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摘摘摘要要要

　　這篇論文介紹了將具有順序限制的工作排程到可使用時間被分割成一段段的

處理器上的方法。我們討論了兩種順序限制的狀況─樹狀及鏈狀。我們證明在樹

狀限制下的工作排程是一個NPC的問題，接著我們對於線性順序的工作排程提出

動態規劃演算法取得最佳解。該動態規劃演算法可以被推廣到異質環境中，亦可

推廣以解決似樹狀結構的工作排程問題。而為了減少排程的時間，我們提出了三

種不同的演算法。實驗結果顯示，我們的三種演算法即使與以動態規劃取得的最

佳解比較，仍然可以得到近似最佳的排程。

關關關鍵鍵鍵字字字 時時時間限制、工作順序、動態規劃
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Abstract

This paper introduces techniques in scheduling jobs with dependency constraint to proces-

sors whose available time are fragmented into time slots. We discuss two job dependency

patterns – tree and chains. We show that it is NP-complete to schedule jobs with a tree de-

pendency pattern. Then we propose a dynamic programming algorithm to get the optimal

schedule for assigning jobs with linear dependency. The dynamic programming can be

generalized to heterogeneous environment and tree-like dependency structure. In order to

reduce the time of scheduling we also propose three different heuristics. Experimental re-

sults indicate that these heuristics do provide near optimal schedules even when compared

against the optimal solution found by the dynamic programming.

Keywords Temporal constraints, Job dependency, dynamic programming.
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Chapter 1

Int roduction

Grid computing is an important mechanism for utilizing computing resources that are

distributed in different locations but organized into an integrated service. Specifically a

grid system provides computing resources that enable users in different locations to utilize

the CPU cycles of remote sites. In addition, users can access important data that are only

available in certain locations, without the overheads of replicating them locally. These

services are provided by an integrated grid service platform, which helps users access

resources easily and effectively.

The primary objective of most existing Grid systems is to improve overall system

performance, therefore the quality of service experienced by Grid users is of secondary

consideration. In order to improve quality of service various scheduling techniques have

been proposed, including advance reservation of resources.

Advance reservation of resources is one mechanism that is used to satisfy the quality-

of-service requirements in Grid systems. Advance reservation is the ability of Grid sched-

uler to guarantee the availability of resources at a particular time in the future. Advance

reservation increases the predictability of the system in order to match quality-of-service

requirements imposed by users. Although advance reservation has such benefits, it tends

to fragment the available resources and lead to poor utilization and system performance,

which should be taken into account while we apply advance reservation scheduling tech-

niques.
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Another factor that should be taken into account while scheduling job in Grid systems

is autonomous site policy. A Grid system usually consists of autonomous sites, and each

of them have its own management policy. One important principle of grid system isnot to

interfere with local site policy. For example, a site may determine that it will only provide

CPU at night and reserve the CPU during office hours for local users. The global grid

scheduling must respect this local policy in order to maintain an integrated image of grid

services.

Advance reservation and grid site local policy will fragment to available time of grid

services. This paper focuses on thistemporal constraint, by which we mean the available

time of resource is not continuous in time domain. Rather there are time slots that we

cannot utilize due to advance reservation or local policy. As a result our scheduling al-

gorithm must take this temporal constraint into consideration, and develop new algorithm

without assuming that the resource is available at all time.

As for job characteristics this paper focuses on jobs with linear dependency. A group

of jobs is scheduled to run and thei-th job cannot start until thei− 1-th job finishes. This

linear dependency follows the logical consequence of the computation. For example, a

computation phase cannot start until the preprocessing finishes, or the data cannot be ren-

dered visually until all the pixels are given the correct values. The scheduling problem for

linear dependency jobs is very difficult even without temporal constraints on processors –

it is shown to be an NP-complete problem by Du et al. [1]

In this paper we proposed a dynamic programming algorithm for the scheduling prob-

lem under temporal constraint. We also propose efficient heuristic algorithms to achieve

good solutions. Experimental results from the heuristic algorithm show that the proposed

heuristic algorithms is scalable, and is close to the optimal solution.

The rest of the paper is organized as follows. Chapter 2 reviews related works on

scheduling problems under other job dependency constraints, and works under tempo-

ral constraints on processor clusters. Chapter 3 describes our system model in details.
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Chapter 4 and Chapter 5 describes our dynamic programming algorithm and heuristic

algorithms for the scheduling problem. Chapter 6 gives experimental results and demon-

strates the solution quality by comparing our heuristic algorithms to the optimal solution.

Chapter 7 gives conclusions and discusses possible future works.
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Chapter 2

Related Works

Scheduling job for execution for parallel and distributed systems has been studied for

years and proven to be a very difficult problem. General scheduling problems on multi-

processor system have been shown to be NP-complete [2]. Even if there are only two

processors with identical computing capacity and no data dependency between jobs, the

problem remains NP-complete because it is a special case of 2-partition problem [3]. Du

et. al. [1] proves that even for two processors with the same capacity, the scheduling

problem remains NP-hard. Many heuristic algorithms have been proposed to achieve bet-

ter performance for scheduling independent tasks in heterogeneous distributed systems.

Braun et. al. [4] compares the results of eleven different heuristic algorithms for this

problem under identical system assumption.

Resource management policy is very important in meeting QoS requirement of users

and achieving better performance when scheduling jobs on a parallel and distributed sys-

tem. For example,advance reservationof resources is a mechanism that has been studied

in [5, 6, 7, 8]. Previous works [9, 10] also give theoretical proofs that advance reserva-

tions indeed improves the performance predictability. However advance reservation does

not scale well in these previous works, thus Castillo et al. [11, 12] uses concepts from

computational geometry to propose scheduling algorithms that scale well in large Grid

systems. Singh et al. [13] also propose a multi-objective genetic algorithm formulation

for selecting the set of resources to be provisioned that optimizes the application perfor-
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mance while minimizing the resource costs.

Most works mentioned above focus onindependentjob scheduling, however workflow

applications have become popular in recent years because of the development of Grid

computing. A workflow application can be represented as a directed acyclic graph (DAG),

where the nodes represent individual jobs and the edges represent job dependencies. The

challenge of scheduling workflow applications is discussed in [14], and several heuristics

have been proposed and summarized in [15]. There are also results considering special

cases of workflow applications. For example, Kubiak [16] provides the NP-hard proof of

tree-like precedence constraints on jobs with two servers having different capacity, and

proposes an approximation algorithm for the scheduling problem.

In this paper, we consider schedulingmultiple linear dependency jobs in a time con-

straint Grid environment. We combine the temporal constraints on servers with linear de-

pendency among jobs, and propose dynamic programming for finding the optimal sched-

ule, and efficient heuristics for finding near optimal schedules.
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Chapter 3

Problem Description

In this chapter we formally define the system model for scheduling multiple linear depen-

dency jobs on temporal constraint grid systems.

The grid system model is as follow. We have a Grid systemG with m processors

p1, . . . , pm. All processors are identical in terms of their processing capability. The avail-

able time of processors is fragmented, and we useavailableperiods to denote time periods

that can run jobs. We useI to denote the set of available periods, and each elementIi,j in

I indicates thej-th available periods on processorpi. EachIi,j is a two-parameter tuple

(si,j, ei,j), wheresi,j is thestarting timeof the available period, andei,j is theending time

of the available period.

The system hasn job chainsH1, . . . , Hn. A job chainHi = {Ji,1, . . . , Ji,hi
} is a chain

of jobs that follows linear dependency, wherehi is the number of jobs in job chainHi, and

Ji,k is thek-th job within job chainHi. The linear dependency mandates thatJi,j cannot

start untilJi,j−1 finishes. We also useti,j to denote the execution time jobJi,j. The system

does not allow preemption, therefore once a job starts on a processor its execution will

not be interrupted.

We summarize the notations used in the model in Table 3.1.
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Notation Description
G the Grid systemG

m the amount of processors
pi thei-th processor
I available period set

Ii,j thej-th available periods oni-th processor
si,j starting time of the available periodIi,j

ei,j ending time of the available periodIi,j

H job chain set
n the amount of job chains
Hi thei-th job chain
hi amount of jobs of thei-th job chain
Ji,j thej-th job of thei-th job chain
ti,j the processing time ofJi,j

S a schedule

Table 3.1: Notations used in the system model

3.1 Schedule

A scheduler assigns jobs to processors without violatingtemporal constraintson proces-

sors andlinear dependencyon jobs. That is, we can only run a job during the available

periods of a processor and we can only do so after we have finished its predecessor in the

job chain some time before. The scheduler must determine ascheduleS that maps jobs

to processors in their available time. The goal is to determine a schedule that minimizes

the total makespan, i.e., the time for the last job to finish.

When there is only one job chainH1, we can use a simple greedy algorithm to obtain

the optimal schedule. We consider each job onH1 according to the order they appear in

the chain, starting from theJ1,1. We choose the processor (and the time slot) that can

finishJ1,1 at the earliest possible time. Then since the second jobJ1,2 must wait until the

first job J1,1 finishes, we adjust the starting time of the time slots that overlap with the

execution ofJ1,1, and remove time slots that end beforeJ1,1 finishes. Then we assign the

second jobJ1,2 to a processor (and a time slot) that can finishJ1,2 at the earliest possible

time. We repeat this process until all jobs are scheduled. It is easy to see that this greedy

schedule is optimal.

We then consider more general job dependency workflow. First when there are more
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than one chain this scheduling problem becomes NP-complete [1]. Second if the job de-

pendency forms a tree and processors have temporal constraints, the scheduling problem

is also NP-complete, as Theorem 1 suggests.

Theorem 1. The scheduling problem for jobs having tree dependency and processors

having temporal constraint is NP-complete.

Proof. This scheduling problem is in NP since a non-deterministic Turing machine can

guess a schedule consisting of the starting time of all jobs, and verify whether the job

dependency constraint and the processor temporal constraint are met in polynomial time.

We prove the NP-completeness of the scheduling problem by reducing2-partition

to this scheduling problem. A problem instanceI from the2-partition problem hask

numbersn1, . . . , nk, and we would like to know whether it is possible to partition the

numbers into two groups of equal sum. That is, each group has a sum
Pk

i=1
ni

2
= B.

Given a problem instance of2-partition, we construct an instance of our scheduling

problem as follows. We construct a skewed binary tree of2k nodes as in Figure 3.1. This

tree consists of main “chain” ofk jobs, each with execution time1. These jobs will be

denoted to aslight jobs. And from each of the light job we grow aheavyjob of execution

time mni, wherem > k. Figure 3.1 (a) shows an example of the constructed tree. The

white nodes are light jobs with execution time1, and the black ones are heavy jobs with

execution time taken from the2-partition problem instance.

We would like to schedule these jobs into two processors – server1 and server2.

Server2 has two available time –(0, k) and (mB, 2mB), and server1 has only one

available time(mB, 2mB). Recall thatB =
Pk

i=1
ni

2
, which is half of the sum ofni in

the 2-partition problem instanceI. We would like to know whether the jobs can finish

before time2mB, and we will refer to this problem instance asI ′. Figure 3.1 (b) shows

an example of the available time slots we constructed.

It is easy to see that if there is a solution for2-partition problem instanceI, there is a

solution for our scheduling problem instanceI ′. All the light jobs on the main chain will

8



(a) (b)

server2

server1

Time

Figure 3.1: (a) An example of the constructed job dependency tree (b) An example of
available time under temporal constraints on the two servers

be assigned to server2. The available time(0, k) is sufficient because there arek light

jobs and each of them has execution time1. The heavy jobs that grow out of the main

chain will be assigned to either server1 or 2, according to the solution from the2-partition

problem instanceI. Since this solution ofI partitions the numbers of two groups, each

has a sumB, the heavy jobs will fit into the two available time slots.

Now we need to show that if there is a solution forI ′ then there is a solution forI.

We first observe that no heavy job can fit into the first available time interval(0, k) since

m > k, so the first interval has all the light jobs. That also means all the heavy jobs must

go into the two(mB, 2mB) available time intervals. We also observe that there will be

no precedence constraints among heavy jobs, since all the light jobs finish before time

mB > k, therefore we can consider heavy jobs as independent. Also the sum of the

lengths of the two intervals is exactly the total heavy job execution time, they must be

precisely packed into these two intervals. As a result we can use the mapping from heavy

jobs to processors as a solution toI. The theorem follows.

In this paper, we mainly focus on chain precedence constraint. We will propose a

dynamic programming algorithm to find the optimal schedule, and efficient heuristics

that find near optimal solutions.
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Chapter 4

Dynamic Programming

In this chapter we present our dynamic programming for scheduling job chains in systems

that have temporal constraints, then we propose efficient heuristic algorithms that achieve

near optimal schedule.

4.1 Dynamic Programming Algorithm

The dynamic programming schedules jobs in phases. In each phase, the algorithm chooses

one job and adds it into the “partial” schedule of this phase. For ease of explanation we use

thecurrent scheduleto denote the partial schedule at this point. At the end the schedule

will have assigned all jobs to processors.

We defineready timefor a job chain, andready time sequencefor a set of job chains.

The ready time of a job chainH1, denoted byRH1
, is the completion time of the last job

being processed in a job chain. The ready time sequence of the set of job chains is the

sequence of ready time all job chains in that set, and is denoted asRH = (RH1
, . . . , RHn

).

Note that the ready time and ready time sequence are defined over the current schedule,

and will change after a new job is added into the current schedule in every phase.

We definelast completion timeof a processor andlast completion time sequencefor

all processors. The last completion time of a processorsp is the completion time of the

last job assigned top, and is denoted asLp. Similar we can definelast completion time
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sequenceas the sequence of the last completion time of all processors, which is denoted

asLG = (Lp1
, . . . , Lpm

). Note that if we assign jobJi,j to processorpk in the current

phase, both the ready time of job chainHi and the last completion time of processorpk

will be updated to the completion time of jobJi,j.

Finally we define thefinished jobvector for job chains. LetU = (u1, . . . , un) be a

finished job vector such thatui is the numbers offinishedjobs in job chainHi.

Now we are ready to present our dynamic programming in three parts – table element

definition, recursive formula, and the computing sequence.

4.1.1 Table Element Definition

We now define the table elements in our dynamic programming. LetLG be a last com-

pletion time sequence for a grid systemG andRH be a ready time sequence for a job

chain setH, andU be a finished job vector. We defineE(LG, RH , U) to be theminimum

makespan for a last completion time sequenceLG and ready time sequenceRH , and a

finished job vectorU . By definition the optimal makespan of a given job chain setH for

a processor setG is E((0, . . . , 0), (0, . . . , 0), (0, . . . , 0)), that is, the last completion time

of every processor is0, the ready time of every job chain is0, and the numbers of finished

job of every job chain is0.

4.1.2 Recursive Formula

We now describe how to update a last completion time sequenceLG and a ready time

sequenceRH when we schedule a new jobJi,j to processorpk. First we note that only

Lpk
in LG andRHi

in RH need to be updated, i.e., the completion time corresponding to

processorpk in LG and the ready time corresponding to jobJi,j in job chainHi. The new

value for bothLpk
andRHi

is the completion time ofJi,j, which can be determined by

assigningJi,j to thefirst available time slot period, i.e. minimuml, such that the time slot

Ik,l onpk satisfies the condition thatek,l − ti,j ≥ max(sk,l, Lpk
, RHi

). Recall thatek,l and
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sk,l are the starting and ending time of time slotIk,l. Formally we usex(Lpk
, RHi

, Ji,j) to

denote this minimum indexl for time slots on processork.

x(Lpk
, RHi

, Ji,j) = min{l|ek,l − ti,j ≥ max(sk,l, Lpk
, RHi

)} (4.1)

We describe the reasons of Equation 4.1 as follows.

1. The length of the available time slot must be large enough to run the job, i.e,ek,l −

ti,j ≥ sk,l.

2. The starting time of jobJi,j cannot be earlier than the completion time of its pre-

decessorJi,j−1 because of linear dependency within a job chain, therefore we have

ek,l − ti,j ≥ RHi
.

3. We only consider time slots, or portion of time slot on processorpk that areafter

Lpk
, the last completion time ofpk, and we haveek,l − ti,j ≥ Lpk

.

After assigning a job of a job chain to a time slot of a processor we need to update

the last completion time of that processor and the ready time of that job chain. Formally

after assigning jobJi,j to time slotIk,l on processorpk we update the last completion

time Lpk
for pk and the ready timeRHi

for job chainHi. For ease of notation we use

l∗ to denote the time slot indexx(Lpk
, RHi

, Ji,j) from Equation 4.1. Then the starting

time ofJi,j will be max(sk,l∗, Lpk
, RHi

), and the processing timeti,j, the completion time

of Ji,j will be max(sk,l∗, Lpk
, RHi

) + ti,j . Therefore, we update bothLpk
andRHi

to

max(sk,l∗, Lpk
, RHi

) + ti,j.

We now use a functionT (LG, RH , Ji,j, pk) = (L′
G, R′

H) to describe the new last com-

pletion time and the new ready time after we assignJi,j to a processorpk based on the

old last completion time sequenceLG and the old ready time sequenceRH . That is,LG

andRH are the last completion time sequence and the ready time sequence before the

scheduling, andL′
G andR′

H are ones after the scheduling respectively. The definition of

L′
G andR′

H are as follows.
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l∗ = min{l|ek,l − ti,j ≥ max(sk,l, Lpk
, RHi

)} (4.2)

L′
pv

=

{

Lpv
, if v 6= k

max(sk,l∗, Lpk
, RHi

) + ti,j , if v = k
(4.3)

R′
Hv

=

{

RHv
, if v 6= i

max(sk,l∗, Lpk
, RHi

) + ti,j , if v = i
(4.4)

Now we describe how to update the finished job vectorU after assigning a new job to

a time slot. Note that in each round, we can only choose the first remaining job in each

chain to execute because of the linear dependency, i.e., jobsJ1,u1+1, . . . , Jn,un+1. For

example, if the remaining job vector is(3, 0, 2), then we can only choose jobJ1,4, J2,1, or

J3,3 in this round. Therefore we define an increase-by-1 functionQ(U, e) = (u′
1, . . . , u

′
n)

as follows.

Q(U, e) = (u′
1, . . . , u

′
n) (4.5)

u′
i = ui, if i 6= e (4.6)

u′
i = ui + 1, if i = e (4.7)

Now we present the recursive formula for the optimal makespan functionE(LG, RH , U)

as Equation 4.8. We consider the first remaining job of all job chains and all processors

pk in G, assign the job to the processor, and choose one that will in term has the minimum

makespan.

E(LG, RH , U) = min
pk∈G

min
i

E(T (LG, RH , Ji,j, pk), Q(U, j)), s.t.j = ui + 1 < hi (4.8)

The terminal condition forE(LG, RH , H) is when all jobs are scheduled. Formally

we haveui = hi, 1 ≤ i ≤ n, which means the number of finished jobs is equal to the

number of jobs in a job chain. In these cases the makespan is the maximum ready time

within the ready time sequenceRH . Note that this maximum ready time is also equal to

the maximum last completion time within the last completion time sequenceLG.
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E(LG, RH , (h1, . . . , hn)) = max
i≤n

RHi
= max

k≤m
Lpk

(4.9)

4.1.3 Time Complexity

We now analyze the time complexity of the dynamic programming. We assume that there

arem processors,n job chains, andk jobs, wherek =
n
∑

i=1

hi.

We analyze the time complexity of the dynamic programming by counting the num-

ber of terminal cases. One can think of the dynamic programming as a tree where

E((0, . . . , 0), (0, . . . , 0), (0, . . . , 0)) is the root and the terminal cases are leaves, there-

fore the time complexity is proportional to the number of edges in this tree. Since the

number of edges in the tree is roughly the number of nodes, and the number of nodes is

bounded by a multiple of the number of leaves, we can bound the execution time by the

number of leaves in this tree.

We count the number of terminal cases by first fixing a sequenceS of scheduling jobs

and consider the number of ready time sequences and last completion time sequencesS

could derive. Since a jobJi,j can be allocated to any processor, regardless the position it

is in the sequenceS, we havem choices to allocateJi,j. Thus a given sequenceS has a

total number ofmk to allocate all jobs.

Now we consider all possible job scheduling sequences. Because of the precedence

constraint on jobs, jobs on the same chain must appear in order, therefore jobs in chainH1

must appear inS like (. . . , J1,1, . . . , J1,2, . . . , J1,n, . . .). Therefore we have k!
n
Q

i=1

hi!
different

schedule sequences for all jobs inH, and the total number of terminal cases for allS is

mk k!
n
Q

i=1

hi!
.

From the calculation in Equation 4.10 we conclude that the time complexity of the dy-

namic programming isO(nkmk). The last inequality follows from the fact that (k!)

(( k
n

!))nnk
<

1.
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mk (k!)
n
∏

i=1

(hi!)
≤ mk (k!)

n
∏

i=1

( k
n
!)
≤ mk (k!)nk

(( k
n
!))nnk

= O(nkmk) (4.10)

4.1.4 Generalization

Heterogeneous processorsOur dynamic programming can be generalized to hetero-

geneous processor environments in which the computation speed of processors are dif-

ferent. We just need to take the speed of processors into consideration in the dynamic

programming algorithm and slight modify the definition of the processing time of jobs.

We describe the details as follow.

We now review the speed of processors and execution time in the heterogeneous pro-

cessor model. Without lose of generality we assume that the slowest processor has speed

1, and the speed of processorpk is ck. The execution time of jobJi,j (ti,j) is the time it

takes to runJi,j on the slowest processor, therefore the execution time ofJi,j on processor

pk now becomesti,j
ck

. Wemodify Equation 4.1 accordingly as follows.

x(Lpk
, RHi

, Ji,j) = min{l|ek,l −
ti,j

ck

≥ max(sk,l, Lpk
, RHi

)} (4.11)

The dynamic programming can now solve the scheduling problem under heteroge-

neous environment. We use Equation 4.2 and Equation 4.5 to update the last completion

time sequence, the ready time sequence, and the fished job vector. Then we use the recur-

sive formula in Equation 4.8 to compute the makespan function under the same terminal

conditions.

Chain-like structure Our dynamic programming can also be generalized for certain

chain-like workflow problem. For example, we have a root node jobJs with n job chain

children{H1, . . . , Hn}, all of which are then followed by the same jobJe. Please refer to

Figure 4.1 for an illustration.
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Figure 4.1: The example of chain-like structure job. The nodes represent the jobs, and the
arrows represent the precedence constraints on jobs.

We can schedule the workflow in Figure 4.1 by three steps: First, we place the rootJs

by a greedy algorithm. We tryJs on each processor and assign it to the processor with the

earliest completion time. Second, we use the dynamic programming to find the optimal

solution for then job chains. We only need to consider time slots or portion of time slots

that areafter the completion time of jobJs, and apply the dynamic programming. Finally,

we schedule jobJe using the greedy algorithm again. It is easy to see that by using the

three steps we can achieve optimal makespan for this chain-like structure.
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Chapter 5

Heuristics

We propose two classes of heuristic algorithms for our scheduling problem. First we

propose thechain ordering heuristic, then thelongest job first heuristic.

5.1 The Chain Ordering Heuristic

The chain ordering heuristic is a greedy heuristic that schedules one job chain at a time

according to a particular order. This order of job chains is determined by the character-

istic of job chains. In this paper we consider two characteristics of job chains –average

execution timeandmakespan.

5.1.1 Average Execution Time

We useaverage execution time(denoted byai) of job chains to determine the scheduling

order among job chains. The average execution time of a job chain is the average execu-

tion time of jobs within this job chain, i.e.,ai =
Phi

j=1
ti,j

hi
. We sort the average execution

timeai in descendingorder, and schedule one job chain onto processors in each iteration

using the earliest completion time first algorithm describing in Chapter 3.

We think scheduling job chains in descending average execution time might reduce

the makespan for the following reasons. If we assign jobs with smaller average execution

time first, we tend to delay the execution of some long jobs. Those long jobs can easily
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become the bottleneck of their job chains.

If we schedule long jobs first we might have more options to place them, and it is

more likely to find suitable and earlier time slots for them, hence reducing the makespan.

The pseudo code of the algorithm is in Algorithm 1.

Algorithm 1 : Chain Ordering Heuristic Algorithm
Input : Job Chain SetH
Output : A ScheduleS
begin

for i← 1 to n do
ai ← average execution time ofHi

end
sortHi in descending order ofai

for i← 1 to n do
RHi
← 0

for j ← 1 to hi do
assignJi,j to available periodI computed byECF (Ji,j, ti,j, RHi

)
RHi

= max(RHi
, starting time ofI) + ti,j

end
end
return S

end

5.1.2 Expected Makespan

We can useexpected makespanof job chains to decide the scheduling order among them.

The expected makespan of a job chain is the makespan that we assume that the system

only has the current job chain to schedule, and all processors are available. The optimal

makespan can be calculated using the greedy method we described for one job chain case

in Section 3.1. After we determine the job chain order we then schedule job chains by

increasingmakespan order.

The reason for scheduling job chains in increasing expected makespan order is as

follow: A job chainHb could have a large makespan because one or several jobs inHb

cannot find suitable time slots, and this causes large gaps among themselves and after

their predecessors. If we schedule job chains with shorter makespan first we may delay
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ProcedureECF(JobJ , Job processing timet, Time pointT)
Input : JobJ , Job processing timet, Time pointT
Output : An Idle Period
begin

l ←∞
I ← ∅

for i← 1 to m do
j ← 1
while ei,j − t < max(T, si,j) do

j + +
end
if max(T, si,j) + t < l then

l ← max(T, si,j) + t

I ← Ii,j

end
end
return I

end

the execution of the beginning part of chainHb. However, the delay may get rid of the

gaps within this job chain, and will not increase the overall makespan. Based on this

intuition we schedule job chains according to increasing expected makespan order.

The scheduling algorithm using expected makespan is similar to the heuristic using

average execution time. We only need to sort jobs according to the expected makespan.

The pseudo code is in Algorithm 1.

5.2 Longest Job First Heuristic

The two heuristics described earlier are easy to implement, but do not perform well in

some special cases. For example, if a job chainH1 has a long jobJ1,j and many short

jobs, and another job chainH2 has jobs that have nearly the same execution time, and

the average execution timea1 is smaller thana2. The average execution time heuristic in

Section 5.1.1 will scheduleH2 first. However, the long jobJ1,j will be the bottleneck of

its chain, and this may cause average execution time heuristic not perform well under this

situation.
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To handle such special cases we proposelongest job first heuristicthat schedules one

job at a time, instead of one job chain at a time. In every iteration we choose the job

with the longest processing time from the next jobs of all job chains, and assign it to the

processor with earliest completion time. By choosing one job at a time, we make decision

based on each job, rather than on job chains. The intuition is that we might handle special

cases well because we are not required to schedule the entire chain. The pseudo code is

in Algorithm 3.

Algorithm 3 : Longest Job First Heuristic Algorithm
Input : Job Chain SetH
Output : A ScheduleS
begin

U ← (0, . . . , 0)
RH ← (0, . . . , 0)
while one ofui is nothi do

takeJi,j which has longest processing time in everyJi,hi+1

assignJi,j to available periodI computed byECF (Ji,j, ti,j, RHi
)

ui ← ui + 1
RHi

= max(RHi
, starting time ofI) + ti,j

end
return S

end
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Chapter 6

Experiments

In this chapter we evaluate the performance of our heuristic algorithms by comparing the

results against the optimal solutions found by the dynamic programming.

6.1 Environment Settings

The setting of the number of jobs chains and processors in our experiment is as follows.

We consider two cases of job chains and processors. In the first case we have2 processors

and3 job chains, and in the second case we have3 processors and2 job chains. In the

first case job chains compete the available time slots more often than in the second case.

Other parameters in our experiments are described as follows. In the first case the

number of jobs per job chain is from1 to 5. In the second case, the number of jobs per

job chain is from3 to 8. The length of available time slots and the gaps between two

time slots are randomly chosen from1 to 50, therefore the processors are available about

half of time. The execution time of job is randomly chosen from1 to 40. We run the

experiment for100 times for each parameter set, and calculate the average results. We list

the experimental parameters in Table 6.1.
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number of processorsm 2 3
number of job chainsn 3 2

number of job per job chainhi 1,. . .,5 3,. . .,8
time slot lengthIi,j 1–50

job execution timeti,j 1–40

Table 6.1: Experiment environment parameters

6.2 Performance Evaluation

In this section we compare the performance of different heuristics, using the optimal solu-

tion from the dynamic programming as a base. We userelative makespanas the measure-

ment of performance. The relative makespan from a heuristic is the makespan divided

by the optimal makespan from the dynamic programming. The relative makespans are

shown in Figure 6.1 and Figure 6.2.

In Figure 6.1 we compare the relative makespan from three heuristics when we have

2 processors and3 job chains. The heuristics are chain-ordering using average execution

(order-avg), chain-ordering using expected makespan (order-mk), and longest job first

(LJF) described in Section 5.1.1, Section 5.1.2, and Section 5.2. First we find that the

relative makespans of all heuristics are no more than1.25 for any number of jobs per

chain. Second, we find that longest job first heuristic outperforms the other two heuristics.

That is because the longest job first heuristic considers one job at a time job so that the

scheduling is more flexible in choosing jobs.

In Figure 6.2 we compare the relative makespan from the three heuristics when we

have3 processors and2 job chains. Job chains now do not need to compete for the

available periods as often as in the previous case, therefore we observe that all three

relative makespan are now reduced to be less than1.2. We also find that the relative

makespans of the three heuristics now become closer to each other. Nevertheless the

longest job first heuristic still has the best performance.
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Figure 6.1: Relative makespan for2 servers and3 chains
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Figure 6.2: Relative makespan for3 servers and2 chains
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Chapter 7

Conclusion

This paper introduces techniques in scheduling jobs with dependency constraint to proces-

sors whose available time are fragmented into time slots. We discuss two job dependency

patterns – tree and chains. We show that it is NP-complete to schedule jobs with a tree de-

pendency pattern. Then we propose a dynamic programming algorithm to get the optimal

schedule for assuaging jobs with linear dependency, The dynamic programming can be

generalized to heterogeneous environment and tree-like dependency structure. In order to

reduce the time of scheduling we also propose three different heuristics. Experimental re-

sults indicate that these heuristics do provide near optimal schedules even when compared

against the optimal solution found by the dynamic programming.

We are investigating a more precise estimate on the hardness of the scheduling jobs

with linear dependency, since at this moment we do not have a NP-complete proof, or

a polynomial time algorithm. We also would like to generalize our linear dependency

dynamic programming to other workflow patterns, so that they can take advantage of this

dynamic programming to find good schedules.
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