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摘要 

    南極超高能宇宙微中子陣列是一個已被提案的科學計畫，旨在藉由無線電波段之契忍可

夫輻射偵測超高能宇宙微中子，以了解宇宙加速器之起源及演化。為評估藉由超高能宇宙微

中子指回產生它們的宇宙加速器的可能性，我們採用偏離角來描述此可能性：在百分之一的

信心水準下，有九成的宇宙超高能微中子在地球端的觀測偏離小於一度。而為了使南極超高

能宇宙微中子陣列的幾何設計能最佳化，我們研究了幾何設計與微中子角度解析度和偵測效

率關係，同時也考慮了不同程度的背景雜訊所帶來的影響。我們發現無線電站相距 1.6 公里

且天線相距 40 公尺能讓陣列表現最佳。 

     關鍵字：南極超高能宇宙微中子陣列，超高能/GZK/宇宙微中子，無線電波偵測超高能

宇宙微中子，微中子角度解析度，事件重建之模擬，超高能宇宙微中子之偏離角。 

 



Abstract

Askaryan Radio Array (ARA) is a large-scale radio Cherenekov observatory which

scientists propose to develop in Antarctica, aiming for discovering the origin and

evolution of the cosmic accelerators that produce the highest energy cosmic rays, by

means of observing the ultra high energy (UHE) cosmogenic neutrinos. To deter-

mine whether it is probable to use UHE neutrinos for pointing back to the cosmic

accelerators, an assessment of the deviation angles of these neutrinos has been made,

and its conclusion is that the probability of observing the neutrino deviation angle

within 1 degree is 90%. To optimize ARA's angular resolution of the incoming UHE

neutrinos, which is also essential to point pack, the relation between the reconstruc-

tion capabilities of ARA and its design is studied. It is found that with the noise

e�ect taken into account, in order to make this neutrino angular resolution as good

as possible and detection e�ciency as high as possible, the optimal choice for ARA

geometry would be the station spacing of 1.6 km and the antenna spacing of 40 m.

Key words: Askaryan Radio Array (ARA), UHE/GZK/cosmosgenic/cosmic neu-

trinos, radio detection of UHE neutrinos, UHE neutrino angular resolution, resolu-

tion of UHE neutrino incoming direction, simulation of event reconstruction, devi-

ation angles of GZK neutrinos
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Chapter 1

Introduction

1.1 The Mystery of Cosmic Accelerators

There are many energetic particles coming from outer space to Earth, mainly pro-

tons, heavier nuclei, or electrons. These are named comics rays(CRs). The energy

of cosmic rays has a wide range. Scientists have been trying to explain where these

particles come from, and how the sources accelerate them. Figure 1.1 shows the

CR energy spectrum, including protons, antiprotons, electrons, and positrons. Each

data point is the di�erential �ux, dN/dE, multiplied by E2 [1]. This spectrum

steepens around 3 × 1015 eV (where people call it the "knee") and �attens around

3× 1018 eV (where people call it the "ankle"). Scientists have tried to explain how

these two features form.

It is believed that most cosmic rays originate from extrasolar sources within our

own galaxy such as rotating neutron stars, supernovae, and black holes. However,

the fact that some cosmic rays have extremely high energies provides evidence that
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Figure 1.1: This is a CR energy spectrum of E2dN/dE for protons, antiprotons,

electrons, and positrons.

at least some must be of extra-galactic origin (e.g. radio galaxies and quasars); the

local galactic magnetic �eld would not be able to contain particles with such a high

energy. The origin of cosmic rays with energies up to 1014 eV can be accounted for

in terms of shock-wave acceleration in supernova shells.

Observations have shown that cosmic rays with an energy above 10 GeV approach

the Earth's surface isotropically; it has been hypothesized that this is not due to an

even distribution of cosmic ray sources, but instead is due to galactic magnetic �elds

causing cosmic rays to travel in spiral paths. This limits cosmic ray's usefulness in

positional astronomy as they carry no information of their direction of origin. At

energies below 10 GeV there is a directional dependence, due to the interaction of

the charged component of the cosmic rays with the Earth's magnetic �eld.
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The shapes of cosmic ray trajectories in the Galaxy result from the e�ect of the

chaotic and regular magnetic �eld, the rates of the nuclear collisions, the gas density

and other minor parameters. For a given magnetic �eld con�guration the forms of

the trajectories, regardless of their lengths, can be either in rectilinear or tortuous,

depending on the ion energy [2]. It is shown that the ankle and the knee energies

of individual ions correspond to those particular energies of the ion traversing the

Milky Way which mark, respectively, the rectilinear and tortuous propagation.

The origin of cosmic rays with energy greater than 1014 eV remains unknown.

Since the �rst detection of cosmic rays with the highest energy of that time ( 1020eV)

by Yakutsk air shower array in 1989 [3], the question of what astrophysical object or

process can produce such high energy particles has been puzzling scientists. There

are many models proposed, such as the traditional bottom-up astrophysical acceler-

ation models [4], including active galactic nuclei (AGN), gamma ray bursts (GRB),

and etc., as the sources, or the exotic top-down particle physics models [5], including

annihilation of dark matter, super heavy dark matter particles decay, topological de-

fects, and etc. However, neither of these models can easily explain how some of the

cosmic rays can get such high energy. On the other hand, the observations of ultra

high energy cosmic rays (UHECRs, CR with energy above 1019 eV) neither identify

the source well nor uniquely determine the extragalactic source distribution, i.e. the

evolution of the source co-moving density, or the source spectrum [6]. As a result,

what our cosmic accelerators are remains mysterious.
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1.2 Greisen-Zatsepin-Kuzmin(GZK) Cuto� and GZK

Process

A limit on the cosmic ray energy was suggested in 1966 by Kenneth Greisen (US) [7]

and Vadim Kuzmin and Georgiy Zatsepin (Russia) [8] independently based on inter-

actions between the cosmic ray and the photons of the cosmic microwave background

radiation. They predicted that cosmic rays with energies over the threshold energy

of 6 × 1019 eV would interact with cosmic microwave background photons to pro-

duce pions. This would continue until their energies fall below the pion production

threshold:

p+ + γCMB → ∆+ → n+ π+ or → p+ + π0. (1.1)

This theoretical upper limit on the energy of cosmic rays from distant sources

will create a cuto� in the cosmic ray spectrum right at the energy level of 6× 1019

eV. And thus we call this GZK limit or GZK cuto�.

Furthermore, the interaction of photons and protons does not stop at pion pro-

ductions. These pions continue to decay into neutrinos:

π+ → µ+ + νµ or π− → µ− + ν̄µ, (1.2)

µ+ → e+ + ν̄µ + νe or µ− → e− + νµ + ν̄e, (1.3)

n→ p+ + e− + ν̄e. (1.4)
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Figure 1.2: Energy spectrum of UHECR observation and GZK neutrino prediction.

The whole interaction, including Eqs. 1.1 to 1.4, is named as GZK process, and the

neutrinos produced from GZK process are called GZK neutrinos. The energy of GZK

neutrino is also very high, still above the level of 1019 eV, so it can deserve the name

of UHE neutrino. Figure 1.2 shows the energy spectrum of UHECR observation and

GZK neutrino prediction. The GZK neutrino models in this �gure were propsed by

Kalashev [11], Protheroe, and Johnson [12] et al., and UHECR observation data are

taken from Auger [13], Yakutsk [14], the Fly's Eye [15], AGASA [16], HiRes [17],

and Haverah Park [18]. Error bars here only include statistical errors.

Because of the mean free path associated with the interaction, extragalactic cos-

mic rays with distances more than 50 Mpc (163 Mly) from the Earth with energies

greater than this threshold energy should never be observable on Earth, i.e., a hori-
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Figure 1.3: Nucleon energy vs. traveling distance.

zon of UHECRs is formed and there are no known sources within this distance that

could produce them. From Fig. 1.3, we can see that the proton energy above 6×1019

eV will lose its energy while traveling through the universe, due to the GZK process

[19].

1.3 UHE Neutrino: Key to the Mystery of Cosmic

Accelerators

To �nd out a proper approach to probe the nature of the cosmic accelerators, it is

bene�cial to consider each kind of astrophysical messengers available to us. For the

charged messengers, protons take a dominating ratio of the cosmic rays. However,

they cannot point back to the source well because they would be de�ected by the

17



magnetic �eld. As to the charged-neutral messengers, photons have the greatest

quantity, but unfortunately they lose energy through pair production on IR and 3K

microwave background when they have energies above 30 TeV. We can see the range

and energy limitation of photons or protons as messengers in Fig. 1.4 [20].

Luckily, a third option, GZK neutrinos, can be useful messengers because they

are the by-product from the interaction of protons or other heavier nuclei with CMB

photons. And most important of all, they are not de�ected by the magnetic �eld

and do not lose energy after going through CMB photons. In other words, this

kind of neutrinos can keep their high energy and thus we can identify them from

UHECRs and even use them to point back to the vertex where they were produced.

Furthermore, since UHECRs very likely undergo this kind of interaction after they

travel through CMB photons for distance of one energy loss length, this vertex will

look angularly very close to the source of UHECRs as long as this vertex or this

source is very distant to the observer. The angle between the line of sight of this

source and the neutrino incoming direction is called the deviation angle of the GZK

neutrino. An assessment will be given in Chapter 2 to describe how small this

deviation angle is, in order to see the probability of utilizing cosmogenic neutrinos

to point back to the UHECR sources, the cosmic accelerators.

1.4 Detection of UHE neutrinos

Since UHE neutrinos can be a proof of the GZK process, but also a key to unveil the

mystery of the cosmic accelerator, detection of them is scienti�cally important. Neu-

18



Figure 1.4: Range and energy limitation of photons or protons as astrophysical mes-

sengers.

trinos cannot be directly observed, they but can be indirectly observed through their

interactions with ordinary matter. There are three possible neutrino interactions.

These are the elastic scattering:

νe + e− → νe + e−, (1.5)

the charge current (CC) interaction:

νl +N → l− +X or ν̄l +N → l+ +X, (1.6)

and the neutral current (NC) interaction:

νl +N → νl +X or ν̄l +N → ν̄l +X, (1.7)

where l± can be e±, µ±, or τ±; N stands for a nucleus, and X is a nucleus in its

excited state. The outgoing µ± or τ± would emit Cherenkov radiation and also have
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chance to cause an electromagnetic (EM) shower through Bremsstrahlung and pair

production, or a hadronic shower through photonuclear interaction. As for e±, they

would result in EM showers transiently because of their large cross sections with

matter. On the other hand, X would cause a hadronic shower.

The EM shower is less favorable for observation because the LPM e�ect would re-

duce the cross sections of Bremsstrahlung and pair production at high energies or in

high matter densities. In contrast, a hadronic shower would, due to Askaryan e�ect

[21], result in 20% excess of fast moving negative charges and produce Cherenkov

radiation, the radio band of which is coherent in ice and can be employed as the

probe for UHE neutrinos.

Askaryan E�ect is named after Gurgen Askaryan, a Soviet-Armenian physicist

who postulated it in 1962. It states that a high energy particle which travel faster

than light in dense dielectric material can lead to charge asymmetry because of high

energy interactions such as Compton, Bhabha, and Moller scattering, along with

positron annihilation in the electron-photon part of a particle cascade. Then these

fast moving charges cause Chenrenkov radiation, the radio and microwave bands

of which are coherent. By Askaryan e�ect, UHE neutrinos could be observed, so

the Antarctic Impulse Transient Antenna (ANITA) collaboration, which intends to

detect cosmogentic neutrinos with the ice in the Antarctic, performed an experiment

at the Stanford Linear Accelerator Center (SLAC) in June 2006, and con�rmed this

e�ect in ice [22]. The relation between the �eld strength and the frequency in radio

band, and the radiative Cherenkov power depending on the shower energy are shown
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Figure 1.5: Askaryan e�ect in ice: �eld strength vs frequency in radio band and

radiative Cherenkov power vs. shower energy.

in Fig. 1.5. The angular dependence of the Cherenkov �eld strength is shown in

Fig. 1.6.

1.5 Radio Detection Experiments of UHE Neutrino:

ARA Design Concepts

Askaryan Radio Array (ARA) is a large-scale radio Cherenkov detector which scien-

tists propose to develop in Antarctica [23, 24], aiming for discovering the origin and
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Figure 1.6: Askaryan e�ect in ice: angular dependence of Cherenkov �eld strength.
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evolution of the cosmic accelerators that produce the highest energy cosmic ray, by

means of observing the ultra high energy (UHE) cosmogenic neutrinos.

The reasons why ARA choose the Antarctic as the experiment site are following:

1. There is plenty of ice as the target for detecting neutrinos.

2. The ice is so transparent to the RF shower signal that the spacing of RF detectors

can be su�ciently large to enhance the e�ective volume and event rate.

3. It is more radio-quiet than other places in the world so as to reduce arti�cial

signals considerably.

4. The temperature is so low that the background noise also reduces considerably.

Therefore, antarctic is a very proper site to do the UHE neutrino experiment.

With such a nature given experimental environment, the next issue would be how

to optimize the array geometry so as to maximize the performance.

The primary goal of this thesis work is to assess and optimize the capability

of ARA, particularly the capability of reconstructing neutrino incoming directions,

by means of Monte Carlo simulations. In the following parts of this thesis, the

simulation method will be described in Chapter 3, and results will be presented in

Chapter 4, with a summary given in the end. Note that Chapter 2 is the assessment

of the deviation angle of the cosmogenic neutrino, and the motivation of this study

can be found in Section 1.3.

23



Chapter 2

Deviation Angle of Cosmogenic

Neutrino

2.1 A New Quantity to Measure the Deviation: θmax

Due to their small cross-section, GZK neutrinos propagate through the universe with

hardly any interaction, and hence it is possible to utilize these neutrinos to trace

back to the comic accelerators. However, the neutrino tracks do not necessarily

point back precisely to the accelerator. Because their parent particles are charged

particles, which might be ejected from the accelerator and could be de�ected by the

magnetic �eld in the vicinity of the accelerator and then produce these neutrinos

through the GZK process, there might be an angular separation between the neutrino

directions and their parent particle directions at the source, i.e. before neutrinos are

produced and begin to travel in straight lines, there already exists deviation angles

from them. Fortunately, most of these GZK neutrinos are produced within the GZK
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sphere, i.e. the radius within which the original UHE proton would lose most of its

energy, which is roughly 50 Mpc. In the following analysis, we take the energy loss

length, Lloss, as this radius.

As shown in Fig. 2.1, an AGN is taken as an example of the cosmic accelerator,

and protons as an example of charged nuclei. Most GZK neutrinos are produced

within a sphere of radius of Lloss, centered at the AGN. The deviation angle of a

GZK neutrino reaches maximum when this neutrino is produced on the surface of

the sphere. For an AGN, it has a �xed angular diameter distance DA. For a certain

energy level of a proton, it has a �xed energy loss length Lloss. Thus, keeping these

two variables �xed, the maximum deviation angle, θmax can be determined. If one,

by employing cosmological knowledge, converts DA to redshift, z, then θmax as a

function of z and Lloss can be obtained.

Furthermore, for a certain level of GZK neutrino energy, if its �ux as a function

of the redshift is given, then one also knows the probability on the Earth to receive

a GZK neutrino from a certain range of z. The probability of receiving a GZK

neutrino within a certain range of θmax can be readily acquired according to the

relation of z and θmax . From this, one expects that the observed GZK neutrino

would be deviated at most for a certain angle, given a certain level of con�dence.

This is the upper bound of the deviation angle of GZK neutrinos with respect to

the center of the AGN.
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Figure 2.1: Illustration of how protons and GZK neutrinos travel from AGN to the

Earth.

2.2 Proton Energy Loss Length

For the propagation of protons above EeV(1018) energy level, there are two dominant

energy loss processes in addition to the adiabatic energy loss. These are the pair

production,

p+ + γCMB → p+ + e− + e+, (2.1)

and the pion production (Eq.1.1 and 1.2). However, above the energy threshold of

GZK process (>1020eV), only pion production dominates [25] , and the analysis in

this work is also done in this pion-production-dominating domain.

The proton energy loss length is de�ned as [26]

Lloss ≡
( 1

E

dE

dx

)−1

, (2.2)
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R ≡ Kp

E

dE

dx
. (2.3)

R is the attenuation rate and Kp the inelasticity of proton for pγ interaction, which

can be obtained as follows [25]:

R =
1

2Γ2
p

∞∫
0

1

ε2
γ

dnγ
dεγ

dεγ

2Γpεγ∫
0

ε′γσpγ(ε
′
γ)Kpdε

′
γ, (2.4)

Kp = ∆Ep/Ep, (2.5)

Γp = Ep/mp, (2.6)

where mp is the proton mass, εγ photon energy, and σpγ the cross section of pγ inter-

action. The inelasticity can be approximated as follows, with low pion multiplicities

[27]:

Kp ≈
m2
π + 2mpε

′
γ

2(m2
p + 2mpε′γ)

. (2.7)

To make further approximation, a top-hat function is used to describe the cross

section above [28],

σpγ(ε
′
γ) = 0 if ε′∆ + δ ≤ ε′γ

= σ∆ if ε′∆ − δ ≤ ε′γ ≤ ε′∆ + δ

= 0 if ε′γ ≤ ε′∆ − δ.

(2.8)

Here, the peak value of the cross section, at ∆ resonance, is σ∆ ∼0.5 mb. And

ε′∆ ∼340 MeV, δ ∼MeV, and Kp ∼0.2 when this interaction occurs nearby the

threshold. Then, one obtains the attenuation rate in the following form:

R(Ep) ∼ 0.2σpγ

∞∫
0

1

E2

dnγ
dεγ

dεγ ≈ 0.2
[ l0e

x

1− e−x
]−1

, (2.9)
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where l0 = 5 Mpc, and x = 1020.53eV/Ep.

In the GZK process, the proton-neutrino energy relation is [25]:

Eν ∼ 0.05Ep, (2.10)

for the case of the pion decay which are follwed by the muon decay, or

Eν ∼ 0.000Ep, (2.11)

for the case of the neutron decay.

In this chapter, we'll calculate the upper bound of the GZK neutrino deviation

angle at the energy level of 1019 eV. Therefore, the proton energies can be roughly

2 × 1020 eV or 2 × 1022 eV, which correspond to two proton energy loss lengths.

The longer energy loss length, i.e. the one associated with 2× 1020eV, will be taken

because we intend to calculate the upper bound of the neutrino deviation angle.

Due to the expansion of the universe, the CMB photons have higher number

density and higher energy at the earlier epoch and thus the proton energy loss

length varies with the redshift, z. The scaling relation has the following form [29]:

Lloss(E, z) = (1 + z)−3Lloss[(1 + z)E, 0], (2.12)

where the (1 + z)−3 factor can be attributed to the density increase of the CMB

photons, and the (1 + z) factor in Lloss[(1 + z)E, 0] can be attributed to the energy

increase of the CMB photons. Figure 2.2 shows the proton energy loss length, Lloss,

as a function of z + 1, where the proton energy is set as 2 × 1020eV. This �gure

results from Eq. 2.9 and 2.12.
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Figure 2.2: Proton energy loss length, Lloss as a function of z + 1, where the proton

energy is set as 2× 1020eV, where z is the redshift.

2.3 Angular Diameter Distance

Angular diameter distance of an astrophysical object is de�ned by its transverse

physical size and angular size:

DA · θ ≈ lsize. (2.13)

In this analysis, the distance of UHECR source is the angular diameter distance.

Its transverse physical size is the diameter of the sphere with Lloss as its radius, and

its angular size is twice as large as the neutrino deviation angle.

The angular diameter distance can be described by the redshift of that astro-

physical object, z:

DA =
1

1 + z

∫
c

H
dz, (2.14)

H = H0[ΩM(0)(1 + z)3 + Ωγ(0)(1 + z)4 + ΩV (0) + ΩK(0)(1 + z)2]1/2, (2.15)
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Figure 2.3: Angular diameter distance as a function of z + 1.

where the Hubble constantH0 is 70 kms−1Mpc−1, density parameter of matter ΩM =

0.27, density parameter of cosmological constant ΩΛ = 0.73, density parameter of

radiation ΩR = 8.57×10−5, and density parameter of the curvature ΩK = 1−ΩM −

ΩR −ΩΛ. Figure 2.3 shows angular diameter distance in units of Mpc as a function

of z+ 1. This results directly from Eq. 2.14. Since the explicit forms of the angular

diameter distance, DA(z), and the proton energy loss length, Lloss(z), are obtained,

the maximum deviation angle of the neutrino, θmax, as a function of z can be easily

derived:

θmax = sin−1
(Lloss

DA

)
. (2.16)

Figure 2.4 shows the maximum deviation angle of neutrino, θmax, in unit of degree,

as a function of z + 1.
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Figure 2.4: Maximum deviation angle of a GZK neutrino, θmax, as a function of

z + 1.

2.4 GZK Neutrino Flux from Proton Propagation

For a certain energy level of GZK neutrinos, its �ux as a function of the redshift can

be obtained from the integration of the source distribution function, L, and neutrino

yield function, Y . To simplify the problem, a homogeneous source distribution with

identical proton injection spectra is employed. The local GZK neutrino �ux per

redshift with �avor i and energy Eν is [30]:

dFi(Eνi)

dz
=

c

4πEνi

∫
L(z, Es

p)Y (Es
p, Eνi , z)

dEs
p

Es
p

. (2.17)

The neutrino yield function is described as

Y (Es
p, Eνi , z) = Eνi

dNνi

dEνi
, (2.18)
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which is evaluated with Monte Carlo for a 200 Mpc source using SOPHIA [31]. The

scaling relation is

Y (Es
p, Eνi , z) = Y ((1 + z)Es

p, (1 + z)2Eνi , 0), (2.19)

and the source function per unit redshift is

L(z, Es
p) = H(z)η(z)L0E

s
p. (2.20)

The cosmological evolution of cosmic ray sources :

H(z) = (1 + z)3 if z ≤ 1.9,

= (1 + 1.9)3 if 1.9 ≤ z ≤ 2.7,

= (1 + 1.9)3e(2.7−z)/2.7 if 2.7 ≤ z.

(2.21)

The metric element for Einstein-de Sitter universe is de�ned as

η(z) =
dt

dz
=

1

H0(1 + z)5/2
, (2.22)

and the source proton function per unit redshift [32] is given as

L0(Es
p) = (4.5× 1044erg/Mpc/yr)

( 1021∫
1019

Es
p

dNp

dEs
p

dEs
p

)−1

dEs
p

dNp

dEs
p

. (2.23)

dNp

dEs
p

∝ Es
p
−2e−E

s
p/1021.5eV . (2.24)

Figure 2.5 illustrates the local GZK neutrino �ux per (z+1) at the energy of 1019eV.

Since the maximum deviation angle of GZK neutrino is determined for a speci�c

cosmological epoch, and the GZK neutrino �ux from this epoch is also obtained from

a homogeneous UHECR source model, one can acquire the neutrino �ux histogram

with respect to its maximum deviation angle. Figure 2.6 shows the GZK neutrino
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Figure 2.5: The local GZK neutrino �ux per (z+1) at the energy of 1019eV

�ux histogram (in unit of per cm2-s-ster) with respect to its maximum deviation

angle (in unit of degree). This �gure implies the relative probability with which the

observed neutrinos of 1019eV have been deviated. As can be seen from this �gure,

the neutrinos which had been deviated by at most 2 degrees have the largest �ux or

the highest probability. The full width at half maximum (FWHM) of the maximum

deviation angle is 0.031 degree.

2.5 Conclusion of the Assessment

To quantitatively describe the con�dence level with which the observed neutrinos

had been deviated within a certain angle, one can use the accumulative probability

of observing neutrinos under the maximum deviation angle ranging from zero to a

certain angle. The result is in Fig. 2.7. It shows that, at the con�dence level of 90%,
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Figure 2.6: GZK neutrino �ux as a function of its maximum deviation angle.

one observes neutrinos to deviate within one degree, i.e., θmax = 1◦ (90% con�dence

level).

34



Figure 2.7: Accumulative probability of observing neutrinos under the maximum

deviation angle ranging from zero to a certain angle.
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Chapter 3

Simulation Method

3.1 Setting Array Geometry

The radio-based neutrino detector array, ARA, will cover about 80 km2 at the South

Pole. There will be 37 antenna stations in the complete ARA. These 37 stations

are located on a hexagonal lattice, as shown in Fig. 3.1, with a station spacing of

1.33 km. Note that the coordinate in this �gure and in this analysis has its origin

de�ned at the center of ARA, on the surface of the ice, and the z axis points to the

sky.

Each station is composed of a triad of boreholes with depths of 200 m, on the cor-

ners of an equilateral triangle. Each borehole has four antennas, two of which are the

horizontal-polarization (Hpol) antennas and the other two the vertical-polarization

(Vpol) antennas, as shown in Fig. 3.2. A pair of antennas, a Hpol one and a Vpol

one, can detect the strengths of electrical �eld projected to horizontal plane (2D)

and vertical line (1D) respectively, and the �nd the possible direction of the elec-
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Figure 3.1: The geometry of the distribution and their coordinates.

tric �eld. The side length of the equilateral triangle and the distance between two

Vpol antennas in a borehole, are set the same, at 30 m. The location coordinate of

antenna i is denoted as xanti .

3.2 Event Production

In the simulation, the shower events resulted from the CC or NC interactions are

generated in the ice. This event generation does not di�erentiate neutrinos or anti-

neutrinos, and �avors are not considered, either. In each event, 6 parameters are

generated, including the shower location, xgensh , y
gen
sh , z

gen
sh , the moving direction of

neutrino: θgenν , φgenν , and the intensity of the radio Cherenkov radiation induced by

the shower followed by this interaction, V gen
0 . We treat the shower location the
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Figure 3.2: ARA antenna cluster geometry in a station, where there are twelve

antennas, indicated by green squares.

same as the neutrino interaction vertex because of the small shower size in ice. The

generated shower locations are uniformly distributed over a cylinder volume, where

the center of the cylinder volume is located at the center of ARA. This volume has

an axis along the vertical direction passing through the center of ARA, and has a

radius of 6 km and a height from z = -2 km to z = 0. Therefore, we have

0 <

√
xgensh

2 + ygensh
2 < 6km, (3.1)

−2km < zgen
sh < 0. (3.2)

The reason why we set the height of this event cylinder as 2 km is that the thickness

of the ice in Antarctic is approximately 2 km. The choice of 6 km for the radius is

due to the following reason. For the events with shower locations far away from ARA

detectors, its radio radiation can not reach ARA because of attenuation. Therefore,

the farthest distance for the radio signal of the event to travel to the ARA center

is approximately estimated as 1km + 1.33km× 3 = 5km. For safety reason, we set
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Figure 3.3: The shower location �eld and the 37 ARA stations.

it as 6 km rather than 5 km. The shower location �eld and the 37 ARA stations

are shown in Fig. 3.3. Black dots are the generated shower locations, distributed

uniformly in this �eld. Red circles represent the 37 stations. The moving directions

of the neutrinos are also set uniformly distributed over 4 π solid angle. That is,

0 < θgenν < π, (3.3)

0 < φgenν < 2π. (3.4)

Furthermore, the outcome of a recorded waveform has been converted into volt-

age from electric �eld through the readout electronics and thus we set the initial

intensity of the Cherenkov radiation in terms of the voltage, V gen
0 , as

0 < V gen
0 < 5V. (3.5)

At this stage, we generate six parameters for each event: xgensh , ygensh , zgensh , θgenν , φgenν ,

V gen
0 . The �rst three are also denoted as the shower location vector, xgensh . The next
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two can also be described by a unit vector, pgenν . There are 300 simulation events

generated in each simulation.

And these six event parameters are to be determined through χ2 �t in the next

few sections.

3.3 Radio Cherenkov Wave from the shower loca-

tion to Antennas

The Cherenkov radiation is set as a point source radiation because the shower size

is of the order of ∼m and the propagation length before being received is ∼km. The

radiation wave front has a cone shape with the apex at the interaction location, with

the axis along the neutrino moving direction, and the span angle of the RF wave

from 55 degree to 57 degree. The voltage waveform of this radiation signal is set as

a bipolar wave:

y = x · e−x2/2σ2

, (3.6)

where y is voltage and x stands for time. Its shape looks like Fig. 3.4.
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Figure 3.4: Simulated RF waveform brfore reaching antennas, where the magnitude

normalized to 1.

As this wave propagates through the ice, the wave intensity attenuates as

V real
i (xgensh , V0,p

gen
ν ) = V gen

0

· D0√
(xgensh − xanti )2

· e
√

(xgensh −xanti )2/Liceatt

· a · e−(θgeni −56◦)2/2σ2

· sinαgen
i for Hpol antenna or cosαgen

i for Vpol antenna,

(3.7)

where D0 is the distance from the shower location to the location where V gen
0 is

measured, 1 km, θgeni is the separation angle between the vector pgenν and the vector

xanti − xgensh , and αgeni is the separation angle between the direction vector of the

antenna i, (x, y, z) = (0, 0, 1) and the direction vector of the electric �eld, (xanti −

xgensh )×
[
(xanti − xgensh )× pgenν

]
. Figure 3.5 illustrate angles θgeni and αgeni .
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Figure 3.5: Illustration of a radio Cherenkov wave, from the shower location to the

antenna.

The travel time of this signal is

treali =

√
(xgensh − xanti )2

c
, (3.8)

where c is the speed of light divided by the refraction index of ice.

At the signal receiving end, the oscilloscope has time bin of 0.39 ns, and the time

window is 100 ns. Noise before circuit has Gaussian distribution with mean voltage

of 0 and σnoise 0.035 mV, whereas the trigger thresholds are that the Cherenkov cone

intersects with the antenna and the attenuated signal must be larger than 7σnoise.

An sample waveform is shown in Fig. 3.6: an originally bipolar waveform (like Fig.

3.4) magni�ed by a factor of signal strength V real
i , shifted to the right by a time lag

of ti, and then added with noise.
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Figure 3.6: An example waveform with noise.

3.4 Determination of Arrival Time Di�erence and

Pulse Voltage

To do the reconstruction of the events in the next stage, we have to extract ar-

rival time di�erence, ∆tobsi , and the pulse voltage, V obs
i , from the waveform of each

triggered antenna.

The time when the signal arrives at the antennas should be precisely determined,

and then with the di�erence of arrival time between any two antennas, and with

the requirement that at least four antennas must be triggered, the shower location

can be obtained through the process of �tting. One way can be applied to calculate

arrival time, tobsi , for each antenna is the use of the point where V = 0 between the

maximum and the minimum amplitudes, as shown in Fig. 3.6.

From the procedure described in the previous paragraph, for each antenna we
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can obtain an arrival time. Arrival time di�erence, which is the information actually

used in the reconstruction, is the arrival time subtracted by the reference of the

arrival time, tobs0 , which is de�ned as the arrival time for the antenna receiving the

strongest signal among all antennas. Therefore,

∆tobsi = tobsi − tobs0 . (3.9)

As for V obs
i , it is either the maximum point or the minimum point, depending

on which one arrived at the antenna �rst.

3.5 Reconstruction of Neutrino Moving Directions

Our event reconstruction procedure is divided into two stages. The �rst stage is the

reconstruction of shower location, xgensh . In this stage, the needed information is the

arrival time di�erence, ∆tobsi for each antenna. We set up a χ2 formula:

χ2
1 =

∑
i for all triggered antennas

(∆tobsi −∆thypi )2

σ2
t

, (3.10)

where ∆thypi is the hypothesized arrival time di�erence, de�ned as

∆thypi = thypi − thyp0

=

√
(xhypsh − xanti )2

c
−

√
(xhypsh − xant0 )2

c
.

(3.11)

By minimizing χ2
1, the best �t xrecsh can be found, where a grid search is employed.

Local minima of χ2
1 value in the hypothesized-variable space is a serious problem

and prohibit us from using other e�cient ways to �nd the global minimum.
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In the second stage of reconstruction, we still use χ2 to �nd the best-�t. In

this stage, the moving direction of neutrinos, pgenν , is to be reconstructed, and the

needed information is the pulse voltage received in each antenna. Furthermore, we

also have to input the reconstructed shower location, xrecsh , which is obtained in the

�rst stage of reconstruction. Otherwise, we have to treat it as an unknown parameter

to be reconstructed and this would intensively increase the computing time. The χ2

formula in the second stage is given as

χ2
2 =

∑
i for all triggered antennas

(V obs
i − V hyp

i )2

σ2
V

, (3.12)

where V hyp
i is the hypothesized pulse voltage, which is de�ned as

V hyp
i (xrecsh , V

hyp
0 ,phypν ) = V hyp

0

· D0√
(xrecsh − xanti )2

· e
√

(xrecsh −xanti )2/Liceatt

· a · e−(θhypi −56◦)2/2σ2

· sinαhyp
i for Hpol antenna, or cosαhyp

i for Vpol antenna.

(3.13)

where phypν is (1, θhypν , θhypν ) in spherical coordinate, θhypi is the separation angle be-

tween the vector phypν and the vector xanti − xrecsh , and α
hyp
i is the separation angle

between the direction vector of the antenna i, (x, y, z) = (0, 0, 1) and the direction

vector of the electric �eld, (xanti − xrecsh )×
[
(xanti − xrecsh )× phypν

]
. By minimizing χ2

2,

the best �t precν = (1, θrecν , θrecν ) can be found.

45



Chapter 4

Results

4.1 Resolutions of Arrival Time Di�erence and Pulse

Voltage

Figure 4.1 shows the resolution of time, where ∆t = ∆tobsi −∆treali = (tobsi − tobs0 )−

(∆treali −∆treal0 ), where antenna index i can be any triggered antenna, and index 0

stands for the reference antenna, the one receiving the strongest pulse in an event.

On the other hand, resolution of voltage is presented in Fig. 4.2, where ∆V =

V obs
i − V real

i . These two studies demonstrate that the code for the determination of

arrival time di�erences and pulse voltages are correct, which play important roles in

the reconstruction of the shower locations and neutrino moving directions.
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Figure 4.1: Resolution of time.

Figure 4.2: Resolution of voltage.
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Figure 4.3: Illustration of the reconstructed shower location (in red) and the gener-

ated one (in green).

4.2 Resolutions of Shower Location, RF Wave Di-

rection, and Neutrino Moving Direction

With Eqs. 3.10 and 3.11, the shower location can be reconstructed. Figure 4.3

illustrates the relation between the reconstructed shower location (in red) and the

generated one (in green). The obtained resolutions of the shower location, 0.143 km

in x axis, 0.098 km in y axis, 0.07 km in z axis, are shown in Figs. 4.4 to 4.6, which

are the distributions of ∆x = xrecsh − x
gen
sh , ∆y = yrecsh − y

gen
sh , and ∆z = zrecsh − z

gen
sh .

Once the reconstructed shower locations are obtained, these reconstructed loca-

tions are taken as input in Eqs. 3.12 and 3.13 for the reconstruction of neutrino

moving directions.

Figure 4.7 illustrate an example of the reconstructed RF wave direction (in red)
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Figure 4.4: Resolution of shower location in x axis.

Figure 4.5: Resolution of shower location in y axis.
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Figure 4.6: Resolution of shower location in z axis.

and the real one (in green). The obtained resolutions, in θ direction 1.45◦, and in

φ direction 3.69◦, are shown in Figs. 4.8 and 4.9, which are the distributions of

∆θRF = θrecRF − θgenRF , and ∆φRF = φrecRF − φgenRF . The θ and φ here are the zenith

angle and the azimuthal angle of the spherical coordinate with origin de�ned as the

location of the antenna receiving the strongest signal, and z axis as before.

After the shower location and the RF wave direction are obtained, one can com-

pute the neutrino direction according to Eqs. 3.12 and 3.13. Figure 4.10 illustrates

the reconstructed neutrino moving direction (in red) and the generated one (in

green). The obtained resolutions, in θ direction 4.88◦, and in φ direction 3.76◦, are

shown in Figs. 4.11 and 4.12, which are the distributions of ∆θν = θrecν − θgenν , and

∆φν = φrecν − φgenν . The average of the separation angle between the generated ν

direction and the reconstructed one is shown in Fig. 4.13, which is 2.38◦.

50



Figure 4.7: Illustration of the reconstructed RF wave direction (in red) and the

generated one (in green).

Figure 4.8: Resolution of RF wave direction in zenith angle.
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Figure 4.9: Resolution of RF wave direction in azimuthal angle.

The average of this angle is taken for the comparison of the neutrino angular

resolution in this analysis because the separation angles are always positive, and

thus the RMS value may not represent a proper indication of resolution. Note

that θ and φ here are the zenith angle and the azimuthal angle of the spherical

coordinate with the origin de�ned as the location of ARA center, and z axis as

before. As mentioned before, the results presented so far have employed the ARA

array geometry of station spacing as 1.33 km and antenna spacing as 30 m.

4.3 Optimization of ARA

To optimize the ARA, 16 di�erent antenna spacings and 10 di�erent station spacings

are selected for the study on the resolution of the neutrino moving direction and

the detection e�ciency along with studies of noise e�ect.The optimum would be
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Figure 4.10: Illustration of the reconstructed neutrino moving direction (in red) and

the generated one (in green).

Figure 4.11: Resolution of neutrino moving direction in zenith angle.
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Figure 4.12: Resolution of neutrino moving direction in azimuthal angle.

Figure 4.13: Distribution of the separation angle between the generated ν direction

and the reconstructed one. The average of this angle is taken for the comparison of

the neutrino angular resolution in this analysis.
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achieved when the resolution of the neutrino moving direction, i.e. 〈∆Θν〉, is as

good as possible, and the detection e�ciency is as high as possible. The detection

e�ciency is de�ned as the number of triggered events that pass the trigger threshold

divided by the total number of generated events in the cylinder volume, where the

threshold applied to the pulse voltage is 7 σnoise.
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Figure 4.14: Resolutions of neutrino direction, 〈∆Θν〉, versus antenna spacings and

station spacings.

The antenna spacing varies from 100.7 m to 102.2 m in steps of 0.1 in the power

index of 10. The station spacing changes from 1.33km/5 to 1.33km × 2 in steps of

1.33km/5. Note that the antenna spacing means the distance from the top antenna

to the bottom one. The vertical spacings between any two antennas are the same,

and the center of the four antennas in a borehole is located at the depth of 200 m.

In addition, the side of the equilateral triangle in a station is set the same as the

antenna spacing.

The mean value of the separation angles 〈∆Θν〉 versus the antenna spacings are

shown in Figs. 4.14 and 4.15 in di�erent displays, whereas the detection e�ciencies

versus the antenna spacings are given in Fig. 4.16.

Figs. 4.14, 4.15, and 4.16 suggest that 〈∆Θν〉 can be less than 5◦ if the station
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Figure 4.15: 3D display of resolutions of neutrino direction, 〈∆Θν〉 (in unit of de-

gree), versus antenna spacings and station spacings.

Figure 4.16: Detection e�ciencies versus antenna spacings and station spacings.
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spacing is set in the range of 1.33 km to 1.9 km and the antenna spacing is set in

the range of 40 m to 100 m. One may notice that the detection e�ciency reach a

saturated value, ∼ 70%, when the station spacing is grater than ∼ 1.5km.

To �nalize the optimal choice for the ARA geometry, the e�ects of di�erent noise

levels added to the original waveform and di�erent trigger thresholds are studied,

too. The value of σnoise is set at 0.035 mV for all analysis presented so far with

V gen
0 varying in the range of 0 to 5 V. In the following studies of how the noise

levels would a�ect the resolution of the neutrino moving direction, in each case a

di�erent level of noise added to the waveform is assumed, i.e. σ′noise = ασnoise, with

α greater than one, whereas V gen
0 is �xed at 5 V. Di�erent trigger thresholds are

applied: V obs
i > 3.5σnoise, V

obs
i > 5σnoise, V

obs
i > 7σnoise. For these studies, only 100

events are generated in each case. The results of 〈∆Θν〉 and the detection e�ciency

versus the noise level under di�erent trigger thresholds are presented in Figs. 4.17 to

4.34 for di�erent antenna spacings and di�erent station spacings. It was found that

the larger σ′noise added to the waveforms, the worse the resolution of the neutrino

moving direction, which is as expected. In addition, the higher the trigger threshold,

the lower the detection e�ciency.

In summary, with the noise e�ect taken into account, in order to make the reso-

lution of the neutrino moving direction as good as possible and detection e�ciency

as high as possible, the optimal choice for ARA geometry would be 1.6 km for the

station spacing and 40 m for the antenna spacing.
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Figure 4.17: Resolutions of neutrino direction, 〈∆Θν〉, versus di�erent noise levels

and antenna spacings, where the station spacing is set at 1.33 km and the trigger

threshold is 3.5σnoise.

Figure 4.18: Resolutions of neutrino direction, 〈∆Θν〉, versus di�erent noise levels

and antenna spacings, where the station spacing is set at 1.60 km and the trigger

threshold is 3.5σnoise.
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Figure 4.19: Resolutions of neutrino direction, 〈∆Θν〉, versus di�erent noise levels

and antenna spacings, where the station spacing is set at 1.86 km and the trigger

threshold is 3.5σnoise.

Figure 4.20: Resolutions of neutrino direction, 〈∆Θν〉, versus di�erent noise levels

and antenna spacings, where the station spacing is set at 1.33 km and the trigger

threshold is 5σnoise.
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Figure 4.21: Resolutions of neutrino direction, 〈∆Θν〉, versus di�erent noise levels

and antenna spacings, where the station spacing is set at 1.60 km and the trigger

threshold is 5σnoise.

Figure 4.22: Resolutions of neutrino direction, 〈∆Θν〉, versus di�erent noise levels

and antenna spacings, where the station spacing is set at 1.86 km and the trigger

threshold is 5σnoise.
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Figure 4.23: Resolutions of neutrino direction, 〈∆Θν〉, versus di�erent noise levels

and antenna spacings, where the station spacing is set at 1.33 km and the trigger

threshold is 7σnoise.

Figure 4.24: Resolutions of neutrino direction, 〈∆Θν〉, versus di�erent noise levels

and antenna spacings, where the station spacing is set at 1.60 km and the trigger

threshold is 7σnoise.
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Figure 4.25: Resolutions of neutrino direction, 〈∆Θν〉, versus di�erent noise levels

and antenna spacings, where the station spacing is set at 1.86 km and the trigger

threshold is 7σnoise.

Figure 4.26: Detection E�ciencies versus di�erent noise levels and antenna spac-

ings, with the station spacing of 1.33 km and the trigger threshold is 3.5σnoise.
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Figure 4.27: Detection E�ciencies versus di�erent noise levels and antenna spac-

ings, with station spacing as 1.60 km and the trigger threshold is 3.5σnoise.

Figure 4.28: Detection E�ciencies versus di�erent noise levels and antenna spac-

ings, with station spacing as 1.86 km and the trigger threshold is 3.5σnoise.
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Figure 4.29: Detection E�ciencies versus di�erent noise levels and antenna spac-

ings, with the station spacing of 1.33 km and the trigger threshold is 5σnoise.

Figure 4.30: Detection E�ciencies versus di�erent noise levels and antenna spac-

ings, with station spacing as 1.60 km and the trigger threshold is 5σnoise.
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Figure 4.31: Detection E�ciencies versus di�erent noise levels and antenna spac-

ings, with station spacing as 1.86 km and the trigger threshold is 5σnoise.

Figure 4.32: Detection E�ciencies versus di�erent noise levels and antenna spac-

ings, with the station spacing of 1.33 km and the trigger threshold is 7σnoise.
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Figure 4.33: Detection E�ciencies versus di�erent noise levels and antenna spac-

ings, with station spacing as 1.60 km and the trigger threshold is 7σnoise.

Figure 4.34: Detection E�ciencies versus di�erent noise levels and antenna spac-

ings, with station spacing as 1.86 km and the trigger threshold is 7σnoise.
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Chapter 5

Summary

Angular Resolution of Neutrino Moving Direction: One of the main goals of ARA is

to point back to cosmic accelerators through the determination of the UHE neutrino

moving directions, so the resolution of it is particularly important.

To optimize the ARA, both the resolution of the neutrino moving direction and

the detection e�ciency should be considered. Basically, the detection e�ciency

increases as the station spacing gets larger. From Fig. 4.16, however, it reaches a

plateau of ∼ 70% detection e�ciency when the station spacing is grater than ∼1.5

km where the regions which each station can cover no longer overlap. With the noise

e�ect taken into account, in order to make the resolution of the neutrino moving

direction as good as possible and detection e�ciency as high as possible, the optimal

choice for ARA geometry would be 1.6 km for the station spacing and 40 m for the

antenna spacing.

In the simulation of angular resolution of neutrino direction for Antarctic Ross

Ice Shelf ANtenna Neutrino Array (ARIANNA) experiment, the resolution in θ
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Figure 5.1: Resolution of neutrino moving direction in θ direction in the simulation

for ARIANNA.

direction is 1.1◦, as shown in Fig. 5.1 [34]. However, to reach such a good resolution,

ARIANNA has to build its array up to 11 stations per km2, which means that its

antenna density has to be 13 times greater than ARA if we set the station spacing

as 1.33 km. Based on this comparing, the design of ARA is in a better balance point

between the resolution and the cost.

In the future, if ARA can get more funding to increase the density of the antenna

number, a much better resolution of neutrino moving direction can be achieved.
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