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摘要
國立臺灣大學資訊管理學系

學生：劉韋成 民國 RRk 年 k 月
指導教授：蔡益坤

多執行緒Ｃ語言程式的顯式和符號模型驗證方法比較研究

有兩種主要的方法來實現模型檢查過程，即顯式模型驗證和符號模型

驗證。顯式模型驗證首先使用某種深度搜索算法為核心，同時結合偏序歸

約技術限制探索狀態的數量。符號模型檢查基於布林函數的操作，代表狀

態和路徑的集合，而不是顯式狀態路徑圖的遍歷。二元決策圖通常被使用

於符號模型驗證器的實現。這兩種方法都有自己的優點和缺點。

本論文的目的是提供顯式模型驗證和符號模型驗證之間的比較並分析

其比較結果。對於顯式模型驗證，我們採用在程序分析框架 lHiBK�i2
中，基於巢狀深度優先搜索的一個模型驗證工具。對於符號模型驗證，我

們實現了一個固定點模型驗證工具，它也是在 lHiBK�i2 中被實作，並且
使用 C�p�".. 套件作為二元決策圖輔助。我們使用可擴展的源代碼分析
器 a+�Mim 來進行比較實驗。它允許通過其用戶界面選擇不同的模型驗證
工具，因此我們可以在其中使用兩種方法來驗證各種 * 程式語言並進行比
較。我們通過使用正確和錯誤的 * 程序和線性時序邏輯性質來設計不同的
實驗，以產生更多樣化的比較結果。從實驗中，我們得出結論：在固定點

計算期間，可達狀態和遍歷路徑的數量對於我們的模型驗證工具花費的時

間有巨大影響。在這篇論文中，我們呈現比較結果並分析其原因。

關鍵詞："Ƀ+?B 自動機、固定點計算、線性時序邏輯、模型驗證、多執行
緒程式、軟體驗證、二元決策圖
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h>1aAa �"ah_�*h
:`�/m�i2 AMbiBimi2 Q7 AM7Q`K�iBQM J�M�;2K2Mi

L�iBQM�H h�Br�M lMBp2`bBiv

aim/2Mi, q2B@*?2M; GBm JQMi?fu2�`, 62#`m�`v- kykj
�/pBbQ`, uB?@Em2M hb�v

1tTHB+Bi �M/ avK#QHB+ JQ/2H@*?2+FBM; �TT`Q�+?2b 7Q` JmHiBi?`2�/2/ *
S`Q;`�Kb, � *QKT�`�iBp2 aim/v

h?2`2 �`2 irQ T`BK�`v �TT`Q�+?2b iQ BKTH2K2MiBM; i?2 T`Q+2bb Q7 KQ/2H
+?2+FBM;- M�K2Hv 2tTHB+Bi@bi�i2 KQ/2H +?2+FBM; �M/ bvK#QHB+ KQ/2H +?2+F@
BM;X 1tTHB+Bi@bi�i2 KQ/2H +?2+FBM; mb2b bQK2 /2Ti? }`bi b2�`+? �H;Q`Bi?K �b
i?2 +Q`2- r?BH2 BM+Q`TQ`�iBM; T�`iB�H@Q`/2` `2/m+iBQM i2+?MB[m2b iQ HBKBi i?2
MmK#2` Q7 bi�i2b 2tTHQ`2/X avK#QHB+ KQ/2H +?2+FBM; Bb #�b2/ QM i?2 K�MBT@
mH�iBQM Q7 "QQH2�M 7mM+iBQMb- r?B+? `2T`2b2Mi b2ib Q7 bi�i2b �M/ i`�MbBiBQMb-
`�i?2` i?�M i?2 i`�p2`b�H Q7 2tTHB+Bi@bi�i2 i`�MbBiBQM ;`�T?bX "BM�`v /2+BbBQM
/B�;`�Kb �`2 Q7i2M mb2/ iQ bmTTQ`i i?2 BKTH2K2Mi�iBQM Q7 � bvK#QHB+ KQ/2H
+?2+F2`X "Qi? �TT`Q�+?2b ?�p2 i?2B` QrM bi`2M;i?b �M/ r2�FM2bb2bX

h?2 �BK Q7 i?Bb i?2bBb Bb iQ T`QpB/2 � +QKT�`BbQM #2ir22M 2tTHB+Bi KQ/2H
+?2+FBM; �M/ bvK#QHB+ KQ/2H +?2+FBM; �M/ iQ �M�Hvx2 i?2 `2bmHib Q7 i?2 +QK@
T�`BbQMX 6Q` i?2 2tTHB+Bi �TT`Q�+?- r2 �/QTi �M 2tBbiBM; BKTH2K2Mi�iBQM Q7
M2bi2/ /2Ti? }`bi b2�`+? #�b2/ QM i?2 lHiBK�i2 T`Q;`�K �M�HvbBb 7`�K2@
rQ`FX 6Q` i?2 bvK#QHB+ �TT`Q�+?- r2 BKTH2K2Mi � }tTQBMi KQ/2H +?2+F2`-
�HbQ #�b2/ QM lHiBK�i2 �M/ mbBM; C�p�".. �b Qm` ".. T�+F�;2X q2 mb2
a+�Mim- �M 2ti2MbB#H2 bQm`+2 +Q/2 �M�Hvx2`- iQ 7�+BHBi�i2 i?2 +QKT�`BbQMX Ai
�HHQrb i?2 +?QB+2 Q7 /Bz2`2Mi KQ/2H +?2+F2`b i?`Qm;? Bib mb2` BMi2`7�+2- bQ r2
+�M �Hi2`M�i2 #2ir22M i?2 irQ �TT`Q�+?2b iQ p2`B7v p�`BQmb i�`;2i * T`Q;`�Kb
�M/ +�``v Qmi i?2 +QKT�`BbQM 2�bBHvX q2 /2bB;M /Bz2`2Mi 2tT2`BK2Mi�H b2i@
iBM;b #v mbBM; /Bz2`2Mi +Q``2+iM2bb +QK#BM�iBQMb Q7 i2KTQ`�H T`QT2`iB2b �M/
* T`Q;`�Kb iQ T`Q/m+2 KQ`2 /Bp2`b2 +QKT�`BbQM `2bmHibX 6`QK i?2 2tT2`B@
K2Mib- r2 +QM+Hm/2 i?�i i?2 MmK#2` Q7 `2�+?�#H2 bi�i2b ?�b � ?m;2 BKT�+i
QM i?2 iBK2 bT2Mi- �M/ bQ /Q2b i?2 MmK#2` Q7 i`�p2`b2/ i`�MbBiBQMb /m`BM;
i?2 }tTQBMi +�H+mH�iBQMX q2 T`2b2Mi i?2 +QKT�`BbQM `2bmHib �M/ �M�Hvx2 i?2B`
+�mb2b BM i?Bb i?2bBbX

E2vrQ`/b, "Ƀ+?B �miQK�i�- 6BtTQBMib- GBM2�` h2KTQ`�H GQ;B+- JQ/2H
*?2+FBM;- JmHiBi?`2�/2/ T`Q;`�Kb- aQ7ir�`2 o2`B}+�iBQM- "BM�`v .2+BbBQM
.B�;`�K
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*QMi2Mib

摘要 B

h>1aAa �"ah_�*h BB

R AMi`Q/m+iBQM R
RXR "�+F;`QmM/ X X X X X X X X X X X X X X X X X X X X X X X X X X X R
RXk JQiBp�iBQM �M/ P#D2+iBp2b X X X X X X X X X X X X X X X X X X X k
RXj h?2bBb PmiHBM2 X X X X X X X X X X X X X X X X X X X X X X X X X k

k _2H�i2/ qQ`Fb 9
kXR 1tBbiBM; JQ/2H *?2+F2`b X X X X X X X X X X X X X X X X X X X X 9

kXRXR LmaJo X X X X X X X X X X X X X X X X X X X X X X X X X 9
kXRXk aTBM X X X X X X X X X X X X X X X X X X X X X X X X X X X 8
kXRXj 6`�K�@* X X X X X X X X X X X X X X X X X X X X X X X X 8
kXRX9 lHiBK�i2 X X X X X X X X X X X X X X X X X X X X X X X 8

kXk *QKT�`�iBp2 h2bib X X X X X X X X X X X X X X X X X X X X X X X 8

j S`2HBKBM�`B2b d
jXR �miQK�i� QM AM}MBi2 qQ`/b X X X X X X X X X X X X X X X X X X d
jXk E`BTF2 ai`m+im`2 �M/ h2KTQ`�H GQ;B+ X X X X X X X X X X X X X N

jXkXR E`BTF2 ai`m+im`2 X X X X X X X X X X X X X X X X X X X X N
jXkXk h2KTQ`�H GQ;B+ X X X X X X X X X X X X X X X X X X X X X N

jXj avK#QHB+ JQ/2H *?2+FBM; X X X X X X X X X X X X X X X X X X X RR
jXjXR 6BtTQBMi *�H+mHmb X X X X X X X X X X X X X X X X X X X X RR
jXjXk h?2Q`2K Q7 i?2 JQ/2H *?2+F2` lbBM; 6BtTQBMib X X X Rj
jXjXj "QmM/2/ JQ/2H *?2+FBM; X X X X X X X X X X X X X X X R8

9 .2bB;M �M/ AKTH2K2Mi�iBQM Rd
9XR aQ7ir�`2 �`+?Bi2+im`2 X X X X X X X X X X X X X X X X X X X X X Rd

9XRXR _2+m`bBp2 *QMi`QH 6HQr :`�T? U_*6:V X X X X X X X Rd
9XRXk .Bz2`2Mi EBM/b Q7 h`�MbBiBQMb BM _*6: X X X X X X X RN
9XRXj C�p� "BM�`v .2+BbBQM .B�;`�K UC�p�"..V X X X X X X kk

9Xk .2bB;M �M/ AKTH2K2Mi�iBQM X X X X X X X X X X X X X X X X X X k9
9Xj 6�B`M2bb Abbm2b X X X X X X X X X X X X X X X X X X X X X X X X X jj

BBB
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8 1tT2`BK2Mib �M/ _2bmHib je
8XR *QKT�`BbQM #2ir22M .Bz2`2Mi �H;Q`Bi?Kb X X X X X X X X X X jd
8Xk *QKT�`BbQM #2ir22M .Bz2`2Mi LmK#2` Q7 h?`2�/b X X X X X X 9k

e *QM+HmbBQM 98
eXR *QMi`B#miBQMb X X X X X X X X X X X X X X X X X X X X X X X X X X 98
eXk 6mim`2 qQ`F X X X X X X X X X X X X X X X X X X X X X X X X X X 9e

_272`2M+2b 9d

Bp
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GBbi Q7 6B;m`2b

9XR lHiBK�i2 _*6: X X X X X X X X X X X X X X X X X X X X X X X X R3
9Xk ai2Tb Q7 a*�Lhl 6BtTQBMi JQ/2H *?2+F2` X X X X X X X X X k9

8XR h?2 b�KTH2 iQQH+?�BM sJG }H2 X X X X X X X X X X X X X X X X je

p
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GBbi Q7 �H;Q`Bi?Kb

R G2�bi 6BtTQBMi S`Q+2/m`2 X X X X X X X X X X X X X X X X X X X X Rj
k :`2�i2bi 6BtTQBMi S`Q+2/m`2 X X X X X X X X X X X X X X X X X X Rj

j irQ@T`Q+2bb S2i2`bQMǶb �H;Q`Bi?K rBi? �mtBHB�`v p�`B�#H2b X X X j9

9 irQ@T`Q+2bb S2i2`bQMǶb �H;Q`Bi?K rBi? �MQi?2` `B;?i T`QT2`iv
�M/ `B;?i +Q/2 X X X X X X X X X X X X X X X X X X X X X X X X X X jN

8 irQ@T`Q+2bb S2i2`bQMǶb �H;Q`Bi?K rBi? `B;?i +Q/2 #mi BM+Q``2+i
T`QT2`iv X X X X X X X X X X X X X X X X X X X X X X X X X X X X X 9y

e irQ@T`Q+2bb S2i2`bQMǶb �H;Q`Bi?K rBi? i?2 `B;?i T`QT2`iv #mi
BM+Q``2+i +Q/2 X X X X X X X X X X X X X X X X X X X X X X X X X X 9R

d aBKTH2 L@T`Q+2bb JmHiBi?`2�/ S`Q;`�K rBi? i?2 +Q``2+i T`Q@
;`�K �M/ T`QT2`iv X X X X X X X X X X X X X X X X X X X X X X X X 9k

3 aBKTH2 L@T`Q+2bb JmHiBi?`2�/ S`Q;`�K rBi? i?2 +Q``2+i T`Q@
;`�K #mi BM+Q``2+i T`QT2`iv X X X X X X X X X X X X X X X X X X X 9j

N aBKTH2 L@T`Q+2bb JmHiBi?`2�/ S`Q;`�K rBi? i?2 +Q``2+i T`QT@
2`iv #mi BM+Q``2+i T`Q;`�K X X X X X X X X X X X X X X X X X X X 99

pB
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*?�Ti2` R

AMi`Q/m+iBQM

1Mbm`BM; i?�i � bvbi2K K22ib Bib bT2+B}+�iBQM Bb p2`v BKTQ`i�Mi 7Q` 2p2`v
bvbi2K /2bB;M2`X AM K�Mv bvbi2Kb bm+? �b �M 2H2p�iQ` +QMi`QH bvbi2K Q` �
bT�+2 H�mM+? bvbi2K- �M 2``Q` BM i?2 bvbi2K KB;?i BM+m` b2p2`2 +Qbi- 2p2M i?2
HQbi Q7 ?mK�M HBp2bX hQ �pQB/ bm+? 2``Q`b- bQ7ir�`2 i2biBM; Bb /2p2HQT2/ �M/
rB/2Hv �/QTi2/ #v K�Mv +QKT�MB2b �M/ bvbi2KbX aQ7ir�`2 i2biBM; mb2b i2bi
+�b2b �b BMTmi �M/ +?2+Fb r?2i?2` i?2 QmiTmi Q7 i?2K Bb +Q``2+iX >Qr2p2`-
i?Bb FBM/ Q7 i2biBM; +�MMQi ;m�`�Mi22 +Q``2+iM2bbX AM Qi?2` rQ`/b- r2 +�MMQi
+QK}`K i?�i i?2 i�`;2i bvbi2K ?�b MQ 2``Q`b r?2M i?2 QmiTmib Q7 i?Qb2 i2bi
+�b2b �`2 �HH +Q``2+iX

h?mb- bQ7ir�`2 p2`B}+�iBQM Bb �TTHB2/ iQ /2i2+i 2``Q`b �M/ +QmMi2`2t�K@
TH2b +QKT`2?2MbBp2Hv BM � r?QH2 T`QD2+i Q` bvbi2K �M/ /2p2HQT2`b +�M 2t+Hm/2
i?2 2``Q`b bm++2bb7mHHvX AM bQ7ir�`2 p2`B}+�iBQM- KQ/2H +?2+FBM; TH�vb � #B;
`QH2X Ai +�M ?2HT `2�+?BM; �M �miQK�iB+ �M/ +QMp2MB2Mi �TT`Q�+? 7Q` p2`B}@
+�iBQMX .2bTBi2 ?�pBM; i?Qb2 �/p�Mi�;2b- KQ/2H +?2+FBM; Bb KQ`2 +QKTH2t
�M/ 2tT2MbBp2 +QKT�`2/ rBi? bQ7ir�`2 i2biBM;X h?2`27Q`2- K2i?Q/b K�FBM;
KQ/2H +?2+FBM; bvbi2K�iB+�H ?�p2 #22M b2�`+?2/ �M/ /2p2HQT2/ 7Q` � HQM;
iBK2- �M/ �miQK�i�@#�b2/ KQ/2H +?2+FBM; #2+QK2b KQ`2 +QKKQMX

RXR "�+F;`QmM/
AM RNej- a�mH E`BTF2 T`QTQb2/ i?2 E`BTF2 bi`m+im`2 (Rk)- r?B+? K�v #2

i`�Mb7Q`K2/ BMiQ � +Q``2bTQM/BM; "Ƀ+?B �miQK�iQMX h?Bb 7Q`K Q7 �miQK�i�
T`QpB/2b i?2 +QMp2MB2M+2 7Q` �M�HvxBM; � bvbi2K �M/ /2`BpBM; mb27mH T`QTQbB@
iBQMb BM � 7Q`K�H r�vX AM RNdd- �KB` SMm2HB T`QTQb2/ iQ mb2 i2KTQ`�H HQ;B+
(R8)- 7Q` T`Q;`�K bT2+B}+�iBQM �M/ p2`B}+�iBQMX h2KTQ`�H HQ;B+ 7Q`KmH�2 +�M
�HbQ #2 i`�MbH�i2/ BMiQ "Ƀ+?B �miQK�i�X

AM RN3R- i?2 +QM+2TiBQM Q7 KQ/2H +?2+FBM; r�b T`QTQb2/ #v 1X JX *H�`F2
�M/ 1X �X 1K2`bQM (3)- BM+Hm/BM; � K2i?Q/ r?B+? ?�b i?2 �#BHBiv iQ /2i2`KBM2
r?2i?2` � T`Q;`�K K22ib Bib /2bB`2/ T`QT2`iB2bX JQ/2HBM;- bT2+B}+�iBQM- �M/
p2`B}+�iBQM �`2 i?2 i?`22 T?�b2b BM i?2 KQ/2H +?2+FBM;X 6Q` i?2 KQ/2HBM;
T?�b2- E`BTF2 bi`m+im`2b T`QpB/2 � bQHB/ 7QmM/�iBQM- �M/ 7Q` i?2 bT2+B}+�@

R
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iBQM T?�b2- i2KTQ`�H HQ;B+ ?2HTbX AM i?2b2 irQ T?�b2b- "Ƀ+?B �miQK�i� �`2
Q#i�BM2/ 7`QK E`BTF2 bi`m+im`2b �M/ i2KTQ`�H HQ;B+ 7Q`KmH�2- T`QpB/BM; +QM@
p2MB2M+2 �M/ BMi2;`Biv 7Q` i?2 r?QH2 T`Q+2bbX

�++Q`/BM; iQ i?2 /Bz2`2Mi `2T`2b2Mi�iBQMb 7Q` �miQK�i� bi�i2b- KQ/2H
+?2+FBM; +�M #2 /BbiBM;mBb?2/ BMiQ irQ FBM/b- 2tTHB+Bi KQ/2H +?2+FBM; �M/
bvK#QHB+ KQ/2H +?2+FBM;X AM bvK#QHB+ KQ/2H +?2+FBM;- }tTQBMi +�H+mHmb �M/
mu@+�H+mHmb r2`2 �bbBKBH�i2/ BMiQ KQ/2H +?2+FBM; BM RNNk- #v .X GX .BHH �M/
GX CX >r�M; (9)- �M/ T`QpB/2/ +QMp2MB2M+2 7Q` KQ/2H +?2+FBM;X AM kyyR- �X
"B2`2 �M/ 1X JX *H�`F2 T`QTQb2/ #QmM/2/ KQ/2H +?2+FBM; (d)- r?B+? mM`QHHb
i?2 }MBi2 bi�i2 K�+?BM2 7Q` � }t2/ MmK#2` Q7 bi2Tb- �M/ +?2+Fb r?2i?2` �
T`QT2`iv pBQH�iBQM +�M Q++m` BM 72r2` bi2TbX

RXk JQiBp�iBQM �M/ P#D2+iBp2b
"Qi? bvK#QHB+ �M/ 2tTHB+Bi �H;Q`Bi?Kb ?�p2 �/p�Mi�;2b �M/ b?Q`i+QK@

BM;b- �M/ +?QQbBM; � KQbi �TT`QT`B�i2 �H;Q`Bi?K 7Q` /Bz2`2Mi b2iiBM;b Bb MQi
� i`BpB�H i�bFX >Qr2p2`- HBiiH2 `2b2�`+? ?�b T`2b+`B#2/ r?B+? K2i?Q/ b?QmH/
#2 mb2/ mM/2` r?B+? +�b2X h?mb- � iQQH rBi? i?2 �#BHBiv 7Q` mb2`b iQ +?QQb2
i?2 K�i+?BM; K2i?Q/ 7Q` 2�+? +�b2 +�M #2 mb27mHX

AM 2tTHB+Bi KQ/2H +?2+FBM;- (Rj) /2p2HQT2/ �M lHiBK�i2@#�b2/ iQQH bmTTQ`i
7Q` �miQK�i�@#�b2/ KQ/2H +?2+FBM; Q7 KmHiBi?`2�/2/ T`Q;`�Kb- +QKTH2iBM;
� HB#`�`v 7Q` bmTTQ`iBM; 2tTHB+Bi@bi�i2 KQ/2H +?2+F2`bX (8) +QKT�`2/ /Bz2`2Mi
/2Ti?@}`bi b2�`+? �H;Q`Bi?Kb 7Q` �miQK�i�@#�b2/ KQ/2H +?2+FBM;- ;BpBM; �
+QKT`2?2MbBp2 pB2r �#Qmi /Bz2`2Mi �H;Q`Bi?Kb �M/ i?2B` T2`7Q`K�M+2 BM /B7@
72`2Mi b+2M�`BQX AM i?Bb i?2bBb- r2 �//`2bb i?2 bvK#QHB+ T�`i- M�K2Hv }tTQBMi
+�H+mHmb- �M/ i?2 +QKT�`BbQM #2ir22M bvK#QHB+ KQ/2H +?2+FBM; �M/ 2tTHB+Bi
KQ/2H +?2+FBM; iQ }M/ i?2 KQbi �TT`QT`B�i2 �TT`Q�+? 7Q` /Bz2`2Mi b2iiBM;bX
Pm` BKTH2K2Mi�iBQM Bb BMi2;`�i2/ BM lHiBK�i2- � THm;BM@#�b2/ T`Q;`�K �M�H@
vbBb 7`�K2rQ`F- �M/ i?2 +QKT�`BbQM +�M #2 #mBHi rBi? Qm` BKTH2K2Mi�iBQM
�M/ Qi?2`bǶ BM i?2B` `2b2�`+?X 6BM�HHv- r2 /Bb+mbb i?2 `2bmHib- 7mim`2 rQ`Fb-
�M/ HBKBi�iBQMb Q7 Qm` `2b2�`+?X

RXj h?2bBb PmiHBM2
h?2 `2bi Q7 i?Bb i?2bBb Bb Q`;�MBx2/ �b 7QHHQrb,

Ç AM *?�Ti2` k- T`2HBKBM�`v `2b2�`+? �M/ bim/B2b rBHH #2 mMB}2/X _2H�i2/
iQQHb �M/ i2+?MB[m2b �`2 �HbQ HBbi2/ BM i?Bb +?�Ti2`- bm+? �b LmaJo �M/
lHiBK�i2X

k
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Ç AM *?�Ti2` j- i?2 /2}MBiBQMb Q7 bvK#QHB+ KQ/2H +?2+FBM; �M/ }t TQBMi
+�H+mHmb rBHH #2 HBbi2/ iQ ?2HT `2�/2`b mM/2`bi�M/ i?2 K2i?Q/b i?Bb T�T2`
rBHH /Bb+mbb BM i?2 7QHHQrBM; +?�Ti2`bX

Ç AM *?�Ti2` 9- r2 BKTH2K2Mi i?2 }tTQBMi K2i?Q/b BM lHiBK�i2- BM+Hm/BM;
bQ7ir�`2 �`+?Bi2+im`2- �H;Q`Bi?Kb �M/ �SA T`QpB/2/X

Ç AM *?�Ti2` 8- 2t�KTH2b �M/ i?2 mb�;2 Q7 Qm` KQ/2H +?2+F2`b �`2 /2KQM@
bi`�i2/ iQ 2H�#Q`�i2 Qm` K2i?Q/bX

Ç AM *?�Ti2` e- r2 rBHH �``�M;2 i?2 +�T�`BbQM #2ir22M bvK#QHB+ KQ/2H
+?2+FBM; �M/ 2tTHB+Bi KQ/2H +?2+FBM;X 6BM�HHv- 7mim`2 rQ`F rBHH #2 /Bb@
+mbb2/X

j
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*?�Ti2` k

_2H�i2/ qQ`Fb

kXR 1tBbiBM; JQ/2H *?2+F2`b
AM i?Bb b2+iBQM- r2 rBHH BMi`Q/m+2 b2p2`�H KQ/2H +?2+F2`b ?2HT Qm` `2b2�`+?X

kXRXR LmaJo
aJo U?iiTb,ffrrrX+bX+KmX2/mf KQ/2H+?2+FfbKpX?iKHV bvbi2K Bb � bvK@

#QHB+ KQ/2H +?2+F2` r?B+? r�b /2p2HQT2/ #v 1X JX *H�`F2 �M/ ?Bb i2�K BM
*�`M2;B2 J2HHQMX Ai +QM+2Mi`�i2b QM +?2+FBM; }MBi2 bi�i2 bvbi2Kb AM i?2
*QKTmi�iBQM i`22 HQ;B+ U*hGVX *`2/Bi iQ i?2 *hG HQ;B+- i2KTQ`�H T`QT2`@
iB2b- bm+? �b b�72iv- HBp2M2bb- 7�B`M2bb �M/ /2�/HQ+F 7`22/QK- +�M #2 bT2+B}2/
BM � +QM+Bb2 bvMi�tX "2bB/2b- P"..@#�b2/ bvK#QHB+ KQ/2H +?2+FBM; �H;Q@
`Bi?K Bb �TTHB2/ BM aJo iQ 2{+B2MiHv ;2M2`�i2 `2bmHi- M�K2Hv /2i2`KBM2
r?2i?2` ;Bp2M bT2+B}+�iBQMb �`2 b�iBb}2/X

LmaJo Bb � TQr2`7mH bvK#QHB+ KQ/2H +?2+F2` r?B+? r�b `2BKTH2K2Mi2/
7`QK aJo KQ/2H +?2+FBM; �M/ Bi Bb i?2 }`bi KQ/2H +?2+FBM; iQQH #�b2/ QM
#BM�`v /2+BbBQM /B�;`�K U"..VX qBi? i?2 mb2 Q7 "..- LmaJo T`QpB/2b �M
2{+B2Mi K2KQ`v K�M�;2K2Mi �M/ #2+QK2b � rB/2Hv mb2/ bQ7ir�`2 p2`B}+�@
iBQM iQQHb �M/ bmTTQ`i i2+?MB[m2 BM Qi?2` `2b2�`+? �`2�bX "2bB/2b- LmaJo
T`QpB/2b 7Qm` KQ`2 �//BiBQM�H 72�im`2b rBi? `2bT2+i iQ aJo,

Ç LmaJo T`QpB/2b � i2tim�H BMi2`�+iBQM b?2HHX

Ç aT2+B�HBx2/ `QmiBM2b �HHQr 7Q` +?2+FBM; BMp�`B�MibX

Ç h?2 KQ/2H +�M #2 T�`iBiBQM2/ +QMDmM+iBp2Hv �M/ /BbDmM+iBp2HvX

Ç GhG JQ/2H *?2+FBM; Bb T2`7Q`K2/ pB� `2/m+iBQM iQ *hG KQ/2H +?2+FBM;X

LmaJok Bb i?2 M2r p2`bBQM Q7 LmaJo- r?B+? `2b2`p2b i?2 �/p�Mi�;2b
Q7 i?2 }`bi p2`bBQMX 6m`i?2`KQ`2- M2r 2ti2MbBQM r2`2 mT/�i2/- 7Q` BMbi�M+2-
i?2 +QHH2+iBQM Q7 JBMBb�i a�h bQHp2` U?iiT,ffKBMBb�iXb2fV �M/ w*?�z a�h
bQHp2` U?iiT,ffrrrXT`BM+2iQMX2/mf +?�zfx+?�zX?iKHVX h?2b2 2ti2MbBQM ?2HT
LmaJok 2pQHpBM; iQ � a�h@#�b2/ KQ/2H +?2+F2`X

9
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kXRXk aTBM
aBKTH2 S`QK2H� AMi2`T`2i2` UaTBMV- � rB/2Hv mb2/ QT2M@bQm`+2 bQ7ir�`2

p2`B}+�iBQM iQQH- r�b /2p2HQT2/ #v :2`�`/ CX >QHxK�MM �M/ ?Bb i2�K BM "2HH
H�# BM RN3ybX aTBM Bb �/QTi2/ iQ p2`B7v i?2 +Q``2+iM2bb Q7 +QM+m``2Mi bQ7ir�`2
KQ/2Hb- �M/ #`BM;b +QMp2MB2M+2 BM KQ/2H +?2+FBM;X

�b i?2 KQbi 7�KQmb 2tTHB+Bi@bi�i2 KQ/2H +?2+F2`- aTBM �/QTib BKT`Qp2/
M2bi2/ /2Ti? }`bi b2�`+? �b Bib K�BM KQ/2H +?2+FBM; �H;Q`Bi?KX T`QpB/BM;
+QmMi2`2t�KTH2b 7Q` i?2 +Q``2bTQM/BM; bT2+B}+�iBQMX "v i?Bb BKT`Qp2/ �H;Q@
`Bi?K- � MmK#2` Q7 p2`B}+�iBQM T`Q+2/m`2b +�M #2 BKTH2K2Mi2/ 2{+B2MiHvX
PM i?2 Qi?2` ?�M/b- �M BKT`Qp2K2Mi +�HH2/ #Bi@bi�i2 ?�b?BM; Bb BM+Hm/2/ iQ
K�F2 i?2 �H;Q`Bi?K KQ`2 bT�+2@2{+B2MiX

kXRXj 6`�K�@*
6`�K�@* Bb � * T`Q;`�K �M�HvbBb TH�i7Q`K /2p2HQT2/ #v i?2 6`2M+?Ƙ*1�@

GBbiƘ�M/ AM`B�X Ai +�M BMbT2+i T`Q;`�Kb rBi?Qmi 2t2+miBM; i?2K- K�FBM; Bi
2�bv 7Q` /2p2HQT2`b iQ �bbm`2 i?2 HQ;B+ Q7 T`Q;`�Kb �`2 ~�rH2bb- 7Q` BMbi�M+2-
mM/2`bi�M/BM; * +Q/2 r`Bii2M #v Qi?2`b- T`QpBM; 7Q`K�H T`QT2`iB2b- �M/ /2�H@
BM; rBi? b2+m`Biv ~�rbX

kXRX9 lHiBK�i2
lHiBK�i2 r�b /2p2HQT2/ J�ii?B�b >2BxK�MM �M/ .�MB2H .B2ib+? �M/

i?2B` i2�K BM 6`2B#m`;X Ai Bb � KQ/mH�`- THm;BM@#�b2/ T`Q;`�K �M�HvbBb 7`�K2@
rQ`F- T`QpB/BM; �M BMi2;`�i2/ TH�i7Q`K r?B+? +QK#BM2b i?2 2tBbiBM; THm;BMbX
"v i?Bb �/p�Mi�;2- `2b2�`+?2`b +�M 2�bBHv +?QQb2 THm;BMb i?2v 2tT2+i iQ miB@
HBx2 �M/ /2p2HQT M2r iQQHb rBi? H2bb Q#bi�+H2bX

.Bz2`2Mi FBM/b Q7 �miQKBx2`b �M/ KQ/2H +?2+F2`b �`2 BM+Hm/2/ BM lHiB@
K�i2- �M/ i?2v �`2 �/QTi2/ BM /Bz2`2Mi +B`+mKbi�M+2bX 6Q` BMbi�M+2b- lHiB@
K�i2 �miQKBx2` Bb /2/B+�i2/ iQ p2`B}+�iBQM Q7 b�72iv T`QT2`iB2b #�b2/ QM �M
�miQK�i�@i?2Q`2iB+ �TT`Q�+? iQ bQ7ir�`2 p2`B}+�iBQM- �M/ lHiBK�i2 "Ƀ+?B
�miQKBx2` +QM+2Mi`�i2b QM h2`KBM�iBQM �M�HvbBb #�b2/ QM "Ƀ+?B �miQK�i�X
G�M;m�;2b KQbi Q7 i?2b2 iQQHb mb2 Bb "QQ;B2- �M BMi2`K2/B�i2 p2`B}+�iBQM
G�M;m�;2 �M/ * H�M;m�;2X

kXk *QKT�`�iBp2 h2bib
h?2`2 �`2 MmK#2`b Q7 `2b2�`+? r?B+? �`2 bim/B2/ i?2 +QKT�`B`bQM Q7

2tTHB+Bi@bi�i2 KQ/2H +?2+FBM; �M/ bvK#QHB+ KQ/2H +?2+FBM;X hQ +QMp2MB2MiHv

8
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Q#b2`p2 i?2 /Bz2`2M+2b #2ir22M Qm` `2b2�`+? �M/ Qi?2`bǶ #27Q`2- r2 rBHH BM@
i`Q/m+2 i?Qb2 `2b2�`+? BM i?Bb T�`iX

*BM/v 1BbM2` �M/ .Q`QM S2H2/ +QKT�`2/ bvK#QHB+ �M/ 2tTHB+Bi KQ/2H
+?2+FBM; Q7 � bQ7ir�`2 bvbi2KX (Ry) 1tTHB+Bi@bi�i2 KQ/2H +?2+FBM; Bb mbm�HHv
�++2Ti2/ i?�i Bi T2`7Q`Kb #2ii2` 7Q` p2`B}M; ?�`/r�`2 bvbi2Kb- �M/ bvK@
#QHB+ KQ/2H +?2+FBM; 7Q` p2`B}M; bQ7ir�`2 bvbi2KbX AM i?2B` `2b2�`+?- #Qi?
2tTHB+Bi �M/ bvK#QHB+ �TT`Q�+? r2`2 �/QTi2/ BM 2t�KBMBM; 7Q` p2`B}M; bQ7i@
r�`2 bvbi2Kb- �M/ i?2 `2bmHi b?Qr2/ i?�i bvK#QHB+ �TT`Q�+? ;�p2 � #2ii2`
�bbm`�M+2 �#Qmi i?2 p2`B}2/ bvbi2K 7Q` � HQr MmK#2` Q7 T`Q+2bb2b- r?BH2
2tTHB+Bi �TT`Q�+? �HHQr2/ iQ bBKmH�i2 2t2+miBQMb rBi? KQ`2 T`Q+2bb2bX

_Q#2`iQ a2#�biB�MB- ai27�MQ hQM2ii�- �M/ JQb?2 uX o�`/B bim/B2/ ?v@
#`B/ �TT`Q�+?2b iQ GhG bvK#QHB+ KQ/2H +?2+FBM;- M�K2Hv �TT`Q�+?2b i?�i
mb2 2tTHB+Bi `2T`2b2Mi�iBQMb Q7 i?2 T`QT2`iv �miQK�iQM- �M/ bvK#QHB+ `2T@
`2b2Mi�iBQMb Q7 i?2 bvbi2KX h?Bb `2b2�`+? �TTHB2/ i?2 +QKT�`BbQM iQ i?`22
KQ/2H +?2+FBM; �H;Q`Bi?K, /Qm#Hv@M2bi2/ }tTQBMi �H;Q`Bi?K- i?2 `2/m+iBQM
Q7 2KTiBM2bb iQ `2�+?�#BHBiv �M/ i?2 bBM;Hv@M2bi2/ }tTQBMi �H;Q`Bi?KX (Rd)

e
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*?�Ti2` j

S`2HBKBM�`B2b

jXR �miQK�i� QM AM}MBi2 qQ`/b
AM bvK#QHB+ KQ/2H +?2+FBM;- /2�HBM; rBi? rQ`/b rBi? BM}MBi2 H2M;i?

Bb � +QKKQM rQ`FX �b i?2 `2�bQM K2MiBQM2/ �#Qp2- i?2 ω@�miQK�i� Bb
M22/2/ 7`2[m2MiHvX AM i?Bb +?�Ti2`- r2 rBHH +QM+2Mi`�i2 QM i?2 bi�i2@#�b2/
ω@�miQK�i�- r?Qb2 �++2Ti�M+2 +QM/BiBQMb �`2 /2}M2/ Qp2` bi�i2bX h?2 /2}@
MBiBQM Q7 MQM/2i2`KBMBbiB+ ω@�miQK�i� Bb �b 7QHHQrb,

.2}MBiBQM R ULQM/2i2`KBMBbiB+ ω@�miQK�i�VX � MQM/2i2`KBMBbiB+ ω@�miQK�iQM
Bb � 8@imTH2 〈Q, Σ, δ, Q0, Acc〉- r?2`2

Ç Q Bb � }MBi2 b2i Q7 bi�i2b-

Ç Σ Bb � }MBi2 �HT?�#2i-

Ç δ : Q × (Σ ∪ {ε}) → 2Q Bb i?2 i`�MbBiBQM 7mM+iBQM-

Ç Q0 ⊆ Q Bb i?2 b2i Q7 TQbbB#H2 BMBiB�H b2ib Q7 bi�i2b- �M/

Ç Acc Bb i?2 �++2Ti�M+2 +QM/BiBQMX

� `mM Q7 � MQM/2i2`KBMBbiB+ ω@�miQK�i� A QM �M BM}MBi2 rQ`/ w =
σ0σ1 · · · ∈ Σω 7Q` 2�+? σi ∈ Σ- i ≥ 0- Bb � b2[m2M+2 Q7 bi�i2b ρw = q0, q1, · · ·
r?2`2,

Ç q0 ∈ Q0- �M/

Ç qi+1 ∈ δ(qi, σi) 7Q` i ≥ 0

AM i?Bb i?2bBb- QMHv "Ƀ+?B �miQK�i� (j)- r?B+? Bb � bT2+B}+ ivT2 Q7 ω@
�miQK�i�- rBHH #2 /Bb+mbb2/X G2i Inf(ρw) /2MQi2 i?2 b2i Q7 bi�i2b Q++m``BM;
BM}MBi2Hv K�Mv iBK2b BM i?2 `mM ρw- 7Q`K�HHv

Inf(ρw) = {qi ∈ Q | ∀i∃j > i, qi = qj}

h?2M i?2 �++2Ti�M+2 +QM/BiBQM Q7 � "Ƀ+?B �miQK�iQM +�M #2 /2}M2/X q2
b�v ρw Bb �M �++2TiBM; `mM 7Q` � "Ƀ+?B �miQK�iQM B Bz

d
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Ç α ⊆ Z- �M/
Ç Inf(ρw) ∩ α ,= ∅X

�M BM}MBi2 rQ`/ w ∈ Σω Bb �++2Ti2/ #v B B7 i?2`2 2tBbib �M �++2TiBM;
`mM Q7 B Qp2` wX

L2ti- i?2 7QHHQrBM; irQ T`QTQbBiBQMb 2tTH�BM i?2 +HQb2/M2bb mM/2` BMi2`@
b2+iBQM Q7 "Ƀ+?B �miQK�i�X h?2 }`bi T`QTQbBiBQM i�HFb �#Qmi i?2 BMi2`b2+iBQM
#2ir22M irQ Q`/BM�`v �miQK�i�- �M/ i?2 b2+QM/ Bb i?2 BMi2`b2+iBQM #2ir22M
� b�72iv QM2 �M/ �M Q`/BM�`v QM2,
S`QTQbBiBQM jXRX G2i B1 �M/ B2 #2 irQ "Ƀ+?B �miQK�i�X h?2`2 Bb � "Ƀ+?B
�miQK�iQM B r?B+? �++2Tib i?2 BMi2`b2+i2/ H�M;m�;2 L(B) = L(B1) ∩ L(B2)X
AM Qi?2` rQ`/b- i?2 +H�bb Q7 H�M;m�;2b `2+Q;MBx�#H2 #v "Ƀ+?B �miQK�i� Bb
+HQb2/ mM/2` BMi2`b2+iBQMX (e)
S`QQ7X :Bp2M irQ "Ƀ+?B �miQK�i� B1 = (Σ1, Q1, ∆1, Q0

1, F1) �M/
B2 = (Σ2, Q2, ∆2, Q0

2, F2)X q2 +�M #mBH/ �M �miQK�iQM 7Q` L(B1) ∩ L(B2) �b
7QHHQrb,

Ç B1 ∩ B2 = (Σ, Q1 × Q2 × {0, 1, 2}, ∆, Q0
1 × Q0

2 × {0}, Q1 × Q2 × {2})X
Ç q2 ?�p2 (〈r, q, x〉, a, 〈r′, q′, y〉) ∈ ∆ Bz i?2 7QHHQrBM; +QM/BiBQMb ?QH/,

Ĝ (r, a, r′) ∈ ∆1 �M/ (q, a, q′) ∈ ∆2X
Ĝ h?2 i?B`/ +QKTQM2Mi Bb �z2+i2/ #v i?2 �++2TiBM; +QM/BiBQMb Q7 B1

�M/ B2X
UBV B7 x = 0 �M/ r′ ∈ F1- i?2M y = 1X
UBBV B7 x = 1 �M/ q′ ∈ F2- i?2M y = 2X
UBBBV B7 x = 2- i?2M y = 0X
UBpV Qi?2`rBb2- y = xX

Ç h?2 i?B`/ +QKTQM2Mi Bb `2bTQMbB#H2 7Q` ;m�`�Mi22BM; i?�i �++2TiBM;
bi�i2b 7`QK #Qi? B1 �M/ B2 �TT2�` BM}MBi2Hv Q7i2MX

� bBKTH2` BMi2`b2+iBQM K�v #2 Q#i�BM2/ r?2M �HH Q7 i?2 bi�i2b Q7 QM2 Q7
i?2 �miQK�i� �`2 �++2TiBM;,
S`QTQbBiBQM jXkX �bbmKBM; �HH bi�i2b Q7 B1 �`2 �++2TiBM; �M/ i?�i i?2 �+@
+2Ti�M+2 b2i Q7 B2 Bb F2- i?2B` BMi2`b2+iBQM +�M #2 /2}M2/ �b 7QHHQrb,

B1 ∩ B2 = (Σ, Q1 × Q2, ∆′, Q0
1 × Q0

2, Q1 × F2)
r?2`2 (〈r, q〉, a, 〈r′, q′〉) ∈ ∆′ Bz (r, a, r′) ∈ ∆1 �M/ (q, a, q′) ∈ ∆2X

3
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jXk E`BTF2 ai`m+im`2 �M/ h2KTQ`�H GQ;B+
AM i?Bb b2+iBQM- E`BTF2 bi`m+im`2 �M/ i2KTQ`�H HQ;B+ rBHH #2 /Bb+mbb2/- �b

i?2v �`2 #�bB+ FMQrH2/;2b Q7 bvK#QHB+ KQ/2H +?2+FBM;X

jXkXR E`BTF2 ai`m+im`2
E`BTF2 ai`m+im`2 (RR) Bb � FBM/ Q7 bi�i2@i`�MbBiBQM /B�;`�K r?B+? KQ/2Hb

� bvbi2K 7Q`K�HHvX h?2 mb�;2 Q7 E`BTF2 bi`m+im`2 �HHQrb mb iQ +QMp2MB2MiHv
+�Tim`2 i?2 M2+2bb�`v T`QT2`iB2b Q7 � bvbi2KX

.2}MBiBQM kX :Bp2M � }MBi2 b2i AP Q7 �iQKB+ T`QTQbBiBQMb- � E`BTF2 ai`m+@
im`2 Qp2` AP Bb � imTH2 〈S, S0, →, L〉 r?2`2,

Ç S Bb � }MBi2 b2i Q7 bi�i2b-

Ç S0 ⊆ S Bb i?2 b2i Q7 BMBiB�H bi�i2b-

Ç →⊆ S × S Bb i?2 i`�MbBiBQM `2H�iBQM- �M/

Ç L : S → 2AP Bb i?2 H�#2HBM; 7mM+iBQMX

� `mM UQ` +QKTmi�iBQMV Q7 � E`BTF2 ai`m+im`2 K Bb �M BM}MBi2 b2[m2M+2
ρ = s0s1 · · · bm+? i?�i

Ç s0 ∈ S0- �M/

Ç (si, si+1 ∈→) 7Q` �HH i ≥ 0X

�M/ r2 /2}M2

Ç ρ(i) = si- �M/

Ç ρi = sisi+1 · · · 7Q` �HH i ≥ 0X

G2i L(ρ) = L(s0)L(s1) · · · �M/ i?2 H�M;m�;2 Q7 K Bb /2}M2/ �b L(K) =
{L(ρ) | ρ Bb � `mM Q7 K}X

jXkXk h2KTQ`�H GQ;B+
h2KTQ`�H HQ;B+ Bb � 7Q`K�HBbK 7Q` /2b+`B#BM; i2KTQ`�H Q`/2`BM; #2ir22M

Q++m``2M+2b Q7“2p2Mib”r?B+? �`2 Q7i2M `2T`2b2Mi2/ #v T`QTQbBiBQMbX GQQF
#�+F �i i?2 ?BbiQ`v Q7 i2KTQ`�H HQ;B+ /2p2HQTK2Mi- Bi r�b }`bi BMi`Q/m+2/
#v �X S`BQ` BM i?2 RNeyǶb �M/ 7m`i?2` /2p2HQT2/ #v �X SMm2HB 7Q` +QKTmi2`
mb�;2 (R8)X h2KTQ`�H HQ;B+b �`2 2bT2+B�HHv r2HH bmBi2/ iQ /2b+`B#2 i2KTQ`�H

N
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+QMbi`�BMib Q7 +QM+m``2Mi- `2�+iBp2- �M/ MQM@i2`KBM�iBM; bvbi2Kb (Re)X h?2`2@
7Q`2- i2KTQ`�H HQ;B+ i�F2 � BKTQ`i�Mi2 TQbBiBQM BM i?2 }2H/ Q7 7Q`K�H bQ7ir�`2
p2`B}+�iBQMX

S`QTQbBiBQM�H UGBM2�`V h2KTQ`�H GQ;B+- M�K2Hv ShG- Bb � `2bi`B+i2/ ivT2
Q7 i2KTQ`�H HQ;B+ r?B+? /2b+`B#2 #Qi? 7mim`2 �M/ T�bi BM � HBM2�` bi`m+im`2X
�M/ GBM2�` h2KTQ`�H GQ;B+ UGhGV Bb � bm#b2i Q7 S`QTQbBiBQM�H h2KTQ`�H
GQ;B+ F22TBM; QMHv 7mim`2 QT2`�iQ`b- r?B+? BM+Hm/2 s UM2tiV- 6 U}M�HHvV- :
U;HQ#�HHvV- l UmMiBHV �M/ _ U`2H2�b2VX h?2b2 QT2`�iQ`b +�M �HbQ #2 r`Bii2M
bvK#QHB+�HHv- BX2X- ! UM2tiV- ! U2p2Mim�HHvV- " U�Hr�vbV- U UmMiBHV �M/ R
U`2H2�b2VX

.2}MBiBQM j UavMi�t Q7 GhG 6Q`KmH�2VX h?2 GhG 7Q`KmH�2 Qp2` � b2i Q7
�iQKB+ T`QTQbBiBQMb AP �`2 /2}M2/ �b i?2 7QHHQrBM; ;`�KK�`,

φ ::= p | ¬φ | φ ∨ φ | !φ | φ U φ | φ R φ

r?2`2 p ∈ AP X

.2}MBiBQM 9 Ua2K�MiB+b Q7 GhGVX :Bp2M �M BM}MBi2 rQ`/ w = σ0σ1 · · · ∈ Σω

r?2`2 Σ = 2AP - �M/ �M GhG 7Q`KmH� φ Qp2` AP - r2 b�v i?�i w b�iBb}2b φ
Ur`Bii2M w |= φV B7 �M/ QMHv B7 U`2+m`bBp2HvV,

Ç φ ≡ p �M/ p ∈ σ0- Q`

Ç φ ≡ ¬φ1 �M/ w ,|= φ1- Q`

Ç φ ≡ φ1 ∨ φ2 �M/ w |= φ1 Q` w |= φ2- Q`

Ç φ ≡ φ1 ∧ φ2 �M/ w |= φ1 �M/ w |= φ2- Q`

Ç φ ≡ !φ1 �M/ σ1σ2 · · · |= φ1- Q`

Ç φ ≡ φ1U φ2 �M/ 7Q` bQK2 k ∈ N- σkσk+1 · · · |= φ2 �M/ 7Q` �HH i- 0 ≤ i < k-
σiσi+1 · · · |= φ1- Q`

Ç φ ≡ φ1 R φ2 �M/ 7Q` �HH k ∈ N- B7 7Q` 2p2`v i- 0 ≤< k- σiσi+1 · · · ,|= φ1-
i?2M σkσk+1 · · · |= φ2X

qBi? i?Bb /2}MBiBQM- �//BiBQM�H 7Q`KmH�2 �M/ !- " QT2`�iQ`b +�M #2
/2`Bp2/ �b 7QHHQrb,

Ç true = φ ∨ ¬φ-

Ç false = φ ∧ ¬φ-

Ç !φ = true U φ- �M/

Ry
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Ç "φ = ¬!¬φX
�HiQm;? φ1 ∧φ2 �M/ φ1Rφ2 +�M �HbQ #2 /2`Bp2/ #v φ1 ∧φ2 = ¬(¬φ1 ∨¬φ2)

�M/ φ1Rφ2 = ¬(¬φ1U ¬φ2) `2bT2+iBp2Hv- r2 Tmi i?2K BMiQ i?2 /2}MBiBQM }2H/
mM/2` i?2 +QMbB/2`�iBQM Q7 i?2 bi`m+im`2 Q7 i?2 M2;�iBp2 MQ`K�H 7Q`K ULL6VX
.2}MBiBQM 8 UG�M;m�;2 .2}M2/ #v �M GhG 7Q`KmH�VX :Bp2M �M GhG 7Q`KmH�
φ- H�M;m�;2 Q7 φ Bb /2}M2/ #v L(φ) = {w ∈ Σω | w |= φ}X

:Bp2M �M GhG 7Q`KmH� φ �M/ � E`BTF2 bi`m+im`2 K Qp2` AP - r2 b�v K
b�iBb}2b φ Ur`Bii2M K |= φV B7 �M/ QMHv B7 L(K) ⊆ L(φ)- i?�i Bb 7Q` �HH `mMb ρ
Q7 K- L(ρ) |= φX

jXj avK#QHB+ JQ/2H *?2+FBM;
avK#QHB+ KQ/2H +?2+FBM; ?�b #22M +QMbB/2`2/ � KQ`2 2{+B2Mi �TT`Q�+?

BM KQ/2H +?2+FBM;- �b Bi +QMbB/2`BM; H�`;2 MmK#2`b Q7 bi�i2b �i � bBM;H2 bi2TX
AM i?Bb b2+iBQM- irQ �TT`Q�+?2b BM bvK#QHB+ KQ/2H +?2+FBM; r2 Dmbi K2M@
iBQM2/ BM �7Q`2K2MiBQM2/ b2+iBQMb rBHH #2 /Bb+mbb2/- i?2 }`bi QM2 Bb }tTQBMi
+�H+mHmb- �M/ M2ti Bb #QmM/2/ KQ/2H +?2+FBM;X h?2b2 irQ �TT`Q�+?2b rBHH
#2 BKTH2K2Mi2/ rBi? lHiBK�i2 BM Qm` `2b2�`+?X

jXjXR 6BtTQBMi *�H+mHmb
_2+�HH i?�i � +QKTH2i2 H�iiB+2 Bb � T�`iB�HHv Q`/2`2/ b2i BM r?B+? 2p2`v

bm#b2i Q7 2H2K2Mib ?�b � H2�bi mTT2` #QmM/UbmT`2KmKV �M/ � ;`2�i2bi
HQr2` #QmM/ UBM}KmKVX
.2}MBiBQM e U+QKTH2i2 H�iiB+2VX 6Q` � ;Bp2M b2i S- 〈P (S), ⊆〉 7Q`Kb � +QK@
TH2i2 H�iiB+2X G2i S ′ ⊆ P (S)- i?2M

Ç i?2 bmT`2KmK Q7 S ′- mbm�HHv /2MQi2/ sup(S ′)- 2[m�Hb ∪S ′ �M/
Ç i?2 BM}KmK Q7 S ′- /2MQi2/ inf(S ′)- 2[m�Hb ∩S ′X

h?2 H2�bi 2H2K2Mi BM P (S) Bb i?2 2KTiv b2i φ- r?B+? r2 `272` iQ �b 6�Hb2X
h?2 ;`2�i2bi 2H2K2Mi BM P (S) Bb i?2 b2i S- r?B+? r2 `272` iQ �b h`m2X

lb2 i?2 /2}MBiBQM Q7 i?2 +QKTH2i2 H�iiB+2- "`QMBbH�r EM�bi2` �M/ �H7`2/
h�`bFB bi�i2/ i?2 EM�bi2`@h�`bFB i?2Q`2K (N),
.2}MBiBQM d UEM�bi2`@h�`bFB 6BtTQBMi h?2Q`2KVX G2i L #2 � +QKTH2i2 H�iiB+2
�M/ F : L → L �M Q`/2`@T`2b2`pBM; K�TX h?2M-

µ(F ) =
∧

{x ∈ L | F (x) ≤ x.}

.m�HHv- ν(F ) = ∨{x ∈ L | x ≤ F (x)}

RR
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EM�bi2`@h�`bFB i?2Q`2K ?�b BKTQ`i�Mi �TTHB+�iBQMb BM 7Q`K�H b2K�MiB+b
Q7 T`Q;`�KKBM; H�M;m�;2b �M/ �#bi`�+i BMi2`T`2i�iBQM- #`BM;BM; Qmi i?2 +QM@
+2Tib Q7 H2�bi }tTQBMi �M/ ;`2�i2bi }tTQBMiX hQ BMi`Q/m+2 i?2 T`Q+2/m`2b Q7
+�H+mH�BM; H2�bi }tTQBMi �M/ ;`2�i2bi }tTQBMi- r2 }`bi M22/ iQ BMi`Q/m+2 i?2
+QM+2Ti Q7 i?2 T`2/B+�i2 i`�Mb7Q`K2` (R9),

.2}MBiBQM 3 UT`2/B+�i2 i`�Mb7Q`K2`VX � T`2/B+�i2 i`�Mb7Q`K2` QM P (S)
Bb � 7mM+iBQM τ : P (S) → P (S)X τ i(Z) Bb mb2/ iQ /2MQi2 i �TTHB+�iBQMb Q7 τ
iQ Z,

Ç τ 0(Z) = Z

Ç τ i+1(Z) = τ(τ i(Z))

L2ti- r2 rBHH /Bb+mbb KQMQiQMB+ �M/ +QMiBMmQmb Q7 i?2 T`2/B+�i2 i`�Mb@
7Q`K2`X G2i τ #2 � T`2/B+�i2 i`�Mb7Q`K2`X

Ç τ Bb KQMQiQMB+ UQ`/2`@T`2b2`pBM;V T`QpB/2/ i?�i

P ⊆ Q =⇒ τ(P ) ⊆ τ(Q).

Ç τ Bb ∪@+QMiBMmQmb T`QpB/2/ i?�i

P1 ⊆ P2 ⊆ ... =⇒ τ(∪iPi) = ∪iτ(Pi).

Ç τ Bb ∩@+QMiBMmQmb T`QpB/2/ i?�i

P1 ⊇ P2 ⊇ ... =⇒ τ(∩iPi) = ∩iτ(Pi).

AM i?2 M2ti T�`i- r2 rBHH /Bb+mbb T`Q+2/m`2b r?B+? +�H+mH�i2 i?2 H2�bi
}tTQBMi �M/ i?2 ;`2�i2bi }tTQBMi (R),

Rk
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�H;Q`Bi?K R, G2�bi 6BtTQBMi S`Q+2/m`2
R T`Q; G7TUτ , S`2/B+�i2 h`�Mb7Q`K2`V , S`2/B+�i2
k Q ,4 6�Hb2c
j Q′ ,4 τ(Q)c
9 r?BH2 (Q ,= Q′) /Q
8 Q ,4 Q′c
e Q′ ,4 τ(Q)c
d 2M/
3 `2im`M (Q)
N 2M/
�H;Q`Bi?K k, :`2�i2bi 6BtTQBMi S`Q+2/m`2
R T`Q; :7TUτ , S`2/B+�i2 h`�Mb7Q`K2`V , S`2/B+�i2
k Q ,4 h`m2c
j Q′ ,4 τ(Q)c
9 r?BH2 (Q ,= Q′) /Q
8 Q ,4 Q′c
e Q′ ,4 τ(Q)c
d 2M/
3 `2im`M (Q)
N 2M/

jXjXk h?2Q`2K Q7 i?2 JQ/2H *?2+F2` lbBM; 6BtTQBMib
AM bvK#QHB+ KQ/2H +?2+FBM;- #BM�`v /2+BbBQM i`22 U"..V ?�b #22M 7`2@

[m2MiHv mb2/ �b � bvK#QHB+ `2T`2b2Mi�iBQM Q7 i?2 bvbi2KX (k) � ".. `2T`2@
b2Mib � "QQH2�M 7mM+iBQM �b � `QQi2/- /B`2+i2/ �+v+HB+ ;`�T? U7mM+iBQM ;`�T?V,
.2}MBiBQM N U"BM�`v .2+BbBQM .B�;`�K U"..VVX q2 mb2 r(G) iQ /2MQi2 i?2
`QQi Q7 � 7mM+iBQM ;`�T? GX h?2 p2`i2t b2i V Q7 � 7mM+iBQM ;`�T? G +QMi�BMb
irQ ivT2b Q7 p2`iB+2b,

Ç � MQMi2`KBM�H p2`i2t v ?�b
�M �`;mK2Mi BM/2t , index(v) ∈ {1, ..., n} �M/
irQ +?BH/`2M , low(v), high(v) ∈ V X

Ç � i2`KBM�H p2`i2t v ?�b � p�Hm2 value(v) ∈ {0, 1}X
h`�MbBiBQM bvbi2Kb +�M #2 2M+Q/2/ BM "QQH2�M 7mM+iBQMb �M/ i?mb `2T`2@

b2Mi�#H2 BM "..bX "�b2/ QM i?Bb `2�bQM- bvK#QHB+ KQ/2H +?2+FBM; #2+QK2b
TQbbB#H2 rBi? "..bX

Rj
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L2ti- r2 r�Mi iQ +?2+F i?2 2KTiBM2bb Q7 AM × A¬p r?2`2 AM =
〈QM, IM, Σ, δM, QM〉 Bb i?2 b�72iv "Ƀ+?B �miQK�iQM 7Q` M �M/ A¬p =
〈Q¬p, I¬p, Σ, δ¬p, α¬p〉 Bb i?2 "Ƀ+?B �miQK�iQM 7Q` ¬p- r2 K�v mb2 i?2 7QH@
HQrBM; }tTQBMi,

.2}MBiBQM Ry U6BtTQBMi 6Q`KmH�VX h?2 }tTQBMi r2 mb2/ BM Qm` KQ/2H +?2+F2`,

Rα ≡ α ∩ µx · (Post(x) ∪ I)

Fp ≡ νy · µx · (Post(x) ∪ (Post(y) ∩ Rα))
r?2`2 I = IM × I¬p-
α = QM × α¬p-
Post(S) = {〈r′, q′〉 | ∃〈r, q〉 ∈ S : r′ ∈ δM(r) ∧ q′ ∈ δ¬p(q) r?2`2 r, r′ ∈ QM
�M/ q, q′ ∈ Q¬p}
Rα Bb i?2 b2i Q7 `2�+?�#H2 �++2TiBM; bi�i2bX

AM i?Bb /2}MBiBQM- Rα Bb i?2 b2i Q7 `2�+?�#H2 �++2TiBM; bi�i2b- �M/ Fp Bb
i?2 b2i Q7 `2�+?�#H2 �++2TiBM; bi�i2b r?B+? �`2 i`�p2`b2/ BM}MBi2Hv Q7i2MX AM
Qi?2` rQ`/b- i?2 ;Q�H Q7 i?Bb }tTQBMi 7Q`KmH� Bb iQ +?2+F r?2i?2` i?2`2 �`2
�Mv `2�+?�#H2 �++2TiBM; bi�i2b r?B+? �`2 i`�p2`bBM; BM}MBi2Hv Q7i2MX 6BM�HHv-
r2 ?�p2 i?2 7QHHQrBM; i?2Q`2K,

h?2Q`2K RX Fp = ∅ Bz L(AM × A¬p) = ∅X

"v i?Bb i?2Q`2K- r2 bm++2bb7mHHv }MBb? +�H+mH�iBM; i?2 }tTQBMiX
h?2 H�bi i?BM; r2 +QM+2`M �#Qmi Bb i?2 7�B`M2bb Bbbm2X AM Qm` KQ/2H

+?2+F2`- r2 mb2 7�B`M2bb +QMbi`�BMib iQ 2Mbm`2 i?2 7�B`M2bbX 6�B`M2bb +QM@
bi`�BMib �`2 BKTQb2/ iQ i?2 bvbi2K UQ` i?2 bT2+B}+�iBQMV bQ i?�i T`Q+2bb2b BM
i?Bb bvbi2K +�M #2 2t2+mi2/ 7�B`HvX (R3) HBbib i?`22 ivTB+�H 7�B`M2bb +QMbi`�BMib
7Q`KmH�i2/ BM GhG,

.2}MBiBQM RR U�#bQHmi2 6�B`M2bb- AKT�`iB�HBivVX 1p2`v T`Q+2bb b?QmH/ #2
2t2+mi2/ BM}MBi2Hv Q7i2M,

∀i : GFexi

>Qr2p2`- �#bQHmi2 6�B`M2bb B;MQ`2b i?�i bQK2 T`Q+2bb2b KB;?i MQi #2
`2�/v iQ 2t2+mi2X ai`QM; 6�B`M2bb �M/ q2�F 6�B`M2bb +QMbB/2` i?�i,

.2}MBiBQM Rk Uai`QM; 6�B`M2bbVX 1p2`v T`Q+2bb i?�i Bb BM}MBi2Hv Q7i2M 2M@
�#H2/ b?QmH/ #2 2t2+mi2/ BM}MBi2Hv Q7i2M BM � bi�i2 r?2`2 Bi Bb 2M�#H2/,

∀i : (GFeni) ⇒ (GF (eni ∧ exi))

R9
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.2}MBiBQM Rj Uq2�F 6�B`M2bbVX 1p2`v T`Q+2bb i?�i Bb �HKQbi �Hr�vb 2M�#H2/
b?QmH/ #2 2t2+mi2/ BM}MBi2Hv Q7i2M,

∀i : (FGeni) ⇒ (GFexi)

AM Qm` KQ/2H +?2+F2`- r2 mb2 q2�F 6�B`M2bbX

jXjXj "QmM/2/ JQ/2H *?2+FBM;
AM i?2 H�bi T�`i- r2 ?�p2 BMi`Q/m+2/ i?2 r�v r2 miBHBx2 ".. BM i?2

}tTQBMi KQ/2H +?2+F2`X >Qr2p2`- i?2`2 �`2 /`�r#�+Fb Q7 "..b,

Ç 6Q` H�`;2 bvbi2Kb UrBi? Qp2` � 72r ?mM/`2/ #QQH2�M p�`B�#H2bV- i?2v +�M
#2 T`Q?B#BiBp2Hv H�`;2X

Ç a2H2+iBM; i?2 `B;?i p�`B�#H2 Q`/2`BM; Bb Q7i2M iBK2@+QMbmKBM; Q` M22/
K�Mm�H BMi2`p2MiBQMX

hQ /2�H rBi? i?2b2 /`�r#�+Fb- #�bB+ B/2�b Q7 #QmM/2/ KQ/2H +?2+FBM;
U"J*V r�b T`QTQb2/X "QmM/2/ KQ/2H +?2+FBM; +QMbB/2`b QMHv � }MBi2
T`2}t Q7 � T�i? i?�i K�v #2 � rBiM2bb Q7 1f X h?2 H2M;i? Q7 i?2 T`2}t Bb
`2bi`B+i2/ iQ � +2`i�BM #QmM/ k- �M/ i?2 T`QTQbBiBQM�H 7Q`KmH� +�M #2 bQHp2/
#v � a�h bQHp2`X A7 i?2`2 Bb MQ rBiM2bb rBi?BM #QmM/ k- r2 BM+`2�b2 i?2
#QmM/ �M/ HQQF 7Q` HQM;2` �M/ HQM;2` TQbbB#H2 rBiM2bb2bX

.2}MBiBQM R9 UGhG a2K�MiB+ 7Q` "QmM/2/ JQ/2H *?2+FBM;VX G2i M #2 �
E`BTH2 bi`m+im`2- π #2 � T�i? BM M - �M/ f #2 �M GhG 7Q`KmH� UBM M2;�iBQM
MQ`K�H 7Q`KVX π |= f Uf Bb p�HB/ �HQM; πV Bb /2}M2/ �b 7QHHQrb,

Ç π |= p Bz P ∈ L(π(0))

Ç π |= ¬p Bz P /∈ L(π(0))

Ç π |= f ∧ g Bz π |= f �M/ π |= g

Ç π |= f ∨ g Bz π |= f Q` π |= g

Ç π |= !f Bz ∀j ∈ [0, ∞).πj |= f

Ç π |= !f Bz ∃j ∈ [0, ∞).πj |= f

Ç π |= ©f Bz π1 |= f

Ç π |= f l g Bz ∃j ∈ [0, ∞).(πj |= g �M/ ∀k ∈ [0, j).πk |= f)

Ç π |= f _ g Bz ∀j ∈ [0, ∞).(πj |= g Q` ∃k ∈ [0, j).πk |= f)

R8
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.2}MBiBQM R8 U"QmM/2/ a2K�MiB+b 7Q` � GQQTVX G2i k ∈ N �M/ π #2 �
F@HQQTX h?2M �M GhG 7Q`KmH� f Bb p�HB/ �HQM; i?2 T�i? π rBi? #QmM/ k UBM
bvK#QHb π |=k fV Bz π |= f

.2}MBiBQM Re U"QmM/2/ a2K�MiB+b rBi?Qmi � GQQTVX G2i k ∈ N �M/ π #2 �
T�i? i?�i Bb MQi � F@HQQTX π |=k f Bz (π, 0) |=k f r?2`2

Ç (π, i) |=k p Bz P ∈ L(π(i))

Ç (π, i) |=k ¬p Bz P /∈ L(π(i))

Ç (π, i) |=k f ∧ g Bz (π, i) |=k f �M/ (π, i) |=k g

Ç (π, i) |=k f ∨ g Bz (π, i) |=k f Q` (π, i) |=k g

Ç (π, i) |=k !f Bz 7�Hb2

Ç (π, i) |=k !f Bz ∃j ∈ [i, k].(π, j) |=k f

Ç (π, i) |=k ©f Bz i < k �M/ (π, i + 1) |=k f

Ç (π, i) |=k f l g Bz ∃j ∈ [i, k].((π, j) |=k g �M/ ∀n ∈ [i, j).(π, n) |=k f)

Ç (π, i) |=k f _ g Bz ∀j ∈ [i, k].((π, j) |=k f Q` ∃n ∈ [i, j].(π, n) |=k g)

Re
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*?�Ti2` 9

.2bB;M �M/ AKTH2K2Mi�iBQM

h?2 ;Q�H Q7 i?Bb i?2bBb Bb #mBH/BM; �M lHiBK�i2@#�b2/ bvK#QHB+ }tTQBMi
KQ/2H +?2+F2`- r?B+? +�M /2�H rBi? KmHiBi?`2�/ * T`Q;`�KbX Pm` }tTQBMi
KQ/2H +?2+F2` Bb +�HH2/ a+�Mim@6BtTQBMi@JQ/2H@*?2+F2` �M/ Qm` HB#`�`v
Bb +�HH2/ GB#`�`v@6BtTQBMiJQ/2H*?2+F2`X a+�Mim@6BtTQBMi@JQ/2H@
*?2+F2` Bb � bvK#QHB+ KQ/2H +?2+F2` mbBM; ".. �M/ _*6: T`QpB/2/ #v
lHiBK�i2X a+�Mim@6BtTQBMi@JQ/2H@*?2+F2` +�M +?2+F � KmHiBi?`2�/2/ *
T`Q;`�K �;�BMbi �M GhG 7Q`KmH� i?�i /2b+`B#2b � /2bB`2/ #2?�pBQ`X

AM i?Bb b2+iBQM- r2 rBHH }`bi BMi`Q/m+2 bQK2 i2+?MB[m2 bmTTQ`ib T`QpB/2/
#v lHiBK�i2X a2+QM/- i?2 #�bB+ mb�;2 Q7 C�p�".. rBHH #2 T`2b2Mi2/X
G�bi #mi MQi H2�bi- r2 rBHH BMi`Q/m+2 i?2 r�v r2 /2bB;M a+�Mim@6BtTQBMi@
JQ/2H@*?2+F2`- BM+Hm/BM; i?2 mb�;2 Q7 bmTTQ`ib T`QpB/2/ #v lHiBK�i2 �M/
C�p�".. �M/ ?Qr iQ +?2+F bT2+B}+�iBQMb rBi? }tTQBMib +�H+mH�i2/ #v
a+�Mim@6BtTQBMi@JQ/2H@*?2+F2`X P7 +Qm`b2- i?2 r�v r2 BKTH2K2Mi i?2
}tTQBMi 7Q`KmH� BMi`Q/m+2/ BM i?2 T`2pBQmb b2+iBQM rBHH #2 BHHmbi`�i2/ BM i?Bb
b2+iBQMX "2+�mb2 Q7 i?2b2 r2HH@/2bB;M2/ bmTTQ`ib- r2 bm++2b7mHHv BKTH2K2Mi2/
Qm` }tTQBMi KQ/2H +?2+F2`X

9XR aQ7ir�`2 �`+?Bi2+im`2
_*6: T`QpB/2/ #v lHiBK�i2 �M/ C�p�".. T�+F�;2 TH�v #B; `QH2b

BM i?2 T`Q+2bb2b r2 /2bB;M2/ a+�Mim@6BtTQBMi@JQ/2H@*?2+F2`X "2+�mb2
lHiBK�i2 /Q2b MQi T`QpB/2 �Mv bvK#QHB+ iQQHb- r2 M22/ iQ �/QTi C�p�"..
iQ +`2�i2 bvK#QHB+ 2MpB`QMK2MiX

AM i?Bb 7QHHQrBM; b2+iBQM- r2 rBHH ;Bp2 _*6: �M/ C�p�".. /2i�BH2/
BMi`Q/m+iBQM,

9XRXR _2+m`bBp2 *QMi`QH 6HQr :`�T? U_*6:V
� `2+m`bBp2 +QMi`QH ~Qr ;`�T? Bb � /B`2+i2/ ;`�T? r?B+? Bb +QKTQb2/

Q7 irQ 2H2K2Mib- i?2 }`bi QM2 �`2 MQ/2b- r?B+? �`2 +�HH2/ HQ+�iBQMb BM i?2
;`�T?- �M/ i?2 b2+QM/ �`2 2/;2b- r?B+? �`2 +�HH2/ i`�MbBiBQM H�#2H2/ rBi?

Rd
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bi�i2K2MibX LQ K�ii2` BM 2tTHB+Bi Q` bvK#QHB+ KQ/2H +?2+FBM;- i?2 _*6:
?2HTb mb +H2�`Hv �M�HBxBM; i?2 +QM+m``2Mi * +Q/2X h?2 /2}MBiBQM Q7 `2+m`bBp2
+QMi`QH ~Qr ;`�T? Bb �b 7QHHQrb,

.2}MBiBQM Rd U_2+m`bBp2 *QMi`QH 6HQr :`�T? U_*6:VVX � `2+m`bBp2 +QMi`QH
~Qr ;`�T? U_*6:V Bb � imTH2 R = (Loc, Locinit, Locerror, E, st) r?2`2

Ç Loc Bb � b2i Q7 T`Q;`�K HQ+�iBQMb-

Ç Locinit ⊆ Loc Bb � b2i Q7 BMBiB�H T`Q;`�K HQ+�iBQMb-

Ç Locerror ⊆ Loc Bb � b2i Q7 T`Q;`�K HQ+�iBQMb i?�i pBQH�i2 � bT2+B}+�iBQM-

Ç E ⊆ P (Loc) × Loc Bb � i`�MbBiBQM `2H�iBQM �M/

Ç st : E → Stmt Bb � H�#2HBM; 7mM+iBQM i?�i H�#2Hb 2�+? i`�MbBiBQM rBi? �
bi�i2K2Mi s- r?2`2 s Bb 2Bi?2` �M �bbB;MK2Mi- �M �bbmK2- � ?�pQ+- �
+�HH- Q` � `2im`MX

�M 2H2K2Mi e Q7 E Bb �M Q`/2`2/ T�B` (S, t)- r?2`2 S Bb i?2 MQM@2KTiv b2i Q7
bQm`+2 HQ+�iBQMb Q7 e �M/ t Bb i?2 i�`;2i HQ+�iBQMX h?2 bBx2 Q7 S Bb `2bi`B+i2/
iQ irQ HQ+�iBQMb- BX2X- |S| ≤ 2X

6B;m`2 9XR, �M 2t�KTH2 _*6: Q7 QM2 +QM+m``2Mi +Q/2 r?B+? ?�b irQ i?`2�/bX

6B;m`2 9XR b?Qrb �M _*6: Q7 QM2 +QM+m``2Mi +Q/2 r?B+? ?�b irQ i?`2�/bX
i?2 H27i@bB/2 +?�BM �M/ i?2 `B;?i@bB/2 +?�BM `2T`2b2Mi 2�+? i?`2�/ BM i?2 i�`;2i
+Q/2- �M/ i?2 KB//H2 +?�BM `2T`2b2Mi Qi?2` +QMi`QH ~Qrb r?B+? �`2 MQi BM
#Qi? i?`2�/bX

R3
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q?2M +`2�iBM; ".. i`�MbBiBQMb 7Q` i?2 _*6:- r2 M22/ iQ Q#b2`p2 �HH
+?�M;2b BM p�Hm2 Q7 �HH p�`B�#H2b Q7 i?2 _*6:X �b K2MiBQM2/ �#Qp2- i`�MbB@
iBQMb Q7 i?2 _*6: �`2 H�#2H2/ rBi? bi�i2K2Mib- �M/ i?Qb2 �`2 r?�i r2 M22/X
�b � `2bmHi- /2�HBM; rBi? i?2 2ti`�+iBQM Q7 �bbB;MK2Mi bi�i2K2Mib �M/ i?2
BMi2;`�iBQM Q7 +?�M;2b BM p�Hm2 Q7 �HH p�`B�#H2b �`2 BKTQ`i�Mi i�bFbX

9XRXk .Bz2`2Mi EBM/b Q7 h`�MbBiBQMb BM _*6:
h?2`2 �`2 /Bz2`2Mi FBM/b Q7 i`�MbBiBQMb BM i?2 _*6: T`QpB/2/ #v lHiBK�i2-

�M/ 2�+? FBM/ Q7 i`�MbBiBQM ?�M/H2b /Bz2`2Mi bi�i2K2MibX AM i?Bb b2+iBQM- r2
rBHH BMi`Q/m+2 �HH bi�i2K2Mib r2 ?�p2 /2�Hi rBi? BM Qm` KQ/2H +?2+F2` �M/
/Bz2`2Mi 2tT`2bbBQMb BM i?2b2 bi�i2K2MibX

6B`bi Q7 �HH- �HH 2tT`2bbBQMb r2 ?�p2 rQ`F2/ QM �`2 HBbi2/ #2HQr- �M/ r2
rBHH T`2b2Mi ?Qr r2 mb2 i?2b2 2tT`2bbBQMb BM lHiBK�i2,

Ç AMi2;2` GBi2`�H
�M AMi2;2` GBi2`�H Bb � 7Q`K Q7 �M BMi2;2` 2H2K2Mi- 7Q` 2t�KTH2,

AMi2;2`GBi2`�H(y)

K2�Mb �M BMi2;2` yX AM lHiBK�i2- i?2 7mM+iBQM getV alue() Bb /2bB;M2/
iQ ;2i i?2 p�Hm2 Q7 i?Bb 2tT`2bbBQM- r?B+? ivT2 Bb ai`BM;X

Ç A/2MiB}2` 1tT`2bbBQM
�M A/2MiB}2` 1tT`2bbBQM Bb � 7Q`K Q7 T`BK�`v 2tT`2bbBQM- 7Q` 2t�KTH2,

A/2MiB}2`1tT`2bbBQM(t)

K2�Mb �M B/2MiB}2` xX AM lHiBK�i2- i?2 7mM+iBQM getIdentifier() Bb
/2bB;M2/ iQ ;2i i?2 B/2MiB}2` Q7 i?Bb 2tT`2bbBQM- r?B+? ivT2 Bb ai`BM;X

Ç lM�`v 1tT`2bbBQM
� lM�`v 1tT`2bbBQM +QMi�BMb QM2 mM�`v QT2`�iQ` �M/ QM2 2tT`2bbBQM-
7Q` 2t�KTH2,

lM�`v1tT`2bbBQM(GP:A*L1:- A/2MiB}2`1tT`2bbBQM(t))

K2�Mb !xX AM lHiBK�i2- i?2 7mM+iBQM getOperator() Bb /2bB;M2/ iQ
;2i i?2 QT2`�iQ` BM lM�`v 1tT`2bbBQM- �M/ i?2 7mM+iBQM getExpr() Bb
/2bB;M2/ iQ ;2i i?2 2tT`2bbBQM BM lM�`v 1tT`2bbBQMX "�bB+�HHv- i?Bb FBM/
Q7 1tT`2bbBQM Bb mb2/ iQ /2�H rBi? +�b2 r?B+? QT2`�iQ` Bb GP:A*L1:X

RN
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Ç "BM�`v 1tT`2bbBQM
� "BM�`v 1tT`2bbBQM +QMi�BMb QM2 #BM�`v QT2`�iQ` �M/ irQ 2tT`2b@
bBQM- 7Q` 2t�KTH2,

"BM�`v1tT`2bbBQM(�_Ah>SGla- 2tT`R- 2tT`k)
r?2`2
2tT`R = A/2MiB72`1tT`2bbBQM(t), 2tT`k = A/2MiB72`1tT`2bbBQM(v)
K2�Mb x + yX AM lHiBK�i2- i?2 7mM+iBQM getOperator() Bb /2bB;M2/ iQ
;2i i?2 QT2`�iQ` BM "BM�`v 1tT`2bbBQM- �M/ i?2 7mM+iBQM getLeft() �M/
getRight �`2 /2bB;M2/ iQ ;2i i?2 }`bi �M/ b2+QM/ 2tT`2bbBQM BM "BM�`v
1tT`2bbBQMX �HH FBM/b Q7 PT2`�iQ` �`2 HBbi2/ #2HQr,

Ĝ GP:A*A66 K2�Mb ⇔
Ĝ GP:A*AJSGA1a K2�Mb →
Ĝ GP:A*�L. K2�Mb HQ;B+�H �L.
Ĝ GP:A*P_ K2�Mb HQ;B+�H P_
Ĝ *PJSGh K2�Mb I
Ĝ *PJS:h K2�Mb =
Ĝ *PJSG1Z K2�Mb ≤
Ĝ *PJS:1Z K2�Mb ≥
Ĝ *PJSL1Z K2�Mb ,=
Ĝ �_Ah>SGla K2�Mb Y
Ĝ �_Ah>JALla K2�Mb @
Ĝ �_Ah>JlG K2�Mb ×
Ĝ �_Ah>.A* K2�Mb ÷
Ĝ �_Ah>JP. K2�Mb %

Ç "QQH2�M GBi2`�H
� "QQH2�M GBi2`�H Bb � 7Q`K Q7 #QQH2�M p�Hm2 h_l1 Q` 6�Ga1- 7Q`
2t�KTH2,

"QQH2�MGBi2`�H(h_l1)
K2�Mb � #QQH2�M p�Hm2 h_l1X AM lHiBK�i2- i?2 7mM+iBQM getV alue()
Bb /2bB;M2/ iQ ;2i i?2 #QQH2�M p�Hm2 BM "QQH2�M GBi2`�HX

AM i?2 M2ti b2+iBQM- /Bz2`2Mi FBM/b Q7 bi�i2K2Mib �`2 �b 7QHHQrbX h?2b2
FBM/b Q7 bi�i2K2Mib �`2 �HH +QKTQb2/ Q7 2tT`2bbBQM r2 ?�p2 BMi`Q/m+2/X "v
i?2 r�v- r2 rBHH BHHmbi`�i2 i?2 r�v Qm` }tTQBMi KQ/2H +?2+2F` /2�H rBi? i?2b2
bi�i2K2MibX

ky



doi:10.6342/NTU202300384

Ç �bbB;MK2Mi ai�i2K2Mi
�M �bbB;MK2Mi ai�i2K2Mi /2�Hb rBi? �bbB;MK2Mib Q7 p�`B�#H2b- �M/
?�b irQ BKTQ`i�Mi T�`�K2i2`b, h?2 ivT2 Q7 i?2 }`bi QM2 Bb �M �``�v Q7
A/2MiB}2` �M/ i?2 ivT2 Q7 rhs Bb �M �``�v Q7 1tT`2bbBQMX 6Q` 2t�KTH2b,

�bbB;MK2Miai�i2K2Mi(H?b- `?b)
r?2`2

H?b 4 o�`B�#H2G>a(t- :GP"�G)- `?b 4 AMi2;2`GBi2`�H(y)
K2�Mb x = 0X AM lHiBK�i2- KmHiBTH2 p�`B�#H2b K�v #2 �bbB;M2/ bB@
KmHi�M2QmbHvX h?Bb Bb i?2 `2�bQM i?�i i?2 ivT2 Q7 lhs �M/ rhs �`2 �HH
�``�vbX h?2 7mM+iBQM getLhs() Bb /2bB;M2/ iQ ;2i i?2 }`bi �``�v- �M/ i?2
7mM+iBQM getRhs() Bb /2bB;M2/ iQ ;2i i?2 b2+QM/ QM2 BM lHiBK�i2X

Ç �bbmK2 ai�i2K2Mi
�M �bbmK2 ai�i2K2Mi �bbmK2b i?�i � #QQH2�M 7Q`KmH� ?QH/bX h?2
i�`;2i T`Q;`�K rBHH i2`KBM�i2 B7 i?2 7Q`KmH� /Q2b MQi ?QH/X h?Bb FBM/ Q7
bi�i2K2Mi ?�b QM2 T�`�K2i2` r?B+? ivT2 Bb 1tT`2bbBQMX 6Q` 2t�KTH2b,

�bbmK2ai�i2K2Mi("QQH2�MGBi2`�H(i`m2))
K2�Mb �bbmK2 i`m2X AM lHiBK�i2- h?2 7mM+iBQM getFormula() Bb
/2bB;M2/ iQ ;2i i?2 1tT`2bbBQM BM i?2 bi�i2K2MiX

Ç *�HH ai�i2K2Mi
� *�HH ai�i2K2Mi `2T`2b2Mib � T`Q+2/m`2 +�HHX h?Bb FBM/ Q7 bi�i2K2Mi
Bb �Hr�vb +QK#BM2/ rBi? �M �bbB;MK2Mi �M/ ?�b i?`22 2H2K2Mib M22/ iQ
#2 /2�Hi rBi?X h?2 H27i ?�M/ bB/2- i?2 K2i?Q/ M�K2 �M/ �`;mK2MibX h?2
H27i ?�M/ bB/2 Kmbi #2 p�`B�#H2b- r?B+? ivT2 Bb �M �``�v Q7 A/2MiB}2`b-
�M/ i?2 K2i?Q/ M�K2 `2T`2b2Mib i?2 M�K2 Q7 i?2 T`Q+2/m`2- r?B+? ivT2
Bb ai`BM;X G�bi Q7 �HH- i?2 ivT2 Q7 �`;mK2Mib Bb �M �``�v Q7 1tT`2bbBQMbX
L2ti- r2 HBbi �HH Q7 i?2 K2i?Q/ M�K2b r2 K2i,

Ĝ OlHiBK�i2X�HHQ+PMai�+F
q?2M i?2 K2i?Q/ M�K2 Bb OlHiBK�i2X�HHQ+PMai�+F- i?2 bvbi2K
�HHQ+�i2b K2KQ`v iQ i?2 H27i@?�M/@bB/2 p�`B�#H2bX

Ĝ r`Bi2�BMBi�BMi
q?2M i?2 K2i?Q/ M�K2 Bb r`Bi2�BMBi�BMi- i?2 bvbi2K BMBiB�HBx2b
p�Hm2b iQ i?2 p�`B�#H2b r?B+? ?�p2 #22M �HHQ+�i2/ K2KQ`vX

Ĝ r`Bi2�BMi
q?2M i?2 K2i?Q/ M�K2 Bb r`Bi2�BMi- i?2 bvbi2K +?�M;2 p�Hm2b
biQ`2/ BM i?2 H27i@?�M/@bB/2 p�`B�#H2bX

kR
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Ĝ `2�/�BMi
q?2M i?2 K2i?Q/ M�K2 Bb `2�/�BMi- i?2 bvbi2K ;2i p�Hm2b biQ`2/
BM i?2 H27i@?�M/@bB/2 p�`B�#H2bX

Ĝ lGhAJ�h1X/2�HHQ+
q?2M i?2 K2i?Q/ M�K2 Bb lGhAJ�h1X/2�HHQ+- i?2 bvbi2K /2�H@
HQ+�i2b K2KQ`v Qmi Q7 i?2 H27i@?�M/@bB/2 p�`B�#H2bX

h?Bb FBM/ Q7 bi�i2K2Mib �`2 �Hr�vb mb2/ iQ ?�M/H2 �``�vb Q` GBbi BM *
+Q/2X

Ç >�pQ+ ai�i2K2Mi
� >�pQ+ ai�i2K2Mi /2bi`Qv i?2 +QMi2Mib Q7 p�`B�#H2b #v Qp2`@r`BiiBM;
i?2K rBi? MQM@/2i2`KBMBbiB+�HHv +?Qb2M p�Hm2bX AM bvK#QHB+ KQ/2H +?2+F@
BM;- i?Bb FBM/ Q7 bi�i2K2Mi /Q2b MQi +?�M;2 p�Hm2b Q7 �Mv p�`B�#H2b- bQ
BM Qm` KQ/2H +?2+F2`- r?2M K22iBM; >�pQ+ ai�i2K2Mi- r2 Dmbi +?�M;2
i?2 T`Q;`�K +QmMi2` �M/ /Q MQi?BM;X

Ç 6Q`F ai�i2K2Mi
� 6Q`F ai�i2K2Mi Bb �M �bvM+?`QM2 T`Q+2/m`2 +�HHX h?Bb FBM/ Q7 bi�i2@
K2Mi Bb mb2/ iQ ?�M/H2 i?`2�/@+`2�iBM; �+iBQMb BM * +Q/2X AM Qm` KQ/2H
+?2+F2`- r2 M22/ iQ +?2+F ?Qr K�Mv iBK2b QM2 i?`2�/ Bb +`2�i2/X h?�MFb
iQ 6Q`F ai�i2K2Mi- r2 +�M bm++2bb7mHHv `2+Q`/ i?2 2t�+i MmK#2`X 6Q`
2t�KTH2b,

6Q`Fai�i2K2Mi((H27i- i?`R- `B;?i))
r?2`2 i?`R Bb i?2 T`Q+2/m`2 M�K2X h?2 2t�KTH2 6Q`F ai�i2K2Mi K2�Mb
i?�i i?2 T`Q+2/m`2 i?`R Bb +`2�i2/ QM+2X

9XRXj C�p� "BM�`v .2+BbBQM .B�;`�K UC�p�"..V
"2+�mb2 lHiBK�i2 Bb #mBHi QM C�p�- r2 +?QQb2 C�p�"..- /2bB;M2/ #v

CQ?M q?�H2v- �b ".. bmTTQ`i2` BM Qm` KQ/2H +?2+F2`X C�p�".. Bb �
C�p� HB#`�`v r?B+? T`QpB/2b iQQHb 7Q` K�MBTmH�iBM; "..bX h?�MFb iQ Bib
+QMp2MB2M+2 �M/ bvbi2K�iB+ �SAb- r2 +�M bm++2b7mHHv BKTH2K2Mi Qm` }tTQBMi
KQ/2H +?2+F2`X

h?2 C�p�".. �SAb Bb #�b2/ QM "m..v T�+F�;2- r?B+? Bb � 7�KQmb
T�+F�;2 r`Bii2M BM * H�M;m�;2 �M/ ?�p2 #22M mb2/ � HQi BM KQ/2H +?2+F@
BM; T`QD2+iX .Bz2`2Mi 7`QK "m..u T�+F�;2- C�p�".. Bb /2bB;M2/ iQ #2
Q#D2+i@Q`B2Mi2/- bQ r2 /Q MQi ?�p2 iQ bi`m;;H2 rBi? i?2 * 7mM+iBQM BMi2`7�+2
r?B+? Bb ?�`/2` iQ #2 7�KBHB�` rBi?X

kk
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"2bB/2b "m..v BMi2`7�+2- C�p�".. +�M �HbQ BMi2`7�+2 rBi? C.. HB@
#`�`v- Q` rBi? Qi?2` ".. HB#`�`B2b r`Bii2M BM *- bm+? �b *l.. �M/ *�GX
AM Qm` KQ/2H +?2+F2`- C�p�".. HB#`�`v- r?B+? Bb i?2 /27�mHi QM2- Bb mb2/
iQ bmTTQ`i Qm` KQ/2H +?2+F2`X

AM i?2 M2ti T�`i- r2 rBHH BHHmbi`�i2 bQK2 +QKKQM +H�bb2b T`QpB/2/ #v i?Bb
HB#`�`v �M/ ?Qr Bi ?2HTb mb BKTH2K2MiBM; Qm` KQ/2H +?2+F2`,

Ç "..6�+iQ`v
hQ mb2 7mM+iBQMb C�p�".. T`QpB/2b- r2 ?�p2 iQ BMBiB�HBx2 "..6�+iQ`v
}`biX qBi?Qmi "..6�+iQ`v- r2 +�M MQi /Q �Mv QT2`�iBQMbX "..6�+@
iQ`v Bb �M BMi2`7�+2 7Q` �HH K�MBTmH�iBQMb Q7 "..b- 7Q` 2t�KTH2- i?2
+`2�iBQM �M/ i?2 HQ;B+ QT2`�iBQMbX
hQ BMBiB�HBx2 i?2 7�+iQ`v bm++2bb7mHHv- r2 ?�p2 iQ T`QpB/2 i?`22 T�`�K@
2i2`bX h?2 }`bi T�`�K2i2` Bb i?2 ".. T�+F�;2 r2 r�Mi iQ BMBiB�HBx2-
BM Qm` KQ/2H +?2+F2`- C6�+iQ`v- r?B+? Bb i?2 /27�mHi T�+F�;2 Bb mb2/X
h?2 b2+QM/ T�`�K2i2` Bb �M BMi2;2`- `2T`2b2MiBM; i?2 MQ/2 MmK#2`X h?Bb
MmK#2` /2+B/2b i?2 BMBiB�H MQ/2 i�#H2 bBx2 Q7 i?2 r?QH2 bvbi2KX h?2 H�bi
T�`�K2i2` Bb i?2 +�+?2 MmK#2`- /2+B/BM; i?2 QT2`�iBQM +�+?2 bBx2X >Qr@
2p2`- i?2 BMBi�H MmK#2` Q7 MQ/2b Bb MQi i?�i BKTQ`i�Mi #2+�mb2 i?2 i�#H2
rBHH `2bBx2/ �i i?2 2tT2Mb2 Q7 2{+B2M+v r?2M M22/2/X

Ç "...QK�BM
"...QK�BM Bb � #HQ+F Q7 ".. p�`B�#H2b r?B+? +�M `2T`2b2Mi BMi2@
;2` p�Hm2 �b QTTQb2/ iQ QMHv #QQH2�M p�Hm2bX hQ #mBH/ ".. i`�MbB@
iBQMb- r2 M22/ iQ /2}M2 �HH +?�M;2b Q7 bi�i2b �7i2` /QBM; 2�+? i`�MbBiBQMX
"...QK�BM ?2HTb mb /QBM; �HH Q7 i?2b2 rQ`FbX
AM Qm` KQ/2H +?2+F2`- #2bB/2b +?�M;2b Q7 p�`B�#H2b BM i?2 i�`;2i * +Q/2-
+?�M;2b Q7 T`Q;`�K +QmMi2`b �`2 �HbQ � +`BiB+�H 2p2MiX h?�MFb iQ i?2 ?2HT
Q7 "...QK�BM- r2 /B/ MQi ?�p2 iQQ Km+? Q#bi�+H2b r?2M BKTH2K2MiBM;
Qm` KQ/2H +?2+F2`X

Ç ".."Bio2+iQ`
".."Bio2+iQ` Bb � /�i� bi`m+im`2 /2bB;M2/ iQ biQ`2 #QQH2�M p2+iQ`b-
�M/ i?2`2 �`2 irQ }2H/b BM BiX h?2 }`bi }2H/ Bb #BiMmK- r?B+? K2�Mb i?2
MmK#2` Q7 2H2K2Mib BM i?2 p2+iQ`- �M/ i?2 b2+QM/ }2H/ Bb #Bip2+- r?B+?
+QMi�BMb i?2 �+im�H "..b BM i?2 p2+iQ`X

Ç "..
".. Bb i?2 KQbi BKTQ`i�Mi +H�bbX Ai Bb +`2�i2/ #v "..6�+iQ`v r2
BMi`Q/m+2/ BM i?2 T`2pBQmb b2+iBQMX h?Bb +H�bb T`QpB/2b HQib Q7 7mM+iBQMb

kj
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�M/ QT2`�iBQMb i?�i �`2 +QKKQMHv mb2/- bm+? �b #�bB+ HQ;B+ �L.- P_X
q2 /Q MQi ?�p2 2MQm;? `QQK iQ BMi`Q/m+2 �HH i?2 7mM+iBQMb Bi T`QpB/2b-
bQ BM i?2 M2ti b2+iBQM- r2 rBHH BHHmbi`�i2 ?Qr r2 #mBH/ Qm` KQ/2H +?2+F
bi2T #v bi2T- �M/ Bi Bb KQ`2 �TT`QT`B�i2 iQ ;Bp2 i?2 7mM+iBQMb r2 mb2/
bQK2 /Bb+mbbBQMX

9Xk .2bB;M �M/ AKTH2K2Mi�iBQM
q2 MQr /2b+`B#2 i?2 T`Q+2bb2b r2 BKTH2K2Mi Qm` KQ/2H +?2+F2`- bi�`iBM;

7`QK ;2iiBM; i?2 _*6: Q7 i?2 i�`;2i bvbi2K �M/ i?2 �miQK�iQM Q7 i?2 T`QT@
2`iv r2 r�Mi iQ +?2+F #v `mMMBM; iQQH+?�BMb _*6:"mBH/2` �M/ GhGk"�
T`QpB/2/ #v lHiBK�i2X "v miBHBxBM; i?2b2 irQ bi`m+im`2 �M/ i?2 i?2Q`2K
r2 ?�p2 BMi`Q/m+2/ BM h?2Q`2K Q7 i?2 JQ/2H *?2+F2` lbBM; 6BtTQBMib- r2
HBbi �HH bi2Tb HBbi2/ #2HQr,

6B;m`2 9Xk, ai2Tb Q7 Pm` 6BtTQBMi JQ/2H *?2+F2`

6B;m`2 9Xk b?Qrb i?2 bi2Tb i�F2M #v Qm` }tTQBMi KQ/2H +?2+F2`X q2
/Bb+mbb i?2K QM2 #v QM2,

Ç AMBiB�HBx2 "..6�+iQ`v
6B`bi Q7 �HH- r2 BMBiB�HBx2 "..6�+iQ`v �M/ r2 +�M mb2 �HH 7mM+iBQMb T`Q@
pB/2/ #v C�p�"..X AM Qm` bvbi2K- i?2 ".. T�+F�;2 r2 mb2 Bb i?2
/27�mHi T�+F�;2, C6�+iQ`vX L2ti- �7i2` b2iiBM; Ryyyyyy �b i?2 MQ/2
bBx2 �M/ Ryyyyyy �b i?2 +�+?2 bBx2- r2 +�M bi�`i i`�MbH�iBM; +QKK�M/b
BM i?2 bvbi2K _*6: BMiQ "..bX
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Ç .2}M2 "...QK�BMb
AM i?2 M2ti bi2T- r2 M22/ iQ /2}M2 i?2 mMBp2`b2 Q7 �HH p�`B�#H2bX AM Qi?2`
rQ`/b- r2 M22/ iQ }M/ Qmi �HH p�`B�#H2b BM i?2 _*6: Q7 i?2 bvbi2K
�M/ i?2 T`QT2`iv �miQK�iQM �M/ +`2�i2 "...QK�BMb 7Q` 2�+? Q7 i?Qb2
p�`B�#H2bX h?2 r�v r2 }M/ Qmi �HH p�`B�H#2b Bb iQ �M�Hvx2 i?2 ivT2
Q7 bvbi2K _*6: i`�MbBiBQMb bi�`iBM; 7`QK Bib BMBiB�H bi�i2 Q7 i?`2�/
lGhAJ�h1Xbi�`i1Lh_uX h?Bb i?`2�/ /2�Hb rBi? rQ`Fb bm+? �b
+`2�iBM; i?`2�/b- 7Q`FBM; i?`2�/b �M/ DQBMBM; i?`2�/bX "v �M�HvxBM; i?Bb
i?`2�/ }`bi- r2 +�M i�F2 � /2i�BH2/ HQQF QM i?2 BMTmi Q7 /Bz2`2Mi i?`2�/b
�M/ ?Qr K�Mv iBK2b 2�+? i?`2�/ Bb +`2�i2/X q2 M22/ iQ T`2T�`2 QM2
"...QK�BM 7Q` 2�+? +`2�i2/ i?`2�/ iQ `2+Q`/ i?2 +?�M;2 Q7 T`Q;`�K
+QmMi2`X
L2ti- r2 #`Qrb2 �HH i`�MbBiBQMb BM bvbi2K _*6:- �M/ i?2M }Hi2` �HH i`�M@
bBiBQMb r?B+? ivT2 �`2 �bbB;MK2Miai�i2K2Mi Q` *�HHai�i2K2MiX �bbB;M@
K2Miai�i2K2Mi ?�M/H2b i?2 �bbB;MK2Mi Q7 MQ`K�H p�`B�#H2b- �M/ *�HH@
ai�i2K2Mi ?�M/H2b i?2 �bbB;MK2Mi Q7 �``�vbX 6Q` 2t�KTH2- i?2`2 Bb �M
�bbB;MK2Miai�i2K2Mi,

�bbB;MK2Miai�i2K2Mi(H?b- `?b)

r?2`2

H?b 4 o�`B�#H2G>a(t- :GP"�G)- `?b 4 AMi2;2`GBi2`�H(y)

r2 +�M }M/ QM2 MQ`K�H p�`B�#H2, t- �M/ Bi Bb biQ`2/ BM Qm` p�`B�#H2 HBbiX
6Q` �MQi?2` 2t�KTH2 7Q` *�HHai�i2K2Mi,

*�HHai�i2K2Mi(�bbB;M2/o�Hm2- r`Bi2�BMBi�BMi- H27i- `B;?i)

r?2`2
�bbB;M2/o�Hm2 4 AMi2;2`GBi2`�H(y)

H27i4A/2MiB}2`1tT`2bbBQM(~�;X#�b2)
`B;?i4A/2MiB}2`1tT`2bbBQM(~�;XQzb2i)

h?Bb *�HHai�i2K2Mi b?Qrb i?2 BMBiB�HBx�iBQM Q7 BMi ~�;(y) 4 yX q2 +�M
MQi biQ`2 �M �``�v rBi? BM/2t BM Qm` p�`B�#H2 HBbi- bQ r2 +`2�i2 QM2 M2r
ai`BM;, ~�;�y- r?B+? `2T`2b2Mib ~�;(y)- �M/ biQ`2/ Bi BMiQ Qm` p�`B�#H2
HBbiX
"v `2T2�iBM; i?2b2 �+iBQMb- r2 +�M ;2i QM2 p�`B�#H2 HBbi r?B+? +QMi�BMb
�HH p�`B�#H2b mb2/ BM _*6:X "v i?2 r�v- r2 /Q MQi +QM+2`M p�`B�#H2b
mb2/ BM T`QT2`iv �miQK�iQM- i?2 `2�bQM Bb i?�i BM lHiBK�i2- p�`B�#H2b
i?�i ?�p2 MQi �TT2�`2/ BM _*6: �`2 MQi �HHQr2/ BM i?2 T`QT2`ivX

k8



doi:10.6342/NTU202300384

Ç h`�MbH�i2 i`�MbBiBQMb BMiQ "..b 7Q` i?2 bvbi2K _*6:X
q2 /2bB;M2/ /Bz2`2Mi K2i?Q/b 7Q` 2�+? ivT2 Q7 i`�MbBiBQMb iQ i`�MbH�i2
i?2K BMiQ "..b,

Ĝ �bbB;MK2Miai�i2K2Mi
h?2 r�v r2 i`�MbH�i2 i`�MbBiBQMb rBi? �bbB;MK2Miai�i2K2Mi ivT2 Bb
iQ b2T�`�i2 Bi BMiQ i?2 H27i@?�M/ bB/2 �M/ i?2 `B;?i@?�M/ bB/2- r?B+?
i?2 7mM+iBQMb lHiBK�i2 T`QpB/2b +�M ?2HT mb ;2iiBM; i?2b2 2H2K2MibX
h?2 H27i@?�M/ bB/2 Bb i?2 p�`B�#H2 r?B+? p�Hm2 rBHH #2 +?�M;2/ �7i2`
/QBM; i?Bb i`�MbBiBQM- �M/ i?2 `B;?i@?�M/ bB/2 T`QpB/2b i?2 p�Hm2
�#Qmi iQ �bbB;M2/ iQ i?2 H27i@?�M/@bB/2 p�`B�#H2X 6Q` 2t�KTH2,

t 4 v
+�M #2 b22M �b,

tǶ 4 v
t- t- v �M/ vǶ �`2 `2T`2b2Mi2/ #v 7Qm` /Bz2`2Mi "...QK�BMb- �M/
r2 QMHv M22/ irQ "...QK�BMb r?B+? `2T`2b2Mi tǶ �M/ v iQ i`�Mb@
H�i2 i?Bb i`�MbBiBQM BMiQ "..X "2+�mb2 i?Bb FBM/ Q7 rQ`F rBHH #2
+�HH2/ HQib Q7 iBK2b- bQ r2 /2bB;M � �bbB;MK2Miai�i2K2Mi1p�Hm�iQ`
iQ ?2HT mb i`�MbH�iBM; i`�MbBiBQMb rBi? �bbB;MK2Miai�i2K2Mi ivT2
BMiQ "..bX "�+F iQ i?Bb 2t�KTH2- Qm` �bbB;MK2Miai�i2K2Mi1p�Hm@
�iQ` }`bi i`�Mb7Q`Kb i?2b2 irQ "...QK�BMb BMiQ irQ ".."Bio2+@
iQ`bX q2 K�F2 bm`2 i?�i i?2 #Bi MmK#2` Q7 i?2b2 irQ ".."Bio2+iQ`b
�`2 i?2 b�K2X h?2M r2 /Q +QMDmM+iBQM Q7 � #BBKTHB+�iBQM Q7 2�+?
2H2K2Mi BM i?2b2 irQ ".."Bio2+iQ`X 6BM�HHv- r2 +�M ;2i QM2 `2bmHi
".. r?B+? `2T`2b2Mib i?2 rQ`F Q7 K�MBTmH�iBQMb Q7 �bbB;MK2Mi X
h?2 bi`m+im`2 Q7 Qm` �bbB;MK2Miai�i2K2Mi1p�Hm�iQ` Bb `2+m`bBp2-
K2�MBM; i?�i r2 +�M /2�H rBi? �bbB;MK2Mib rBi? �`Bi?K2iB+ QT2`�@
iBQMbX

Ĝ �bbmK2ai�i2K2Mi
h?2 r�v r2 i`�MbH�i2 i`�MbBiBQMb rBi? �bbmK2ai�i2K2Mi ivT2 Bb
bBKBH�` iQ i?2 K2i?Q/ r2 /Q iQ i`�MbBiBQMb rBi? �bbB;MK2Miai�i2@
K2Mi ivT2X h?2 /Bz2`2M+2 #2ir22M i?2b2 irQ K2i?Q/b Bb i?�i r2
?�p2 �//BiBQM�H /2�H rBi? #BM�`v QT2`�iBQMb- bm+? �b �L. �M/ P_X
L2ti- BMbi2�/ Q7 i?2 +?�M;2 Q7 p�Hm2b Q7 p�`B�#H2b- r?2i?2` i?2 +m`@
`2Mi p�Hm2b Q7 bi�i2b b�iBb7v i?2 �bbmK2b �`2 r?�i r2 `2�HHv +QM+2`M
�#QmiX
A7 �Mv Q7 i?2 7Qm` �`Bi?K2iB+ QT2`�iBQMb �TT2�` BM i?2 i`�MbBiBQM-
Qm` �bbB;MK2Miai�i2K2Mi1p�Hm�iQ` ?2HT mb }MBb?BM; i?Qb2 rQ`FbX

ke
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a�K2 �b �bbB;MK2Miai�i2K2Mi1p�Hm�iQ`- i?2 bi`m+im`2 Q7 �bbmK2a@
i�i2K2Mi1p�Hm�iQ` Bb `2+m`bBp2X

Ĝ *�HHai�i2K2Mi
h?2`2 �`2 /Bz2`2Mi FBM/b Q7 i`�MbBiBQMb rBi? ivT2 *�HHai�i2K2Mi- bQ
r2 i`2�i i?2K BM/BpB/m�HHv,

» OlHiBK�i2X�HHQ+PMai�+F
h?2 rQ`F Q7 *�HHai�i2K2Mib rBi? i?Bb K2i?Q/ M�K2 Bb MQi iQ
/Q +?�M;2b QM p�`B�#H2b- #mi iQ T`QpB/2 i?2 H2M;i? Q7 2�+? �``�v
2K2`;2/ BM Qm` i�`;2i * +Q/2X h?2b2 H2M;i? Q7 �``�vb rBHH #2
mb2/ r?2M r2 #mBH/ "..b 7Q` *�HHai�i2K2Mib rBi? Qi?2` K2i?Q/
M�K2X aQ i?2 QMHv i?BM; r2 K22i i?Bb FBM/ Q7 i`�MbBiBQMb Bb iQ
#mBH/ � ".. `2T`2b2MiBM; i?2 +?�M;2 Q7 T`Q;`�K +QmMi2`bX

» r`Bi2�BMBi�BMi
*�HHai�i2K2Mi rBi? i?Bb K2i?Q/ M�K2 +�M #2 `2;�`/2/ �b �M@
Qi?2` FBM/ Q7 �bbB;MK2Miai�i2K2Mi- 7Q` 2t�KTH2b,

BMi ~�;(k) 4 &y- y- y'

+�M #2 b22M �b,

~�;�y 4 y- ~�;�R 4 y- ~�;�k 4 y

Pm` �bbB;MK2Miai�i2K2Mi1p�Hm�iQ` +�M ?�M/H2 �HH Q7 i?2b2 i`�M@
bBiBQMbX

» r`Bi2�BMi
6Q` i?Bb FBM/ Q7 K2i?Q/ M�K2- i?2`2 �`2 irQ +�b2b r2 ?�p2 iQ
;Bp2 � /Bb+mbb, A7 i?2 BM/2t Q7 i?2 �``�v Bb �M BMi2;2`- i?2M �b
b�K2 �b i?2 H�bi T�`i- *�HHai�i2K2Mi rBi? i?Bb K2i?Q/ M�K2 +�M
�HbQ #2 `2;�`/2/ �b �MQi?2` FBM/ Q7 �bbB;MK2Miai�i2K2Mi- 7Q`
2t�KTH2b,

~�;(k) 4 R
+�M #2 b22M �b,

~�;�k 4 R
Pm` �bbB;MK2Miai�i2K2Mi1p�Hm�iQ` +�M ?�M/H2 �HH Q7 i?2b2 i`�M@
bBiBQMbX
>Qr2p2`- B7 i?2 BM/2t Q7 i?2 �``�v Bb � p�`B�#H2- i?2M r2 +QmH/
MQi i`2�i i?Bb i`�MbBiBQM �b QM2 bBKTH2 �bbB;MK2Miai�i2K2MiX
q2 ?�p2 iQ /Bb+mbb i?2 H2M;i? Q7 2�+? �``�vb r2 `2+Q`/2/ 2t@
?�mbiBp2Hv #27Q`2 iQ i`�MbH�i2 i?Bb FBM/ Q7 i`�MbBiBQMb BMiQ "..X
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6Q` 2t�KTH2b,
~�;(F)4 R

amTTQb2/ i?�i i?2 H2M;i? Q7 i?2 �``�v ~�; Bb k- i?2M i?2`2 �`2
i?`22 +�b2b,

B7 F 44 y i?2M ~�;�y 4 R
B7 F 44 R i?2M ~�;�R 4 R
B7 F 44 k i?2M ~�;�k 4 R

q2 #mBH/ "..b 7Q` i?2b2 i?`22 +�b2b #v miBHBxBM; Qm` �bbB;M@
K2Miai�i2K2Mi1p�Hm�iQ` �M/ �bbmK2ai�i2K2Mi1p�Hm�iQ` BM/B@
pB/m�HHv- �M/ i?2M /Q �L. QT2`�iBQM #2ir22M i?2b2 "..bX h?2
`2bmHi ".. Bb r?�i r2 M22/X

» `2�/�BMi
a�K2 �b i?2 H�bi T�`i- *�HHai�i2K2Mib rBi? i?Bb K2i?Q/ M�K2
+�M �HbQ #2 `2;�`/2/ �b �MQi?2` FBM/ Q7 �bbB;MK2Miai�i2K2Mi-
�M/ m` �bbB;MK2Miai�i2K2Mi1p�Hm�iQ` +�M ?�M/H2 �HH Q7 i?2b2
i`�MbBiBQMbX

» lGhAJ�h1X/2�HHQ+
q2 /Q MQi +QM+2`M rBi? i?Bb ivT2 Q7 i`�MbBiBQMb #2+�mb2 /2bTBi2
Q7 T`Q;`�K +QmMi2`b- i?2b2 i`�MbBiBQMb /Q MQi +?�M;2 �Mv p�Hm2
Q7 p�`B�#H2b �7i2`BM; /QBM; i?2KX aQ i?2 QMHv i?BM; r2 K22i i?Bb
FBM/ Q7 i`�MbBiBQMb Bb iQ #mBH/ � ".. `2T`2b2MiBM; i?2 +?�M;2 Q7
T`Q;`�K +QmMi2`bX

Ĝ >�pQ+ai�i2K2Mi
�b i?2 b�K2 `2�bQM 7Q` *�HHai�i2K2Mi rBi? ivT2 lGhAJ�h1X/2�HHQ+-
q2 /Q MQi +QM+2`M rBi? i?Bb ivT2 Q7 i`�MbBiBQMbX h?2 QMHv i?BM; r2
K22i i?Bb FBM/ Q7 i`�MbBiBQMb Bb iQ #mBH/ � ".. `2T`2b2MiBM; i?2
+?�M;2 Q7 T`Q;`�K +QmMi2`bX

Ĝ 6Q`Fai�i2K2Mi
h?2 rQ`F Q7 i`�MbBiBQMb rBi? ivT2 6Q`Fai�i2K2Mi Bb �HH /QM2- bQ
i?2 QMHv i?BM; r2 K22i i?Bb FBM/ Q7 i`�MbBiBQMb Bb iQ #mBH/ � "..
`2T`2b2MiBM; i?2 +?�M;2 Q7 T`Q;`�K +QmMi2`bX

�7i2` /QBM; i?2b2 rQ`Fb- r2 �// T`Q;`�K +QmMi2`b BM "..b r2 Dmbi
+`2�i2/X h?2b2 T`Q;`�K +QmMi2`b �`2 b22M �b ".. p�`B�#H2b- r?B+? �`2
T�`ib Q7 T`2@+QM/BiBQM �M/ TQbi@+QM/BiBQMX h?2 BMTmi b2i Q7 bi�i2b QMHv
/Q i`�MbBiBQMb QM i?2 +Q``2bTQM/BM; T`Q;`�K +QmMi2`X h?2`2 Bb QM2 H�bi
i?BM; r2 M22/ iQ /Q- r?B+? Bb iQ ?�M/H2 mM+?�M;2/ p�`B�#H2bX h`�MbBiBQM
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"..b r2 Dmbi +`2�i2/ QMHv T`2b2Mi i?2 p�`B�#H2b r?B+? `2T`2b2Mi i?2
T`2@+QM/BiBQM �M/ i?2 TQbi@+QM/BiBQMX lM+?�M;2/ p�`B�#H2b /Q MQi #2
/2�Hi rBi? BM i?2b2 i`�MbBiBQM "..bX q2 ?�p2 i`B2/ iQ 2M+Q/2 i?2b2
mM+?�M;2/ p�`B�#H2b BM Qm` i`�MbBiBQM "..b- #mi r2 7�+2 i?2 Qmi@Q7@
K2KQ`v T`Q#H2K- r?B+? K2�Mb i?�i r2 +Qbi iQQ Km+? K2KQ`v iQ ?�M/H2
i?2b2 FBM/ Q7 p�`B�#H2bX hQ KBiB;�i2 i?Bb T`Q#H2K- r2 /Q MQi 2M+Q/2
i?2b2 mM+?�M;2/ p�`B�#H2b BM Qm` i`�MbiBQM "..b- �M/ r2 /Q MQi /Q
/BbDmM+iBQM QM i?2b2 i`�MbBiBQM "..bX AM Qi?2` rQ`/b- r2 b2T�`�i2 i?2
b2i Q7 i`�MbBiBQM "..b BMiQ HQib Q7 bK�HH "..b iQ ?�M/H2 mM+?�M;2/
p�`B�H#2b "..b KQ`2 2�bBHvX h?2 T�`i r2 �+im�HHv ?�M/H2 i?2K Bb BM i?2
T`Q+2bb Q7 +�H+mH�iBM; }tTQBMib- r?B+? rBHH #2 /Bb+mbb2/ H�i2`X
AM �//BiBQM iQ i?2 +QMbi`m+iBQMb Q7 MQ`K�H i`�MbBiBQMb- r2 �HbQ +QMbi`m+2
b2H7 HQQTb �i i?2 2M/ Q7 2�+? i?`2�/bX h?2b2 b2H7 HQQTb �`2 #mBHi iQ �pQB/
HQbBM; bi�i2b r?2M r2 +�H+mH�i2 i?2 }tTQBMiX qBi?Qmi i?2b2 b2H7 HQQTb-
i?2 `2bmHi }tTQBMi r2 +�H+mH�i2 Bb �Hr�vb #2 2KTiv- �M/ i?Bb Bb MQi r?�i
r2 2tT2+i2/X

Ç h`�MbH�i2 i`�MbBiBQMb BMiQ "..b 7Q` i?2 T`QT2`iv �miQK�iQMX
h?2 r�v r2 #mBH/ ".. i`�MbBiBQMb 7Q` i?2 T`QT2`iv �miQK�iQM Bb �b
b�K2 �b i?2 r�v �/QTi2/ BM #mBH/BM; 7Q` _*6:X >Qr2p2`- "mBH/BM; "..
i`�MbBiBQMb 7Q` i?2 T`QT2`iv �miQK�iQM Bb KQ`2 2�bBHv #2+�mb2 i?2`2 Bb
QMHv QM2 ivT2 Q7 i`�MbBiBQM r?B+? Bb �bmK2ai�i2K2Mi BM i?2 T`QT2`iv
�miQK�iQMX �7i2`BM; #mBH/BM; ".. i`�MbBiBQMb 7Q` i?2 T`QT2`iv �miQK�@
iQM- r2 +�M ;2i QM2 GBbi Q7 ".. r?B+? `2T`2b2Mib �HH ".. i`�MbBiBQMb
Q7 i?2 T`QT2`iv �miQK�iQMX

Ç *�H+mH�i2 i?2 b2i Q7 BMBiB�H bi�i2bX
hQ bi�`i +�Hm+mH�iBM; i?2 }tTQBMi 7Q`KmH�- r2 ?�p2 iQ Q#i�BM i?2 a2i Q7
BMBiB�H bi�i2b }`biX h?2 r�v r2 ;2i i?Bb a2i Bb iQ i`�+2 bvbi2K _*6: 7`QK
BMBiB�H bi�i2b Q7 2�+? i?`2�/X Ai Bb BKTQ`i�Mi i?�i QMHv i`�MbBiBQM rBi?
ivT2 �bbB;MK2Miai�i2K2Mi Q` *�HHai�i2K2Mi +�M #2 b22M �b p�`B�#H2@
BMBiB�HBx2/ i`�MbBiBQMX h`�MbBiBQb rBi? i?2 ivT2 �bbB;MK2Miai�i2K2Mi
?�M/H2 BMBiB�HBx�iBQMb Q7 MQ`K�H p�`B�#H2b- �M/ i?Qb2 rBi? i?2 ivT2 *�HH@
ai�i2K2Mi- r?B+? K2i?Q/ M�K2 Bb r`Bi2�BMBi�BMi- ?�M/H2 BMBiB�HBx�@
iBQMb Q7 �``�v p�`B�#H2bX
ai�`iBM; 7`QK BMBiB�H bi�i2b Q7 i?2 i?`2�/ lGhAJ�h1Xbi�`i1Mi`v- r2
rBHH +?2+F r?2i?2` i?2 ivT2 Q7 Qmi;QBM; i`�MbBiBQMb Q7 i?2 BMBiB�H bi�i2 Q7
lGhAJ�h1Xbi�`i1Mi`v Bb �bbB;MK2Miai�i2K2Mi Q` *�HHai�i2K2MiX
A7 i?2 ivT2 Q7 i?2 i`�MbBiBQM Bb �bbB;MK2Miai�i2K2Mi- r2 +?2+F r?2i?2`
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i?2 �bbB;M2/ p�`B�#H2 Bb BMBiB�HBx22/ #27Q`2 i?Bb i`�MbBiBQMX A7 Bi Bb MQi
BMBiB�HBx2/ #27Q`2- i?2M i?Bb i`�MbBiBQM Bb �M BMBiB�Hx�iBQM i`�MbBiBQM-
�M/ B7 Bi Bb BMBiB�HBx2/ #27Q`2- i?2M r2 2M/ i?2 i`�+2 Q7 i?2 i?`2�/
lGhAJ�h1Xbi�`i1Mi`v �M/ /Q i?2 b�K2 K2i?Q/ iQ Qi?2` i?`2�/bX
6Q` �MQi?2` +B`+mKbi�M+2- i?2 ivT2 Q7 i?2 i`�MbBiBQM Bb *�HHai�i2K2Mi-
r2 /B`2+iHv +?2+F i?2 K2i?Q/ M�K2 Q7 i?2 *�HHai�i2K2MiX A7 i?2 K2i?Q/
M�K2 2[m�Hb iQ r`Bi2�BMBi�BMi- i?2M i?Bb i`�MbBiBQM Bb �M BMBiB�Hx�@
iBQM i`�MbBiBQM- �M/ B7 Bib K2i?Q/ M�K2 Bb MQi r`Bi2�BMBi�BMi- i?2M r2
2M/ i?2 i`�+2 Q7 i?2 i?`2�/ lGhAJ�h1Xbi�`i1Mi`v �M/ /Q i?2 b�K2
K2i?Q/ iQ Qi?2` i?`2�/bX
"v /QBM; i?Bb K2i?Q/ 7Q` 2�+? i?`2�/- r2 +�M ;2i MmK#2`b `2T`2b2MiBM;
i?2 T`Q;`�K +QmMi2` Q7 i?2 bi�i2X q2 ?�p2 iQ /Q BMBiB�HBxiBQMb #27Q`2
r2 K22i i?Bb bi�i2 7Q` 2�+? i?`2�/- �M/ �HH BMBiB�HBx�iBQM i`�MbBiBQMb rBHH
#2 }Hi2`2/ Qmi 7`QK a2i Q7 _*6: i`�MbBiBQMbX L2ti- r2 +`2�i2 QM2 M2r
".. rBi? �HH@x2`Q T`Q;`�K +QmMi2`b- �M/ /Q �HH BMBiB�H i`�MbBiBQMbU?�p2
#22M i`�MbH�i2/ BMiQ "..V iQ ;2i QM2 BMBiB�H ".. bi�i2X h?2 H�bi bi2T
Bb /QBM; �L. QT2`�iBQM #2ir22M i?Bb ".. bi�i2 �M/ BMBiB�H bi�i2b Q7
T`QT2`iv �miQK�iQMU�HbQ ?�p2 #22M i`�MbH�i2/ BMiQ "..VX 6BM�HHv- r2
;2i QM2 a2i Q7 BMBiB�H bi�i2b �M/ �`2 �#Qmi iQ +�H+mH�iBM; }tTQBMiX

Ç "mBH/ ".. i`�MbBiBQMb 7Q` i?2 +`Qbb T`Q/m+i Q7 i?2 bvbi2K �miQK�iQM
�M/ T`QT2`iv �miQK�iQMX
LQr r2 ?�p2 ".. i`�MbBiBQMb Q7 bvbi2K _*6: U/Q MQi BM+Hm/2 i`�M@
bBiBQMb }Hi2`2/ Qmi r?2M /2+B/BM; a2i Q7 BMBiB�H bi�i2bV �M/ T`QT2`iv
�miQK�iQMX Ai Bb 2�bv iQ +�H+mH�i2 ".. i`�MbBiBQMb Q7 i?2 +`Qbb T`Q/m+i
Q7 i?2 bvbi2K �miQK�iQM �M/ T`QT2`iv �miQK�iQM #v /QBM; �L. QT@
2`�iBQMb #2ir22M 2�+? ".. i`�MbBiBQM Q7 bvbi2K _*6: �M/ 2�+? "..
i`�MbBiBQM Q7 T`QT2`iv �miQK�iQMX
.Bz2`2Mi 7`QK i?2 i?2Q`2K- r2 /Q MQi #mBH/ � #B; ".. i`�MbBiBQM 7Q`
2�+? _*6: �M/ T`QT2`iv �miQK�iQMX h?2 `2�bQM Bb i?2 r�v r2 BKTH2@
K2Mi i?2 7mM+iBQM r?B+? Bb /2bB;M2/ 7Q` ;2iiBM; i?2 TQbi bi�i2 Bb MQi
�b b�K2 �b i?2 i?2Q`2KX q2 iQQF � bT2+B�H �TT`Q�+? iQ ?�M/H2 i?Qb2
mM+?�M;2/ p�`B�#H2bX A7 r2 /Q MQi /Q Bi b2T�`�i2Hv- i?2 ".. bi`m+im`2
7Q` 2�+? i`�MbBiBQM rBHH #2+QK2 p2`v K�;MB}+�Mi- �M/ ?�b � i`2K2M/Qmb
K2KQ`v +QbiX h?Bb Bb r?v r2 b2T�`�i2 �HH ".. i`�MbBiBQMb Q7 bvbi2K
_*6: �M/ T`QT2`iv �miQK�iQMX � KQ`2 /2i�BH2/ BMbi`m+iBQMb Q7 i?2
7mM+iBQM mb2/ iQ ;2i i?2 TQbi bi�i2 rBHH #2 BMi`Q/m+2/ BM i?2 M2ti b2+@
iBQMX
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Ç *�H+mH�i2 i?2 }tTQBMi
AM i?2 /2}MBiBQM Ry r2 BMi`Q/m+2/ BM i?2 T`2HBKBM�`v b2+iBQM- r2 ?�p2
�miQK�iQM AM- �miQK�iQM A¬p- �M/ i?2 7QHHQrBM; }tTQBMi 7Q`KmH�,

Rα ≡ α ∩ µx · (Post(x) ∪ I)

Fp ≡ νy · µx · (Post(x) ∪ (Post(y) ∩ Rα))
AM Qm` KQ/2H +?2+F2`- AM `2T`2b2Mib i?2 _*6: Q7 i?2 * +Q/2 ;2M2`�@
i2`/ #v lHiBK�i2- r?B+? Bb � b�72 �miQK�iQM- �M/ A¬p `2T`2b2Mib i?2
"Ƀ+?B �miQK�iQM Q7 i?2 ;Bp2M GhG T`QT2`ivX q2 ?�p2 QM2 M2r bvK#QHB+
�miQK�iQM #v /QBM; +`Qbb T`Q/m+i #2ir22M i?2b2 irQ �miQK�iQMX h?Bb
bvK#QHB+ �miQK�iQM- r?B+? `2T`2b2Mib i?2 * T`Q;`�K rBi? i?2 GhG
T`QT2`iv- Bb MQi 7mHHv 2tT�M/2/X Ai `2+Q`/b i?2 +?�M;2 Q7 2�+? p�`B�#H2
#mi MQi i?2 2t�+i p�Hm2 Q7 2�+? p�`B�#H2X AM Qi?2` rQ`/b- q2 `2+Q`/ i?2
`2H�iBQM #2ir22M /Bz2`2Mi bi�i2b BM i?Bb bvK#QHB+ �miQK�iQM- bQ r2 +�M
MQi ;2i i?2 p�Hm2 Q7 2�+? p�`B�#H2b BM Bib bi�i2bX
hQ BKTH2K2Mi Qm` KQ/2H +?2+F2`- r2 +�M b2T�`�i2 i?Bb 7Q`KmH� BMiQ irQ
T�`ib, i?2 }`bi T�`i Bb i?2 +�H+mH�iBQM Q7 Rα- �M/ i?2 b2+QM/ T�`i Bb i?2
+�H+mH�iBQM Q7 FpX
hQ +�H+mH�i2 Rα- r2 }`bi M22/ iQ /2bB;M i?2 7mM+iBQM Post() r?B+? Bb
mb2/ iQ +�H+mH�i2 Post(x) BM i?2 �#Qp2 }tTQBMi �M/ +�H+mH�i2 i?2 b2i Q7
BMBiB�H bi�i2b �M/ i?2 b2i Q7 �++2TiBM; bi�i2bX h?2 b2i Q7 BMBiB�H bi�i2b
?�b #22M +�H+mH�i2/ BM i?2 T`2pBQb bi2T- �M/ i?2 r�v r2 /2�H rBi? i?2
b2i Q7 �++2TiBM; bi�i2b Bb iQ +?2+F i?2 T`Q;`�K +QmMi2` Q7 i?2 T`QT2`iv
�miQK�iQM Q7 �HH i?2 bi�i2b r2 ?�p2 +�H+mH�i2/X A7 i?2 T`Q;`�K +QmMi2`
Q7 i?2 T`QT2`iv �miQK�iQM Q7 i?2 bi�i2 Bb �i i?2 �++2TiBM; bi�i2 Q7 i?2
T`QT2`iv �miQK�iQM- i?2M i?Bb bi�i2 rBHH #2 H27iX �b r2 ;2i i?2 }tTQBMi-
r2 }MBb? +�H+mH�iBM; �M/ ;2i RαX
:`2�i2bi }tTQBMi T`Q+2/m`2 �M/ G2�bi }tTQBMi T`Q+2/m`2 �`2 BMi`Q/m+2/
BM S`2HBKBM�`B2b- bQ i?2 H�bi i?BM; r2 +QM+2`M �#Qmi Bb i?2 7mM+iBQM
Post()- r?B+? Bb /2bB;M2/ iQ ;2i TQbi bi�i2bX �b K2MiBQM2/ #27Q`2- Qm`
Post() Bb /Bz2`2Mi 7`QK i?2 i?2Q`2KǶb #2+�mb2 i?2 "..b r2 i`�MbH�i2/
/Q MQi �zQ`/ i?2 mM+?�M;2/ p�Hm2bX h?Bb Bb i?2 `2�bQM Qm` Post() M22/
iQ ?�M/H2 mM+?�M;2/ p�Hm2b �7i2` /QBM; ".. i`�MbBiBQMbX
Pm` Post() ?�b irQ T�`�K2i2`bX h?2 }`bi T�`�K2i2` Bb i?2 b2i Q7 BMTmi
bi�i2b- �M/ i?2 b2+QM/ T�`�K2i2` Bb i?2 b2i Q7 i`�MbBiBQMb �7i2` i?2 T`Q@
+2bb Q7 i?2 +`Qbb T`Q/m+iX hQ +QKTmi2 i?2 b2i Q7 TQbi bi�i2b- r2 mb2 i?2
7mM+iBQM `2bi`B+iUV T`QpB/2/ #v C�p�"..X h?2 7mM+iBQM restrict()
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`2bi`B+ib i?2 p�`B�#H2b BM i`�MbBiBQM iQ +QMbi�Mi i`m2 Q` 7�Hb2X >Qr i?Bb
Bb /QM2 /2T2M/b QM ?Qr i?2 p�`B�#H2b �`2 BM+Hm/2/ BM i?2 bi�i2X 6Q`
2t�KTH2- i?2`2 Bb � i`�MbBiBQM t1 `2T`2b2Mi2/ #v "..,

iR 4 U t- v- tǶ- vǶV

�M/ QM2 bi�i2 BM i?2 BMTmi b2i Q7 bi�i2b s1 `2T`2b2Mi2/ #v "..,

bR 4 U t- v V

q?2`2 t- tǶ- v- vǶ �`2 ".. p�`B�#H2bX h?2M i?2 `2bmHi �7i2` /QBM;
restrict() Bb,

iRX`2bi`B+iUbRV 4 U tǶ- vǶV
r?B+? K2�Mb ".. p�`B�H#2 t #2+QK2b tǶ �M/ v #2+QK2b vǶ �7i2` /QBM;
i?Bb i`�MbBiBQMX h?2 p�Hm2 Q7 t BM i?2 TQbi bi�i2 rBHH #2 b2i �b tǶ- �M/ i?2
p�Hm2 Q7 v BM i?2 TQbi bi�i2 rBHH #2 b2i �b vǶX A7 i?2 `2bmHi Q7 `2bi`B+iUV Bb
� LlGG "..- K2�MBM; i?2 BMTmi b2i Q7 bi�i2b +�M MQi /Q i?Bb i`�MbBiBQM-
bQ r2 ?�p2 MQi?BM; iQ /Q rBi? BiX A7 i?2 `2bmHi Bb MQi � LlGG "..- r2
?�p2 iQ ?�M/H2 i?2 mM+?�M;2/ p�Hm2bX 6Q` 2t�KTH2- i?2`2 Bb � i`�MbBiBQM
t1 `2T`2b2Mi2/ #v "..,

ik 4 U t- tǶV

�M/ QM2 bi�i2 BM i?2 BMTmi b2i Q7 bi�i2b s1 `2T`2b2Mi2/ #v "..,

bk 4 U t- vV

h?2M i?2 `2bmHi �7i2` /QBM; `2bi`B+iUV Bb,

ikX`2bi`B+iUbkV 4 U tǶV

h?2 `2bmHi Q7 i?2 7mM+iBQM restrict() BKTHB2b i?�i i?2 p�Hm2 Q7 t #2+QK2b
tǶ �M/ i?2 p�Hm2 Q7 v `2K�BMb i?2 b�K2X h?2 p�Hm2 Q7 t BM i?2 TQbi
bi�i2 rBHH #2 b2i iQ tǶ- �M/ i?2 p�Hm2 Q7 v BM i?2 TQbi bi�i2 rBHH #2 b2i
iQ vX Pm` Post() +`2�i2b � M2r ".. r?B+? `2T`2b2Mib i?2 +QK#BM�iBQM
Q7 i?2 `2bmHi �7i2` /QBM; i?2 7mM+iBQM `2bi`B+iUVU+?�M;2/ p�`B�#H2bV �M/
i?2 `2bi p�`B�#H2b r?B+? `2K�BM i?2 b�K2UmM+?�M;2/ p�`B�#H2bVX 6BM�HHv-
r2 ;2i QM2 TQbi bi�i2 Q7 i?2 BMTmi bi�i2 �7i2` /QBM; i?2 BMTmi i`�MbBiBQMX
h?2 p�Hm2 Q7 x BM i?�i TQbi bi�i2 #2+QK2b x′ �M/ i?2 p�Hm2 Q7 y BM i?2
TQbi bi�i2 `2K�BMb i?2 b�K2X
h?Bb �TT`Q�+? iQ ?�M/H2 mM+?�M;2/ p�`B�#H2b rBHH H2�/ iQ � /2+`2�b2 BM
iBK2 2{+B2M+v- �M/ r2 rBHH /Bb+mbb i?2 `2bmHi BM i?2 M2ti +?�Ti2`X

jk
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Ç *?2+F i?2 2KTiBM2bb Q7 i?2 }tTQBMiX
�7i2` }MBb?BM; �HH Q7 bi2Tb HBbi2/ �#Qp2- r2 +�M }M�HHv +?2+F i?2 2KTiB@
M2bb Q7 i?2 }tTQBMi r2 Dmbi +�H+mH�i2/X A7 Bi Bb 2KTiv- i?2 bvbi2K �++2Tib
i?2 bT2+B}+�iBQM- �M/ B7 Bi Bb MQi 2KTiv- i?2 bT2+B}+�iBQM /Q2b MQi ?QH/X
h?Bb Bb i?2 }M�H `2bmHi T`2b2Mi2/ #v Qm` }tTQBMi KQ/2H +?2+F2`X

9Xj 6�B`M2bb Abbm2b
q?2M p2`B}M; � T`Q;`�K- r2 M22/ iQ +?2+F r?2i?2` i?2 T`Q;`�K b�iBb}2b

i?2 7�B`M2bbX qBi?Qmi +?2+FBM; i?2 7�B`M2bb- r2 +QmH/ MQi ;m�`�Mi22 i?2 `2bmHi
Q7 i?2 p2`B}+�iBQM Bb 2t�+iHv r?�i r2 2tT2+i2/X AM i?Bb b2+iBQM- r2 /Bb+mbb
7�B`M2bb Bbbm2b �i irQ /Bz2`2Mi H2p2Hb, QM2 Bb �i i?2 2t2+miBQM H2p2H- �M/ i?2
Qi?2` Bb �i i?2 �TTHB+�iBQM H2p2HX

h?2 bvbi2K Q7 Qm` KQ/2H +?2+F2` mbBM; }tTQBMi Bb +2Mi`�HBx2/X AM Qi?2`
rQ`/b- Qm` KQ/2H +?2+F2` i`�p2`b2/ �HH TQbbB#H2 i`�MbBiBQMb 7`QK i?2 b2i Q7
BMBiB�H bi�i2bX >Qr2p2`- r2 biBHH ?�p2 i?2 7�B`M2bb Bbbm2 #2+�mb2 r2 +QmH/
MQi 2Mbm`2 i?�i �Mv T`Q+2bb i?�i +�M 2t2+mi2 � bi�i2K2Mi b?QmH/ 2p2Mim�HHv
T`Q+22/ rBi? i?�i bi�i2K2MiX hQ 2Mbm`2 7�B`M2bb Q7 i?2 mM/2`HvBM; 2t2+miBQM
KQ/2H- r2 mb2 �mtBHB�`v p�`B�#H2b iQ 7Q`KmH�i2 q2�F 6�B`M2bb +QM/BiBQMbX q2
2M+Q/2 i?2K BM i?2 T`QT2`iv �miQK�iQM, amTTQb2 r2 ?�p2 � 7�B`M2bb +QM/B@
iBQM F �M/ � i�`;2i T`QT2`iv pX q2 r`Bi2 p′ = F → p �b i?2 T`QT2`iv i?�i r2
r�Mi iQ p2`B7v mM/2` i?2 7�B`M2bb +QM/BiBQMX h?2M- r2 ;2M2`�i2 i?2 �miQK�@
iQM AM #v mbBM; i?2 _*6: T`QpB/2/ #v lHiBK�i2- �M/ A¬p′ Bb ;2M2`�i2/
#v i?2 lHiBK�i2Ƕb iQQH+?�BM GhGk"�X h?2 H�bi irQ i?BM;b �`2 iQ +QMbi`m+i
i?2 +`Qbb T`Q/m+i Q7 i?2b2 irQ �miQK�i� �M/ iQ +?2+F Bib 2KTiBM2bbX q2 i�F2
�H;Q`Bi?K j �b �M 2t�KTH2,

jj
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�H;Q`Bi?K j, irQ@T`Q+2bb S2i2`bQMǶb �H;Q`Bi?K rBi? �mtBHB�`v p�`B�#H2b
R ff! HiH BMp�`B�Mi TQbBiBp2, !((auxv1 == 1) ==> !((auxv1 == 2) ∨ (auxv1 == 3)))∧

!((auxv1 == 2) ==> !(auxv1 == 3))∧
!((auxv2 == 1) ==> !((auxv2 == 2) ∨ (auxv2 == 3)))∧
!((auxv2 == 2) ==> !(auxv2 == 3)) 44= (!AP (x < 1))

k BMi ~�;R 4 y- ~�;k 4 y- im`M 4 y
j BMi auxv1 = 0, auxv2 = 0
9 BMi t 4 y
8 T`Q+ i?`2�/y
e ~�;R 4 R- im`M 4 R
d BMi 7kR 4 ~�;k
3 BMi iR 4 im`M
N auxv1 = 1

Ry r?BH2 7kR44R �M/ iR44R /Q
RR auxv1 = 2
Rk 7kR 4 ~�;k
Rj iR 4 im`M
R9 2M/
R8 auxv1 = 3
Re BMi vR 4 y
Rd vR 4 t
R3 vRYY
RN t 4 vR
ky ~�;R 4 y
kR 2M/
kk T`Q+ i?`2�/R
kj ~�;k 4 R- im`M 4 y
k9 BMi 7Rk 4 ~�;R
k8 BMi ik 4 im`M
ke auxv2 = 1
kd r?BH2 7Rk44R �M/ ik44R /Q
k3 auxv2 = 2
kN 7Rk 4 ~�;R
jy ik 4 im`M
jR 2M/
jk auxv2 = 3
jj +`BiB+�H b2+iBQM
j9 2M/

j9
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AM �H;Q`Bi?K j- r2 b?Qr i?2 /2bB;M Q7 i?2 7�B`M2bb +QM/BiBQM 7Q` i?2
S2i2`bQMǶb �H;Q`Bi?KX h?2 #Hm2 T�`i BM i?2 GhG T`QT2`iv Bb i?2 7�B`M2bb
+QM/BiBQM Q7 i?2 i�`;2i T`Q;`�K- i?2 `2/ T�`i Bb i?2 T`QT2`iv r2 r�Mi iQ
+?2+F- �M/ �mtBHB�`v p�`B�#H2b �mtpR �M/ �mtpk �`2 �//2/ BM i?2 T`Q+2bb
thread0 �M/ i?2 T`Q+2bb thread1X h?2 }`bi HBM2 Q7 i?2 7�B`M2bb +QM/BiBQM,

!((auxv1 == 1) ==> !((auxv1 == 2) ∨ (auxv1 == 3)))

2Mbm`2b i?�i i?2 T`Q+2bb thread0 Bb ;Bp2M � +?�M+2 iQ /Q Bib bi�i2K2Mib- �M/
i?2 b2+QM/ HBM2,

!((auxv1 == 2) ==> !(auxv1 == 3))

2Mbm`2b i?�i i?2 T`Q+2bb thread0 rBHH 2p2Mim�HHv ;2i � +?�M+2 iQ +?2+F i?2
HQQT +QM/BiBQM �M/ T`Q+22/ iQ i?2 +Q``2bTQM/BM; 7QHHQrBM; bi�i2K2MiX h?2
i?B`/ HBM2 �M/ i?2 7Qm`i? HBM2 rQ`F bBKBH�`Hv �b b�K2 �b i?2 }`bi �M/ i?2
b2+QM/ HBM2bX h?Bb FBM/ Q7 �mtBHB�`v p�`B�#H2b 2M7Q`+2 q2�F 6�B`M2bb 7Q` i?2
bvbi2K KQ/2HX h?2 iBK2 +Qbi Q7 i?2 p2`B}+�iBQM rBi?Qmi �mtBHB�`v p�`B�#H2b
`2/m+2b bB;MB}+�MiHv- �M/ r2 rBHH b?Qr i?2 /�i� BM i?2 M2ti b2+iBQMX

j8
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*?�Ti2` 8

1tT2`BK2Mib �M/ _2bmHib

AM i?Bb +?�Ti2`- r2 rBHH BMi`Q/m+2 i?2 r�v r2 BKTH2K2Mi Qm` }tTQBMi
KQ/2H +?2+F2`b rBi? bQK2 T`Q;`�K �b 2t�KTH2bX Pm` KQ/2H +?2+F2`b rBHH
BHHmbi`bi2 i?Qb2 T`Q;`�Kb �M/ +?2+F r?2i?2` i?2 bT2+B}+�iBQM BM i?2 2t�KTH2
T`Q;`�K ?QH/bX

hQ +QKTH2i2Hv BKTH2K2Mi Qm` p2`B}+�iBQM rQ`F- r2 M22/ iQ /2;BM2 �M
sJG }H2 r?B+? `2T`2b2Mib i?2 r?QH2 T`Q+2bb Q7 Qm` rQ`F- r?B+? bi�`ib 7`QK
� * }H2 �M/ 2M/b mT rBi? i?2 `2bmHi Q7 Qm` }tTQBMi KQ/2H +?2+F2`X

R I`mM/27BMBiBQM=
k IM�K2=lHiBK�i2 hQQH+?�BMIfM�K2=
j IiQQH+?�BM=
9
8 ITHm;BM B/4]/2XmMBn7`2B#m`;XBM7Q`K�iBFXmHiBK�i2XTHm;BMbX;2M2`�iQ`X+�+bHk#QQ;B2i`�MbH�iQ`]f=
e ITHm;BM B/4]/2XmMBn7`2B#m`;XBM7Q`K�iBFXmHiBK�i2X#QQ;B2XT`Q+2/m`2BMHBM2`]f=
d ITHm;BM B/4]/2XmMBn7`2B#m`;XBM7Q`K�iBFXmHiBK�i2X#QQ;B2XT`2T`Q+2bbQ`] f=
3 ITHm;BM B/4]/2XmMBn7`2B#m`;XBM7Q`K�iBFXmHiBK�i2XTHm;BMbX;2M2`�iQ`X`+7;#mBH/2`]f=
N ITHm;BM B/4]/2XmMBn7`2B#m`;XBM7Q`K�iBFXmHiBK�i2XHiHk�mi] f=

Ry ITHm;BM B/4]KQ/2H @+?2+FBM;g�H;Q`Bi?Kbg?2`2] f=
RR
Rk IfiQQH+?�BM=
Rj If`mM/27BMBiBQM=

6B;m`2 8XR, h?2 b�KTH2 iQQH+?�BM sJG }H2X

�b K2MiBQM2/ BM i?2 T`2pBQmb +?�Ti2`b- bQK2 iQQHb /2bB;M2/ #v lG@
hAJ�h1 �`2 mb2/ iQ /2�H rBi? _*6:@`2H�i2/ �M/ M2p2` +H�BK �miQK�i�
T`Q+2bbBM;X h?2b2 iQQHb �`2 BM+Hm/2/ BM i?2 iQQH+?�BM BM i?Bb i?2bBb- �M/ Qm`
KQ/2H +?2+F2` rBHH #2 BKTH2K2Mi2/ BM HBM2 Ry BM 6B;m`2 8XRX

je
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8XR *QKT�`BbQM #2ir22M .Bz2`2Mi �H;Q`Bi?Kb
AM i?Bb b2+iBQM- r2 rBHH +QKT�`2 i?2 `2bmHi Q7 i?2 p2`B}+�iBQM #2ir22M Qm`

bvK#QHB+ KQ/2H +?2+F2` U}tTQBMi �TT`Q�+?V �M/ i?2 2tTHB+Bi KQ/2H +?2+F2`
U/Qm#H2 .6a �TT`Q�+?V #v mbBM; a*�Lhl bvbi2KX q2 rBHH +QM+2Mi`�i2
i?2 `2bmHi Q7 /QBM; p2`B}+�iBQMb QM /Bz2`2Mi FBM/b Q7 * }H2b �M/ T`QT2`iB2b-
bm+? �b i?2 BM+Q``2+i T`QT2`iv rBi? i?2 +Q``2+i +Q/2- i?2 BM+Q``2+i +Q/2 rBi?
i?2 +Q``2+i T`QT2`iv- �M/ i?2 +Q/2 �M/ i?2 T`QT2`iv �`2 �HH +Q``2+iX h?2
i�`;2i T`Q;`�Kb BM+Hm/2b �H;Q`Bi?K j �M/ T`Q;`�Kb b?QrM �i i?2 2M/ Q7
i?Bb b2+iBQMX

AM �H;Q`Bi?K j- r2 p2`B}2/ i?2 +Q``2+i * T`Q;`�K Q7 S2i2`bQMǶb �H;Q@
`Bi?K rBi? QM2 +Q``2+i T`QT2`iv U!AP (x < 1)VX h?2 p2`B}+�iBQM `2bmHi Q7
�H;Q`Bi?K j,

.Qm#H2 .6a 6BtTQBMi
rBi? �mtBHB�`v p�`B�#H2b jd-ReKb kyjXRdKb
MQ �mtBHB�`v p�`B�#H2b jjXN3Kb RdNXjRKb

AM �H;Q`Bi?K 9- r2 p2`B}2/ i?2 +Q``2+i * T`Q;`�K Q7 S2i2`bQMǶb �H;Q`Bi?K
rBi? �MQi?2` +Q``2+i T`QT2`iv U!(AP (x == 0) ==> !AP (x == 2))VX h?2
`2bmHi Q7 i?2 p2`B}+�iBQM Q7 �H;Q`Bi?K 9,

.Qm#H2 .6a 6BtTQBMi
rBi? �mtBHB�`v p�`B�#H2b 9yyRX3jKb Rk8yRNXNdKb
MQ �mtBHB�`v p�`B�#H2b RNeXjdKb RRdydXjdKb

h?2`2 �`2 bQK2 i?BM;b rQ`i? MQiB+BM; BM `2bmHib Q7 i?2b2 irQ +�b2bX h?2
}`bi BM7Q`K�iBQM q2 Q#b2`p2/ Bb i?�i i?2 p2`B}+�iBQM `2bmHi Q7 �H;Q`Bi?K
j bT2Mi H2bb iBK2 i?�M i?2 `2bmHi Q7 �H;Q`Bi?K 9- i?`Qm;? * }H2b �M/ i?2
T`QT2`iB2b �`2 �HH +Q``2+iX h?2 F2v TQBMi Bb i?�i i?2 }tTQBMi +QKTmi2/ BM
�H;Q`Bi?K j #2+QK2b i?2 2KTiv b2i KQ`2 2�`HB2` i?�M i?2 +QKTmi�iBQM Q7
�H;Q`Bi?K 9X q2 +�M }M/ bQK2 +Hm2b 7`QK i?2 MmK#2` Q7 `2�+?�#H2 bi�i2b
Q7 i?2b2 irQ +�b2bX h?2 }`bi +�b2 ?�b QMHv QM2 `2�+?�#H2 bi�i2 r?B+? Bb i?2
BMBiB�H bi�i2 r?2M Bi Bb p2`B}2/ rBi? MQ �mtBHB�`v p�`B�#H2b- r?B+? K2�Mb i?2
BMBiB�H bi�i2 +�M MQi /Q �Mv i`�MbBiBQMX h?2 b2+QM/ +�b2 ?�b RNe3 `2�+?�#H2
bi�i2b mM/2` i?2 b�K2 T`2KBb2- bQ Qm` KQ/2H +?2+F2` ?�b iQ bT2M/ iBK2 KQ`2
iBK2 +QKTmiBM; i?2 }tTQBMiX

h?2 b2+QM/ i?BM; r2 Q#b2`p2/ Bb i?�i p2`B}+�iBQMb rBi? �mtBHB�`v p�`B@
�#H2b bT2Mi KQ`2 iBK2 i?�M p2`B}+�iBQMb rBi? MQ �mtBHB�`v p�B`�H#2bX h?2
`2bmHi Bb �z2+i2/ #v i?2 MmK#2` Q7 �++2TiBM; `2�+?�#H2 bi�i2b- Dmbi HBF2 i?2
`2�bQM r2 T`2b2Mi2/ BM i?2 T`2pBQmb +�b2X q2 i�F2 �H;Q`Bi?K 9 �b 2t�KTH2,

jd
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h?2 MmK#2` Q7 �++2TiBM; `2�+?�#H2 bi�i2b BM i?2 T`Q+2bb Q7 p2`B}+�iBQM rBi?
�mtBHB�`v p�`B�#H2b Bb j89y- �M/ RNe3 rBi? MQ �mtBHB�`v p�`B�#H2bX q2 +�M
MQi ;m�`�Mi22 i?�i i?2 KQ`2 i`�MbBiBQMb i?2`2 �`2- i?2 KQ`2 iBK2 i?2 KQ/2H
+?2+F2` rBHH +Qbi- #mi r2 +QmH/ BM72` i?�i i?2 MmK#2` Q7 `2�+?�#H2 bi�i2b Bb
TQbBiBp2Hv `2H�i2/ iQ iBK2 +QbiX

L2ti- r2 b?Qr i?2 `2bi Q7 `2bmHib, AM �H;Q`Bi?K 8- r2 p2`B}2/ i?2 +Q``2+i
* T`Q;`�K Q7 S2i2`bQMǶb �H;Q`Bi?K rBi? QM2 BM+Q``2+i T`QT2`iv U!(AP (x ==
2) ==> !AP (x == 0))VX h?2 p2`B}+�iBQM `2bmHi Q7 �H;Q`Bi?K 8,

.Qm#H2 .6a 6BtTQBMi
rBi? �mtBHB�`v p�`B�#H2b NyX3RKb kjj8jXekKb
MQ �mtBHB�`v p�`B�#H2b deXR9Kb jR9RXdjKb

AM �H;Q`Bi?K e- r2 p2`B}2/ i?2 BM+Q``2+i * T`Q;`�K Q7 S2i2`bQMǶb �H;Q@
`Bi?K rBi? QM2 +Q``2+i T`QT2`iv U!(AP (x == 0) ==> !AP (x == 2))VX q2
/2H2i2/ i?2 +`BiB+�H b2+iBQM BM h?`2�/R BM �H;Q`Bi?K e- bQ i?2 p�Hm2 Q7 x rBHH
#2 R r?2M �HH T`Q+2bb2b �`2 �HH }MBb?2/X h?2 p2`B}+�iBQM `2bmHi Q7 �H;Q`Bi?K
e,

.Qm#H2 .6a 6BtTQBMi
rBi? �mtBHB�`v p�`B�#H2b N3X99Kb 3jkRjXkyKb
MQ �mtBHB�`v p�`B�#H2b dRX8eKb ejdeX3eKb

q2 +�M Q#b2`p2/ i?�i i?2 KQ/2H +?2+F2` rBi? /Qm#H2 .6a �TT`Q�+? ?�b
� ?B;? H2p2H Q7 T2`7Q`K�M+2 r?2M i?2`2 Bb bQK2i?BM; r`QM; BM i?2 T`QT2`iv
Q` i?2 * }H2X h?2 KQ/2H +?2+F2` rBi? }tTQBMi �TT`Q�+? Bb bi`m;;H2/ BM i?2
2tTQM2MiB�H 2tTHQbBQM Q7 bi�i2b r?2M Bi +QKTmi2b i?2 }tTQBMiX �M BM+Q``2+i
T`QT2`iv �Hr�vb H2�/b iQ � H�`;2` MmK#2` Q7 `2�+?�#H2 bi�i2b- i?mb `2/m+2b
i?2 2{+B2M+v Q7 i?2 KQ/2H +?2+F2`X

AM i?2 p2`B}+�iBQM `2bmHi Q7 �H;Q`Bi?K e- i?2 /2H2iBQM Q7 i?2 +`BiB+�H b2+@
iBQM H2�/b iQ � bK�HH2` MmK#2` Q7 `2�+?�#H2 bi�i2b- bQ i?2 iBK2 +Qbi Q7 Bi
Bb H2bb i?2M i?2 p2`B}+�iBQM `2bmHi Q7 �H;Q`Bi?K 8X Ai Bb BMimBiBp2 i?�i i?2
/2H2iBQM `2/m+2b i?2 /B{+mHiv Q7 +QKTmiBM; }tTQBMiX

j3
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�H;Q`Bi?K 9, irQ@T`Q+2bb S2i2`bQMǶb �H;Q`Bi?K rBi? �MQi?2` `B;?i T`QT2`iv �M/ `B;?i
+Q/2
R ff! HiH BMp�`B�Mi TQbBiBp2, fairness condition 44=

!(AP (x == 0) ==> (!AP (x == 2)))
k BMi ~�;R 4 y- ~�;k 4 y- im`M 4 y
j BMi auxv1 = 0, auxv2 = 0
9 BMi t 4 y
8 T`Q+ i?`2�/y
e ~�;R 4 R- im`M 4 R
d BMi 7kR 4 ~�;k
3 BMi iR 4 im`M
N auxv1 = 1

Ry r?BH2 7kR44R �M/ iR44R /Q
RR auxv1 = 2
Rk 7kR 4 ~�;k
Rj iR 4 im`M
R9 2M/
R8 auxv1 = 3
Re BMi vR 4 y
Rd vR 4 t
R3 vRYY
RN t 4 vR
ky ~�;R 4 y
kR 2M/
kk T`Q+ i?`2�/R
kj ~�;k 4 R- im`M 4 y
k9 BMi 7Rk 4 ~�;R
k8 BMi ik 4 im`M
ke auxv2 = 1
kd r?BH2 7Rk44R �M/ ik44R /Q
k3 auxv2 = 2
kN 7Rk 4 ~�;R
jy ik 4 im`M
jR 2M/
jk auxv2 = 3
jj +`BiB+�H b2+iBQM
j9 2M/

jN
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�H;Q`Bi?K 8, irQ@T`Q+2bb S2i2`bQMǶb �H;Q`Bi?K rBi? `B;?i +Q/2 #mi BM+Q``2+i T`QT2`iv
R ff! HiH BMp�`B�Mi TQbBiBp2, fairness condition 44=

!(AP (x == 2) ==> (!AP (x == 0)))
k BMi ~�;R 4 y- ~�;k 4 y- im`M 4 y
j BMi auxv1 = 0, auxv2 = 0
9 BMi t 4 y
8 T`Q+ i?`2�/y
e ~�;R 4 R- im`M 4 R
d BMi 7kR 4 ~�;k
3 BMi iR 4 im`M
N auxv1 = 1

Ry r?BH2 7kR44R �M/ iR44R /Q
RR auxv1 = 2
Rk 7kR 4 ~�;k
Rj iR 4 im`M
R9 2M/
R8 auxv1 = 3
Re BMi vR 4 y
Rd vR 4 t
R3 vRYY
RN t 4 vR
ky ~�;k 4 y
kR 2M/
kk T`Q+ i?`2�/R
kj ~�;k 4 R- im`M 4 y
k9 BMi 7Rk 4 ~�;R
k8 BMi ik 4 im`M
ke auxv2 = 1
kd r?BH2 7Rk44R �M/ ik44R /Q
k3 auxv2 = 2
kN 7Rk 4 ~�;R
jy ik 4 im`M
jR 2M/
jk auxv2 = 3
jj +`BiB+�H b2+iBQM
j9 2M/

9y
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�H;Q`Bi?K e, irQ@T`Q+2bb S2i2`bQMǶb �H;Q`Bi?K rBi? i?2 `B;?i T`QT2`iv #mi BM+Q``2+i
+Q/2
R ff! HiH BMp�`B�Mi TQbBiBp2, fairness condition 44=

!(AP (x == 0) ==> (!AP (x == 2)))
k BMi ~�;R 4 y- ~�;k 4 y- im`M 4 y
j BMi auxv1 = 0, auxv2 = 0
9 BMi t 4 y
8 T`Q+ i?`2�/y
e ~�;R 4 R- im`M 4 R
d BMi 7kR 4 ~�;k
3 BMi iR 4 im`M
N auxv1 = 1

Ry r?BH2 7kR44R �M/ iR44R /Q
RR auxv1 = 2
Rk 7kR 4 ~�;k
Rj iR 4 im`M
R9 2M/
R8 auxv1 = 3
Re BMi vR 4 y
Rd vR 4 t
R3 vRYY
RN t 4 vR
ky ~�;R 4 y
kR 2M/
kk T`Q+ i?`2�/R
kj ~�;k 4 R- im`M 4 y
k9 BMi 7Rk 4 ~�;R
k8 BMi ik 4 im`M
ke auxv2 = 1
kd r?BH2 7Rk44R �M/ ik44R /Q
k3 auxv2 = 2
kN 7Rk 4 ~�;R
jy ik 4 im`M
jR 2M/
jk auxv2 = 3
jj MQ +`BiB+�H b2+iBQM
j9 2M/

9R



doi:10.6342/NTU202300384

8Xk *QKT�`BbQM #2ir22M .Bz2`2Mi LmK#2` Q7 h?`2�/b
AM i?Bb b2+iBQM- r2 mb2 � bBKTH2 KmHiBi?`2�/ T`Q;`�K iQ /Bb+mbb i?2 BK@

T�+i Q7 K2KQ`v �M/ iBK2 +Qbi r?2M BM+`2�bBM; i?2 MmK#2` Q7 i?`2�/bX h?2
T`QT2`iv r2 mb2/ BM i?Bb 2t�KTH2 Bb b�72- bQ r2 +�M 2Mbm`2 i?�i Bi Bb 7�B` r?2M
r2 +QKTmi2 i?2 }tTQBMi �M/ +QM+2Mi`�i2 QM i?2 BM~m2M+2 Q7 i?2 MmK#2` Q7
i?`2�/bX q2 �HbQ /2bB;M /Bz2`2Mi 2tT2`BK2Mi�H b2iiBM;b #v mbBM; /Bz2`2Mi
+Q``2+iM2bb +QK#BM�iBQMb Q7 i2KTQ`�H T`QT2`iB2b �M/ * T`Q;`�Kb iQ T`Q/m+2
KQ`2 /Bp2`b2 +QKT�`BbQM `2bmHibX

�H;Q`Bi?K d Bb i?2 bBKTH2 T`Q;`�K r2 Dmbi K2MiBQM2/X q2 }`bi /Bb+mbb
i?2 +QK#BMBiBQM rBi? i?2 +Q``2+i T`Q;`�K �M/ T`QT2`iv,

�H;Q`Bi?K d, aBKTH2 L@T`Q+2bb JmHiBi?`2�/ S`Q;`�K rBi? i?2 +Q``2+i T`Q;`�K �M/
T`QT2`iv
R ff! HiH BMp�`B�Mi TQbBiBp2, !AP (x == N)
k BMi t 4 y
j T`Q+ i?`2�/
9 t 4 t Y R
8 2M/
e T`Q+ K�BM
d +`2�i2 �M/ DQBM i?`2�/ L iBK2bX
3 2M/

h?2M r2 `2+Q`/ i?2 iBK2 +Qbi Q7 i?Bb +QK#BM�iBQM,

i?`2�/ MmK#2` ULV L 4 k L 4 9 L 4 e L 4 3 L 4 Ry
.Qm#H2 .6a NyX88Kb k89XeeKb NRdX8RKb R8dyXjyKb jdNdXk9Kb

6BtTQBMi ky9XddKb eRdX8kKb dd8dXykKb 3j83jeXy3Kb @

q2 +�M Q#b2`p2 i?�i �b i?2 MmK#2` Q7 i?`2�/b BM+`2�b2b- i?2 iBK2 bT2Mi
;`Qrb QM #Qi? KQ/2H +?2+F2`b- �M/ i?2 ;`Qri? `�i2 Q7 i?2 KQ/2H +?2+F2`
rBi? }tTQBMi �TT`Q�+? Bb KQ`2 /`�K�iB+ i?�M i?�i Q7 i?2 KQ/2H +?2+F2`
rBi? /Qm#H2 .6a �TT`Q�+?X

L2ti r2 /Bb+mbb i?2 BM~m2M+2 Q7 i?2 BM+Q``2+i T`QT2`iv- �H;Q`Bi?K 3 Bb
i?2 T`Q;`�K rBi? i?2 BM+Q``2+i T`QT2`iv �M/ i?2 +Q``2+i T`Q;`�K,

9k
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�H;Q`Bi?K 3, aBKTH2 L@T`Q+2bb JmHiBi?`2�/ S`Q;`�K rBi? i?2 +Q``2+i T`Q;`�K #mi
BM+Q``2+i T`QT2`iv
R ff! HiH BMp�`B�Mi TQbBiBp2, !AP (x == N + 1)
k BMi t 4 y
j T`Q+ i?`2�/
9 t 4 t Y R
8 2M/
e T`Q+ K�BM
d +`2�i2 �M/ DQBM i?`2�/ L iBK2bX
3 2M/

�b b�K2 �b #27Q`2- r2 `2+Q`/ i?2 iBK2 +Qbi Q7 i?Bb +QK#BM�iBQM,

i?`2�/ MmK#2` ULV L 4 k L 4 9 L 4 e L 4 3 L 4 Ry
.Qm#H2 .6a 89X8eKb 3NX33Kb RyNXjeKb R8RXd9Kb kRdXR9Kb

6BtTQBMi ReNXdeKb 839XeRKb 3ykjXNkKb 3ey3yjXj3Kb @

q2 +�M }M/ i?�i i?2 iBK2 +Qbi Q7 i?2 KQ/2H +?2+F2` mbBM; /Qm#H2 .6a
Bb �HKQbi �i i?2 b�K2 H2p2H- �M/ i?2 iBK2 +Qbi Q7 i?2 KQ/2H +?2+F2` mbBM;
}tTQBMib Bb MQi Km+? /Bz2`2M+2 7`QK i?2 T`2pBQmb +QKT�`BbQMX PM+2 i?2 }`bi
KQ/2H +?2+F2` }M/b i?2 �++2TiBM; +v+H2- i?2 T`Q+2bb Q7 i?2 p2`B}+�iBQM Bb 2M/
�M/ i?Bb Bb i?2 `2�bQM Bi Bb MQi bi`QM;Hv �z2+i2/ #v i?2 MmK#2` Q7 i?`2�/bX
>Qr2p2`- i?2 b2+QM/ KQ/2H +?2+F2` biBHH /`�K�iB+�HHv BM~m2M+2/ #v i?2 i?2
MmK#2` Q7 i?`2�/b #2+�mb2 Bi biBHH i�F2b � HQM; iBK2 iQ +QKTmi2 i?2 }tTQBMiX

G�bi r2 /Bb+mbb i?2 BM~m2M+2 Q7 i?2 BM+Q``2+i T`Q;`�K- �H;Q`Bi?K N Bb
i?2 T`Q;`�K rBi? i?2 +Q``2+i T`QT2`iv #mi i?2 BM+Q``2+i T`Q;`�K,
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�H;Q`Bi?K N, aBKTH2 L@T`Q+2bb JmHiBi?`2�/ S`Q;`�K rBi? i?2 +Q``2+i T`QT2`iv #mi
BM+Q``2+i T`Q;`�K
R ff! HiH BMp�`B�Mi TQbBiBp2, !AP (x == N)
k BMi t 4 y
j T`Q+ i?`2�/R
9 .Q MQi?BM;
8 2M/
e T`Q+ i?`2�/k
d t 4 t Y R
3 2M/
N T`Q+ K�BM

Ry +`2�i2 �M/ DQBM i?`2�/R R iBK2bX +`2�i2 �M/ DQBM i?`2�/k L@R iBK2bX
RR 2M/

i?2 `2+Q`/ Q7 i?2 iBK2 +Qbi,

i?`2�/ MmK#2` ULV L 4 k L 4 9 L 4 e L 4 3 L 4 Ry
.Qm#H2 .6a 88XNNKb 3yX3dKb RyNX3RKb RjRXy9Kb R8jXj3Kb

6BtTQBMi R8kXk3Kb 9N3XNyKb 8kkjXyeKb 89jdeeX8NKb @

q2 +�M }M/ i?�i i?2 iBK2 +Qbi Q7 i?2 }`bi KQ/2H +?2+F2` Bb `Qm;?Hv i?2
b�K2 �b i?2 iBK2 +Qbi r2 `2+Q`/2/ BM i?2 T`2pBQmb +QKT�`BbQMX Ai �Hr�vb
[mB+FHv }M/ i?2 �++2TiBM; +v+H2 /m`BM; i?2 p2`B}+�iBQM T`Q+2bbX h?2 KQ/2H
+?2+F2` mbBM; /Qm#H2 .6a bT2M/b KQ`2 iBK2 QMHv B7 i?2`2 Bb MQi?BM; BM+Q``2+iX

h?2 iBK2 +Qbi Q7 i?2 b2+QM/ KQ/2H +?2+F2` Bb H2bb i?�M i?2 iBK2 +Qbi r2
`2+Q`/2/ BM i?2 T`2pBQmb +QKT�`BbQMX h?2 `2�bQM Bb Dmbi K2MiBQM2/ BM i?2
T`2pBQmb b2+iBQM, i?2 MmK#2` Q7 i?2 `2�+?�#H2 �++2TiBM; bi�i2b Bb H2bb i?�M
i?2 T`2pBQmb +QKT�`BbQM- �M/ r2 ?�p2 � +QM+HmbBQM i?�i i?2 ;`Qri? Q7 i?2
MmK#2` Q7 i?`2�/b Bb KQ`2 BM~m2MiB�H 7Q` i?2 KQ/2H +?2+F2` rBi? }tTQBMi
�TT`�Q+? i?�M i?2 KQ/2H +?2+F2` rBi? /Qm#H2 .6a �TT`Q�+?X

6BM�HHv- r2 /Bb+mbb r?v Qm` KQ/2H +?2+F2` Bb BM2{+B2MiX �b r2 Dmbi
K2MiBQM2/ BM i?2 T`2pBQmb +?�Ti2`- r2 ?�M/H2 mM+?�M;2/ p�`B�#H2b r?2M
+�H+mH�iBM; }tTQBMib #2+�mb2 Q7 i?2 Qmi@Q7@K2KQ`v T`Q#H2KX q2 +QM}`K
i?�i i?Bb Bb i?2 `2�bQM r?v Qm` KQ/2H +?2+F2` Bb KQ`2 BM2{+B2Mi i?�M i?2
2tTHB+Bi QM2X q2 bT2Mi iQQ Km+? iBK2 +QKTmiBM; Post()X AM Qi?2` rQ`/b-
i?2 b2T�`�iBQM Q7 i`�MbBiBQMb KBiB;�i2b i?2 Qmi@Q7@K2KQ`v T`Q#H2K- #mi �i
i?2 +Qbi Q7 bT2M/BM; iQQ Km+? iBK2X
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*?�Ti2` e

*QM+HmbBQM

JQ/2H +?2+FBM; ?�b #22M T`QTQb2/ 7Q` � HQM; iBK2- ?2HTBM; i?2 T`Q;`2bb
Q7 7Q`K�H p2`B}+�iBQMX JQ`2 �M/ KQ`2 KQ/2H +?2+FBM; iQQHb ?�p2 #22M /2@
p2HQT2/X q2 ?�p2 `2pB2r2/ i?2 T`2pBQmb bim/B2b `2H�i2/ iQ i?2 +QKT�`BbQM
#2ir22M 2tTHB+Bi@bi�i2 KQ/2H +?2+FBM; �M/ bvK#QHB+ KQ/2H +?2+FBM;X AM i?Bb
i?2bBb- r2 ?�p2 BKTH2K2Mi2/ � bvK#QHB+ KQ/2H +?2+F2` mbBM; }tTQBMib rBi?
lHiBK�i2- �M/ +QKT�`2/ Qm` KQ/2H +?2+F2` rBi? �M 2tTHB+Bi KQ/2H +?2+F2`X
q2 MQr bmKK�`Bx2 i?2 +QMi`B#miBQMb Q7 i?Bb i?2bBb �M/ bm;;2bi /B`2+iBQMb
7Q` 7mim`2 `2b2�`+?X

eXR *QMi`B#miBQMb
Pm` `2b2�`+? +QMi`B#mi2b iQ i?2 }2H/ Q7 7Q`K�H bQ7ir�`2 p2`B}+�iBQM rBi?

i?2 7QHHQrBM; T2`bT2+iBp2b,

Ç AKTH2K2Mi�iBQM Q7 � bvK#QHB+ KQ/2H +?2+F2` mbBM; }tTQBMib
qBi? i?2 bmTTQ`i Q7 lHiBK�i2 �M/ C�p�"..- r2 ?�p2 bm++2b7mHHv
#mBHi � bvK#QHB+ KQ/2H +?2+F2` mbBM; }tTQBMib- i?Qm;? Bib 2{+B2M+v
Bb MQi �b ;QQ/ �b 2tT2+i2/X Pm` KQ/2H +?2+F2` +�M /B`2+iHv p2`B7v *
T`Q;`�Kb �;�BMbi i2KTQ`�H T`QT2`iB2b- �M/- mMHBF2 LmaJo /Q2b MQi
M22/ Qi?2` KQ/2HBM; H�M;m�;2bX

Ç 1ti2MbBQM Q7 a+�Mim
q2 ?�p2 2ti2M/2/ a+�Mim rBi? QM2 KQ`2 KQ/2H +?2+FBM; 2M;BM2X LQr
i?2`2 �`2 irQ KQ/2H +?2+FBM; 2M;BM2b BM a+�Mim, QM2 mbBM; /Qm#H2 .6a
�M/ i?2 Qi?2` mbBM; }tTQBMibX lb2`b +�M +?QQb2 /Bz2`2Mi KQ/2H +?2+F2`b
mM/2` /Bz2`2Mi +B`+mKbi�M+2bX

Ç AKTHB+�iBQMb Q7 i?2 +QKT�`BbQM `2bmHib
h?�MFb iQ a+�Mim- r2 ?�p2 � p2`v +QMp2MB2Mi r�v iQ /Q +QKT�`BbQMb
#2ir22M /Bz2`2Mi KQ/2H +?2+F2`b mbBM; /Bz2`2Mi �TT`Q�+?2bX q2 ?�p2
/QM2 bQK2 +QKT�`BbQMb rBi? /Bz2`2Mi 2tT2`BK2Mi�H b2iiBM;b BM i?Bb i?2bBb
�M/ /Bb+mbb2/ 2tT2`BK2Mi�H `2bmHibX q2 +QM}`K i?�i,
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RX lM/2` MQ`K�H +B`+mKbi�M+2b- r?2M +QKTmiBM; SQbiUV i?2 i`�MbBiBQM
Bb i?2 /BbDmM+iBQM Q7 i?` i`�MbBiBQMb BM i?2 �miQK�iQM r?B+? Bb i?2
bvM+?`QMBx2/ T`Q/m+i Q7 bvbi2K �miQK�iQM �M/ T`QT2`iv �miQK�@
iQMX >Qr2p2`- r2 7�+2/ i?2 Qmi@Q7@K2KQ`v T`Q#H2K r?2M r2 /B/
i?2 /BbDmM+iBQM Q7 i?Qb2 i`�MbBiBQMbX hQ ;2i �`QmM/ i?2 T`Q#H2K- r2
b2T�`�i2 i?2 i`�MbBiBQM BMiQ /Bz2`2Mi bK�HH "..bX q2 7QmM/ i?�i
i?2 +QKTmi�iBQM Q7 SQbiUV i�F2b � HQM; iBK2 #2+�mb2 Q7 i?2 b2T�`�@
iBQM Q7 i?2 i`�MbBiBQMX aQ- i?2 b2T�`�iBQM Q7 i?2 i`�MbBiBQM /Q2b MQi
b22K iQ #2 � ;QQ/ B/2�X

kX h?2 KQ/2H +?2+F2` mbBM; }tTQBMib Bb �z2+i2/ #v i?2 MmK#2` Q7
i?`2�/b KQ`2 /`�K�iB+�HHv i?�M i?2 KQ/2H +?2+F2` mbBM; /Qm#H2
.6aX

jX h?2 KQ/2H +?2+F2` mbBM; /Qm#H2 .6a mb2b H2bb iBK2 r?2M i?2`2 �`2
2``Q`b BM i?2 BMTmi T`Q;`�K Q` T`QT2`ivX

eXk 6mim`2 qQ`F
h?2`2 �`2 b2p2`�H `2K�BMBM; Bbbm2b 7Q` `2b2�+?2`b iQ 7mi?2` 2tTHQ`2,

Ç lb2 /Bz2`2Mi ".. T�+F�;2b
6B`bi- r2 mb2 C�p�".. iQ #mBH/ i`�MbBiBQM "..bX h?2`2 �`2 HQib Q7
".. T�+F�;2b- bm+? �b *l..- *�+"..- C..- �M/ bQ QMX .QBM; +QK@
T�`BbQMb #2ir22M i?2 BKTH2K2Mi�iBQMb rBi? /Bz2`2Mi ".. T�+F�;2b �M/
/Bb+mbbBM; i?2 bi`2M;i?b �M/ r2�FM2bb2b Q7 /Bz2`2Mi ".. T�+F�;2b �`2
;QQ/ iQ i`vX

Ç AKT`Qp2 i?2 2{+B2M+v Q7 Qm` bvK#QHB+ KQ/2H +?2+F2`
a2+QM/- r2 ?�p2 i`B2/ iQ BKT`Qp2 2{+B2M+v rBi? /Bz2`2Mi i2+?MB[m2bX
>Qr2p2`- i?2 2tT2`BK2Mi�H `2bmHib Q7 Qm` bvK#QHB+ KQ/2H +?2+F2` mbBM;
}tTQBMib �`2 MQi �b ;QQ/ �b 2tT2+i2/X .m2 iQ i?2 HBKBi2/ iBK2- i?2`2
�`2 biBHH Qi?2` i2+?MB[m2b r?B+? K�v ?2HT mb BKT`Qp2 i?2 2{+B2M+v #mi
�`2 MQi �/QTi2/ BM Qm` iQQHb- 7Q` BMbi�M+2- �MiB+?�BMbX

Ç JQ`2 KQ/2H +?2+F2`b rBi? /Bz2`2Mi �H;Q`Bi?Kb BM i?2 +QKT�`�iBp2 bim/v
G�bi #mi MQi H2�bi- i?2 H�bi 7mim`2 rQ`F Bb iQ +QKT�`2 KQ`2 �H;Q`Bi?Kb-
BM Qi?2` rQ`/b- iQ 2tT�M/ i?2 b+QT2 Q7 Qm` i?2bBbX "v i?Bb r�v- � KQ`2 27@
7+B2Mi KQ/2H +?2+FBM; �TT`Q�+? 7Q` /Bz2`2Mi +B`+mKbi�M+2b +�M #2 7QmM/
KQ`2 2�bBHvX
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_272`2M+2b
(R) .�pB/ "�2H/2X G2�bi �M/ ;`2�i2bi }t2/ TQBMib BM HBM2�` HQ;B+X �*J

h`�Mb�+iBQMb QM *QKTmi�iBQM�H GQ;B+ UhP*GV- RjURV,RĜ99- kyRkX

(k) �`KBM "B2`2- �H2bb�M/`Q *BK�iiB- 1/KmM/ *H�`F2- �M/ umMb?�M w?mX
avK#QHB+ KQ/2H +?2+FBM; rBi?Qmi "..bX AM AMi2`M�iBQM�H *QM72`2M+2
QM hQQHb �M/ �H;Q`Bi?Kb 7Q` i?2 *QMbi`m+iBQM �M/ �M�HvbBb Q7 avbi2Kb-
T�;2b RNjĜkydX aT`BM;2`- RNNNX

(j) CX _B+?�`/ "Ƀ+?BX PM � /2+BbBQM K2i?Q/ BM `2bi`B+i2/ b2+QM/ Q`/2`
�`Bi?K2iB+X AM h?2 *QHH2+i2/ qQ`Fb Q7 CX _B+?�`/ "Ƀ+?B- T�;2b 9k8Ĝ9j8X
aT`BM;2`- RNNyX

(9) C2``v _X "m`+?- 1/KmM/ JX *H�`F2- E2MM2i? GX J+JBHH�M- .�pB/ GX
.BHH- �M/ G�BM@CBMM >r�M;X avK#QHB+ KQ/2H +?2+FBM;, 1020 bi�i2b �M/
#2vQM/X AM7Q`K�iBQM �M/ *QKTmi�iBQM- N3UkV,R9kĜRdy- RNNkX

(8) CQ@*?m�M *?QmX � +QKT�`�iBp2 bim/v Q7 /2Ti?@}`bi b2�`+? �H;Q`Bi?Kb
7Q` �miQK�i�@#�b2/ KQ/2H +?2+FBM;X J�bi2`Ƕb i?2bBb- L�iBQM�H h�Br�M
lMBp2`bBiv- C�M kykRX

(e) u��+Qp *?Qm2F�X h?2Q`B2b Q7 �miQK�i� QM ω@i�T2b, � bBKTHB}2/ �T@
T`Q�+?X CQm`M�H Q7 *QKTmi2` �M/ avbi2K a+B2M+2b- 3UkV,RRdĜR9R- RNd9X

(d) 1/KmM/ *H�`F2- �`KBM "B2`2- _B+?�`/ _�BKB- �M/ umMb?�M w?mX
"QmM/2/ KQ/2H +?2+FBM; mbBM; b�iBb}�#BHBiv bQHpBM;X 6Q`K�H J2i?Q/b
BM avbi2K .2bB;M- RNURV,dĜj9- kyyRX

(3) 1/KmM/ JX *H�`F2 �M/ 1X �HH2M 1K2`bQMX .2bB;M �M/ bvMi?2bBb Q7 bvM@
+?`QMBx�iBQM bF2H2iQMb mbBM; #`�M+?BM; iBK2 i2KTQ`�H HQ;B+X AM qQ`Fb?QT
QM GQ;B+ Q7 S`Q;`�Kb- T�;2b 8kĜdRX aT`BM;2`- RN3RX

(N) 62/2`B+Q 1+?2MB[m2X � b?Q`i �M/ +QMbi`m+iBp2 T`QQ7 Q7 h�`bFBǶb }t2/@
TQBMi i?2Q`2KX AMi2`M�iBQM�H CQm`M�H Q7 :�K2 h?2Q`v- jjUkV,kR8ĜkR3-
kyy8X

(Ry) *BM/v 1BbM2` �M/ .Q`QM S2H2/X *QKT�`BM; bvK#QHB+ �M/ 2tTHB+Bi KQ/2H
+?2+FBM; Q7 � bQ7ir�`2 bvbi2KX AM AMi2`M�iBQM�H aSAL qQ`Fb?QT QM
JQ/2H *?2+FBM; Q7 aQ7ir�`2- T�;2b kjyĜkjNX aT`BM;2`- kyykX
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(RR) a�mH E`BTF2X a2K�MiB+�H +QMbB/2`�iBQMb Q7 i?2 KQ/�H HQ;B+X aim/B� S?BHQ@
bQT?B+�- R- kyydX

(Rk) a�mH �X E`BTF2X a2K�MiB+�H �M�HvbBb Q7 KQ/�H HQ;B+ A MQ`K�H KQ/�H
T`QTQbBiBQM�H +�H+mHBX J�i?2K�iB+�H GQ;B+ Zm�`i2`Hv- NU8@eV,edĜNe- RNejX

(Rj) >QM;@u�M; GBMX hQQH bmTTQ`i 7Q` �miQK�i�@#�b2/ KQ/2H +?2+FBM; Q7
KmHiBi?`2�/2/ T`Q;`�KbX J�bi2`Ƕb i?2bBb- L�iBQM�H h�Br�M lMBp2`bBiv-
C�M kykRX

(R9) *�``QHH JQ`;�M- �MM�#2HH2 J+Ap2`- �M/ E�`2M a2B/2HX S`Q#�#BHBbiB+
T`2/B+�i2 i`�Mb7Q`K2`bX �*J h`�Mb�+iBQMb QM S`Q;`�KKBM; G�M;m�;2b
�M/ avbi2Kb UhPSG�aV- R3UjV,jk8Ĝj8j- RNNeX

(R8) �KB` SMm2HBX h?2 i2KTQ`�H HQ;B+ Q7 T`Q;`�KbX AM R3i? �MMm�H avKTQ@
bBmK QM 6QmM/�iBQMb Q7 *QKTmi2` a+B2M+2 U6P*a RNddV- T�;2b 9eĜ8dX
A111- RNddX

(Re) �KB` SMm2HBX h?2 i2KTQ`�H b2K�MiB+b Q7 +QM+m``2Mi T`Q;`�KbX h?2Q@
`2iB+�H *QKTmi2` a+B2M+2- Rj,98Ĝey- RN3RX

(Rd) _Q#2`iQ a2#�biB�MB- ai27�MQ hQM2ii�- �M/ JQb?2 uX o�`/BX avK#QHB+
bvbi2Kb- 2tTHB+Bi T`QT2`iB2b, QM ?v#`B/ �TT`Q�+?2b 7Q` GhG bvK#QHB+
KQ/2H +?2+FBM;X AM AMi2`M�iBQM�H *QM72`2M+2 QM *QKTmi2` �B/2/ o2`B@
}+�iBQM- T�;2b j8yĜjejX aT`BM;2`- kyy8X

(R3) h?QK�b q�?HX 6�B`M2bb �M/ HBp2M2bbX

93


	摘要
	THESIS ABSTRACT
	Introduction
	Background
	Motivation and Objectives
	Thesis Outline

	Related Works
	Existing Model Checkers
	NuSMV
	Spin
	Frama-C
	Ultimate

	Comparative Tests

	Preliminaries
	Automata on Infinite Words
	Kripke Structure and Temporal Logic
	Kripke Structure
	Temporal Logic

	Symbolic Model Checking
	Fixpoint Calculus
	Theorem of the Model Checker Using Fixpoints
	Bounded Model Checking


	Design and Implementation
	Software Architecture
	Recursive Control Flow Graph (RCFG)
	Different Kinds of Transitions in RCFG
	Java Binary Decision Diagram (JavaBDD)

	Design and Implementation
	Fairness Issues

	Experiments and Results
	Comparison between Different Algorithms
	Comparison between Different Number of Threads

	Conclusion
	Contributions
	Future Work

	References

