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摘摘摘要要要

加權自動機是一種可以用來模塑許多系統, 非常廣泛的數學模型. 在不同的研究領

域裡它有不一樣的名字, 例如機率有限自動機 (probabilistic finite automata, PFA)

和隱藏式馬可夫模型 (hidden Markov model, HMM) 等等. 這些模型在很多研究

領域裡皆具極為重要的地位, 例如機器學習 (machine learning), 語音處理 (speech

processing), 圖像辨認 (pattern recognition), 語言塑模 (language modeling), 生物

資訊 (bioinformatics), 電路測試 (circuit testing), 影像處理 (image processing) 及

時間序列分析 (time series analysis). 因為加權自動機有著非常多的應用領域, 故只

要有些微的理論突破或改進, 影響便非常深遠. 在本篇論文中, 藉由探討加權自動

機中權重的代數性質及其拓撲結構, 我們引進了重新分佈權重的概念. 我們並將

最短路徑問題 (shortest-path problem) 加以推廣, 使其定義於各路徑之最大下界

(infimum) 之上, 同時給出一有效之演算法解決之. 我們提出之演算法不僅是本篇

論文中縮小自動機的方法核心, 也能應用於辨別整數自動機 (Z-automata) 的等價

性. 我們的方法能有效的縮小自動機, 對於之前文獻中的方法有十分顯著的改進.
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Abstract

Weighted Finite Automata represent a very general model which has many different

names such as probabilistic finite automata (PFA), hidden Markov models (HMM),

stochastic regular grammars, Markov chains and n-grams. These models play central

roles in many domains such as machine learning, speech processing, computational

linguistics, pattern recognition, language modeling, bioinformatics, music modeling,

circuit testing, image processing, path query and time series analysis. The huge num-

ber of applications makes weighted finite automata a very valuable research topic:

Even a very small breakthrough or improvement would benefit lots of domains. In

this thesis, we introduce the notion of “weight redistribution” by investigating the

algebraic properties along with the graphical structure inside weighted finite au-

tomata. We also generalize the concept of shortest-path problem to finding infimum

along every paths and give an effcient algorithm to solve it. Our algorithm to com-

pute “weight redistribution” not only plays the central role in our minimization

algorithm, but also is applicable on determining the equivalence Z-automata. We

also give two new algorithms to shrink the state space. These algorithms outperform

pervious results.
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Chapter 1

Introduction

Weighted finite automata is a generalization to the standard finite automata by

associating weights on transitions. The weights can be defined over every semirings

and hence a weighted finite automaton maps strings to some semiring. Note that a

standard finite automaton usually maps strings to {0, 1}.

Weighted finite automata have many specializations such as probabilistic finite

automata (PFA) [2], hidden Markov models (HMM) [3], stochastic regular grammars

[4], Markov chains [5] and n-grams [6]. Although names and definitions are varying,

they are indeed equivalent to or special cases of weighted finite automata. These

models are very important and are central topics in corresponding domains such

as machine learning, speech processing, computational linguistics, pattern recog-

nition, language modeling, bioinformatics, music modeling, circuit testing, image

processing, path query, time series analysis and many more [1]. The huge number

of applications makes weighted finite automata a very valuable research topic: Even

a very small breakthrough or improvement would benefit lots of domains.
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Among several main topics on weighted finite automata like augmenting the

expressive power, determinizations or reducing nondeterminisms, one is on how to

reducing the size of weighted finite automata. In many applications the state space

can grow upto 1010 and make these applications impractical. So it is very important

to shrinking the size of weighted finite automata while retaining some kinds of

behaviors. One of the most common and practical objective function is the state

space. Although sometimes we may more care about transitions, in most situations

the state space is of main concern.

It is usually possible to find the minimal form of a deterministic (weighted) finite

automaton efficiently [8, 7] while in most cases of nondeterministic (weighted) finite

automata, finding a minimal form, that is, an equivalent automaton with minimum

states, is P-SPACE hard [9]. Even that a unique minimal form can not be assured.

There are many researchs of minimizing standard deterministic finite automata

[8, 7, 10], deterministic weighted finite automata [11] and deterministic finite trans-

ducers [12, 13]. Almost all of the algorithms regarding to these deterministic au-

tomata run in O(N3) while others have their speciality like Brozozowski’s algorithm

which requires exponential time.

The best known result of minimizing deterministic finite automata is perhaps

Hopcroft’s O(N lg N) algorithm. Like most of the other algorithms, it utilizes the

partition refinement technique. Although it can be applied to nondeterministic finite

automata to help shrinking the state space while preserving the same language, the

minimality can not be retained.

Mohri’s method generalizes the idea of the partition refinement technique from

2



standard deterministic finite automata to deterministic weighted finite automata

defined over tropical semirings and finite transducers [12]. In Mohri’s algorithm the

weights are treated as labels. In his works the researchs and results are mostly about

deterministic automata. The nondeterministic ones are seldom touched.

In Mohri’s algoirthm, there are some constraints to the semiring residing in

the weighted finite automata. Eisner generalized and formalized the requirements

of minimizing deterministic weighted finite automata and showed that the unique

minimal form exists only if a greedy factorization of the underlying semiring is pos-

sible [11]. In a few words, a division semiring, namely a skew field, is needed by

Eisner’s algorithm. To be more precise, the requirements are put on the mulplica-

tive monoids inside the semirings. Though that Eisner’s algorithm is applicable to

deterministic weighted finite automata over any semiring, the minimality can not

be assured without those constraints.

K-Quotient is another notion to shrink the state space of weighted finite au-

tomata and is applicable on all semirings. It is also a generalization to Hopcroft’s

algorithm. It makes different uses of the algebraic structure underlying the weighted

finite automata to Mohri’s algorithm as explained in Chapter 4.

Due to the hardness of finding minimal forms of nondeterministic finite automata,

many researchs focused on the heuristics of shrinking the state space [14]. Most of

them exploit the behavioral similarities among states to merge redundant states.

Among the most famous methods are bisimulation minimization [14, 15] and simu-

lation minimization [14, 17].

The weighted cases are slightly different. In fact, the minimal form of Z-
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automata, i.e. the weighted finite automata over semiring (Z, +, ∗, 0, 1), can be

found in polynomial time. But given a weighted finite automata over tropical semir-

ing, that is (R ∪∞,min, +,∞, 0), also known as min-plus algebra, the problem is

undecidable [16]. In general, the problem on finding minimal forms is hard so we

must consider some heuristic approaches.

Bisimulation relation can also be defined over weighted finite automata [15].

The simulation relation, on the other hand, can be ambiguous over weighted finite

automata because the computation of weighted finite automata consists of summing

up weights associated by every paths rather than just consider the reachability as

in the case of standard finite automata. The best results on minimizing general

weighted finite automata to our knowledge is based on bisimulation minimization.

In this work, we introduce the notion of “weight redistribution” by investigating

the algebraic properties along with the graphical structures inside weighted finite

automata. We generalize the concept of shortest-path problem to finding infimum

along every paths and give an effcient algorithm to solve it. Our algorithm to

compute “weight redistribution” not only plays the central role in our minimization

algorithm, but also is applicable on determining the equivalence Z-automata. We

give two new algorithms to shrink the state space. These algorithms outperform

pervious results. Our algorithms is also a generalization of the algorithm in [12]

which can minimize deterministic finite transducers because finite transducers are

special cases of weighted finite automata as explained in the next chapter. Although

Eisner generalized Mohri’s works about tropical semirings in [13] to that in [11]

which is not a special case of ours, our algorithms are applicable on quite different

4



Table 1.1: Comparison of different minimization algorithms.

algorithms applicable domains

Mohri’s deterministic finite transducers

weighted finite automata over tropical semirings

Eisner’s deterministic weighted finite automata over division semirings

K-Quotient weighted finite automata over all kinds of semirings

Ours weighted finite automata with ⊗ cancellative and pure

kind of semirings to Eisner’s. The comparison of our work and previous works is

summarized in table 1.1.

In Chapter 2, we review some definitions on finite automata, weighted finite

automata and finite transducers.

In Chapter 3, we firstly set up the algebraic structure needed by our study then

introduce the concept of “weight pushing”. A weight-pushing based algorithm for

computing “weight redistribution” is given for illustrating the concepts of weight

redistribution and for comparison. This algorithm is powerful and not too slow in

usual cases. An efficient algorithm is presented in the end of this chapter.

In Chapter 4, we study the notion of Nerode quotient to minimize the weighted

finite autoata. We describe the structure which can be exploited to further shrink

the state space and combine the results in Chapter 3 to deliver an efficient and

powerful minimization algorithm. We conclude that our algorithm can be applied

in the other direction of transitions at the end of chapter 4.

In Chapter 5, we give some experimental results to show that our algorithms are

5



much better.

In Chapter 6, we conclude our works and mention several possible future works.
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Chapter 2

Preliminaries

2.1 Finite Automata

Let Σ be a finite alphabet and Σ∗ the set of all strings that can be obtained from Σ

including the empty string ε. A language is a subset of Σ∗.

By convention, symbols in Σ are denoted by letters from the beginning of the

alphabet {a, b, c, ...} and strings in Σ∗ are denoted by the end of the alphabet letters

{..., x, y, z}. The length of a string x ∈ Σ∗ is written in |x|. The set of all strings of

length n is denoted by Σn.

Definition 1. A deterministic finite automaton D, abbreviated as DFA, is a five-

tuple (Q, Σ, T, q0, F ):

• Q is a finite set of states.

• Σ is the input alphabet.

• T ∈ Q × Σ × Q is the transition function.
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• q0 is the initial state.

• F ⊂ Q is the set of final states.

A transition t = (p, a, q) ∈ T can be interpreted as that on input a the current

state goes from p to q. We write src(t) := p, dst(t) := q, label(t) := a, given

t = (p, a, q).

T is often defined equivalently:

• δ : Q × Σ → Q is the transition function.

where δ(p, a) = q means that, on input a the current state can go from p to q. So

given p, q ∈ Q, a ∈ Σ, (p, a, q) ∈ T if and only if δ(p, a) = q. When the transition

function δ is total, the automaton is said to be complete.

The extended transition function δ̂ : Q × Σ∗ → Q is recursively defined in this

way: 
δ̂(q, ε) = q

δ̂(q, xa) = δ(δ̂(q, x), a)

So δ̂(q, w) = p means that given q as current state, after reading w, it goes to p.

A state p ∈ Q is said to be accessible if ∃w ∈ Σ∗ ⇒ δ̂(q0, w) = p. A state p ∈ Q

is said to be co-accessible if ∃w ∈ Σ∗, f ∈ F → δ̂(p, w) = f .

The language L(D) accepted by D is the set of all strings w ∈ Σ∗ such that

δ̂(q0, w) ∈ F . Two DFA D and D′ are equivalent if and only if L(D) = L(D′). A

DFA is called minimal if there is no other equivalent DFA with fewer states. States

p, q ∈ Q are said to be equivalent, denoted as p ≈ q, if and only if ∀w ∈ Σ∗, δ̂(p, w) ∈

F ⇔ δ̂(q, w) ∈ F . The equivalent automaton D/ ≈ is called quotient of D. States

8



in D/ ≈ are correspond to the equivalence classes induced by ≈. D/ ≈ is proved

minimal and unique up to graph isomorphism.

A deterministic finite automaton D can be seen as a function that D : strings →

{0, 1}.

Definition 2. A nondeterministic finite automaton N , abbreviated as NFA, is a

five-tuple (Q, Σ, T, I, F ):

• Q is a finite set of states.

• Σ is the input alphabet.

• T ∈ Q × Σ × Q is the transition function.

• I ⊂ Q is the set of initial states.

• F ⊂ Q is the set of final states.

A transition t = (p, a, q) ∈ T can be interpreted as that on input a the current

state goes from p to q. We write src(t) := p, dst(t) := q, label(t) := a, given

t = (p, a, q).

Since N is nondeterministic, T is often defined equivalently:

• δ : 2Q × Σ → 2Q is the transition function.

where q ∈ δ(p, a) means that on input a the current state can go from p to q. So

given p, q ∈ Q, a ∈ Σ, (p, a, q) ∈ T if and only if q ∈ δ(p, a).

The extended transition function δ̂ : 2Q × Σ∗ → 2Q is recursively defined in this

way: 
δ̂(q, ε) = q

δ̂(S, xa) = δ(δ̂(S, x), a)

9



The language L(N) accepted by N is the set of all strings w ∈ Σ∗ such that

δ̂(I, w) ∩ F 6= ∅. Two DFA N and N ′ are equivalent if and only if L(N) = L(N ′).

A NFA is called minimal if there is no other equivalent NFA with fewer states.

States p, q ∈ Q are said to be equivalent, denoted as p ≈ q, if and only if ∀w ∈ Σ∗,

r ∈ δ̂(p, w), r ∈ F ⇒ ∃s ∈ δ̂(q, w), s ∈ F and s ∈ δ̂(q, w), s ∈ F ⇒ ∃r ∈ δ̂(p, w), r ∈

F . The equivalent automaton D/ ≈ is called quotient of N . States in N/ ≈ are

correspond to the equivalence classes induced by ≈. D/ ≈ is not necessary minimal

and unique up to graph isomorphism.

All language accpeted by a NFA can also be accepted by a DFA. A language is

regular if and only if it can be accpeted by a DFA or NFA.

A nondeterministic finite automaton N can be seen as a function that N :

strings → {0, 1}.

2.2 Weighted Finite Automata

Definition 3. A semiring (K,⊕,⊗, 0̄, 1̄) is a set K with binary operations ⊕ and

⊗ defined over K such that the following axioms are satisfied:

• ⊕,⊗ are associative.

• ⊕ is commutative.

• ⊗ distributes over ⊕.

• 0̄ is the additive identity.

• 1̄ is the multiplicative identity.

10



• 0̄ 6= 1̄.

• ∀k ∈ K, k ⊗ 0̄ = 0̄ ⊗ k = 0̄.

For example, (N, +, ∗, 0, 1) and (R ∪∞, min, +,∞, 0) are semirings.

Since the deterministic automata are special cases of nondeterministic ones, the

automata we defined in the sequel are assumed to be nondeterministic unless spec-

ified.

Definition 4. A weighted finite automaton M , abbreviated as WFA, is a six-tuple

(K,Q, Σ, T, initial, final):

• Weights are defined over K.

• Q is a finite set of states.

• Σ is the input alphabet.

• T ∈ Q × Σ × K × Q is the transition function.

• initial : Q → K specifying the initial weights.

• final : Q → K specifying the final weights.

A transition t = (p, q, a, w) ∈ T can be interpreted as that on input a the current

state goes from p to q while emitting weight w. We write weight(t) := w, src(t) :=

p, dst(t) := q, label(t) := a given t = (p, q, a, w).

A path π in M is a sequence of consecutive transitions t1t2...tn with dst(ti) =

src(ti+1) for i = 1, 2, ..., n − 1. We define the label of π, denoted by label(π), by

11



label(π) := label(t1)label(t2)...label(tn). The weight associated by π, denoted by

weight(π), is defined by:

weight(π) := initial(src(t1))⊗weight(t1)⊗weight(t2)⊗...⊗weight(tn)⊗final(dst(tn)).

The weight associated by a string x is defined by:

weight(x) :=
⊕

π:label(π)=x

weight(π).

A weighted finite automaton M can be seen as a function that M : strings → K.

The weighted finite automaton in figure 2.1 computes the numerical values of the

binary representations if we consider b as 1 and a as 0. For example, a input string

“babb” can be parsed by following ways:

babb ⇒ 1 × 2 × 2 × 2 = 8

babb ⇒ 1 × 1 × 1 × 2 = 2

babb ⇒ 1 × 1 × 1 × 1 = 1

babb ⇒ 11

0b1011 = 11

We can get the value of “babb” by summing up every values associated by every

pathes.

Two weighted finite automata are equivalent if they associate the same weight

to each input string. The distribution of the weights among paths need not to be

the same; Only the ⊕ sum is required to be the same.

12



Figure 2.1: A WFA computing numerical values of binary representations.

2.3 Finite State Transducer

Definition 5. A nondeterministic finite transducer X, abbreviated as NFT, is a

six-tuple (Q, Σ, ∆, T, I, F ):

• Q is a finite set of states.

• Σ is the input alphabet.

• ∆ is the output alphabet.

• T ∈ Q × Σ × ∆ × Q is the transition function.

• I ⊂ Q is the set of initial states.

• F ⊂ Q is the set of final states.

A transition t = (p, a, b, q) ∈ T can be interpreted as that on input a the current

state goes from p to q while outputing b. We write src(t) := p, dst(t) := q, label(t) :=

a, output(t) := b, given t = (p, a, b, q).

A finite transducer X can be seen as a function that X : strings → strings.

13



In fact, a finite transducer X is also a weight finite automata M . With semiring

(strings, union, concatenation, ∅, ε), we can regard ∆ of TX of X as K of TM of M .
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Chapter 3

Weight Redistribution

Weight redistribution is an operation which is language preserving, or equally, re-

alize the same series on weighted finite automata and finite transducers. It only

redistribute weights to edges; Neither it modifies the structure of the underlying

directed graph nor alphabetical labels on transitions. After applying weight redis-

tribution, the final weights and the weights of outgoing transitions are pushed into

initial weights and the weights of incoming transitions as much as possible.

Our weight redistribution algorithm is not only useful on minimizing weighted

automata in the next chapter but also effective on determining the equivalence

of deterministic transducers [12] and equivalence of z-automata [18]. In fact, the

algorithm proposed in [12] is a special case of our weight redistribution algorithm.

Our algorithm can be applied on automata with weights in semirings on which the

greatest common divisors are properly defined. These semirings are, to just name a

few, (Z+, ∗, +, 1, 0), (N, +,min,∞, 1) and (A∗, concatenation, union, ∅, ε).

In this chapter, we’ll firstly set up the requirements of the underlying algebraic
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structure. The requirements are different to all the previous works. That is, we are

dealing with different weight types compared to previous works. In fact, the targets

of our study are weighted finite automata whose weights are over semirings on which

the greatest common divisors are well defined.

After setting up the neccessary mathematical requirements, we’ll introduce weight

pushing on individual states. Then, we give a weight-pushing based algorithm which

redistributes weights by iteratively apply weight pushing on all states in an automa-

ton. We claim that this weight-pushing based algorithm will eventually halts by

showing that the automaton finally goes stable.

The weight-pushing based algorithm performs quite well although in some cases

it can be very inefficient. We propose an efficient algorithm which reduces the prob-

lem into a generalized shortest-path problem and computes the stablized structure

directly. Also this algorithm is better than the weight-pushing based algorithm in

terms of state space when they are used in next chapter.

3.1 Requirements of the Algebraic Structure

The targeting automata are weighted finite automata whose weights are over semir-

ings on which the greatest common divisors are well defined. To be more precise,

the requirements are put on the ⊗ operators, that is, on the monoids which is the

one that is not neccessary communicative inside the semirings.

In this section we’ll first review some necessary materials in abstract algebra,

then to describe formally the requirements on the targeting automata.

Let’s state a few well known definitions and propertes without proofs. We assume
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that a monoid M denoted as (M,⊗, 1̄) is given.

Proposition 1. ∀a ∈ M , there is at most one solution x to

a ⊗ x = x ⊗ a = 1̄

where x ∈ M .

Definition 6. a ∈ M is invertible if there exist x such that a⊗ x = x ⊗ a = 1̄. We

denote x by a−1 and call it the inverse of a. The set of all invertible elements in M

is denoted by Inv(M).

Definition 7. M is a pure monoid if and only if Inv(M) = {1̄}

That is, none of the elements in M is invertible except 1̄. For example, (N, ∗, 1)

and (N, +, 0) are pure but (Z, +, 0 and (Q, ∗, 1) are not.

Definition 8. Given a, b ∈ M . a is a divisor of b and b is a multiple of a if

a ⊗ x = b

for some x ∈ M , and we write a div b. We define operator ® by

b ® x = a

Definition 9. For a given subset S of M , we define the set of all common divisors

of S by

cd of(S) = {a ∈ M |∀b ∈ S, a div b}

and the set of all common multiples of S by

cm of(S) = {b ∈ M |∀a ∈ S, a div b}
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By this definition, obviously 1̄ ∈ cd of(S), ∀S ⊂ M .

Proposition 2. The relation div in M is reflexive and transitive. If M is cancella-

tive and pure then div is also antisymmetric and hence a partial order.

Definition 10. Assume that M is cancellative and pure, so that div is an order in

M. p ∈ M is called a prime element if

∀a ∈ M,a div p ⇒ a = 1̄ or a = p.

In other words, a prime element p is a minimal element of M\{1̄} relative to div.

The set of all prime elements of M is denoted by Prime(M).

Now we are prepared to define the greatest common divisor and smallest common

multiple.

Definition 11. Let M a cancellative and pure monoid and S ⊂ M . If S has an

infimum relative to div, we call this infimum the greatest common divisor of S and

denote it by gcd of(S). If S has an supremum relative to div, we call this supreimum

the smallest common multiple of S and denote it by lcm of(S).

Or, equivalently, we can put the constraints on a semiring on which the weights

in a weighted automaton defined as following.

Corollary 1. In semiring (K,⊗,⊕, 1̄, 0̄), The greatest common divisors and small-

est common multiple can be defined over ⊗ if and only if (K,⊗, 1̄) is pure and

cancellative.
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Figure 3.1: An example of weight pushing on (N, ∗, +, 1, 0).

3.2 Weight Pushing

Weight pushing is an operation which intuitively pushes the weights of some state’s

outgoing transitions into its incoming transitions. Less formally, on state p we push

weights of its outgoing transitions into its incoming transitions by dividing (the

weights of) all outgoing transitions by some of their common divisors d and then

multiply all the incoming edges by d. We assume d is the greatest common divisor

in the sequel.

In figure 3.1, for example, the weights of p’s outgoing transitions are pushed into

incoming transitions. In this example the weights of transitions are in (N, ∗, +, 1, 0).

After introducing weight pushing, we are ready to give a weight-pushing based

algorithm for redistributing weights from final weights into initial weights. Without

loss of generality, we assume the automata are all trimed, namely, all of the states
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are accessible and co-accessible.

As in algorithm Weight-Redistribution-By-Pushing, weights of transitions

of each state are iteratively pushed until the structure becomes stable. Note that

we consider initial weights and final weights as incoming and outgoing transitions

respectively and just ignore self-loops since it won’t be modified during weight push-

ing.

Although it is not obvious, algorithm Weight-Redistribution-By-Pushing

always halts.

Theorem 1. Algorithm Weight-Redistribution-By-Pushing always halts.

Proof. Since there are no isolated states, that is, all states are accessable and co-

accessable by assumption, each weight pushing operation eventually consumes some

of the final weights. There exist no chains of weight pushing which consume no final

weights unless some states in the chain are not reaching final states that is ruled out

by our assumption.

Also that the final weights are finite, eventually they are run out and algorithm

Weight-Redistribution-By-Pushing halts.

Though that this weight-pushing based algorithm works, it is indeed very ineffi-

cient. There are cases that make this weight-pushing based algorithm very slow. In

figure 3.3, there can be only 2 to push in each pass because the weight of transition

from p to q is only 2, hence in this example it requires n passes to go stable.
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Algorithm Weights-Redistribution-By-Pushing

1: repeat

2: for all states p do

3: gcd ← 0

4: for all weight w of outgoing transition t of p do

5: gcd ← gcd of(gcd, w)

6: end for

7: for all weight w of outgoing transition t of p do

8: w ← w ® gcd

9: end for

10: for all weight w of incoming transition t of p do

11: w ← w ⊗ gcd

12: end for

13: end for

14: until there are no states to push any more.

Figure 3.2: A weight-pushing based weight redistribution algorithm.
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Figure 3.3: A bad case to the weight-pushing based algorithm.
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3.3 An Efficient Algorithm

As the readers may notice, in the weight-pushing based algorithm, every transitions

with the same destinations are multiplied by the same set of elements. Symmetri-

cally, every transitions with the same sources are divided by the same set of elements.

Instead of weight pushing on each single state, the weight redistribution can thus be

rediscribed by assigning each state a potential weight then multiply and divide each

transition by the potential weight of its destination and source respectively. There’s

no difference between redistributing weights of an automaton by the weight-pushing

based algorithm and by multiplying and dividing by the corresponding potential

weights.

To realize the concept, algorithm Weight-Redistribution-Efficiently re-

distributes weights by changing the weights of each transition directly. It relies on

the potential function d() to calculate the new weights.

Now the problem is how we get d(). There is clearly a candidate to compute the

potential function d(): algorithm Weight-Redistribution-By-Pushing During

each iteration of the weight-pushing based algorithm, the greatest common divisor

of the weights of the outgoing transitions of state p is pushed into the incoming

transitions of p. We can accumulate all the weights pushed through each state p to

be the potential weight on p. This is, of course, still very inefficient due to algorithm

Weight-Redistribution-By-Pushing.

Here we propose in figure 3.5 an efficient algorithm which computes the potential

weights directly rather than computing by the weight-pushing based algorithm.

In algorithm Generalized-Floyd-Warshall, Dk
ij means the greatest com-
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Algorithm Weights-Redistribution-Efficiently

Require: A be the input automaton

Ensure: B be the automaton after weight redistribution

1: B ← A

2: for all p ∈ S do

3: for all q ∈ S do

4: W [p, q] ← ∞

5: for all t ∈ T do

6: W [p, q] ← gcd of(W [p, q], weight(t))

7: end for

8: end for

9: end for

10: d ← compute potential function(W )

11: for all weight w of transitions t in B do

12: w ← (w ⊗ d(dst(t), f)) ® d(src(t), f)

13: end for

14: return B

Figure 3.4: A weight redistributing algorithm by setting potentials.
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Algorithm Generalized-Floyd-Warshall

Require: W be the input transition matrix, F be the final weights.

Ensure: d be the generalized shortest distance function

1: m ← # rows in W

2: for i = 1 to m do

3: W [i, m + 1] ← F [i]

4: W [m + 1, i] ← 1̄

5: end for

6: n ← m + 1

7: D0 ← W

8: for k ← 1 to m do

9: for i ← 1 to n do

10: for j ← 1 to n do

11: Dk
ij ← gcd of(Dk−1

ij , Dk−1
ik ⊗ Dk−1

kj )

12: end for

13: end for

14: end for

15: Let d(i) denotes Dn
in

16: return d

Figure 3.5: Compute the potential function by generalizing the Floyd-Warshall al-

gorithm.
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mon divisor among pathes from state i to state j for which all intermediate states

are in the set {1, 2, ..., k}. When k = 0, a path from i to j with no intermediate state

numbered higher than 0 has no intermediate states at all. Such a path has at most

one transition, and hence D0
ij = w(i → j). Combined with the above discussion, we

have Dk
ij recursively:

Dk
ij =


w(i → j), if k = 0

gcd of(Dk−1
ij , Dk−1

ik ⊗ Dk−1
kj ), if k > 0

Because for any path, all intermediate states are in the set {1, 2, ..., n}, the matrix

Dn gives the final answer: Dn
in = d(i), ∀i ∈ S. So we are able to obtain the following

lemma.

Lemma 1. In an weighted automaton M = (K,Q, T, Σ, I, F ), ∀p ∈ Q, algorithm

Generalized-Floyd-Warshall computes d(.) such that

d(p) = gcd of(w(y) : y is a successful path starting from p.)

Or equivalently,

d(p) = gcd of(d(dst(t)) ⊗ w(t)),∀t ∈ out(p)

From another point of view, this algorithm works because, like min(.) defined on

+ in the classical Floyd-Warshall algorithm, gcd of(.) defined on ⊗ is also an order

which is required by the recursive definition of Dk. In other words, they all com-

putes the common infimum, namely, the greatest common lower bound. The only

difference between classical Floyd-Warshall algorithm and algorithm Generalized-

Floyd-Warshall is, in the classical Floyd-Warshall algorithm:

Dk
ij ← min(Dk−1

ij , Dk−1
ik + Dk−1

kj )
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and, in algorithm Generalized-Floyd-Warshall:

Dk
ij ← gcd of(Dk−1

ij , Dk−1
ik ⊗ Dk−1

kj )

It is easy to see that the min() is replaced by gcd of() and + is replaced by ⊗. In

fact, algorithm Generalized-Floyd-Warshall generalize the classical Floyd-

Warshall algorithm by solving the generalized shortest path problem. If we special-

ize algorithm Generalized-Floyd-Warshall on the semiring (N, +,min, 0,∞),

it is exactly the same with the classical Floyd-Warshall algorithm where gcd of de-

generates to min.

In (N, ∗, +, 1, 0), for example, we can express each number by products of powers

of primes in vectors. For instance, 84 = 22 ∗31 ∗50 ∗71 and vector v84 =< 2, 1, 0, 1 >.

By define min() on two vector v and u by

min(v, u) =< min(v1, u1), ...,min(vi, ui), ...,min(vn, un) > .

we can write g.c.d. by gcd of(m,n) = min(vm, vn).

Although in the beginning our goal is to find efficient alternitives to the weight-

pushing based algorithm, this algorithm does do more than the weight-pushing based

algorithm. It compute the greatest common divisors of the weights associated by all

possible successful pathes rather than just outgoing transitions as in the later case.

Theorem 2. On weighted automata whose weights are semirings on which great-

est common divisors are properly defined, algorithm Weights-Redistribution-

Efficiently which uses algorithm Generalized-Floyd-Warshall redistributes

weights such that the greatest common divisors of weights associated by all possible

successful path starting from each states are 1̄.
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Also that algorithm Weights-Redistribution-Efficiently don’t violate the

closure of the semirings and is language preserving.

Proof. We prove the second part first. Assume we are given transition t. Because

d(src(t)) = gcd of(d(dst(t))⊗w(t), ...), d(src(t)) div (d(dst(t))⊗w(t)). So we have

(w(t) ⊗ d(dst(t))) ® d(src(t)) must be closed in the same semiring.

For weight wold(y) and wnew(y) before and after applying the algorithm respec-

tively of any successful path y = p1 → p2 → ... → pn, wold(y) = initial(p1)⊗w(p1 →

p2)⊗...⊗final(pn) = initial(p1)⊗d(p1)⊗w(p1 → p2)®d(p1)⊗...⊗final(pn)®d(pn) =

wnew(y).

We prove the first part by contradictory. Assume there exists a state p such

that gcd of(w(y) : y ∈ Succ(p)) = c > 1̄ after applying algorithm Weights-

Redistribution-Efficiently which uses Generalized-Floyd-Warshall. Then

before changing the weights of transitions it must be the case that gcd of(w(y) :

y ∈ Succ(p)) = c⊗ d(p) because we divide each outgoing transitions of p by d(p) in

the algorithm. This is a contradiction to d(p) by lemma 1.

What the two algorithm differing is that, in a few words, algorithm Weights-

Redistribution-By-Pushing pushes the greatest common divisors of weights of

all outgoing transitions of each states. Algorithm Weights-Redistribution-

Efficiently which uses algorithm Generalized-Floyd-Warshall pushes the

greatest common divisors of weights associated by all successful pathes starting

from each states. Obviously algorithm Weights-Redistribution-By-Pushing

is a special case and less powerfull than algorithm Weights-Redistribution-

Efficiently which is equiped with algorithm Generalized-Floyd-Warshall.
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Figure 3.6: An exmple resulted differently by these two algorithms.

Hence we have the following corollary.

Corollary 2. If there is a state whose transitions are with greatest common divi-

sor greater than 1, it must be discoverd by algorithm Weights-Redistribution-

Efficiently which uses algorithm Generalized-Floyd-Warshall.

That is, after applying algorithm Weights-Redistribution-Efficiently which

uses algorithm Generalized-Floyd-Warshall, there remains no states on which

we can push weights.

To show algorithm Generalized-Floyd-Warshall performs better, we give

an example in figure 3.6. Obviously it is impossible to push q’s final weights which

is the only weight greater than 1. The weight-pushing based algorithm doesn’t

help any further. In algorithm Generalized-Floyd-Warshall, both p and q’s

potential function will be set to 2 so eventually the 2 in the final weight of q will be

redistributed to the initial weight of p.
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Chapter 4

The Minimizing Algorithm

The most famous study of determinimizing the equivalence of and minimizing deter-

ministic finite automata is perhaps the Myhill-Nerode theorem. The Myhill-Nerode

theorem also helps on reducing the state space of nondeterministic finite automata

by the notion of Nerode quotient. The minimization, not necessary to the minimal

form on nondeterministic ones, relies mainly on the local structures in the targetted

automata. To be more precise, it requires some properties of blocks of states so that

we can merge all states in a block while preserving the same language.

For example, we can merge state p and state q in figure 4.1 because their “future”

are the same. That is, for every remaining input string w while current state is at

p and q respectively, they always lead to the same results which is either accept

or reject. Along this way, we can’t distinguish p and q in terms of the strings this

automaton accepts, i.e., in terms of language this automaton defined so we are able

to merge p and q by adding up their incoming transitions.

One of the important results on deterministic finite automata is that, for two
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Figure 4.1: The Nerode quotient on DFA.

states p and q to have the same future, their outgoing transitions must be the same

in terms of the quotient. For example, if p has an outgoing transition to r in block

g, q must have an outgoing transition to s in g. This property is usually refered to

as bisimulation relation. Most of the algorithms is based on this property [14, 19].

But things are complicated when we are considering the nondeterministic cases.

The minimal form of a nondeterministic finite automaton can no longer be computed

by bisimulation relation though that it sometimes helps on reducing the state space.

In fact, for p and q to have the same future, it is no longer required that they are

bisimulation equivalent. Also that there is no promise that the minimal forms can be

found by merging states that are Nerode equivalent. Even that computing Nerode

equivalence becomes harder, too.

We briefly compare the power and complexity of the methods on nondeterministic
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Table 4.1: Reducing state space of NFA

Goal Power Comlexity

bisimulation equivalence less powerful O(N lg N)

Nerode equivalence more powerful P-Space complete

Language equivalence ultimate goal P-Space complete

automata mentioned in the above in table 4.1.

Like that in table 4.1, we are going to augment the methods of minimizing

nondeterministic weighted finite automata from bisimulation equivalence toward

Nerode quotient. In other words, our goal is to check if two states that are mergiable

as possible.

In this chapter, we firstly introduce the algorithm proposed in [12] and [20]

which are based on the notion of Nerode quotient. We then show that it is possible

to reduce the state space further by making use of the local structure more of

the targetted automata in section 4.2. In section 4.3 we combine the efforts, that

is, the algorithm proposed in the previous chapter to give a heuristic algorithm

which perform much better than that in [20] and [12]. In section 4.4 we show that

computing quotient and co-quotient are equivalent. That is, we can compute co-

quotient by reducing it to a quotient problem. Also that our algorithms developed

in the previous chapter can be applied in the other direction as well.
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Figure 4.2: Mohri’s method to compute the Nerode quotient

4.1 Computing Nerode Quotient

On defining bisimulation relations of weighted finite automata, the most intuitively

way is to treat the weights as “independent symbols”. As in [12], this method forms

new labels from (original label, weight) pairs to replace all the original labels in

weighted finite automata before minimizing the classical finite automata.

In figure 4.2, for example, if there exist transition t = (p, q, l, w), which is a

transition from p to q with label a and weight w, then t = (p, q, l, w) is transformed

to (p, q, (l, w)) which is a transition of some standard finite automaton so that we

can apply minimization techniques on standard finite automata such as [12].

Although this method is very easy to understand and to implement and as fast

as that on standard finite automata, its perfromance is not as good as its simplicity.

One of the most important drawback is that we can’t take any advantage of the

fact that weights in a weighted finite automaton are actually in a semiring. This

simple method breaks the algebraic connections among the weights in weighted finite
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Algorithm K-Quotient

Require: A = (K,Q, Σ, T, I, F ) be the input automaton.

1: Partition Q into Pi by their final weights.

2: repeat

3: if ∃p, q ∈ Pi such that
∑

t∈out−to−X(p) weight(t) 6=
∑

s∈out−to−X(q) weight(s)

for some other partition X then

4: split Pi

5: end if

6: until the structure becomes stable

Figure 4.3: Computing K-Quotient.

automata and make very poor use of the algebraic structures.

The algorithm in [20] is in fact a generalization to weighted finite automata of

Hopcroft’s O(N lg N) algorithm [8]. It computes K-quotient defined on weighted

finite automata in [22]. As most minimization algorithms to DFA, it makes use of

the bisimulation relation which is an equivalence relation to derive the partition of

the states then to merge states in the same blocks. We give the central ideas by

showing the pseudo codes in figure 4.3. This algorithm is almost the same with

Hopcroft’s algorithm except two of the following.

First, it sets up the initial partition by each state’s final weights, rather than the

acceptance in Hopcroft’s algorithm. If state p’s and q’s final weight’s are different,

they are put in different blocks. Second, it splits the blocks, or equivalently, decides

whether states are the same, by calculating the total weights of all transitions for
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Figure 4.4: Merge p and q, r and s by K-quotient

all labels and blocks. This is the natural restriction that causes this algorithm runs

in O(N2) rather than O(N lg N) as Hopcroft’s algorithm.

For example, state p and q in figure 4.4 can be merged in this algorithm. Initially

the states {p, q, r, s} is partitioned into {{p, q}, {r, s}} by their final weights. So p

and q are pontentially equivalent as well as r and s. Since ∀a ∈ Σ∗,∀t ∈ {out(p) :

label(t) = a}, ∀u ∈ {out(q) : label(u) = a},
∑

t weight(t) = 7 =
∑

u weight(u),

we can’t split {p, q}. Similary we can’t split {r, s}. By theorem 3.7 in [15], the

converged partition {{p, q}, {r, s}} is the Nerode equivalence relation. So we are

able to merge p and q as well as r and s by adding up their incoming transitions.

Obviously this algorithm computing K-quotient is strictly powerful then that in

[12]. Also that it is well implemented in the Vaucanson project [20] such that it is

applicable to weighted automata with weights over dozens of types of semirings.
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Figure 4.5: Requirements to merge states

4.2 The Parallel Structure

In general, if two states in an weighted finite automaton are to be merged, they must

satisfy some constraints. Before stating the constraints let’s first see an example to

get some intuition.

In figure 4.5, r1 and r2 are merged into r3. The weights are in (N, ∗, +, 1, 0). Let

(p, q, l, w) denotes the transition from p to q with label l of weight w.

After merging r1 and r2 into r3, let (s′1, r3, a, w1), (s′1, r3, b, w2), (r3, s
′
2, c, w3),

(r3, s
′
3, c, w4) be the new transitions in M ′.
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For M ′, we have M ′(“ac”) = w1 ∗ (w3 + w4), M ′(“bc”) = w2 ∗ (w3 + w4),

M ′(“acc”) = w1 ∗ (2 ∗ w3 + w4), M ′(“bcc”) = w2 ∗ (2 ∗ w3 + w4). Obviously,

M ′(“ac”)

M ′(“bc”)
=

w1

w2

=
M ′(“acc”)

M ′(“bcc”)
.

For M , we have M(“ac”) = x1 ∗ x3, M(“bc”) = x2 ∗ (x4 + x5), M(“acc”) =

2 ∗ x1 ∗ x3, M(“bcc”) = x2 ∗ (2 ∗ x4 + x5). To realize the same series, we must have

M(“ac”)

M(“bc”)
=

x1 ∗ x3

x2 ∗ (x4 + x5)
=

2 ∗ x1 ∗ x3

x2 ∗ (2 ∗ x4 + x5)
=

M(“acc”)

M(“bcc”)
.

That is,

x5 = 0.

There are indeed some constraints between r1 and r2 to be merged.

As suggested in figure 4.5, r1 and r2 must have their “future” be compatible to

each other. Here we consider “future” to be following.

Definition 12. ∀w ∈ Σ∗, Mp denotes running M with only starting states p and

initial weight 1.

For example, in figure 4.5 Mr2(“c”) = 1 ∗ x4 ∗ final(s2) + 1 ∗ x5 ∗ final(s3).

Now we can describe formally what is needed to merge states when the operations

allowed are union and reweighting both their incoming and outgoing transitions, if

we only consider the constraints on their outgoing transitions.

Corollary 3. For any two states p and q to be merged by union and reweighting

their incoming and outgoing transitions, it must be the case that

∀w ∈ Σ∗,Mp(“w”) ∗ cp = Mq(“w”) ∗ cq
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for some fixed cp and cq, if we only consider the requirements on p and q’s outgoing

transitions. We say that p and q satisfying the above equation are compatible to each

other.

It seems to be a good property that we may start to design an algorithm. Un-

fortunately, we can easily reduce the problem of determining the equivalence of two

weight finite automata M and N to the problem of determining whether this prop-

erty holds between state p and q by adding p and q to be the only initial states of

M and N respectively: if p and q are proportational to each other and cp = cq, then

M = N . So deciding whether the property hold between two states is hard.

We have to specialize, or namely, tighten up the constraint. This constraint,

which we called parallel structure, is the similarity of outgoing transitions of each

states.

Definition 13. Let W (s, t, l) be the weight of state p’s outgoing transition (s, t, l, w),

namely W (s, t, l) = w in (s, t, l, w). State p and state q are said to be parallel to

each other if and only if ∃cp, ∃cq, ∀r,∀l, cp ∗ W (p, r, l) = cq ∗ W (q, r, l)

In other words, two states are parallel to each other if their outgoing transitions

are proportional to each other with a common factor. In figure 4.6, state p and q

are parallel to each other.

Now the constraint is put on the outgoing edges rather than “futures”. Since the

parallelism between p and q implies that the set of their successors are the same, it

is easy to see that the parallelism of p and q also implies the compatibility between

p and q.

Corollary 4. If p and q are parallel to each other, then p and q are compatible.
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Figure 4.6: The parallel structure

In figure 4.7, we show that it is always possible to merge two states which are

parallel to each other. By pushing the weight of p → s3 and p → s4 to s1 → p

and s2 → p by factor c, q → s3 and q → s4 to s1 → q and s2 → q by factor d,

we successfully reduce the slightly complicated case to the trivial case on which two

states’ outgoing transitions are exactly the same. Now we can easily merge them

using algorithms proposed in [12] and [20].

4.3 Our Algorithm

Now we are ready to give the algorithm to minimize weighted automata.

This algorithm simply contains two steps. It redistribte weights of the input

automata then compute the K-quotient. We show that this algorithm discovers all

the parallel structures and transform them into the trivial cases in the first step and

make use of the results by first step to shrink the state space in the second step.

Theorem 3. Algorithm Weights-Redistribution-Efficiently which uses Generalized-

Floyd-Warshall discovers all the parallel structures and transforms them into the
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Figure 4.7: Minimization utilizing the parallel structure

Algorithm Minimize-WFA

Require: A be the input automaton.

1: Redistribute weights of A

2: Compute K-quotient of A

Figure 4.8: The minimizing algorithm.
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trivially mergeable cases while the greatest common divisor are definable.

Proof. If we see the outgoing transitions of states p and q as vectors denoted by v(p)

and v(q) respectively, there exist cp and cq such that cp⊗v(p) = cq⊗v(q) by definition.

There must exist some vector vs such that vs⊗ lcm(cp, cq)⊗cs = cp⊗v(p) = cq⊗v(q)

where lcm() means least common multiplier and the greatest common divisor of the

elements of vs is 1. When pushing weights implicitly by algorithm Generalized-

Floyd-Warshall on state p and q, the greatest common factors of each set of

outgoing transitions are lcm(cp, cq) ® cq ⊗ cs and lcm(cp, cq) ® cp ⊗ cs respectively.

After weight pushing, the outgoing transitions of both states becomes vs.

So, if there are two states which are parallel to each other, they must be discov-

ered and transformed to the trivially mergeable cases by algorithm Generalized-

Floyd-Warshall.

The first part of this algorithm runs in O(N3) if we can find the greatest common

divisor of two elements in the semiring in constant time. The second part runs in

O(N2) as explained in section 4.1 and in [20]. So this algorithm runs in O(N3).

4.4 The Backward Counterparts

Until this section, all we talk about are constraints on states’ outgoing transitions.

We now show that it is also benefited by looking in the reverse direction. That is,

to consider about incoming transitions rather than outgoing transitions.

From now on we refer to algorithms that utilize special conditions of local struc-

tures of outgoing transitions as forward counterparts and that utilize incoming
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transitions as backward counterparts.

First of all, the operations and algorithms developed in chapter 3 are all symmet-

ric. Although they might have different meanings, they do be language preserving

when applied in the reverse direction.

Now let’s see the bisimulation relation on standard automata in the reverse

direction. This is usually called backward-bisimulation [15]. It is, as the readers

might expect, language preserving, too. It is obvious that if state p and q have the

same “history”, that is, on executing an automaton, if the current state is at p it

must be also at q then they can be merged by adding up their outgoing transitions

to obtain the same language.

For weighted finite automata, we give an example to illustrate that computing

K-quotient reversely, or namely, computing co-K-quotient, benefits on reducing the

state space and is language preserving.

In figure 4.9, state p and q, r and s can be merged in since their co-K-quotient are

the same respectively. Initially the states {p, q, r, s} is partitioned into {{p, q}, {r, s}}

by their initial weights. So p and q are pontentially equivalent as well as r and s.

Since ∀a ∈ Σ∗,∀t ∈ {in(p) : label(t) = a}, ∀u ∈ {in(q) : label(u) = a},
∑

t weight(t) =

7 =
∑

u weight(u), we can’t split {p, q}. Similary we can’t split {r, s}. By theorem

3.7 in [15], the converged partition {{p, q}, {r, s}} is the Nerode equivalence rela-

tion. So we are able to merge p and q as well as r and s by adding up their outgoing

transitions.

Quite satisfying results in the above while we still have some remarks about

computing co-K-quotients. One is that computing co-K-quotients, or equivalently
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Figure 4.9: Minimization with co-K-quotient

backward bisimulation equivalence, is totally useless on standard deterministic finite

automata as well as deterministic weighted finite automata. Because in a determin-

istic one, states never share common predecessors nor histories, otherwise it would

violate the definition of determinism. The other is that on merging states by these

backward counterparts, they increse the nondeterminism by adding up the outgoing

transitions. It’s also easy to see that merging by those forward counterparts don’t

add any nondeterminism to automata.

To make connection between the forward and backward counterparts, we define

an operation Transpose on weighted finite automata in figure 4.10. In a few words,

what Transpose does is that, the direction of transitions are reversed and initial

weights become final weights, final weights become initial weights.

To end this section, we give one proposition without proof. we denote forward-
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Algorithm Transpose

Require: A be the input automaton.

Ensure: A ← transpose(A)

1: for all transition t in A do

2: s ← dst(t)

3: dst(t) ← src(t)

4: src(t) ← s

5: end for

6: for all state p in A do

7: s ← initial(p)

8: initial(p) ← final(p)

9: final(p) ← s

10: end for

11: return A

Figure 4.10: Transpose().

44



bisimulation-minimization by fbm(.), backward-bisimulation-minimization by bbm(.),

forward-weight-redistribution by fwr(.), backward-weight-redistribution by bwr(.).

One may check the pseudo codes of the algorithms mentioned in the following to

see the correctness of this proposition easily.

Proposition 3. The connections between forward and backward counterparts can

be described by

bwr(.) = transpose(fwr(transpose(.))),

bbm(.) = transpose(fbm(transpose(.)))

and

bbm(bwr(.)) = transpose(fbm(fwr(transpose(.))))

and vice versa.
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Chapter 5

Experimental Results

This experiment is carried out on the Vaucanson library version 1.2 which is designed

to be very general in terms of semirings of weights of weighted finite automata

[21, 23].

Vaucanson is a finite automata, or equivalently finite state machines, manipu-

lation platform which is initiated by Jacques Sakarovitch and Sylvain Lombardy in

2001. In earlier days, such platforms were developed to work either at some indus-

trial scale, designated to weighted letter automaton to be efficient [24] or in a pure

abstract way [25]. Via static and generic C++ programming, Vaucanson tries to

respond to these two trends.

Vaucanson is targeting at automata with multiplicity over any semiring. A

general algorithm can be written just once and can be statically instantiated for

any particular kind of automaton. As a result, efficient codes are obtained from

algorithms written in such an abstract way using basic primitives taken from the

C++ language.
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More concretely, Vaucanson copes with generic algebraic structures including

polynomials as maps from monoid values to weights and rational expressions as

binary trees. It deals with automaton structures by using graph structures that

ensures minimum complexity for most operations. There are also many common

and well known algorithms on automata, for example, determinization, quotient,

product, ε-removal and many more, implemented in Vaucanson. There are also

generic testsuites for user-made extensions in Vaucanson.

We have done this experiment in Linux 2.6.22 on an Intel Core 2 Duo 1.83GHz

machine with 3GB system memory. The compiler we used is gcc-4.2.3 with -O2

flag. The speed, or efficiency, is quite satisfying that all the test cases are finished

within 0.1 seconds except for the weight-pushing based weight redistributing algo-

rithm which cost less than 1 seconds among several runs of the worst cases in this

experiment.

We compared three of the algorithms which are K-quotient, Minimize-WFA

with Weights-Redistribution-By-Pushing and Minimize-WFA with Weights-

Redistribution-Efficiently with Generalized-Floyd-Warshall. In the

following figures, they are abbreviated as KQ, BF and FW respectively. Also that

we compared the performance of applying these algorithms forward, backward and

both. So there are totally 9 combinations that are, F-KQ, B-KQ, FB-KQ, F-BF,

B-BF, FB-BF, F-FW, B-FW and FB-FW.

Our experiment targets at weighted finite automata over N = (N, +, ∗, 0, 1). We

follow the method by Zijl in [27, 28] to generate nondeterministic finite automata

with a little modification and randomly add weights in N as following:

47



• The alphabet is Σ = 1, 2, ...,m, the set of states is Q = 1, 2, ..., n and the range

of possible weight values in the beginning is W = [1, o].

• An equiprobable bitstream of size mn2 is generated. It descirbes the transition

function δ that the occurrence of a non-zero bit at position (l−1)n2+(i−1)n+j

denotes the existence of a transition from state i to state j and labeled by l.

• Randomly assign w ∈ W to each transition, initial and final weights of each

state.

The difference between Zijl’s method and ours is that we randomly assign weights

to initial and final weights of each state rather than randomly deciding initial and

final states in Zijl’s method. Also that we have to add weights to each transitions,

randomly.

The density, definied in [27, 28], of a nondeterministic weighted finite automaton

with e transitions is da = e
mn2 . Here we adopt another definition of density d = e

n

because in the following experiments it is shown that the compressibility of weighted

finite automata is closely related to e
n

and to be independent of m.

The test cases are generated by 4 of different transition densities, d = 0.5, 1.0, 1.5, 2.0,

4 of ranges of possible weight values in the beginning, W = [1, 2], [1, 4], [1, 8], [1, 16]

and 4 of alphabet sizes, Σ = {1}, {1, 2}, {1, 2, 3, 4}, {1, ..., 8}. Without loss of gen-

erality, we fix the number of states to be 100.

We also test the performance over 3 common operations: concatenation, union

and product on weighted finite automata. We concatenate two different weighted

finite automata which have 100 states with d = 1.0,m = 2, w = 8 so it has 200

states and 200 transitions before minimization. We union two different weighted
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finite automata which have 100 states with d = 1.0,m = 2, w = 8. We product two

different weighted finite automata which have 20 states with d = 1.0,m = 2, w = 8.

The experiments reveal something:

• Our algorithms have apparently better perfromance than K-quotient in every

sets of parametersa. This is mainly due to the stronger condition required by

our algorithms on the underlying semirings and our algorithms successfully

make use of these conditions.

• The readers may note that in K-quotient, the compressibility of automata is

hightly related to the ranges of weights in the beginning. Our algorithms ease

this problem, that is, the compressibility of automata becomes slightly related

or even unrelated to the ranges of weights in the beginning. This is because

our algorithms can make use of the connections between elements in semirings.

In other words, since the automata in the experiments are relatively sparse (for

d = Ω(n) it becomes uncompressible), there is high probability that weights are

redistributed to initial or final and the resulting structures are simple enough

for states to merge.

• Both in K-quotient and our 2 algorithms, the compressibility seems very in-

sensitive to the size of alphabets. This may due to that our density is fixed

to number of transitions. The complexity of graph structures mainly depends

on total number of transitions and slightly on number of kinds of transitions.

• Our algorithms are more effective with concatenation, union and product,

especially with product.
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Table 5.1: Experimental results with m = 1, w = 2

d F-KQ B-KQ FB-KQ F-BF B-BF FB-BF F-FW B-FW FB-FW

0.5 29 27 18 24 21 15 23 21 15

1.0 60 54 41 55 48 34 51 47 33

1.5 72 78 63 68 76 60 64 71 56

2.0 88 88 79 87 87 77 86 84 74

Table 5.2: Experimental results with m = 1, w = 4

d F-KQ B-KQ FB-KQ F-BF B-BF FB-BF F-FW B-FW FB-FW

0.5 40 41 26 32 32 18 31 30 17

1.0 67 64 49 61 55 39 58 52 37

1.5 78 83 68 73 79 61 68 73 58

2.0 91 90 83 88 87 78 85 84 75

Table 5.3: Experimental results with m = 1, w = 8

d F-KQ B-KQ FB-KQ F-BF B-BF FB-BF F-FW B-FW FB-FW

0.5 46 50 33 35 39 20 33 36 19

1.0 73 68 56 65 59 42 62 56 40

1.5 82 85 74 75 80 62 72 76 59

2.0 93 92 87 88 87 78 82 82 74
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Table 5.4: Experimental results with m = 1, w = 16

d F-KQ B-KQ FB-KQ F-BF B-BF FB-BF F-FW B-FW FB-FW

0.5 54 58 45 38 43 20 35 41 19

1.0 80 74 66 66 62 43 65 60 42

1.5 88 90 82 75 80 62 74 79 60

2.0 97 96 94 88 87 78 84 83 76

Table 5.5: Experimental results with m = 2, w = 2

d F-KQ B-KQ FB-KQ F-BF B-BF FB-BF F-FW B-FW FB-FW

0.5 33 31 19 30 27 16 30 27 16

1.0 62 58 44 57 55 38 56 54 38

1.5 74 79 64 70 78 61 66 74 57

2.0 89 88 80 88 87 78 84 83 74

Table 5.6: Experimental results with m = 2, w = 4

d F-KQ B-KQ FB-KQ F-BF B-BF FB-BF F-FW B-FW FB-FW

0.5 45 41 24 33 33 15 32 32 15

1.0 68 64 50 62 57 41 59 54 39

1.5 78 83 68 73 79 61 70 74 57

2.0 91 90 83 88 87 78 84 83 73
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Table 5.7: Experimental results with m = 2, w = 8

d F-KQ B-KQ FB-KQ F-BF B-BF FB-BF F-FW B-FW FB-FW

0.5 49 45 32 41 36 17 40 35 16

1.0 73 68 56 65 60 43 63 58 42

1.5 82 85 74 75 80 62 72 77 59

2.0 93 92 87 88 87 78 84 83 75

Table 5.8: Experimental results with m = 2, w = 16

d F-KQ B-KQ FB-KQ F-BF B-BF FB-BF F-FW B-FW FB-FW

0.5 57 52 44 41 38 18 40 37 18

1.0 80 74 66 66 62 43 62 58 41

1.5 88 90 82 75 80 62 73 78 61

2.0 97 96 94 88 87 78 86 85 76

Table 5.9: Experimental results with m = 4, w = 2

d F-KQ B-KQ FB-KQ F-BF B-BF FB-BF F-FW B-FW FB-FW

0.5 36 37 19 31 33 15 29 31 14

1.0 65 61 45 60 57 40 57 54 38

1.5 75 80 64 72 79 61 68 75 58

2.0 89 88 80 88 87 78 83 82 73
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Table 5.10: Experimental results with m = 4, w = 4

d F-KQ B-KQ FB-KQ F-BF B-BF FB-BF F-FW B-FW FB-FW

0.5 45 41 24 37 38 17 35 36 16

1.0 69 65 49 64 60 42 62 58 41

1.5 85 78 69 82 75 63 81 74 62

2.0 91 90 83 88 87 78 85 81 72

Table 5.11: Experimental results with m = 4, w = 8

d F-KQ B-KQ FB-KQ F-BF B-BF FB-BF F-FW B-FW FB-FW

0.5 49 45 32 42 38 18 40 36 17

1.0 73 68 56 66 60 43 65 59 42

1.5 89 82 76 82 75 63 80 73 62

2.0 93 92 87 88 87 78 84 86 77

Table 5.12: Experimental results with m = 4, w = 16

d F-KQ B-KQ FB-KQ F-BF B-BF FB-BF F-FW B-FW FB-FW

0.5 57 52 44 42 38 18 40 36 17

1.0 80 74 66 66 62 43 65 61 43

1.5 94 87 84 82 75 63 81 72 61

2.0 97 96 94 88 87 78 86 83 75
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Table 5.13: Experimental results with m = 8, w = 2

d F-KQ B-KQ FB-KQ F-BF B-BF FB-BF F-FW B-FW FB-FW

0.5 37 38 19 33 36 16 32 34 15

1.0 65 63 45 61 61 41 57 57 38

1.5 83 76 65 82 75 63 76 73 62

2.0 89 88 80 88 87 78 81 81 73

Table 5.14: Experimental results with m = 8, w = 4

d F-KQ B-KQ FB-KQ F-BF B-BF FB-BF F-FW B-FW FB-FW

0.5 45 41 24 38 38 18 36 35 17

1.0 69 65 49 64 62 42 60 58 40

1.5 85 78 69 82 75 63 78 70 59

2.0 91 90 83 88 87 78 81 81 73

Table 5.15: Experimental results with m = 8, w = 8

d F-KQ B-KQ FB-KQ F-BF B-BF FB-BF F-FW B-FW FB-FW

0.5 49 45 32 42 38 18 40 37 18

1.0 73 68 56 66 62 43 61 58 42

1.5 89 82 76 82 75 63 81 74 62

2.0 93 92 87 88 87 78 83 82 75
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Table 5.16: Experimental results with m = 8, w = 16

d F-KQ B-KQ FB-KQ F-BF B-BF FB-BF F-FW B-FW FB-FW

0.5 57 52 44 42 38 18 41 37 18

1.0 80 74 66 66 62 43 63 59 41

1.5 94 87 84 82 75 63 78 72 61

2.0 97 96 94 88 87 78 85 81 73

Table 5.17: Experimental results of concatenation, union and product

ops F-KQ B-KQ FB-KQ F-BF B-BF FB-BF F-FW B-FW FB-FW

con. 132 138 107 126 132 86 123 129 79

uni. 133 140 99 125 130 83 120 127 77

pro. 137 157 72 106 113 22 97 106 21
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Chapter 6

Conclusions and Future Work

In this thesis, we have introduced the notion of “weight redistribution” by investi-

gating the algebraic properties along with the graphical structure inside weighted

finite automata. We also generalized the concept of shortest-path problem to finding

infimum along every paths and gave an effcient algorithm to solve it. Our algorithm

to compute “weight redistribution” is not only the central role in our minimization

algorithm, but also applicable on determining the equivalence Z-automata. We also

gave two new algorithms, one of which runs in O(N3), to shrink the state space.

These algorithms greatly outperform pervious results in terms of state space.

One possible future work is to improve the time bound which is needed to com-

pute the infimum along every paths. In fact, although Dijkstra’s algorithm can not

be applied, this is a generalized single-source shortest path problem. It is very likely

that this time bound can be reduced by modifying the Floyd-Warshall algorithm.

Another possible future work is that, the assumption of the semirings, that is

cancellative and pure, may have much to do with theoratical insterests. By assuming
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a cancellative and pure semiring it is possible to find some satisfying properties. Also

that we may consider wether deciding the minimality of a deterministic weighted

finite automaton is possible.

In section 4.1, it is suggested that the bisimulation relation can be extended to

more than one step. In the definition of bisimulation relation, state p and state q are

said to be bisimilar if and only if their outgoing transition are the same. We may

relax this requirement to something like that p and q are said to be n-bisimilar if

and only if their successors after n steps are the same. Of course their behavior must

be the same within n steps that can be checked in constant time if n is a constant.

In this more general setting, the classical bisimulation relation is the special case of

n-bisimulation. To be more precise, it is 0-bisimulation.

Also that we may discover the parallel structure and merge states without trans-

forming them into the trivial cases in the first step of algorithm Minimize-WFA.

Along this way, the initial partition is also decided by every states’ final weights but

it is slightly different that only zero and non-zero are distinguished. This method

may makes the state space smaller. Although this method tends to cover the func-

tion of weight pushing, algorithm Weights-Redistribution-Efficiently and

Generalized-Floyd-Warshall still have their rights due to the example shown

in 3.6.

The notion of K-quotient is extend to weighted tree automata in [26]. One

possible future work is to extend our works to weighted tree automata, too.
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