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摘要

隨機可驗證系統 (probabilistic checkable proof)是一種證明系統，讓驗證證明

的驗證者只需隨機查看部份證明內容即可高機率確認其正確性。事實上，許多

被認為困難的問題包含非確定性多項式時間計算 (non-deterministic polynomial-

time computation) 和非確定性指數時間計算 (non-deterministic exponential-time

computation)都能使用此種證明系統，並且驗證者只須隨機查看證明中常數個位

元的內容即可高機率確認證明的正確性。此結果被稱為隨機可驗證系統理論 (the

PCP theorem)，在資訊理論和現實世界中都有許多應用。其中一個應用領域為可

驗證計算 (verifiable computation)，此領域的研究者嘗試建立一套機制，使得人們

能快速驗證其他人是否正確執行某項電腦計算。過去十年來，研究者提出各種不

同的方法來實現可驗證計算，不過他們的方法和討論都集中於（非）確定性多項

式時間。近幾年，研究者開始探討超過多項式時間或空間的（非）確定性計算。

本論文將嘗試使用隨機可驗證系統建構非確定性指數時間計算的可驗證計算。

準確來說，本論文先利用存在性二階布林運算式 (existential second-order boolean

formula)來精簡地表示任何非確定性指數時間計算的計算表，再為存在性二階布

林運算式設計一隨機可驗證系統。另外，本論文也證明估計存在性二階布林運算

式滿足與否為非確定性指數時間完備問題。

關鍵字：隨機可驗證系統、可驗證計算、非確定性指數時間計算、存在性二階布

林運算式
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Abstract

Probabilistic checkable proof (PCP) is a type of proof format that could be verified

with high probability by only looking at a small portion of the proof. It turns out that prob-

lems in NP and even in NEXP have PCP proofs that could be verified in polynomial time

by only looking at a constant number of bits in the proof. The result is known as the PCP

theorem and has both practical and theoretical significance. One of its practical applica-

tions lies in the field of verifiable computation, which aims to provide a scheme for one

to efficiently verify if a computation is carried out correctly by others. There are many

different approaches in the field while most of the work are dedicated to deterministic/

non-deterministic computation in polynomial time. Recently, some researchers investi-

gate the possibility of constructing schemes for deterministic/non-deterministic computa-

tion beyond polynomial time and space. In the thesis, we try to construct a scheme for

non-deterministic computation in exponential time based on PCP proofs. Specifically,

we succinctly encode any non-deterministic exponential computation tableau by a logic
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known as ∃SOQBF and construct a PCP proofs for ∃SOQBF. In addition, we also show

that it is NEXP-hard to approximate the satisfiability of ∃SOQBF within any constant

factor.

Keywords: Probabilistic checkable proof, Verifiable computation, Non-deterministic

exponential-time computation, Existential second-order quantified boolean formula
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Chapter 1 Introduction

In mathematics, one usually proves a theorem by writing down a proof that could be

verified by others based on the axioms and the rules of inference. Motivated by automat-

ically theorem proving, the complexity class NP [17, 30] is defined to capture the set of

languages whose proofs of membership are efficiently verifiable as follows. For every NP

language, there are two entities involved, a prover who generates proofs and an efficient

verifier who verifies proofs in polynomial time, such that (1) if the input is in the language

then the prover could provide a short proof that passes the verification and (2) conversely,

if the input is not in the language then any short proof generated by the prover is rejected

by the verifier.

As a generalization, researches study a variant of proof formats that are efficiently

verifiable in different proof systems and their corresponding complexity classes [2, 3, 6, 9,

20, 26]. One of the proof formats is known as probabilistic checkable proof (PCP) [2, 20].

In the PCP proof system, there are two entities involved, an oracle who generates proofs

and a verifier who verifies proofs. The verifier has random access to the proof generated

by the oracle. Namely, whenever it sends an integer i to the oracle, the oracle would return

the i-th bit of the proof. A language has a PCP proof if there is a polynomial-time verifier

and an oracle such that (1) if the input is in the language then the oracle could generate a

proof that passes the verification with high probability (2) conversely, if the input is not

1
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in the language then any proof generated by the oracle is rejected by the verifier with high

probability.

There are two main differences between an NP language and a language with PCP

proof. First, the verifier for PCP proof is a probabilistic Turing machine that can verify

the proofs with high probability while the verifier for NP do so deterministically. Second,

the verifier for PCP proof only needs to read a portion of proof while the verifier for NP

reads the entire proof.

As it turns out, PCP proof gives rise to a new characterization of NP language [1, 2]:

every NP language has a PCP proof where the verifier could verify the proof by only

reading a constant number of bits from the proof generated by the oracle. The result is

known as the PCP theorem [1, 2] and has both practical and theoretical significance. In

theory, the PCP theorem is a powerful tool to prove hardness of approximation results for

optimization problems [19, 44] and it has also initiated the study of locally testable code

[24, 25]. In practice, it is the building block for verifiable computation [21] which is used

in cloud computing [45] and crypto currency [37].

In the thesis, we are interested in the practical application of PCP proof in verifiable

computation. Verifiable computation is a research field that aims to provide solutions to

the following question: how to efficiently verify if a computation is carried out correctly

by others? There are several desired properties for a verifiable computation scheme. First,

the scheme is complete and sound. Namely, if a computation is executed correctly, then

one, who executes the computation, could prove to others that it is executed correctly

while if a computation is not executed correctly, then no one could prove to others that it

is executed correctly. Second, there is little time and space overhead for one to execute

2
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the computation and prove the correctness of the computation than to execute the com-

putation along. Third, it takes less time and space for one to verify the correctness of the

computation than to execute the computation.

Verifiable computation is used in cloud computing [45] and crypto currency [37]. In

cloud computing, it is crucial for the client who outsources a computation to a server to

be able to verify the correctness of the computation since the server is not always trust-

worthy and might even be malicious [45]. In crypto currency, in order to protect users’

privacy while maintaining the decentralization of the currency, users conduct transaction

by performing cryptographic computation to hide their data as well as publishing a proof

of the computation that enable others to verify the correctness of the transaction [37].

There are many kinds of verifiable computation schemes [10, 11, 13, 16, 18, 22, 32,

35, 40, 41] while most of them are dedicated to deterministic/non-deterministic polyno-

mial time computation. Recently, some researchers investigate the possibility of con-

structing verifiable computation schemes for deterministic/non-deterministic computa-

tion beyond polynomial time and space [7, 27, 43]. In the thesis, we construct a PCP

proof for every language in NEXP, which might be useful to construct verifiable compu-

tation scheme for non-deterministic exponential-time computation. Specifically, we use

the reduction in [15] to succinctly encode non-deterministic exponential-time computation

tableaux by a logic known as ∃SOQBF and design PCP proofs for ∃SOQBF. In addition,

we also show that it is NEXP-hard to approximate the satisfiability of ∃SOQBF within

any constant factor.

There are some advantages of our construction, which are inherited from the reduc-

tion in [15]. First, our encoding of computation tableaux is natural in the sense that the

3
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encoding is essentially the Cook-Levin reduction [17, 30] disguised in the form of func-

tion certificates. Second, many concrete NEXP-complete problems [34] such as (succinct)

3-SAT, 3-colorability, Hamiltonian cycle, set packing and subset sum could be directly

reduced to ∃SOQBF. In comparison with the reduction in [36], our reduction incurs less

computation overhead. Thus, our PCP proofs for ∃SOQBF can be transformed as the PCP

proofs for those practical problems. Third, it is easy to generalize our encoding for non-

deterministic computation with any time complexity and space complexity, which might

be useful to construct verifiable scheme for general non-deterministic computation with

arbitrary time and space complexity.

4
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Chapter 2 Preliminary

2.1 Existential second-order quantified boolean formula

Existential second-order quantified boolean formula, denoted by ∃SOQBF, is the

set of quantified boolean formulas with existential second-order quantifiers. To define

∃SOQBF formulas, we first extend some standard definitions regarding formulas.

Definition 2.1. Let f̄ = (f1, . . . , fn) where each fi is a function symbol associated with

an arity ar(fi). Let x̄ = (x1, . . . , xm) where each xi is a boolean variable. Let τ =

{f1, . . . , fn, x1, . . . , xm}.

Definition 2.2. A term over τ is defined as follows.

• For every i ∈ [m], xi is a term.

• For every i ∈ [n] and ȳ ∈ {0, 1, x1, . . . , xm}ar(fi), fi(ȳ) is a term.

Definition 2.3. A boolean formula over τ is a well-formed expression built from terms

over τ using operations ∧,∨,¬.

Definition 2.4. A quantified boolean formula, denoted by QBF formula, over τ is a for-

mula of the formQ1x1 . . . Qmxmψ(x̄, f̄)where eachQi ∈ {∃, ∀} and ψ(x̄, f̄) is a boolean

formula over τ .

5
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Definition 2.5. An ∃SOQBF formula Ψ(x̄, f̄) over τ is of the form

Ψ(x̄, f̄) = ∃f1 . . . ∃fnQ1x1 . . . Qmxm ψ(x̄, f̄)

where Q1x1 . . . Qmxmψ(x̄, f̄) is a QBF formula over τ .

A formula Ψ(x̄, f̄) = ∃f1 . . . ∃fnQ1x1 . . . Qmxm ψ(x̄, f̄) is satisfiable if there is an

interpretation F̄ = (F1, . . . , Fn) where each Fi is a boolean function with arity ar(fi)

such that Q1x1 . . . Qmxm ψ(x̄, F̄ ) is a true QBF.

Given a formula Ψ(x̄, f̄) = ∃f1 . . . ∃fnQ1x1 . . . Qmxm ψ(x̄, f̄) with Qi = ∃ for

some i, we could transform it into an equisatisfiable formula where every quantifier of

boolean variable is ∀. Let xj1 , . . . , xjs be boolean variables whose quantifier is ∃ and

let xk1 , . . . , xkt be boolean variables whose quantifier is ∀. For each ji with Qji = ∃,

introduce a new function symbol f ′
ji
of arity ji − i and replace any occurrence of xji in

formula ψ(x̄, f̄) by f ′
ji
(ȳ) where ȳ = {x1, . . . , xji} \ {xj1 , . . . , xji}. Denote by ψ′ the

resulted formula. Then, define Ψ′ by

Ψ(xk1 , . . . , xkt , f
′
j1
, . . . , f ′

js , f̄)
def
= ∃f1 . . . ∃fn∃f ′

j1
. . . ∃f ′

js∀xk1 . . . ∀xkt ψ
′

Clearly, Ψ′ is equisatisfiable with Ψ. Thus, we may assume that every ∃SOQBF formula

is of the form ∃f1 . . . ∃fn∀x1 . . . ∀xm ψ(x̄, f̄).

Given a formulaΨ(x̄, f̄), we could transform it into an equisatisfiable formula where

the arity of each function symbol ism by introducing new function symbols g1, . . . , gn and

replacing each occurrence of fi(ȳ) by gi(ȳ, 0̄) where 0̄ = (0, . . . , 0) is a string of length

m − ar(fi). Thus, we may assume that the function symbol of every ∃SOQBF formula

over τ are of the same aritym.

6
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As pointed out in [15], ∃SOQBF is an equivalent formalism of dependency quan-

tified boolean formula, denoted by DQBF, which is a well-studied logic motivated by

application in verification and synthesis of hardware and software design [8, 12, 14, 23,

28, 29, 38]. In particular, there is a linear-time reduction between them which preserves

satisfiability. Since it is NEXP-complete to decide if a DQBF formula is satisfiable [36],

the same holds for ∃SOQBF.

Definition 2.6. SAT(∃SOQBF) is the problem of, given an ∃SOQBF formula, to decide

if it is satisfiable.

Proposition 2.7 ([36]). SAT(∃SOQBF) is NEXP-complete.

We also define the optimization problem and promise problem of ∃SOQBF formulas

in a similar fashion as MAX NP and MAX-3SAT were defined [33].

Definition 2.8. For every formula Ψ(x̄, f̄) = ∃f1 . . . ∃fn∀x1 . . . ∀xm ψ(x̄, f̄) and inter-

pretation F̄ = (F1, . . . , Fn), define ♯SAT(Ψ, F̄ ) as

♯SAT(Ψ, F̄ ) = |{ā ∈ {0, 1}m : ψ(ā, F̄ ) = 1}|

For δ > 0, an ∃SOQBF formula Ψ is δ-satisfiable if

max
F̄ is an interpretation

♯SAT(Ψ, F̄ ) ≥ δ · 2m

Definition 2.9. MAX-SAT(∃SOQBF) is the problem of, given an ∃SOQBF formulaΨ, to

find an interpretation F̄ that maximizes ♯SAT(Ψ, F̄ ).

Definition 2.10. For δ ∈ (0, 1), δGAP-SAT(∃SOQBF) is the problem of, given an ∃SOQBF

formula that is either satisfiable or δ-satisfiable, to decide if it is satisfiable.

7
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2.2 Polynomials with function symbols

In the construction of the PCP proof for an ∃SOQBF formula and its interpretation,

we arithmetize the formula and the interpretation as polynomials. To do so, we would

need to extend the definitions regarding polynomials and arithmetization. The standard

and extended definitions are as follows.

Definition 2.11. A polynomial p(x̄) is a well-formed expression built from variables in x̄

and integers using operations +,−,×.

Definition 2.12. Apolynomial p(x̄) is an arithmetization of a boolean functionF : {0, 1}m →

{0, 1} if for every ā ∈ {0, 1}m, p(ā) = F (ā).

Definition 2.13. A polynomial p(x̄, f̄) over τ is a well-formed expression built from terms

over τ and integers using operations +,−,×.

Definition 2.14. A polynomial p(x̄, f̄) over τ is an arithmetization of a boolean for-

mula ψ(x̄, f̄) over τ if for every ā ∈ {0, 1}m and boolean functions F̄ = (F1, . . . , Fn),

p(ā, F̄ ) = ψ(ā, F̄ ).

Finally, we define some terminology that is used in the design and analysis of the

protocol that checks the correctness of the PCP proofs for ∃SOQBF formulas.

Definition 2.15. For every polynomial p(x̄), let deg(p) denote the degree of p and for

each i ∈ [m], let degi(p) denote the degree of p in variable xi.

Definition 2.16. A polynomial p(x̄) is multilinear if for each i ∈ [m], degi(p) ≤ 1.

8
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2.3 Probabilistically checkable proof

Probabilistically checkable proof, denoted by PCP proof, is a type of membership

proof of language that could be verified by randomly reading a small portion of the proof.

A PCP proof system involves two entities, a verifier and an oracle. In the system, the

oracle is a function that stores a proof while the verifier is a randomized algorithm with

access to the oracle that verifies the proof. The definitions of the entities are as follows.

Definition 2.17. An oracle is a function π : {0, 1}∗ → {0, 1}.

An oracle π stores a proof in an obvious way that π(i) is the i-th bit of the proof.

Definition 2.18. A probabilistic oracle Turing machine is a probabilistic Turing machine

that has a query state and two extra tapes, a query tape and an answer tape. To run such

a machine, an oracle π is required and whenever the machine enters the query state and

the query tape contains a string i, the oracle writes π(i) in the answer tape accordingly.

Definition 2.19. APCP verifier is a polynomial-time probabilistic oracle Turing machine.

Denote by V π(x, r) the output of a verifier V with access to an oracle π given input x and

random bits r.

Definition 2.20. For functions r, q : N → N, an (r(n), q(n))-PCP verifier V is a verifier

which on input of length n, uses at most r(n) random bits and queries at most q(n) bits

from the oracle.

The definition of a language having a proof system is as follows.

Definition 2.21. For functions r, q : N → N, a language L has an (r(n), q(n))-PCP

proof, denoted by L ∈ PCP[r(n), q(n)], if there is an (r(n), q(n))-PCP verifier V such

that for every x ∈ {0, 1}∗ the following holds.

9
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• If x ∈ L, then there is an oracle π such that Prr[ V π(x, r) = ACCEPT ] = 1.

• If x ̸∈ L, then for every oracle π, Prr[ V π(x, r) = ACCEPT ] ≤ 1
2
.

The definition introduces a new hierarchy of complexity classes, which classifies

languages based on how efficiently their membership proof could be probabilistically

checked by a verifier. As it turns out, PCP proof gives rise to a new characterization of

NP, a class of languages whose membership proof could be verified by a polynomial-time

Turing machine.

Theorem 2.22 (PCP theorem [1, 2]). NP = PCP[O(logn), O(1)].

Corollary 2.23 ([1, 2]). NEXP = PCP[poly(n), O(1)].

10
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Chapter 3 Encoding of NEXP

computation by ∃SOQBF

In this chapter, we show the way to encode any NEXP computation by ∃SOQBF by

proving Proposition 2.7 by modifying the proof in [15]. We also use ∃SOQBF to encode

the computation of probabilistic oracle machines to prove that δGAP-SAT(∃SOQBF) is

NEXP-hard for every δ ∈ (0, 1).

Proposition 3.1 ([15]). SAT(∃SOQBF) is NEXP-complete.

Proof. Let L be an NEXP language decided by an 1-tape NTMM in time 2t(n) for some

polynomial t(n). LetQ and Γ be the set of states and the tape alphabet ofM respectively.

For simplicity, we assume that M only accepts exactly at step 2t(n) while the head is in

the leftmost cell. We also assume that whenMmakes a non-deterministic move, the head

stays still.

Let ∆ = Γ ∪ (Q × Γ). An accepting run of M on w is represented by a function

g : [2t(n)] × [2t(n)] → ∆, where g(i, j) is the symbol in cell i in time j in the run. When

g(i, j) ∈ Q× Γ, it indicates the position of the head is in cell i and the state ofM.

Let the input word w be b0b1 · · · bn−1. For a function g : [2t(n)] × [2t(n)] → ∆ to

represent a correct accepting run ofM onw, the following must hold for every i, j, i′, j ′ ∈

11
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[2t(n)].

(a) If i = j = 0, then g(i, j) = (q0, b0).

(b) If 1 ≤ i ≤ n− 1 and j = 0, then g(i, j) = bi.

(c) If n ≤ i and j = 0, g(i, 0) is the blank symbol.

(d) If j = j′, then at most one of g(i, j) and g(i′, j ′) is an element of Q× Γ.

(e) If i = 0 and j = 2t(n) − 1, then g(i, j) = (qacc, σ) for some tape symbol σ where qacc

is the accepting state of T .

(f) If |i− i′| ≤ 1 and |j − j′| ≤ 1 (modulo 2t(n)), then g(i, j) and g(i′, j ′) must obey the

transitions in T .

For example, if there is a transition (s, 0) → (s′, 1, stay) and (s, 0) → (s′′, 0, stay),

we have the following condition.

• If i = i′ and j′ = j + 1 and g(i, j) = (s, 0), then g(i, j ′) = (s′, 1) or (s′′, 0).

Similar condition can be defined for each transition.

Obviously, [2t(n)] can be encoded with {0, 1}t(n) and ∆ with {0, 1}ℓ, where ℓ = log |∆|.

By abusing the notation, let i = (i1, . . . , it(n)), (j1, . . . , jt(n)), i
′ = (i′1, . . . , i

′
t(n)), j

′ =

(j′1, . . . , j
′
t(n)) be strings of boolean variables and g = (g1, . . . , gℓ) be function symbols

with arity 2t(n). Let τ ′ = {i, j, i′, j ′, g}.

It is routine to design an algorithm (with access to the transitions inM) that on input

w, constructs a boolean formula ψ over τ ′ that verifies whether all properties (a)–(f) hold

for i, j, g(i, j), i′, j ′, g(i′, j ′). That is, ψ(i, j, i′, j ′, g) = 1 iff (i, j, g(i, j), i′, j ′, g(i′, j ′))

satisfies (a)–(f). In other words, ψ(i, j, i′, j ′, g) = 1 for every possible i, j, i′, j ′ iff g

12
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represents a correct accepting run of M on w. Thus, the resulting ∃SOQBF formula

Ψ(i, j, i′, j ′, g) is as follows

Ψ(i, j, i′, j ′, g)
def
= ∃g∀i∀j∀i′∀j′ψ(i, j, i′, j ′, g)

where ∃g stands for ∃g1 . . . ∃gℓ and the similar holds for ∀i, ∀j, ∀i′, ∀j′.

Remark 3.2. Note that since ∆ = Γ ∪ (Q × Γ), ℓ = log |∆| = O(1). It follows that

there is only constant number of function symbols g1, . . . , gℓ in the resulting ∃SOQBF

formula. Also, by introducing some dummy boolean variable, we could rewrite formula

Ψ such that the number of occurrences of the function symbols in the formula becomes a

constant. (Specifically, we need to construct a circuit b and use it in checking property (b)

such that for every input i, b(i) outputs bi, the i-th bit of the input word w.)

Remark 3.3. Note that we could use a function g : [T (n)]× [S(n)] → ∆ to represent an

accepting run of an non-deterministic Turing machine in T (n) time and with S(n) space

on an input of length n. Thus, it is easy to modify the proof for general non-deterministic

computation.

To show that δGAP-SAT(∃SOQBF) is NEXP-hard for every δ ∈ (0, 1), we need the

following corollary of the PCP theorem 2.22.

Corollary 3.4. For every language L ∈ NEXP and δ ∈ (0, 1), there is a (poly(n), O(1))-

PCP verifier for L such that the following holds.

• If x ∈ L, then there is an oracle π such that Prr[ V π(x, r) = ACCEPT ] = 1.

• If x ̸∈ L, then for every oracle π, Prr[ V π(x, r) = ACCEPT ] ≤ δ.

13
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Theorem 3.5 (The inapproximability of SAT(∃SOQBF)). For every δ ∈ (0, 1), problem

δGAP-SAT(∃SOQBF) is NEXP-hard.

Proof. Let L be a language in NEXP and let δ be a real number in (0, 1). By Corollary

3.4, there is a (poly(n), O(1))-PCP verifier V for L such that for every x ∈ {0, 1}∗ the

following holds.

• If x ∈ L, then there is an oracle π such that Prr[ V π(x, r) = ACCEPT ] = 1.

• If x ̸∈ L, then for every oracle π, Prr[ V π(x, r) = ACCEPT ] ≤ δ

Let x ∈ {0, 1}n be an input. Let p(n) be the number of random bits that the verifier

uses and let q(n) be the maximum length of a possible query that the verifier sends to the

oracle. Let t(n) be the running time of V . Let g be a function symbol with arity q(n) and

let h̄ = (h1, . . . , ht2(n)) be function symbols with arity q(n).

In the following, we encode the computation tableau of verifier V on input x and

random string r as a boolean formula ψ(r, g, h̄) with function symbols g and h̄ such that

for every random string r and oracle π, V π(x, r) = 1 if and only if there are functions

H̄ = (H1, . . . , Ht2(n)) such that ψ(r, π, H̄) = 1. In the formula ψ, each boolean variable

and function symbol is associated with a cell in the computation tableau. Specifically, each

variable in r represents a random bit, each occurrence of g represents an oracle answer,

and each hi(r) represents a cells other than a random bit or an oracle answer. Similar

to the Cook-Levin theorem [17, 30], we could construct the formula ψ(r, g, h̄) such that

for every random string r, function π and functions H̄ = (H1, . . . , Ht2(n)), ψ(r, π, H̄)

evaluates to 1 if and only if (r, π, H̄) represents an accepting computation of V on input

x and random string r.

14
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Define the ∃SOQBF formula Ψ(r, g, h̄) as follows.

Ψ(r, g, h̄)
def
= ∃g∃h̄∀rψ(r, g, h̄)

where ∃h̄ stands for ∃h1 . . . ∃ht2(n) and ∀r stands for ∀r1 . . . ∀rp(n). If x ∈ L, then there

exists an oracle π such that V π(x, r) = 1 for every r. It follows that there are functions

H̄ = (H1, . . . , Ht2(n)) such that ψ(r, π, H̄) = 1 and thus Ψ is satisfiable. If x ̸∈ L, then

for every oracle π, Prr[ V π(x, r) = 0 ] > 1− δ. Thus, if V π(x, r) = 0 for some random

string r and some oracle π, then (r, π, H̄) does not represent an accepting computation of

V on input x and random string r for any functions H̄ , which implies that ψ(r, π, H̄) = 0

for any functions H̄ . Therefore, for every oracle π and functions H̄ , Prr[ ψ(r, π, H̄) =

0 ] ≥ Prr[ V π(x, r) = 0 ] > 1− δ and it follows that Ψ is not δ-satisfiable.

15
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Chapter 4 The PCP proof for

SAT(∃SOQBF)

In the following two chapters, we design a PCP proof system for SAT(∃SOQBF). In

this chapter, we show that for every satisfiable ∃SOQBF formula, we can construct a PCP

proof based on a satisfying interpretation while in Chapter 5, we design a PCP verifier

such that given an ∃SOQBF formula, the following holds.

• If the formula is satisfiable, then the verifier always accepts the oracle that stores

the PCP proof constructed as in this chapter.

• Otherwise, the verifier rejects any oracle with high probability.

At the end of Chapter 5, we prove our main result.

Theorem 4.1. SAT(∃SOQBF) ∈ PCP[n log(n), n4 log(n)].

We define some notation for the following two chapters.

Notation 4.2. For every ∃SOQBF formula Ψ = ∃f1 . . . ∃fn∀x1 . . . ∀xm ψ(x̄, f̄), let k

be the length of ψ and let ℓ be the number of occurrences of function symbols in ψ. We

fix a set I of integers {0, 1, . . . , N − 1} with N = 7mk. We also fix a finite field with

mNm+2 < |K| < 2mNm+2 and a subset H ⊂ K with |H| = 200mℓ.
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Recall that in this chapter, we would show that for every satisfiable ∃SOQBF for-

mula, we can construct a PCP proof based on a satisfying interpretation. Let Ψ(x̄, f̄) =

∃f1 . . . ∃fn∀x1 . . . ∀xm ψ(x̄, f̄) be an ∃SOQBF formula and let F̄ = (F1, . . . , Fn) be a

satisfying interpretation forΨ(x̄, f̄). In Section 4.1, we arithmetize each boolean function

Fi(x̄) as a multilinear polynomial Fi(x̄). In Section 4.2, we arithmetize formula Ψ(x̄, f̄)

as a set of polynomials by using the idea of arithmetization of QBF formula [42]. In Sec-

tion 4.3, we construct a string for each polynomial obtained in Section 4.1 and Section 4.2

and the PCP proof based on F̄ is simply the concatenation of these strings.

4.1 Arithmetization of interpretations

In this section, we arithmetize interpretations F̄ and show properties that will be

used to check the arithmetization in Chapter 5. The following proposition arithmetizes

each boolean function Fi as a multilinear polynomial Fi.

Proposition 4.3. For every boolean function F : {0, 1}m → {0, 1}, there is a multilinear

polynomial F(x̄) which is an arithmetization of F .

Proof. Define F(x̄) : Zm → Z as follows.

F(x̄)
def
=

∑
ā∈{0,1}m

F (ā) · eq(ā, x̄)

where eq(x̄, ȳ) =
∏

i∈[m](1 − xi − yi + 2xiyi). Clearly, F is multilinear. Note that for

every ā, b̄ ∈ {0, 1}m, if ā = b̄, then eq(ā, b̄) = 1 and if otherwise, then eq(ā, b̄) = 0. Thus,

F(ā) = F (ā) for every ā ∈ {0, 1}m.

18
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4.2 Arithmetization of ∃SOQBF formulas

In this section, we arithmetize ∃SOQBF formulaΨ(x̄, f̄) along with interpretation F̄

and show properties that will be used to check the arithmetization in Chapter 5.

The first step to arithmetize formulaΨ(x̄, f̄) is to arithmetize boolean formulaψ(x̄, f̄)

as a polynomial p(x̄, f̄).

Proposition 4.4. Given a boolean formula ψ(x̄, f̄) over τ , we can construct in linear time

a polynomial p(x̄, f̄) over τ which is an arithmetization of ψ(x̄, f̄).

Proof. Let ψ be a boolean formula. Replace any occurrence of ¬y by (1 − y), y ∧ z by

y× z, and y ∨ z by 1− (1− y)(1− z). Then replace any occurrence of yk for any k ∈ N

by y. Clearly, the resulted polynomial is an arithmetization of ψ.

Notation 4.5. For every boolean formula ψ(x̄, f̄), let pψ(x̄, f̄) denote the arithmetization

of ψ(x̄, f̄) that one would obtain by using the procedure described in Proposition 4.4.

The following definition is the second step to arithmetize Ψ(x̄, f̄), which uses the

idea of arithmetization of QBF formula [42].

Definition 4.6. For every ∃SOQBF formula Ψ(x̄, f̄) = ∃f1 . . . ∃fn∀x1 . . . ∀xm ψ(x̄, f̄),

define polynomial pΨm(x̄, f̄) by

pΨm(x̄, f̄)
def
= (pψ(x̄, F̄)− 1)2 +

∑
i∈[n]

(fi(x̄)(fi(x̄)− 1))2

and for each i ∈ [m− 1], define polynomial pΨi (x1, . . . , xi, f̄) as follows.

pΨi (x1, . . . , xi, f̄)
def
=

∑
xi+1∈{0,1}

· · ·
∑

xm∈{0,1}

pΨm(x̄, f̄)
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The following properties would be used to check the arithmetization in Chapter 5.

Proposition 4.7. For every ∃SOQBF formula Ψ(x̄, f̄) = ∃f1 . . . ∃fn∀x1 . . . ∀xmψ(x̄, f̄),

multilinear polynomials F̄ = (F1, . . . ,Fn) and i ∈ [m],

degi(pΨi (x̄, F̄)) ≤ 2k = 2|ψ|

Proof. It follows immediately from the definition.

Proposition 4.8. For every ∃SOQBF formula Ψ(x̄, f̄), it is satisfiable if and only if there

exist multilinear polynomials F̄ = (F1, . . . ,Fn) such that

∑
ā∈{0,1}m

pΨm(ā, F̄) = 0 (4.1)

Proof. If Ψ(x̄, f̄) is satisfiable, then there exists an interpretation F̄ = (F1, . . . , Fn) such

that ∀x1 . . . ∀xm ψ(x̄, F̄ ) is a true QBF formula. Since pψ(x̄, f̄) is an arithmetization

of ψ(x̄, f̄), it follows that for every ā ∈ {0, 1}m, pψ(ā, F̄ ) = 1. By Proposition 4.3,

there exist multilinear polynomials F̄ = (F1, . . . ,Fn) such that each Fi is an arithmeti-

zation of boolean function Fi. It follows that for every ā ∈ {0, 1}m, pψ(ā, F̄) = 1 and

Fi(ā)(Fi(ā)− 1) = 0, which implies that
∑
pΨm(ā, F̄) = 0.

If there exists multilinear polynomials F̄ = (F1, . . . ,Fn) such that
∑
pΨm(ā, F̄) = 0,

then it implies that for every ā ∈ {0, 1}m and i ∈ [n], pψ(ā, F̄) = 1 and Fi(ā)(Fi(ā) −

1) = 0. Since Fi(ā) ∈ {0, 1} for each i ∈ [n] and ā ∈ {0, 1}m, each Fi is an arithme-

tization of a boolean function Fi. Let F̄ = (F1, . . . , Fn) be the boolean functions where

Fi is an arithmetization of Fi. Since each Fi is an arithmetization of Fi, it follows that for

every ā ∈ {0, 1}m, pψ(ā, F̄ ) = pψ(ā, F̄) = 1. Since pψ(x̄, f̄) is an arithmetization of ψ,

∀x1 . . . ∀xm ψ(x̄, F̄ ) is a true QBF formula andΨ(x̄, f̄) = ∃f1 . . . ∃fn∀x1 . . . ∀xm ψ(x̄, f̄)
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is a true ∃SOQBF formula.

4.3 The PCP proof for SAT(∃SOQBF)

In this section, we construct the PCP proof that an ∃SOQBF formula is satisfied by

an interpretation.

Let Ψ(x̄, f̄) = ∃f1 . . . ∃fn∀x1 . . . ∀xm ψ(x̄, f̄) be an ∃SOQBF formula and let F̄ =

(F1, . . . , Fn) be a satisfying interpretation for Ψ(x̄, f̄). Let F̄ = (F1, . . . ,Fn) be mul-

tilinear polynomials where each Fi is the arithmetization of Fi obtained as defined in

Proposition 4.3. Let pΨ1 , . . . , pΨm be the polynomials defined in Definition 4.6 and for each

i ∈ [m], let pi(x1, . . . , xi) = pΨi (x1, . . . , xi, F̄).

Intuitively, in the PCP proof system for SAT(∃SOQBF), the verifier would query for

the values of Fi and the coefficients of pi. Since it only has polynomial time to verify

the proof, it could not query them arbitrarily or else it might not even have time to read

the answer from the oracle. Thus, it queries them only in some restricted domains. For

each Fi and pi, we construct a string based on the polynomial with a restricted domain

where each substring corresponds to a possible query of the verifier. The PCP proof is

the concatenation of the strings and the verifier could make queries to the oracle to get

corresponding substrings in the concatenation. The details of the verifier are in Chapter

5.

For each Fi, we restrict its domain to Im. Recall that I = {0, 1, . . . , N − 1} and

N = 7mk where k = |ψ|.

Notation 4.9. For each i ∈ [n], we denote s(Fi) to be the concatenation of strings {s(Fi)
ā :
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ā ∈ Im} where each s(Fi)
ā is the binary encoding of Fi(ā) and we say that s(Fi)

ā is the ā-th

entry of s(Fi).

Remark 4.10. Since each Fi is obtained as defined in Proposition 4.3, if we restrict the

domain of Fi to Im, then its codomain is restricted to {0,±1, . . . ,±2mNm}. Thus, for

each i ∈ [n] and ā ∈ Im, s(Fi)
ā has length O(m log(N)) and s(Fi) has length O(Nm ·

m log(N)).

Proposition 4.11. Given a function F : {0, 1}m → {0, 1} and an arbitrary ā ∈ Im, it

takesO(2mm2 logN logm log logm) time to compute the value ofF(ā)whereF : Zm →

Z is the multilinear function of F in Proposition 4.3.

Proof. By the definition in Proposition 4.3, one perform addition 2m times and multipli-

cation m2m times. Since the domain of F is restricted to Im, the intermediate values

during the addition and multiplication computation are bounded by ±2mNm and ±Nm,

respectively. Thus, it takes log(2mNm) = O(m logN) time to do each addition and

O(m logN logm log logm) time to do each multiplication by Schönhage-Strassen algo-

rithm [39]. The total time of the computation is O(2mm2 logN logm log logm).

For each pi(x1, . . . , xi−1), the verifier would query for the coefficients of pi(ā, xi)

for some ā ∈ I i−1. To do so, we restrict the domain of each pi to I i.

Notation 4.12. For each i ∈ [m], we denote t(Ψ,F̄ ,i) to be the concatenation of strings

{t(Ψ,F̄ ,i)ā : ā ∈ I i−1} where each t(Ψ,F̄ ,i)ā is the binary encoding of the coefficients of

polynomial pi(ā, xi) and we say that t(Ψ,F̄ ,i)ā is the ā-th entry of t(Ψ,F̄ ,i).

Remark 4.13. Since eachFi is obtained as defined in Proposition 4.3, for every ā ∈ I i−1,

any coefficient of pi(ā, xi) is restricted to {0,±1, . . . ,±22mk+mN2mk}. Also note that by
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Proposition 4.7, degi(pi) ≤ 2k. Thus, for each i ∈ [m] and ā ∈ I i−1, t(Ψ,F̄ ,i)ā has length

4mk2 + 4mk2 logN and t(Ψ,F̄ ,i) has length N i−1(4mk2 + 4mk2 logN).

Similarly, we could prove the following proposition.

Proposition 4.14. Given an ∃SOQBF formula Ψ(x̄, f̄), an interpretation F1, . . . , Fn and

an arbitrary ā ∈ Im, it takes O(4mm2k2 log2N log logN) time to compute the coeffi-

cients of t(Ψ,F̄ ,i)ā where F̄ = (F1, . . . ,Fn) and each Fi : Zm → Z is the multilinear

function of Fi in Proposition 4.3.

Definition 4.15. For every ∃SOQBF formulaΨ(x̄, f̄) and interpretation F̄ = (F1, . . . , Fn),

define the PCP proof that formula Ψ is satisfied by interpretation F̄ as the concatenation

of strings {s(Fi) : i ∈ [n]}, {t(Ψ,F̄ ,i) : i ∈ [m]} where F̄ = (F1, . . . ,Fn) and each Fi is

the multilinear arithmetization of Fi obtained as defined in Proposition 4.3.

Weneed some terminology. In the proof system, the oracle is expected to store a proof

based on an interpretation: the proof should be a concatenation of strings {si : i ∈ [n]}

and {ti : i ∈ [m]} such that there exists an interpretation F̄ = (F1, . . . , Fn) and its

multilinear arithmetization F̄ = (F1, . . . ,Fn) with {si} = {s(F̄i)} and {ti} = {t(Ψ,F̄ ,i)}.

Note that for every si of length Nm · 2m logN , there always exists a polynomial Fi such

that si = s(Fi). Thus, for every oracle storing a concatenation of strings {si} and {ti},

we say that the oracle is based on polynomials F̄ = (F1, . . . ,Fn) where each Fi is the

polynomial with si = s(Fi) and the verifier would interpret si and ti as s(Fi) and t(Ψ,F̄ ,i)

respectively. When the verifier queries for the ā-th entry of si for some ā ∈ Im, we say

that it queries for s(Fi)
ā or simply Fi(ā). Likewise, when the verifier queries for the ā-th

entry of ti for some ā ∈ I i−1, we say that it queries for t(Ψ,F̄ ,i)ā or simply the coefficients

of polynomial pΨi (ā, xi, F̄).
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Chapter 5 The PCP verifier for

SAT(∃SOQBF)

In this chapter, we design a PCP verifier such that given an ∃SOQBF formula, the

following holds.

• If the formula is satisfiable, then the verifier always accepts the oracle that stores

the PCP proof constructed as in Chapter 4.

• Otherwise, the verifier rejects any oracle with high probability.

Let π be an oracle storing a concatenation of strings {si} and {ti} which is based on

polynomials F̄ = (F1, . . . ,Fn). To achieve the goal, the verifier does the following. First,

it uses themultilinearity test [5, 19] to checks if eachFi is close to anymultilinear function.

Then, it uses the sum-check protocol [4, 5, 31, 42] to check if F̄ is an arithmetization of a

satisfying interpretation for formula Ψ(x̄, f̄).

The organization is as follows. In Section 5.1, we introduce the multilinearity test

which is adapted from [19]. In Section 5.2, we introduce the sum-check protocol in [5]. In

Section 5.3, we construct the PCP verifier for SAT(∃SOQBF) and prove our main theorem

in the thesis.
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5.1 The multilinearity test

In this section, we introduce the multilinearity test which could verify if each Fi is

close to any multilinear function. Let ML be the set of multilinear functions from Im to

Z. The notion of how close a function is to any multilinear function is defined as follows.

Definition 5.1. For every function F : Im → Z, define ∆ML(F ) by

∆ML(F )
def
= max

F∈ML

|{ā ∈ Im : F (ā) ̸= F(ā)}|
Nm

To verify if∆ML(Fi) is small or not, the multilinearity test checks if the values of Fi

on some triples in a line are aligned. The definition of triples is as follows.

Definition 5.2. A triple is a set of three distinct points ā, b̄, c̄ ∈ Zm where the points only

differ in a single coordinate. For every function F : Zm → Z, a triple {ā, b̄, c̄} is F-

linear if there is a multilinear function G : Zm → Z such that G(ā) = F(ā),G(b̄) =

F(b̄),G(c̄) = F(c̄).

The idea of the test is that if a function F is far from any multilinear function, then a

large fraction of triples are not aligned as well.

Theorem 5.3 ([19]). For every function F : Im → Z, if ∆ML(F) ≥ 1
6ℓ

for some ℓ, then

at least 1
50mℓ

fraction of triples in T are not F-linear.

Remark 5.4. Although the exact bound stated above is not the one in [19], we could easily

modify the proof in [19] to obtain the bound stated above.

Let T be the set of triples whose points are in Im. Since each triple could be encoded
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as a binary string and |T | < |K| < 2|T |, we could embed T into field K. Recall that

H ⊆ K with |H| = 200mℓ The multilinearity test works as follows.

Algorithm 1 The multilinearity test
Ensure: ACCEPT if ∆ML(Fi) <

1
6ℓ
for each i ∈ [n].

1: Let r1, r2 be random numbers in K.
2: Compute the set H ′ = {r1h+ r2 | h ∈ H}.
3: for h′ ∈ H ′ do
4: if h′ could be decoded as a triple {ā, b̄, c̄} in Im then
5: Query the oracle for the values of Fi(ā),Fi(b̄),Fi(c̄) for every i ∈ [n].
6: if the triple is not Fi-linear for some i or any value is larger than N2m then
7: REJECT
8: ACCEPT

Proposition 5.5. For every F̄ = (F1, . . . ,Fn) where each Fi : Im → Z is a function,

performing the multilinearity test on an oracle with F̄ uses O(m logN) random bits,

queriesO(nmN logN) bits from the oracle, and runs in timeO(nmN log2N log logN).

Proof. The only randomness is used to generate r1 and r2 in K, where the test uses

log(|K|) = O(m log(mN)) randombits. The test queries for the values ofFi(ā),Fi(b̄),Fi(c̄)

for each i ∈ [n] each h′ ∈ H ′ that could be decoded as a triple {ā, b̄, c̄}. Since the answer

of each query is a number less than N2m, the test queries for at most n|H| log(N2m) =

O(nmN logN) bits from the oracle. The test does multiplication and addition on number

less than N2m, which could be done in time log(N2m) log log(N2m) log log log(N2m)) =

O(m log2N log logN) by Schönhage-Strassen algorithm [39]. Thus, the test runs in time

O(nmN log2N log logN).

Proposition 5.6. For every F̄ = (F1, . . . ,Fn) where each Fi : Im → Z is a function,

the following holds.

• If each Fi is multilinear, then the test always accepts.

• If ∆ML(Fi) ≥ 1
6ℓ
for some i, then the test rejects with probability at least 1

2
.
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Proof. Clearly, by Remark 4.10, if each Fi is multilinear, then the test always accept.

Assume that ∆ML(Fi) ≥ 1
6ℓ
for some i. Let N ⊂ K be the subset of non-Fi-linear

triples. Let p = |N |
|K| . By |K| < 2|T | and Theorem 5.3,

p =
|N |
|K|

>
|N |
2|T |

≥ 1

100mℓ
(5.1)

For each h ∈ H , let Ih be the indicator variable that r1h + r2 ∈ N . Let I =
∑

h∈H Ih.

Then the probability that the test rejects is Prr1,r2 [ I > 0 ]. Note that for every h, k ∈ K,

Prr1,r2 [ r1h+ r2 = k ] = 1
|K| and Prr1,r2 [ Ih = 1 ] = |N |

|K| . By the linearity of expectation,

E[I] =
∑
h∈H

E[Ih] =
∑
h∈H

Prr1,r2 [ Ih = 1 ] = |H| |N |
|K|

= |H|p

Note that for every h1, h2, k1, k2 ∈ K with h1 ̸= h2,

Prr1,r2 [ r1h1 + r2 = k1, r1h2 + r2 = k2 ] =
1

|K|2

For every distinct h1, h2 ∈ H ,

Pr[ Ih1 = Ih2 = 1 ] =
∑

k1,k2∈N

Prr1,r2 [ r1h1 + r2 = k1, r1h2 + r2 = k2 ]

= |N |2 · 1

|K|2

= Pr[ Ih1 = 1 ]Pr[ Ih2 = 1 ]

, which implies that Ih1 and Ih2 are independent. Thus,

σ2(I) =
∑
h∈H

σ2(Ih) = |H|p(1− p)
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By Chebyshev inequality and Equation 5.1,

Pr[ I ≤ 0 ] ≤ Pr[ |I − E[I]| ≥ E[I] ] ≤ σ2(I)

(E[I])2
=

1− p

|H|p
<

1

2

5.2 The sum-check protocol

In this section, we introduce the sum-check protocol, which could check if F̄ is an

arithmetization of a satisfying interpretation for formula Ψ(x̄, f̄). In particular, the proto-

col checks if Equation 4.1 holds for F̄ = (F1, . . . ,Fn). The protocol works as follows.

Algorithm 2 The sum-check protocol
Ensure: ACCEPT if Equation 4.1 holds.
1: Let r̄ = (r1, . . . , rm) be a random string in Im.
2: for i = 1 tom do
3: Query the oracle for pΨi (r1, . . . , ri−1, xi, F̄) and denote the answer by qi(xi).
4: if deg(qi) is larger than 2ℓ or any coefficient is larger than N10mℓ then
5: REJECT
6: else if i = 1 and qi(0) + qi(1) ̸= 0 then
7: REJECT
8: else if i > 1 and qi(0) + qi(1) ̸= qi−1(ri−1) then
9: REJECT
10: Compute the formula pΨm(x̄, f̄) as defined in Proposition 4.4.
11: Compute the value of pΨm(r̄, F̄) by querying the oracle for the values of Fi(ā) that

appears in pΨm(r̄, F̄).
12: if pΨm(r̄, F̄) = qm(rm) then
13: ACCEPT
14: else
15: REJECT

Proposition 5.7. For every F̄ = (F1, . . . ,Fn) where eachFi : Im → Z is a function, the

sum-check protocol on an oracle with F̄ and polynomials qi usesO(m logN) random bits,

queries O(m2k2 logN) bits from the oracle, and runs in time O(m2k2 log2N log logN).
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Proof. The only randomness is used to generate r̄ in Im, where the test usesm log(|I|) =

O(m logN) random bits. The test queries for polynomials qi(xi) which is of degree

less than O(k) and the coefficient of which is less than O(Nmk). Thus, the test queries

for at most O(mk log(Nmk)) = O(m2k2 logN) bits from the oracle. The test does

multiplication and addition on number less than O(Nmk), which could be done in time

log(Nmk) log log(Nmk) log log log(Nmk)) = O(mk log2N log logN) by Schönhage-Strassen

algorithm [39]. Thus, the test runs in time O(m2k2 log2N log logN).

The correctness of the protocol is based on the following proposition in algebra.

Proposition 5.8. Every non-zero univariate polynomial of degree d has at most d roots.

Proposition 5.9. For every ∃SOQBF formula Ψ(x̄, f̄) = ∃f1 . . . ∃fn∀x1 . . . ∀xmψ(x̄, f̄),

there is a verifier V such that

• If Equation 4.1 holds for some multilinear functions F̄ = (F1, . . . ,Fn), then for the

oracle π that stores {s(Fi)} and {t(Ψ,F̄ ,i)}, Prr[ V π(Ψ, r) = ACCEPT ] = 1.

• If Equation 4.1 does not hold for any multilinear functions, then for any oracle that

stores {s(Fi)} and {ti} where ∆ML(Fi) ≤ 1
6ℓ

for each i ∈ [n], Prr[ V π(Ψ, r) =

ACCEPT ] < 1
2
.

Proof. Let V be the verifier that uses the sum-check protocol. In the i-th iteration of the

for loop, we say that the oracle is honest if qi(xi) = pΨi (r1, . . . , ri−1, xi, F̄). Otherwise,

we say that the oracle cheats. In the case that the oracle cheats in the i-th iteration, we say

that the oracle is caught if qi(ri) ̸= pΨi (r1, . . . , ri, F̄) and the oracle escapes if otherwise.

Assume that Equation 4.1 holds for some multilinear functions F̄ = (F1, . . . ,Fn).

Let π be the honest oracle that stores {s(Fi)} and {t(Ψ,F̄ ,i)}. It is clear that verifier V with
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oracle access to π would always accept.

Assume that Equation 4.1 does not hold for any multilinear functions. Let π be an

oracle that stores {s(Fi)} and {ti} where ∆ML(Fi) ≤ 1
6ℓ
for each i ∈ [n]. We first show

that if each Fi is multilinear, then Prr[ V π(Ψ, r) = ACCEPT ] ≤ 2
7
. Then we show that

if ∆ML(Fi) ≤ 1
6ℓ
for each i, then Prr[ V π(Ψ, r) = ACCEPT ] < 1

2
.

Case 1: each Fi is multilinear. Since Equation 4.1 does not hold for any multilin-

ear functions, pΨ1 (0) + pΨ1 (1) ̸= 0 and the oracle must cheat in the first iteration or else

it would be rejected. In addition, if the oracle is caught in an iteration, i.e. qi(ri) ̸=

pΨi (r1, . . . , ri, F̄), then it must cheat in the next iteration or else it would be rejected. The

reason is that if it is honest in the next iteration, i.e. qi+1(xi+1) = pΨi+1(r1, . . . , ri, xi+1, F̄),

then

qi+1(0) + qi+1(1) = pΨi+1(r1, . . . , ri, 0, F̄) + pΨi+1(r1, . . . , ri, 1, F̄)

= pΨi (r1, . . . , ri, F̄)

̸= qi(ri)

By the definition of the protocol and Proposition 4.7, each qi(xi) and each pΨi are of degree

less than or equal to 2ℓ. Thus, by Proposition 5.8, the probability Pi that an oracle escapes

in the i-th iteration conditional on it cheating in the previous iteration could be bounded

as follows.

Pi = Prri [ qi(ri) = pΨi (r1, . . . , ri, F̄) | qi(xi) ̸= pΨi (r1, . . . , ri−1, xi, F̄) ]

≤ deg(qi(xi)− pΨi (r1, . . . , ri−1, xi, F̄))

|I|

≤ 2ℓ

7mℓ
=

2

7m
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Therefore, the probability that the oracle escapes in some round conditional on cheating

in the first iteration could be bounded by m · 2
7m

< 2
7
. If the oracle is caught in the last

iteration, i.e. qm(rm) ̸= pΨ,m(r̄, F̄), then it would be rejected after the verifier computes

the value of pΨ,m(r̄, F̄).

Case 2: ∆ML(Fi) ≤ 1
6ℓ
for each i. Assume for contradiction that Prr[ V π(Ψ, r) =

ACCEPT ] ≥ 1
2
. Let Ḡ = (G1, . . . ,Gn) be the multilinear functions such that∆(Fi,Gi) <

1
6ℓ
for each i. Let π′ be the oracle that stores {s(Gi)} and {ti}. We show thatPrr[V π′

(Ψ, r) =

ACCEPT ] ≥ 2
7
, which contradicts with Case 1. Let I be the indicator that the answer of π

to an query and that of π′ differs. By the assumption that Prr[ V π(Ψ, r) = ACCEPT ] ≥ 1
2
,

we have

Prr[ V π′
(Ψ, r) = ACCEPT ] ≥ Prr[ V π′

(Ψ, r) = ACCEPT | I = 0 ] · Prr[ I = 0 ]

= Prr[ V π(Ψ, r) = ACCEPT ] · Prr[ I = 0 ]

≥ 1

2
· Prr[ I = 0 ]

Since both oracles stores {ti}, their answers to any query in each iteration are the same.

They may answer differently to the queries of the values of Fi(ȳ) and Gi(ȳ) respectively.

Since∆(Fi,Gi) < 1
6ℓ
and there are at most 2ℓ such queries, it follows thatPrr[ I = 1 ] ≤ 1

3
.

Hence, Prr[ V π′
(Ψ, r) = ACCEPT ] ≥ 1

2
· 2
3
≥ 2

7
.

5.3 The PCP verifier for SAT(∃SOQBF)

In this section, we construct the PCP verifier for SAT(∃SOQBF) by using the multi-

linearity test and the sum-check protocol.

Theorem 5.10. SAT(∃SOQBF) ∈ PCP[n log(n), n4 log(n)].
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In particular, there is a PCP verifier for SAT(∃SOQBF) such that on inputΨ(x̄, f̄) =

∃f1 . . . ∃fn∀x1 . . . ∀xmψ(x̄, f̄) with |ψ| = k and ℓ number of occurrence of function sym-

bols in ψ, the following holds.

(a) The verifier uses O(m log k) random bits.

(b) The verifier queries O(m2k2 log k) bits from the oracle.

(c) The verifier runs in time O(m2k2 log3 k).

(d) The honest oracle answers each query in time O(4mmℓ2 log2(ℓ) log log(ℓ)) (with a

correct computation tableau).

Proof. Let Ψ(x̄, f̄) = ∃f1 . . . ∃fn∀x1 . . . ∀xmψ(x̄, f̄) be an ∃SOQBF formula. We fix a

set I of integers {0, 1, . . . , N − 1} with N = 7mℓ. We also fix a finite field K with

mNm+2 < |K| < 2mNm+2 and a subset H ⊂ K with |H| = 200mℓ. The PCP verifier

for SAT(∃SOQBF) works as follows.

1. Compute pψ(x̄, f̄) and pΨm(x̄, f̄) as defined in Proposition 4.4 and Definition 4.6.

2. Perform the multilinearity test as defined in Algorithm 1.

3. Perform the sum-check protocol as defined in Algorithm 2.

4. Accept if and only if both the multilinearity test and the sum-check protocol accept.

By Proposition 5.5 and Proposition 5.7, the verifier uses O(m logN) = O(m log k) ran-

dom bits, queries O(m2k2 logN) bits from the oracle, and runs in time O(m2k2 log3 k).

By Proposition 4.11 and Proposition 4.14, the honest oracle could compute the answer to

each query in O(4mm2k2 log2N log logN) time.
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Now we prove that the verifier works properly. That is, we prove the followings.

• If Ψ is satisfiable, then there is an oracle such that the verifier always accepts the

oracle.

• If Ψ is not satisfiable, then for any oracle, the verifier rejects the oracle with prob-

ability at least 1
2
.

Assume that Ψ is satisfiable. By Proposition 4.8, there exist multilinear polynomials

F̄ = (F1, . . . ,Fn) such that Equation 4.1 holds. Let π be the oracle that stores {s(Fi) :

i ∈ [n]} and {t(Ψ,F̄ ,i) : i ∈ [m]}. By Proposition 5.6 and Proposition 5.9, the test and the

protocol always accept oracle π. It follows that the verifier always accepts the oracle.

Assume that Ψ is not satisfiable. By Proposition 4.8, there do not exist multilinear

polynomials F̄ = (F1, . . . ,Fn) such that Equation 4.1 holds. Let π be the oracle that

stores {si} and {ti} which is based on functions F̄ = (F1, . . . ,Fn). Namely, for each

i ∈ [n], si = s(Fi). If ∆ML(Fi) ≥ 1
6ℓ
for some i, then by Proposition 5.6, the test would

reject oracle π with probability at least 1
2
. If∆ML(Fi) <

1
6ℓ
for each i, then by Proposition

5.9, the protocol would reject oracle π with probability at least 1
2
. In both cases, the verifier

rejects the oracle with probability at least 1
2
.

Corollary 5.11. For every language L in NTIME[2t(n)] for some t(n), there is a PCP ver-

ifier for L with the following properties.

(a) The verifier uses O(t(n) log(t(n))) random bits.

(b) The verifier queries O(t(n)4 log(t(n))) bits from the oracle.

(c) The verifier runs in O(t(n)4 log3(t(n))) time.
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(d) The honest oracle answers each query in O(4t(n)t4(n) log2(t(n)) log log(t(n))) time

(with a correct computation tableau).

Proof. Let L be a language in NTIME[2t(n)] that is decided by non-deterministic Turing

machine M . Let x be an input of length n. By Proposition 2.7, we could construct an

∃SOQBF formula Φ = ∃g1 . . . ∃gn∀y1 . . . ∀ymϕ(ȳ, ḡ) such that x ∈ L if and only if Φ is

satisfiable. By Remark 3.2, n = O(1), m = O(t(n)), ℓ = O(1), and k = O(t(n)). By

Theorem 5.10, there is a PCP verifier for L with the desired properties.
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Chapter 6 Conclusion

We list our main results and compare it with related works as follows. The first result

is the inapproximability of SAT(∃SOQBF), which is obtained by the ∃SOQBF encoding

of the computation.

Theorem 6.1 (The inapproximability of SAT(∃SOQBF)). For every δ ∈ (0, 1), problem

δGAP-SAT(∃SOQBF) is NEXP-hard.

The second result is a PCP proof system for ∃SOQBF.

Theorem 6.2. SAT(∃SOQBF) ∈ PCP[n log(n), n4 log(n)].

In particular, there is a PCP verifier for SAT(∃SOQBF) such that on inputΨ(x̄, f̄) =

∃f1 . . . ∃fn∀x1 . . . ∀xmψ(x̄, f̄) with |ψ| = k and ℓ number of occurrence of function sym-

bols in ψ, the following holds.

(a) The verifier uses O(m log k) random bits.

(b) The verifier queries O(m2k2 log k) bits from the oracle.

(c) The verifier runs in time O(m2k2 log3 k).

(d) The honest oracle answers each query in time O(4mmℓ2 log2(ℓ) log log(ℓ)) (with a

correct computation tableau).
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The third result is a PCP proof system for NEXP computation, which is obtained by

combining the PCP proof system for ∃SOQBF and the ∃SOQBF encoding of the compu-

tation.

Corollary 6.3. For every languageL in NTIME[2t(n)] for some t(n), there is a PCP verifier

for L with the following properties.

(a) The verifier uses O(t(n) log(t(n))) random bits.

(b) The verifier queries O(t4(n) log(t(n))) bits from the oracle.

(c) The verifier runs in time O(t4(n) log3(t(n))).

(d) The honest oracle answers each query in time O(4t(n)t4(n) log2(t(n)) log log(t(n)))

(with a correct computation tableau).

There are some advantages of our construction of the PCP proof system for NEXP

computation, which are inherited from the reduction in [15]. First, our encoding of com-

putation tableaux is natural in the sense that the encoding is essentially the Cook-Levin

reduction [17, 30] disguised in the form of function certificates. Second, many concrete

NEXP-complete problems [34] such as (succinct) 3-SAT, 3-colorability, Hamiltonian cy-

cle, set packing and subset sum could be directly reduced to ∃SOQBF. In comparison

with the reduction in [36], our reduction incurs less computation overhead. Thus, our

PCP proofs for ∃SOQBF can be transformed as the PCP proofs for those practical prob-

lems. Third, it is easy to generalize our encoding for non-deterministic computation with

any time complexity and space complexity, which might be useful to construct verifiable

scheme for general non-deterministic computation with arbitrary time and space complex-

ity. The following table is the comparison between our last result with related paper [5, 19]

on a language L ∈ NTIME[2t(n)].
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Babai et al. [5] Feige et al. [19] Our work
Random bits poly(t(n)) t(n) log t(n) t(n) log t(n)
Query bits poly(t(n)) t(n) log t(n) t4(n) log t(n)

Time of verifier poly(t(n)) poly(2t(n)) t4(n) log3(t(n))
Time of oracle exp(t(n)) exp(t(n)) exp(t(n))

Table 6.1: Comparison between different PCP proof systems for a language L ∈
NTIME[2t(n)]

As for the future work, we hope to do the following. First, we would like to com-

bine some cryptographic protocols with our protocol to construct a verifiable computation

scheme for NEXP computation. Second, we want to use other logics such as dependency

quantified boolean formula (DQBF) and Bernays-Schönfinkel-Ramsey (BSR) to encode

the NEXP computation or other type of computation and find the best one with less over-

head. Third, we are interested in showing other inapproximability results for other logics

and succinctly represented problems in NEXP.
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