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摘要

在使用量子處理器模擬電子結構問題時，將量子態對應到量子位元空間的編

碼是必要的。在已被提出的編碼方法中，量子位元高效編碼透過僅將正確電子數

的量子態編碼到量子位元空間，來減少量子位元的使用量。然而，在使用量子位

元高效編碼時，因為對激發算符的直接展開，系統哈密頓量中的包立項數量增長

得比其他編碼方法快得多。在量子位元高效編碼的結構下，一種新的標記方法在

本論文中被提出，被稱為單 NQ串標記。使用此標記的目的是通過結合激發算符

表達式中的相同項來減少包立項的數量。我們使用單 NQ串標記的量子位元高效

編碼來模擬電子結構問題，並得到了優於使用預設標記的模擬結果。

關鍵字：編碼，量子位元高效編碼，量子變分電路，電子組態問題
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Abstract

A fermionic-to-qubit encoding is essential in simulating electronic structure problems

with quantum processors. Among the proposed encoding schemes, the qubit-efficient en-

coding (QEE) reduces the qubit usage to O(m logn) by only encoding physical config-

urations to qubit space, compared to other common encoding schemes that need n qubit

to simulate the system with n spin-orbitals and m electrons. However, the number of

Pauli terms in the QEE Hamiltonian grows much faster than other encoding schemes be-

cause of the direct expansion on the excitation operators. Under the structure of QEE, a

new labeling method, named single NQ-string labeling, is proposed in this thesis, which

aims to reduce the number of Pauli terms by combining similar terms in the expression

of excitation operators. Simulations for electronic structure problems using QEE with the

single NQ-string labeling are made, and the results outperform those of QEE with default

labeling and the parity encoding.
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Keywords: Fermionic-to-qubit encoding, Qubit-efficient encoding, Variational quantum

eigensolver, Electronic structure problem

vi

http://dx.doi.org/10.6342/NTU202401735


doi:10.6342/NTU202401735

Contents

Page

Verification Letter from the Oral Examination Committee i

摘要 iii

Abstract v

Contents vii

List of Figures ix

List of Tables xi

Chapter 1 Introduction 1

Chapter 2 Solving Electronic Structure Problems with Quantum Computing 3

2.1 Fermionic Hamiltonian . . . . . . . . . . . . . . . . . . . . . . . . . 3

2.2 Fermionic-to-qubit Encoding . . . . . . . . . . . . . . . . . . . . . . 5

2.2.1 Jordan-Wigner Encoding . . . . . . . . . . . . . . . . . . . . . . . 5

2.2.2 Parity Encoding . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

2.2.3 Bravyi-Kitaev Encoding . . . . . . . . . . . . . . . . . . . . . . . 7

2.3 Variational Quantum Eigensovler . . . . . . . . . . . . . . . . . . . 7

Chapter 3 Single NQ-string Labeling 11

3.1 Qubit-efficient Encoding . . . . . . . . . . . . . . . . . . . . . . . . 11

vii

http://dx.doi.org/10.6342/NTU202401735


doi:10.6342/NTU202401735

3.1.1 Formulation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

3.1.2 An Example: the CO Molecule . . . . . . . . . . . . . . . . . . . . 14

3.1.3 Problems of QEE . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

3.2 Single NQ-string Labeling . . . . . . . . . . . . . . . . . . . . . . . 17

3.2.1 Motivation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

3.2.2 Procedure . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

3.2.3 Qubit Number Calculation . . . . . . . . . . . . . . . . . . . . . . 19

3.2.3.1 Properties of Single NQ-string Expressions for Excita-

tion Operators . . . . . . . . . . . . . . . . . . . . . . 19

3.2.3.2 Single NQ-string Constraint . . . . . . . . . . . . . . . 20

3.2.3.3 Qubit Number Needed . . . . . . . . . . . . . . . . . . 20

3.2.4 Generation of the Dictionary and the State Labeling . . . . . . . . . 22

3.2.5 An example: A System with Six Spin-orbitals and Three Electrons . 23

3.2.6 Number of Pauli Terms . . . . . . . . . . . . . . . . . . . . . . . . 24

Chapter 4 Results 25

4.1 Number of Pauli Terms for Hamiltonian of Diatomic Molecules . . . 25

4.2 VQE Simulation Results . . . . . . . . . . . . . . . . . . . . . . . . 27

4.2.1 QEE Default v.s. QEE Single NQ-string . . . . . . . . . . . . . . . 29

4.2.2 QEE Single NQ-string v.s. Parity . . . . . . . . . . . . . . . . . . . 34

Chapter 5 Conclusion 37

References 39

viii

http://dx.doi.org/10.6342/NTU202401735


doi:10.6342/NTU202401735

List of Figures

4.1 Two layers of an eight-qubit RealAmplitude ansatz with reverse-linear en-

tanglement pattern. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

4.2 (a) Potential energy curves and (b) energy errors of CO molecule with

two labeling methods. The dashed red line in (b) is the line denoting the

chemical accuracy, 1 kcal/mol. . . . . . . . . . . . . . . . . . . . . . . . 31

4.3 (a) Potential energy curves and (b) energy errors of GeO molecule with

two labeling methods. The dashed red line in (b) is the line denoting the

chemical accuracy, 1 kcal/mol. . . . . . . . . . . . . . . . . . . . . . . . 32

4.4 (a) Potential energy curves and (b) energy errors of SiSe molecule with

two labeling methods. The dashed red line in (b) is the line denoting the

chemical accuracy, 1 kcal/mol. . . . . . . . . . . . . . . . . . . . . . . . 33

ix

http://dx.doi.org/10.6342/NTU202401735


doi:10.6342/NTU202401735x

http://dx.doi.org/10.6342/NTU202401735


doi:10.6342/NTU202401735

List of Tables

3.1 Order of the Pauli term number for single excitation operator using differ-

ent labeling method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24

4.1 Number of qubit usage and Pauli terms using QEE (default), QEE (single

NQ) and the parity encoding schemes for ten diatomic molecules. The ( ,

) in the row ’spin-orbitals’ and ’electrons’ denotes the number of spin-up

and spin-down spin-orbitals and electrons. . . . . . . . . . . . . . . . . . 26

4.2 The optimization time (in second) of two-roundVQE simulations for three

molecules with two labeling methods for QEE. . . . . . . . . . . . . . . 30

4.3 Harmonic vibrational frequencies (in cm−1) for three molecules for QEE

with the single NQ-string labeling and the parity encoding. The percent-

ages in parentheses are the relative errors compared to the exact diagonal-

ization results. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35

4.4 Harmonic vibrational frequencies (in cm−1) for three molecules for QEE

with the single NQ-string labeling (with randomHamiltonian) and the par-

ity encoding. The percentages in parentheses are the relative errors com-

pared to the exact diagonalization results. . . . . . . . . . . . . . . . . . 36

xi

http://dx.doi.org/10.6342/NTU202401735


doi:10.6342/NTU202401735xii

http://dx.doi.org/10.6342/NTU202401735


doi:10.6342/NTU202401735

Chapter 1 Introduction

It is believed that quantum computing has the potential to solve some problems that

are intractable for classical computers, especially for quantum problems [1]. One of them

is the quantum chemistry problem [2], which aims to solve the eigenvalues and eigenfunc-

tions of the time-independent Schrödinger equation. With the superposition and entangle-

ment nature of quantum bits (qubits), several methods have been proposed [3–8] and the

runtime for quantum simulations can scale polynomially with the system size [9].

Quantum computing nowadays is still in theNoisy intermediate-scale (NISQ) era [10,

11], which means qubit operations on the processors are reliable in restricted circuit depth,

and there is no error correction. The variational quantum eigensolver (VQE) algorithm

[12–14] is proposed and can be implemented on NISQ devices. VQE is a hybrid quantum-

classical algorithm exploiting the variational principle to find the minimal eigenvalue of

the given Hamiltonian. A parametrized ansatz function is prepared and measured on the

quantum processors, and the parameters are updated via a classical optimizer to minimize

the expectation value.

To run the VQE algorithm on quantum processors, a fermionic-to-qubit mapping is

essential. The widely-used encoding schemes include the Jordan-Wigner (JW), parity and

1
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Bravyi-Kitaev (BK) encoding [15, 16]. The three encoding schemes encode the n-spin-

orbital systems to n qubits. To reduce the qubit usage for simulations, the qubit-efficient

encoding (QEE) [17] is proposed. As the fermionic Hamiltonian is particle-conserving,

only configurations that lie in the subspacewith the correct electron number will contribute

to the expectation value. In the QEE procedure, only particle-conserving configurations

are mapped to the qubit states by the one-to-one mapping ε, and the procedure for finding

the mapping ε is called ’labeling’. In the default labeling method for QEE, the fermionic

states and qubit states are sorted by their decimal number representations and labeled one

by one in ascending order.

Using QEE, the qubit usage can be reduced to O(m logn) for systems with n spin-

orbitals and m electrons. However, the Pauli terms in the qubit Hamiltonian of QEE are

usually more than those of JW or BK encoding [18]. In this thesis, an alternative labeling

method for QEE, the single NQ-string labeling, is proposed aiming to reduce the Pauli

terms and keep the qubit usage under the same order as QEE with default labeling method.

The thesis is organized as follows. In Chapter 2, the procedure for solving elec-

tronic structure problems using the VQE algorithm is introduced. In Chapter 3, the qubit-

efficient encoding is introduced, and the procedure of the single NQ-string labeling is pro-

posed. In Chapter 4, simulation results on diatomic molecules are shown and a discussion

is made. Finally, the work is concluded in Chapter 5.

2
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Chapter 2 Solving Electronic

Structure Problems with

Quantum Computing

2.1 Fermionic Hamiltonian

An important problem of quantum chemistry is to find the eigenvalues E and the

eigenfunctions |Ψ⟩ in the time-independent Schrödinger equation

H |Ψ⟩ = E |Ψ⟩ . (2.1)

After the Born-Oppenheimer approximation is applied, the electronic Hamiltonian of the

system can be written as

Helec = −
∑
i

∇2
ri

2
−

∑
I,j

ZI

|RI − rj|
+

∑
i,j>i

1

|ri − rj|
+

∑
I,J>I

ZIZJ

|RI −RJ |
, (2.2)

where RI ,MI ,and ZI are the position, mass and atomic number of the Ith nucleus, and ri

is the position of the ith electron. Note that the last term in Eq. (2.2) is a constant since

it is independent of ri. Therefore the term can be temporarily neglected and it will finally

3
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be added to the eigenvalues of the remaining part of Helec.

Taking the second-quantized formulation, one can rewrite the first three terms of

Helec as

Hf =
∑
p,q

hpqa
†
paq +

1

2

∑
p,q,r,s

hpqrsa
†
pa

†
qaras, (2.3)

where hpq and hpqrs are one-electron and two-electron integrals defined as

hpq =

∫
Ψ∗

p(x)(−
∇2

2
−

∑
I

ZI

|r −RI |
)Ψq(x)dx, (2.4)

hpqrs =

∫
Ψ∗

p(x1)Ψ∗
q(x2)Ψr(x2)Ψs(x1)
|x1 − x2|

dx1dx2, (2.5)

with Ψp(x) being the orbitals that are linear combinations of some basis wave functions

from a certain basis set. The creation operator a†p and annihilation operator aq in Eq. (2.3)

are defined as

a†p |fn−1..., fp, ..., f0⟩ = δ0,fp(−1)
∑p−1

0 fi |fn−1..., fp ⊕ 1, ..., f0⟩ , (2.6)

aq |fn−1..., fq, ..., f0⟩ = δ1,fq(−1)
∑q−1

0 fi |fn−1..., fq ⊕ 1, ..., f0⟩ . (2.7)

A fermionic state represented as a ket vector |fn−1...f0⟩ denotes the occupation numbers of

the spin-orbitals. In the binary vector, 1 and 0 represent the occupied and unoccupied spin-

orbital respectively. The extra coefficient is added because of the exchange antisymmetry

of fermions.

4
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2.2 Fermionic-to-qubit Encoding

A fermionic-to-qubit encoding is a mapping from the fermionic space to the qubit

space. Following [19], the encoding is defined mathematically as an isometry E : Hf →

Hq. To run simulations on quantum processors, one should map the fermionic state |f⟩ to

qubit state |q⟩ by |q⟩ = E |f⟩ and construct the counterpart Hq of the second-quantized

Hamiltonian Hf in the qubit space by the restriction HqE = EHf .

2.2.1 Jordan-Wigner Encoding

In the Jordan-Wigner (JW) encoding scheme [15], the occupation information of a

fermionic state is directly encoded to the qubit state, that is, the qubit state is exactly the

same as the fermionic state, |q⟩ = |f⟩ . To construct the qubit Hamiltonian Hq, one must

express the creation and annihilation operators in the qubit space. For the JW case,

a†p → In−1 ⊗ ...⊗ Ip+1 ⊗
1

2
(Xp − iYp)⊗ Zp−1 ⊗ ....⊗ Z0, (2.8)

ap → In−1 ⊗ ...⊗ Ip+1 ⊗
1

2
(Xp + iYp)⊗ Zp−1 ⊗ ....⊗ Z0, (2.9)

which will satisfy Eq. (2.6) (2.7). Note that the extra coefficient (−1)
∑q−1

0 fi for main-

taining antisymmetry is represented by the Pauli Z operators. It can be observed from Eq.

(2.8)(2.9) that O(n) single-qubit gates are needed to apply an−1 and a†n−1 operators.

5
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2.2.2 Parity Encoding

The O(n) single-qubit gate counts for an−1 and a†n−1 operators in the JW encod-

ing scheme arise from the Pauli Z matrices which are applied to maintain antisymmetry.

Therefore, a naive way to escape from this problem is to directly encode the parity in-

formation into the state in qubit space, which means the state |fn−1, .....f1, f0⟩ will be

encoded to |qn−1, .....q1, q0⟩ where

qi =
i∑
0

fi (mod 2). (2.10)

Such encoding scheme is called the parity encoding. The creation and annihilation oper-

ators in the qubit space using the parity encoding are of the form

a†p → Xn−1 ⊗ ...⊗Xp+1 ⊗
1

2
(Xp − iYp)⊗ Ip−1 ⊗ ....⊗ I0. (2.11)

ap → Xn−1 ⊗ ...⊗Xp+1 ⊗
1

2
(Xp + iYp)⊗ Ip−1 ⊗ ....⊗ I0, (2.12)

The qubit usage for the parity encoding is n for a n-spin-orbital system, which is the

same as JW encoding. Note that qn−1 will be a fixed number in systems where the electron

number is conserved. For the total-spin-restricted case, there will be two qi with fixed

values because the number of spin-up and spin-down electrons is conserved. Therefore,

in this case two qubits can be reduced in simulations.

It can be observed from Eq. (2.11)(2.12) that for the a0 and a†0 operators,O(n) single-

qubit gates are needed. This stems from the fact that the occupation information of the

mode 0, which is the value of f0, is contained in all qubits as shown in Eq. (2.10). There-

6
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fore, when f0 needs to be changed, all qi need to be changed too.

2.2.3 Bravyi-Kitaev Encoding

The JW and parity encoding schemes are like the two sides of the same coin. One

directly maps the occupation information while the parity information is distributed over

all qubits, and the other maps the parity information directly while the occupation infor-

mation is distributed over all qubits. Both encoding schemes needO(n) single-qubit gates

for applying a creation or annihilation operator in the worst case.

The Bravyi-Kitaev (BK) encoding [16] is a special encoding that modestly stores the

occupation and parity information into qubit states. The qubit usage is n for a n-spin-

orbital system, and the number of the single-qubit gate scales asO(logn) for any creation

or annihilation operator. In [20], estimations are made that this advantage starts to appear

for systems with more than 30 qubits.

After the qubit Hamiltonian is constructed by the fermionic-to-qubit encoding such

as JW, parity or BK encoding, the next step is trying to find the minimum eigenvalue of

the qubit Hamiltonian, which corresponds to the ground-state energy of the system.

2.3 Variational Quantum Eigensovler

For the system with HamiltonianH and the ground-state energy Emin, the varitional

principle states that for any wavefunction Ψ

⟨Ψ|H |Ψ⟩ ≥ Emin. (2.13)

7
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If one can find the Ψ such that the expectation value is minimized, then Ψ will fall into

the true ground state |Ψmin⟩.

The variational quantum eigensolver (VQE) is a hybrid quantum-classical algorithm

for solving the electronic structure problems. In the procedure of VQE, a parametrized

trial wavefunction (ansatz state) |Ψ(θ)⟩ is prepared by quantum processors and is used

to calculate the expectation value of qubit Hamiltonian by single qubit measurements.

Classical optimizers are used to tune the parameters θ to minimize the expectation value.

The ansatz function |Ψ(θ)⟩ has the form

|Ψ(θ)⟩ = U(θ) |Ψref ⟩ . (2.14)

There are several types of parametrized circuits (ansatz circuits) U(θ). One of them

is the chemical-inspired ansatzes, such as the unitary coupled cluster singles and dou-

bles (UCCSD) ansatz [12, 21], which is inspired by classical coupled cluster theory. The

chemical-inspired ansatzes have the advantage that they finely capture the form of the

ground state, but the circuits to construct this type of ansatzes are often too deep to be

implemented on NISQ devices.

Another type is hardware-efficient ansatzes [22], which are composed of multiple

repeated layers of single-qubit rotation gates and two-qubit gates that aim to achieve en-

tanglement. Hardware-efficient ansatzes can be constructed with much shallower circuits.

However, because it is a heuristic search of the ground state over the Hilbert space it spans

when undergoing the optimization process, one may stuck in local minimums or encounter

8
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a barren plateau problem [23] when a hardware-efficient ansatz is adopted.

The reference state |Ψref )⟩ is usually chosen close to the true ground state, for ex-

ample the Hartree-Fock state.

As the qubit Hamiltonian can be decomposed to a summation of Pauli strings,

Hq =
∑
i

ciPi, (2.15)

where Pi is a tensor product of Pauli operators I,X, Y , and Z. To get the expectation

value of Hq, single-qubit measurements are made to each Pauli string with respect to the

corresponding basis.

⟨Ψ(θ)|Hq |Ψ(θ)⟩ =
∑
i

ci⟨Ψ(θ)|Pi |Ψ(θ)⟩. (2.16)

9
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Chapter 3 Single NQ-string Labeling

3.1 Qubit-efficient Encoding

3.1.1 Formulation

In JW, parity and BK encoding scheme, n qubits are needed to encode electronic con-

figurations of systems that have n spin-orbitals (for the parity encoding, two qubits can be

reduced as the explanation in section 2.2.) The basis function that spans the n-qubit Hilbert

space are mostly non-physical configurations, which has an incorrect number of electrons.

Since the second-quantized Hamiltonian is particle-conserving, only configurations of a

correct number of electrons will contribute to the expectation value of the Hamiltonian.

For example, for a system with n spin-orbitals and m electrons, there are
(
n
m

)
particle-

conserving configurations. Using these particle-conserving configurations as part of the

basis function to span a smaller space with Nq =
⌈
log2

(
n
m

)⌉
qubits, the ground state will

lie in the space and the ground-state energy can be obtained. With qubit-efficient encod-

ing (QEE) [17], one can map the particle-conserving configurations to the computational

basis states with Nq qubits.

Fermionic states and qubit states can be expressed by unique decimal numbers. For

11
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a fermionic state |fn−1, fn−2, ..., f0⟩ , its decimal number representation is
∑n−1

i=0 fi2
i. In

the procedure of QEE, fermionic states and qubit states are sorted by their decimal number

representations and labeled in ascending order and a one-to-one mapping ε which maps

fermionic states to qubit states |qi⟩ = ε |fi⟩ can be defined. The procedure of creating the

mapping ε is called ’labeling’ in the thesis.

As the example of JW encoding, the next step is to express the creation and anni-

hilation operators in the qubit space. However, a single creation or annihilation operator

will change the number of electrons of a state and will make the state not included in the

set of particle-conserving configurations. Therefore, a particle-conserving excitation op-

erator Epq ≡ a†paq is considered and it can be expressed as (Here p ≥ q without loss of

generality)

Epq |fn−1, ...fp, ..., fq, ..., f0⟩ = δ0,fpδ1,fq(−1)
∑p−1

q+1 fi |fn−1, ...fp ⊕ 1, ..., fq ⊕ 1, ..., f0⟩ .

(3.1)

The matrix representation of Epq can be expressed as

Epq =
∑
k,k′

cpqkk′ |fk⟩ ⟨fk′ | , (3.2)

where the coefficients cpqkk′ = δ0,fpδ1,fq(−1)
∑p−1

q+1 fi have non-zero value only when |fk⟩

can be excited to |fk′⟩ by Epq.

With the matrix expression, the excitation operator can be mapped to the qubit space

via the mapping ε,

Ẽpq = εEpq ε
T =

∑
k,k′

cpqkk′ |qk⟩ ⟨qk′ | . (3.3)

12
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Since |qk⟩ =
⊗Nq−1

i=0 |qi⟩ where qi = 0, 1,

Ẽpq =
∑
k,k′

cpqkk′ |qk⟩ ⟨qk′ | =
∑
k,k′

Nq−1⊗
i=0

cpqkk′Tkk′,i. (3.4)

Tkk′,i are called entry operators corresponding to |qk⟩ ⟨qk′ |, which have the following four

forms,

Q+ = |1⟩ ⟨0| = 1

2
(X − iY ), (3.5)

Q− = |0⟩ ⟨1| = 1

2
(X + iY ), (3.6)

N (0) = |0⟩ ⟨0| = 1

2
(I + Z), (3.7)

N (1) = |1⟩ ⟨1| = 1

2
(I − Z). (3.8)

The tensor product of entry operators is called an NQ-string in the thesis. An excitation

operator can be expressed as a summation of NQ-strings and thus can be expanded to a

linear combination of Pauli matrices.

The second-quantized Hamiltonian of the form as Eq. (2.3) can be rewritten in the

form of excitation operator (Here the anticommutation relation {a†p, aq} = δpq is used)

Hf =
∑
p,q

hpqEpq +
1

2

∑
p,q,r,s

hpqrs(δqrEps − EprEqs). (3.9)

Applying the map ε, i.e. replacingEpq with Ẽpq, which can be expanded to Pauli matrices,

a QEE qubit Hamiltonian is constructed and can be used in further calculations.

Hq =
∑
p,q

hpqẼpq +
1

2

∑
p,q,r,s

hpqrs(δqrẼps − ẼprẼqs). (3.10)
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3.1.2 An Example: the CO Molecule

In this subsection, an explicit example is shown to demonstrate QEE. Take the CO

molecule under the Daubechies wavelet basis with active space selection [24] for exam-

ple. The interatomic distance is set to 1.12 Å, a distance near the equilibrium bond length.

There are six spin-up and six spin-down spin-orbitals, with both four electrons filled in.

Considering the total-spin-restricted case, that is, one can treat the spin-up and spin-down

subsystems separately, with both subsystems having six spin-orbitals and four electrons.

In this case, there are
(
6
4

)
= 15 particle-conserving configurations that need to be con-

sidered, and four qubits are enough to encode these 15 states. Using the default labeling

method of QEE, the one-to-one correspondence of the fermionic configurations and qubit

states are as follows, with ascending order of their decimal number representations,

|f5f4f3f2f1f0⟩ → |q3q2q1q0⟩

|001111⟩ → |0000⟩

|010111⟩ → |0001⟩

|011011⟩ → |0010⟩

...

|111100⟩ → |1110⟩ .

(3.11)

Here the arrow ’→’ denotes the one-to-one map from fermionic states to qubit states.

Considering an excitation operator E51 = a†5a1 , the states involved in this excitation
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are (in the fermionic space),

a†5a1

|001111⟩ ⇒ |101101⟩

|010111⟩ ⇒ |110101⟩

|011011⟩ ⇒ |111001⟩

|011110⟩ ⇒ − |111100⟩ ,

(3.12)

where the double arrow ’⇒’ denotes the excitation transitions. By Eq. (3.12), E51 can be

expressed as

E51 = |101101⟩ ⟨001111|+ |110101⟩ ⟨010111|

+ |111001⟩ ⟨011011| − |111100⟩ ⟨011110|
(3.13)

in the fermionic space.

In the qubit space, the corresponding states are

a†5a1

|0000⟩ ⇒ |0111⟩

|0001⟩ ⇒ |1010⟩

|0010⟩ ⇒ |1100⟩

|0100⟩ ⇒ − |1110⟩ .

(3.14)
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Then the expression of E51 in the qubit space (denoted by Ẽ51) is

Ẽ51 = |0111⟩ ⟨0000|+ |1010⟩ ⟨0001|+ |0010⟩ ⟨1100| − |1110⟩ ⟨0100|

= |0⟩ ⟨0| ⊗ |1⟩ ⟨0| ⊗ |1⟩ ⟨0| ⊗ |1⟩ ⟨0|+ |1⟩ ⟨0| ⊗ |0⟩ ⟨0| ⊗ |1⟩ ⟨0| ⊗ |0⟩ ⟨1|

+ |0⟩ ⟨1| ⊗ |0⟩ ⟨1| ⊗ |1⟩ ⟨0| ⊗ |0⟩ ⟨0| − |1⟩ ⟨0| ⊗ |1⟩ ⟨1| ⊗ |1⟩ ⟨0| ⊗ |0⟩ ⟨0|

= N (0) ⊗Q+ ⊗Q+ ⊗Q+ +Q+ ⊗N (0) ⊗Q+ ⊗Q−

+Q− ⊗Q− ⊗Q+ ⊗N (0) −Q+ ⊗N (1) ⊗Q+ ⊗N (0),

(3.15)

which is a summation of NQ-strings. One can expand the NQ-string to write Ẽ51 in sum-

mation of Pauli strings by the definitions of entry operators. After computing all excitation

operators, the qubit Hamiltonian can be constructed with Eq. (3.10).

3.1.3 Problems of QEE

Although there is exponential reduction (Nq = O(m logn)) of qubit usage using

QEE, problems about the large number of Pauli terms in qubit Hamiltonian emerge. Take

the example of the CO molecule in section 3.1.2, the number of Pauli terms in the QEE

qubit Hamiltonian is 15648. As a comparison, the number of Pauli terms in the 12-qubit

Hamiltonian is 831 using JW encoding.

The QEE qubit Hamiltonian is constructed by entry operators. All entry operators are

linear combinations of two Pauli operators. TheN operators,N (0) andN (1), are composed

of I, Z, and theQ operators,Q+ andQ−, are composed ofX,Y . Therefore, a single NQ-

string (for example N (0)Q+Q−Q+) will be expanded to a summation of 2l Pauli strings,

where l is the length of the NQ-string.
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In a system of n spin-orbitals and m electrons, l =
⌈
log2

(
n
m

)⌉
. For all the excita-

tion operators Epq, except for the two spin-orbitals p and q and the electron involved in

the excitation, there are n − 2 spin-orbitals and m − 1 electrons remaining. Therefore(
n−2
m−1

)
pairs of configurations will be involved in the excitation and will contribute to the

expression of Epq.

By the above discussion, a single excitation operator will be expanded to

(
n− 2

m− 1

)
∗ 2⌈log2 (

n
m)⌉ = O(

n2m−1

(m− 1)!m!
) (3.16)

Pauli terms.

In general, the more Pauli terms in the Hamiltonian, the more quantum resources are

needed to run quantum algorithms. The large number of Pauli terms will decrease the

efficiency of running simulations. In the next section, a different labeling method, which

is called single NQ-string labeling for QEE, is proposed that aims to systematically reduce

the Pauli terms in the qubit Hamiltonian.

3.2 Single NQ-string Labeling

3.2.1 Motivation

To reduce the Pauli terms in the qubit Hamiltonian, one possible approach is to reduce

the Pauli terms of the excitation operators Ẽpq. According to Eq. (3.15) in section 3.1.2,

Ẽ51 is expanded to 64 Pauli terms. This is because the four NQ-string are all distinct, so

they are expanded to distinct Pauli strings. An intuitive way to reduce the number of terms
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is to make all the NQ-strings the same by rearranging the labels.

Take the Ẽ51 of the CO molecule as an example again. The goal is to arrange the

labels of states involving the excitation so that it can be expressed as

Ẽ51 =
4∑

i=1

T
(1)
i ⊗ T

(2)
i ⊗ T

(3)
i ⊗ T

(4)
i , (3.17)

where ∀j, ∀i T (j)
i ∈ {N (0), N (1)} ∨ ∀i T (j)

i ∈ {Q+, Q−}. That is, in general each of the

four T (1)
i in the summation could be either an N operator or a Q operator, and so as four

T
(2)
i , four T (3)

i , and four T (4)
i .

If one can use some efficient labeling method to label each excitation operator Ẽpq

in only a single NQ-string, then when expanding the NQ-strings into Pauli operators, one

can combine the same Pauli strings together to reduce the number of the Pauli terms in

the Hamiltonian. In Eq. (3.17), if ∀i T (1)
i ∈ {N (0), N (1)} and ∀i T (j)

i ∈ {Q+, Q−}, j =

2, 3, 4, then in this case, Ẽ51 can be cast into a single NQ-string expression of NQQQ.

Such a labeling method is named ’single NQ-string labeling’ in this thesis. In the fol-

lowing, we will discuss how to achieve the single NQ-string labeling for the excitation

operators.

3.2.2 Procedure

The procedure for the single NQ-string labeling is as follows:

(Step 1) Calculate the qubit number needed to satisfy the single NQ-string constraint.

(Step 2) Generate a dictionary and give each excitation operator a single NQ-string ex-
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pression under the constraint to ensure the encoding of states.

(Step 3) Give the Hartree-Fock state the label |00..0⟩ in the qubit space and obtain other

states’ labels via the dictionary generated in step 2.

The details of the procedure will be explained in the following sections.

3.2.3 Qubit Number Calculation

Requiring that all excitation operators be in the form of a single NQ-string will reduce

the number of Pauli terms. However, the qubit usage may increase because of the extra

constraint. In this section, a calculation of the qubit number needed in the single NQ-string

labeling will be made.

3.2.3.1 Properties of Single NQ-string Expressions for Excitation Operators

By the definition of excitation operators, the following properties will hold:

(1) Ẽpq with p = q has the single NQ-string expression of N...NN.

(2) If Ẽpq has a single NQ-string expression, then Ẽqp will have the same NQ-string

expression.

(3) If Ẽpq has the single NQ-string expression of T1T2...Tn, and Ẽqr has the single NQ-

string expression of S1S2...Sn, then Ẽpr = Ẽpq ∗ Ẽqr has the single NQ-string ex-
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pression of (T1 ∗ S1)(T2 ∗ S2)...(Tn ∗ Sn), where the ∗ operation is defined as

Q ∗Q = N ∗N = N,

Q ∗N = N ∗Q = Q.

(3.18)

3.2.3.2 Single NQ-string Constraint

A successful single NQ-string labeling must satisfy the following constraint:

∗ For a system with m electrons (assume m ≤ n
2
for convenience), any combination

of i ≤ m different excitation operators with distinct indices cannot have the single

NQ-string expression of N...NN .

Two excitation operators Ẽab and Ẽcd are with distinct indices if all the indices a, b, c

and d are distinct. For a system with m electrons, any transition between two physical

configurations can be achieved by at most m excitation operators with distinct indices.

To prevent giving different states the same label, the constraint needs to be satisfied. For

example, Ẽ01 ∗ Ẽ23 ∗ Ẽ45 cannot have the expression of N...NN in a system with six

spin-orbitals and three electrons, otherwise |010101⟩ and |101010⟩ will be given the same

label in the qubit space.

3.2.3.3 Qubit Number Needed

For a system having n spin-orbitals, there are 2
(
n
2

)
excitation operators Ẽpq with

p ̸= q. Therefore,
(
n
2

)
single NQ-string expressions are needed to give to these excitation

operators since under our consideration Ẽpq and Ẽqp have the same expression (for conve-
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nience they are regarded as the same in the following discussion). By the third property in

section 3.2.3.1, we can use a pool of n− 1 excitation operators {Ẽ01, Ẽ02, Ẽ03..., Ẽ0,n−1}

to represent the
(
n
2

)
excitation operators, since excitation operators that are not in the pool

can be generated by the combination of two of them in the pool.

With the constraint described in section 3.2.3.2, since an excitation operator may be

a combination of two excitation operators in the pool, the constraint becomes that any

combination of i ≤ 2m excitation operators in the pool cannot have the single NQ-string

expression ofN...NN . Therefore, for the excitation operator Ẽ0,n−1 in the pool, its single

NQ-string expression must be different from any combination of i ≤ 2m − 1 excitation

operators in the pool. By discussion above, the single NQ-string expression of Ẽ0,n−1

must be distinct to

(
n− 2

1

)
+

(
n− 2

2

)
+ ...+

(
n− 2

2m− 1

)
=

2m−1∑
i=1

(
n− 2

i

)
(3.19)

expressions. Note that for the special case n = 2m, there is no
(

n−2
2m−1

)
term, so the term

is discarded in this case, and the summation can be rewritten as

min{2m−1,n−2}∑
i=1

(
n− 2

i

)
. (3.20)

There are 2l different NQ-strings with length l, therefore the qubit number needed for

single NQ-string labeling is

Nq = ⌈log2 (
min{2m−1,n−2}∑

i=1

(
n− 2

i

)
+ 2)⌉. (3.21)

where the +2 in Eq. (3.21) denotes the single NQ-string expression of itself and the ex-
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pression of N...NN that cannot be used in Ẽpq with p ̸= q. In the limit n ≫ m, the qubit

usage is of order O(m logn), which is the same as QEE with default encoding.

3.2.4 Generation of the Dictionary and the State Labeling

After the qubit number needed is calculated, the next step of the single NQ-string

labeling is generating the dictionary that gives each excitation operator a single NQ-string

expression. Following the discussion in 3.2.3.3, the task is equivalent to giving a single

NQ-string expression to then−1 excitation operators in the pool {Ẽ01, Ẽ02, Ẽ03..., Ẽ0,n−1}

under the constraint in section 3.2.3.2.

After giving the first element in the pool, Ẽ01, an arbitrary single NQ-string expres-

sion of length Nq, the pool can be generated iteratively by giving excitation operators

single NQ-string expressions and adding to the pool one by one. Every new excitation

operator to be added to the pool must have the single NQ-string expression that satisfies

the constraints.

After giving each excitation operator a single NQ-string expression, the final step

of the single NQ-string labeling is to label the states. In the VQE simulation for the

ground-state energy, the Hartree-Fock state is often picked as the reference state of the

parametrized wavefunction. The quantum register is usually initialized to |0⟩; therefore,

labeling the Hartree-Fock state to |0..000⟩ in the qubit space will be a convenient choice

since no extra gates are needed to prepare the reference state on quantum processors. With

the generated dicitonary of single NQ-string expressions for excitation operators, the la-

bels of other states can be determined.
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3.2.5 An example: A System with Six Spin-orbitals and Three Elec-

trons

In this section, an explicit sample will be given to demonstrate the procedure of the

single NQ-string labeling method. For the system with six spin-orbitals and three elec-

trons, the first step is calculating the qubit usage by Eq. (3.21):

Nq = ⌈log2
4∑

i=1

(
4

i

)
+ 2⌉

= 5.

(3.22)

The next step is to give each excitation operator in the pool {Ẽ01, Ẽ02, Ẽ03, Ẽ04, Ẽ05}

a single NQ-string expression. There are multiple choices of the expressions, here for

simplicity, we can assign



Ẽ01 : NNNNQ

Ẽ02 : NNNQN

Ẽ03 : NNQNN

Ẽ04 : NQNNN

Ẽ05 : QNNNN.

(3.23)

It is easy to check that the five excitation operators in the pool satisfy the constraint. That

is, any combinations of one, two, three, four, and five excitation operators in the pool do

not have the single NQ-string expression of N...NN .

As for the state labeling, we start by assigning the Hartree-Fock state |000111⟩ to

|00000⟩ in the qubit space, and then with the dictionary, we can label the states that can be

23

http://dx.doi.org/10.6342/NTU202401735


doi:10.6342/NTU202401735

transformed from |000111⟩ by a single excitation operator. For example, state |100110⟩

can be obtained by acting E50 on |000111⟩. As Ẽ50, which is the counterpart of E50 in the

qubit space, has the expression of QNNNN as shown in Eq. (3.23), we label fermionic

state |100110⟩ to qubit state |10000⟩ to satisfy the expression. Repeat the procedure until

all physical configurations are given labels, and then the labeling process is completed.

3.2.6 Number of Pauli Terms

In section 3.2.3.3, the qubit number needed for the single NQ-string labeling is cal-

culated as Eq. (3.21). Therefore, an excitation operator Ẽpq will be expanded to

2Nq = 2⌈log2 (
∑min{2m−1,n−2}

i=1 (n−2
i )+2)⌉ = O(

n2m−1

(2m− 1)!
) (3.24)

Pauli terms. The asymptotic number of Pauli terms using QEE with two labeling methods

are listed in Table 3.1. The number of Pauli terms is reduced by the (2m−1)!
m!(m−1)!

=
(
2m−1
m

)
multiplier, which is an exponential reduction with respect to the electron numberm. How-

ever, QEE works better in the case n ≫ m, and the n(2m−1) will dominate the number of

Pauli terms. Therefore the term reduction is limited asymptotically. For small systems,

the effectiveness of the term reduction may be more evident and will be shown in the next

chapter by running simulations of some diatomic molecules.

labeling method default single NQ-string
Pauli term number of

single excitation opertor O( n2m−1

(m−1)!m!
) O( n2m−1

(2m−1)!
)

Table 3.1: Order of the Pauli term number for single excitation operator using different
labeling method
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Chapter 4 Results

4.1 Number of Pauli Terms for Hamiltonian of Diatomic

Molecules

To test the effectiveness of Pauli-term reduction of single-NQ string labeling, ten

diatomic molecules are chosen for calculation, the results are shown in Table 4.1. All

the qubit Hamiltonians are generated in the Daubechies wavelet basis with active space

selection [24], and the total-spin-restricted case is considered. The interatomic distances

of the molecules are set to their equilibrium bond lengths. Note that the parity encoding

is performed with 2-qubit reduction because of the number conservation of spin-up and

spin-down electrons.

For the LiBr and BeO molecules, the qubit usage of QEE and the parity encoding is

the same, and the Pauli term number of parity is much less than that of QEE with both

default labeling and single NQ-string labeling. Therefore, systems with five spin-orbitals

and three electrons, as well as systemswith six spin-orbitals and three electrons for spin-up

and spin-down cases respectively are not suitable for the QEE scheme. The result meets

our expectations since for both cases the spin-orbitals are near half-filled.
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Molecule LiBr LiF SiSe GeO CO
Spin-orbitals (5,5) (6,6) (6,6) (6,6) (6,6)
Electrons (3,3) (2,2) (4,4) (4,4) (4,4)

Qubit usage (QEE default) 8 8 8 8 8
Number of Pauli terms

(QEE default) 8737 16128 15000 14952 15596

Qubit usage (QEE Single NQ) 8 8 8 8 8
Number of Pauli terms
(QEE Single NQ) 2792 4528 2226 2140 2736

Qubit usage (parity) 8 10 10 10 10
Number of Pauli terms

(parity) 400 935 883 871 831

Molecule BCl Br2 BeO BH Cl2
Spin-orbitals (6,6) (6,6) (6,6) (7,7) (7,7)
Electrons (4,4) (4,4) (3,3) (2,2) (5,5)

Qubit usage (QEE default) 8 8 10 10 10
Number of Pauli terms

(QEE default) 14912 16504 109067 225036 173064

Qubit usage (QEE Single NQ) 8 8 10 10 10
Number of Pauli terms
(QEE Single NQ) 1964 2888 8078 61214 43450

Qubit usage (parity) 10 10 10 12 12
Number of Pauli terms

(parity) 807 851 915 1982 1686

Table 4.1: Number of qubit usage and Pauli terms using QEE (default), QEE (single NQ)
and the parity encoding schemes for ten diatomic molecules. The ( , ) in the row ’spin-
orbitals’ and ’electrons’ denotes the number of spin-up and spin-down spin-orbitals and
electrons.
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For the other eight molecules in Table 4.1, two qubits can be reduced using QEE com-

pared to the parity encoding. Considering the computational time cost, systems that need

more than eight qubits will not be chosen to run simulations. Under this consideration,

systems with six spin-orbitals and two (or four) electrons for spin-up and spin-down cases

respectively, which need eight qubits for simulations, are the suitable choices. There are

six molecules in Table 4.1 with this size of spin-orbitals and electrons, and the Pauli terms

in the Hamiltonians of these molecules can be reduced at least by a factor of 3.5 (which

is the LiF case). Among the six molecules, the SiSe, GeO, and CO molecules are picked

to run VQE simulations as simulations on these three molecules with the parity encoding

are made in [24], and the results can be put in comparison.

4.2 VQE Simulation Results

For the VQE simulations, the hardware-efficient RealAmplitude ansatz circuit is

adopted. Take the eight-qubit system for example, in each layer of the ansatz circuit,

there is a layer of rotational-Y gates with tunable parameters θi acting on all qubits, then

followed by seven CNOT gates of the nearest neighbor. The circuit depth of the first layer

is eight, and the circuit depth will increase by three after a repeated layer is added, as gates

in adjacent layers on the circuit are arranged as shown in Figure 4.1. At the end of the

ansatz circuit, an extra layer of rotational-Y gates is added to each qubit and this causes

the circuit depth to increase by one. According to the discussion, the circuit depth for the

whole RealAmplitude ansatz of q qubits with repetition of layers r has the depth 3r+q−2,

and the number of tunable parameters is q ∗ (r + 1).
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Ry(θ0) • Ry(θ8) •

Ry(θ1) • Ry(θ9) •

Ry(θ2) • Ry(θ10) •

Ry(θ3) • Ry(θ11) •

Ry(θ4) • Ry(θ12) •

Ry(θ5) • Ry(θ13) •

Ry(θ6) • Ry(θ14) •

Ry(θ7) Ry(θ15)

Figure 4.1: Two layers of an eight-qubit RealAmplitude ansatz with reverse-linear entan-
glement pattern.

In the simulation of the 8-qubit system, the repetition of layers is set to 15 in order to

improve the expressibility of the ansatz states. The Hartree-Fock state, which is |0⟩⊗Q in

the qubit space for QEE with both labeling methods, is chosen as the reference state and

thus no extra single-qubit gate is needed to prepare the state. The initial parameters for

the rotational-Y gates in the ansatz circuit are set to random numbers that are uniformly

sampled in the interval [−0.1, 0.1].

The quantum circuit generations and the expectation value calculations are done on

the Qiskit platform. Especially, the expectation values are calculated by the noiseless

Qiskit Aer Estimator. The L-BFGS-B optimizer is chosen to minimize the expectation

value.
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4.2.1 QEE Default v.s. QEE Single NQ-string

For the three molecules, five interatomic distances around their equilibrium bond

length are picked to run a two-round VQE simulation, which is a method inspired by

[24]. In the first round, the initial parameters of the ansatz circuit for the five interatomic

distances are set to different random numbers sampled from the interval [−0.1, 0.1]. For

the second-round VQE, the initial parameters are set as the optimal parameters for the

point that the energy is closest to the exact energy in the first-round VQE.

The second-round VQE results of the potential energy surfaces and the energy errors

compared to the exact diagonalization results are shown in Figures 4.2, 4.3 and 4.4. Note

that for the simulations for the single NQ-string labeling, the two-round VQE is executed

once. While for the default labeling case, two-round VQE simulations are made four times

with different sets of the random initial parameters. The results presented in Figures 4.2,

4.3 and 4.4 are the results that obtain the smallest summations of errors of energies for the

five interatomic distances compared to the exact diagonalization results.

For the three molecules, the energy errors for both labeling methods are within the

chemical accuracy, which is 1kcal/mol. Also, it can be observed that the converged en-

ergies of QEE with the single NQ-string labeling are generally lower than those of QEE

with default labeling under the same settings of the initial ansatz circuits composed of 15

repeated layers.

For the Hamiltonian composed of more Pauli terms, the optimization for the param-

eters of the ansatz circuits may be more difficult. As the expectation values are calculated
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Molecule
Method QEE Single NQ QEE Default

CO 6769 + 4149 48981 + 25706
GeO 3564 + 5187 24171 + 22158
SiSe 8321 + 3982 20143 + 16752

Table 4.2: The optimization time (in second) of two-round VQE simulations for three
molecules with two labeling methods for QEE.

by
∑

i ci⟨Ψ(θ)|Pi |Ψ(θ)⟩, the adjustments on parameters will be affected by more terms

in the summation in the optimization process. This may explain why the results of the

converged energies obtained by the single NQ-string labeling are better than those by the

default labeling.

It is expected that the optimization time using the single NQ-string labeling will be

less than that of the default labeling because of the Pauli-term reduction in the qubit Hamil-

tonian. The results of optimization time for the two-round VQE are shown in Table 4.2.

Note that the VQE with five different interatomic distances are run simultaneously, there-

fore the overall optimization time is determined by the longest time among the runtimes

of the five points.

For the default labeling case, if one wants to obtain a similar accuracy to the single

NQ-string labeling case, the number of repeated layers in ansatz circuits may need to

increase and the time costs for the optimization process will even increase.

From the above results, QEE with the single NQ-string labeling can achieve better

energies in shorter times than the correspondent QEE with the default labeling. Therefore,

for a system that has an active space with six spin-orbitals and two (or four) electrons, the

single NQ-string labeling is the preferred labeling method for QEE in VQE simulations.
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Figure 4.2: (a) Potential energy curves and (b) energy errors of CO molecule with two
labeling methods. The dashed red line in (b) is the line denoting the chemical accuracy, 1
kcal/mol.
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Figure 4.3: (a) Potential energy curves and (b) energy errors of GeO molecule with two
labeling methods. The dashed red line in (b) is the line denoting the chemical accuracy, 1
kcal/mol.
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Figure 4.4: (a) Potential energy curves and (b) energy errors of SiSe molecule with two
labeling methods. The dashed red line in (b) is the line denoting the chemical accuracy, 1
kcal/mol.
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4.2.2 QEE Single NQ-string v.s. Parity

Besides the ground-state energy, the harmonic vibrational frequency is also an im-

portant physical quantity. With five data points near the equilibrium bond length, the har-

monic vibrational frequency can be obtained by quadratic curve-fitting on the data points.

Unlike the energy simulation, to get accurate vibrational frequencies, all data points should

have similar energy accuracies, and this is the reason why the two-round VQE method is

taken. With the same initial parameters that are good enough to capture the ground state

near the equilibrium bond length, for the second-round VQE it is believed that all data

points will reach similar accuracy.

In this section, the results of harmonic vibrational frequencies using QEE with the

single NQ-string labeling are compared with the results of [24] as shown in Table 4.3. The

errors compared to the exact diagonalization results for the three molecules using QEE

with the single NQ-string labeling are much larger than those of the simulation results

using the parity encoding. Trying to obtain better accuracies for the harmonic vibrational

frequencies, besides adjusting the number of repeated layers of the ansatz or the settings

for optimization such as the type of optimizers, there is another way to explore only when

the single NQ-string labeling for QEE is adopted, which is the degree of freedom of the

qubit Hamiltonian. The following discussion is about how to make use of this degree of

freedom.

In the above VQE simulations using QEE with the single NQ-string labeling, a fixed

pool of the excitation operators is used, and the single NQ-string expressions of the exci-
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Molecule
Method QEE Single NQ Parity Exact

CO 2219.31 (-0.97%) 2249.18 (0.31%) 2242.16
GeO 1065.00 (6.53%) 1012.25 (1.26%) 999.63
SiSe 567.28 (-4.21%) 584.19 (-1.36%) 592.24

Table 4.3: Harmonic vibrational frequencies (in cm−1) for three molecules for QEE with
the single NQ-string labeling and the parity encoding. The percentages in parentheses are
the relative errors compared to the exact diagonalization results.

tation operators in the pool are as follows:



Ẽ01 : NNNQ

Ẽ02 : NNQN

Ẽ03 : NQNN

Ẽ04 : QNNN

Ẽ05 : QQQQ.

(4.1)

The single NQ-string expressions satisfy the constraint mentioned in section 3.2.3.2

since any combinations of one, two, three, and four excitation operators in the pool will

not have the expression ofN...NN . In fact, the choice of the single NQ-string expressions

can be arbitrary as long as the constraint is satisfied.

Following this point, a slight change in the two-round VQE procedure is made. Be-

sides the different random initial parameters sampled from the interval [−0.1, 0.1], the

Hamiltonians in the first-round VQE are generated with different random expressions for

five interatomic distances. Then in the second round of VQE simulations, the Hamilto-

nians and initial parameters of the five data points are set the same as the Hamiltonian

and optimal parameters that obtain the closest energy to the exact diagonalization result
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Molecule
Method QEE Single NQ (random H.) Parity Exact

CO 2242.48 (0.01%) 2249.18 (0.31%) 2242.16
GeO 1011.35 (1.17%) 1012.25 (1.26%) 999.63
SiSe 602.07 (1.66%) 584.19 (-1.36%) 592.24

Table 4.4: Harmonic vibrational frequencies (in cm−1) for three molecules for QEE with
the single NQ-string labeling (with random Hamiltonian) and the parity encoding. The
percentages in parentheses are the relative errors compared to the exact diagonalization
results.

among the data points in the first round. In this setting of random initial Hamiltonian, the

results are shown in Table 4.4. With the random Hamiltonian setting, results of similar or

even better precision compared to the results of the parity encoding can be obtained.

There may be Hamiltonian that the true ground state is easier to be approached with

certain internal structures of ansatz circuits. In other words, for the RealAmplitude ansatz

with inverse linear entanglement pattern which is used for simulations in this thesis, there

may exist a Hamiltonian that its true ground state can be easily approached by this ansatz

in the optimization procedure. This could be the reason why after the degree of freedom

of the initial Hamiltonian is added, better results are obtained in VQE simulations for the

three molecules.

For simulations using the parity encoding, ten qubits are used and the number of

repeated layers of RealAmplitude ansatz is 25 or 30, compared to eight qubits and 15

repeated layers that are used in simulations of QEE with the single NQ-string labeling.

With fewer qubits, and shallower circuit depth to get the results with similar precision,

QEE with the single NQ-string labeling is a preferred choice over the parity encoding.
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Chapter 5 Conclusion

For systems with n spin-orbitals and m electrons, the qubit usage for VQE simu-

lations can be reduced to O(m logn) using the qubit-efficient encoding. However, the

large number of Pauli terms in the QEE qubit Hamiltonian increases the computational

resources and time costs for simulations. Trying to relieve the problem, an alternative

labeling method for QEE, the single NQ-string labeling, is proposed in this thesis. By

requiring that all excitation operators be the expression of a single NQ-string, a qubit

Hamiltonian can be constructed with the same order of qubit usage, O(m logn) as the de-

fault labeling method in QEE. At the same time, there is an exponential reduction of Pauli

terms with respect to the electron numberm. However, the effect of reducing the number

of Pauli terms using the single NQ-string labeling is limited asymptotically as QEE works

better in the n ≫ m case.

To test the effectiveness of the single NQ-string labeling for smaller systems, three

diatomic molecules in the Daubechies wavelet basis set with active space selection are

chosen to run VQE simulations. For the three molecules, there are six spin-orbitals and

four electrons for both spin-up and spin-down cases, and therefore eight qubits are needed

for simulations. Desirable results about the ground-state energies and the harmonic vibra-
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tional frequencies can be obtained by the two-round VQE procedure with random initial

Hamiltonian. Moreover, the quantum resources and optimization time costs are reduced

compared to the existing encoding methods.
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