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Abstract

In specific tasks and activities such as tug-of-war, weightlifting, and related
physically demanding work, the brain sends commands to the muscles to- initiate
movement. However, the sustained exertion involved in such activities can lead to muscle
fatigue and subsequent muscle damage, ultimately affecting work efficiency. This paper
is based on a mathematical model of sustained muscle exertion and explores the
relationship between the magnitude of force applied and the level of fatigue experienced.
In muscle activities, the strategy of force application plays a crucial role in reducing
fatigue and maximizing work efficiency. This study employs Optimal Control Theory to
identify the optimal strategy. Optimal Control Theory is a mathematical tool and
optimization approach that solves control problems of dynamic systems to determine the
best operational strategy under given constraints. Utilizing Optimal Control Theory, this
study aims to develop an optimal sustained exertion strategy to minimize muscle fatigue
and enhance work efficiency. By considering the optimal energy-saving mode of muscle
control by the brain during sustained exertion, we seek to achieve efficient muscle activity
without inducing excessive fatigue. To accomplish this, the study proposes three objective
functional, quantified using the MATLAB numerical software. These objective functional
consider the relationship between the level of commands issued by the brain, the
magnitude of muscle force exertion, and the degree of fatigue. By integrating this
relationship with Optimal Control Theory, the study seeks to identify the optimal control
strategy. Additionally, an analysis comparing the proposed objective functional with the
absence of optimal control strategy will be conducted. Through analysis, we can evaluate
the advantages and disadvantages of different force strategies and select the optimal
approach.

Keywords : Optimal Control Theory, Muscle strength, Muscle fatigue, Motor units,
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L2 FONONONONOEI X
D KMH=0
@ KMH)=4 , KD)=5
@ K(E) =min{2 +K(H),5+ KD} =6 , K(F) =min{7 +K(H),4+KD}=9 ,
K(G) =min{4 + K(H),4 + K()} =8
@ KB) =min{8+ K(E),5+K(F), 7+ K(G)} =14 , K(C) =min{4+K(E),3 +
K(F),5+K(G)} =10 , K(D) = min{5 + K(E),2 + K(F),6 + K(G)} = 11
® K(A) =min{3 + K(B),5+ K(C),4+ K(D)} =15
d S5 T B 3% AL JRE2 ER L A-D-E-H-J 2 A-D-F-I-J & 5> o 5
BB ERL 15 BERATREM ABFLIERE S > d - 30T £
R Rz BRI EEC R RS B R ARG o TWALY
WD KRB G d ML Pk B ER R H kG R A
AR DR EAVASNES o BT R Ry Fe- H P ER
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>|[14] -

Y- P RS
2 1
min J [x(t) + = u?(t)]dt
w ), 2
subjectto  x'(£) = x(t) + u(t) , x(0) = %ez -1
Hamiltonian 5

1
H=x+§u2+l(x+u)
R EER G

1. 0= Z—Z =u+A1 at u* = u* = —1 (optimality condition)

2. X=-2=—(1+2) (adjoint equation)

3. A(2) = 0 (transversality condition)
d adjoint equation % transversality condition ¥ {FA(t) 5 :
At) =e?t -1

¥+ 3% w optimality condition ¥ 1§ & i i Fr 4] ¢

ur=-1=1-—e%"
TE F AR A AR
1
x*==e?t-1
2

PR AR E NG S h - R BERRFL[12] T

2

1
minJ [x(t) + zu?(t)]dt

), 2

subjectto  x'(t) = x(£) + u(®) , x(1) = %e —1

Hamiltonian % :
1
H =x+§u2 + A(x +w)

13

(2.2.1)

(2.2.3)

(2.2.4)

(2.2.5)

(2.2.6)

(2.2.7)

(2.2.8)

(2.2.9)

(2.2.10)

(2.2.11)
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N %4 . b4 .
B EE L

1. 0=6—H=u+/1 at uwr>ut =

o0 = —A (optimality condition) (2.2.12)
2. A= —Z—H = —(1+ 4) (adjoint equation) (2.2.13)
3. A(2) = 0 (transversality condition) (2.2.14)

d adjoint equation % transversality condition ¥ ¥

At) =e?t -1 (2.2.15)

#-1+ 4% w optimality condition ¥ 17 B & 1t f 4] ¢

ur=-1=1-—e%" (2.2.16)
A I h S RS TR A
x* = lez_t -1 (2217)
2

d LR R A FIFER R AR IR B T B PERT PIE 5 £ Hamiltonian

LR S SR ST C R E L SR
EREE R RRE [0 A%

ST LN LS

1 1
muinf [x(t) + Euz(t)]dt
0

(2.2.18)
subjectto  x'(t) = x(t) +u(t) , x(0) =ze? —1

Hamiltonian & :

1
H=x +§u2 + A(x + ) (2.2.19)

d LA A SRk ALEs i D AR S A P AEAP > F] Hamiltonian 4% 2 % 0 14

3% & Gf i+ ¢ 2 optimality condition 2 adjoint equation » # € T o XA o Fl#
SHPER % T 0 ¢ transversality condition gt BPAL P 4 € 2T o Tt 0 L & GEE R

14
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1. 0= Z—Z =u+A1 at u* = u* = —1 (optimality condition)

2. A= —Z—H = —(1+ A1) (adjoint equation)

3.  A(1) = 0 (transversality condition)
H
A= i —(14+1D),2(1)=0=>A1t)=el"t -1
u (t) =-At)=1—elt
R | SRR NE 3 IR

x(t)— 1t+ (e —e)et -1

2
£ N

(2.2.20)

(2.2.21)

(2.2.22)

(2.2.23)

(2.2.24)

(2.2.25)

A B e FlA N R R d R R A

R TR S N ST S TR EROE L RS- 5 2 N

FAKeoFzZ o FedladihdEzl FAR A BgpEFgs
R'id

15
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2.3 »3RE

G EEIRT > K Y A R PR AT B b 1L R B 1 A SR B 5
L ER R B AR 1 = LN Ty £ WINPT o ST
B PR A PR S BAEE T AP RSB 5 ro(x(t)) kE AP
[14] « £ ¢ p(x(t))iAE 3 ¥ 47 3 (Payoffterm) o 4 » w4837 15 > S 1t P R

5]3;\4 U

-

max l(p(x(tl)) +.f 1f(t,x(t),u(t))dt

subject to x’ = g(t, x(£), u(®)), x(to) = xo (2.3.1)

BOBEMERT PRS2 LR EE S B 2138 i N e ¥ g R
BB R AEB I kM BR- PRAEFZ GV A ER
R A HTE Mud i P sk P RS L (W) <
JuH)<oo-oh(t)i- ERFERBF I el VB b - TAEFUOE
uf(t) = u*(t) + eh(t) (2.3.2)
Fxf®)ruf(Op R > PR E

dt x& = g(t xE(t) ué‘(t)) (233)

B 2 B o AR A B () ¢ T B () = x(tg) - £ - OFF + 7 {7
uE(t) N u*(t) ° _ﬁ —'Fl!z y 4 B i) /fg'ﬁ'r' .

ou(t) (2.3.4)
de £=0

FAE BREREte B > Feo>0FF > Fluf(t) »ut(t)F Aty v

h(t) =

x(t) = x*(t) (2.3.5)

TR BEEREE o £ Pt o T RN RS

0x*(t) (2.3.6)
oe =0
G BT M R RS S HAET £ 8 FF Fhen A

16
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oo muf L dpdl PR

J(ué) = f:[f(t, xE(t),ué(t)) dt + p(x5(ty))]dt (2.3.7)
EVIOFEIEE NG 2RI SAIIARE R o O C N S A
ft :1di[/1(t)xs(t)] dt = A(t)x(ty) — A(te)xE(ty) (2.3.8)
T A
ttl 7 AOx (O] dt = At)x" (1) + Ato)x" (£) = 0 (2.3.9)

#-23.7 882239 ;% 4p4c
jw) = [ :1[f(t, PO (0) + - AOX Ot + p(x (1)
+A(to)x% (o) — A(t1)x(tq)
= ttl[f(t, xE(), uf (1)) + A'x5(t) + Ag(t, x5 (6), us(¢t))]de

+9(x° (1)) + Alto)xo — A(t)x%(ty) (2.3.10)

FJ2 g B2 g idlusw e () ez FHi00 T

d
OZE](u)

e=0

t1 9
- f 5 [ (6 e (0,uf(0) + () + Ag (1,25 (0),u ()] e=odt

d d d
+ % [A(to)xo] |£=0 - & [A(tl)xs(tl)] |e=0 + a [(p(xg(tl))] |e=0 (2.3.11)

Er A EEY o XMy = 0F ~

o—ftl[ Gadi au£+/’t'axs+;1( el )] dt
- s fx de fu de de Ix 7 de gu de |S 0
o

F e AR ) + so(xf(tl))ne:o
ty Iyt At
f [fx fu a A ;; +A<gx ax +gu 52 )]ls odt
+aa [=A(t) + @' (x*(t)]le=o0 (2.3.12)

BB EETL
17
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ty 0xE
0= [ [¢he + 20 + 2060 S lewo + G + AR
to

Ot (2.3.13)
+ = [A(0) + ¢’ (x*(t))]le=o

B 213 FApkiEE 3 NT F R GEE

-

1. (@) = —[fi,(t, x*,u*) + g.(t, x*,u*)] (adjoint equation) (2.3.14)
2. futAgy, =0, ty <t<t; (optimality condition) (2.3.15)
3. Aty = ¢'(x*(ty)) (transversality condition) (2.3.16)

d mELE7TE > AP St » Payoff term {8 » H ¥ R2Z X R iF2Y -

transversality condition % % °

18
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A5

—

s
i
oy
J
N

3.0 vp FHE A 2 B FH5
311 HEH A B 2

AFFT FH* T Jing Z. Liu® A 302001 # & W en@cE WA AT 2 2 e A #H
[20] ° 3ZBE {32 > A< %& H p 22 4 (voluntary brain effort ) » &_i¢ v # 2
4§ h4d 3 5 12 & Jp 32 (Biophysical Principles) » ¥ Fg @] 7 3vp AR PFR EH R ¥
Frfedp Ay 4 &R o FECA RS g oy 2 2 Aeid B o J* < fgehp 435 4
'Fa%] RE RpFPp i de o ¥ b Pt F HOAI R B A yp A% 4 S e
EETREFAY  BEHEE S LR ERE3IS AR g A ES T
B FRSEET O GRS R AL DT GO X T A
BApa%d T RadErE &4 £ a97%[20]

pup fd el erm s P R EEATE 4 2 4 EfeiE R Ad A

& L LT ‘/3-'1’5 r“er A 4 [21][22] s FRm o sk *33%”7, @*ﬂ;;&ﬁf% » BUph g _l}‘]:‘; =
TR ER 2 A E kSRR (E R @R oovp 4§ X )3 S[8][23-25] -

v BB R kY o A B e f 5 @6 8 A (motor units) » F_d 8§ 4Y

2 Hpeglagep e > EHE AaER B AT g 24 B2 RF AR

o

[26] - 40 5 2 5 A & A AT B L BT o [27] 0 v B % Bl -
pLek s U ke i F e A ;_;UF;}BP‘;.,L’;]L*E_}\,*LE%; T g fads pr oo r‘t;ﬂg

AN T E o

19
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Human Brain

Brain Command
""" Motor Unit 1

Spinal Cord . X H =
Action Potential f , m==~" Motor Unit 2

Motoneuron
axon

my

Time

Bl 3-2 # (7% = FI[20]

4oBl 3-1 47 & o Ed @RE AL B - BEREAG e ERH LA
Al ovep e 50 ek A2 R A RS R R e A Se g T
da 4 o @iy 4 ;T‘kﬁ_; p i 4 (Voluntaryeffort) 45 4 r & #% b= 3% -~ #odp
£ @'iii%]i Ehp g0 B4 AU E(threshold) » #-¢ fE#EH H 2 & 1T 7 =
[28][29] » tiEd-H ~ ¢ jPaFde (7L 28 > 2 EHH AP org gl kR b g o
A Tr“ifk‘,g BpliFEH AR L fads o BIF ML E s TR AR A g E ) K g en

gi}i‘j g%l);?ﬁ’ F’:ﬁ [t Hr“‘}% /“_5 kil %1'}&#\1&""]‘@ ﬁ_)i El 7‘ gﬁ%yﬁﬁvlf% )
20
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s FgRERE L pH o

§ ook PR R S R S gy £ R 0 Bt HERT o - W
B TR AR S ¥ T ERE o doR) 3-2 77 o d SRR - P
Bl i@ dd ¢ F 2 BAER XL iRsyepg ¢ LR KTA 3 3
FlEa Bde A2 ok 3 [28][30]0 R B E 4 p o EE B A e D M e #E brE 6]
FRFFHAAIF FRH ARV ENRE B 28 - HAQARV R E > EHE L Rhm 2
£ A EE o % E R 2R 3 [23][24](28](30] -

BAZA T AR oeR P @R L R TR H P - IS ER
H o~ oA fads o om0 g g R #’Bﬁ’f“‘u%wi&i’é’ﬁﬁ ~Rd RS
EhH A AL TR E A B A 0 R X TR R A AR
fo o HAE 4 R KRR EGR R R F 2 € R o v g R TS L
WA R RRF hEIE R be D JFEF A L JeyE(Maximal Voluntary
Contraction)[7][31] » #©p eupR 4R & F Poid el g 3 20 > Tt o Bt R R T Y

WA o EHE AMAL RS mE R o AR 2R B A

Ik

[32] o S7 & 00 b A AT MG Y g 0 REHE RS Sz D

F_‘.

E Y L o AT Y MG FERE AhE L SEEE U

21
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312 &A1& >
Yo 3-3 S 0 Myt A 0ep hiEfed > B H A2 il My R b il
AR M s itto- BREME ¢ REF B E ABE > My b % ARLSRE

ﬁ“'ﬁ ’“g’tﬂ [ %;‘_LL 1§£§°MA ‘MF ‘Muclbb ;Eﬁﬁl&ié’ﬁ,{’ ’l‘;"_?”‘&‘;%ﬁ&(t:())

vb

&
ﬁ“'

AR R o F 0 Ft =0 0 M, =0,Mp =0,M,. = M, °

BN HERY o AT S 2 75 THERE 2 Tl S e B L 5
B4 > d BA T o Bigit 1 @HH ARG B BERE LS o ¥k g 2
RA D F& 7 a ffscfsd RET FRED fiad 2 B8 ~ie » ¥ kA
2@ F R RFEHE A RF PGB E S o Fl o EFFEARL AT
RA AR > I REAR L > AT R ¥ IR HEE- 0 2@ > d 3B F Rz ¥k

EF R R RRIF L PR 5 A RRIES R -

b
o]
9 \
™
N
b
02
o

B 33 =&

%o BY B e 4w 2 5 [20]

G

22
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d B 337 HHEMGE S HBEH LS

dM
—A_B-My,—F-M+R -Mp, o
dt
dM
Mgy R - (3.1.2)

My (t) = My — My (t) — Mg (0). (3.1.3)

DERCEY R I

M,(0) =0, (3.1.4)
Mg(0) = 0, (3.1.5)
M, (0) = M. (3.1.6)
bR A ARE HRAC RS TE R TR e P ERE A AER R R

2o h e - AN s AT E AL LR Sl TB(t) ) H BB A B

R o hlingZ Liu & AT P 0 BB E S Vo Bt RS ERFHAY 2

BAEE S R AT R AT B L e L 4
€ F doie g i {vg > FIP B E SRR Solicu(l) 1T 5 240 0 4ok 3-1[20]

o HEERE A RBEMoE AR R E 5 100(%) 0 il BT AT 2 F R

8 Jing Z LiuE A =379 o %’éi‘—‘ﬁiii’aﬁé—% v e 3-1[20] o AT R 2Kk
FHA 5
dM
th =u(t) -Myc—F -My+R - Mg, (3.1.7)
dMpg 3.1.8
- =F M;—R M, (3.18)
My (8) = My — My (t) — Mg (8). (3.1.9)

MR AR A AR L
M, (0) = 0, (3.1.10)

Mg(0) =0, (3.1.11)

23

doi:10.6342/NTU202302692



M,,.(0) = 100. (3.1.12)

T2EFHAY 2T PRARG M) 7 B 7 286 H ~dcd ~Mp(t) =

SR ERE A M (D) F 2 EE Al E M5 ER E A Rl u(t)

AT E R E L ER R FNF L AR 2

B H e R AR
X R RFEHFEAD R RERB IV ERREL

AT i8R A SR gk 0 TPt E i d o (%) AT o gt o

@ % o B LR

4o 301 EoerhTil o e 2% 4 A f ok AR § Bt B 5 B A2 s B iR [26]

My (O M () § & v- 3o vep 2255 4 L2 e gk F AR R .

% 3.1 %#B FR%x H ¥ =[20]

IS B F R
AR IE u(t) 0.0206 0.0084
§ - 1 1 1
- S S S

24
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3.2 B S

AR I 3] S L2 RkERA 22T 2B RSk 3R R 30
PR ovup AR AR R arsd S RN kBT A R B fopg o 1§l
IS Rl B S ERERAR Y] =
1. 12 ’l‘%—&,ﬁ'{—

30
maxf (M, —u?)dt (3.2.1)
u Jo

P AR S0 Bic— i;ﬁam[& 25 4 ‘fr’—\ Padp LR R 0 T AL VA T A LR R
B v g £ AR o B g Rl d e i Rt e B
o pFs & A Py and SRR A B 1Y o MR MR Rgen g g o

2. B iRdid=

30
max | (M, — Mp —u?)dt (3:2.2)
uJo

PAR s K it g wd B R > B8 B R R AR o G b

hpko Bl Apyt > PR Pt YRR F L REREP 0 AR

FhflT XAty 242 g% > T geep 54 o g2 Bk o
3. B *gf‘h}vﬁ;ﬁf_ .
30
max | (—Mp —u?)dt (3.2.3)
u Jo
PAcdlic= 2 FApvt o R F AP RF AR <GS RAE A D

FRICE 2% A4 A o R RSB  Me NR D E RF ok e SRR
A EE Rk Lt e 4 s ML AR B R EARY Ao R SR A R o
P e 0 MR R YUR A 4 friB By o

PR AT Bp RSk e BEFREFHL O UBRBREITLL Y
FROPF - RTBE VI FUAFF BakA AT ERY SR HELE
Tl ek iE it R % o e 2 B F B2 P RS HS

25
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P ’f}i,i—\:ll lg{- .

30
maxf (2M, — u?)dt
v Jo

z
30
max | (M, — 2u?)dt
u Jo
Bk
30
maxf (2M, — My — u?)dt
U Jo
ﬂfr’
30
maXJ (MA - 2MF - uz)dt
u
0
Y

30
maxf (M, — Mp — 2u?)dt
0

u

Boig o Mp RS =K E S

30
max | (—2Mp —u?)dt

u Jo

30
maxf (—Mg — 2u?)dt
u Jo

LR N N SUE A R S A

33 BB

26

(3.2.4)

(3.2.5)

(3.2.6)

(3.2.7)

(3.2.8)

(3.2.9)

(3.2.10)
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3.3.1 P #&Sndk—
(1)
30
maxf (M, —u?)dt
v Jo
subject to Mu(t) =u(t) - My, —F - My + R - Mp,
M;:v(t) :F : MA_R : MF'

Muc(t) =M, — MA(t) - MF(t)-

(3.3.1)
MA(O) = O’MF(O) = O'MuC(O) = MO — 100
Hamiltonian H 3 :
H =My —u?)+ A [u(t) - Myc—F - My +R - M]
+Az(F 'MA_R 'MF) (332)
B ER L
1. Z_;I =0,at u* u* = % (Mg — My, — Mg) (optimality condition) (3.3.3)
, oOH ., oH - .
2. ()= o, Ax(t) = ~ou, (adjoint equation) (3.3.4)
3. 2;(30) =0, 2,(30) = 0 (transversality condition) (3.3.5)

#- optimality condition 2_ & % u*F » I & % i > 2% adjointequation ¥ ¥ fig s >

VARG

. 21Mp  103M; Ay (M, + Mg — M,)? (3.3.6)
Ma() = 5560 ~ 5000 T 2

, . 103M, 21M; (3.3.7)
My () = 5000 2500

10341, MM, + Mg —M,) 103 3.3.8

1(0) 5000 * 2 5000

, 211, (M, + Mg —My) 21 (3.3.9)
Aza)"zsoo"ll[ 2 25001

¥l A S AL R P2 @R % 85~ 2 MATLAB {6 £ 4 w optimality

condition > F¥ R F it BEM; My cut2Z BB fEE S o
27
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()
30
maxf (2M, — u?)dt
v Jo
subject to Mu(t) =u(t) - My, —F - My + R - Mp,
M;:v(t) :F : MA_R : MF'

Muc(t) =M, — MA(t) - MF(t)-

3.3.10
My(0) = 0,Mp(0) = 0,M,.(0) = My, = 100 ( )

Hamiltonian % :

H = (ZMA _uz) +/11[u(t) ‘ Muc _F ° MA +R ‘ MF]
+Az(F 'MA_R ‘MF) (3311)
R GEE GO
1. Z—Z = 0,at u* ,u* = % (My — My — M) (optimality condition) (3:3.12)
, OH ., oH .. .

2. 1) = ST 2() = ~ou, (adjoint equation) (3.3.13)
3. 4;(30) =0, 1,(30) = 0 (transversality condition) (3.3.14)

#- optimality condition 2. % % u*F » 3 % %u# ft > 4£% adjointequation ¥ 7 pig 4 =

i2E .
, o« 21Mp  103M,;  A;(My + My — M)? (3.3.15)
Ma() = 5560 ~ 5000 T 2
103M, 21M; (3.3.16)
e — _ 3.
F () 5000 2500
10341, A (My + Mp — M,) 103 3.3.1
) = 1032 _103]_ (3.3.17)
10 ==Fg00 ~M 2 5000] ~ 2
, 214, MM, + Mz —M,) 21 (3.3.18)
() = 2500 Ml 2 25001

E N Y A R o ) T #j ~ 1 MATLAB & £ % w optimality

condition > ¥ f g F it BEM; Mg U2 FiEfEE % o

28
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©)
30
maxf (M, — 2u®)dt
v Jo
subject to Mu(t) =u(t) - My, —F - My + R - Mp,
M;:v(t) :F : MA_R : MF'

Muc(t) =M, — MA(t) - MF(t)-

3.3.19
My(0) = 0,Mp(0) = 0,M,.(0) = My, = 100 ( )

Hamiltonian 5 :

H =M, —2u?) + A u(t) - My, —F - My + R - My]
+/12(F ‘ MA - R ° MF) (3320)
R GEE GO
1. Z—Z = 0,at u* ,u* = % (My — My — M) (optimality condition) (3-3.21)
, OH ., oH .. .

2. 1) = ST 2() = ~ou, (adjoint equation) (3.3.22)
3. 4;(30) =0, 1,(30) = 0 (transversality condition) (3.3.23)

#- optimality condition 2. % % u*F » 3 % %u# ft > 4£% adjointequation ¥ 7 pig 4 =

APl

, o« 21Mp  103M,;  A;(My + My — M)? (3.3.24)
Ma() = 5560 ~ 5000 T 4

, . 103M, 21M; (3.3.25)
My () = 5000 2500

1034, A (My + Mg — M) 103 3.3.26

1(0) 5000 * 4 5000

() = 2500 Ml 4 25001

E N Y A R o ) T #j ~ 1 MATLAB & £ % w optimality

condition > ¥ f g F it BEM; Mg U2 FiEfEE % o

29
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332 P &Sl
1)

30
max | (M, — My —u?)dt
v Jo
subject to Mu(t) =u(t) My, —F -My+R - Mp,
Mp(t) =F - My —R - Mp,

Muc(t) =M, - M, (t) — Mg ().

3.3.28
M, (0) = 0, Mz(0) = 0,M,.(0) = My = 100 (3:3.28)

Hamiltonian % :

H=M,—Mp—u?) + A [u(t) My, —F - My, +R - Mg]
+Az(F ‘ MA - R ‘ MF) (3329)
R EER G
1. Z—Z =0,at u* ,u* = /12—1 (My — My — M) (optimality condition) (3.3.30)
) oH ., oH .. .

2. At = e A5 (t) = ~ oy (adjoint equation) (3.3.31)
3. 1,(30) =0, 1,(30) = 0 (transversality condition) (3.3.32)

#- optimality condition 2. 2 % u*¥F » I % i it > 2% adjointequation ¥ {7 fic 4 =

240
M’ (t) — 21MF _ 103MA /11(MA + MF - Mo)2 (33.33)
4 2500 5000 2
103M, 21M; (3.3.34)
ML(t) = - o
F() 5000 2500
, 1032, A (My + Mg — M) 103 (3.3.35)
MO =—<500 " 1[ 2 5000]
211, MMy + Mg —My) 21 3.3.36
Ly — _ 1 (3.3.36)

Bl A S ek s B R E 28 ~ 3 MATLAB # ¥ % % optimality
|

condition » ¥ F B F it BEM; sMp cu 2 BB fREESE o

30
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()
30
maxf (2M, — Mp — u?)dt
uJo
subject to Mu(t) =u(t) - My, —F - My + R - Mp,
M;:v(t) :F : MA_R : MF'

Muc(t) =M, — MA(t) - MF(t)-

3.3.37
My(0) = 0,Mp(0) = 0,M,.(0) = My, = 100 ( )

Hamiltonian % :

H = (ZMA—MF—u2)+/11[u(t) 'Muc_F ’MA+R 'MF]
+Az(F ° MA - R ‘ MF) (33.38)
R RS
1. Z—Z =0,at u* ,u" = % (Mg — My, — Mg) (optimality condition) (3.3.39)
, OH ., oH .. .

2. 1) = ST 2() = ~ou, (adjoint equation) (3.3.40)
3. 4;(30) =0, 1,(30) = 0 (transversality condition) (3.3.41)

#- optimality condition 2. % % u*F » 3 % %u# ft > 4£% adjointequation ¥ 7 pig 4 =

kel

oo 21Mp  103M, A, (M, + Mg — M,)? (3.3.42)
Ma® =550 ~ S000 2

103M, 21M; (3.3.43)

e ~ 3.

F®) = 5500 ~ 2500

, . 1032, (Mg + Mg —M,) 103 (3.3.44)
Al(t)——m—/h[ 2 5000

oL 21, MMy + Mg —My) 21 (3.3.45)

E N Y A R o ) T #j ~ 1 MATLAB & £ % w optimality

condition > ¥ f g F it BEM; Mg U2 FiEfEE % o

31

doi:10.6342/NTU202302692



©)
30
maxf (M, — 2Mp — u?)dt
uJo
subject to Mu(t) =u(t) - My, —F - My + R - Mp,
M;:v(t) :F : MA_R : MF'

Muc(t) =M, — MA(t) - MF(t)-

3.3.46
My(0) = 0,Mp(0) = 0,M,.(0) = My, = 100 ( )

Hamiltonian % :

H = (MA—ZMF—u2)+/11[u(t) 'Muc_F ’MA+R 'MF]
+Az(F ‘ MA - R ‘ MF) (3347)
R GEE GO
1. Z—Z = 0,at u* ,u* = % (My — My — M) (optimality condition) (3.3.48)
, OH ., oH .. .

2. 1) = ST 2() = ~ou, (adjoint equation) (3.3.49)
3. 1,(30) =0, 2,(30) = 0 (transversality condition) (3.3.50)

#- optimality condition 2. % % u*F » 3 % %u# ft > 4£% adjointequation ¥ 7 pig 4 =

il

o 21Mp  103M,  A;(My + Mp — M,)? (3.3.51)
Ma() = 5560 ~ 5000 T 2

, . 103M, 21M; (3.3.52)
M=) = <500~ 2500

10341, MM, + Mg —M,) 103 3.3.53

= ~ _ B (3.3.53)

1) =—=500 M [ 2 5000

, L 212 MMy + My —M,) | 21 (3.3.54)
(1) = 3550 [ 2 2500/ T2

E N Y A R o ) T #j ~ 1 MATLAB & £ % w optimality

condition > ¥ f g F it BEM; Mg U2 FiEfEE % o
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(4)
30
max | (M, — Mp — 2u?)dt
u
0
subject to Mu(t) =u(t) - My, —F - My + R - Mp,
Mp(t) =F - My —R - Mp,

Muc(t) =M, - M, (t) — Mg ().

(3.3.55)
MA(O) = O’MF(O) =0, Muc(o) = Mo =100
Hamiltonian % :
H = (My — Mp — 2u?) + A1 [u(t) - Myc —F - My + R - Mp]
FA(F - My =R - Mp) (3.3.56)
N STSTIN
1. Z—Z =0,at u* u* = ’1—1 (Mg — My — Mg) (optimality condition) (3.3.57)
! 6H ] 6H L. .

2. (D) = o, () = ~ oy (adjoint equation) (3.3.58)
3. 1,(30) =0, 1,(30) = 0 (transversality condition) (3.3.59)

#- optimality condition 2. 2 % u*¥F » I % i it > 2% adjointequation ¥ {7 fic 4 =

il
Mi(¢) = 22151(\)4(‘; _ 1503(1)%‘ LA Ma ’ZF — My)* (3.3.60)
Mi(t) = 15003(%’* - 22;‘)45 (3.3.61)
20 = — 15(:)30/1)2 vy [Al(MA + ivlF — M) 51000301 _ (33.62)

Mo b es S ARl 2 Ap ¥t F R i 4~ 2 MATLAB {2 £ % % optimality

condition » ¥ F B F it BEM; sMp cu 2 BB fREESE o
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333 F Sz
1)

30
max | (—Mp —u?)dt
v Jo
subject to Mu(t) =u(t) - My, —F - My + R - Mp,
ML(t)=F - My, —R - M,

Muc(t) =M, - M, (t) — Mg ().

(3.3.64)
M,(0) = 0,M(0) =0,M,.(0) =M, =100
Hamiltonian % :
H=(—Mp —u?) + 3 [u(t) My, —F - My +R - Mg]
+A,(F - M, —R - Mp) (3.3.65)
R EER G
1. Z—Z =0,at u* ,u* = /12—1 (My — My — M) (optimality condition) (3.3.66)
, oH ., oH .. .

2. At = e A5 (t) = ~ oy (adjoint equation) (3.3.67)
3. 1,(30) =0, 1,(30) = 0 (transversality condition) (3.3.68)

#- optimality condition 2. 2 % u*¥F » I % i it > 2% adjointequation ¥ {7 fic 4 =

el
M’ (t) — 21MF _ 103MA /11(MA + MF - Mo)2 (33.69)
A 2500 5000 2
103M, 21Mg (3.3.70)
ML(t) = - o
F( ="5500 ~ 2500
, 1031, M (Mg + Mp — M) _ 103 (3.3.71)
MO =—<500 " 1[ 2 ~ 5000
211, MMy + Mg —My) 21 3.3.72
Ly — _ 1 (3.3.72)

Bt M G AR R A ¥ B 8 0 3 MATLAB 4 £ % v optimality

condition » ¥ F B F it BEM; sMp cu 2 BB fREESE o
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()
30
maxf (—2Mp — u?)dt
uJo
subject to Mu(t) =u(t) - My, —F - My + R - Mp,
M;:v(t) :F : MA_R : MF'

Muc(t) =M, — MA(t) - MF(t)-

3.3.73
M, (0) = 0, Mz(0) = 0, M,.(0) = M, = 100 ( )

Hamiltonian &

H = (—2Mp —u?) + 44 [u(t) - My —F - My + R - Mg]
+A2(F - My — R - M) (3.3.74)
B EE G
1. 2_5 — 0t u* U= 12_1 (My — M, — M) (optimality condition) (3.3.75)
! 0H 12 0H . . .

2. ()= ~om, 2(t) = ~ s (adjoint equation) (3.3.76)
3. 2;(30) =0, 2,(30) = 0 (transversality condition) (3.3.77)

#- optimality condition 2. % % u*F » 3 % %u# ft > 4£% adjointequation ¥ 7 pig 4 =

APl

, oy 21Mp  103My Ay (My + My — M)? (3.3.78)
Ma® =550 ~ S000 2

, . 103M, 21M; (3.3.79)
M:(t) = 5500 ~ 2500

10341, A (My + Mg — M) 103 3.3.80

V() = — %2 _ (3.3.80)

1) =—=500 M [ 2 5000

o214, Mg+ Mp —Mo) 21 (3.3.81)

E N Y A R o ) T #j ~ 1 MATLAB & £ % w optimality

condition > F¥ R F it BEM; My cut2Z BB fEE S o
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©)
30
max | (—Mp —2u?)dt
v Jo
subject to Mu(t) =u(t) - My, —F - My + R - Mp,
ML(t)=F - My, —R - M,

Muc(t) =M, - M, (t) — Mg ().

(3.3.82)
MA(O) = 0' MF(O) = 0; Muc(o) = MO = 100
Hamiltonian % :
H = (—Mp —2u?) + 4 [u(t) - My, —F - My + R - Mg]
+A2(F - My — R - Mp) (3.3.83)
A e
1 Z_Z =0at u* u" = /1_1 (Mg — My — Mg) (optimality condition) (3.3.84)
! 0H ! 0H . . .

2. (D) = BTN Ay (t) = T (adjoint equation) (3.3.85)
3. 4(30) =0, 2,(30) = 0 (transversality condition) (3.3.86)

#- optimality condition 2. 2 % u*¥F » I % i it > 2% adjointequation ¥ {7 fic 4 =

AR
M’ (t) — 21MF _ 103MA /11(MA + MF - Mo)2 (33.87)
4 2500 5000 4
103M, 21M; (3.3.88)
ML(t) = — o
F() 5000 2500
, 1032, A (Mg + My — M,) 103 (3.3.89)
/11(t) = - 5000 -4 l 4 - 5000
211, MMy + Mg —My) 21 3.3.90
Lo B 1 (3.3.90)

B-b e s AR P R B R R ﬁi%J ~ 3 MATLAB {é ¥ % w optimality
condition » ¥ F g F it EEM; ~Mj cutZ BB RS o

SRR R GG kF > AL FEH 3 &Y 2 e R e F
b RfE o R E T 317583 30112 5% o A RfRiEARY 0 AT K317 ¢ oh
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e B S EOBERfeT o ARG R RAR Y B idw S ek
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g
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BRF o d A 4l F R R R0 25 Do e it

# ﬁ,\f’_{fﬁ,"lj ‘7\\11 E[%? B o g FaV P ﬁ»';}:;}wﬁﬂ] ﬁ\\lx pﬂ? ) Rud fﬁé%"f\:’ﬁg@ ﬁ*ﬁﬁ?ﬁfﬁ@_?ﬂ&ﬁ

FHRS

ZAl A r BEF B PRSI ARY B E R B S

a b c a a a

b c bc
B AR - 1978.7 605.97 71.47 3.27 27.69 0.0456
B A s 1945.4 591.22 68.25 3.29 28.51 0.048
PR S = 1776.5 538.46 47.17 3.3 37.66 0.07
Ao Eoid ek 2286.3 703.65 300 3.25 7.62 0.011

57

doi:10.6342/NTU202302692




%42 F RS- 4o JEE F BT R

a b c

S| Q

bc

30
maxf (M, — u?)dt 1978.7 | 60597 | 71.47 3.27 27.69 | 0.0456
0

u

maxfm(ZMA — u?)dt 2062.1 | 631.31 73.81 3.27 27.94 0.044
U Jo

30
maxf (M, — 2u?)dt 2050.4 | 625.83 38.02 3.28 53.93 0.086
U Jo

2042 AP ESE-  rEE F B2 B % B AMIE A~ EE F i R AR
P g s 4 A > FRBMAAEC] L ylaE o d £ 42 FER I 54 B E
adf e 4.2% L RS K E R o RS AR koA o ¥ Rt 4

FEE B RAAPRAR A RN o 2 42FF AN bl BREC

B AT% 0 T e RS e R R R A2 B R
c

# 43 p RSl 4e ~ R E F BT A
a b c a a a
b c bc
30
max (M, — My — u?)dt 19454 | 591.22 | 6825 | 3.29 | 28.51 | 0.048

u Jo

u

30
maxj (2M, — My — u?)dt 2036.3 | 620.33 | 74.17 | 3.28 | 27.45 | 0.044
0

30
max (M, — 2My — u?)dt 1902.3 | 571.44 | 62.76 | 3.33 | 30.31 | 0.053

v Jo

30
max.[ (M, — My — 2u?)dt 2003.8 | 604.37 | 36.55 | 3.32 | 54.82 | 0.09
U Jo
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B4 50% > 2 EF s b 0 EE KBS AR KR A PR ERS £
ERAGIA R T AUl e BE AR A AR P AR LY

ARG Z g o RN AR L e 5 BARR RS T 25% 0 T B s AF L U ap 4

RAFALRE A GG L AR R G o HZ MM God KT 357% -

F4-4 pHESBc= b 2 B E T B0 A

a b c a a a
b c bc
30
max (—MF—uz)dt 1776.5 | 538.46 | 47.17 33 37.66 0.07
u
0
30
- (—2Mp — u?)dt 1629.5 | 488.27 | 70.91 3.34 22.98 0.048
U Jy
30
- (=My — 2u?)dt 1621.8 | 483.9 35.37 3.35 45.85 0.095
u

59

doi:10.6342/NTU202302692



IR BEREHH
GEN S NS UELECE: X Lad e SR RO EE c S Sy - B RS S
ARl PRS- AR R Bl P RS VA A S AN
P REFE R R R L LB Q) R b g vk 48
Qe PHEIHY Se » EEF B2 R F A 3 HREST @5 BY iy

Tl < R B e Bz S o B B EF P EFELE P

“.l

S B 0 B iE g 4 %f;u%oﬁ,\gg CEER LR T AP RS LI N T
LR SRR )y S RS S R AR

d B R VAR 2 AR B i R & B S ¥ B vop 4
REZIp BRI '/E%? W33 2+ &R ’E! XA L ARRU)E B Yo
e 35 4 J"J‘;Bml%fﬁ%?f; I’Lrﬁg'ﬁ’*“’ttj\ﬁﬁf\“ ’ﬁ%{g%ﬁiﬁfﬁﬁiﬁ‘:}&

B2 RN RERCRPFTER LS A - HT E A b

SRRt SRS SIS $ 4§ STREG R AT § R T R N S e

2L Y B e P RS BT AR X4 L AR ol R B S vp
WA Al BHROEEFLTATEAGALAR LER Y R EL o

DT SETEA AR L 2 P RSk P RS2 B ES
R RN SN IERE = X SR IEN Ly XL Y
2Tsp ik < rgasde fp £ ARR P REFl @2 g &4 8> awdned penz &
ErrEF o ¥ b AR B EL I KR pF o BRR )i BB LI B M
Kok R R A LR e IR 0 EREME S R ) IR RS T
(NN I e 3 S ER: fé_ft.ﬁ%%%a %”g B AR Bl Bk SR RER
PR dg e ks o Tt ARPE 4 R P B2 RS BEEA K% .

Bk h AR EHER AL BRER DS o LEP R ETI %
60

doi:10.6342/NTU202302692



el fe i & o

AEL RN AER R AR TR A Y SRR R R
RPES S KRR R R SR ER RS KE TG ek L2 ie e
Blde t A E BIRP (LRI L B]) ,?u;ﬁﬂ PHELE R adp T 0 e Rl 424 & 8-

R EACEE 0 F A - BER R LR BR T RFLEHE RS R
Fe o R R AT ATE e JRRR T et - ko R R BoE R Y
EIRCRF 2P

AETER®F 2 BB B S MATLAB » Hppst 8 8 i@ 2t 5 5ol
(HFERARGBARNB D2 F RS p S b TR RFY 4R
W AR PR R e Bl A R RS s S AL R B
3% > & MATLAB ¥ i}u ¢ 71* bvpdc % bvpScip 4 kR4t BT -

TG RRT ALY BRI UG FE 0 d PR R & AR RS AR
g R 7RI BE 2 ok fR o AT 1% MATLAB ¥ hbvpSc 4

£k RfES AL = FlbvpScdp £ A1 3 VAL ZF2Z RIERE T gt 3
PO ZRAE AR R ERREN R B R KA AT 2 e

Bobohk WK E T 300 F B do% i 3 e e Rl TPAZARE B oar 2

b

Lo FI PR A BB B N5 3% FacA S ARSN e AP LA 52
MIE TymgA& KA NIE A AN H T @k KR RA 0 P RSk R
WAL R P E WA EUIET N AT RERE G A AR

SERIFA S SN TR = 0 S W L A T I RS R T S R TR
Ber-2 o FATEKE N LF o B RS AFA I KEZLR TR
FARE Rttt AHEL W2 PRSP AP R VERE 2
FREE T R {RWE  BEVTis g2 -

£33
Foho AEFRERT 0 AREN S ERPF . d A d AT el R A

B BB R T P RS e F1 AR SRR T A

F_k

2, /A' :"_ L e ) 133
AN UPE e S

61

doi:10.6342/NTU202302692



F_‘-
=4
a0
=i
o

A

B RS R BT R M R R | A B (T
# % B oo a4 35N

B AT RAPIHEHL I E LR F RA Y @ {RP ] ERY

DB BN L R R e o
1 P fddicz 3

RS HGE o A BB R LR iR Bl P RS
Ho X P RE RS PF A E AR E G IR oA AAKRET LB AP
SR A4 L P i E R e s o blde B A BELN 2 2y
178 St > B B LV BB B AL

I = '\.’Ebgﬁ‘éﬂ‘fr—:m %&JFQ:7IFL’-| U,,gb‘v:‘frvﬁi“’ifﬁj_i%—%{%ﬁ‘lﬁi"

LA A PRP 2 S BT

Wi EHE
2. flEfirz EE AR

#2% B o 4]* MATLAB ¥ chbvpSe % f#id i i g A2 B R AT &
FPHAag? PRSP IR RRBP PR BNE P T
I I E R RS R RSB R REL TR b

S RTERCTE R S NI TE R 4R o gt th o T A

E|
S
She

s BcE gk KB 7 A7 T 0 B4e @ Python ~ C & Mathematica % > £ H i #ic@ #t
W SRR R AR BCRY 8512 T
3. G4 R

AELFEH R YOS L A KT A1 3 e BF A 6

PARarsd g o blde FFEEES S BFMHED o 417 a4 F F aep

PRBERFBI T KSR RA L ot AT ARG T A
FIp 2 A A kS L E RN W IR At 4 b T U G i p

SEAPMEE L g d S s S L HRE R R A ol
r’i[ﬁ% \E’Lalzﬂ :E-. NN L E\"%l%,‘;l;lcﬁ‘t; , ﬁFﬁ‘ijLi‘P-i)ﬁ*”)‘ﬁnf o

62

doi:10.6342/NTU202302692



54 e

[1] Wan,J. ], Qin, Z., Wang, P. Y., Sun, Y., & Liu, X. (2017). Muscle fatigue: general
understanding and treatment. Experimental & Molecular Medicine, 49(10), e384-
e384.

[2] Ricci, J. A., Chee, E., Lorandeau, A. L., & Berger, J. (2007). Fatigue in the US
workforce: prevalence and implications for lost productive work time. Journal of
Occupational and Environmental Medicine, 1-10.

[3] Kajimoto, O. (2008). Development of a method of evaluation of fatigue and its
economic impacts. Fatigue Science for Human Health, 33-46.

[4] Techera, U., Hallowell, M., Stambaugh, N., & Littlejohn, R. (2016). Causes and
consequences of occupational fatigue. Journal of Occupational and Environmental
Medicine, 58(10), 961-973.

[5] Van Cutsem, J., Marcora, S., De Pauw, K., Bailey, S., Meeusen, R., & Roelands, B.
(2017). The effects of mental fatigue on physical performance: a systematic
review. Sports Medicine, 47(8), 1569-1588.

[6] Rahnama, N., Reilly, T., Lees, A., & Graham-Smith, P. (2003). Muscle fatigue
induced by exercise simulating the work rate of competitive soccer. Journal of
Sports Science, 21(11), 933-942.

[7] Liu, J. (2000). FMRI studies on human brain function and model of muscle
activation and fatigue. Case Western Reserve University.

[8] Bigland-Ritchie, B. (1981). EMG/force relations and fatigue of human voluntary
contractions. Exercise and Sport Sciences Reviews, 9(1), 75-118.

[9] Gandevia, S. C. (2001). Spinal and supraspinal factors in human muscle
fatigue. Physiological Reviews.

[10] Bigland-Ritchie, B. W. J. J., & Woods, J. J. (1984). Changes in muscle contractile
63

doi:10.6342/NTU202302692



properties and neural control during human muscular fatigue. Muscle & Nerve:
Official Journal of the American Association of Electrodiagnostic Medicine, 7(9),
691-699.

[11] Taylor, J. L., Amann, M., Duchateau, J., Meeusen, R., & Rice, C. L. (2016). Neural
contributions to muscle fatigue: from the brain to the muscle and back
again. Medicine & Science in Sports & Exercise, 48(11), 2294-2306.

[12] Mahdavi, N., Dianat, 1., Heidarimoghadam, R., Khotanlou, H., & Faradmal, J.
(2020). A review of work environment risk factors influencing muscle
fatigue. International Journal of Industrial Ergonomics, 80, 103028.

[13] Stutzig, N., & Siebert, T. (2015). Muscle force compensation among synergistic
muscles after fatigue of a single muscle. Human Movement Science, 42, 273-287.

[14] Lenhart, S., & Workman, J. T. (2007). Optimal Control Applied to Biological Models.
CRC press.

[15] L. S. Pontryagin, V. G. Boltyanskii, R. V. Gamkrelize, and E. F.Mishchenko. The
Mathematical Theory of Optimal Processes. Wiley, New York, 1962,

[16] H. L. Royden. Real Analysis. McMillan Publishing Company, Inc., New York, 1968.

[17] Walter Rudin. Real and Complex Analysis. McGraw-Hill Book Company, New
York, 1987.

[18] Bellman, R. (1966). Dynamic programming. Science, 153(3731), 34-37.

[19] Cormen, T. H., Leiserson, C. E., Rivest, R. L., & Stein, C. (2022). Introduction to
Algorithms. MIT press.

[20] Liu, J. Z., Brown, R. W., & Yue, G. H. (2002). A dynamical model of muscle
activation, fatigue, and recovery. Biophysical Journal, 8§2(5), 2344-2359.

[21] Canu, M. H., Fourneau, J., Coq, J. O., Dannhoffer, L., Cieniewski-Bernard, C.,
Stevens, L., ... & Dupont, E. (2019). Interplay between hypoactivity, muscle

64

doi:10.6342/NTU202302692



properties and motor command: How to escape the vicious deconditioning
circle?. Annals of Physical and Rehabilitation Medicine, 62(2), 122-127.

[22] Gandevia, S. C. (1987). Roles for perceived voluntary motor commands in motor
control. Trends in Neurosciences, 10(2), 81-85.

[23] McComas, A. J., Miller, R. G., & Gandevia, S. C. (1995). Fatigue brought on by
malfunction of the central and peripheral nervous systems. Fatigue: Neural and
Muscular Mechanisms, 495-512.

[24] Enoka, R. M., and D. G. Stuart. 1992. Neurobiology of muscle fatigue. J. Appl.
Physiol. 72:1631-1648.

[25] Merton, P. A. 1954. Voluntary strength and fatigue. J. Physiol. (Lond.). 123:553—
564.

[26] Adrian, E. D., & Bronk, D. W. (1929). The discharge of impulses in motor nerve
fibres: Part II. The frequency of discharge in reflex and voluntary contractions. 7he
Journal of Physiology, 67(2), 13.

[27] Burke, D., & Howells, J. (2016). The motor unit. Oxford Textbook of Clinical
Neurophysiology, 9.

[28] McArdle, W. D., Katch, F. 1., & Katch, V. L. (2010). Exercise Physiology: Nutrition,
Energy, and Human Performance. Lippincott Williams & Wilkins.

[29] Ganong, W. F. 1971. Review of Medical Physiology. 5th ed. Lange Medical
Publications, Los Altos, California.

[30] Fitts, R. H. 1994. Cellular mechanisms of muscle fatigue. Physiol. Rev. 74:49 —94.

[31] Liu, J. Z., Dai, T. H., Siemionow, V., Sahgal, V., & Yue, G. H. (1999). Brain
activation during muscle fatigue. In Soc Neurosci Abstr (Vol. 25, p. 1145).

[32] Heckman, C. J., & Enoka, R. M. (2012). Motor unit. Comprehensive Physiology, (4),
2629-2682.

65

doi:10.6342/NTU202302692





