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Abstract

Fuzzy dark matter (FDM) is a strong dark matter candidate, featuring a massive cen-
tral soliton with large-amplitude density oscillations. Previous studies suggested that the
soliton oscillations persist even after the tidal disruption of a surrounding halo. Here, via
three-dimensional FDM simulations with adaptive mesh refinement (AMR), we demon-
strate that tidal stripping can damp soliton oscillations by removing the soliton excited
states. The damping efficiency depends on the ratio between the average enclosed den-
sity of a host halo and the soliton peak density. Furthermore, a soliton can be completely
disrupted if the tidal radius is comparable to the soliton radius. These findings are im-
portant for theoretical analyses of the heating of central stellar objects owing to soliton

oscillations.
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Chapter 1 Introduction

The concept of dark matter originated from the unexpected observation of mass in
astronomical observations. As of today, dark matter has become a mainstream theory and
can be used to explain phenomena such as galaxy rotation curves and gravitational lensing.

Fuzzy dark matter (FDM) [9] is one of the candidates for explaining these phenomena.

FDM is described by Schrodinger-Poisson (SP) equations[20, 22, 24, 27]. It behaves
like a wave and has an extremely small mass constraint, typically ranging from about
10722 to 10~2%eV[1, 3, 13, 14, 28]. As a result, it exhibits a long de Broglie wavelength.
FDM can explain large-scale structures as effectively as cold dark matter but offers a
better explanation for small-scale structures[ 11, 15, 19, 20, 22, 26], such as the cusp-core

problem[&, 17], the missing satellite problem[ 12, 16] and the too-big-to-fail problem][2,

1.

In the study of FDM, it has been observed that soliton would reside inside the halo[20]
with density oscillations. Soliton exhibits a flat slope in the inner part of its density pro-
file. If a soliton is perfect, which means it does not possess any excited states, it will not
exhibit oscillation. Nonetheless, when perturbations are introduced into the system, they
can trigger the formation of excited states within the soliton. These will lead to oscillatory

behavior, causing the soliton to undergo periodic variations. In [5], Soliton oscillations
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are closely related to their excited state.

Previous studies have investigated the impact of tidal forces on solitons. [6] examine
the influences of tidal stripping and dynamical friction on FDM subhalos. [10] suggest
that the decrease in the wave function’s amplitude entirely characterizes the tidal mass

loss process.

In this paper, we not only aim to investigate the evolution of solitons but also con-
sider the evolution of the oscillation under the influence of tidal stripping. [21] suggested
that the soliton oscillations remain persistent even in the presence of tidal disruption af-
fecting the surrounding halo. The tidal force considered in this study is extremely small.
[7] showed the mass loss rate of the soliton from tidal stripping and the survival time of
satellite galaxies. The tidal force considered in this study is strong enough to destroy the
soliton. These two studies provide extreme values for the strength of the tidal force. We
focus on studying the effects of tidal force strength between these two papers. Specifi-
cally, we investigate how the oscillations of the soliton evolve under different tidal forces

when the soliton remains intact and is not disrupted by tidal forces.

We simulate various scenarios and confirmed that tidal forces reduce the magnitude
of oscillations in the soliton. Besides, we further analyze the proportion of excited state

in the soliton and found that tidal forces reduce this proportion.

The structure of this paper is as follows: Chapter 2 provides the theoretical foun-
dations required for the simulations. Chapter 3 outlines the methodology we employed.
Chapter 4 presents the results and analysis of the simulations. In Chapter 5, we provide
a conclusion summarizing our findings. Additionally, detailed derivations and analysis

methods are included in Appendix.
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Chapter 2 Theoretical basis

In this chapter, we will discuss the properties of soliton and use the point mass as-
sumption to derive the tidal potential as a basis for simulation. We also use the Navarro-
Frenk - White (NFW) profile to derive the tidal potential. The detailed derivation is in-

cluded in the appendix.

2.1 Soliton property

The soliton is formed by the FDM, which follows the coupled Schrédinger-Poisson

(SP) equations[25, 29]

o R,

B 2.1
ih—. 2me P+ maPep, 2.1)
V2@ = 4nGmy|v)?, (2.2)

where 1) is the wave function of FDM, m;, the particle mass of FDM, & is the gravitational
potential, my|t)|? is the mass density of FDM,and G is the gravitational constant. The
density profile of an unperturbed soliton can be approximated by[22]

1.9(mb/10_236V)_2(Tc//fpc)_4
[1+9.1x 10-2(r/r.)%?
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where 1 is the distance to the soliton center, and r. is the radius where the density drop to
half peak density. If the soliton is perturbed, it will begin to oscillate. The timescale of
oscillation can be described as [4]

Tsoliton(pc) = 921(#)1/2]\43/’17 (24)

where p. is the time-average peak density of the soliton.

2.2 Tidal potential

When a soliton orbits its host, It is subject to the gravitational field from the host.
Due to the varying gravitational force at different positions on the soliton, tidal stripping
happens. When simulated in the moving non-rotating coordinate system which we would

discuss in Chapter 3, the gravitational potential is transformed into tidal potential.

Focusing on the system centered on the satellite, the tidal force pulls the soliton to-
wards the center of mass of the host, causing it to stretch along the line connecting both.
By assuming that the distance from the target point to the soliton is much smaller than the
distance from the soliton to the center, and treating the host as a point mass, we can derive
the acceleration and tidal potential as follow. The scale of acceleration due to tidal force

is shown

a, = G}]gr (2cos? O — sin” §), (2.5)
GMr .
Qtheta = F(Eﬂ cosfsind), (2.6)

where M is the host mass, R is the distance between the soliton and the host, and 6 is the

4 doi:10.6342/NTU202303334



angle between the vector from the host to the soliton and the vector from the soliton to the

target position. The tidal potential derived from Eq. 2.5 is

—GMr?
3

°F (2 cos® § — sin” ). .7

‘/t:

Due to the tidal potential, Eq. 2.1 becomes

72
% _ —h—v%p + Mg (® + V). (2.8)

R
! Bt Zmb

If using the NFW profile as the mass distribution of the host, then the tidal potential is

given by
Vinew = —21GpoR3*r*{acos®  + (2 cos® § — sin* ) (b — c)}, (2.9)
where
S (2.10)
a= ; :
R(1+ £)2R?
b= ! (2.11)
C R(1+ 4R, '
In(1+ &)
0= (2.12)

po and the scale radius, R, are the parameters of NFW profile. By using the above func-
tion, we can simulate the three-dimensional evolution of soliton in the moving non-rotating

frame and even use the more general tidal potential.
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Chapter 3 Numerical method

To investigate the evolution of perturbed soliton under the influence of tidal force, we
use the code GAMER [23] and run the numerical simulation in the moving non-rotating
frame. GAMER supports AMR and parallel GPU computing. Due to the heavy computa-
tion of simulating the Milky Way in the inertial frame, we simulate the tests in a moving

non-rotating frame and focus on the circular orbit.

When we simulate in the moving non-rotating frame, a small box is sufficient to
conduct it. However, in the scenario, there is a possibility that the object may touch the
boundary and experience the rebound effect. This may affect the simulation. In order
to prevent the dark matter from reaching the edges of the box boundary, we introduce a
“sponge” into the outer regions of the grid. It will absorb the dark matter located too far

away from the soliton. The absorption rate of the sponge is

damp(t) = e, (3.1

v(r) = 0.5a(1 + tanh((r — b)/c)), (3.2)

with the parameter {a,b,c} = {2,20,5} and t is the elapsed time. Density is multiplied by

“damp” to reduce itself.

7 doi:10.6342/NTU202303334



3.1 Construction of perturbed soliton

We use GAMER]23] to create a soliton without oscillations and introduce perturba-
tions through the code from [5] to generate the desired oscillations. We apply the pertur-

bation based on spherical symmetry to give disturbances.

Considering an unperturbed soliton with m;, = 8e-23 eV in a no tidal field system, we
manually introduce disturbances by adding spherically distributed FDM. Then, the soliton
that has been perturbed will evolve until its oscillations stabilize and maintain spherical
symmetry throughout its evolution. We determine the peak density (p.) of this oscillating
soliton by calculating the time-averaged value of the peak density. In the top panel of
Figure 3.1, it can be seen that the soliton, after being disturbed initially, quickly reached
stable oscillation. Also, focusing on the black line which represents the density profile of
the fitted soliton by the average peak density from the perturbed soliton, we can see the

core is identifiable by the soliton profile as shown in the bottom panel of Figure 3.1.

3.2 Moving non-rotating frame system

Simulating the Milky Way in an inertial reference frame presents computational chal-
lenges. The main consideration is that in an inertial coordinate system. The orbital velocity
needs to be provided as an input, while in the moving non-rotating coordinate system, it
is not required. This difference means that an inertial coordinate system requires a higher
resolution at the base level to ensure accuracy. Then it will cost more simulation time.
Therefore, to shorten the simulation time, choosing the moving non-rotating coordinate

system is a preferred option.

8 doi:10.6342/NTU202303334
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Figure 3.1: The evolution of perturbed soliton with p, ~ 5.14¢7 M, kpc=3. Top:Peak den-
sity of the perturbed soliton. The soliton reaches equilibrium in 0.5 Gyr. Bottom:Density
profile of the perturbed soliton at different times. The black line represents the fitted pro-

files defined by Eq. (2.3) with an average p... It is evident that the cores are characterized
by soliton profiles when it is stable.

In the moving non-rotating coordinate system, we can see the host orbits the coordi-
nate origin that coincides with the center of mass of the soliton. The distinctive feature of
this system compared to the typical rotating coordinate systems is that its coordinate axes

do not rotate along with the center of mass of the soliton.

Based on our assumptions about deriving tidal potential, we are aware that placing
solitons too close to the host will lead to problematic outcomes in the derivation. Here,
we conducted a convergence test. We tested the scenario where a soliton is placed very
close to the center in both the inertial coordinate system and the moving coordinate sys-
tem to observe the differences between the two. We placed the soliton at a distance of 20
kpc from the host which is much smaller than other cases in our simulation. Figure 3.2

is the projection plot in both systems. we can see that the deformations in both cases are

9 doi:10.6342/NTU202303334



remarkably similar in the early stage. As the evolution progresses to later stages, the struc-
ture becomes disrupted. Also, there are no higher-order forces in the moving coordinate
system. We would observe the different deformation in both systems. However, since our
goal is to observe the evolution of the soliton without disruption, this has minimal impact

on our experimental focus.

In Figure 3.3, we delve deeper into the observation of the structural evolution of
solitons. It compares the structural configuration of the soliton at various time points in
both coordinate systems. Focusing on the bottom panel of relative errors, We can observe
that the error within the interior of the soliton is minimal, whereas larger errors begin to
appear outside the soliton. The larger error outside is due to the low-density values, where
even a small difference can result in a significant error. However, since our experiment
focuses on the high-density region of the soliton, this has minimal impact on our study.
From Figure 3.3, we can conclude that despite placing the soliton very close to the host in
this test, we still obtain convergent results. This provides us with assurance of accuracy

for our experiment.

10 doi:10.6342/NTU202303334
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Figure 3.2: The projected soliton density at different times is shown for different coordi-
nate systems. The top panel is the inertial coordinate and the bottom panel is the moving
coordinate system. During the initial stages of evolution, the deformations are quite simi-
lar between the two. However, in the later stages, as the structure becomes disrupted, tidal
forces elongate the soliton into a tail-like shape. Because there are no higher-order forces
in the moving coordinate system, the shapes of the tails in the two systems differ.
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Figure 3.3: The structural evolution and relative error of soliton at different times.
Top:Density profile of soliton at different times in different systems. In the inertial co-
ordinate system, the representation is shown using lines, while in the moving coordinate
system, it is depicted using dots. The data points within the higher-density internal re-
gion are largely consistent between the two systems. Differences in data points begin to
emerge in the lower-density external region. Botfom.Relative error in both systems at dif-
ferent times. The error within the interior part of the soliton is minimal, while significant
error is present in the exterior. From both panels, it is evident that the data in the high-
density internal region of the two systems are in agreement. This region aligns with our
experimental focus. However, there are slight discrepancies in the external region, pri-
marily due to the lower density. As a result, the relative errors are larger in this region.
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3.3 Simulation setup

We use the soliton in Figure 3.1 with an average r. = 0.87 kpc as the initial condition
and perform numerical simulations to observe the evolution of perturbed soliton under the
influence of tidal forces. In the simulation, we use adaptive mesh refinement to reduce
the simulation time. AMR allows us to modify the resolution as desired. The grid spacing
would be relatively wider in lower-density regions and finer in higher-density regions. The
box has three sides of 50 kpc with a base grid of 256° and up to three refinement levels.
Cells with ppys > 10+ are refined to level [ + 1 for 0 <[ < 2, leading to a resolution of
0.024 kpc. We use 36 cells to resolve the core. This value is very enough to resolve the

core of the soliton.

To easily describe the magnitude of tidal forces, we adopt the same approach in [7],
using the initial density ratio y as the parameter. p is defined as

Psoliton,peak
= (3.3)
Phost

where pj,4 18 the average density of the host within the radius of the orbit and psoriton peak
is the average peak density of soliton. If the u is larger, the tidal force is weaker. We can

vary the p by placing the soliton at different orbital radii.

To approximate the condition in Milky Way, we treat the host as a point mass with
Mpost = 1e12 M. Then, the tidal potential will follow Eq. (2.7). By placing soliton at
different distances, We can test the evolution of soliton oscillations under different tidal

forces. In these works, we run the simulation for 9 Gyr.

13 doi:10.6342/NTU202303334
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Chapter 4 Simulation result

In this chapter, we present the result of the evolution of soliton with different initial
density ratios x4 and calculate the decay of their oscillation amplitudes. We will categorize
our results into three main regimes. The first regime is when the tidal forces are too
strong and lead to the destruction of the soliton. The second regime is when the tidal force
dampens the oscillation but does not destroy the soliton. The third regime is the soliton

remains its structure and can sustain its oscillation.

4.1 Different regime

First, we show the result of three representative cases with ;= 50, 120, and 210 intro-
ducing the three regimes of i. Figure 4.1 shows the projected soliton density, presenting
the time evolution of soliton. When p is equal to 210 and 120, it can survive for 9 Gyr.
However, when p is equal to 50, it is destroyed, meaning the central density decreases by
more than one order of magnitude (as shown in the bottom panel in Figure 4.2). By further
observing Figure 4.3, we can see the difference between ;1 =210 and 120. The oscillation

amplitude still exists for ;= 210, while it is almost disappearing for ;. = 120.

According to the results, we divide u into three different regimes. The three regimes

can be distinguished based on the response of the system to tidal forces. In the first regime,

15 doi:10.6342/NTU202303334



tidal forces have little effect on the oscillation amplitude. In the second regime, tidal
forces affect the oscillation amplitude but do not alter the soliton structure (as shown in the
middle panel of Figure 4.2). In the third regime, tidal forces not only affect the oscillation

amplitude but also destroy the soliton structure.

8
20 t=0.0 Gyr =2.0 Gyr =4. yr t=6.0 Gyr t=8.0 Gyr 10
0
-20 (a) u =210
20 106,
i 9]
o
g o =
- =
-20 (b) u =120 105
20
10*
0
-20 ) =35 103
-20 0 20-20 20-20 20-20 20-20 O 20

X (kpC)

Figure 4.1: The projected soliton density at different times is shown for three initial density
ratios: p =50, 120, and 210. The top, middle, and bottom panels correspond to ;. = 210,
120, and 50. We show time slices taken at two-gigayear intervals. When tidal forces are
weak, they do not have a significant effect on the soliton core, but when they are strong,
they can destroy the soliton.
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Figure 4.2: Density profile of soliton at different times for initial density ratios y = 50,
120, and 210. We plot the initial condition (red) and the configurations at t = 2.0 (green),
4.0 (red), 6.0 (cyan), and 8.0 (purple) Gyr. We define the destruction of a soliton as a
significant drop in central density by more than one order of magnitude. Therefore, when
subjected to strong tidal forces, solitons cannot maintain their shape, and their central
density drops by more than one order of magnitude, which we consider as being destroyed.
However, when tidal forces are weak, solitons can maintain their shape without being
destroyed.

4.2 Result comparison

We focus on the cases with ;1 = 90, 120, 150, and 210 to illustrate our findings re-

garding the detailed variation of oscillation amplitude under tidal forces in the first and
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second regimes. Figure 4.3 displays the temporal evolution of peak density oscillations,
which reveals that the amplitude decreases and the oscillation period increases as time
progresses. Moreover, as 1 becomes smaller, the rate at which the amplitude decreases
increases. It can be observed that ;o = 210 still exhibits a significant oscillation amplitude
at 9 Gyr, whereas ;. = 90 has almost no oscillations at 5 Gyr and remains stable at the
subsequent time. Based on the above, we can confirm that tidal forces can reduce the os-
cillation of solitons. Under the strength that will not destroy solitons, the greater the tidal

force, the faster the reduction rate.
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Figure 4.3: Time evolution of peak density for the initial density ratios . = 50 (purple),
90 (cyan), 120 (blue), 150 (green), and 210 (red). All solitons in the tests evolved from
the same initial peak density. It can be observed that as time progresses, the amplitude
of soliton oscillation gradually decreases. Additionally, it is evident that as the tidal force
increases, the rate at which the amplitude of soliton oscillation decreases increases as well.
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4.3 Amplitude calculation

For further analysis of the results, we calculate the values of the ground state per-
centage and excited state percentage for each time. Assuming the wave function is only
composed of the ground state and excited state. The definition of excited states in this con-
text is based on considering all wave functions that are not in the ground state as excited

states. Also, we assume the ground state and excited state are orthonormal.

Y = a1 + a2, (4.1)
(Yel ¢YE) =0, (4.2)

where )¢ is the ground state of the wave function, the 1/ is the excited state, and

the a; and as is the coefficient. First, we normalize the wave function,

a1 a2

¢no7"malize = ) 2wG + >/ 3 5
v ai +a; vai+a;

Vg, (4.3)

and determine the density profile of the ground state (¢) by taking the average peak
density over the last gigayear in the simulation and reforming the perfect soliton that rep-
resents the ground state from the Eq (2.3). Due to the orthogonal of the ground state and
the excited state, we do the inner product of the normalized simulated density profile and

the normalized density profile of the ground state,

a

¢ ,normalize 77/}normalize = T (44)
< g | > m

we define the squared value of the resulting quantity as the ground state percentage, and the

excited state percentage is defined as 1 minus the ground state percentage. Ensuring that
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the sum of the numerical values of the two percentages equals one. With such a definition,
we can plot the state percentage as a function of time to depict its evolution over time and

be more illuminating,

2

Ground state percentage = 4.5)

a
a? + a¥’

aj
at + a3’

Excited state percentage = 1 — (4.6)

Also, we introduce the window function to do the window average using a filter size of
ten. It can help us observe more pronounced features. Due to inconsistent ground state
selection, even for the same soliton, there may be variations in the calculated initial values

on the graph. However, this does not affect our ability to observe the trend of evolution.

From [5], We believe the oscillation amplitude would be influenced by the ratio of
a1 and as. If the ratio of a; to a is larger, the amplitude will be also larger. According
to the observation that the amplitude continuously decreases in Figure 4.2, we conjecture
that the ratio of a; and a.. will also decrease over time. Figure 4.4 provides additional
confirmation, illustrating the temporal evolution of the ground state percentage in the up-
per panel and the excited state percentage in the lower panel. As time evolves, the ground
state percentage increases and the excited state percentage decreases. Consequently, the

ratio of the ground state percentage to the excited state percentage decreases over time.

In addition, we also observe that with the increase of tidal forces, the aforementioned
process also accelerates. Based on consistent results with previous findings of the oscil-
lation amplitude, we believe that tidal forces can diminish the excited state of solitons,
thereby reducing their oscillation. For a given soliton, the stronger the tidal forces, the

stronger this effect becomes. However, when tidal forces exceed a certain threshold, they
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can directly destroy the soliton.

B

0 1 2 3 4 5 6 7 8 9
Time (Gyr)

Figure 4.4: Top:Time evolution of ground state percentage for the initial density ratios j =
50 (purple), 90 (cyan), 120 (blue), 150 (green), and 210 (red). Bottom:Time evolution of
excited state percentage. As time progresses, the ground state percentage increases while
the excited state percentage decreases. When the tidal forces increase, this process speeds
up. It demonstrates that tidal forces, depending on their strength, remove the excited state
over time
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4.4 Future work

About future work, I think the most important thing is how to quantify the decay

rate of oscillation. Completing the quantification of the decay rate allows for comparison
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with other works or observational data, thereby enhancing the accuracy. Besides, I think
testing the different host mass distributions and amplitude of oscillation will serve as sup-
plementary evidence of generality. Last, The elliptical orbit implementation can help the

simulation be more realistic.
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Chapter S Conclusion

In order to understand the evolution of soliton under the influence of tidal disruption,
we performed various numerical simulations and analyses on soliton. Making the assump-
tion that the radius of the soliton is significantly smaller than the distance from the soliton
to the host, allows us to derive the tidal potential in the rotating coordinate system. Also,
we only consider purely circular orbits, enabling us to perform simulations in a rotating
coordinate system. These approaches help us gain a more intuitive understanding of the

physical meaning behind the phenomena we are studying.

We vary the orbital radius to control the magnitude of tidal forces. The evolution of
the oscillating soliton will vary under different tidal forces as well. During our simulations,
we observe that larger tidal forces result in faster damping of the soliton oscillations. When
the tidal forces become stronger than a certain threshold, they can ultimately lead to the

destruction of the soliton.

After further analysis of this phenomenon, we present a plot showcasing the evolution
of the percentage of the ground state and the excited state of the soliton over time. We
reconfirm the aforementioned conclusion and observe that tidal force removes the excited
states of the soliton, resulting in the damping of its oscillations. Additionally, we noted

that larger tidal forces lead to faster removal of the excited states. These findings align
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with our expectations.
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Appendix A — tidal potential

derivation and u in different frames

We presented tidal potential in Chapter 2 and utilized it as an external field in the
simulation. We will now demonstrate how we derived this formula. First, let’s consider
a satellite orbiting a point mass, M, and assume that the satellite radius, r, is significantly
smaller than the distance between the center of mass of the satellite and the host, R. The

satellite experiences the gravitational influence of the point mass.

F(R) = — (A.1)

R?’

We choose a point on the surface of the satellite and its distance to the host is denoted

as D. Due to the variation in the gravitational field, the satellite is subjected to tidal forces.

Fp = F(D)— F(R) = F(R+7) — F(R) = rVF(R), (A.2)

The following is the subsequent derivation.
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0 —GM ~
TE R2 R,
0 —-GM. = —GM 0 =
T(E R3 >R+T R3 ER,
0 OR—-GM - —GM
T(@E R3 )R+ R3 r,
GM GM

=rcosf 7 ﬁ—i— _R3

M
:rcosﬁizgR—l—'r 7 r

GMr

_3GM N
(2cos? O — sin” O)7 + Z3GMy cos @ sin 64, (A.3)

R3

where

= =

= cos 07 — sin 60, (A.4)

R
0 0 OR 0
E = ﬁa = COSG@, (AS)

o5 - .

After completing the calculations mentioned above, we can obtain the results for
Chapter 2. Next, we proceed to calculate the central halo assuming the NFW profile as
the mass distribution. We will use the same calculation method as for the point mass, but

the central density distribution and mass will be modified to fit the NFW profile.

. Lo

p(R) = By Ay (A7)
B , 1 In(1+ #)

F(R) = —4nGpoR? (R i+ DR +— (A.8)
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Now, let us continue with the subsequent derivation.

Fr = rVF(R)
[ 5 —1 In(1+ &)\ -
= —AnGpoR® |r= B2\ R
TPt 1Ty, (R(HR%)RS+ R2
G ~1 In(1++4)\ .
= —AnGpoR® |r= B2\ R
TP\ Ty <R2(1+R%)Rs+ R

—1 In(1+ £ 0 =
+r —— Utn)) 2y
R2(1 + R_S)Rs R3 87“
1 3 =3In(1+4)\ 5
0 + + < R
"eos <R2(1 + E)Rs? | R (1+ £)Rs Rl

1 In(1+ &
+ — + ( - ) 7
R2(1+ )R, R
1
COS2 (9—
( R(1+ 7 R2

1 In(1+4)
2 . 2 R/ | =
+ (2cos” 0 — sin” 0) <R2(1—|— Yy - 7 T

Rs

= —47TGp0R§

= —47GpoR3r

1
R(1 + &)R2

Rs
. 1 ln(l—f-R%) R
— 3cosfsinf <R2(1 n R%)Rs — e 9> (A.9)

Finally, we get the result of the NFW profile. With these results, we can simulate the test

— <cos fsind

in a rotating coordinate system.
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Appendix B — calculate the amplitude

In this appendix, we will explain how to calculate the amplitude percentage using the

simulation results by the method in Chapter 4.

The main purpose is to calculate the following formula,

2

2
) a
’<1/}G,normalize| 2/}norrnalizeﬂ = ‘/4ﬂr2wg,normalizewnOTmalizedr = m’ (BIO)
1 2

the wave function of soliton is stored in the form of real and imaginary parts in the simu-

lated data, which can be present as
W(r) = R(r)+ I(r), (B.11)

We calculate the average density of the soliton over the last 1 Gyr in the simulation and
use it to create soliton data with only the ground state by GAMER. Since we are using the
first output data, the wave function of the soliton data with only the ground state will only

have the real part, which can be present as

wG(T’> = Rg<7“), (B12)

Next, we normalize their wave function by dividing each of them by the square root of their
respective soliton mass. Afterward, we take the normalized wave functions and use them
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to perform the calculation according to equation B.10. After obtaining the calculation
result, we apply a window function. It will average the data points using a window size
of ten. By applying a window function, we can remove local variations that are not of

interest to us and focus on the global trends we want to observe.
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