs, emphasizing their signifi-

cance in simulating financial pricing mechanisms and quantum state preparation. Subse-

quently, we develop the multi-SSQW methodology and apply it to various test scenarios,

including simulations of daily returns distribution of financial assets, binomial distribu-

tions, and log-normal using the quantum simulator available through IBM Quantum Plat-

form. Finally, we illustrate how the multi-SSQW approach can be leveraged to achieve

quantum advantages in pricing financial derivatives.

I focus on developing and applying quantum algorithms for complex financial sim-

ulations, leveraging the principles of quantum mechanics to achieve this goal.
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Chapter 2 Methodology

2.1 Architecture ofMulti-Split-StepQuantumWalk (Multi-

SSQW)

The multi-SSQW represents an expansion of conventional QWs, extending its ca-

pabilities and potential applications. The SSQW[56, 57] is an advanced variation of the

discrete-time quantum walk (DTQW) that adds complexity by dividing the quantum evo-

lution into two distinct steps, allowing for intricate control over the system dynamics. This

dual-step process is described by the evolution operator Ŵ , which is structured as follows:

Ŵ = Ŝ−Ĉθ2Ŝ+Ĉθ1 , (2.1)

where, Ĉθk represents the universal coin operator, and Ŝ± are the conditional shift

operators defined by:

Ŝ+ =
∑
x

[| ↑⟩⟨↑ | ⊗ |x+ 1⟩⟨x|+ | ↓⟩⟨↓ | ⊗ |x⟩⟨x|],

Ŝ− =
∑
x

[| ↑⟩⟨↑ | ⊗ |x⟩⟨x|+ | ↓⟩⟨↓ | ⊗ |x− 1⟩⟨x|].
(2.2)

The coin operation is split into two components,Cθ1 andCθ2, which allows for greater
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control over the particle’s path. The conditional shift operators Ŝ+ and Ŝ− respectively

direct the walker to either move to the right (| ↑⟩) or stay in place (| ↓⟩), and to either move

to the left (| ↓⟩) or stay in place (| ↑⟩).

(a) (b)

Figure 2.1: Illustration of the SSQW and DTQW Transition Mechanisms.

The conceptual diagrams in Fig. 2.1 contrast DTQW and SSQW, essential compo-

nents in quantum computing. Figure2.1.a illustrates the SSQW, where the coin operation

is subdivided into Ĉθ1 and Ĉθ2 , enhancing control over the particle’s trajectory, thus facil-

itating a more detailed simulation of quantum systems. These configurations underscore

the adaptability of QWs in simulating complex quantum phenomena and contributing to

quantum computational advancements. Figure2.1.b depicts the DTQW, where a particle

on a line moves to adjacent positions at discrete time intervals, directed by the quantum

coin operation C that determines its movement.

Figure 2.2 illustrates the quantum circuit for the SSQW. The operations applied to the

qubits include unitary operations U and controlled increment (INC) and decrement (DEC)

operators. These gates manipulate the qubits’ states, facilitating the quantum walk’s pro-

gression. This quantum circuit represents the iterative and controlled evolution of quantum

states in an SSQW.

(a)

Figure 2.2: Quantum circuit illustrating a SSQW
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In the application of the SSQW to investor behavior, the two sub-steps are used as

quantum analogs to represent investor sentiment. In the first sub-step, the Ĉθ1 influences

the coin state that controls the increment operator and the increment operator conditionally

shift to the right , much like pushing the price up. The operator Ĉθ1 is designed to reflect

the investor’s optimism. Conversely, in the second sub-step, the Ĉθ2 influences the coin

state that controls the decrement operator, and the decrement operator conditionally shifts

to the left, much like pushing the price down. Ĉθ2 captures investor＇s anxiety. It is

much like investor behavior. They may make a decision based on their sentiments. They

might feel great and decide to buy, pushing the price up, or might hold off, maintaining the

current price. Conversely, they may feel anxious and decide to sell, causing the price to

drop or hold off. This decision-making process is effectively modeled with SSQW, where

the each sub-step represents investor sentiments that influence the probability amplitudes

for different market conditions.

This approach underscores the role of investor sentiment as a fundamental component

of financial market analysis, akin to the principle of superposition in quantum mechanics.

With diverse investor sentiments and perspectives simultaneously influencing the mar-

ket, they shape trading behaviors and mold the market’s overall perception of risk and

valuation.

The complexity of the financial market is shaped by diverse investor profiles, each

with distinct attitudes and investment strategies. To effectively model this diversity, we

have developed the multi-SSQW approach. This quantum model simulates varying in-

vestor sentiments, enabling nuanced predictions of short-term financial price distributions.

The multi-SSQW setup, depicted in Figure (2.3), implements a dynamic system that cap-

tures the intricate behaviors of market participants.
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The U3 gate initializes the quantum state, representing the aggregate market sen-

timent. This state is manipulated by subsequent unitary operations (two U3 gates per

investor), which encode the biases of individual investors towards specific financial as-

sets. The evolution operator, Ŵ , is segmented into actions: first applying Ĉθ1 to simu-

late positive sentiment (incrementing with Ŝ+), followed by Ĉθ2 for negative sentiment

(decrementing with Ŝ−). These operations, together with the conditional shift operators

Ŝ±, control the quantumwalker’s trajectory, reflecting investor sentiment dynamics within

the financial market.

Figure 2.3introduces a novel methodology for analyzing the quantum dynamics of fi-

nancial markets. The process starts with initializing the quantum state, followed by the ap-

plication of the SSQWwith coin operators Cθ1, Cθ2, . . . , Cθk for each investor. The quan-

tum state evolves through split-step operations (S+ and S-) representing market dynamics.

Measurement of the quantum state provides data for the classical optimizer, which ana-

lyzes the distribution and iterates the process until convergence to the desired distribution

is achieved. This approach demonstrates the practical application of quantum mechanics

to financial market analysis, leveraging the inherent uncertainties to replicate real-world

stock market distributions more accurately.

2.2 Solution Architecture

The multi-SSQW framework integrates a dual-domain computational strategy that

combines a parameterized quantum circuit (PQC) with a classical optimizer. The PQC,

consisting of n+1 qubits—where one qubit is allocated for the coin space and the rest for

position space—is utilized to model and simulate the distribution of short-term financial
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(a)

(b) (c)

Figure 2.3: Themulti-SSQWSetup: (a)Schematic of themulti-SSQW setup. (b) Quantum
circuit for Ŝ+, which manages the incrementation of the quantum state in position space.
(c) Quantum circuit for Ŝ−, which manages the decrementation of the quantum state.

prices. To align these simulations with empirical data, a classical optimizer utilizing the

Constrained Optimization By Linear Approximations (COBYLA) algorithm fine-tunes

the parameters to minimize the discrepancy between the simulated and target distributions.

This optimization process uses mean-square error (MSE) and Kullback-Leibler (KL) di-

vergence as metrics to fine-tune the fit to the desired distribution. This method facilitates

financial simulations and enables the effective encoding of probability data into quantum

states, merging traditional financial models with quantum computational approaches.

The coin space in our multi-SSQW setup, which orchestrates the movement of the

quantum walker across the position space, operates similarly to an ancilla qubit under-

going controlled rotations as described in Eq.(1.3). The objective is to optimize the coin
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parameters within our multi-SSQW to refine the probability distribution across the posi-

tion space. This is achieved using parameterized quantum circuits (PQC). The detailed

steps involved are outlined below:

• Initiate with a target dataset p = {p0, . . . , p2N−1} sampled from a distribution rep-

resenting short-term financial prices.

• Implement the multi-SSQWwith an auxiliary qubit for the coin space andN qubits

for the position space to represent 2N potential outcomes.

• Apply quantum operators Ŵ1, Ŵ2, . . . , Ŵk on the circuit and repeat for t steps to

evolve the system.

• Measure the amplitude probabilities of the position space and calculate the resulting

distribution.

• Employ the classical optimizer to adjust the coin parameters using MSE and KL

divergence as measures to assess and minimize the deviation from the targeted dis-

tribution.

• Iterate this process n times until the system’s output converges to the desired distri-

bution.

This approach demonstrates the application of a quantum computational framework

to simulate and analyze financial market dynamics. This methodology exemplifies how

quantum technology can enhance traditional financial models by providing a new layer of

depth and accuracy in simulating market behaviors.
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Chapter 3 Results

3.1 Performance Analysis of Daily Return Distributions

for Stocks

In this study, we have constructed a multi-investor simulation framework termed the

multi-SSQW and conducted a detailed simulation to evaluate the efficacy of the multi-

SSQW framework in modeling the daily return distributions of various financial assets.

These distributions, which provide a statistical analysis of the day-to-day percentage changes

in value for assets like stocks or commodities, are not just theoretical concepts. They are

crucial for investors, enabling them to assess the risks and expected returns of their invest-

ments. Typically visualized as histograms, the daily return distributions plot the frequency

of return values against their respective percentages on the x-axis, making them a practical

and applicable tool in financial analysis.

To generate these distributions, we initially collected daily stock data from Yahoo

Finance for the period spanning January to March 2022. We classified the daily returns

into 16 separate categories according to return percentages. These categories were sub-

sequently depicted as a frequency distribution bar chart, illustrating the return variability.

We employed the multi-SSQW approach to simulate these financial scenarios, to obtain a
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financial probability distribution of market behavior. Our simulation study encompassed

daily return distributions over a quarter for various stocks or indices, conducting 100 trial

runs for each scenario. We explored the impact of varying the number of walkers (denoted

as num) from 1 to 10 while maintaining a fixed step size (step=1). This setup enabled

us to perform statistical analysis of errors, observe convergence patterns, and measure the

computational time required for each scenario.

Furthermore, we incorporated random parameters to conduct optimization simula-

tions. These simulations were designed to produce outcome data and assess error conver-

gence, thus validating the efficacy of our multi-SSQW methodology. This study offers

an in-depth examination of the daily return distributions for a diverse range of financial

assets, highlighting the capacity of quantum computation to improve financial modeling.

First, we employed the multi-SSQW method to simulate the daily return distribu-

tions of significant stock indices, specifically the S&P 500 and Nasdaq 100. The S&P

500 serves as a fundamental indicator of U.S. equities, encompassing the performance of

500 large companies across diverse sectors. Similarly, the Nasdaq 100 includes 100 of

the largest non-financial companies listed on the Nasdaq stock exchange and is heavily

weighted towards technology. By applying the multi-SSQW approach to these indices,

we aim to capture the complex dynamics and variations in daily returns that characterize

these key stock market segments.

In Figure 3.1, we present the results of simulating the daily return distribution for the

S&P 500 index. The S&P 500 is a crucial gauge of the stock performance of 500 leading

companies listed on U.S. exchanges and spans multiple sectors. These companies, noted

for their stable operations, solid corporate governance, precise strategic planning, and
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(a) (b)

(c) (d)

Figure 3.1: Analysis of S&P 500 using the multi-SSQW method across four key dimen-
sions: (a) Daily Returns Distribution: The graph presents the simulated distribution of
daily returns for the S&P 500 juxtaposed with actual market data. Utilizing four quantum
walkers, our model effectively mirrored real-world market fluctuations, underscoring the
multi-SSQW’s capability in capturing intricate market dynamics. (b) Error Progression:
This is depicted using the KL divergence metric, showcasing a significant initial reduction
in error which eventually stabilizes at a minimal value. This demonstrates the method’s
efficacy in enhancing the precision of financial market forecasts through iterative refine-
ment. (c) Error Variability: A boxplot shows error rates across varying numbers of
quantum walkers (ranging from 1 to 10), interpreting the impact of walker quantity on
the simulation’s accuracy. The results indicate that a higher number of walkers generally
increases the fidelity of the simulation, up to an optimal point. (d) Computational Time
Analysis: This graph outlines the mean processing time required for each simulation, em-
phasizing the method’s scalability and operational efficiency.
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(a) (b)

(c) (d)

Figure 3.2: Analysis of Nasdaq100 using the multi-SSQW methods: (a) the daily return
distribution for the Nasdaq100, which we simulated and compared against actual market
data. (b) illustrates the error progression over iterations using MSE as a metric. (c) pro-
vides a boxplot of errors across different numbers of quantum walkers (from 1 to 10).(d)
charts the mean processing time required per simulation.

robust performance, naturally attract long-term investment. The homogeneous nature of

this investor base typically requires fewer iterations for quantum simulations to converge

accurately to realistic market outcomes, reflecting the predictability and consistency in

their stock performance.

In Figure 3.2, our quantum simulation captures this dynamic in Nasdaq100, suggest-

ing more sentiment-driven investors in tech. The simulated return distributions’ fluctua-

tions underscore investor behavior’s impact, particularly in sectors like technology, where

various sentiments can heavily influence stock prices.

Figure 3.3 , 3.5 and 3.4 detail the outcomes of implementing the multi-SSQW ap-

proach on Johnson & Johnson (JNJ), JPMorgan Chase & Co. (JPM), and P&G(PG)

respectively, showcasing the model’s capability in simulating daily return distributions
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(a) (b)

(c) (d)

Figure 3.3: Analysis of Johnson & Johnson (JNJ) using the multi-SSQW method: (a) de-
picts the daily return distribution simulated with four quantum walkers, closely mirroring
actual market data, (b) shows the progression of the KL divergence error reduction over
multiple iterations. (c) provides a boxplot of errors across different numbers of quantum
walkers (from 1 to 10). (d) charts the mean processing time required per simulation.

effectively. For J&J, using four quantum walkers, the analysis demonstrated a strong

alignment between the simulated and actual daily return distributions over a quarter, high-

lighting the model’s accuracy. Similarly, for JPM and PG, employing five walkers, the

simulations reflected a precise mapping of daily returns, confirmed by the error trends and

computational efficiency displayed across various metrics.

J&J and P&G, both multinational giants in their respective domains of pharmaceuti-

cals and consumer goods, are often favored by conservative investors for their robust po-

sitions within the defensive sector. This sector typically remains stable during economic

downturns due to the consistent demand for healthcare and consumer staple products.

J&J, with its strong foothold in healthcare, offers diversified product lines and sustained

financial performance, attracting long-term investors. Similarly, P&G, known for its wide
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(a) (b)

(c) (d)

Figure 3.4: Analysis of P&G (PG) using the multi-SSQW method: (a) depicts the daily
return distribution simulated with five quantum walkers. (b) shows the progression of the
KL divergence error reduction over multiple iterations.(c) provides a boxplot of errors
across different numbers of quantum walkers (from 1 to 10).(d) plots the mean processing
time required per simulation.

range of household and personal care products, also maintains a stable market presence

with its broad consumer base.

Our simulation effectively mirrored this market stability for both companies. The

strong alignment of the simulated and actual distributions with just four walkers for J&J

and five for P&G indicates a predominance of sentiment-stable investors. This result re-

flects predictable market behaviors, making J&J and P&G attractive stocks for investors

seeking reliable returns. The simulation underscores the resilience and appeal of these

companies in the defensive sector, highlighting their suitability for conservative invest-

ment strategies.

JPMorgan Chase & Co. (JPM) is a prominent global financial services bank with

significant market impact. This banking giant operates in a highly scrutinized regulatory
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(a) (b)

(c) (d)

Figure 3.5: Analysis of JPMorgan Chase & Co. (JPM) using the multi-SSQW method:
(a) the simulation of the daily return distribution with five walkers, (b) shows the progres-
sion of the error reduction over multiple iterations, (c) provides a boxplot of errors across
different numbers of quantum walkers (from 1 to 10). (d) plots the mean processing time
required per simulation.

environment and is pivotal in the financial markets due to its size, operational scope, and

systemic importance. Financial analysts often view JPM as a bellwether for the banking

industry and broader economic health because its performance can reflect underlying eco-

nomic trends and banking sector conditions. From a financial perspective, JPM’s stock

is typically favored by investors looking for stability and consistent returns, thanks to its

diversified revenue streams and strong balance sheet. The firm’s involvement in vari-

ous aspects of banking, from retail to investment services, and its global reach allows it to

manage risks more effectively than smaller institutions with more concentrated exposures.

In terms of investment, analysts might recommend JPM as a solid holding due to its

ability to leverage its size and resources to navigate financial cycles better than its peers. It

often attracts conservative investors who value the bank’s ability to pay regular dividends
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and its reputation for prudent risk management. Moreover, a component of major stock

indices like the S&P 500 adds to its appeal as it reflects steady performance and robust

governance.

Stability of Non-Tech Sectors and Investor Demographics: Observing the results

of the multi-SSQW model, the return distributions of different stocks or indices have

unique characteristics, which are also reflected in the optimal number of walkers required

for accurate simulation. We can see that stocks with lower tech components, such as S&P

500, J&J, P&G, and JPMorgan Chase & Co., can accurately simulate probability distri-

butions with fewer walkers. This suggests that the types of investors in these stocks are

relatively simple and few, likely comprising long-term stable investors who are typically

more risk-averse, seeking steady dividends and long-term growth rather than speculative

gains.

J&J, P&G, and JPMorgan Chase & Co. (JPM) are quintessential examples of indus-

try giants in non-tech, respectively. These companies epitomize stability and resilience,

attracting a more stable investor base, less susceptible to the rapid shifts often seen in the

tech industry. This relative stability is a key factor in why fewer quantum walkers (four

for J&J and five for P&G and JPM) are sufficient for effective multi-SSQW simulation.

Therefore, to validate this hypothesis, we will compare it with other major tech com-

panies to verify our assumption.

In the technology sector, the landscape is quite different. Technological innovation

drives rapid changes, making the prospects of tech companies volatile and unpredictable.

Breakthroughs can suddenly disrupt market dynamics, influencing stock prices signifi-

cantly. This environment attracts noise investors who invest without substantial informa-

34

http://dx.doi.org/10.6342/NTU202401141


doi:10.6342/NTU202401141

tion and often make decisions based on market sentiments rather than fundamentals. Such

behavior can lead to significant price volatility in tech stocks, which are highly susceptible

to shifts in investor sentiment.

(a) (b)

(c) (d)

Figure 3.6: Analysis of Apple (AAPL) using the multi-SSQWmethod: (a) the simulation
of the daily return distribution with seven walkers, (b) shows the progression of the error
reduction over multiple iterations, (c) provides a boxplot of errors across different num-
bers of quantum walkers (from 1 to 10). (d) plots the mean processing time required per
simulation.

Applying the multi-SSQW approach to tech companies such as Apple, Microsoft,

Google, Nvidia, and Tesla to the inherent volatility and rapid innovation within the tech-

nology sector demands a more complex simulation model. The daily return distributions

of these companies exhibit significant fluctuations influenced by market sentiment, tech-

nological breakthroughs, and investor reactions to industry news. As illustrated in the fig-

ures for Apple, Microsoft, Google, Nvidia, and Tesla (Fig.3.6 to 3.10), the multi-SSQW

method necessitated using seven walkers to represent these companies’ dynamics accu-

rately.
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(a) (b)

(c) (d)

Figure 3.7: Analysis of Microsoft (MSFT) using the multi-SSQW method: (a) the simu-
lation of the daily return distribution with seven walkers, (b) shows the progression of the
error reduction over multiple iterations, (c) provides a boxplot of errors across different
numbers of quantum walkers (from 1 to 10). (d) plots the mean processing time required
per simulation.

This higher number of quantum walkers is necessary to effectively model the erratic

movements and the broader range of outcomes that characterize tech stocks. Such com-

panies are susceptible to market news and technological advancements, leading to more

pronounced stock price swings than stable sectors. Consequently, a more nuanced ap-

proach, as enabled by the multi-SSQW with a higher number of walkers, proves essential

for providing a realistic simulation of the daily return distributions in the tech industry.

This enhanced model offers a deeper insight into the probabilistic nature of tech stocks,

reflecting their complex market behaviors and the more extensive range of investor senti-

ments that influence them. These insights are crucial for investors and analysts focusing

on tech stocks, offering a nuanced understanding of risk and potential strategies to mitigate

undue exposure to market volatility driven by erratic investor sentiment.
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(a) (b)

(c) (d)

Figure 3.8: Analysis of Google (GOOGL) using the multi-SSQW method: (a) the simu-
lation of the daily return distribution with seven walkers, (b)shows the progression of the
error reduction over multiple iterations, (c) provides a boxplot of errors across different
numbers of quantum walkers (from 1 to 10). (d) plots the mean processing time required
per simulation.

This section illustrates the efficacy of the multi-SSQW as a robust financial simula-

tor. This method excels in capturing the complexities of financial systems and delivering

dependable simulations. A key strength of multi-SSQW is its ability to swiftly achieve

convergence, establishing it as an invaluable financial analytics and modeling asset. The

boxplots generated in our simulations provide insight into the accuracy of multi-SSQW

in reflecting financial market behaviors. These visual representations illustrate that by

increasing the number of quantum walkers, which symbolize market participants, the pre-

cision of the simulations is enhanced, as evidenced by the reduction in MSE and KL di-

vergence scores. These results highlight the multi-SSQW’s resilience in capturing the in-

tricate dynamics of financial markets, solidifying its position as a vital analyst instrument.

Additionally, the method’s dependable convergence verifies its value in generating spe-
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(a) (b)

(c) (d)

Figure 3.9: Analysis of Nvidia (NVDA) using themulti-SSQWmethod: (a) the simulation
of the daily return distribution with ten walkers, (b) shows the progression of the error
reduction over multiple iterations throughout the simulation, (c) provides a boxplot of
errors across different numbers of quantum walkers (from 1 to 10), and (d) plots the mean
processing time required per simulation.

cific market simulations, strengthening its application in sophisticated financial analysis

and forecasting. Similar to machine learning, determining the ideal number of parameters

in the multi-SSQW method is essential for precise simulations, underscoring the signifi-

cance of fine-tuning to improve model performance.

The concept of the multi-SSQW can be seen as a superposition of multiple investors’

sentiments on the value of a particular asset. Each quantum walker in this model rep-

resents an individual investor’s decision-making process or viewpoint. By superposing

these walkers, the model aggregates their diverse opinions to reflect the overall market

valuation of the asset. This approach enables a detailed simulation of varied market senti-

ments and investor behaviors, effectively capturing the complex dynamics of opinions that

drive asset prices in financial markets. Adjusting the number of walkers and their parame-
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(a) (b)

(c) (d)

Figure 3.10: Analysis of TESLA (TSLA) using the multi-SSQW method: (a) the simula-
tion of daily return distributions with ten walkers, (b) shows the progression of the error
reduction throughout the simulation, (c) provides a boxplot of errors across different num-
bers of quantum walkers and (d) plots the mean processing time required per simulation.

ters within the multi-SSQW allows for an adept representation of the intricate interactions

within market dynamics, providing valuable forecasts and insights.

The application of the multi-SSQW approach demonstrates its effectiveness in simu-

lating the daily return distributions of both tech and non-tech companies, highlighting the

distinct characteristics of these sectors.

• Tech stocks require a higher number of quantum walkers in the multi-SSQWmodel

to account for their volatility and diverse investor sentiments.

• Non-tech stocks can be accurately modeled with fewer walkers due to their stable

and predictable investment patterns.

• The multi-SSQW approach provides a nuanced understanding of risk and potential
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strategies for both tech and non-tech sectors, offering valuable insights for investors

and analysts.

These conclusions underscore the versatility and efficacy of the multi-SSQW approach in

simulating financial markets, tailored to the unique dynamics of different sectors.

3.2 Analysis of Binomial Distribution Performance

In this study, we present the efficacy of the multi-SSQW model for simulating bino-

mial distributions, a fundamental concept in probability theory [58, 59]. Binomial distri-

butions are widely employed to characterize the number of successes in a fixed sequence

of independent Bernoulli trials, eachwith an identical probability of success. This includes

scenarios like coin tosses, where each toss is an independent event with two possible out-

comes: success or failure. Our application of the multi-SSQW model aimed to simulate

the probability distribution of such binomial outcomes, manipulating variables such as

the coin operator coefficient and the number of quantum walkers and steps to reflect the

success probability of each trial.

We present simulations of three different binomial distributions, each with a success

probability of p = 0.3 across n = 31, 63, and 127 trials, respectively. These simulations

are depicted in Figures 3.11 to 3.13. Each setup involved two quantum walkers and uti-

lized six parameters adjusted to mirror the success probability, employing varying num-

bers of control steps to align closely with the characteristics of the theoretical binomial

distribution.

Each figure illustrates the multi-SSQWmethod’s capability in effectively replicating
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the binomial distribution, detailing aspects such as the distribution of outcomes, the con-

vergence of error rates, and the computational efficiency. Error metrics used include the

MSE and the KL divergence, both indicating the fidelity of the simulation relative to the

expected theoretical distribution. These results highlight the multi-SSQWmodel’s poten-

tial for complex probabilistic simulations, providing a robust tool for statistical analysis

and predictive modeling in fields reliant on understanding and predicting discrete out-

comes.

The following figures and descriptions elaborate on the methodology and results:

(a) (b)

(c) (d)

Figure 3.11: This series of figures illustrates the application of the multi-SSQWmethod to
simulate a binomial distribution with p = 0.3 and n = 31 trials: (a) Shows the simulated
distribution overlaid with the target distribution, demonstrating the accuracy of the model.
(b) Details the error progression during simulations, highlighting the method’s ability to
refine its accuracy over iterations. (c) Presents a boxplot of error metrics, including MSE
and KL divergence, across different step values, indicating variability and optimization
potential. (d) Displays the mean processing time for each simulation step, showcasing the
efficiency of the multi-SSQW method.
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(a) (b)

(c) (d)

Figure 3.12: This series of figures illustrates the application of the multi-SSQW to sim-
ulate a binomial distribution with p = 0.3 and n = 63 trials: (a) Shows the simulated
distribution overlaid with the target distribution. (b) Details the error progression during
simulations. (c) Presents a boxplot of error metrics, including MSE and KL divergence,
across different step values. (d) Displays the mean processing time for each simulation
step.

3.3 Application: Pricing European Call Options

The modeling of financial instruments such as European call options demonstrates

the potential of quantum computing to enhance financial analysis and forecasting. Quan-

tum algorithms for amplitude estimation and quantum-based Monte Carlo simulations are

promising areas for future research in the pricing of financial derivatives [40–43].

The log-normal distribution characterizes the probability distribution of a random

variable for which the logarithm follows a normal distribution. This distribution is right-

skewed, featuring heavier tails than a normal distribution, which makes it suitable for

modeling financial variables that exhibit significant fluctuations, such as stock prices. It

is beneficial for pricing options based on the assumption that the underlying asset’s price
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(a) (b)

(c) (d)

Figure 3.13: This series of figures illustrates the application of the multi-SSQW to sim-
ulate a binomial distribution with p = 0.3 and n = 127 trials: (a) Shows the simulated
distribution overlaid with the target distribution. (b) Details the error progression during
simulations. (c) Presents a boxplot of error metrics, including MSE and KL divergence,
across different step values. (d) Displays the mean processing time for each simulation
step.

attaches to a geometric Brownian motion. This suggests that the logarithm of the asset’s

price is typically distributed, a crucial assumption that forms the foundation of the widely

used Black-Scholes (BS) model for option pricing [1].

The BSmodel [1] computes the theoretical value of options by integrating several key

parameters: strike price (K), the price of the underlying asset (S), time to expiration (T ),

risk-free interest rate (r) and volatility (σ). It assumes that the price follows a geometric

Brownian motion, allowing for the derivation of the asset’s price distribution at expiration.

The steps to derive parameters for the log-normal distribution, essential for using the BS

model, include:

1. Collecting historical price data of the underlying asset.
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2. Calculating the mean and variance of the logarithm of the asset＇s prices.

3. Estimating the volatility (σ) and drift (α) using the calculated mean and variance,

where:

σ = vol ·
√
T ,

α = ln(S0) + (µ− r − σ2

2
) · T.

4. Utilizing these parameters to determine the expected option payoff at expiration,

E[max(ST −K, 0)], where ST is the price at maturity.

We employ the multi-SSQW scheme to simulate this log-normal distribution, adjust-

ing parameters like the number of quantum walkers (num) and control steps (step) to

capture the characteristics of the distribution accurately. Figures 3.14 illustrate the perfor-

mance of the log-normal distribution using the multi-SSQW, showcasing the approxima-

tion of the trained probability distribution against the targeted one for parameters S0 = 6,

K = 7, vol = 0.4, r = 0.04, and T = 90 days. The analysis indicates that an accurate

trained probability distribution is crucial for determining a more precise expected pay-

off, which is 0.1739 using the targeted distribution and 0.1460 with the trained. Although

there is a slight discrepancy between the expected payoffs, the values are reasonably close,

demonstrating that the multi-SSQW approach can approximate the expected payoff with a

high degree of accuracy. This highlights the potential for quantum algorithms to provide

reliable financial predictions.

This methodology highlights the practical benefits of incorporating advanced quan-

tum simulation techniques into real-world financial scenarios, effectively narrowing the

gap between traditional financial models and the evolving field of quantum technologies.
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(a) The log-normal distributionmodeled
with multi-SSQW.

(b) Progression of error in modeling the
distribution.

Figure 3.14: Performance analysis of the log-normal distribution for European call option
pricing using parameters num = 3 and step = 4.

The improved precision of the trained distributions directly correlates with more favorable

outcomes, emphasizing the potential for the multi-SSQW approaches to enhance financial

analysis and decision-making processes.
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Chapter 4 Discussion

Our study outlines the theoretical foundations and practical implementations of the

multi-SSQW, demonstrating its effectiveness in quantum financial simulations and quan-

tum state preparation. Leveraging the unique capabilities of quantum computation, the

multi-SSQW provides a sophisticated means of modeling complex financial distributions

and scenarios, offering valuable new perspectives and tools for financial analysis and

decision-making.

Here are the key benefits of using the multi-SSQW in our research:

Flexibility in Modeling: The multi-SSQW exhibits remarkable versatility in mod-

eling intricate systems, especially within the financial domain. It offers the flexibility to

modify variables such as the number of quantum walkers and steps and fine-tune param-

eters in the coin space. This adaptability empowers the multi-SSQW to represent a wide

range of complex systems precisely, solidifying its position as a potent tool for financial

simulations and other applications.

Stable Convergence: Stability in convergence is a critical feature of multi-SSQW,

essential for its role as a robust financial simulator. This stability ensures that QWs con-

sistently reach a steady state, enhancing the accuracy of simulations. For instance, our

experiments with binomial and log-normal distributions showed that increasing the num-
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ber of walkers could effectively minimize simulation errors.

Efficient Computation: The multi-SSQW algorithm capitalizes on navigating com-

plex quantum state spaces efficiently. It enables rapid exploration and convergence to the

desired states or solutions by advancing multiple walkers simultaneously. Quantum su-

perposition and entanglement further boost this process, allowing for parallel processing

and significantly faster computations than traditional methods. This efficiency makes the

multi-SSQW particularly effective for quickly addressing complex problems.

Additionally, optimization of the multi-SSQW involves careful tuning of the number

of walkers, steps, and coin parameters to enhance its operational efficiency. However, this

can be challenging because it requires an in-depth understanding of system dynamics and

meticulous parameter adjustments.

When employing Variational Quantum Algorithms (VQA), it is essential to consider

the interplay between the intricacy of quantum circuits and the optimizer’s efficiency. In-

creasing the depth and complexity of quantum circuits can lead to a broader exploration of

the state space, potentially uncovering superior solutions. However, this expansion may

also introduce complications in the optimization landscape, which could impede the opti-

mization process. Acknowledging and navigating this trade-off is pivotal for harnessing

the full potential of VQA and attaining practical, significant outcomes.

The design of the multi-SSQW circuit is specifically employed to efficiently navi-

gate complex quantum state spaces, aiming for swift exploration and convergence. This

approach is ideal for simulating financial markets, where rapid modeling and prediction

are essential due to these environments’ fast-paced and volatile nature. The advantages

of multi-SSQW, including its modeling speed and predictive accuracy, make it a precious
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tool for financial simulations.

In the realm of financial analysis, the integration of quantum computing techniques,

the multi-SSQW presents groundbreaking potential and is beginning to recognize the sub-

stantial benefits this advanced quantum simulation technique can bring to real-world fi-

nancial scenarios:

1. Implications for FinancialModeling: The capability of the multi-SSQWmethod

to closely approximate traditional financial models suggests that quantum walks can ef-

fectively model complex financial systems. This is particularly important for assets with

high volatility, where traditional models might struggle to capture rapid changes in market

conditions.

2. Enhanced Market Predictability: The multi-SSQW, as a quantum-based finan-

cial simulation tool, offers precise and effective probability assessments. This technology

enhances the ability to predict daily return distributions, including those for major indices

like the S&P 500. With this improved predictability, investors can more accurately assess

potential returns and related risks, vital for making informed decisions in volatile market

environments.

3. Advanced Risk Assessment: By simulating detailed risk scenarios and the dis-

tribution of returns under various conditions, the multi-SSQW aids financial institutions

in developing sophisticated risk management strategies that anticipate a range of market

volatilities.
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Chapter 5 Conclusions and Further

Work

In conclusion, this thesis has successfully demonstrated the practical application and

theoretical underpinnings of themulti-SSQW in the field of financial simulations. Through

rigorous experimentation and detailed analysis, we have showcased the capability of quan-

tum computing to transform financial modeling and analysis. The multi-SSQW method

has proven to be an invaluable tool in understanding complex financial systems, providing

insights that are unattainable through traditional computational methods. As we stand on

the brink of a new era in quantum computing, the work presented herein not only con-

tributes to the ongoing development of quantum technologies but also paves the way for

future innovations in financial analysis. The potential for quantum computing to revolu-

tionize industry practices is immense, and it is hoped that the foundational research con-

ducted in this thesis will inspire further studies and continued advancement in integrating

quantum computing within the financial sector.

As we continue to explore this promising frontier, future work will focus on:

2.Enhanced Parameter Prediction with Machine Learning: We plan to integrate

classical machine learning techniques, such as deep neural networks, to predict the param-

eters for our quantum algorithms. By leveraging economic indicators, events, and reports,
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we can refine the input parameters for our multi-SSQW model, developing powerful pre-

dictive models that enable us to understand market behaviors better.

3. Simulating Joint Probability Distributions : One of our next steps is to incorpo-

rate quantum entanglement into our simulations tomodel the joint probability distributions

of multiple assets. This will allow us to effectively capture the correlations between differ-

ent financial instruments, providing a more comprehensive view of the market dynamics

and interactions.

4. Application Areas: Applying the insights gained from the quantum simulation to

various financial strategies.

• Risk Management: Assessing and managing the risk associated with financial as-

sets and portfolios.

• Hedging: Developing strategies to offset potential investment losses.

• RiskManagement: Optimizing the allocation of assets in a portfolio to achieve the

best possible return for a given level of risk.

5. Scalability and Computational Efficiency: We will continue to explore ways

to scale our quantum algorithms to handle larger datasets and more complex financial

models. Improving computational efficiency will be crucial for practical applications,

especially in high-frequency trading and real-time market analysis.
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