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Abstract

Ion traps are one of the most promising platforms for quantum computing, not only
because of their long qubit coherence time, but also because of the strong ion-ion interac-
tion that enables the multi-qubit gates. While traditional trapped-ion quantum computing
is implemented by ions arranged in a linear chain, its poor scalability has become an in-
tractable problem. In this thesis I present a more scalable configuration, ions arranged in
a plane forming a two-dimensional crystal structure. A theoretical analysis of this ion trap
shows that there must be some in-plane micromotion, which inevitably hinders the actual
performance of quantum gates if the motion is not properly taken into account. In light of
this, a pulsed two-qubit entangling fast gate based on Duan’s scheme is proposed in the
thesis, demonstrating that high fidelity and short gate time can still be available even in
the presence of micromotion. The simulation is carried out with *°Ca™ ions, using laser

pulses resonant to the 393-nm transition between the 4S5 and 4P3/, states.

Keywords: quantum computing, ion trap, fast gate, quantum entanglement, micromotion
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Chapter 1

Introduction

1.1 Quantum Computing with Trapped Ions

The idea of using ions to realize quantum computation was first proposed by Cirac
and Zoller in 1995 [1]. In their implementation, ions are confined in a radio-frequency
(RF) Paul trap [2] and serve as qubits. The quantum information stored in an individual
ion may be shared with another ion through their quantized collective motional modes,
achieving quantum entanglement. Today, ion traps has become one of the most promising
platforms for quantum computing because of their long qubit coherence time, and also the

strong ion-ion interaction that enables two-qubit entangling gates.

Since quantum information is encoded in internal electronic states, it is preferable to
seek for atoms with relatively simple level structure in the valence shell. The alkali-like
ions, such as Be™, Mg™", Ca™t, Sr™, Ba®™ and Yb™, are therefore our desired candidates for
qubits. These singly ionized ions provide a single electron in the nS;, state that can be
used to perform quantum information processing. Furthermore, the fact that they carry

a positive charge makes it possible to trap the ions in space by external electromagnetic

1 doi : 10. 6342/ NTU202203211



fields. In general, trapped-ion qubits are divided into four types based on the chosen in-
ternal states where quantum information is encoded: hyperfine qubits, Zeeman qubits,
fine-structure qubits, and optical qubits. Hyperfine qubits are encoded between the so-
called clock states | f =i &+ %, my = 0) in the nS; /» manifold for ions of nonzero nuclear
spin (i # 0). Zeeman qubits, on the other hand, are similarly encoded in the nS, /, mani-
fold, but the two qubit levels |m, = +1) are separated with the aid of an external magnetic
field. For ions heavy enough to have low-lying D states, we can construct fine-structure
qubits with the metastable fine-structure levels (n — 1)D3/, and (n — 1)D5/,. For optical
qubits, we let nS; ) state be the computational ground state |1), and let (n — 1)Dj,, state

be the computational excited state |0).

In this thesis I take “°Ca™ ions to demonstrate quantum gate operations. Fig. 1.1
shows the energy levels of a ¥°Ca™ ion and the related transitions. The solid arrows
indicate an electric dipole (E1) transition, while the dashed ones represent an electric
quadrupole (E2) transition. The qubit states |0) and |1) are optically separated, so the

single-qubit rotation can be done by simply driving the E2 transition [3]
V(t)=hQ26" +06 ) cos(k-r— wt), (1.1)

where 2 = & [(0|(Eq - r)(k - r)|1)|, with a laser field E(t) = Eqcos(k - r — wt). State
detection in this optical qubit is rather straightforward and can be performed with near-
unity efficiency. The application of light driving the 4S,,, — 4P, transition enables
state-selective fluorescence; the ion will remain dark if the qubit is in |0) state. Since the
4P states have an extremely short lifetime (about 7 ns) compared to the metastable 3D
states (about 1 sec), the measurement process can be very efficient. Also, the 4P, , state

cannot decay to the 3D, state according to the dipole selection rule | j' — j| < 1, meaning

P doi : 10. 6342/ NTU202203211



that the measurement process may be repeated many times because it does not change the

qubit states |0) <> |1).
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Figure 1.1: Level structure of a “°Ca™ ion

1.2 Linear Paul Traps

Charged particles can be trapped by external electromagnetic fields. In Penning traps,
a static magnetic field traps the ions in the radial directions, and meanwhile a static electric
field provides confinement in the axial direction. However, since every ion in a Penning
trap rotates at constant angular velocity, it is difficult to implement quantum gates using
the ions’ collective motional modes. On the other hand, Paul traps, which are capable of
creating a nearly stationary array of ions with electric fields alone, have therefore been the

main focus for researchers in trapped-ion quantum computing [4].

While, according to Gauss’s law (V2® = 0), there does not exist any static electric

potential that can stably confine a charged particle, a time-varying electric potential may

3 doi : 10. 6342/ NTU202203211



do the job. We consider an electric quadrupole field potential of the form

Oz, y,2) = % (1 + g;2d—gy2) : (1.2)

where dy characterizes the size of the trap. Fig. 1.2a (adapted from [2]) illustrates a
possible electrode structure that creates the quadratic potential. In an RF Paul trap, we use
a time-dependent potential

po = Vo cos(Qrt) + Uy (1.3)

varying at a radio-frequency (2. An ion lying in the z-y plane can therefore be trapped

at the saddle points z = 0 dynamically, as depicted in Fig. 1.2b.

(a) Equipotential lines for Eq. (1.2) and the electrode structure

(b) Electric field lines in the x-y plane, varying at a radio-frequency Qr

Figure 1.2: Electric fields in an RF Paul trap

The equations of motion for an ion of mass M and charge +e in the Paul trap are

4 doi : 10. 6342/ NTU202203211



described by the Mathieu equation,

% + [a + 2gcos(28)]x =0

E , (1.4)
Eé’ — [a+2qcos(28)]y =0

Qrt

2l g = 7€, and ¢ = 25 If the trap parameters are carefully designed

such that a < g < 1, then the solution to Eq. (1.4) is simply a stable oscillation in the z-y
plane [2]. Otherwise the amplitude grows exponentially, leading to an unstable motion.
In this case the ion can never be trapped. Note that, theoretically, whether an ion can
be trapped should be completely determined by the trap parameters, rather than its initial

conditions (e.g., the initial velocity in the -y plane).

The stable solution to Eq. (1.4) can be expanded to the first order of a and the second

order of ¢, giving [5]

2
x(t) =~ x¢ [Cos(th + ¥z) (1 + gcos(QTt) + §—2 cos(ZQTt)>

+ @Cg sin(wat + o,) sin(Qrt) ] | (1.5)

where w, = EIQTT and 5, ~ \/a + %, and similarly for y(¢). We can identify the secular
motion (oscillating at w,_,) and the micromotion (oscillating at n{27), since we have ¢ < 1
and w, , < Qr. If the O(¢) micromotion terms are neglected, the ion just moves as if it

was confined in a static harmonic pseudo-potential

1
ed(z,y,2) — §M(wix2 + wly?). (1.6)

Most of the work in trapped-ion quantum computing start with the assumption of the
pseudo-potential. While this significantly simplifies our theoretical analyses and the gate
design, micromotion errors will still compromise the actual gate performance in real-world

experiments. In this thesis, the micromotion effects will instead be formally taken into ac-

5 doi : 10. 6342/ NTU202203211



count.

Now that the 1ons are confined in the x- and y-directions, we can arrange them into

a linear chain along the z-axis, by considering an additional weak harmonic pseudo-

(0)

potential in the z-direction [6]. The equilibrium positions z; ~ of the ions are found by

minimizing the potential energy

e? 1
u L . 1.7
pse do — Z w +;j47‘(60 ’Zi_zj‘ o

Fig. 1.3 demonstrates the equilibrium positions of a 20-ion chain in a linear Paul trap, in

the unit of a characteristic length scale [ =

N Meig The ions moves collectively along the
z-axis under small oscillations, which can be decomposed into the axial normal modes w,,.

These modes are obtained by diagonalizing the matrix

0*Viyseud
AZ" _ pseudo 7 1.8
J (92132] 2(0) ( )
or by solving the eigenvalue equation
AbP) = Mw?b®. (1.9)

There are two specific modes that always exist in the mode spectrum, regardless of the

ion number V. One is the center-of-mass (COM) mode, with mode frequency w, = w,

and mode coupling b® o (1, 1, ..., 1). The other one is the breathing mode, with mode
(0) _(0)

frequency w, = v/3w, and mode coupling b® o (z\”, 2V . 2. The quantization

of these axial modes,

al 1
H:Zhwp(fap 2), (1.10)

p=1

provides phonons that can be used to design entangling gates.

6 doi : 10. 6342/ NTU202203211
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Figure 1.3: Ion chain of N = 20 in a linear RF Paul trap

1.3 Two-qubit Gates via Resolved Sideband Transitions

The Hamiltonian of a trapped ion interacting with light consists of a time-independent
term H, and a time-varying term V(t) If mode p can be clearly resolved from the normal

mode spectrum, then we write

Hy = Lhwb, + hw, (ata + 1)

V(t)=hQ2 (6" + 06 )cos(k-r— wit)

(1.11)

In Eq. (1.11) it is assumed that only the pth motional mode is excited during the ion-light

interaction. The spatial part in the cosine of V(t) can be expressed by
k-r=k-r%4n,(a +a), (1.12)

wheren, = k., / ﬁ is the Lamb-Dicke parameter. The constant term in Eq. (1.12) may
be dropped because we are not studying the phase effects due to multiple light sources.

Switching to the interaction picture with respect to H,, we obtain
2 1 ; Ao —iwpt | AT tw .
Hin(t) ~ émﬁemﬂ(“e Pialelrt) —iot | H e, (1.13)

under the rotating wave approximation (RWA), where ) = w — wy is the detuning of the

light.
. doi : 10. 6342/ NTU202203211



In order to simplify the interaction described by Eq. (1.13), experiments are usually

conducted within the Lamb-Dicke regime. This regime is defined by

[N

([p(a" + &))"y = npy/2n, + 1 < 1. (1.14)

In other words, in the Lamb-Dicke regime the displacement of an ion should be much
smaller than the wavelength of the light, as indicated by this small deviation of k - r.
Therefore, in experiments the Lamb-Dicke parameter has to be carefully designed such

that
2 _ h2k%/2M
My —ﬁwp

< 1. (1.15)
In fact, Eq. (1.15) provides a physical interpretation of the Lamb-Dicke regime. Its de-
nominator is the energy spacing of the pth-mode harmonic oscillator, and the numerator

corresponds to the change in kinetic energy of the ion. Hence, Eq. (1.15) illustrates a

weak-excitation regime, and transitions with |An,| > 1 must be strongly suppressed.

For n, < 1, Eq. (1.13) can be approximated by
. 1 , ‘ ,
Hin(t) = ShQ6" [L+imy (ae7" + a'e™r)] e " + H.c. (1.16)

If we choose 6 = 0 and Q2 < w, (weak laser), the evolution will be dominated by the
time-independent terms of f[im(t). This can be seen from the Magnus expansion of Eq.
(1.16), where the zeroth-order term of the effective Hamiltonian corresponds to the RWA,
and the first-order correction is the well-known Bloch-Siegert shift in qubit frequency [7].

The lowest-order correction in the spin-flip interaction therefore scales as (Q/w,)?, i.e.,

A ~

Heff(t) = Hcarr (1 + O[(Q/wp)2:|) ) (117)

8 doi : 10. 6342/ NTU202203211



where H., describes the so-called carrier transitions and is given by

A

1
e = 516" +67). (1.18)

In fact, the validity of Eq. (1.16) has been proved under the condition (1,9/v/Nw,)? < 1,
where the excitation of the other irrelevant phonon modes is highly suppressed [6]. Carrier
transition only involves the internal states of an ion, so it is suitable for the implementation
of a single-qubit rotation gate. Similarly, the so-called blue sideband or red sideband
transitions will in turn dominate the evolution if we set 6 = +w), respectively. Their

Hamiltonians are given by

- 1

Hpgsg = 575913%(5%1T +67a) (1.19)
] 1 st L 5-al

HRSB = §ﬁQRSB(U a+o a ) (120)

The motional states change along with the internal states. In a classical picture these tran-
sitions are driven by some spin-dependent forces, leading to the spin-dependent change of
motional states. As an enclosed area in phase space results in a quantum phase acquired
by the ion (See Sec. 1.4), we can implement two-qubit entangling gates by triggering the
sideband transitions, creating a specific quantum phase for every possible combination of

the two qubit states, |00), [01), |10) and |11) (as in Eq. (1.21)).

The gate sets enabling universal quantum computation are usually composed of sev-
eral single-qubit gates and a two-qubit gates that generates quantum entanglement. While

from the algorithmic point of view it is convenient to include the CNOT gate in a gate set,

9 doi : 10. 6342/ NTU202203211



a conditional phase gate such as

exp(—i%) 0 0 0
0 exp (i3 0 0
exp(—i%&f&ﬁ) - (%) (121
0 0 exp(i%) 0
0 0 0  exp(—i%)

would be more feasible in realistic experiments. This conditional phase gate differs from
the CNOT gate only by some single qubit rotations, and is also capable of creating entan-

gled states.

Resolved sideband transition has been exploited since the very first two-qubit gate
proposal [1]. However, its fatal disadvantages have also emerged these years. One dis-
advantage is the scaling problem. As the number of ions increases, the number of normal
modes also increases, and it becomes more and more difficult to resolve a particular mode
frequency from the nearly continuous frequency spectrum. Another disadvantage would
be the long gate time. Although, when compared with superconducting qubits, trapped-ion
qubits stand out in the coherence time (~ 10 us vs. ~ 1 sec) and gate fidelity, the long gate
time (~ 100 ns vs. ~ 100 pus) [8] will still make it impossible to solve realistic problems
within a reasonable computation time. While the state-of-the-art gate time for resolved
sideband transitions are improved to ~ 10 us [4], it is still possible to further reduce the
time down to ~ 1 us with fast gates. In this work, I will show that the scaling problem
can be circumvented, and a significantly shortened gate time can be achieved with high

fidelity using fast gates in a planar trapped-ion structure.

10 doi : 10. 6342/ NTU202203211



1.4 Accumulation of Quantum Phases

A conditional phase gate like Eq. (1.21) results from a series of quantum dynamics
that yield different phases for different states [3]. Suppose a quantum state |¢)(t)) acquires

a phase ¢ by the end of the gate, i.e.,

[W(t+ Ta)) = e“le(t)), (1.22)

where T¢; is the gate time. If we define

[W(t)) = e D y(t)) (1.23)

with f(t + T¢) — f(t) = ¢, then we obtain an invariant state |V(¢ + T¢)) = |V(¢)). By
substituting Eq. (1.23) into the Schrddinger equation ifi- |1 (t)) = H(t)|1(t)), we can

solve for the derivative of f,

i 1

. , d
== =5 WO O 0) + { W (1) = V(). (1.24)

An integration over a gate time gives us the accumulated quantum phase,

¢ = f(Ta) — f(0)
1 Te d

——5 [ weropoa i [ oo

= Qg + @y (1.25)

The first term ¢4 contributes to the total phase through the average energy of the state and
is called a dynamic phase. The second term ¢, is independent of the Hamiltonian that
evolves the state. If we can parameterize |V (¢)) by a complex variable o = x + iy, we

then have a close contour representing its time evolution, as depicted in Fig. 1.4. This

" doi : 10. 6342/ NTU202203211



phase can be calculated in the parameter space by
[Tl d
o= [ (wOIGle@)a:
0

= i%<a|V|a) -dr
C
_ / B(a) - dS, (1.26)
S

where r = (z,y) and B(a) = V x (i(a|V|]a)). From Eq. (1.26) we see that the phase ¢,

only depends on the contour C' and its enclosed area S, so it is called the geometric phase.

|W(t+ dt)) = |a + da)

|¥(@®) = |a)

|¥(0)) = |¥(T)

Figure 1.4: Evolution of |¥(¢)) described by a contour in the a parameter space

In trapped-ion quantum quantum computing, spin-dependent forces are applied to
drive harmonic oscillators (phonons). The quantum state can be described by a coherent
state |a). Using the fact that («|3) = exp[—1 (|a|* + |8]*) + a*3] and keeping only the

O(da) terms, we have
(a|V]a) - dr = (a|a + da) — (a]a)
= — (a’da — ada™)
= (—iy,iz) - dr. (1.27)

1 doi : 10. 6342/ NTU202203211



The effective magnetic field in this case is

B(a) = V x (y,—x,0) = (0,0, —2), (1.28)

a constant vector field throughout the whole o parameter space. Since the dynamic phase
is shown to be ¢; = 4.5 in this driven harmonic oscillator system [3], the total acquired

quantum phase is

¢ = de + ¢g
=45 - 2S5
— 25, (1.29)

From Eq. (1.29), we find that not only the geometric phase but also the entire quantum
phase is proportional to the enclosed area S. Thus, the relative quantum phase between
different two-qubit states will be proportional to the difference in their enclosed areas by
the end of the gate. This important concept is utilized in the implementation of Eq. (1.21)

and will be elaborated in Ch. 3.

13 doi : 10. 6342/ NTU202203211



14

doi : 10. 6342/ NTU202203211



Chapter 2

Planar Trapped-ion Systems

2.1 The Pseudo-potential Model

Following the study of a planar trapped-ion system by S.-T. Wang et al. [9], I present
a more detailed analysis of the ion trap in this chapter. Consider an RF trapping potential

O(t) = ¢pc + Ppc + Pac(t) satisfying Laplace’s equation V2P (¢) = 0, where

doc = = [(L+7)2” + (1 —7)y* — 227] 2.1)
0
Ppe(k) = Uéf) (2% +y? — 227) (2.2)
0
Dpc(,t) = OO (124 2 g22) 23
0

with dy = 200 pum characterizing the size of the trap, a DC voltage Uy = —0.37V, and an
AC voltage V; = 50 V. The AC potential oscillates at a radio-frequency 27 /27 = 100
MHz. There are two additional trap parameters v and « introduced into the potential,
corresponding to an actual shape of the trap (the electrodes). By setting v = 0.01 and
breaking the isotropy, the two-dimensional ion crystal cannot rotate freely in the z-y plane.

This is to prevent the undesired rotational motions with respect to the trap center. The
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other parameter « indicates a variable AC peak voltage x| and a covarying DC voltage
U(k) = M, which is a crucial parameter in my gate proposal, as will be presented

MaZ0Z.

in Chapter 3. Yet in this chapter, all the calculation will be done with x = 1.

The equations of motion of a single “°Ca™ ion in the trap are described by the Mathieu

equation,

d?r,

d§2 + [a’l/ - QQV COS<2£)] Ty = 0 Ve {37, Y, Z}? (24)
where ¢ = £I'. The coefficients a, and g, are designed such that |a,| < |¢,| < 1,

ensuring a stable ion trap. Their values are given by

8e (14 v)Uo + U(r)]

a,(k) = MR (~ —4.57 x 107* for k = 1)
8e[(1—~)Us+U
ay(k) = el ]\Zc)l%g;_ ()] (= —4.48 x 107* for k = 1)
—16e [Uy + U(k)] 4
a.(K) MED (~9.04 x 107" for k = 1)
1 —4erV,
(k) = qy(k) = —iqz(/{) =q(k) = WQ?O ~ —0.031kx.
0T

After neglecting the micromotion terms, we construct the static pseudo-potential by w, =
2,
BI,QTT, where (3, =~ y/a, + %, ie.,
N

N
; e® (i, yi, 2i;t) — %M Z (wiaf + wiy? + w?z?) . (2.5)

i=1
The k-dependence hence only appears in the axial trapping frequency w,(k), leaving the
other two trapping frequencies w, , constant. In order to squeeze the ion crystal into a
planar structure, we must apply a much stronger trapping potential in the axial (z) direction
than in the radial (z-y) directions, so one has to carefully design a large enough ratio
Wy /Wy, . Theratio at which a 2D ion crystal breaks down into a 3D one is called the critical
ratio. Earlier theoretical study on the critical ratio [10] shows that, in a similar system,

Wy /Wy y 2 10 could guarantee a planar crystal (exact values given in Table 2.2). The
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secular trap frequencies found in Eq. (2.5) take values of w, /27 ~ 0.16 MHz, w, /27 ~
0.22 MHz, and w,(k = 1)/21 ~ 2.63 MHz, with w,/w, ~ 16.65 and w,/w, ~ 12.07

well beyond the critical ratio.

2 10) regime, the ions’ equilibrium positions lie in

~Y

In this tight-trapping (w,/w,, ,

the plane z = 0, and we can find those positions (x§0>, yi(o), 0) by minimizing the total

potential energy

1
= M w x +w? y —|— ) (2.6)
pseudo 7

However, the dimension of the minimization problem grows rapidly as N increases, and
the potential energy Vpseudo typically has multiple minima [10], both of which make the
direct minimization almost impossible for a 2D Paul trap. A better way to obtain the
equilibrium positions is to mimic a real cooling process, by molecular dynamics simula-
tion with added dissipation [11]. Starting with an equilateral triangles in a 2D hexagonal

structure, we can solve the equations of motion with a small friction n < Mw,_,,

avseu (e} .
My = —% — ¥, (2.7)

where r = (z1,...,ZN, Y1, - - -, yn). The equilibrium positions are hence given by rl =
r(t — oo). Fig. 2.1a demonstrates a hexagonal structure of 217 ions at ¢ = 0, with
ion spacing ag = 14 um. The equilibrium positions in Fig. 2.1b are found by solving
Eq. (2.7) until a large enough ¢ = ¢, (compared to a trap period 27 /w, ,) is reached.
Such triangular lattice is also observed experimentally in recent years [12, 13]. In the
simulation the final time is taken to be ¢; = 10* - 27 /w,. While large ¢ requires a long
computation time, smaller ¢; may lead to a set of non-equilibrium positions. It is hard to

determine whether the ions sit right on their equilibrium positions simply by an inspection
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of Fig. 2.1b. However, this non-equilibrium can be seen from the divergence of average
ion positions when solving for micromotion (See Sec. 2.2), or the emergence of imaginary

frequencies in the radial normal modes (See Sec. 2.3).
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(a) Initial positions of the **Ca™ ions (b) Equilibrium positions of the °°Ca™ ions

Figure 2.1: A planar crystal of 217 ions in the pseudo-potential model

2.2 Micromotion and Average Positions of the Ions

The pseudo-potential model yields a set of equilibrium positions. However, it should
be noted that the model is only an approximation of the real potential ®(¢) without micro-
motion. The ions cannot be lying at rest on their equilibrium positions, even if they are
cooled down to an extremely low temperature. No matter how perfect the trap is, micro-
motion induced by the oscillating RF potential must always exist. In order to account for
this intrinsic micromotion in the z-y plane, we have to recover the original time-varying

potential energy,

N
V()= ed(xi,y;,05t) + Ve, 2.8)
i=1
where Vo = ), < % \/(Ii—acj);-i-(yi—yj)Q is the Coulomb potential energy. By expanding

the Coulomb energy to the second order, we rewrite the two terms of Eq. (2.8) in quadratic
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forms (derived in App. A.1),

N

1 \%
Z e®(z;,y;,0;t) = ErTMDCr + d_g cos(Qrt) r'r (2.9)
i=1 0
T, LT
Vo = gr+ ir Mecr. (2.10)

The dependence on z; is dropped in Eq. (2.8) because the three dimensions are decoupled
in our RF potential, and the axial () Coulomb potential energy is also decoupled from the
radial (z-y) terms under tight trapping, as will be shown in Sec. 2.3. The total potential

energy thus takes the form

1 Vi
V(t) ~ 5r'(Mpc +Mo)r + d—;’ cos(Qrt) r'r +g'r. (2.11)
0

The first term in Eq. (2.11) indicates a coupled interaction, which makes the coordi-
natesr = (z1,...,ZN, Y1, ..., yn) coupled together in the equations of motion. However,
since the matrix Mpc + M is symmetric, we can find an orthogonal transformation Q
that diagonalizes it,

A =Q"(Mpc + Mc)Q. (2.12)
By casting the transformation r = Qs, Eq. (2.11) becomes

1 Vi
V(t) ~ ésTAs + d—;’ cos(Qrt)s's + (Q'g)'s. (2.13)
0

The equations of motion are now decoupled under the new normal coordinates and de-

scribed by the inhomogeneous Mathieu equation,

d?s;
- ;2 + [a; — 2g; c0s(26)] 85 = fi, (2.14)
where a; = %&T, ¢ = ﬁg& =gq,and f; = A;é% (Q"g);. After numerically solving Eq.

(2.14) and transforming back into the ion coordinates (See App. A.2), we obtain the exact
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ion motion [14]
r(t) = 9 + rWcos(Qrt) + r® cos(2Qpt) + - - -, (2.15)

where r(? is the average positions of the ions, and r™ corresponds to the nth-order micro-
motion amplitudes. It should be noted that, while in Eq. (2.10), the expansion of Coulomb
energy is evaluated at the equilibrium positions found in Sec. 2.1, the new average posi-
tions r®) in Eq. (2.15) would be slightly deviated. Therefore, a precise calculation of the
exact ion motion should include an iteration process, by repeating Eq. (2.10) to Eq. (2.15)
and updating the average positions. If the ions nearly reach equilibrium in the dynamical
simulation of Sec. 2.1, the obtained equilibrium positions will lead to converged average
positions r(%) after several iterations, proving the consistency of the model. Hence, the di-

vergence of 1) should be a hint of non-equilibrium in the previous dynamical simulation.

Fig. 2.2a demonstrates the equilibrium positions of 217 ions obtained by solving
the equations of motion Eq. (2.7), and also the corrected average positions r(® after 100
iterations of Eq. (2.10) to Eq. (2.15). The average deviation of r¥) is only 0.095 um,
showing nice convergence and consistency of the model. Fig. 2.2b plots the distribution
of the nearest-neighbor (NN) distance of the ions. The NN distance of an ion ranges from
10.35 pum to 15.23 pum, with an average distance of 12.18 um. From the numerical solution
Eq. (2.15), we can find the relations between the micromotion amplitudes r™ and average

positions r(®). For example,

r ~ _gr@) (2.16)
q2

r® ~ L) (2.17)
32

Since |g| &~ 0.031 < 1, it is sufficient to drop higher-order terms of O(q?®). The propor-
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tionality relations give us a simple picture of how the ions move under micromotion, i.e., a

small breathing oscillation with respect to the trap center. Fig. 2.3 plots the micromotion

amplitudes |r™"| of the 217 ions. It is clear that the outermost ions, having the largest ion

spacing (~ 15 um), suffer from the severest micromotion (|r(")| ~ 1.8 yum). Table 2.1

lists the shift of r'®) obtained by the pseudo and exact potentials, the NN distance, and the

micromotion amplitudes [r(")| for different number of ions. When we scale up the planar

ion trap, the harmonic pseudo-potential forces the ion to form a more compact structure,

resulting in the decrease of average NN distance. The micromotion, on the other hand, are

getting larger because more ions are arranged farther away from the trap center.

EOM (pseudopotential)
100 - Corrected (RF potential)
° ©e® o0 ,,
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- .
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Figure 2.2: Average positions and NN distance for a 217-ion system

Table 2.1: Scaling up N on ion spacing and micromotion amplitude (in pm)

N 7 19 37 61 91 127 169 217

Avg. shift of r(® 0.03 0.04 0.06 0.09 0.07 0.08 0.09 0.10

Min. NN distance 17.1 149 134 128 12.1 11.6 11.2 104

Max. NN distance 189 17.5 16.7 16.2 158 152 150 15.2

Avg. NN distance 17.6 16.1 151 142 13.5 13.0 126 122

Min. micromotion amplitude 0.00 0.11 0.09 0.09 0.01 0.01 0.02 0.01

Max. micromotion amplitude 0.39 0.64 0.88 1.11 1.32 149 1.67 1.84
doi : 10. 6342/ NTU202203211
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Figure 2.3: Micromotion amplitudes of a 217-ion system

2.3 Vibrational Normal Modes Without Micromotion

In this section, I elaborate the formalism of vibrational normal modes, without taking
micromotion into account. The formalism of 1D normal modes derived in App. A.3 can
be easily generalized and applied to our planar trapped-ion system. In the pseudo-potential

model of Sec. 2.1, the total potential energy is

N
1
‘/pseudo = §MZ (W;%Jf + W2yi2 + UJEZ?) + VC’; (218)

Y
i=1

where the Coulomb energy Vo = 3. -5 1

e . According to
ST AT f(@i—ay)2+(yi—y;) 2+ (2i—25)? g

the formalism of normal modes, we have to calculate the second derivatives of Viseudos

evaluated at the equilibrium positions r©@ = (2 . 20 49 40 and 20 =
(zEO), ceey z](\(,))). Since we have zi(o) = 0 in the tight trapping regime, it can be shown that
0V, 0%V,
¢ =_-FC = 0. (2.19)
01,0z, r(0) 7(0) Jy;0z; r(0)_ £(0)
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The axial (2) energy terms are thus completely decoupled from the radial (x-y) terms. This
explains why we can drop the z-dependence in Eq. (2.6) and Eq. (2.8) when searching

for the equilibrium positions and calculating the in-plane motions.

The in-plane normal modes are obtained by diagonalizing the matrix

Mw? 1y 0
A= + Mg, (2.20)
0 M wg Iy

where Iy is the N x N identity matrix and M¢ can be found in App. A.1. Fig. 2.4 plots
the in-plane mode spectrum for a 37-ion system. The collective center-of-mass (COM)
motions along the z- and y-directions can be easily identified from their mode couplings
b® respectively. The two COM mode frequencies are w, = w, and w, = wy, as high-
lighted in Fig. 2.4. It should be noted that, if the calculation yields imaginary in-plane
mode frequencies, this would be a warning of the non-equilibrium mentioned in Sec. 2.1.
Imaginary mode frequencies come from the negative eigenvalues of A. In these cases,
Eq. (A.25) no longer holds, which means there exist some displacements ¢ that could

further decrease the potential energy, showing the equilibrium positions used are actually

non-equilibrium.

—— COM mode in x
—— COM mode in y

Wy Wy
0.0 0.5 1.0 1.5 2.0 2.5 3.0 3.5

Wp/Wyx [wx = 0.16 MHZ]

Figure 2.4: Radial (In-plane) normal mode spectrum for N = 37
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The out-of-plane normal modes are obtained by diagonalizing the matrix

Ve
ny =iy 8|
J T 0202 Lo 40 (R
with

82‘/0 _62 1
027 |0 g0  4meg Z E (2.22)

’ J# Ty
T (13 (2.23)

8zi32j (0, 2(0) 47T60 |:7“(0):|

i

where ri(?) = \/ (@(0) - x§0) >2 + (yi(o) - (0)>2. Fig. 2.5 plots the out-of-plane mode
spectrum for a 37-ion system. The COM mode in the z-direction has a frequency of
wp = w,. It is found that the the largest frequency always corresponds to the COM mode,
while the smallest frequency must correspond to the zigzag mode, as are highlighted in
the spectrum. The zigzag motion can be visualized by its mode couplings b(?), as plotted
in Fig. 2.6a for a 7-ion system. Fig. 2.6b illustrates the out-of-plane zigzagging of these

ions from a side view (along the y-axis).

—— zigzag mode
—— COM mode

T T T T

0.980 0.985 0.990 0.995
wp/wz [wz= 2.63 MHZ]

1.000

Figure 2.5: Axial (Out-of-plane) normal mode spectrum for N = 37
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(b) Zigzagging as seen along the y-axis
Figure 2.6: Visualization of the zigzag mode for N =7
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2.4 Impact of Micromotion

The presence of micromotion fundamentally prohibits the normal mode formalism.
Since the ions oscillate intrinsically, we are unable to find the equilibrium positions where
they can sit at rest, even under an extremely low temperature. However, in our planar
trapped-ion system the ions are confined in a plane and their axial micromotion is highly
suppressed. It is thus sufficient to study the axial normal modes with the pseudo-potential

model at equilibrium positions zz-(o)

= 0, given the in-plane micromotion. To this end,
Eq. (2.21) must be modified to account for the micromotion. Specifically, the second

derivatives have to be evaluated at the ions’ in-plane positions Eq. (2.15) for any time ¢,

instead of the fixed equilibrium positions r9 ie.,

0*Ve
i = 2.24
0z} ey, 47T602i 5 (229
82VC —6 -1
= — 2.25
0202 | () 0 4TEo 7"3 ’ (2.25)

where r;; = \/ [2:(t) — 2;(t)]” + [y:(t) — y;(t)]. Since the micromotion is inherently a

(n) n (0)

small breathing oscillation, r;’ o ¢ , we can expand 7 3 in terms of ¢,
00 2 oo 97 —3/2
753 = (Z <$§n) — xyﬂ) Cos(nQTt)> + (Z <yi(n) _ yj(n)> cos(nQTt))
n=0 n=0
3T q q2 -3
= (7}‘?)) 1-— 5 cos(Qrt) + 3 cos(2Qrt) + O(q?’)}
3T 3 3 2 3 2
= (ri?)> 1+ Eq cos(Qrt) — 3% cos(2Qrt) + % cos?(Qrt) + (’)(q3)]
=3[ 3¢ 3 21¢?
= (ri?)> 1+ % + ?q cos(Qrt) + g cos(2Qt) + O(q3)} :

The inclusion of micromotion simply results in a rescaling of the derivatives. The constant

part of the potential energy constitutes the rescaled normal modes, which can be quantized

26 doi : 10. 6342/ NTU202203211



as harmonic oscillators Zgzl hw;&;dp. The time-dependent parts can be viewed as a fast
oscillating periodic perturbation ({27 > w,), which contributes to the mode transitions on
the order of q(w,/Q7)? ~ ¢* and can be safely neglected [9]. The rescaled axial mode

spectrum is obtained by diagonalizing A’, with

2 1+ 3¢*
/ 2 € 4q
Al = Muw? - e > o\ (2.26)

, et 1+ 3¢2
ij = 3"
47eg <T§?)>

It is clear that ¢ — 0 takes us back to the previously discussed micromotion-free system.

(2.27)

Given the micromotion-free axial spectrum, we can analytically calculate the cor-
rected one. Suppose we have two matrices A and A’ differing by a scaling parameter

a =1+ 342 where

A= Mw?l+ Mg (2.28)

A = Mw?1+aM¢ (2.29)

and the eigenvalue problem Ab = ub has been solved. We observe that M and A share
the same eigenvectors, Mcb = (1 — Mw?)b. From this, we know that the inclusion of

micromotion essentially leaves the axial mode structure unchanged,
A'b = [op+ (1 —a)Mw?] b = /', (2.30)
while the mode frequencies are slightly reduced,

oy =\ 47 = Jawd = (a = D2, (2.31)

The corrected axial mode spectrum w;, obtained from direct diagonalization of A’ is shown

in Fig. 2.7. Lower-frequency modes suffer from larger frequency shifts w;, — w,, while
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the COM mode is the only one that is kept invariant. However, the reduction in frequency
(~ 10 Hz) is still very small compared with the mode frequencies (~ 1 MHz).

Mocromotion-corrected Axial (Out-of-plane) Mode Frequency

—— zigzag mode
—— COM mode
T T ‘ T T
0.980 0.985 0.990 0.995 1.000
wpy/w, [w,=2.63 MHZ]
Axial (Out-of-plane) Mode Frequency Shift
0 1 °
-l
° L 4
=~ ~10 ° o®
E ..
Q o o0
3 _yo °®
| ]
Q 1
3 oot wy= (14 Fo -3
i ° )
—-30 e @ e zigzag mode
. ® o e COM mode
T T T T T
0.980 0.985 0.990 0.995 1.000

wpy/w, [w;=2.63 MHZ]

Figure 2.7: Corrected axial spectrum and frequency shifts for N = 37

In Sec. 2.3, the relation between imaginary radial frequency and non-equilibrium has
been stated. Imaginary axial frequency, on the other hand, could also emerge as a result of
the breakdown of our planar ion trap. Ions may move in an unbounded motion e**** in the
z-direction for imaginary w,, inconsistent with the normal mode formalism. In this case
we are no longer able to confine ions in a plane stably, where the 2D crystal effectively
breaks down into a 3D crystal. Such breakdown may happen when w, is low enough
compared to w, ,, as mentioned in Sec. 2.1. Despite a weak axial trapping potential
that could lead to the breakdown, micromotion might also lead to a destabilizing effect
[15]. If micromotion becomes large (indicated by a large |q|), then 7, for the zigzag mode
could be pushed to zero or even negative, giving rise to an imaginary frequency. The

minimally required w, to create a 2D crystal, or the critical frequency, is therefore made
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higher by this intrinsic micromotion. In other words, a stable 2D trap designed without the
consideration of micromotion could still be destabilized in real experiments. Nevertheless,
arecent experiment disproves this micromotion-destabilized theory [13]. It is claimed that

the pseudo-potential approach already provides a close approximation.

Since the zigzag mode has the lowest frequency, we can define the critical frequency
by the minimal w, that pushes the zigzag-mode frequency to zero. Table 2.2 lists the
critical axial trapping frequencies w™™ and critical ratios w™" /w, for different ion num-
bers. Due to the disagreement with experiments and the considerably small shifts in axial
mode frequencies, the following theoretical analyses simply exploit the pseudo-potential
approximation (w,), rather than the micromotion-destabilized theory (w;). Apparently,
we require higher w, to confine ions in a plane when there are more ions in the trap. The
general rule of thumb of w, /w, , 2 10 mentioned in Sec. 2.1 is justified here, at least still

good enough for IV as large as 217. In the next chapter, the decoupled axial modes are

used to implement fast gates in this planar trapped-ion crystal.

Table 2.2: Critical ratios and critical axial trapping frequencies

N 7 19 37 6l 91 127 169 217
wmin /o, 1.99 271 333 3.84 426 4.69 5.04 541

w™n /e, 144 196 241 278 3.09 340 3.65 3.92

z

wht (MHz) 0.32 043 0.53 0.61 0.67 0.74 0.80 0.86
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Chapter 3

Fast Gates in Planar Ion Crystals

3.1 Fast Gate Formalism

3.1.1 Spin-dependent Kicks From Ultrafast Laser Pulses

Consider a “°Ca™ ion interacting with light of frequency w, which is resonant to the
4S1/9 ¢+ 4P3/, transition shown in Fig. 1.1 and leaving the |0) state untouched. If the
light is applied perpendicular to the ion plane (i.e., going in the z-direction), we can write

down the total Hamiltonian as a sum of H, and V(t), where

Hy = 0] 1) (L] + fiw|2)(2] + e |0) (O]

. (3.1
V(t) = hQcos(kz — wt + ¢) (|1)(2] + 12)(1]) + 300, Fww, (afé, + 3)

After switching to the interaction picture with respect to H,, we obtain the interaction

Hamiltonian

~

1 I s i 1
o~ §ﬁQ [e—z(/ﬂz+¢)|1><2‘ + e’(kz+¢)|2><1” + Z Ty, (a;ap + 5) , (3.2)
p
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where the counter-rotating terms are dropped according to RWA. For a single 7 pulse with
duration 7, the evolution (up to a constant global phase) is given by

0y = exp (_%T [e=i05+9) 1y (2] + 5492y (1] — i pra;ap7> .- (3.3)

p

where the condition fOT Qdt = 7 has been imposed. Since an ultrafast laser (7 ~ 1 ps)
is used in this work, we can neglect the contribution of the harmonic oscillators (w, ~
w, ~ 1 MHz) in Eq. (3.3) as w,7 < 1. The fact that [e~***9)|1)(2| + e"("jéJr‘75)|2>(1|]2 =

|1) (1| + |2)(2| gives us an explicit form of Eq. (3.3),

A~

O~ cos( ) (1)(1] + [2)(2)
. isin(%) e k=0 1) (2] + i k549)|2) (1] + |0)(0)]

= —i [e 7" FFHI1) (2] + " FTO)|2)(1]] + (0)(0). (3.4)

In quantum mechanics we know that the operator exp(%) acting on a state |¢)) shifts
the state by p in the momentum space. Accordingly, Eq. (3.4) describes a so-called
spin-dependent kick (SDK) [16, 17, 18, 19]: The ion gets excited to |2) and acquires a
momentum Ak in the z-direction if it is initially in the ground state |1), and vice versa.
These absorption and stimulated emission processes are illustrated in Fig. 3.1a and 3.1b

respectively.

T+hk ?—khk

[1) = 12) 12) — +hk/I\ [1)

(a) Ion absorbing a photon and kicked by +Ak  (b) Ion emitting a photon and kicked by —hk

Figure 3.1: SDK from a 7 pulse in the z-direction
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Now we apply two pulses going in the opposite directions at the same time, but
slightly delay one of them such that one pulse hits the ion first with a 7 phase shift, i.e.,

or — ¢_ = £m. The two possible scenarios are

U0 = e28[2)(2] + €%5[1) (1| + [0) (0] .
U0 = ¢¥M12)(2] + e 2 [1) (1] + |0)(0)
The kicking of such pulse pairs does not result in any population transfer between the
internal states. We can eliminate the |2) dependence and focus on the qubit subspace

because only the qubit states a|0) + b|1) will be involved effectively. Eq. (3.5) can thus

be rewritten as a compact exponential form,

A

Us — eQiSki’ﬁ’ (36)

where n = %(f — 0,) and n|n) = n|n) for n = 0,1. The parameter s = +1 indicates
which pulse in the pulse pair arrives first, as shown in Fig. 3.2. The two pulses should
hit the ion one after the other, making two successive single-photon processes. In the
following analysis, the two pulses are viewed as a simultaneous pulse pair at time ¢, by
assuming a much smaller time delay between them compared to the laser repetition ot
(See Fig. 3.3). Clearly Eq. (3.6) tells that a momentum 2shk is imparted to the ion if it is
originally in the computational ground state |1), and it stays still if it is in the |0) state. The
SDKs from such pulse pairs always keep the internal state of the ion; only the motional

states will be changed after the kicks.

3.1.2 Fast Gate Schemes

By kicking two selected ions at time ¢,,,, we obtain the unitary operator

Ul?ilck _ e2zsmk(zln1+22n2)‘ (37)
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Figure 3.2: SDKs from a 7 pulse pair in the z-direction

A pulsed fast gate is comprised of several SDKs with interspersed free evolution of mo-

tional states during 0t,, = t,,, — t,,,—1 [20, 21],
L N
Ugsie = [ [ Ul ntrtudin, (3.3)
m=1

where L is the total number of SDKs, ¢; = 0 and d¢; = 0. Fast gates are thus constructed

by a pulse sequence

S = [81, S92, 83, ..., S—1, SL]

t: [tl, tg, tg, ey tL717 tL]

with a gate time defined by T; = £, —t1, as shown in Fig. 3.3. In the ideal case, we could
simply assume an infinite laser repetition rate, i.e., s,,, € Z. A pulse group applied at time
tm, would consist of |s,,| instantaneous pulse pairs, and the sign of s,,, is similarly defined
as in Sec. 3.1.1. For the realistic case with a finite repetition rate, we still confine s,, to
+1. The goal here is to minimize the infidelity of the gate with variables s and t, making

our fast gate ﬁgate approach the ideal conditional phase gate

A~

Uideal =€

us

_iMszsz N st
i10195 ¢ ZTGZ:p:lz,upapap7 (39)
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where all motional states are restored after the operation of this ideal gate.

5

SL

51 53

S1-1
oty Ot | oty >

n=0 L B -1 I
le N
€ Tg >

Figure 3.3: Fast gate scheme represented by a pulse sequence

Researchers in this field have proposed several gate schemes for the optimization
[22, 23]. The Garcia-Ripoll, Zoller and Cirac (GZC) scheme contains only four variables

and is given by

sGzc = |—2n, 3n, —2n, 2n, —3n, 2n]

tozc = [—71, =T, —T3, T3, T2, T1l,
where the pulse timings have been shifted by —7; just to clearly demonstrate the antisym-
metry of the scheme. The antisymmetry has been shown to be helpful for the restoration of

motional modes [22]. A similar scheme called the fast robust antisymmetric gate (FRAG)

scheme is given by

SERAG = [—1, 2n, —2n, 2n, —2n, n]

tirAG = [—T1, —T2, —T3, T3, To, Ti].

While the GZC and FRAG schemes are optimized under the assumption of an infinite
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laser repetition rate f., = 0o, Duan’s scheme is designed for a finite frep,

7]
£
=
=
I

[+1, ..., +1, -1, ..., =1] = [+n, —n]

t = [0, Treps 2Treps -+ -5 (20 — 1) Trep),
where Ty, = 1/ frep is the finite repetition period. Apparently, Duan’s scheme also exploit
the antisymmetry to achieve motional restoration. The only variable n is optimized such
that the generated phase approaches —7 /4. In case of poor motional restoration, higher-

order Duan’s schemes may be used to suppressed the motional errors [24]. The mth-order

Duan’s scheme can be obtained by the iterative exploitation of antisymmetry,

t(m) = [07 Treps 2Trep7 ceey (2mn - 1>7_rep]-

3.1.3 Phase Space Trajectories

According to Eq. (A.29), the displacement Z; from equilibrium z; = 0 can be ex-

panded in terms of the axial normal modes,

N
: oy
%:z£2M%@ﬁwa. (3.10)

The momentum kicks Uggk can hence be rewritten as a product of displacement operators

for each mode p,

=

Ul:irék|n1n2 H e 2ismMp b(P)nlergp)nQ)(aerap)‘n1n2>
p=1
N
= H o (1Cmp) [R112), (3.11)
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where D,(a,) = exp(apal — aa,) is the displacement operator for the pth motional

mode, and ¢,,, = 25,7, (b(lp )nl + b(zp )n2>. The fast gate unitary is thus rewritten as

L N
Ugate|n1n2> = H Hf)p(z’cmp) e_iwpétT’L&?T’dp|n1n2>. (3.12)
m=1 p=1

In order to better understand the effects of Ugm, we can consider a coherent state of the
pth motional mode |a,) without loss of generality due to its overcompleteness. Using the
identities e~ rdtminin| o ) = |a,e~»0tn) and D(a)D(B) = ™81 D(a + B), the new

state after a free evolution during dt,,, followed by a kick at ¢,,, is

A A

Dy(iemy) e~ o) = Dy (icymy) Dy(ape™7)|0)
= (e @G B (e, + e %) 0)

_ eiRe[apcmpefiwpétm] |O[pef’iwp5tm + icmp)' (313)

These SDKs can be visualized in the phase space of every motional mode p. By

definition, the dimensionless displacement and momentum for the coherent state |c,) are

~

<Xp> = <O‘p|\/L§ (&p + a;) |ap> =
<Pp> = <O‘p‘\7_% (&p - d;) ‘O‘p> =

(ap + ) = V2 Re[ay)]
(ap — ) = vV2Im[ay)

Sk g~

Fig. 3.4a demonstrates a typical phase space trajectory according to Eq. (3.13), starting
from a coherent state |c,) at time ¢,,,_;. The state first goes through a free evolution within
0t,,, and then receives an instantaneous kick ic,,, at time ¢,,. The trajectory in Fig. 3.4a
can be further simplified by switching to the interaction picture with respect to the pth
motional mode, i.e., |o;,) = eiwpd;ﬁpﬂap). Those free evolution segments will be gone in
the co-rotating frame. In this rotating phase space, the dimensionless displacement and

momentum are defined by

(X1) = (al| = (a, +al) |as) = \/% (apest 4+ aze=!) = \/2Re|a, ]

P pl /3
(P) = (o, = (ap —al) |ot) = = (apeient — are=iont) = V2 Tm]a,er!]
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where the identity e~ wr@bast ay eleribint — aye™r" has been used. Fig. 3.4b plots a typical
trajectory in rotating phase space, starting from the state |a;,) = |0). Attime t; = 0, the
ion receives a kick ici,e™?" and reaches the state |ov,(t1)). A subsequent free evolution
within 0ty leaves the state unchanged in the rotating phase space, while an angle A6 =
wpty — wpt1 = wydty is formed defining the direction of the next kick. A following kick
icope™?™ at time t, then brings the state to |ay,(£2)). In Fig. 3.4b it is assumed that ¢1, > 0
and cy, < 0. If ¢y, 1s positive, then the kick at ¢, would instead point in the upper left

direction.

3.1.4 Gate Fidelity

From Eq. (3.13), we can derive the change of an initial state |«,) by the end of a fast
gate (See App. B.1). According to Eq. (B.31), the acquired quantum phase from the pth

motional mode after a whole series of kicks is

L

& = Re|a, Z Cmpe” Pt | + A (b§p>n1 + bgp ) Z Z Sy sinfwy (t, — )]
m=1 m=2 |=1
=& +¢,. (3.14)
Now if we define a motional displacement
L L
C, = zz Cmpe™?'™ = 2im, <b§p)n1 + bgp)r@) Z Speerim. (3.15)
m=1 m=1

then the coherent state by the end of the fast gate takes the form

|y} = e rTom | O 4 )

_ e—iprgd;ﬂ&p ﬁp(op)ﬁp(ap)efﬂm[q,a;]

)

—iwpTaahay 1 —ie!
= e rlctin ) (C)e ™ |ay,). (3.16)
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(a) Phase space trajectory for a free evolution within dt,,, and a kick
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/
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icy,e
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(b) Trajectory in the rotating phase space from ¢; to ¢y

Figure 3.4: Visualization of SDKSs in the phase space of the pth motional mode
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Using the definition of n; = %(1 — o7) and dropping the global phases without internal
state dependence, we obtain a formula for a fast gate acting on the total coherent state

la) =1, o), i.e., expressing Eq. (3.12) as

Ugielofos)|a) = €717 171 275 20 s o 0%) )

N
— ¢i07i05 it gt =T Eyupiliy [prwp) oioila), (3.17)

p=1
where
N L m-—1
0 = 2206 "N " s sinfwp (t, — 1)) (3.18)

is the conditional phase that will be optimized to —7 /4, and

01 = S0y =202 (07 4+ 0 ) St Y st sinfy (i — 1)

- (3.19)
0y = szavzl _277127b;p) (bgp) + bép)> 251:2 22211 Smsi sinfwy (tm — 4)]
are the phases associated with individual spins o7. Since the undesired ¢, and 6, can be

corrected by additional single-qubit rotations, we can simply drop these two terms and

write down the explicit fast gate unitary operator,

A~

N
Ugue — €971 =10 Sy ntitn TT D, (). (3.20)

p=1
Before diving into the derivation of fast gate fidelity, we shall compare Eq. (3.20) with
Eq. (3.9) first to see the big picture. Given a pulse sequence s and t, Ugate approaches the
ideal conditional phase gate if © — —x /4 and C},, — 0 for all p. In other words, a proper
series of SDKs in phase spaces should encircle proper areas corresponding to the —7 /4
quantum phase. Meanwhile, the kicks should also bring the motional states back to where

they start, achieving a closed phase-space trajectory and hence motional restoration.

2

In order to measure the fidelity of a fast gate, we calculate the overlap ‘ <U£eal Ugate>

As the free evolution terms are canceled out in the calculation of overlapping, we may
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redefine

Z 2

Uideal|nin2) = €571 nymy) (3.21)
N

Ugaelrinz) = €971 T Dy (B0m + 88n2 ) Inana), (322)
p=1

with ﬁ](-p ) = 2inpb§p ) >, sme™rtm. The gate fidelity for an initial two-qubit state |¢)p) is
thus defined by

F = (0|Ufeu p Uideallth0). (3.23)

where p = Try, [Ugate (|1%0) (¥o| ® pn) UgTate] traces partially over all motional modes, and
P = Hp ﬁt(f ) is an initial thermal product state. While it is possible to calculate the
average fidelity over all initial two-qubit state [¢)g) = a|00) + b|01) + ¢|10) + d|11), a

specific state is used here,

[%0) = [+)|+) = 5 ([00) + |01) + [10) +[11)) (3.24)

N —

since it is shown to yield the worst-case fidelity [25]. The average fidelity will always
exceeds that worst-case fidelity. After a straightforward derivation provided in App. B.2,

we obtain the gate fidelity

1
F= S[24T.+T- = 2(I) +T4)sin(20)], (3.25)
where )
Iy =exp|—3, 53(;;) (ﬁp - %)}
) (3.26)
Ty =exp|— Y, |8 87| (7, + %)}

and 7, is the initial mean phonon number for the pth axial mode. In the following simu-
lation, the initial mean phonon occupation is set to be 7, = 0.1 for all modes. Ideally we
would have © = —7/4 and 6](-7’ ) x Cpx Y, smert™ =0, yielding the highest possible

value of F' = 1.
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3.2 A Micromotion-tolerant Scheme

3.2.1 Stroboscopic Fast Gates

Although the out-of-plane micromotion in a planar trapped-ion crystal can be ne-
glected, the in-plane micromotion may still lead to a terrible gate fidelity. Simply put,
a target ion could receive different light intensities at different times given a finite laser
profile centered at its average position r(?), since the ion is never stationary in the plane.
Micromotion thus brings about an effect of imperfect 7 pulses and hinders the actual gate
performance. In light of this, I propose a pulsed fast gate scheme, which is insensitive to
the in-plane micromotion of trapped ions. First of all, we observe that Eq. (2.15) provides
a deterministic description of micromotion, with a fundamental frequency of (2y. Sec-
ondly, this periodicity tells that the ions always swing back to their average positions r(®

whenever cos(€2rt) = 0, i.e., with a period

Trep = Tg—: (m € N), (3.27)

corresponding to a vanishing AC voltage in Eq. (2.3). To circumvent the micromotion

problem, we only have to send pulses as soon as ®,c = 0 at a fixed laser repetition rate

or 2
ey = — = —Qp  (m € N). (3.28)

Trep M

Such a stroboscopic pulsing scheme guarantees that the pulses always meet the ions at their
average positions. In this work the largest possible rate wy, = 22y = 27 x 200 MHz is

used in order to obtain the fastest possible gates.

Since the required laser repetition rate is a fixed finite number, Duan’s fast gate

scheme would be a good choice. In Duan’s scheme, there is only one SDK at a time
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(s = +£1), and the kicking operator Eq. (3.7) can be expressed in the computational basis

by

ezisk(21ﬁ1+22’fb2) o e—isk(é’lﬁ'f-‘r?}QOA‘g)

e—isk(ZAl —‘,—7:’2)

p—isk(f1—22)

= . (329)

eisk‘(él—ég)

eisk(ﬁl +22)
where a global phase without internal state dependence is dropped. The motional states

are kicked in the phase space by

ok = T, Dy [isn, (b + 08 |
pFisk(21—22) _ Hp [)p [:I:isnp (bip’ - bgp))}

depending on which spin states the two ions are in. The SDKs are separated by a laser

, (3.30)

repetition period 7;p, and the angle between two successive kicks in rotating phase space
is
W

A0 = wyTrep = 27 P (3.31)
Wrep

In Duan’s fast gate scheme, we require a much larger repetition rate such that we, > w,,
so the trajectory roughly forms a circle after n o~ wy, /w, kicks [26], as shown in Fig. 3.5
for an example of n = 5. Note that it is impossible to make wy,/w, an integer for all
motional modes, so there must be some nonzero displacements after n kicks. However,

since C), oy s,e™rim, the application of another n SDKs in the opposite direction

yields
n 2n
C. § 62m7riwp/wrep . E 62m7riwp/wrep
p
m=1 m=n+1
n
_ (1 _ 62n7rzwp/wrep) § 627’117ru/.1p/4,urep7 (332)
m=1
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reducing the original displacement by a factor of

1 — e2nm'wp/wrep _ eaniwp/wrep [627ri(17nwp/wrep) . 1:|
~ 2mi (1 2 ) . (3.33)
Wrep

Thus, errors in motional restoration can be suppressed by exploiting the antisymmetry

s() = [4+n, —n], as shown in Fig. 3.5.

‘\Aai =27 0,/ Wy,

|a) = 10)
>

N

Figure 3.5: Duan’s scheme st = [+n, —n] in rotating phase space for n = 5

According to Eq. (3.30), if the two ions are initially in the |00) (]11)) or |01) (]10))

state, the outlined circles in phase space will have a radius of RSf) or R(;D), where

2nRY ~ 2, b 200 (3.34)

p

As the mth-order Duan’s scheme generates 2™ circles in phase space, the enclosed area is
S~ ZWW(RE_LP ))2. We thus require that the relative quantum phase between |00) (|11))

and |01) (|10)) states be A¢p = —7/4 — /4 = —7/2, i.e.,

N N m1.2%, 2 1070
T 2M k2w, by by
T 225@) _E:gg@) — 2 rep . 335
2 4L + = p mMw3 (3-35)

In this fast gate proposal, the second-order Duan’s scheme s?) = [+n, —2n, +n] is used,
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producing four circles in the rotating phase spaces as plotted in Fig. 3.6. This figure is
plotted for an outermost ion pair in the N = 217 ion trap. The COM mode trajectory
(left) is shown for two ions initially in |11). The zigzag mode trajectory (right) is shown
for an initial state |01). Note that the outlined circles in the zigzag mode phase space have

extremely small diameters (~ 10~7), indicating a very weak excitation in this mode.

le—-7
initial
107 % final
1.01 initial
* final 0.5 1
0.5
< 001 & 0.0+
-0.5
-0.5
-15 -10 -05 00 05 10 15
(Xrot) —-1.0 1
-1.0 -0.5 0.0 0.5 1.0

(Xrot) le-7

Figure 3.6: Phase space trajectories of the second-order Duan’s scheme

In Eq. (3.35), the only variable is w,(x). By tuning the variable x in AC/DC volt-
ages and hence the axial trapping frequency, the enclosed areas can be optimized to yield
a desired quantum phase. After the phase condition is satisfied, we then work on the mo-
tional conditions, by finding the optimal integer value of wrep/weom < 1 < Wrep/Wrigzag
(given the optimized w,) that minimizes the gate infidelity 0 F' = 1 — F'. Theoretically,
this variational trapping frequency scheme should work in the tight-trapping regime. If
w, (k) is always large enough to keep the ions tightly bound in a plane (cf. the critical w,
in Table 2.2), then from Eq. (2.29) we know that varying the diagonal matrix Mw? I does
not alter the mode structures b®). The mode coupling of each ion remains the same; only
the mode frequencies w, will be shifted. To summarize my scheme, the two-qubit gate

on an ion pair is implemented by requiring that w, () go to its optimal value before the
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stroboscopic laser pulses arrive. We will need different axial trapping frequencies w, and

numbers of pulses n for different pairs of target ions.

It is important to check whether we are working in a stable ion trap when we tune
the voltages by x. In Fig. 3.7 we see that |a, (k)| < |g. (k)] < 1 for all k, ensuring
a stable ion trap during the operation of the fast gates. Also, it is possible to suggest a
theoretical control precision for real-world experiments. Given a fixed number of pulses
n, the sensitivity of gate infidelity to w, (x) determines how precise we should control the
AC/DC voltages. Fig. 3.8 plots the infidelity for an outermost ion pair in a 217-ion crystal
as a function of the control parameter «. If we set the upper limit to be the fault-tolerant
quantum computing threshold of 2 x 10~* (the gray dashed line) [27], then we obtain
a range of allowed x and AC peak voltage, i.e., 39.41V < Vi < 39.66 V. Since the

optimal value is 39.53 V, this suggests a control precision of at least 0.1 V in the AC peak

voltage.
101 0 ____.
102 10-2 -

— |ax(k)|

— lay(x)|

=== lq(x)|

10'3 T 10—3 . /.——-—-—"“'
/ I IaZ(K)I

=== lgz(k)|

]_0_4 T T T T 10_4 T T T T
0.8 0.9 1.0 1.1 0.8 0.9 1.0 1.1

K K

Figure 3.7: |a, | and |g, | as a function of
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Figure 3.8: Sensitivity of gate infidelity to the control parameter «

3.2.2 Gate Performance

In this work, a fast gate simulation on the 217-ion crystal is done to suggest the gate
performance. Since entangling gates on neighboring ions are sufficient in quantum com-
puting, Fig. 3.9a plots the optimal axial trapping frequency for every pair of neighboring
ions. The color of a line segment connecting two ions indicates the value of the needed
w,, ranging from 2.07 MHz (k ~ 0.79) to 3.10 MHz (x ~ 1.18), far beyond the critical
frequency. In general, inner ion pairs need higher trapping frequencies, but there are still
some places where the required w, suddenly decrease as compared to their surrounding
pairs. The sudden decrease might be related to crystal defects. In the center of the ion
crystal, the ions form a nice triangular lattice, where an ion is surrounded by another six
ions. However, there is some inevitable irregular arrangement, where an ion is surrounded

by five or seven ions, leading to the crystal defects.

Fig. 3.9b shows the gate infidelity for those ion pairs, ranging from 6 F ~ 4.1 x 1077

to 0 F ~ 8.5 x 107°, well below a fault-tolerant quantum computing threshold of 2 x 1074,
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The infidelity can still be very low for the outermost ion pairs (~ 10~%), even though there
is notable micromotion. Higher infidelity again happens in the crystal defects. Fig. 3.9c
shows the gate time for every ion pairs, ranging from Ty ~ 1.32 us to Tz ~ 1.96 us,
significantly faster than typical sideband transition gates. When we adjust the value of
K, the Mathieu coefficient ¢(x) changes accordingly. Since micromotion amplitudes are
proportional to |¢|, we can expect severe micromotion in the system when we address an
ion pair that comes with large |¢(x)|. Thus, from Fig. 3.9d we expect large micromotion
in the crystal when operating the gates on inner ion pairs. Instead, while we operate on

the outer ion pairs, their micromotion amplitudes are only roughly 1.5 um.

Fast gates can be fast because multiple motional modes are excited, operating far
outside the Lamb-Dicke regime. Fig. 3.10 demonstrates an ion’s displacement in the z-
direction during the kicking of the fast gate, when it is initially in |¢)g) = |+)|+). The
displacement is computed according to Eq. (3.10), i.e.,

N N
(k2i) = (op(t)| Z npbz(‘p) (&p + d;) |a,(t)) = Z ZnPbEP)Re[ozp(t)] ’ (3.36)
p=1 p=1
where o,(t) is given in Fig. 3.4a. To check the Lamb-Dicke condition, we have to calcu-

late

> 21, b Rea, ()]

p=1

(k2:))? = = |(k2)|. (3.37)

In Fig. 3.10, it is clear that the condition ((k2;)*)"/? < 1 does not hold for all £, so we are

surely working outside of the Lamb-Dicke regime.

In the gate simulation, the initial axial mean phonon occupation is set to be i, = 0.1
for all modes (7" ~ 0.05mK). From Fig. 3.11, we may conclude that the initial axial
temperature 7' should not be a limiting factor of gate fidelity. Similar results are also

obtained by another research group theoretically [28]. For example, a recent experiment
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has just reported n ~ 2.5 (1" ~ 0.38 mK) in a planar trapped-ion structure [13], which
corresponds to an infidelity of 6 F' &~ 1.4 x 10~° in Fig. 3.11. For the Doppler cooling limit
of 1°Ca™ ions, Tp ~ 0.54mK (7 ~ 3.8) also keeps the infidelity on the 10° level, still
well below the fault-tolerant threshold of 2 x 10~* (the gray dashed line). The Doppler
temperature is defined by kgTp = %ﬁF, where I'/2m = 22.3 MHz is the natural linewidth

of the 4S, /5 <+ 4P transition [29].
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Figure 3.9: Optimal w,, §F, T and |¢| for neighboring-ion pairs in a 217-ion crystal
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Figure 3.11: Dependence of gate infidelity on the initial axial temperature
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3.2.3 Trap Scaling

Fig. 3.12, Fig. 3.13 and Fig. 3.14 show the optimal axial trapping frequencies w.,
gate infidelities 0 F' and gate times T¢; respectively when we scale up our ion trap. A
summary of trap scaling is presented in Table 3.1. Generally speaking, we need higher
trapping frequencies in larger ion traps. The minimally required trapping frequencies are
all far beyond their respective critical values (cf. Table 2.2), ensuring a planar structure
throughout the gate operation. As we scale up the ion trap, the maximal gate infidelity
among all neighboring ion pairs also increases. Yet surprisingly, the gate times of all ion
pairs are decreased in the scaling of traps. It is because larger w, results in a smaller
n, where wrep/weom < 1 < Wrep/Wrigrag- This also makes sense physically, since every
motional mode contributes to the quantum phase: The more motional modes it involves,

the faster the quantum phase accumulates.

Table 3.1: Ion trap scaling on optimal w,, T and 0 F

N 7 19 37 61 91 127 169 217

Min. w, (MHz) 1.75 1.88 1.89 195 197 193 196 2.07
Max. w, MHz) 224 244 262 270 280 2.89 295 3.10

Min. T (us)  1.80 1.66 1.54 150 146 1.42 138 1.32
Max. T¢ (us) 230 2.16 2.14 210 2.08 2.12 2.08 1.96

Max. §F (107°) 04 0.7 1.6 29 29 51 74 85
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3.3 Discussions

3.3.1 Why Outer Ion Pairs Require Lower Trapping Frequencies

From Fig. 3.12 we observe a obvious tendency—outer ion pairs in general require
lower trapping frequencies. This can be explained via the formula of acquired quantum
phase (Eq. 3.35). Since outer ions have significantly smaller couplings \bﬁp )| to low-
frequency modes, we need smaller mode frequencies w, (hence smaller w,) to obtain the
same —m /4 quantum phase. In Fig. 3.15 some representative mode couplings |b£p )| ofa
217-ion crystal is shown. Couplings to the four highest-frequency modes are shown in the
right column of Fig. 3.15, where the very highest-frequency mode (mode 217) corresponds
to the COM mode. On the other hand, couplings to the four lowest-frequency modes are
shown in the left column, where the very lowest-frequency mode (mode 1) corresponds to
the zigzag mode. It is clear that the coupling of each ion roughly shares the same order of
magnitude in the high-frequency regime. However, low-frequency-mode couplings can

differ up to several orders of magnitude when we compare the inner and outer ions.

In a physical point of view, we can easily imagine how hard it is to excite zigzag-like
(low-frequency) modes by kicking outer ions alone (see Fig. 2.6b for example). Their
vanishing Coulomb forces on the center ions can hardly induce zigzag-like oscillations in
the middle of the plane, which explains the significantly small coupling to those modes. If
laser pulses hit an ion pair composed of outer ions (i.e., an outer ion pair or distant ions), the
excited motion will be dominated by COM-like (high-frequency) modes. In order to obtain
a fixed quantum phase, we have to in turn considerably excite these COM-like modes,

compensating the little area enclosed by low-frequency modes. In this case, lowering
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the trapping frequency allows more pulses n =~ wy,/w, during the gate, achieving the

significant excitation of COM-like modes.
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3.3.2 Distant Ion Pairs

While it is sufficient to entangle neighboring ions, we can still try to extend this
scheme and see how far it goes. In Fig. 3.16, six exemplary distant ion pairs are taken
to demonstrate the gate performance: (1) a pair separated by one ion, (2) a pair separated
by two ions, (3) a pair separated by three ions, (4) a pair separated by half the maximum
y-distance, (5) a pair separated by half the maximum x-distance, and (6) the pair with the
largest separation. Table 3.2 lists the optimal trapping frequencies w,, infidelities 6 F' and
gate times 1¢; of the six ion pairs, calculated with the second-order Duan’s scheme. The
required trapping frequency decreases as ions are separated farther away. For pair (6) it is
no longer possible to find a trapping frequency beyond the critical value (0.86 MHz). We
can also see that the infidelity increases rapidly for a distant ion pair. A pair separated by

only one ion can make a terrible infidelity of 6 F' ~ 1073,

Although the original scheme seems restricted when it comes to distant ion pairs, we
can try to lift the limitation with the help of higher-order Duan’s schemes. According to
Eq. (3.35), higher-order schemes generate more circles in phase spaces, so the required
trapping frequency can be made larger. In Table 3.2, the optimal trapping frequencies
w’,, infidelities 0 F" and gate times 7, calculated with higher-order Duan’s schemes are
shown. For pair (1), it is good enough to use the fifth-order scheme, and the infidelity is
suppressed down to 6 F” ~ 10~°. For pair (2), the seventh-order scheme is needed to yield
an acceptable infidelity of 6 F' ~ 10~*. However, its gate time is increased up to 44.2 us.
Thus, applying more laser pulses may improve the fidelity of a distant ion pair, but the gate
will no longer be fast. For pair (3)-(6), the pulse sequences of the seventh-order Duan’s

scheme are just too large to perform the optimization. Yet we can still expect an even
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longer gate time for each of the pairs.
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Figure 3.16: Six exemplary distant ion pairs

100

The effect of imperfect 7 pluses has been analyzed in [30, 31]. It is stated that errors

in pulse area is a limiting factor to experimental implementations of fast gates, typically
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Table 3.2: Optimal trapping frequencies, infidelities and gate times of the distant ion pairs

Pair number (1) (2) 3 @& B (©
w, (MHz) 1.91 1.48 1.22 0.89 0.86 N/A
w., (MHz) 2.92 2.99 249 1.84 136 0.89

oF 8.7x 1073 0.46 0.75 0.75 N/A N/A
OF" 51 x107% 1.6x107* N/A N/A N/A N/A
Te (1s) 2.24 3.08 390 452 N/A NA
T (1s) 11.2 44.2 N/A N/A N/A N/A

due to intensity fluctuations of the pulsed laser. In the worst-case analysis, each 7 pulse

has an error 6 in its pulse area, and Eq. (3.4) becomes

0f = cos(35 —0) (11)(1]+ 2)(2])
- isin(g - e) [e=ik59)| 1).(2] 4 ¢/k59)|2)(1]] + |0)(0|
— sinf (|1)(1] + [2) 2])

—icos @ [e " FTA 1) (2] 4 9 |2)(1]] + |0)(0], (3.38)

resulting in a pulse pair kicking of

~

Ul = 0°] + (1 —60%) U, + 20sin(k2) (12)(2] — [1)(1]) + O(6*), (3.39)

where I = [0)(0| + |1)(1] 4 |2)(2| and U, = e***|1)(1] + e~ %*¥¢|2)(2| + |0)(0|. If there
are L imperfect kicks on two target ions, then a simple conservative estimation of gate
fidelity yields

F.~(1—e1L)? (1 —e,L) Fy, (3.40)

where ¢; = 0?7 characterizes the population transfer error of a 7 pulse for the ith ion, and
F, is the fidelity calculated with perfect pulses. Eq. (3.40) is valid for e L < 1 and can be

used to suggest the allowed pulse errors in experiments. For example, in the case of Fig.
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3.9b we can impose an upper limit of a fault-tolerant threshold by
0F. =1—F. ~1—-(1-cL)'F, <1074, (3.41)
which gives ¢ < 107 for every ion pair.

Now we consider a Gaussian profile of beam waist w, centered at the average position
r® of an ion. If micromotion was not seriously taken into account, we would have a

worst-case error of

]_ 1)(12 2
SQe Pt = T g (3.42)
2 2
where Q7 = 7, i.e.,
§= g (1 - e—‘f<”|"’/w2) . (3.43)

For the outermost ions in Fig. 2.3 with micromotion amplitude 1.5 ym, merely L = 10
perfect 7 pulses of waist w = 7 um could make F, = 1 — 107° turn into F. ~ 0.9.
Therefore, resolving the micromotion problem is indeed a crucial work toward practical

quantum computing in Paul traps [28].

3.3.4 Effects of Pulse Duration and Beam Waist

The micromotion effects due to a finite pulse duration 7 can be shown with the help
of Eq. (3.40). Suppose at time { the target ion is located at its average position r® (i.e.,
Qrto = 5), and a laser pulse has just arrived. Due to the micromotion, the ion is displaced

slightly in the z-y plane by

‘r(l) cos(% + QTT) ‘ = |rM]sin(Qr7) (3.44)
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after the pulse. The pulse area is hence modified by
E / " Qe i@t gy — T g (3.45)
2 Jo 2

where (2 = /7. Of course, for a pair of neighboring ions, finite laser profiles may also
result in an overlap. If the two ions are separated by a distance d, then the laser pulses
kicking one ion affect the other one roughly by Qe~%/** which can be combined with

the integrand of Eq. (3.45) to incorporate the overlapping effect.

In Table 3.3, an outermost pair of neighboring ions (with the largest micromotion)
in the 217-ion crystal is used to demonstrate the effects of finite pulse duration and finite
beam waist. The original infidelity is 6 Fy = 2.8 x 107°. For w = 3 um, a typical ultrafast
laser of duration 7 = 1 ps does not compromise the infidelity at all. The radial displace-
ment of the ions within a pulse duration is only on the order of a nanometer. Moreover,
the gate remains robust as the pulse duration is increased up to 10 ps. For 7 = 100 ps, gate
fidelity will drop notably, but we can extend the beam waist to compensate this micromo-
tion effect and obtain a nice infidelity of 6 F, = 3.9 x 10~°. While effects of large pulse
duration can be compensated by large beam waist, we should note that the overlapping
effect may in turn play an important role and decrease the fidelity if w is set too large. In

fact, there is a lower limit on the pulse duration such that w7 > 1, where

2T
w =
393 nm

~ 21 x 763 THz, (3.46)

and hence the RWA in Eq. (3.2) can be valid [32].
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3.3.5 Estimation of Average Laser Power

In order to estimate the required laser power for this fast gate scheme, we first take
a look at the Wigner-Weisskopf theory. The theory states that the decay rate of |2) — |1)

can be expressed as

(3.47)

where p = [(1|er|2)] is the transition dipole moment. From the lifetime of |2) (6.9 ns) and

its branching ratios (given in Fig. 3.17), we can solve

3.48
6.9ns ( )

for the transition dipole moment, obtaining ;1 ~ 1.066 eA. Since the Rabi frequency can
be expressed by 2 ~ puFy/h and 2 = 7/7 for a 7 pulse, we obtain the electric field

amplitude of the laser Fy ~ Am/u7. The intensity of the laser beam is hence given by

1 1 A\ 2
I = ~eeE? ~ ~¢pc (L) (3.49)
2 2 UT
0.66% 5.87%
93479%  3Dso 10)

3DS/Z

4'SI/Z_ | 1)

Figure 3.17: Branching ratios for the decay of |2) state
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For a Gaussian laser beam of waist w and total power P, the power distributed per

unit area defines the intensity, i.e.,

P o Epulse/T

I = —
Tw?/2  ww?/2’

(3.50)

where Ejy 1s the pulse energy. Combining Eq. (3.50) with Eq. (3.49), we obtain the

energy of a single laser pulse

3,252
cegmrwh
Eogge > ————— 3.51
and the average laser power can be calculated by
P = Epulse : frepa (352)

which is proportional to w? and 77!,

The estimated average laser power for different
pulse duration 7 and beam waist w is shown in Table 3.3. For a typical choice of (7, w) =

(1ps, 3 um), the analysis suggests a laser on the mW-level.

Table 3.3: Micromotion Effects due to a finite pulse duration 7 and beam waist w

(7, w) (Lps, 3um) (10ps, 3pum) (100ps, 6 pm)
Average laser power (mW) 1.412 0.141 0.056
Ton displacement (z4m) 1073 1073 0.1
OF. 28x 107  29x10°° 3.9x107°

3.3.6 Aperiodic Micromotion

In Sec. 2.2, we have seen that the in-plane micromotion is ideally a small periodic
oscillation. However, in a real-world experiment the displacements can still be aperi-
odic. If the ions quite much deviate from the ideal periodic trajectories, the fast gate
scheme proposed in this thesis will no longer be micromotion-tolerant. Now the crucial

question would be “How do we characterize the degree of aperiodicity, and how does it
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affect the gate fidelity?” In fact, a detailed theoretical analysis was provided earlier in
[33]. For a cold enough planar crystal, the in-plane micromotion r(t) basically follows
Eq. (2.15). For a more realistic case, we can consider a small perturbation added into
the periodic trajectories, i.e., ¥'(t) = r(t) + e. After expanding the Coulomb potential
at r'(t), we can solve the Mathieu equation with the Floquet theory. The Floquet modes
o (t) = x,(0) e (v =1, 2, ..., 2N) and the original ion coordinates are connected
via the Floquet-Lyapunov transformation. In other words, the ion motion under a small
perturbation should be described by a combination of all the n{2; + w, frequency terms

instead of n{27, and hence there are no definite periods anymore.

While the Floquet-Lyapunov theory provides a more accurate description of the ions’
micromotion, how it affects the gate fidelity should be the main focus here. To answer the
question, we must first find a way to characterize the degree of micromotion aperiodicity.
This has actually been studied in a previous dynamical simulation of planar trapped-ion
crystals [11], where the authors provided a concept of radial effective temperature. They
defined the effective temperature 7.¢ in the radial (z-y) directions that uses ion velocities
v; computed from displacements dr; between times that differ by a complete RF period
27 /Qr, in other words, motion that is not periodic with the RF voltage. After computing

the radial effective velocities of all ions

or;
; = — 3.53
v 27T/QT ( )
we obtain the effective temperature according to the equipartition principle
N
1., 1

> SMvi = 2 SNkpTer (3.54)

i=1
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The root-mean-squared value of the aperiodic displacements d7; is thus given by

2 ZkBTeff
Oims = — . 3.55
r oV (3.55)

In the dynamical simulation [11], an effective temperature of T = 0.02 mK was

achieved, corresponding to a vanishingly small degree of aperiodicity 07, ~ 0.91 nm.
In this case, the deviation from the periodic micromotion trajectories can be directly ne-
glected. In the Doppler cooling limit, Toir = Tp =~ 0.54 mK corresponds to 7y, ~
4.72 nm, which is still extremely small compared to the micromotion amplitude (~ 1 yum)
of an outermost ion pair in Fig. 2.3. The deviation from the periodic micromotion trajec-

tories causes a pulse error that can be described similarly as in Eq. (3.43), i.e.,

9:

| N

(1 — e-érfms/“) . (3.56)

Given a beam waist w = 3 um, the gate infidelity for this ion pair only increases a little bit
from §F = 2.8 x 1075 to 6 F,. ~ 2.9 x 1075. However, a higher effective temperature, for
instance Teir = 0.25K (6rmms =~ 0.1 um), would inevitably hinder the gate performance.
This problem may similarly be solved by widening the beam waist, as in the last case of

Table 3.3.
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Chapter 4

Conclusions

In this thesis, a planar trapped-ion structure of the Paul trap is presented. Such 2D
traps are more scalable than the traditional 1D ones. Yet aside from the scalability issue,
there is inevitable micromotion in a Paul trap regardless of its type (planar or linear). The
intrinsic micromotion is shown to be a small in-plane breathing oscillation in a 2D Paul
trap. The outermost °Ca™ ions (in a 217-ion crystal for example), having the largest ion
spacing (~ 15 ym), suffer from the severest micromotion (|r")| ~ 1.8 um). Since the ions
are tightly bound in a plane, micromotion in the axial (z) direction is highly suppressed and
can be neglected. Although entangling gates are designed on the decoupled axial degree
of freedom, the radial micromotion can hinder the gate performance if it is not properly

taken into consideration.

To circumvent the micromotion issue, a stroboscopic fast entangling gate based on
Duan’s scheme is proposed, by setting the laser repetition period equal to some multi-
ples of the micromotion period. Pairs of pulses resonant to the 393-nm transition between
the 45, ;, and 4P3 ), states are used to generate SDKs. The optimization of gate fidelity in-

cludes two variables n and w, (x). By tuning the x-dependence in the AC/DC voltages, we
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first optimize the enclosed phase-space areas and obtain a desired —7 /4 quantum phase.
Given this optimized trapping frequency w,(x), we then find the optimal pulse number
N 2 Wrep/w)y, that minimizes the gate infidelity § /. The proposed two-qubit gate on an ion
pair is implemented by requiring that w, (x) go to its optimal value before the stroboscopic
laser pulses arrive. We will need different axial trapping frequencies w, and numbers of

pulses n for different pairs of ions.

The entangling gate is conducted between neighboring ions. It remains robust upon
the scaling of ion traps, with infidelity (~ 10~%) well below a fault-tolerant quantum com-
puting threshold of § ' ~ 104 [27]. The gate time (~ 1 us) is observed to be decreasing
as we scale up the trap. While it is possible to directly entangle pairs of distant ions with
higher-order Duan’s schemes (i.e., using more laser pulses), the drastically increased gate
time would eventually make it inefficient. Theoretically it is suggested that the experi-
mental pulse errors be controlled down to ¢ < 10~® in order for the fault-tolerant quantum
computation. For a typical choice of pulse duration and beam waist (7, w) = (1 ps, 3 um),
the analysis suggests an average laser power of several mW. Experimentally, the motion
of ions should deviate little from the periodic micromotion trajectories in the Doppler

cooling limit, where the gate performance would hardly be affected.
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Appendix A — Trapped-ion Dynamics

A.1 [Expansion of Radial Potential Energy in the 2D Trap

Since the RF potential is already in a quadratic form, its matrix representation is

straightforward,
N
L g Yo T
Ze@(xi,yi,();t) = 5r Mpcr + ﬁcos(QTt) rr, (A.1)
i=1 0
withr = (z1,...,2N,¥1,...,yn) and
2(1+d’);)€U0 IN 0
Mpc = 0 , (A.2)
0 2(17d'yg)er Iy

where [y is the NV x N identity matrix. On the other hand, the Coulomb potential energy,

_ 2 1
Ve = > i Ry o ep—— should be expanded up to the second order of r at a

given set of equilibrium positions r(®). If we define

oV

i = A3

(mc) or; r(©® ( )
Ve

Me)s = 5| (A4)

then the Coulomb energy can be approximated by
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1
Vo = const. +mg(r — rl”) + 5(1’ —r )™M (r — r®)

= const. + mgr +

1
= const. + (m¢ — Mcr(o))T r+ irTMcr,

2

1 1 1
“F™Mer — 1O Mer — érTMcr(O)

(A.5)

where the symmetry of the second-order derivatives (Mc = M) has been used. Letting

g = mg — Mcr® and dropping the constant term, we hence derive the quadratic form

of Vo in Eq. (2.10). The matrix elements can be computed by evaluating the following

derivatives at r(®:

Ve  —é?
Or;  Ame ; [(zi — @) + (yi —y )2]3/2 "o
Ve  —e?
dy;  dmey ; (2 — )2 + (g — y;)2)* "
92V —e? —2(x; — x;)? i —y;)°
833120 ~ dre ; [(xz(— xj);j— (; (f )32/]]5)/2 "9
0?2V _ —e? 2(x; —x)? — (yi — y;)? (A.9)
Ox;dx;  Ameo [(a; — )2 + (i — y;)?)
Ve  —é? xi — )% = 2(yi — y,)°
y? - 4me ; [(il — x]]))Q + (yz( - yj);])S/Q .
92V _ —e? —(x; —x)* + 2y — y;)? (A.11)
yidy;  4meo [(z; — ;)2 + (yi — ;)]
PVe e 3 —3(i — 25) (Y — y5) (A.12)
Oxi0y;  Ameo “= [(z; — ;)% + (i — v
Ve _ —e* 3(ai—x;)(yi — yy) . (A.13)
Ox;0y;  Ameo [(z; — z;)?+ (yi — yj)2]5/2
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A.2 Solution to the Inhomogeneous Mathieu Equation

The solution to the inhomogeneous Mathieu Equation,

d28i
dg?

+ [ai — 2g; cos(28)] si = fi, (A.14)
can be expanded in terms of the Fourier components {cos(2n¢)}, i.e.,
si = f; Z CE”) cos(2ng). (A.15)
By the substitution of Eq. (A.15) into Eq. (A.14), we get
aicgo) — qicgl) + i [(ai — 4n?) an) —q (an—l) + CERH)) — qicgo)(;nl} cos(2ng) =1,
n=1

which implies a set of linear equations,

aicgo) — qicgl) =1 (A.16)
n ]. n— n
- (" D 4%, ) =0, (A.17)

)

_An2 . . . .
where DZ(”) = %. The linear equations can be expressed in a matrix form,

7

a;  —q; CEO) 1
];;) 1 Dj&) W 0

D_Zé) ] T;) 01(2) =10l (A.18)
S ] ]

Since 1/ DE") decreases rapidly as n increases, we have cz(") — 0 for large n. Therefore,
we can truncate Eq. (A.15) at some n, and the finite matrix equation can be easily solved.

In practice, it is found that keeping up to cz(?) already yields enough accuracy. Once the
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(n)

expansion coefficients c; ’ are solved,

- flcgn) — |
$ = : cos(2né) | (A.19)

fan coy — |

the ion coordinates are readily available via the transformation r = Qs, where Q is defined

in Eq. (2.12), 1.e.,

— flcgn) — |
r=0Q : cos(2n¢)
fon iy — |
= r® 4 r® cos(26) + r® cos(4€) + - - -, (A.20)

recovering Eq. (2.15). The nth-order micromotion amplitude is hence computed by

fe”
gl | (A21)

(n)

f2N Con

A.3 Formalism of Vibrational Normal Modes

Suppose N ions oscillates slightly in 1D about their equilibrium positions z(t) =
0 +¢(t), where z0) = (zfo), ey z](\?)) and ¢ = (C1, ..., Cy). The total potential energy

of the system can be expanded up to the second order in (;, giving

(A.22)

V(z) ) + Z Y azl Z GG 3 8% 8,2]
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Since by definition the equilibrium positions must lie at a minimum of the potential energy,

ov
Oz 170

, = O makes the second term of Eq. (A.22) vanish. After dropping the constant term

V(z(")), we obtain an approximated total energy

1
H~ —p" A A.23
s p+ ¢ AC, ( )

where p is the momentum of each ion and

0%V
0202 |0

(A.24)

ij =

The fact that z(¥) lies at a minimum of V' (z) means that any small step ¢ away from z®)

leads to slight increase of the potential energy, i.e.,
AV ~ ¢TA¢ >0 for any (. (A.25)

Therefore, A is a positive semi-definite matrix, possessing non-negative eigenvalues 1, =

M wg. The symmetry of A further enables an orthogonal transformation of diagonalization,

H1
Ap =BTAB = , (A.26)

KN
where the orthogonal matrix B is constructed by inserting the pth-mode eigenvector b(?)

of A into its pth column. If we transform the ion coordinates into the normal coordinates

by ¢ = B and p = Bwo, then Eq. (A.23) becomes

1
— wlw+ 9 ApY

H ~
2M
N 2
wp 1 2 92
=) B - Mwli. (A.27)
oM 2
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The ions hence move in the the normal coordinates as decoupled simple harmonic oscil-
lators, ¥,,(t) = ¥,(0) cos(w,t). The pth vibrational mode can be expressed back in the ion

coordinates by

C(t) = B[ g,) | = ou(t) b7 (A.28)

The eigenvector b(®) thereby tells us the relative motion of the ions. For example, if
b® o (1, 1, ..., 1), then it is obviously the center-of-mass mode. Furthermore, if one of
its components bgp ) is particularly small, the ith ion must hardly move in the pth mode. We
thus say, in other words, that this ion can hardly be coupled to the pth mode. The eigen-
vector b(?) hence represents the mode coupling of each ion. For a general ion motion, the
N ion amplitudes ¢ can be expanded in terms of the N normal modes, giving the linear

combination
N

C(t) =) _0,(t)p. (A.29)

p=1
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Appendix B — Fast Gate Dynamics

B.1 The Displaced Motional States and Acquired Phases

If we define |@,,) as the displaced coherent state and &, as the acquired quantum phase

after a whole series of kicks (i.e., by the end of a fast gate), then we have

L
Dp(iCmyp) €™ 1“r0tmibin| ) = ¢i€| ). (B.30)

m=1

According to Eq. (3.13), for L = 1 we have,

§p = Re [apclpe*iwpétl]

{dp = ape_i“’?&tl +icip
For L = 2,

{&p = ape_wp(&l""m) +icipe P02 ey,

& =Re [apclpe—iwpétl] +Re [apCQPG—iwp(éh-‘r(Stg) + ,L'Clp62pe—iwp5t2]
For L = 3,

ap — ape—iwp(5t1+§t2+6t3) + iclpe—iwp(§t2+5t3) + ,L'c2pe—iwp6t3 _|_ Z'Cgp

— ape—uupTG + Z'Clpe—zwp(Tg—tl) + iche—zwp(Tg—tg) 4 ngp

_ —iwpdty —iw (5t1+5t2) - —1twp oty
& = Re [ozpclpe v ] + Re [ozp@pe P + tcipCope” P }
—iwy (0t1+9ta+0t3 N —iwy (dta+It3 . —1iwy,dts
+ Re [apcgpe p( ) + 1C1pCape P( ) 4+ 1CopCape™ P ]

= Re[ay,crpe 1] + Re[aycape 712 + ey cpper(t21)]

—iwpt ; —iwp(t3—t ; —iwp (t3—t
+Re [OépC3p€ P 4 icypCape plts—t1) 4 1CopC3p€ p(t3 2)}
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Hence, it is easy to induct that, for any integer L, we have

N ; L iwpt —iwpTa
ozp—(ozp—i-zzm,lcmpe plm ) e~"p

L 1 . 9 (B3 1)
& = Re [ap > om=i Cmpeprtm} + Zm s> 1o Re [icmpclpeﬂ‘“?(tm‘tl)]

which is the coherent state |G,,) and the acquired quantum phase &, for mode p by the end

of an arbitrary fast gate.

B.2 Derivation of the Fast Gate Fidelity Formula

By listing all the possibilities of Eq. (3.22),

( Ugeie|00) = ¢©]00)
Jaael01) = e T, Dy (887 101) 5a)
Ugael 10) = e TT, Dy (8) 110) |

| Uil 11) = € TT, Dy (81 + 59 111)

and using the fact of D'(3) = D(—/3), we can find a matrix representation of j in the

computational basis

Tr () a b c
R B 1 A
pP=7 ; (B.33)
b* d* Tr[pw] g
c* fr g Trpw]
where )
a = e*® TT[H Ptf)D ( BZ ))
= {11 5,0
c=Tr [Hp pt}]:)Dp <_61 P Bép) } (B.34)

0= n{I1, 0,(30) A 5, ()
f= oI, b, (7)) |
o= 20|11, D, (5 i By (-5 - )]
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Since 59’ ) and 6§p ) only differ by a real proportionality constant, the displacement opera-
tors appearing in d, f and g can be simplified respectively by
f)(_@) f)(ﬁz) = eilm[iﬁlﬁg]b(—ﬁl + 52) = D(—ﬁl + 52)
D(—ph = ) D(By) = "™ PP D(— 1) = D(~ )
D(_Bl 52)15(51) eMm(-P1=52) ’BI]D( B2) = D(—ﬁ2)'

Given the identity [ ], Tr [,oth (B(p )} =11, exp[ ‘ B ‘ coth(% T)] and an ex-

pression for mean phonon occupation n, = % [coth(i“;pT) — 1] , we can rewrite Eq.
(B.33) as
1 621'9 F2 622'@ Fl F+
A 1 6—21'@ 1’\2 1 T e—2i@ Fl
=7 ; (B.35)
6—21'9 Fl T 1 6—21'@ F2
FJF 621'6 Fl 622’@ 1’\2 1
where
2
mﬁm_g@M@ﬁp}
e X (B.36)
Ii=exp|—), + 6, (7, + 5)}

Here T is a characteristic temperature describing the initial out-of-plane motion, with a
mean phonon number 7, for the pth motional mode. The gate fidelity will be readily

available after we insert Eq. (B.35) into Eq. (3.23),

e T
1 us ;T s T ;T A 61%
F = Z e e T e T €7 | P
et
e i
1

&3
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