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Abstract

We provide a flexible stochastic volatility multifactor model of the term structure
of interest rates in the Heath-Jarrow-Morton (HIM) framework. This model features
unspanned stochastic volatility factors and correlation between forward rates and their
volatilities. Moreover, let instantaneous spot rate affect the interest rate volatility. This
model can be converted into finite number of state variables and reduced to a
Markovian system. Moreover, This dynamic process consistent with Affine
Jump-Diffusions Process, which is proposed in Duffie, Pan and Singleton (2000), and

consequently we can obtain bond option prices with analytic form.

Keywords: Heath—Jarrow—Morton model, stochastic volatility, state dependent

volatility, Markovian, bond option prices
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1. —ca)]?ew&g

% Heath, Jarrow and Morton(1992) z_ m #74f B enf F 4] > 2 & 5 5 "LaR
(finite dimensional) ® & 3 & ¥ 2 5 et d) > # {5 < 5 d W8 4] & (instantaneous
spotrate) s £ % 4c— F| % Bk f& % Hc(state variables)#tid-2_o 5 B ¥ 2 $LF 4 e

T2 L ERE ST g o APT ) r E e N oo d R
PRFEFTAMERT SRR R AP LI ST FEHER S T
B BoER AT 3 d O Frchdy 3P e 4 5 & A (initial yield curve) - # 3pL % Sk

A Sy B RS BEE MG o bR B B RE S T b

T

do l Al SOl E R SR B el F (hump volatility curve)

#Xm > % Heath, Jarrow and Morton(1992) (# A HIM)end ]| & #5348 21 18 > 2%
F_

e

RGPS EA e HS R G AN AP - o T A
&8 ] 5 o S H04 (forward rate curve model) » 41 3 & & & % $1 & £ 1% i (no
arbitrage condition) #7*X41] ; % = > VA {xF P oI FFHA o KR R
ST B B Z 0 U A 49im E A IR ehi® SRR 4 Vasicek (1977) -
Cox-Ingersoll-Ross (1985) ~ Ho and Lee (1986) 4= Hull and White (1990) % 0 A_HIM
F1F L o

B E HIM A ehde < 2B A8 3 B &85 F A F o 27l F HIM #03)
AR F A RHRE RPN R AL L ERP SO R R AT S
T REE PR o 5 LY 2 pridmde @ HIM B2l dds = 8 £ 5 7 2 LT ans
# » @ 3% Carverhill(1994) » Ritchken and Sankarasubramanian(1995) - Bhar and
Chiarella(1997) - Chiarella and kwon(1998a) - Chiarella and kwon(1998b) - = Bhar >

Chiarella » El-Hassan and Zheng(1999) - # 7 izt ik > 58 > AP ET 1 S H {5



Al hE ¥ A2 HIM A chig gl { 5 fI IS 72 L& mi &aw g

HIM #-3] & & & §]i% ¢ (no arbitrage condition) ™ » i& #p 1| & erv;& 5238 (drift term)
F okt B & (volatility term)ric — A Z ehe #rrl v B e T & 5 7 HIM B34 & &
B THYE o7& SRS HHM R B R TR 0 A RS FF R
T 0 T VoA IR AT MR S a3t B 2 o b4e Bhar and Chiarella (1997)
YR AP R E 5 ot B % > Mercurio and Moraleda (2000)4=(2001) % &
7k ¥ R enmeiE I % > Collin-Dufresne and Goldstein (2003) 4= Trolle and Schwartz
(2009)% g4 # & > 41* Duffie, Pan and Singleton (2000) 2 Affine
Jump-Diffusions & 3= I 5 7 &0t B iz o

&ﬁéﬁﬁﬂ%*ﬂ$%ﬁa T B - o JIF R R AR &
= o IF A B RN 2B U TS (unspanned stochastic volatility factor)®
MEEER=S-PE -1 LIRS 5 RS B R O SRS NS A
v 5 25415 8 *Ug %1+ (unspanned stochastic volatility factors) = % Andersen and

benzoni(2005) 7~ ;;H S FERRFE REFONFABRPN T T AT H R

I

% %1+ (unspanned stochastic volatility factors) & 8 @ o % = » I3k & & % i
Fofl F s it £ 5 4p B c03R % - Andersen and Lund(1997)4- Ball and Torous(1999) >
RN N IR et b TR o VECE AN LAl e S CO b sa VRS o8 S s TR
ARREMOM G a GHFAB TS pk b ko S o xR
(unconditional=realized and implied)i& - & 2% 7 & (hump)efd 77 o gt
Dai and Singleton(2003) s~ zgie L LR O

Trolle and Schwartz (2009)4% &1 - ® % F]+ HIM #3] » 2 31N 305 4 g
PG e R che B AN 7 N B g BB FH U anF+ 0 E N B2t

Fi 5 #p " # 1+ (unspanned stochastic volatility factors) » # 2 5 5 ¢ 22 584 5

AR ERE & 3§ BB DU TS o ek B

Eid

it A ] 5k

! =28 Collin-Dufresne and Goldstein (2002) ~ Heidari and Wu (2003) ~ Casassus, Collin-Dufresne, and
Goldstein (2005)F Li and Zhao (2006) -
2



B R g ol g it B AP MR R LE R B4R R 3 B (hump) s B (SE 18
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Trolle and Schwartz (2009)4% ' — B & /& 0 5 515 HIM $3] » @ 2big &

T BRI g 3 2541 5 8P FU 4 715 (unspanned stochastic volatility factors)#2 58
(L1) df (t,T)=p, (t,T)dt+Za” (t,T)\fo, (D)dWC (t)
(1.2) do(t)=x (6?, —v, (t))dt +ou (1) (,oidV\/iQ (t)+41-p7dZ° (1) )

i=L..,N 27 o (tT)= (“o,i +oy, (T —t))e’yi(T’t),ﬁ >y 0 W2 (t) fodZ,2 (t) 2

aO,i
f k% BB (risk neutral measure) Q T e R F W iFEH o oL F FE REH
B R HIM T > AP AEL o (1) Rk 6 F1 5% e B RBAT DN - o R R
g %= 0 # R £ 5§ 22705 89 "4 F]F (unspanned stochastic volatility
factors)dZ. (t) 5 s+ #2315 N B F15 (13 B4 %15 dW2 (1)) § B EfIF %4 7 3

3 F N B F]F (2591 5 ) " 515 (unspanned stochastic volatility factors) dZ,° (t))

2 v, (t) £_Cox-Ingersoll-Ross 4% » £ § & 32 #(mean reverting)# 1 » 3% 2 Heston (1993):H

O RE i R B -
3



ERERPRETRENFFIEF ) SZ2 o 7kt f(LT)&o (1) £ 5

MMM S o EE ARG REIRE  FT 0@ 2 b AR & Duffie, Pan

4

and Singleton (2000) (# #- DPS)#& ! - Affine Jump-Diffusions (#§ - AJD) ik i+ >
REEFE S ERETY DN Rt iE -

k@ > Chanetal. (1992)sc73 S & #F W > TP f(Lt) kv 2 ()t
¥ S0dc - 2 &_Trolle and Schwartz (2009) 57 & # & AID » #1132 1 k&R A2 W
#p 41 5 (spot rate) f(t,t) svfd B % o Trolle and Schwartz (2009):& & < & 42 o 3%
BAlamk 2 i3 ¥ g Pl 5 (spotrate) f(t,t)~ € B BPIF AR o Ft o
2 AL R AR TR R > A 2 B4 7 Trolle and Schwartz (2009) e772% 2 4v » T Hp
15 (spot rate) sk & 80 £ kB R o=c(t,T,0(t), f (L)) » FHik & b P
unspanned F]+ fr f(t,t) hE H P APH T SR R R (state dependent

volatility) - ;‘gt% T - i HIM IS 512 > 2 = B % o

}‘P‘P
|
s
FIRS
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_‘_‘).
gt

4
W
S
Ry
e
=
=
N
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SRR LR A I RS S
EEP I AL ERD SEFPIFHARE L e R E S8 S ea |
HAATEEY { -1 HIMAIFHE] 0 2 $IF A B S Em o g &
L A

%2 %1% Ef§ ¥ 4% HEATH-JARROW-MORTON 3] & A % 4% » #-¢ 4
BhEY 2T HIM BCA] e B A2 2 33 HIM A S H0a] enig gk o

PR AMWARREAZ - S HIMBCR A A B BRI e At i &
F_#2 2 Trolle and Schwartz (2009)# 4 <1 5 F15 HIM #3] GALLThEY =
TamBFRP I F FET) g PEAL . F o SRR 2T amF P S

FT) - %2 SN PR BEET AT - S SRENTLFEHH

4
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% 7 &£ f|* Bhar and Chiarella (1997) s 3% » 3% o #~ i B 42 % & Duffie, Pan and
Singleton (2000)( 4 # DPS)# £ cv Affine Jump-Diffusions i i+ » 5 B 7 F X E#

R 2 5 ez iz o

ﬂ'h—

’/\ o

Y
i.,

ENUR

#b

= » HEATH-JARROW-MORTON #-3) 2 » % #

HIM I 23 gl it — o Rt g 00 F1 3 B9 642 K2 4 3 F1I8 § 01
FHA e TG ER G Y = T HIM B e B AL 2 343 HIM 915 B0

I
1L @R TR'GY 22 HIM IS 83 —d B8 113 s 8 md i

TN S HIMAiEK o R Bt EET o R e Y 2 T BRI
f(6LT) eig $sB 42
(2.1) f@ﬂ:f@n+gﬁmﬂsnm+gﬁmgmww%9
R0 0<t<T <z, 4, (8T) =0y, (8T o U T o 1 58 % 4 B de 35 R e 9
Fod A AR DT EE o F N (21) B 18 - 3B T LB R IS g s KR
(random sources) > £ FFRFBE 0 2. 18 > ¢t N 38 fb = &% 9 i& 5 (brownian motion) 7 /4
TR RI GV RAEI R BDFIFHN BT I BB RE PR R - K
7 Fe el d (volatiltiy) & ez b oo

¥ BRI S i AR dn 2 16 0 T4 1 & (instantaneous spot rate) £ i %
et L iEAR > S RE A 2 o
(2.2) r@:f@0=f@g+iﬁﬂ”@om+iﬁmﬂwww%9
d 2QRYTF MR A NI E W I I G EARAR - F R BT Gug i )

ek de o 7n W ig g P SOk B 5 4 (term structure of volatility) #72~ i o & % & F & HIM

5



PIF B ERT > WG R G2 P F A ke o P2 {5 0 HIM ISR
AL ERE SOnER 0 AL - P NP IFE R N F A
LS S5 - A S S Aol

THRG LB N QL) IS 0 (22) s AR AT

(2.3) df (t,T) = i,u” (t, T)dt + ia” (t, T)dW,(t)

i=1 i=1

_M+i J.;J?i (s,t)ds

dr(t) =df (t,t) = +Zj§aa“—(3t)j o ;(s,u)duds dt+io-fyi(t,t)dWiQ(t)

2.4) >
ZJQI 80f I(S t) dWIQ(S)

BFR* % 232(Ito’s Lemma) > ¥ 4 0 X a0 5B AR

@5 POEDhdee S oP e TYWR ()

P(t.T) =

#e o 0T)=—[ oy, (tu)du

2. HIM i #3] 2 £1F7

HIM &5 #3 F englits = © (DE &d P fiSd & S LT 1
FHED (BT Y F R HEL - L 5 BRFF Y U ST A

i s ()t A A F BB B 42 (inversion of the term structure) % £ *2%
B2 P B e

R A
Sam

T2 BE— EWA B D I 5K HIM(1992)4 B Harrison &
Kreps(1979)2_ % it » ¥ 8 F| F g B2 BHIE S UL L LRE- L% Y =

ZWFRAE T A PHNIFAT EFLY o



OB ERECI - B HIM 3 R A B B RCAIR T

10

L EFRBAB LT S HIM #

BEE TP RPN HIM I H T 0 AR T RUHETRT o b

2T g B S F(T) g g AR AT

(3.1) df (t,T) = g, (t, T)dt + iom (t,T)\/af (t,t) +bo, (t)dW, ()

SRR B N B AR AT

32)  dy(t) = (6 -, ®)dt+o;\af (6 D) +bo, ©) (pdW2 (1) + L p2dZ2 (1)
=1,....N » WO(t)fo Z2(t) = 2k *&® = p| A (risk neutral measure) Q ™ =Fjph = &
Bt iEhs o R L E AR R HIMED] > AP AR o (DB E R+
AR LRBACT L S - o ABR IS ¥ o AR LG IS
*T 3% 4 F1+ (unspanned stochastic volatility factors)dz, (t) ; #* #-41§ N & 7]+ (§15
BHFF AWS (1) § B FNF B TN B FF G159 U R

(unspanned stochastic volatility factors) dZ,? (1) B s B (™ B s 1

FaE) Rz o f(LT)2o ()2 ApM I S e > 22 R G 0%
% s %I 0 4 g ¥ ) 5 (instantaneous spot rate) f(t,t)~ & BT H R o

2

»~

ANR)

a4

Tt fi 4842 * & Duffie, Pan and Singleton (2000) (#§ £DPS)# it e Affine
Jump-Diffusions (#§ fAID) g i > i & F F % iE Gl B e L e
d F(BD&EBT o BN F P VST N B F - BHF G T

Rk B Pf#, 3| LL4 N B & %f}{;‘_ mEERBAD "Lt&" HEIEIREEE S

3 v, (t) %_Cox-Ingersoll-Ross 4% » £ § & 32 #(mean reverting)# 1 » 3% 2 Heston (1993):H

O RE i R B -
7



o (GT) R ESETH S ) foHREBA s T o) 2 fEL)&o1) A
Fehalte £ e B o F - B S o) FRAERER  BEF N BAER
WA RN kA EN BRAEF > 7120 (8.1)&(B2)E - B N+Le= 258 kLo ¥
P FEREFNBERABFT Q) AT E- BRABFOO)RD- BHBP 2
W TS T T TS B Nx2 B 5 Fuad s & - BRERAS R O
EIS IRV AL RS ahn B SRR 4 £ (driving forces) 1 - B E RIS H R
Hensgds 4 £ (driving force) ~ 5 — 1B R A& 41 5 #p " 4 ensgd- 4 £ (driving force)
= hegd 4 £ (driving force) » 2% i fL 12 dﬁz B sgde 4+ £ (driving force) 5 24291 ¢
H#p *ﬁﬂ—f (unspanned stochastic volatility factors) » = ~ ¥ £ % if iz /8 4 %
SR kRS HIFE R s i
AP TR T 0 A PR E T B ARSHIMEA o & 03] o 2 )
Fd & N B sgd F+ (driving forces) > @ *‘,%t 7o =—14vp =1l T > FH T
Fh® 53 N+N B 5d Fl+ (driving forces) o 4 %] e8> 2 g dp ) 5 §03) v
Trolle & Schwartz (2008) s3] % + g 7 — B F] 5 T I f(t,t) > 5@ TP en
WAL -4t o fa=1Lb=0p > 2P aaficd] ¥ 4R 5 Heath, Jarrow, and Morton -
Al e a=0,b=1pF » 2Pt ¥ 4R 5 Trolle & Schwartz (2008) 47, &
a=0b=LN=1pF > A POHAI TR AREITI M ERE S * 3

Heston(1993)#-3] -

FHK T A

a=1b=0 Heath, Jarrow, and Morton 4%

a=0b=1 Trolle & Schwartz (2008) 77457
a=0b=1N=1 WA M &g 54 % dHeston(1993) 7

% Heath, Jarrow, and Morton(1992)~ & ¥ #% 7| » £ & A P a3 & & 2 e
B o AP RECA) & N (3. R A 5E % SR R BT SR 2

(3.3) e (tT) = i[af (t,t) + by, ()]0 ; (t,T)jtT oy, (t,u)du

8



Ahe 2 ERPORAT > AEFREIEEREET &Y 2T mRE R

f(t,T) A0 T3 f(t,t) ~ F 8 43 4 3 5% (the forward rate volatility) functions

N

20” (t,T)\/af (t,t) +bo, (t) Frik & 5 ;i ik % #ic(the volatility state variable) v, (t) -

i=1

-k o (L T) AR g BRI IV RAET F BT R o R B

FIFd R REAPER > ERAPAFITFAPERE FTHFFRF S - 5 X571
FH VR eI g AR B SRR R T i HIMEEZ RSB Ap i o
%.%{%HJM 3 LBV A AR (TR 5T e Blde: Carverhill (1994)f-Jeffrey (1995)
# & i & 0% i+ Ritchken and Sankarasubramaniam(1995) ; Bhar and
Chiarella(1997) ; Inui and Kijima(1998) ; de Jong and Santa-Clara(1999) ; Ritchken and

Chuang(1999) ; Bhar, Chiarella, EI-Hassan and Zheng (2000) ; Bjork and Svensson

(2001) ; Chiarella and Kwon(2003) ; {=Bjork, Landén and Svensson (2004) - Bhar and
Chiarella (1997)47 &1 » F il 8 R 9 B 24 % o, (1T)=p,(T-t)e7 T # ¢ p (1)
A - Bnx 5E > RIHIMBA] v 3 = 5 Pk ik % #ic(finite number of state
variables) s i st » ¥ L #e & i PFR A - (4 (time-homogeneous) st T o igfk ih
FEHRFTURBHFSRPEST LEF o 7 AP ORI T o ERA

FRE F UG e

(3.4) o (tT) = (o + oy (T —t))e™” (Tit)1ﬂ >V °

Ay
EEHREATT VMK ERPPFAFEIHEFET G B Ay b i

(hump-shaped shocks) » 4% e7 2535 » E ;8 (3.1) ¥ 878 » 12 E 8B4k 2 @

©AWS (D) $Hdf(LT)F 7 kB 0 R F T el dWR () $Hdf (L T) B AR
T AW () df (6 T) B8R 4 5 £ B dWO () S df (4 T) B Bk ~ &) -

kg a=0b=LN=1fra, =0pF A Pt ¥ AR 5 L $ 503 T Hull and



White(1990) 453 » % a=0,b=1L,N =Ly, =0fry, =0pF » & 44| 7 4R 5 5E

ok & 53] T Ho and Lee(1986) =47 -

2. RV ZTA@mRAHIF Q)

(3.5) f(t,T)= f(O,T)+iBXi(I' —-t)X, (t)+ZZB¢”(I' —-0)g;, (1)

i=1 j=1

b2l
(3.6) B, (z) = (ap; +o e 7 e 7

(3.7) B, (r)=cye7"

(3.8) B, o (T):ﬁ[i 4 EJ(% bay 7)e

2
(3.9) B, 0= {%’ial’i (leﬁ]Jr&(ﬁﬂ%i jf+ﬁ72]e27if

2
(3.10) B, o (T):ﬁ[i_ﬁ-&Jem

. A,
(311) B, ,()=- @(2% + i+2al’irJ e 2

_a I N .
(312) B, ()= e

% £ (3.5) ey fi 8 HedoT

(813)  dx (t) =—yx (t)dt +faf (t,t) + by, (t)e " AW, (1)
(3.14) dg, (t) :(Xi (t)_7i¢1,i(t))dt
(3.15)  dg,, () =([af (t.t) +bv, ()] - i, (1) ) it

(3.16)  dg,,(t) =([af (t.t) +bu, (t)] - 2514, (1) )it

10



(3.17) dg,; (t) :(¢2,i (t) _7/i¢4,i(t))dt
(3.18) dg; (t) = (¢3,i (1) -2y, (t)) dt
(3-19) d¢6i,(t):( 2755,(_) 72¢a)(

L 7ol X; (0) = ¢.I.,i (O) = ¢2,i (O) = ¢3,i (O) = ¢4,i (O) = ¢5,i (O) = ¢6,i (0) =0

BE O F R -

$5V(3.13) 2 N (B19)F B o 4 TxN B R AL ¥ RN AT EF
% % sm.(Markov representation) » & ¢ ¢ (t),...,ds; (t) &k 257z 2_(locally
deterministic) » v i § & X () fro(t) HfE & FI o AT AL W B K R

S LEAPARAIG ET 2B o

A R R IS E AR R TSR G Rk (L) ok b

o ()M > A2 B BRSO R LHANBFEF 02 9 Bk ER
Bdi (), .., ;O F0Y, 1) & x(t) = F&Bj- @ affine Fugipigien 4L
2o A AN (M), o () A W R R R B 2 L 2 (locally)

PR R R AR AT R AR Y 2 BRSO R T

5

f(t,1), v(t) & x(t) » S F PFEEF| t FREE T o ¥ b BEEAR A A

¢ (), ..., ¢,;(t)+* Trolle & Schwartz Jﬁ SR OWH SRk LR E (L) PR e

3. BTARY

1 RBRBEAPORAFEST AME > 2 4R Bharand Chiarella(1997)
SIER R S e AL AP R EBHRETH S F(Lt)=r) LI ERS 7
FFBLt enSdicd B+ @ SRR B2 B HcE M o d 55357 gD v
F P R EARACT

11



df (t,t) = {% f (O,t)+ZN:(7/i £(04) =7 f (Lt)+ o (t)+ 3D, 4, Hdt

(3.20) =) <
N
+ Zao,i \/af (t,t) +bo, (t)dW,° (t)
i1
a,l+a oy
(3.21) D,, = 1i w & il
2 2 2
(3.22) D,; = Uy Vi — & nz, a Qi
Vi
2
i gita i—a; Saa g
(3.23) D4,i -0 12 1
Vi
2
(324) D5,i zamall a

252005 X (1), (1), s (0), s (01 (V)1 () 5 0728 e 6 e i
PR e T R PRRFBLLZ SR 2N TR L A Az @ T Wk
fE,t) i Ear d PFREt Rl B > * SHROPEIREA PO P EE T

L e gtk SN F R (L) E G TimF i B g 4 ER (LD W

b4

FIT 00 o BRI IDE R T g P F » TR A % 0 ¥ Bl
Pl Rx 25 Henfl gk b o gt A af 4 P30 20

Cox-Ingersill-Ross(1985) -

12



4.

FLRSRH

LT RUH PR ET hE L F X B R PET) 407

(3.26)

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)

(3.33)

.

PAT = oo ft u(du})

i=1 i=1j= 1

B (z )—i({iJr&J(e”’ —1)+re7ifj
7/| 7| al,i

Qi e
£y, (0= 27 -1

Qi ’ 1 a; 1 & | . “ne
ﬂ%(r):(?j 7i+a_1,i]£[7_i+a_l,i](e —1)+re ]

@ Oy ag,i (e—27r 1)
ﬂ (T) 7/|2 }/| 2afl,i
b,
i a.
(i+aoljre P TP ri
7i
a. V(1 «a
/ﬁ;AA(r):(i =+ (e -1)
! Vi Vi Oy

o, . a,
ﬂg’ﬁvi ()= _% (i+a0,i j(ezm —1)+051,i7627iTJ

ﬂ%,i ()= —%[%j (efzyir —1)

o

\\\

A P, T) i #8142 4o

(3.34)

dRCt T
P(t, T)

r(hdes, (F ¢ af+)p, b(§t d

13



5, HELGE X2 WA ERELH

A efc3] - @ & Duffin and Kan(1996) #7#& J1 <5 Affine <22 5 (the affine class
of dynamic term structure models of Duffie and Kan(1996)) - 3 * f& Affine |+ 5 34+
JeB 3T LR A A F A AR ST R R E

SIEHRLA S 2 mAEEE LY 0 AP Trolle and Schwartz(2008)
T > iE o T&S 2§ » 2 &_% B Duffie, Pan, and Singleton (2000) *74% ! ¢ & i
G NBELE T MR LGS RSN ERET TR F L 0 AL E 4 Duffie,

Pan, and Singleton (2000) ¥ &g 4 3¢

(3_35) w(utT,,T,) = EtQ[ L r,ds u|og(P(TOT1))]

REOAPEIHILGSLWSERB L -

%32 1. Duffie, Pan, and Singleton (2000) ¥ &g 3% 3¢ (3.35)f% =

{M(To t){N WY | il | ‘)*ZR (T waZoj T 04 (tJ
(3.36) p(utT, T,) = el HeuPt T+ (1-u) log(P(t.Ty)

# ¥ M(2), N(7), O(r), R(z) 2 Q,;(z) 7 ODE ji# 47 :

gan MO :Z::Ni (T)Kieﬁo(f){% f (o,t)+iN§7i f (O,t)}

(3.38)

14



Qi (T)+Q3,i (T)
1[N )ep R ()£ 0% () e
2 +(uz _u) B,.2(T,-T, +r)+((1_u)2 _(1_u)) 5.7(0)

dN.
d.if) ==N;(z)x +b +N,; ()R (7)o, + N, (7)O(7) 0, prxy
+N; (7)uB, (T, =T, + 7)o, + N(7)(1-u)B,; (r)o; p
+O(7)R, (7)aty; +UO(7) By (T, =Ty +7)
+(1-u)O(7) e, By (7) + UR (7) B, (T, — Ty +7)
+(l U) |( )Bx,i (T)+u(1_u)Bx,i (Tl _TO +T)Bx,i(r)
(3.39)
Q, (r)+Q i{7)
+£ Ni2 (T)O'i 2,0i +R fr)+0 Gf)ao,i 2
2| +(u?—u)B, 2 (T, =T, +7)+((2-u)’ - (1-u))B, ()
—d(g(;) = —7io(7)+a; +Ni (7)R (r)o;p, + N, (r)O(7) o prxy
_ N; (7)uB,, (T, =T, + 7)o, o, + N(7)(1-u)B,; (z)o; p
+O(T)R ( )ao’i +UO(T)0!0‘iBX’i (T,-T, +7)
( ) ( )ao,in,i (z) +UR (T)Bx,i (T, =T, +7)
+(1-u) i( )Bx,i (T)"'U(J-_U)Bx,i (Tl_TO +T)Bx,i (7)
(3.40) dei—£T)=Q1,(T)+0‘ O(7)-7Ri(7)
d
(3.41) Q;T(T) 7Q (7)
d
(3.42) QST(T) 7Q, (7)+Q [7)+O(r)D
d (
(3.43) Q;;_(T) =-27,Q,,(7)+Q 4(7)+O(7)D ;
d
(3.44) Q(;‘T(T) %Q,: (r)+0(7)D ,
a9 220, (1)+20 4(c)+0()D,
dQ, (7)

(346)  — o =-2/Q.(r)+O(s)D

e A3 (3.37) % (3.46)0% 2124 5 M(0)=0, N, (0)=0, O(0) =0, R (0) =04
15




PR s -

T2 FALAFXZESAEHRTLY

12 4% Duffin, Pan, and singleton(2000){= Collin-Dufresne and Goldstein(2003) » #t
PrEEFHFLAE 2R ERHRETY > AP U * F &2 ERFEEIE 247
Ao LR UEFIH R E R T Rt § 1 Put (LT, T, K) T2 » HEHRK
BT ALIPPERTE LG X PLT) © B

347)  Put(t,T,T. X K& I9gK (G )

Ho N3 (347)¢ hG,, (y) & AT ¢

1 Im[n//(a+ iub,t,TO,Tl)e‘“y]

y@EtT,T) 1
(3.48) Ga’b(y)—#—; jo : du
Hej=41 o
AU o Sl

16



APl - BB S R S Tl ISR 0 R B g S e
FEDE - JIFAERLEW D 5o o ISR B RPN Y VR TS
(unspanned stochastic volatility factors) - % = > JI 5 A & & g it fofl g it &
7 AR M IR % o % w > 2Li% 2 T (unconditional=realized and implied) it & & 15 7
i (hump) s 50 o gt ek > 01 5 4 g 7 4 1 5 (instantaneous spot rate)
ft- ¢FBPIFeR -

A RHETPAREET AT o AT T W RHRE R 2T
pr RIS FET)F LG X W o0 & L4275 & Duffie, Pan and Singleton
(2000)( #§ - DPS)# ! ¢ Affine Jump-Diffusions enig 2 > & 17 f % FH =G o

X e % o

17



35

Amin, K., and Morton, A. (1994 ) ,“Implied Volatility Functions in Arbitrage-Free Term

Structure Models,”Journal of Financial Economics 35, 141-80.

Andersen, T. G, and Lund, J.(1997 ),“Estimating Continuous-Time Stochastic \Volatility
Models of the Short-Term Interest Rate,”Journal of Econometrics 77, 343-77.

Bahr, R., and Chiarella, C. (1995 ) ,“The Estimation of the Heath-Jarrow-Morton Model
by Use of Kalman Filtering Technique,”Working Paper No. 54, School of Finance

and Economics, University of Technology, Sydney.

Bahr, R., and Chiarella, C. (1997 ) ,“Transformation of Heath-Jarrow-Morton Models to

Markovian Systems,”European Journal of Finance 3, 1-26.

Bahr, R., Chiarella, C., EI-Hassan, N., and Zheng, X. (1999 ) ,“Reduction of Forward
Rate Dependent HIM Models to Markovian Form: Pricing European Bond

Options,”Working Paper, School of Finance and Economics, University of

Technology Sydney.

Bakshi, G., and Madan, D. (2000 ) ,“Spanning and Derivative-Security

Valuation,”Journal of Financial Economics 55, 205-238.

Ball, C. A., and Torous, W. N. (1999 ) ,“The Stochastic Volatility of Short-Term Interest

Rates: Some International Evidence”Journal of Finance 54, 2339-59,

Benzoni, L. (1998) ,“Pricing Options under Stochastic Volatility: An Econometric
Analysis,”Working Paper, J. L. Kellogg Graduate School of Management,

Northwestern University.

Bollerslev, T., and Mikkelsen, H. O. (1996 ) ,“Modeling and Pricing Long Memory in
Stock Market Volatility,”Journal of Econometrics 73, 151-184.

Brace, A., Gatarek, D., and Musiela, M. (1997 ) ,“The Market Model of Interest Rate

Dynamics,”Mathematical Finance 7, 127-55.

18



Brace, A., and Musiela, M. (1994 ) ,“A Multifactor Gauss Markov Implementation of
Heath, Jarrow, and Morton,”Mathematical Finance 4 (3) , 259-283.

Bremaud, P. (1981) ,“Point Processes and Queues, Martingale Dynamics,”New York:
Springer-Verlag.

Brennan, M., and Schwartz, E. (1979 ) ,“A Continuous Time Approach to the Pricing of
Interest Rates,”Journal of Banking and Finance 3, 133-155.

Brown, R., and Schaefer, S. (1993 ) ,“Interest Rate Volatility and the Term Structure of

Interest Rates,”Philosophical Transactions of the Royal Society, Physical Sciences
and Engineering 347, 563-576.

Carverhill, A. (1994 ) ,“When is the Short Rate Markovian?,”Mathematical Finance 4
(4) ,305-312.

Casassus, J., Collin-Dufresne, P., and Goldstein, R. (2005 ) ,“Unspanned Stochastic

Volatility and Fixed Income Derivatives Pricing,”Journal of Banking and Finance
29, 2723-49.

Chacko, G, and Das, .S. (2002 ) ,“Pricing Interest Rate Derivatives: A General
Approach,”The Review of Financial Studies 15, 195-241.

Chacko, G, and Viceira, L. (1999 ) ,“Dynamic Consumption and Portfolio Choice with
Stochastic Volatility,”Working Paper, School of Business, Harvard University.

Chan, K., Karolyi, G., Longstaff, F., and Sanders, A.(1992 ),“An Empirical Comparison
of Alternative Models of the Short-Term Interest Rate,”Journal of Finance 47,
1209-27.

Chen, R., and Scott, L. (1993) ,“Maximum Likelihood Estimation for a Multifactor
Equilibrium Model of the Term Structure of Interest Rates,”The Journal of Fixed
Income 3, 14-31.

Chen, R., and Scott, L.( 1995 ),“Interest Rate Options in Multifactor Cox-Ingersoll-Ross

Models of the Term Structure,”Journal of Derivatives 3, 53-72.

Chen, R., and Scott, L. (2001 ) ,“Stochastic Volatility and Jumps in Interest Rates: An

19



Empirical Analysis,”Working Paper, Rutgers University.

Cheredito, P., Filipovic, D., and Kimmel, R. (2007 ) ,“Market Price of Risk
Specifications for Affine Models: Theory and Evidence,”Journal of Financial
Economics 83, 123-70.

Cheyette, O. (1995) ,“Markov Representation of the Heath-Jarrow-Morton
Model,”BARRA Inc. Working Paper.

Chiarella, C., and El-Hassan, N. (1996),“The Solution of Partial Differential Equations
Arising in HIM Theory of the Term Structure of Interest Rates,” Presented at the
3" Japanese Association of Financial Econometrics and Engineering International
Conference on Investments and Derivatives, Tokyo.

Chiarella, C., and Kwon, O. (1998a) ,“Forward Rate Dependent Markovian
Transformations of the Heath-Jarrow-Morton Term Structure Model,”Working
Paper, School of Finance and Economics, University of Technology Sydney.

Chiarella, C., and Kwon, O. (1998b ) ,“Square Root Affine Transformations of the
Heath-Jarrow-Morton Term Structure Model and Partial Differential
Equations,”Working Paper, School of Finance and Economics, University of
Technology Sydney.

Chiarella, C., and Kwon, O. (2000) ,“A Class of Heath-Jarrow-Morton Term Structure
Models with Stochastic Volatility,”Working Paper, School of Finance and
Economics, University of Technology Sydney.

Chiarella, C., and Kwon, O. (2003 ) ,“Finite Dimensional Affine Realisations of HIM
Models in Terms of Forward Rates and Yields,”Review of Derivatives Research 5,
129-55.

Collin-Dufresne, P., and Goldstein, R. (2002a) ,“Do Bonds Span the Fixed Income
Markets? Theory and Evidence for Unspanned Stochastic Volatility,”Journal of

Finance 57, 1685-30.

Collin-Dufresne, P., and Goldstein, R. (2002b ) ,“Pricing Swaption within an Affine

Framework,”Journal of Derivatives 10, 1-18.

20



Collin-Dufresne, P., and Goldstein, R. (2003 ) ,“Generalizing the Affine Framework to
HJM and Random Field Models,”Working Paper, U.C. Berkeley.

Collin-Dufresne, P., Goldstein, R., and Jones, C. (2003) ,“Identification and Estimation
of*Maximal’ Affine Term Structure Models: An Application to Stochastic
Volatility,”Working Paper, U.C. Berkeley.

Cox, J.C., Ingersoll, J.E., and Ross, S.A. (1985),“A Theory of the Term Structure of
Interest Rate,” Econometrica 53, 385-402.

Cox, J.C., Ross, S., and Rubinstein, M. (1979) ,“Option Pricing: A Simplified
Approach,”Journal of Financial Economics 7, 229-263.

Dai, Q., and Singleton, K. (2000 ) ,“Specification Analysis of Affine Term Structure
Models,”Journal of Finance 55, 1943-78.

Dai, Q., and Singleton, K. (2002 ) ,“Fixed Income Pricing,”Working Paper, Stanford
University.

Dai, Q., and Singleton, K. (2002 ) ,“Expectations Puzzles, Time-Varying Risk Premia,

and Affine Models of the Term Structure,”Journal of Financial Economics 63,
415-42.

Dai, Q., and Singleton, K. (2003 ) ,“Term Structure Dynamics in Theory and
Reality,”Review of Financial Studies 16, 631-78.

de Jong, F., and Santa-Clara, P. (1999 ) ,“The Dynamics of the Forward Interest Rate

Curve: A Formulation with State Variables,”Journal of Financial and Quantitative
Analysis 34, 131-57.

Dothan, L. (1978) ,“On the Term Structure of Interest Rates,”Journal of Financial
Economics 6, 59-69.

Duffee, G. (2002 ) ,“Term Premia and Interest Rate Forecasts in Affine Models,”Journal
of Finance 57, 405-43.

Duffee, G, and Stanton, R. (2004 ) ,“Estimation of Dynamic Term Structure
Models,”Working Paper, U.C. Berkeley.

21



Duffie, D., and Kan, R. (1996 ) ,“A Yield Factor Model of Interest Rates,”Mathematical
Finance 6 (4) , 379-406.

Duffie, D., and Singleton, K. (1999 ) ,“Modeling Term Structures of Defaultable
Bonds,”Review of Financial Studies 12, 687-720.

Duffie, D., Filipovic, C., and Schachermayer, W. (2001 ) ,“Affine Processes and

Applications in Finance,”Working Paper, Stanford University.

Duffie, D., Pan, J., and Singleton, K. (2000 ) ,“Transformation Analysis and Asset
Pricing for Affine Jump-Diffusions,”Econometrica 68, 1343-76.

Dybvig, P. (1990) ,“Bond and Bond Option Pricing Based on the Current Term
Structure,”Technical Report, Washington University in St. Louis, St. Louis, MO.

Ethier, S., and Kurtz, T. (1986 ) ,“Markov Processes, Characterization and
Convergence,”New York: John Wiley & Sons.

Filipovic, D. (1999 ) ,“A General Characterization of Affine Term Structure
Models,”Working Paper, ETH, Zurich.

Fisher, M., and Gilles, C. (1996 ) ,“Estimating Exponential-Affine Models of the Term

Structure,”Working Paper, Federal Reserve Board.

Flesaker, B. (1992),“Testing and Estimation of the Constant Volatility HIM Term
Structure Model,”Technical Report, University of Illinois, Champaign, IL.

Flesaker, B. (1993),“Testing the Heath-Jarrow-Morton/Ho-Lee Model of Interest Rate
Contingent Claims Pricing,”Journal of Financial and Quantitative Analysis 28,
483-85.

Gibbons, M., and Ramaswamy, K. (1986 ) ,“The Term Structure of Interest Rates:
Empirical Evidence,”Technical Report, the Wharton School, University of
Pennsylvania, Philadelphia, PA.

Goldstein, R. S. (2000 ) ,“The Term Structure of Interest Rates as a Random Field,”The
Review of Financial Studies 13 (2) , 365-384.

22



Han, B. (2007 ) ,“Stochastic Volatilities and Correlations of Bond Yields,”Journal of
Finance 62, 1491-1524.

Heath, D., Jarrow, R., and Morton, A. (1990),“Contingent Claim Valuation with A
Random Evolution of Interest Rates,” Review of Futures Markets 9, 54-82.

Heath, D., Jarrow, R., and Morton, A. (1992 ) ,“Bond Pricing and the Term Structure of
Interest Rates: A New Methodology for Contingent Claim
Valuation,”Econometrica 60 (1) , 77-105.

Heidari, M., and Wu, L. (2003 ) ,“Are Interest Rate Derivatives Spanned by the Term

Structure of Interest Rates?,”Journal of Fixed Income 13, 75-86.

Heston, S. (1993 ) ,“A Closed Form Solution for Options with Stochastic Volatility with
Application to Bond and Currency Options,”Review of Financial Studies 6 (2) ,
327-343.

Ho, T., and Lee, S. (1986 ) ,“Term Structure Movements and Pricing Interest Rate
Contingent Claims,”Journal of Finance 41, 1011-29.

Hull, J., and White, A. (1987 ) ,“The Pricing of Options on Assets with Stochastic
Volatilities,”Journal of Finance 42 (2) , 281-300.

Hull, J., and White, A. (1990 ) ,“Pricing Interest-Rate-Derivative Securities,”Review of
Financial Studies 3, 573-592.

Inui, K., and Kijima, M. (1998 ) ,“A Markovian Framework in Multi-Factor

Heath-Jarrow-Morton Models,”Journal of Financial and Quantitative Analysis 33
(3) ,423-440.

Jagannathan, R., Kaplin, A., and Sun, S. G. (2001 ) ,“An Evaluation of Multi-Factor CIR
Models Using LIBOR, Swap Rates, and Cap and Swaption Prices,”Working Paper,
Northwestern University.

Jarrow, R. (1997 ) ,“The HJM Model: Its Past, Present, and Future,”Journal of Financial
Engineering 6 (4) , 269-279. Keynote Address, IAFE 1997 Conference.

23



Jarrow, R., and Rudd, A. (1982) ,“Approximate Option Valuation for Arbitrary

Stochastic Processes,”’Journal of Financial Economics 10.

Jarrow, R., Lando, D., and Turnbull, S.(1997 ),“A Markov Model for the Term Structure
of Credit Spreads,”Review of Financial Studies 10, 481-523.

Jarrow, R., Li, H., and Zhao, F. (2007 ) ,“Interest Rate Caps‘Smile’Too! But Can the
LIBOR Market Models Capture the Smile?,”Journal of Finance 62, 345-82.

Jeffrey, A. (1995) ,“Single Factor Heath-Jarrow-Morton Term Structure Models Based

on Markov Spot Interest Rate Dynamics,”Journal of Financial and Quantitative
Analysis 30n04, 619-642.

Lekkos, I. (2000 ) ,“A Critique of Factor Analysis of Interest Rates,”Journal of
Derivatives v8nl, 72-83.

Li, H., and Zhao, F. (2006 ) ,“Unspanned Stochastic Volatility: Evidence from Hedging

Interest Rate Derivatives,”Journal of Finance 61, 341-78.

Litterman, R., and Scheinkman, J. (1991 ) ,“Common Factors Affecting Bond

Returns,”Journal of Fixed Income 1, 54-61.

Liu, J. (1997) ,“Generalized Model of Moments Estimation of Affine Diffusion

Processes,”Working Paper, Graduate School of Business, Stanford University.
Liu, J. (2000) ,“Portfolio Choice in Stochastic Environments,”Working Paper, UCLA.

Liu, J., Pan, J., and Pedersen, L. (2000) ,“Density-Based Inference in Affine
Jump-Diffusions,”Working Paper, Graduate School of Business, Stanford
University.

Longstaff, F., Santa-Clara, P., and Schwartz, E. (2001 ) ,“The Relative Valuation of Caps
and Swaptions: Theory and Evidence,”Journal of Finance 56, 2067-2109.

Longstaff, F., and Schwartz, E. (1992 ) ,“Interest Rate Volatility and Term Structure: A
Two-Factor General Equilibrium Model,”Journal of Finance 47, 1259-82.

Longstaff, F., and Schwartz, E. (2001 ) ,“Valuing American Options by Simulation: A

24



Simple Least-Square Approach,”Review of Financial Studies 14, 113-47.

Lund, J.(1997 ),“Econometric Analysis of Continuous-Time Arbitrage-Free of the Term

Structure of Interest Rates,”Working Paper, Aarhus School of Business.

Mercurio, F., and Moraleda, J. (2000 ) ,“An Analytically Tractable Interest Rate Model
with Humped Volatility,”European Journal of Operational Research 120, 205-14.

Miltersen, K., Sandmann, K., and Sondermann, D. (1997 ) ,“Closed Form Solutions for
Term Structure Derivatives with Log-Normal Interest Rates,”Journal of Finance
52, 409-30.

Moraleda, J., and Vorst, T.( 1997 ),*“Pricing American Interest Rate Claims with Humped
Volatility Models,”Journal of Banking and Finance 21, 1131-57.

Munk, C. (1999 ) ,“Stochastic Duration and Fast Coupon Bond Option Pricing in
Multi-Factor Models,”Review of Derivatives Research 3, 157-81.

Piazzesi, M. (1998 ) ,“Monetary Policy and Macroeconomic Variables in a Model of the

Term Structure of Interest Rates,”Working Paper, Stanford University.

Poteshman, A. M. (1998 ) ,“Estimating a General Stochastic Variance Model from
Options Prices,”Working Paper, Graduate School of Business, University of
Chicago.

Ritchken, P., and Chuang, I. (1999 ) ,“Interest Rate Option Pricing with Volatility
Humps,”Review of Derivatives Research 3, 237-62.

Ritchken, P., and Sankarasubramanian, L. (1995) ,*“Volatility Structures of Forward
Rates and the Dynamics of the Term Structure,”Mathematical Finance 5 (1) ,
55-72.

Santa-Clara, P., and Sornette, D. (2001 ) ,“The Dynamics of the Forward Interest Rate

Curve with Stochastic String Shocks,”Review of Financial Studies 14.

Schrager, D., and Pelsser, A. (2006 ) ,“Pricing Swaption in Affine Term Structure
Models,”Mathematical Finance 16, 673-94.

25



Schwert, G. (1989 ) ,“Why does Stock Market Volatility Change Over Time?,”Journal of
Finance 44, 1115-1154.

Scott, L. (1996 ) ,“The Valuation of Interest Rate Derivatives in a Multi-Factor
Cox-Ingersoll-Ross Model that Matches the Initial Term Structure,”Working Paper,
University of Georgia.

Scott, L. (1997 ) ,“Pricing Stock Options in a Jump-Diffusion Model with Stochastic

\olatility and Interest Rates: Applications of Fourier Inversion
Methods,”Mathematical Finance 7 (4) , 413-426.

Singleton, K. (2000 ) ,“Estimation of Affine Diffusion Models Based on the Empirical

Characteristic Function,”forthcoming in the Journal of Econometrics.

Singleton, K., and Umantsev, L. (2002 ) ,“Pricing Coupon-Bond Options and Swaptions
in Affine Term Structure Models,”Mathematical Finance 12, 427-46.

Tanizaki, H. (1993),“Nonlinear Filters, Estimation and Applications,” Lecture Notes in
Economics and Mathematic Systems, 400. Berlin: Springer-Verlag.

Trolle, A. B., and Schwartz, E. S. (2007 ) ,“Unspanned Stochastic Volatility and the
Pricing of Commodity Derivatives,”Working Paper, UCLA and NBER.

Trolle, A. B., and Schwartz, E. S.(2009 ),“A General Stochastic Volatility Model for the
Pricing of Interest Rate Derivatives,”Review of Financial Studies 22 (5) ,
2007-2057.

Umantsev, L. (2001 ) ,“Econometric Analysis of European Libor-Based Options within
Affine Term Structure Models,”Ph.D. Dissertation, Stanford University.

Vasicek, O. (1977) ,“An Equilibrium Characterisation of Term Structure,”Journal of
Financial Economics 5, 177-188.

Wei, J.(1997 ),“A Simple Approach to Bond Option Pricing,”Journal of Futures Markets
17, 131-60.

Wilmott, P., Dewynne, J., and Howison, S. (1993),“Option Pricing: Mathematical
Models and Computation,” Oxford: Oxford Financial Press.

26



Wu, L., and Zhang, F. (2005) ,“Fast Swaption Pricing Under a Market Model with
Stochastic Volatility,”Working Paper, Hong Kong University of Science and
Technology.

27



ot

‘ff]'&"‘

FA o APRXE D g T) > RS (34)F ~ 23 (3.3)

u (tT)= i[af (t,t) + by, ()]0 ; (t,T)LT oy, (t,u)du

%, |1 +ﬁ (e—yi(T—t) _eZyi(Tt))_(
N Yi Vi 4

=> [af (t,t) +bo, (t)]

BEF BTN LDLAT)Z2 o (,T)F » 4 FGDFH A

2
+& l'i‘% (T_t)(e_}/i(T_t) _e_27i(T_t))_
L K\ 4

Qi

Vi

ftT)=f(0OT)+ I; (S, T)ds + ZN:j; G i (s,T)\/af (s,8) +bu, (s)dW (s)

=f(0,T) +ZBX‘ (T -1)x(t) +ZZB¢“ (T -t)g;; (1)

Bxi (T) = (ao‘i +a1'i»z-e_7i7) )e—}’ir

By, (1) = ey 87"

a1 O, e
B, (T):7L(—+—o](aovi+a1'if)e 7i

i i

2
B, v()= - Poithi 1, %o +ﬁ£&+2ao,i}+ﬁ72 e
! 7i Vi Oy Vi \U7Yi 7i

2
A a, -
B¢4,| (t) (T):%(_l + l]ei/ﬂ

i i

B (r):—ﬁ(Za + By rJeZW
S0 0. i
e Vi

28

] (T _ t)efZ}'i (T-t)

2

ay;

] (T _ t)2 e—ZVi (T-1)




2
_ "X,
B, (@)= -e

FYEE T

x,(t) = [ Jaf (5,9) +bo, ()e " DdW (s)

4. (0) = j; Jaf (5,8) + by, () (t - 5)e 7 AW (s)
$,: (1) = [ [af (s,5) + buy(s)]e Vs

#,:(®) = [ [af (5,5) + buy(s)]e Vs

i (1) = L: [af (s,5) +bu, (5)] (t —s)e " Ids

s ) = [ [af (5,5) + by (5)] (t — s)e Vs

) = | [af (5.9 +bu (9]¢ )7 e s

dx; (t) = =y, (t)dt + \/af (t,t) + by, (e " dw, (1)
def; (1) = (% (t) — 74k (1) ) it

d,; (1) = (i (t) = 71, (1) ) ot

de,; (£) = (v, (1) — 276, (1) ) it

deb, (1) = (¢, (0) = sy (1) ) it

de; (t) = (4 () — 274k, (1))t

dg,, (t) = (2¢5,i (t) -2y, (t)) dt

29



e =

Tk 0 (1T) = (g +ay, (T -1))e Y

= o (t,T) =0, (t, T)[af (t,t) +bv, ()] = > 5 (2.4)

% f (0,t)+§§ﬂ[af (u,u) +bo, (u)]o; (U1t)j:0i (u, y)dydu
af ety =| N
3 [ af (w.0) + bu,(u) %o‘i (U002 (u)

+ 3 [af (t,t) +bu, (1)] o, (&, )AWC (1)

0 N ot 0 t
& (00)+ [ faf (w.v) +bo (u)]a[o-i (ut)[ o (u,y)dy}du\ )
+ZN:J';\/af (u,u) +bo, () %q (u,t)dW,2 (u)

N

+ Y [af (t,t) + by, ()] o; (1, 1) dW° (1)

i=1

a ~7i - A ¢
e 7O (tT)=a, e -y (ao,i +oy, (T —t))e gt
- ]
— f(0,t
2 1(01)
N
+ZI;[af (u,u) +by, (U)](%,ie_y‘“‘“) =7 (g + oy (t—u))e Y )J: o; (u, y)dydu
daf (t,ty=| ' "

+ZN:.|‘;[af (u,u) + by, (u)]o; (u,t) du

+ZN: J.ot Jaf (u,0) + by () (7 = g (et + et (E-0) ) e JAWi® (u)

+3 ap, A (LD Do, @AW (1)

#2453 Bhar and Chiarella(1997)42 - Appendix 3 =73+ & iE 42
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%fmﬂ+§%ﬂaﬂ

df (t’t) = N - N N 6 dt
_Z%f(t’t)"'zalyi i +ZZDJ-¢J-
i=1 i=1 i=l j=2
ﬁ—}ZaQrJafG,O—kbq(DdVMQ(t)
i1
D,, = +0‘20,i051,i7|
Vi
22 2 _ .
D, = Qi i al,lz Qi 7
Vi
D = aO,ial,i7i2 +a1,i27i _Oll,i2 — Qi)
4i 2
Vi
aliz
Ds; =2ay;04; ———
D, = al,iz
H0kaes S(0)=[r(0),x ()b (1) (0. (1) (1), (1)]

FESEE o URERG M T B L BT R
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=
P(t,T)= exp{—jtT f(t,u)du}

—exp {- f{ (O,u) + ini W-ox@®+> Y8 5 (U=, (t)du}}

i=L j=1

- exp{— f (0, u)du}exp {— [ ! [i}a (U—t)x (t) + ii}s . (U=, (t)du}}

i=L j=1

PO,T N S
- P((O,t)) exP{;Bxﬂ ~0x, “)@;va“‘t"”ﬂ" (t)}

tst B, (T —1) B, (T —t) #E AT 2& -

B, (r) = &ui + ﬁj(em ~1)+ re”’J
Vi i O

i,
B, ()= 2 (e 1)

ooz e e
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e
l//(U,t,TO !Tl) = EtQ [e_-[t rSdseu IOg(P(TO le))]

-\ rds —| “rds
e k wUutT, T,)= EtQ [e k w(u,T,,T,,T,)]

9T, T, T) = eI R T % R § R P ) =e 2 putT, T,)
BRGET ZAFRIA QT o B A TR .

P55k o AP FR LT, T) Gfdde™ ¢

M (Ty —t)+ZN: N; (To—t)v; (t)+O(Tp—t) f (t.t)
i=1

N N 6
2 RTo-0% 0+ > Q) (To-1)¢, (1)
+TTog(P(t,T,))+(1-) log(P (t.T,))

y(utT, T,)=e

, . 5 ~['rd - =
ﬁg’@%&%agfﬁoﬂsmmﬂh”mm%ﬁoﬁ€i$ﬁ?’wﬂﬁﬂ

17 p(O) =e P Y(ULT, T,) s E 5 B AR -

t

Wk pt)=e b

T dp(t)=-p(t) r(t)dt
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N N
a_‘/’dt+z oy dv, (t)+%—wdr(t)+za_‘//dxi (t)

ot i OV, r i1 OX;

ié;"]’ dg,, () + a(’Tl)dP(t,Tl)Jr%dP(t,To)

B o) o) e
ey (P + e |

{Z;ZX dv, (t)dx (t) +Z::68vz:grdvi (t)dr(t)+iZ::aVi§P2—l(ﬂt’Tl)dvi ()P (LT,)

+Z$‘{tmd v, (1) dP(LT,) +Zl X‘g’rdx()d (t)+:zlaxi%‘é,mdxi(t)dp(ml)

O O’y Oy
— 7 dx (t)dP(t,T. )+ —————dr(t)dP(t,T, )+ ———dr(t)dP(t,T
*Yaeap () P P T ) 5t dr (P (LT + oo dr (P (LT,

+ v dP(t,T,)dP(t,T,)
oP(t,T,)oP(t.T,) % 1
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=y (u,t,T,,T,)

—t)—i N/ (T, —t
SR,

Q,

+i +Qy; (T,
+Q5 (To

v(t)-0'(T,

i=1

—t)X(t) - Z ZQ;. 0—0 - t)¢j,i (t)

i=l j=1

(TO _t)(xi t) -7, (t))+Q2,i (

)
t)(¢3|(t) 27/|¢5|(t))+Q6|(

—t)([af (t.t) +bu, (V)] - 2714, (1)) + Qy; (T,

—t) f (t,1)

T _t)([af (t,t) + by, (t)] — 7%, (t))
- )(¢2 i t)- 7i¢4,i (t))

—t)(24, (1) - 2y.¢6.(t>)

1 N (T, —t)o} p|+R (To —t)+0O* (T, —t)ay,;
2| (0~ )BT~ t) (L)’ ~(1-u))B, (T, -1)
|(To t) ( )O-p|+N (T )O(To_ )O'ipiao,i
N |(T0 t)UBm(rl t)Gp|
+Z (TO t)(l U)BXI(TO t)O'pI
40 (T, —1)R (T, =t) g +UO(T, —t)aty B, , (T, —t)
+(1-u)O(Ty —t) B, (T, —t) + UR; (T, —t) B, (T, —t)
+(1_U)Ri (To _t)Bx,i (To _t) S U(l_U)Bx,i (Tl _t)Bx,i (To _t)
+ZN:{N| (To _t)[Ki @ -v, (t))]}
a (0,t +ZN:}/If(0t Z f(t,t)
+O(T0 _t) N " N 6
+Zal,| i +Z DJI¢]I

N

3 [=7x R (

i=1

N
2 Ni(Ty
=1

+ZN: RII
i= 1N
2B,

_iNi(

+U

T, —t) ]+ur®) + @-u)r(t)

—t)op\Jaf (t,t) + by, (t) + O(T

o —t)|/af (t,t) + by, (t)

(T, —t)y/af (t,t) +bu, (t) +(
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+y(H)da(t) +dp(t)dy (t
A (t)dw (t)
At)dy (t) -y (1) A(t)-r(t)dt

)

0

_t)_iNi'(To —t
_Z Ri’(TO —t)X(t) _ZZQ;| (ro _t)¢j,i (t)

) Qui (To _t)(xi ) —rd, (t))+Q2,i (

+Z +Qs; (To _t)([af (t,t) +bo, (t)] — 270, (t))+ Q. (

v(t)-0'(T,

-t) f (t,1)

Ty _t)([af (t,t) + by, (t)] ~ 7% (t))

4+Qs (

T - t)(¢3,i (1) —2y:4s; (t)) + Qs (

Ty — t)(¢2,i (t) - Vi ¢4,i (t))

T _t)(2¢5,i (t) - 2745, (t))

Ni2 (T0 —t)Gizpi + Ri2 (TO —t)+O2 (T0 —t)a;i

+(u*—u)B, 2 (T, -t) +((L-u) _(1_u)) B, (T, -t)

1
2

+O(T, -

+O(T, —t)

[N

2N(T,

+ZR”

YN (T,

| i=1

+N; (T,
+N; (T, -

+(1-u)O(Ty —t) g, B,; (T,
_+(1— u)R (T0 -

—iNZl y f(t

~t)R (T, =t) i + N, (T,

t)
t)uB,; (T,
OR (To -

~t)o;pyaf (t,t) + by, (t) + O (T,

—t)Jaf (t,t) + by, (t)

+uZBX (T, —t)y/af (t,t) + b, (t) +(

—t)oip +N (To _t)(l_u)Bx,i (T, —Dop,
t)ay; +UO(T, —t) ey B, (T, —1)
—t) +UR; (
t)B,; (T, —t) +u(d-

0 _t)[Ki @ -v, (t))]}
%f(o,t)+§yif(0,t)
t)+i’jzla1" : +il

—1)O(T, —t) o, pixy;
[af (t,t) +bu, (t)]

T0 _t)Bx,i (Tl _t)
U)Bx,i (Tl _t)Bx,i (To _t)

6 +Z|: 7|X| (t)RII
ZDJ'¢J| -

i=1l j=2

~t)]

o —t) Zam\/af(t t) +bo, (t)

ZBX (T, —t)|/af (t,t) + by, (t)

t)o;Jaf (t,t) + by, (t)w/l— P }dzf? (t)
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SRR R RN R = A B ORN BICU RN BIORR K HUR

9}5 ¢2,i(t) ‘”ﬁ ¢3i(t) ‘”ﬁ ¢4,i(t) ~”}§ ¢5,i(t) ‘”}; ¢6,i(t) LR 'J!F'JT e R R R

F - e et e s B AR
1. fT

-M'(T, -t) +ZN . —t)x.6,+0(T, —t){%f(o,tﬁim(o,t)}:o
:>M’(To—t):ZN:Ni(TO—t)Ki@i+O(TO—t){%f(O,t)+i7/if(0,t)}

i=1

2. 3 u()

_Q2,i {To _t) + Q3,i (To _t)
N’ (T, —t)oip, + R (T, —t)
+% +0% (T, ~t)ag, +(u® —u)B, * (T, - t)
+((@-u) -(@-u)B (T, 1)
+N; (T, —t)R (T, —t) ;.
SN (Ty ~t)= Ny (T, ~t), +b| +N; (T, ~t)O (T, ~t) o gz,
+N, (T, =t)uB,; (T, —t)o; p,

Il
iN

+N (T, =t)(1-u)B,;(T, —t)o o
+O(T, —t)R (T, - )ao,+uo(T —t)a,B,; (T, 1)
(

+(1-uR (T, —t)B,,; (T, - )
_+u(1— uB,; (T, B, ; (T, —t)

37

+(1-u)O(T, —t) e, B,; (T, —t) +UR (T, —t) B, (T, -

t)




= N/(T, -t)=

0 (To—t)+az

=N, (T, —t)x; +b| +

—Q2,i (T

_+u(1— u)B,; (T,

_Qz,i {To _t) + QS,i (To _t)

NZ (T, —t)o?p, + R (T

o_t)

|40 (T, ~t)ad, +(u* ~u)B 7 (T, -)

+((1—u)2 ~(1-u))B, (T, -1)

Ni (T, )R (T, ~t) o

N; (T, ~t)O (T, —t) o picty,

N, (T, ~t)uB,,; (T, ~t)o;p,
(To t)(1-u)B,, (T, ~t)op,
+O(T, —t) R (Ty —t) p; +UO(T, —

+(1-u)O(T, —t) ety B, (T, —t) + UR, (T, —

+(1—u)R; (T, —t)B,; (T, —t)

+uL—u)B,; (T, —t)B, (T, - 1)

o —t)+Q;; (T, =t)
N7 (T, —t)olp, + R (T, —t)
;+O( ~t)ag; +(u® —u)B,* (T, -t)

+((1—u) -(t-u))B (T, -1)
N; (To —t)Ri (To -
N; (T, —t)O(T, —t) o pa;
N; (T, —t)uB,, (T, —t)o; p
+N (T, =t)(1-u)B,; (T, ~t)o; o,
+O(Ty —t) R, (T, —t) ay; +UO(T, —
(1 U)O(To_t)“o,in,i (To -
+(1-uR (T, —t)B,; (T, —t)
_t)Bx,i (To _t)

t)op,

)aO|BX|(T1 )
t) +UR (T, —t)B,; (T, 1)

38

)aO|BX|(T )

)Bx,i (Tl

t)




Qi (To —t)+Q;; (Ty - t)
NZ (T, —t)o?p, + R2 (T, —t)
#2] 407 (T, ~t)ad, +(u* ~u)B, 7 (T, -)

H(@-uy-@-u)B (-
+N; (T, —t)R (T, —t) oy p,
= O'(T, ~t) = —0(T, ~t)+aY’| +N, (T, ~t)O(T, ~t) o 2,00,
= +N. (T )uBXI(T1 t)o, p,
+N (T, —t)(1-u)B,; (T, —t)o, p,
+O(T, —t) R (Ty —t) ry; +UO(T, —t) ;B (T, — 1)

|

+1-u)R, (To _t)Bx,i (T, -1
_+U(1— u)Bx,i (Tl _t)Bx,i (TO _t)

4. 5 x(t)

ZI: R(TO t)—f_Qll( )+0[1|O(T ) 7/| ii :IX(t) 0
:Ri(T t) Q1|( )+a1|O(To_t)_ViRi,i(To_t)

5 4

I: Qll(TO t) }/|Q1| :|¢1 (t) 0
= Ql,i (T, -t)= 7iQ1,i ( 0~ )
6. 7 4,(t)
Z[_Qéu (To _t) _7iQ2,i (To _t)+Q4,i (To _t)+O(To _t) Dz,i ]¢2,i (t) =0
= Q2’| (Ty-t) = _7/iQ2,i (To _t)+Q4,i (To _t)+O(To _t)Dz,i
7.7 4, (0)
ZI:_QC;i(TO _t)_27iQ3,i (To _t)+Q5,i ( )+O D3|}¢3|(t) 0
= Q3’| (T, —-t) = _27iQ3,i (To _t)+Q5,i (To _t)"'O(To _t)Da,i
8. 7 4,(t)

39
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Z[_Qﬂt,i (To _t) _7iQ4,i (To _t)"' O(To _t) D4,i ]¢4,i (t) =0
= Qz;,i (Ty-t) = _ViQ4,i (To _t)"'O(To _t) D4,i

9. 73 ¢

Z[_Qéu (To _t) - 27/iQ5,i (To _t)+ 2Q6,i (To _t)+ O(To _t) Ds,i :|¢5,i (t) =0
= Qé. (T, -t)= _27/iQ5,i (To _t) + 2Qe,i (To _t) + O(To _t) Ds,i

10. 5 4,0

Z[_Qé,i (ro _t) - 27’iQe,i (To _t) + O(To _t) De,i :|¢6,i (t) =0

= Q4 (T, =) =—27.Q;, (T, ~t)+ O(T, ~1) D,
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1345 Duffin, Pan, and singleton(2000)4= Collin-Dufresne and Goldstein(2003) - -
PER LRI TP T, 05t § R Put (6T, T, K) (T2 » | K 29 4%

AL IWERT SR LG X PALT) o B

- TOr(s)ds
PUt (taTovT]_’ K) = EtQ |:e J.‘ (K - P(TO’TI))lP(TD,T1)<K:|

To
—| “r(s)ds
} EQ {e Ji T tog(pr,m)g

log(P(T,,Ty))<log(K)

= KE? {e_L 0%

= KGy, (logK)-G, (logK)

log(P(T,,T;))<log(K) j|

To
_ 2| o) re8 _aiog(p(r,m)
#e Ga,b(y)_ E {e & ¥ lnlog(P(TO,Tl))<y

FRFEG,, () At &2 E

Fan(¥) = [, €7dG,, (V)
_ EtQ [efo rsdsea+iublog(P(T0 ,Tl)):|

=y (a+iub,t,T,,T))

Ao i=-1 o7 %k £ & = ¥ 4 (the Fourier inversion theorm) -

_y@tTT) _ljw Im[ y(a+iub,t, T, T,)e™ | N

Ga'b (y) 2 Y0 u
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