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Abstract

Probabilistic checkable proof (PCP) is a type of proof format that could be verified
with high probability by only looking at a small portion of the proof. It turns out that prob-
lems in NP and even in NEXP have PCP proofs that could be verified in polynomial time
by only looking at a constant number of bits in the proof. The result is known as the PCP
theorem and has both practical and theoretical significance. One of its practical applica-
tions lies in the field of verifiable computation, which aims to provide a scheme for one
to efficiently verify if a computation is carried out correctly by others. There are many
different approaches in the field while most of the work are dedicated to deterministic/
non-deterministic computation in polynomial time. Recently, some researchers investi-
gate the possibility of constructing schemes for deterministic/non-deterministic computa-
tion beyond polynomial time and space. In the thesis, we try to construct a scheme for
non-deterministic computation in exponential time based on PCP proofs. Specifically,

we succinctly encode any non-deterministic exponential computation tableau by a logic
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known as 3SOQBF and construct a PCP proofs for ISOQBF. In addition, we also show

that it is NEXP-hard to approximate the satisfiability of ISOQBF within any constant

factor.

Keywords: Probabilistic checkable proof, Verifiable computation, Non-deterministic

exponential-time computation, Existential second-order quantified boolean formula
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Chapter 1 Introduction

In mathematics, one usually proves a theorem by writing down a proof that could be
verified by others based on the axioms and the rules of inference. Motivated by automat-
ically theorem proving, the complexity class NP [17, 30] is defined to capture the set of
languages whose proofs of membership are efficiently verifiable as follows. For every NP
language, there are two entities involved, a prover who generates proofs and an efficient
verifier who verifies proofs in polynomial time, such that (1) if the input is in the language
then the prover could provide a short proof that passes the verification and (2) conversely,
if the input is not in the language then any short proof generated by the prover is rejected

by the verifier.

As a generalization, researches study a variant of proof formats that are efficiently
verifiable in different proof systems and their corresponding complexity classes [2, 3, 6, 9,
20, 26]. One of the proof formats is known as probabilistic checkable proof (PCP) [2, 20].
In the PCP proof system, there are two entities involved, an oracle who generates proofs
and a verifier who verifies proofs. The verifier has random access to the proof generated
by the oracle. Namely, whenever it sends an integer 7 to the oracle, the oracle would return
the i-th bit of the proof. A language has a PCP proof if there is a polynomial-time verifier
and an oracle such that (1) if the input is in the language then the oracle could generate a
proof that passes the verification with high probability (2) conversely, if the input is not

1 doi:10.6342/NTU202300853



in the language then any proof generated by the oracle is rejected by the verifier with high

probability.

There are two main differences between an NP language and a language with PCP
proof. First, the verifier for PCP proof is a probabilistic Turing machine that can verify
the proofs with high probability while the verifier for NP do so deterministically. Second,
the verifier for PCP proof only needs to read a portion of proof while the verifier for NP

reads the entire proof.

As it turns out, PCP proof gives rise to a new characterization of NP language [1, 2]:
every NP language has a PCP proof where the verifier could verify the proof by only
reading a constant number of bits from the proof generated by the oracle. The result is
known as the PCP theorem [1, 2] and has both practical and theoretical significance. In
theory, the PCP theorem is a powerful tool to prove hardness of approximation results for
optimization problems [19, 44] and it has also initiated the study of locally testable code
[24, 25]. In practice, it is the building block for verifiable computation [21] which is used

in cloud computing [45] and crypto currency [37].

In the thesis, we are interested in the practical application of PCP proof in verifiable
computation. Verifiable computation is a research field that aims to provide solutions to
the following question: how to efficiently verify if a computation is carried out correctly
by others? There are several desired properties for a verifiable computation scheme. First,
the scheme is complete and sound. Namely, if a computation is executed correctly, then
one, who executes the computation, could prove to others that it is executed correctly
while if a computation is not executed correctly, then no one could prove to others that it

is executed correctly. Second, there is little time and space overhead for one to execute

P doi:10.6342/NTU202300853



the computation and prove the correctness of the computation than to execute the com-
putation along. Third, it takes less time and space for one to verify the correctness of the

computation than to execute the computation.

Verifiable computation is used in cloud computing [45] and crypto currency [37]. In
cloud computing, it is crucial for the client who outsources a computation to a server to
be able to verify the correctness of the computation since the server is not always trust-
worthy and might even be malicious [45]. In crypto currency, in order to protect users’
privacy while maintaining the decentralization of the currency, users conduct transaction
by performing cryptographic computation to hide their data as well as publishing a proof

of the computation that enable others to verify the correctness of the transaction [37].

There are many kinds of verifiable computation schemes [10, 11, 13, 16, 18, 22, 32,
35, 40, 41] while most of them are dedicated to deterministic/non-deterministic polyno-
mial time computation. Recently, some researchers investigate the possibility of con-
structing verifiable computation schemes for deterministic/non-deterministic computa-
tion beyond polynomial time and space [7, 27, 43]. In the thesis, we construct a PCP
proof for every language in NEXP, which might be useful to construct verifiable compu-
tation scheme for non-deterministic exponential-time computation. Specifically, we use
the reduction in [ 15] to succinctly encode non-deterministic exponential-time computation
tableaux by a logic known as ASOQBF and design PCP proofs for 3ISOQBF. In addition,
we also show that it is NEXP-hard to approximate the satisfiability of 3SOQBF within

any constant factor.

There are some advantages of our construction, which are inherited from the reduc-

tion in [15]. First, our encoding of computation tableaux is natural in the sense that the
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encoding is essentially the Cook-Levin reduction [17, 30] disguised in the form of func-
tion certificates. Second, many concrete NEXP-complete problems [34] such as (succinct)
3-SAT, 3-colorability, Hamiltonian cycle, set packing and subset sum could be directly
reduced to 3ISOQBF. In comparison with the reduction in [36], our reduction incurs less
computation overhead. Thus, our PCP proofs for 3ISOQBF can be transformed as the PCP
proofs for those practical problems. Third, it is easy to generalize our encoding for non-
deterministic computation with any time complexity and space complexity, which might
be useful to construct verifiable scheme for general non-deterministic computation with

arbitrary time and space complexity.
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Chapter 2 Preliminary

2.1 Existential second-order quantified boolean formula

Existential second-order quantified boolean formula, denoted by 3SOQBF, is the
set of quantified boolean formulas with existential second-order quantifiers. To define

ISOQBF formulas, we first extend some standard definitions regarding formulas.

Definition 2.1. Let f = (fi1,..., f.) where each f; is a function symbol associated with

an arity ar(f;). Let & = (x1,...,x,,) where each x; is a boolean variable. Let T =

{fl,...,fn,xl,...,xm}.

Definition 2.2. A term over T is defined as follows.

» Foreveryi € [m|, z; is a term.
« Foreveryi € [n]andy € {0,1,21,..., 2, ), fi(y) is a term.

Definition 2.3. 4 boolean formula over T is a well-formed expression built from terms

over T using operations \,V, —.

Definition 2.4. 4 quantified boolean formula, denoted by QBF formula, over T is a for-
mula of the form Q12 . . . Q¥ (Z, f) where each Q; € {3,V} and 1)(Z, f) is a boolean

formula over 1.

5 doi:10.6342/NTU202300853



Definition 2.5. An ISOQBF formula V(z, f) over T is of the form

where Q1z1 . .. Q0 (Z, f) is a QBF formula over .

A formula V(Z, f) = 3f,...3f,Q171. .. Qumim ¥(Z, f) is satisfiable if there is an
interpretation ' = (F\, ..., F,) where each F; is a boolean function with arity ar(f;)

such that Qv ... Q. Y(Z, F) is a true QBF.

Given a formula ¥ (z, f) = 3f;...3f,Qiz1... Qe Y(Z, f) with Q; = 3 for
some 7, we could transform it into an equisatisfiable formula where every quantifier of
boolean variable is V. Let z;,,...,2;, be boolean variables whose quantifier is 3 and
let @y, , ...,z be boolean variables whose quantifier is V. For each j; with @);, = 3,

introduce a new function symbol f; of arity j; — i and replace any occurrence of x;;, in

formula ¢ (z, f) by f7.(y) where § = {z1,..., 25} \ {7j,,...,2;}. Denote by ' the

resulted formula. Then, define ¥’ by

U(@hys o @, [ fn ) S 33 3f - 3 Y, . Vag, ¥

Clearly, W' is equisatisfiable with . Thus, we may assume that every 3SOQBF formula

is of the form 3f, ... 3f, Va1 ... Vo, ¥(Z, f).

Given a formula ¥ (z, f), we could transform it into an equisatisfiable formula where
the arity of each function symbol is m by introducing new function symbols g1, . . . , g, and
replacing each occurrence of f;(i) by ¢;(,0) where 0 = (0,...,0) is a string of length
m — ar(f;). Thus, we may assume that the function symbol of every ISOQBF formula

over 7 are of the same arity m.

6 doi:10.6342/NTU202300853



As pointed out in [15], ISOQBF is an equivalent formalism of dependency quan-
tified boolean formula, denoted by DQBF, which is a well-studied logic motivated by
application in verification and synthesis of hardware and software design [8, 12, 14, 23,
28, 29, 38]. In particular, there is a linear-time reduction between them which preserves
satisfiability. Since it is NEXP-complete to decide if a DQBF formula is satistiable [36],

the same holds for 3ISOQBF.

Definition 2.6. SAT(ISOQBF) is the problem of, given an ISOQBF formula, to decide

if it is satisfiable.
Proposition 2.7 ([36]). SAT(ISOQBF) is NEXP-complete.
We also define the optimization problem and promise problem of ISOQBF formulas
in a similar fashion as MAX NP and MAX-3SAT were defined [33].
Definition 2.8. For every formula V(Z, f) = 3f,...3f.V2, ...V, ¥(Z, f) and inter-
pretation F = (I, ..., F,), define $SAT(¥, F) as
ESAT(U, F) = [{a € {0, 1} : ¥(a, F) = 1}

For o > 0, an 3SOQBF formula V is d-satisfiable if

_ max 1SAT(W, F) > 6§ -2™

F is an interpretation

Definition 2.9. MAX-SAT(3SOQBF) is the problem of, given an 3SOQBF formula ¥, to

find an interpretation F that maximizes $SAT (¥, F).

Definition 2.10. For§ € (0,1), S\GAP-SAT(ISOQBF) is the problem of, given an ISOQBF

formula that is either satisfiable or -satisfiable, to decide if it is satisfiable.

7 doi:10.6342/NTU202300853



2.2 Polynomials with function symbols

In the construction of the PCP proof for an 3SOQBF formula and its interpretation,
we arithmetize the formula and the interpretation as polynomials. To do so, we would
need to extend the definitions regarding polynomials and arithmetization. The standard

and extended definitions are as follows.

Definition 2.11. 4 polynomial p(z) is a well-formed expression built from variables in &

and integers using operations +, —, X.

Definition 2.12. 4 polynomial p(z) is an arithmetization of a boolean function F : {0,1}" —

{0, 1} if for every a € {0,1}™, p(a) = F(a).

Definition 2.13. A polynomial p(z, f) over T is a well-formed expression built from terms

over T and integers using operations +, —, X.

Definition 2.14. A polynomial p(Z, f) over T is an arithmetization of a boolean for-

mula 1(z, f) over T if for every a € {0,1}™ and boolean functions F = (I}, ..., F,),

Finally, we define some terminology that is used in the design and analysis of the

protocol that checks the correctness of the PCP proofs for ISOQBF formulas.

Definition 2.15. For every polynomial p(z), let deg(p) denote the degree of p and for

each i € [m], let deg,(p) denote the degree of p in variable x;.

Definition 2.16. A4 polynomial p(z) is multilinear if for each i € [m], deg,(p) < 1.
8 doi:10.6342/NTU202300853



2.3 Probabilistically checkable proof

Probabilistically checkable proof, denoted by PCP proof, is a type of membership
proof of language that could be verified by randomly reading a small portion of the proof.
A PCP proof system involves two entities, a verifier and an oracle. In the system, the
oracle is a function that stores a proof while the verifier is a randomized algorithm with

access to the oracle that verifies the proof. The definitions of the entities are as follows.

Definition 2.17. An oracle is a function = : {0,1}* — {0, 1}.

An oracle 7 stores a proof in an obvious way that 7 () is the i-th bit of the proof.

Definition 2.18. A4 probabilistic oracle Turing machine is a probabilistic Turing machine
that has a query state and two extra tapes, a query tape and an answer tape. To run such
a machine, an oracle 7 is required and whenever the machine enters the query state and

the query tape contains a string i, the oracle writes (i) in the answer tape accordingly.

Definition 2.19. A PCP verifier is a polynomial-time probabilistic oracle Turing machine.
Denote by V™ (z, 1) the output of a verifier V with access to an oracle w given input x and

random bits r.

Definition 2.20. For functions r,q : N — N, an (r(n), ¢(n))-PCP verifier V is a verifier
which on input of length n, uses at most r(n) random bits and queries at most q(n) bits

from the oracle.

The definition of a language having a proof system is as follows.

Definition 2.21. For functions r,q : N — N, a language L has an (r(n),q(n))-PCP
proof, denoted by L € PCP[r(n), q(n)|, if there is an (r(n), q(n))-PCP verifier V such

that for every x € {0, 1}* the following holds.

9 doi:10.6342/NTU202300853



» Ifx € L, then there is an oracle 7 such that Pr,.[ V™ (z,r) = ACCEPT | = 1.

» Ifx & L, then for every oracle w, Pr,.| V™ (z,17) = ACCEPT | < %

The definition introduces a new hierarchy of complexity classes, which classifies
languages based on how efficiently their membership proof could be probabilistically
checked by a verifier. As it turns out, PCP proof gives rise to a new characterization of
NP, a class of languages whose membership proof could be verified by a polynomial-time

Turing machine.
Theorem 2.22 (PCP theorem [1, 2]). NP = PCP[O(logn), O(1)].

Corollary 2.23 ([1, 2]). NEXP = PCP[poly(n),O(1)].

10 doi:10.6342/NTU202300853



Chapter 3 Encoding of NEXP
computation by iISOQBF

In this chapter, we show the way to encode any NEXP computation by ISOQBF by
proving Proposition 2.7 by modifying the proof in [15]. We also use 3SOQBF to encode
the computation of probabilistic oracle machines to prove that dGAP-SAT(3SOQBF) is

NEXP-hard for every § € (0, 1).

Proposition 3.1 ([15]). SAT(3ISOQBF) is NEXP-complete.

Proof. Let L be an NEXP language decided by an 1-tape NTM M in time 2/ for some
polynomial ¢(n). Let @ and I" be the set of states and the tape alphabet of M respectively.
For simplicity, we assume that M only accepts exactly at step 2™ while the head is in
the leftmost cell. We also assume that when M makes a non-deterministic move, the head

stays still.

Let A = 'U(Q x I'). An accepting run of M on w is represented by a function
g : [2tM] x [2tM] — A, where ¢(i, §) is the symbol in cell 5 in time 5 in the run. When

g(i,j) € @ x I, it indicates the position of the head is in cell 7 and the state of M.

Let the input word w be byb; - - - b,_;. For a function g : [2!™] x [21M] — A to

represent a correct accepting run of M on w, the following must hold for every i, j,4', ' €

11 doi:10.6342/NTU202300853



[2¢)].

(a) Ifi = j = 0, then g(i, j) = (4o, bo).

(b) If1 <i<n-—1andj=0,then g(i,j) = b;.

(c) Ifn <iandj =0, g(i,0) is the blank symbol.

(d) If 7 = j/, then at most one of ¢(7, j) and g(¢’, j') is an element of ) x T

(e) Ifi = 0and j = 2™ — 1, then (i, j) = (Quce, o) for some tape symbol o where ¢q..

is the accepting state of 7.

(f) If|i —i'| < 1land|j — j/| <1 (modulo 2t™), then ¢(4, j) and g(’, j') must obey the

transitions in 7.

For example, if there is a transition (s,0) — (s',1,stay) and (s,0) — (s”,0, stay),

we have the following condition.
e Ifi=4andj’ = j+ 1and g(i,5) = (s,0), then g(i,j') = (¢, 1) or (s”,0).

Similar condition can be defined for each transition.

Obviously, [2()] can be encoded with {0, 1}*(™ and A with {0, 1}¢, where ¢ = log|A|.
By abusing the notation, let i = (i1,...,%m)), (J1,-- - Jim)), 0 = (i],... ,it(n)),j =

(J1+ -+ Ji(n)) be strings of boolean variables and g = (g1,. .., g¢) be function symbols

with arity 2t(n). Let 7/ = {i, 7,4, 7', g}.

It is routine to design an algorithm (with access to the transitions in M) that on input
w, constructs a boolean formula ¢) over 7’ that verifies whether all properties (a)—(f) hold
for ,7,9(i, 7). 7,5, 9(7, j'). Thatis, (i, 5,7, 5", g) = Viff (¢,5,9(,7),7, 5", 9(7, j"))
satisfies (a)—(f). In other words, v (i, j,7',j’,g) = 1 for every possible i, j, 7', j" iff ¢

12 doi:10.6342/NTU202300853



represents a correct accepting run of M on w. Thus, the resulting ISOQBF formula

U(i, 7,4, 7', g) is as follows

(i, 5,4, 5, g) = IgViv Vi (i, 4,7, 5, g)

where dg stands for Jg; . . . 3¢, and the similar holds for Vi, Vj, Vi’, Vj'. O

Remark 3.2. Note that since A = T'U (Q x I'), £ = log|A| = O(1). It follows that
there is only constant number of function symbols gy, ..., g, in the resulting 3ISOQBF
formula. Also, by introducing some dummy boolean variable, we could rewrite formula
W such that the number of occurrences of the function symbols in the formula becomes a
constant. (Specifically, we need to construct a circuit b and use it in checking property (b)

such that for every input i, b(i) outputs b;, the i-th bit of the input word w.)

Remark 3.3. Note that we could use a function g : [T'(n)] x [S(n)] — A to represent an
accepting run of an non-deterministic Turing machine in T'(n) time and with S(n) space
on an input of length n. Thus, it is easy to modify the proof for general non-deterministic

computation.

To show that §GAP-SAT(3SOQBF) is NEXP-hard for every ¢ € (0, 1), we need the

following corollary of the PCP theorem 2.22.

Corollary 3.4. For every language L. € NEXP and § € (0,1), there is a (poly(n), O(1))-

PCP verifier for L such that the following holds.

» If x € L, then there is an oracle 7 such that Pr,.[ V™ (z,r) = ACCEPT | = 1.

o If v & L, then for every oracle w, Pr.[ V™ (x,r) = ACCEPT | < 4.

13 doi:10.6342/NTU202300853



Theorem 3.5 (The inapproximability of SAT(ISOQBF)). For every § € (0, 1), problem

SGAP-SAT(ISOQBF) is NEXP-hard.

Proof. Let L be a language in NEXP and let § be a real number in (0, 1). By Corollary
3.4, there is a (poly(n), O(1))-PCP verifier V' for L such that for every = € {0, 1}* the

following holds.

» If x € L, then there is an oracle 7 such that Pr,.[ V™ (z,r) = ACCEPT | = 1.

» Ifz & L, then for every oracle 7, Pr,.[ V™ (z,7) = ACCEPT | <§

Let x € {0,1}" be an input. Let p(n) be the number of random bits that the verifier
uses and let ¢(n) be the maximum length of a possible query that the verifier sends to the
oracle. Let t(n) be the running time of V. Let g be a function symbol with arity ¢(n) and

leth = (hy,..., h2()) be function symbols with arity g(n).

In the following, we encode the computation tableau of verifier V' on input = and
random string 7 as a boolean formula 1(r, g, h) with function symbols g and & such that
for every random string r and oracle 7, V" (x,r) = 1 if and only if there are functions
H = (Hy,...,Hpy) such that ¢(r, m, H) = 1. In the formula ¢, each boolean variable
and function symbol is associated with a cell in the computation tableau. Specifically, each
variable in r represents a random bit, each occurrence of g represents an oracle answer,
and each h;(r) represents a cells other than a random bit or an oracle answer. Similar

to the Cook-Levin theorem [17, 30], we could construct the formula ¢ (r, g, h) such that

for every random string r, function 7 and functions H = (Hi,..., He(,)), ¢(r, 7, H)

evaluates to 1 if and only if (r, 7, H) represents an accepting computation of V' on input

x and random string 7.

14 doi:10.6342/NTU202300853



Define the 3ISOQBF formula ¥ (r, g, h) as follows.

U(r,g,h) = Ig3nVri(r, g, h)

where 3h stands for 3h; . .. dhy2(ny and Vr stands for Vry ... Vry,). If x € L, then there
exists an oracle 7 such that V7 (x,r) = 1 for every r. It follows that there are functions
H = (Hi,...,Hg,) such that ¢(r,m, H) = 1 and thus U is satisfiable. If z ¢ L, then
for every oracle 7, Pr,.[ V™ (z,7) = 0] > 1 — 4. Thus, if V™(x,r) = 0 for some random
string 7 and some oracle 7, then (r, 7, H ) does not represent an accepting computation of
V on input z and random string r for any functions H, which implies that ¢)(r, 7, H) = 0

for any functions H. Therefore, for every oracle  and functions H, Pr,[ o (r,m, H) =

0] >Pr.[V™(x,r) =0] > 1— ¢ and it follows that ¥ is not J-satisfiable. O
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Chapter 4 The PCP proof for
SAT(dSOQBF)

In the following two chapters, we design a PCP proof system for SAT(3SOQBF). In
this chapter, we show that for every satisfiable ISOQBF formula, we can construct a PCP
proof based on a satisfying interpretation while in Chapter 5, we design a PCP verifier

such that given an 3SOQBF formula, the following holds.

* If the formula is satisfiable, then the verifier always accepts the oracle that stores

the PCP proof constructed as in this chapter.

+ Otherwise, the verifier rejects any oracle with high probability.

At the end of Chapter 5, we prove our main result.

Theorem 4.1. SAT(3SOQBF) € PCP[nlog(n), n* log(n)].

We define some notation for the following two chapters.

Notation 4.2. For every 3SOQBF formula ¥ = 3f, ... 3f V1 ... Vo, ¥(Z, f), let k
be the length of 1 and let { be the number of occurrences of function symbols in 1. We
fix a set T of integers {0,1,... ., N — 1} with N = Tmk. We also fix a finite field with

mN™2 < |K| < 2mN™"2 and a subset H C K with |H| = 200m/.
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Recall that in this chapter, we would show that for every satisfiable ISOQBF for-
mula, we can construct a PCP proof based on a satisfying interpretation. Let ¥(z, f) =
3f1...3f. Vo1 .. Vo, ¥(z, f) be an 3SOQBF formula and let F' = (F},...,F,) be a
satisfying interpretation for ¥(z, f). In Section 4.1, we arithmetize each boolean function
F;() as a multilinear polynomial F;(Z). In Section 4.2, we arithmetize formula ¥(z, f)
as a set of polynomials by using the idea of arithmetization of QBF formula [42]. In Sec-
tion 4.3, we construct a string for each polynomial obtained in Section 4.1 and Section 4.2

and the PCP proof based on F is simply the concatenation of these strings.

4.1 Arithmetization of interpretations

In this section, we arithmetize interpretations F' and show properties that will be
used to check the arithmetization in Chapter 5. The following proposition arithmetizes

each boolean function F; as a multilinear polynomial F;.

Proposition 4.3. For every boolean function F : {0,1}"™ — {0, 1}, there is a multilinear

polynomial F (&) which is an arithmetization of F'.

Proof. Define F(z) : Z™ — 7 as follows.

ac{0,1}m

where eq(2,y) = [licjn (1 — @i — yi + 22;y;). Clearly, F is multilinear. Note that for
every a,b € {0,1}™,ifa = b, then eq(a, b) = 1 and if otherwise, then eq(a, b) = 0. Thus,
F(a) = F(a) forevery a € {0,1}™. O
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4.2 Arithmetization of 3ISOQBF formulas

In this section, we arithmetize ISOQBF formula ¥ (7, f) along with interpretation F

and show properties that will be used to check the arithmetization in Chapter 5.

The first step to arithmetize formula ¥ (z, f) is to arithmetize boolean formula (z, f)

as a polynomial p(z, f).

Proposition 4.4. Given a boolean formula (%, f) over T, we can construct in linear time

a polynomial p(Z, f) over T which is an arithmetization of \(z, f).

Proof. Let 1 be a boolean formula. Replace any occurrence of —y by (1 — y), y A z by
y X z,andyV 2 by 1 — (1 —y)(1 — 2). Then replace any occurrence of y* for any k € N

by y. Clearly, the resulted polynomial is an arithmetization of 7). [l

Notation 4.5. For every boolean formula 1)(Z, f), let p* (Z, f) denote the arithmetization

of (Z, f) that one would obtain by using the procedure described in Proposition 4.4.

The following definition is the second step to arithmetize W(Z, f), which uses the

idea of arithmetization of QBF formula [42].

Definition 4.6. For every 3SOQBF formula V(z, f) = 3f1 ... 3f. Va1 ... Vo, ¥(Z, f),

define polynomial pY.(Z, f) by

(@, ) E V(@ F) = 1)+ Y (fi@)(fi(@) — 1))°

1€[n]

and for each i € [m — 1], define polynomial p} (z1, ..., x;, f) as follows.

G D WD S A )

zi+1€{0,1} m€{0,1}
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The following properties would be used to check the arithmetization in Chapter 5.

Proposition 4.7. For every 3SOQBF formula V(z, f) = 3f1 ... 3f. Ve, .. Ve, (T, f),

multilinear polynomials F = (Fy, ..., F,) and i € [m],
deg;(pi' (7, F)) < 2k = 2[¢|

Proof. 1t follows immediately from the definition. [l

Proposition 4.8. For every 3SOQBF formula U (z, f), it is satisfiable if and only if there

exist multilinear polynomials F = (Fy,...,F,) such that

Y. i@, F)=0 (4.1)

ac{0,1}m

Proof. 1f U(z, f) is satisfiable, then there exists an interpretation F' = (I}, ..., F},) such
that Vz; ...Vx,, ¥(z, F) is a true QBF formula. Since p¥(Z, f) is an arithmetization
of ¥(z, f), it follows that for every a € {0,1}™, p¥(a, F) = 1. By Proposition 4.3,
there exist multilinear polynomials F = (Fi,...,F,) such that each F; is an arithmeti-
zation of boolean function F;. It follows that for every a € {0,1}™, p¥(a, F) = 1 and

Fi(@)(Fi(a) — 1) = 0, which implies that " pZ (a, F) = 0.

If there exists multilinear polynomials F = (F, ..., F,) such that 3" p¥ (a, F) = 0,
then it implies that for every a € {0,1}™ and i € [n], p¥(a, F) = 1 and F;(a)(F;(a) —
1) = 0. Since F;(a) € {0,1} for each ¢ € [n] and a € {0,1}", each F; is an arithme-
tization of a boolean function F. Let F' = (F}, ..., F,) be the boolean functions where
J; 1s an arithmetization of F;. Since each JF; is an arithmetization of Fj, it follows that for
every a € {0,1}™, p¥(a, F) = p¥(a, F) = 1. Since p¥(7, f) is an arithmetization of 1,
Vo, ... Vo, (7, F)is atrue QBF formulaand ¥ (z, f) = 3f, ... 3f, Vo ...V, ¥(Z, f)
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is a true 3SOQBF formula. ]

4.3 The PCP proof for SAT(ASOQBF)

In this section, we construct the PCP proof that an 3SOQBF formula is satisfied by

an interpretation.

Let U(z, f) = 3f,...3f,Vo1... V2, ¥(Z, f) be an ISOQBF formula and let F =
(Fi,..., F,) be a satisfying interpretation for ¥(z, f). Let F = (Fi,...,F,) be mul-
tilinear polynomials where each F; is the arithmetization of F; obtained as defined in
Proposition 4.3. Let pf, ..., pY be the polynomials defined in Definition 4.6 and for each

i € [m], let ps(zy, ..., 25) = p¥(x1,. .., 245 F).

Intuitively, in the PCP proof system for SAT(3SOQBF), the verifier would query for
the values of F; and the coefficients of p;. Since it only has polynomial time to verify
the proof, it could not query them arbitrarily or else it might not even have time to read
the answer from the oracle. Thus, it queries them only in some restricted domains. For
each F; and p;, we construct a string based on the polynomial with a restricted domain
where each substring corresponds to a possible query of the verifier. The PCP proof is
the concatenation of the strings and the verifier could make queries to the oracle to get
corresponding substrings in the concatenation. The details of the verifier are in Chapter

5.

For each F;, we restrict its domain to Z™. Recall that Z = {0,1,..., N — 1} and

N = Tmk where k = |¢|.

Notation 4.9. For each i € [n), we denote s*?) to be the concatenation of strings {séfi) ;

21 doi:10.6342/NTU202300853



a € ™} where each safi) is the binary encoding of F;(a) and we say that Séfi) is the a-th

entry of s,

Remark 4.10. Since each F; is obtained as defined in Proposition 4.3, if we restrict the
domain of F; to I™, then its codomain is restricted to {0, £1,..., £2"N™}. Thus, for
each i € [n]and a € IT™, s has length O(mlog(N)) and s has length O(N™ -

mlog(N)).

Proposition 4.11. Given a function F' : {0,1}" — {0,1} and an arbitrary a € ™, it
takes O(2™m? log N log m log log m) time to compute the value of F (a) where F : Z™ —

Z is the multilinear function of F' in Proposition 4.3.

Proof. By the definition in Proposition 4.3, one perform addition 2™ times and multipli-
cation m2™ times. Since the domain of F is restricted to Z™, the intermediate values
during the addition and multiplication computation are bounded by £2" N and £N™,
respectively. Thus, it takes log(2™N™) = O(mlog N) time to do each addition and
O(mlog N logmloglogm) time to do each multiplication by Schonhage-Strassen algo-

rithm [39]. The total time of the computation is O(2™m? log N log m log log m). [

For each p;(z1,...,x;_1), the verifier would query for the coefficients of p;(a, z;)

for some a € Z°~!. To do so, we restrict the domain of each p; to Z°.

Notation 4.12. For each i € [m], we denote t"Y7) to be the concatenation of strings

{té@’ﬁ’i) :a € I} where each té\l”ﬁ’i) is the binary encoding of the coefficients of

U, Fi

polynomial p;(a, x;) and we say that t 70 s the a-th entry of t(¥-F0),

Remark 4.13. Since each F; is obtained as defined in Proposition 4.3, for every a € T},

any coefficient of p;(a, x;) is restricted to {0, £1, ... £2*mFm NImEY - 4[50 note that by
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Proposition 4.7, deg;(p;) < 2k. Thus, for each i € [m] anda € T, 970 has length

Amk? + 4mk?log N and t"YF9 has length N*='(4mk? + 4mk?log N).

Similarly, we could prove the following proposition.

Proposition 4.14. Given an 3SOQBF formula V(z, f), an interpretation Iy, . .., F,, and
an arbitrary a € I™, it takes O(4™m?*k?log® N loglog N) time to compute the coeffi-
cients of té\l’j’i) where F = (Fi,...,Fn) and each F; : Z™ — Z is the multilinear

function of F; in Proposition 4.3.

Definition 4.15. For every 3SOQBF formula V(z, f) and interpretation F = (I}, ..., F},),
define the PCP proof that formula V is satisfied by interpretation F as the concatenation
of strings {s) i € [n]}, {tWT) 1 i € [m]} where F = (F,...,Fy) and each F; is

the multilinear arithmetization of F; obtained as defined in Proposition 4.3.

We need some terminology. In the proof system, the oracle is expected to store a proof
based on an interpretation: the proof should be a concatenation of strings {s; : i € [n]}
and {t; : i € [m]} such that there exists an interpretation F' = (Fy,...,F),) and its
multilinear arithmetization 7 = (Fy, ..., F,) with {s;} = {9} and {t;} = {t(¥"7)}.
Note that for every s; of length N - 2m log N, there always exists a polynomial F; such

(Fi

that s; = s*). Thus, for every oracle storing a concatenation of strings {s;} and {t;},

we say that the oracle is based on polynomials F = (Fi,...,F,) where each F; is the
polynomial with s; = s%) and the verifier would interpret s; and ¢; as s*%) and ¢(¥-7+)

respectively. When the verifier queries for the a-th entry of s; for some a € 7™, we say

Fi)

that it queries for sé  or simply F;(a). Likewise, when the verifier queries for the a-th

entry of ¢; for some a € Z~!, we say that it queries for t."~ ) or simply the coefficients

of polynomial p} (@, z;, F).
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Chapter 5 The PCP verifier for
SAT(ISOQBF)

In this chapter, we design a PCP verifier such that given an 3ISOQBF formula, the

following holds.

* If the formula is satisfiable, then the verifier always accepts the oracle that stores

the PCP proof constructed as in Chapter 4.

» Otherwise, the verifier rejects any oracle with high probability.

Let 7 be an oracle storing a concatenation of strings {s;} and {¢;} which is based on
polynomials F = (Fi, ..., F,). Toachieve the goal, the verifier does the following. First,
ituses the multilinearity test [5, 19] to checks if each F; is close to any multilinear function.
Then, it uses the sum-check protocol [4, 5, 31, 42] to check if F is an arithmetization of a

satisfying interpretation for formula ¥ (z, f).

The organization is as follows. In Section 5.1, we introduce the multilinearity test
which is adapted from [19]. In Section 5.2, we introduce the sum-check protocol in [5]. In
Section 5.3, we construct the PCP verifier for SAT(3SOQBF) and prove our main theorem

in the thesis.
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5.1 The multilinearity test

In this section, we introduce the multilinearity test which could verify if each F; is
close to any multilinear function. Let ML be the set of multilinear functions from Z™ to

Z. The notion of how close a function is to any multilinear function is defined as follows.

Definition 5.1. For every function F : I™ — 7, define Ay (F) by

Ay (F) £ max faezm: JZ@ + F@)}|

To verify if Ay (F;) is small or not, the multilinearity test checks if the values of F;

on some triples in a line are aligned. The definition of triples is as follows.

Definition 5.2. A triple is a set of three distinct points a,b,¢ € 7™ where the points only
differ in a single coordinate. For every function F : 7™ — 7, a triple {a,b, ¢} is F-
linear if there is a multilinear function G : Z™ — Z such that G(a) = F(a),G(b) =

F(b),G(¢c) = F(e).

The idea of the test is that if a function F is far from any multilinear function, then a

large fraction of triples are not aligned as well.

Theorem 5.3 ([19]). For every function F : ™ — Z, if Ay (F) > éfor some {, then

1

at least o7

fraction of triples in T' are not F-linear.

Remark 5.4. Although the exact bound stated above is not the one in [19], we could easily

modify the proof'in [19] to obtain the bound stated above.

Let T" be the set of triples whose points are in Z™. Since each triple could be encoded
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as a binary string and |7 < |K| < 2|T|, we could embed 7" into field K. Recall that

H C K with |H| = 200m¢ The multilinearity test works as follows.

Algorithm 1 The multilinearity test

Ensure: ACCEPT if Ay (F;) < & for each i € [n].
1: Let ry, ro be random numbers in K.
2: Compute the set H' = {rih+ry | h € H}.
3: for b’ € H' do
4. if I could be decoded as a triple {a, b, ¢} in Z™ then
5: Query the oracle for the values of F;(a), F;(b), F;(¢) for every i € [n].
6
7
8

if the triple is not F;-linear for some 7 or any value is larger than N?™ then
: REJECT
: ACCEPT

Proposition 5.5. For every F = (Fi,...,F,) where each F; : T™ — 7 is a function,
performing the multilinearity test on an oracle with F uses O(mlog N) random bits,

queries O(nmN log N) bits from the oracle, and runs in time O(nmN log® N loglog N).

Proof. The only randomness is used to generate r; and 7, in K, where the test uses
log(|K|) = O(mlog(mN)) random bits. The test queries for the values of F;(a), F;(b), F;(c)
for each i € [n] each b’ € H' that could be decoded as a triple {a, b, ¢}. Since the answer
of each query is a number less than N2, the test queries for at most n|H|log(N?™) =
O(nmN log N) bits from the oracle. The test does multiplication and addition on number
less than N?™, which could be done in time log(N?™) log log(N*™) log log log( N*™)) =
O(mlog® N loglog N) by Schénhage-Strassen algorithm [39]. Thus, the test runs in time

O(nmN log® N loglog N). O
Proposition 5.6. For every F = (Fi,...,F,) where each F; : T™ — 7 is a function,
the following holds.

» If each F; is multilinear, then the test always accepts.

s If Ay (Fy) > éfor some i, then the test rejects with probability at least %
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Proof. Clearly, by Remark 4.10, if each F; is multilinear, then the test always accept.

Assume that Ay (F;) > é for some i. Let N C K be the subset of non-F;-linear

triples. Letp = %. By |K| < 2|T| and Theorem 5.3,

= M > V] > ! (5.1)
K| = 2|T| = 100m/¢ '

For each h € H, let I}, be the indicator variable that r1h + 1 € N. Let I = ZheH Iy,

Then the probability that the test rejects is Pr,, ,,[ I > 0 ]. Note that for every h, k € K,

Pr, ,,[mh+ro=Fk]= ITllﬁ\ and Pr, ,,[ [ =1]= % By the linearity of expectation,
ElI| = EiL,| = P I—l—H|N|—H
1= Ell] =) Pr,[Li=1]=| !®—| p
heH heH

Note that for every hq, ho, k1, ko € K with hy # ho,

1

Prrl,rz[ rihy + 1y = lﬁ,?“lhg +7ry = ]{2] = @

For every distinct hy, hy € H,

Pr[Ihl = Ih2 = 1] = Z Pr7-177-2[7‘1h1 —+ rg9 = kl,Tth + r9 = 1{32]

k1,k2€N

1
=|NP? —
INE -

= Pl‘[ Ihl =1 ]Pr[ Ih2 =1 ]
, which implies that /;,, and [, are independent. Thus,

o’(I) =Y o(In) = |H|p(1 — p)

heH
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By Chebyshev inequality and Equation 5.1,

o*(I) 1-p 1
Pr[I <0]<Pr[|l—-FE[I]|>E[]]< B~ [Hp =i

5.2 The sum-check protocol

In this section, we introduce the sum-check protocol, which could check if F is an

arithmetization of a satisfying interpretation for formula W (z, f). In particular, the proto-

col checks if Equation 4.1 holds for F = (Fi,...,F,). The protocol works as follows.

Algorithm 2 The sum-check protocol

Ensure: ACCEPT if Equation 4.1 holds.
1: Let7 = (r1,...,7,) be arandom string in Z™.
2: fori =1tomdo
3:  Query the oracle for p¥ (r1,...,7;_1,2;, F) and denote the answer by ¢;(z;).
if deg(q;) is larger than 2/ or any coefficient is larger than N9 then
REJECT
else if i = 1 and ¢;(0) + ¢;(1) # O then
REJECT
else if ¢ > 1 and ¢;(0) + ¢;(1) # ¢;—1(r;—1) then
REJECT
10: Compute the formula p¥ (z, f) as defined in Proposition 4.4.
11: Compute the value of p. (7, F) by querying the oracle for the values of F;(a) that
appears in pY. (7, F).
12: if p). (7, F) = qm(r,) then

A e A A

13:  ACCEPT
14: else
15: REJECT

Proposition 5.7. Forevery F = (Fi, ..., F,) where each F; : T™ — Z is a function, the
sum-check protocol on an oracle with F and polynomials q; uses O(m log N) random bits,

queries O(m?k?log N) bits from the oracle, and runs in time O(m?*k?log® N loglog N).
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Proof. The only randomness is used to generate 7 in Z™, where the test uses m log(|Z|) =
O(mlog N) random bits. The test queries for polynomials ¢;(x;) which is of degree
less than O(k) and the coefficient of which is less than O(N™F). Thus, the test queries
for at most O(mklog(N™*)) = O(m?k*log N) bits from the oracle. The test does
multiplication and addition on number less than O(N™*), which could be done in time
log(N"™*) log log(N™*) loglog log(N™*)) = O(mk log® N loglog N) by Schonhage-Strassen

algorithm [39]. Thus, the test runs in time O(m?k? log® N loglog V). O

The correctness of the protocol is based on the following proposition in algebra.
Proposition 5.8. Every non-zero univariate polynomial of degree d has at most d roots.

Proposition 5.9. For every 3SOQBF formula V(z, f) = 3f, ... 3f Vo1 .. Vo, (T, ),

there is a verifier V such that

» If Equation 4.1 holds for some multilinear functions F = (F, ..., Fy), then for the

oracle T that stores {s)} and {t"%7}, Pr,[ V™(¥,r) = ACCEPT | = L.

* If Equation 4.1 does not hold for any multilinear functions, then for any oracle that
stores {sV} and {t;} where Ay (F;) < & for each i € [n], Pr,[ V™(U,r) =

ACCEPT] < L

Proof. Let V be the verifier that uses the sum-check protocol. In the i-th iteration of the

for loop, we say that the oracle is honest if ¢;(z;) = p{(r1,...,7i_1,7;, F). Otherwise,
we say that the oracle cheats. In the case that the oracle cheats in the i-th iteration, we say

that the oracle is caught if ¢;(r;) # p¥ (r1,. .., r;, F) and the oracle escapes if otherwise.

Assume that Equation 4.1 holds for some multilinear functions F = (F,...,F,).

Let 7 be the honest oracle that stores {s71)} and {t(Y")}. It is clear that verifier V with
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oracle access to m would always accept.

Assume that Equation 4.1 does not hold for any multilinear functions. Let 7 be an
oracle that stores {57} and {t;} where Ay (F;) < & for each i € [n]. We first show
that if each F; is multilinear, then Pr,[ V™ (¥, r) = ACCEPT ] < 2. Then we show that

if Auc(F;) < g; for each i, then Pr,[ V™(¥,r) = ACCEPT | < 3.

Case 1: each F; is multilinear. Since Equation 4.1 does not hold for any multilin-
ear functions, py (0) + pY(1) # 0 and the oracle must cheat in the first iteration or else

it would be rejected. In addition, if the oracle is caught in an iteration, i.e. ¢;(r;) #

py(r1,...,r;, F), then it must cheat in the next iteration or else it would be rejected. The
reason is that if it is honest in the next iteration, i.e. g;11(is1) = piy (11, .., 7 Tig1s F),
then

¢i+1(0) + g1 (1) Zpiqul(ﬁ, oy, 0, F) eriqul(ﬁ, iy 1L,F)

:pgp(rl, ey iy F)

# qi(73)

By the definition of the protocol and Proposition 4.7, each ¢;(;) and each p are of degree
less than or equal to 2¢. Thus, by Proposition 5.8, the probability F; that an oracle escapes
in the i-th iteration conditional on it cheating in the previous iteration could be bounded

as follows.

Pi = Pr?”z[%(rl) :pz\p(rlﬂ s 7ri>ﬁ) ‘ ql(ml) #p:jp(/r'l?' .- >Ti—laxi7ﬁ)]
< deg(qz(:cl) —pg]('f’l, Ce ,7”2',1,!131',?))
|Z]
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Therefore, the probability that the oracle escapes in some round conditional on cheating

in the first iteration could be bounded by m - % < % If the oracle is caught in the last
iteration, i.e. ¢ (7m) # pw.m(7, F), then it would be rejected after the verifier computes

the value of py ,, (7, F).

Case 2: Ay (F;) < é for each i. Assume for contradiction that Pr,.[ V™ (U, r) =
ACCEPT | > 1. LetG = (Gy, ..., G,) be the multilinear functions such that A(F;, G;) <
& foreachi. Let ' be the oracle that stores {59} and {t;}. We show that Pr,.[ V™ (T, 1) =
ACCEPT | > %, which contradicts with Case 1. Let I be the indicator that the answer of 7
to an query and that of 7’ differs. By the assumption that Pr,.[ V™ (W, r) = ACCEPT | > %,

we have

Pr,[ V™ (U,r) = ACCEPT]| > Pr,[ V™ (W,7) = ACCEPT | I =0]-Pr,[I =0]

Pr,[V™(T,r) = ACCEPT |- Pr,[I = 0]

Since both oracles stores {t;}, their answers to any query in each iteration are the same.
They may answer differently to the queries of the values of F;(%) and G;(7) respectively.

Since A(F;, Gi) < é and there are at most 2¢ such queries, it follows that Pr,.[ [ = 1] <

W=

Hence, Pr,.[ V™ (W,r) = ACCEPT | > 1 -2 > 2,

]

5.3 The PCP verifier for SAT(3SOQBF)

In this section, we construct the PCP verifier for SAT(3SOQBF) by using the multi-

linearity test and the sum-check protocol.

Theorem 5.10. SAT(ISOQBF) € PCP[nlog(n), n* log(n)].
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In particular, there is a PCP verifier for SAT(ISOQBF) such that on input V(Z, f) =
3f1...3f Vo1 .. Yo, 0z, f) with || = k and € number of occurrence of function syni-
bols in 1), the following holds.

(a) The verifier uses O(mlog k) random bits.

(b) The verifier queries O(m?k? log k) bits from the oracle.

(c) The verifier runs in time O(m?k?log” k).

(d) The honest oracle answers each query in time O(4™m(?log*(¢)loglog(f)) (with a

correct computation tableau).

Proof. Let U(z, f) = 3f1...3f,Vo1 ... Vo,,0(z, f) be an ISOQBF formula. We fix a
set Z of integers {0,1,..., N — 1} with N = 7m/¢. We also fix a finite field K with
mN™? < |K| < 2mN™"2 and a subset H C K with |[H| = 200m{. The PCP verifier

for SAT(3SOQBF) works as follows.

1. Compute p¥ (7, f) and p¥ (z, f) as defined in Proposition 4.4 and Definition 4.6.

2. Perform the multilinearity test as defined in Algorithm 1.

3. Perform the sum-check protocol as defined in Algorithm 2.

4. Accept if and only if both the multilinearity test and the sum-check protocol accept.
By Proposition 5.5 and Proposition 5.7, the verifier uses O(mlog N) = O(mlogk) ran-
dom bits, queries O(m?k? log N) bits from the oracle, and runs in time O(m?k? log® k).
By Proposition 4.11 and Proposition 4.14, the honest oracle could compute the answer to

each query in O(4™m?k? log” N loglog N) time.
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Now we prove that the verifier works properly. That is, we prove the followings.

» If W is satisfiable, then there is an oracle such that the verifier always accepts the

oracle.

 If U is not satisfiable, then for any oracle, the verifier rejects the oracle with prob-

ability at least %

Assume that W is satisfiable. By Proposition 4.8, there exist multilinear polynomials
F = (Fi,...,F,) such that Equation 4.1 holds. Let 7 be the oracle that stores {s(*?) :
i € [n]} and {t(¥79 : i € [m]}. By Proposition 5.6 and Proposition 5.9, the test and the

protocol always accept oracle 7. It follows that the verifier always accepts the oracle.

Assume that W is not satisfiable. By Proposition 4.8, there do not exist multilinear
polynomials F = (Fi,...,F,) such that Equation 4.1 holds. Let 7 be the oracle that
stores {s;} and {t;} which is based on functions F = (Fy,...,F,). Namely, for each
i € [n], s; = sV If Ami(F;) > & for some 4, then by Proposition 5.6, the test would
reject oracle m with probability at least % If Ap(F) < é for each ¢, then by Proposition
5.9, the protocol would reject oracle 7 with probability at least % In both cases, the verifier

rejects the oracle with probability at least % [l
Corollary 5.11. For every language L in NTiMe[2'™)] for some t(n), there is a PCP ver-
ifier for L with the following properties.

(a) The verifier uses O(t(n)log(t(n))) random bits.

(b) The verifier queries O(t(n)*log(t(n))) bits from the oracle.

(c) The verifier runs in O(t(n)* log*(t(n))) time.
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(d) The honest oracle answers each query in O(4'™t*(n)log?(t(n)) loglog(t(n))) time

(with a correct computation tableau).

Proof. Let L be a language in NTIME[2!(")] that is decided by non-deterministic Turing
machine M. Let x be an input of length n. By Proposition 2.7, we could construct an
ISOQBF formula & = Jg; ... 3¢,Vy1 ... Yy o (y, g) such that x € L if and only if ® is
satisfiable. By Remark 3.2, n = O(1), m = O(t(n)), ¢ = O(1), and k = O(t(n)). By

Theorem 5.10, there is a PCP verifier for L with the desired properties. [
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Chapter 6 Conclusion

We list our main results and compare it with related works as follows. The first result
is the inapproximability of SAT(dSOQBF), which is obtained by the 3ISOQBF encoding

of the computation.

Theorem 6.1 (The inapproximability of SAT(ISOQBF)). For every § € (0, 1), problem

0GAP-SAT(dSOQBF) is NEXP-hard.
The second result is a PCP proof system for 3ISOQBF.
Theorem 6.2. SAT(3SOQBF) € PCP[n log(n), n* log(n)].

In particular, there is a PCP verifier for SAT(ISOQBF) such that on input V(z, f) =
3f1...3f Vo1 .. Yo, 0z, f) with || = k and € number of occurrence of function sym-

bols in 1), the following holds.

(a) The verifier uses O(mlog k) random bits.

(b) The verifier queries O(m?*k? log k) bits from the oracle.
(c) The verifier runs in time O(m?>k*log” k).

(d) The honest oracle answers each query in time O(4™m/(?log*(¢)loglog(f)) (with a

correct computation tableau).
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The third result is a PCP proof system for NEXP computation, which is obtained by
combining the PCP proof system for ISOQBF and the 3SOQBF encoding of the compu-

tation.

Corollary 6.3. For every language L in NTime[2'™)] for some t(n), there is a PCP verifier

for L with the following properties.

(a) The verifier uses O(t(n)log(t(n))) random bits.
(b) The verifier queries O(t*(n)log(t(n))) bits from the oracle.
(c) The verifier runs in time O(t*(n) log®(t(n))).

(d) The honest oracle answers each query in time O(4'™t*(n)log?(t(n)) loglog(t(n)))

(with a correct computation tableau).

There are some advantages of our construction of the PCP proof system for NEXP
computation, which are inherited from the reduction in [15]. First, our encoding of com-
putation tableaux is natural in the sense that the encoding is essentially the Cook-Levin
reduction [17, 30] disguised in the form of function certificates. Second, many concrete
NEXP-complete problems [34] such as (succinct) 3-SAT, 3-colorability, Hamiltonian cy-
cle, set packing and subset sum could be directly reduced to ISOQBF. In comparison
with the reduction in [36], our reduction incurs less computation overhead. Thus, our
PCP proofs for 3ISOQBF can be transformed as the PCP proofs for those practical prob-
lems. Third, it is easy to generalize our encoding for non-deterministic computation with
any time complexity and space complexity, which might be useful to construct verifiable
scheme for general non-deterministic computation with arbitrary time and space complex-
ity. The following table is the comparison between our last result with related paper [5, 19]

on a language L € Ntme[2!(™)].,
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Babai et al. [5] | Feige et al. [19] Our work
Random bits poly(t(n)) t(n)logt(n) t(n)logt(n)
Query bits poly(t(n)) t(n)logt(n) t*(n)logt(n)
Time of verifier poly(t(n)) poly(21(™) ti(n)log*(t(n))
Time of oracle exp(t(n)) exp(t(n)) exp(t(n))

Table 6.1: Comparison between different PCP proof systems for a language L €
NTIME[2¢()]

As for the future work, we hope to do the following. First, we would like to com-
bine some cryptographic protocols with our protocol to construct a verifiable computation
scheme for NEXP computation. Second, we want to use other logics such as dependency
quantified boolean formula (DQBF) and Bernays-Schonfinkel-Ramsey (BSR) to encode
the NEXP computation or other type of computation and find the best one with less over-
head. Third, we are interested in showing other inapproximability results for other logics

and succinctly represented problems in NEXP.
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