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摘要

在 [DD06] 中，作者給出了在 Q2
p − {(0, 0)} 上的一個 p 進測度來定義 Λ 進艾

森斯坦模符號，並當 p 是慣性於 F 時，通過計算 Λ 進艾森斯坦模符號在附加於

理想類群的閉鏈上的值來構造實二次域 F 上的 p 進 L 函數。我們將此結果推廣

到 p 是分裂於 F 的情況，並藉由計算艾森斯坦級數的周期積分來獲得 p 進 L 函

數的插值公式。

Abstract
In [DD06], the authors proposed a family of p-adic measures on Q2

p − {(0, 0)} to

define the Λ-adic Eisenstein modular symbol, and constructed the p-adic L-function

for a real quadratic field F by evaluating the Λ-adic Eisenstein modular symbol at

cycles attached to ideal classes of F for p inert in F . We generalize this result to

include the case that p is split in F , and to provide explicit interpolation formulae of

the p-adic L-function for F by evaluating explicitly the period integral of Eisenstein

series over real quadratic fields.
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1 Introduction

1.1 Motivation

Consider the Riemann zeta function

ζ(s) :=
∞∑
n=1

1

ns
,

which converges absolutely for <(s) > 1 and admits a meromorphic continuation

to C with only a simple pole at s = 1. The values of ζ(s) at non-positive integers

1− n ≤ 0 are given by

ζ(1− n) = −Bn

n
∈ Q,

where Bn is the n-th Bernoulli number. In 1960s, Kubota and Leopoldt showed that

these values can be p-adically interpolated:

Theorem 1.1.1. There exists a unique continuous function ζp(s) : Zp → Qp that is

analytic, except at s = 1, such that

ζp(1− n) = (1− pn−1) · ζ(1− n)

for every positive integer n with n ≡ 0 (mod p− 1).

The function ζp(s) is called the Kubota-Leopoldt p-adic zeta function. Gener-

alizations of the above result to Dedekind zeta function for totally real fields are

given by [DR80], [Bar78], and [CN79] in the 1970s, and more recently given by

[CD14], [Spi14], and [BKL18]. We remark that the above results used different con-

structions of the p-adic Dedekind zeta function for totally real fields and different

1
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constructions should give different arithmetic applications. For example, [DK] used

their construction to give a p-adic analytic solution to the Hilbert 12th problem.

When F is a real quadratic field, [DD06] consider the modular symbols construc-

tion of the p-adic L-function. To be more precise, they constructed Λ-adic modular

symbols of Eisenstein series and the p-adic L-function is obtained by evaluating at

the Λ-adic modular symbols at cycles corresponding to the ideal classes of F . In

their construction, they assume p is inert in the real quadratic field F . The purpose

of this thesis is to generalize the result in [DD06]

1. to include the case that p is split in F , and

2. to provide explicit interpolation formulae of the p-adic L-function for F .

We briefly outline the construction of the p-adic L-function. Let χ be an odd ring

class character of F unramified everywhere. Let

Ek(z) :=
ζ(1− k)

2
+

∞∑
n=1

σk−1(n)q
n, q := e2πiz

be the classical Eisenstein series of even weight k and level SL2(Z). Choosing an

auxiliary positive integer N and a formal divisor with coefficients in Z

∑
d|N

nd[d]

such that
∑

d|N nd = 0 and
∑

d|N ndd = 0, we consider, for each even integers k ≥ 2,

the modified Eisenstein series

Fk(z) := −24
∑
d|N

nd · d · Ek(dz)

2
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attached to
∑

d|N nd[d]. This modified Eisenstein series are of weight k and level

Γ0(N) and have no constant term at the cusp ∞, so they are holomorphic at the

cusp ∞. For each positive even integer k we will define

P (k, χ) =
∑

a∈Cl+(F )

χ(a)N(a)k−2

∫ r∞

∞
F ∗∗
k (z)Q(z, 1)

k−2
2 dz

where r is an element in Γ0(N), Q is a homogeneous polynomial of degree 2 with

coefficients in Q, and F ∗∗
k is a modification of Fk such that the integral converges.

By using the Λ-adic modular symbol in [DD06], for each a in the narrow class group

Cl(F )+, there exists a p-adic analytic function ζp(s, a) such that

ζp(k, a) =

∫ r∞

∞
F ∗∗
k (z)Q(z, 1)

k−2
2 dz

for every positive even integer k with k−2
2

≡ 0 (mod p− 1). Let

P(s, χ) =
∑

a∈Cl+(F )

χ(a)〈N(a)〉s−2ζp(s, a).

The following theorem is our main result:

Theorem. Let χ be an odd ring class character of F that is unramified everywhere,

and let L(s, χ) be the complex L-function of χ. Then

P(s, χ) ∼ Lp(1−
s

2
, χ).

where Lp(s, χ) is the Kubota-Leopoldt p-adic L-function associated to χ.

The proof of this main result is to interpolate P (s, χ) as an period integral of

3
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Eisentein series over real quadratic fields. To this end, we need to use the language

of automorphic forms. Let ϕk be the adelic lift of F ∗∗
k , namely, ϕk is an automorphic

form GL2(A) → C such that for any z in the upper half-plane,

ϕk

y x

0 1

 = F ∗∗
k (z), z = x+ iy.

Fix a suitable Q-embedding Ψ : F →M2(Q). We show that the period integral

∫
A×F×\A×

F

ϕk(Ψ(t))χ(t)d×t

equals to P(k, χ). On the other hand, by standard unfolding, the period integral is

a product of local Tate integrals on F×
v . We carry out the explicit computation of

each local integral and conclude that

∫
A×F×\A×

F

ϕk(Ψ(t))χ(t)d×t ∼ L(1− k

2
, χ).

for any k−2
2

≡ 0 (mod p− 1).

1.2 Notation and Definitions

In this subsection, we set up the notation for a general totally real number field E

that will be frequently used. After this, we fix the real quadratic field F , the ring

class character χ of F and the auxiliary prime q throughout the contexts.

4
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1.2.1 Number fields

We fix some notation and definitions for E. For a place v of E, let Ev be the v-

completion of E, OEv the ring of integer of Ev and qEv the order of the residue field

of OEv . Let AE be the adele of E. Denote x 7→ xv and x 7→ (xv)v the embeddings

E ↪→ Ev and E ↪→ AE, respectively. For a positive integer m, denote S(Em
v ),

S((E×
v )

m), S(Am
E ) and S((A×

E)
m) the spaces of Bruhat-Schwartz functions on Em

v ,

(E×
v )

m, Am
E and (A×

E)
m, respectively.

1.2.2 Matrix groups

Define the compact subgroup K =
∏

vKv of GL2(AQ) by K∞ = O2(R) and Kv =

GL2(Zv). Let B and Bv be the Borel subgroup of GL2(Q) and GL2(Qv) respectively.

Let Ẑ =
∏

v Zv be the profinite integer. For a positive integer N , we define the

following compact open subgroups of GL2(Ẑ) by

U0(N) =


a b

c d

 ∈ GL2(Ẑ) : N divides c

 ,

U1(N) =


a b

c d

 ∈ GL2(Ẑ) : N divides c and d− 1

 ,

U2(N) =


a b

c d

 ∈ GL2(Ẑ) : N divides b, c and d− 1

 .

We have the strong approximation theorem GL2(AQ) = GL2(Q)+ GL2(R)U2(N) for

every positive integer N (cf. [KL06, Theorem 6.8]).

5
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1.2.3 Additive characters

Let ψ : A/Q → C× be the additive character whose archimedean component is

ψ∞(x) = e2π
√
−1x and whose local component at v is denoted by ψv : Qv → C×. We

define the additive character ψE =
∏

v ψEv : AE/E → C× by setting ψE := ψ◦TrE/Q.

1.2.4 Haar measures

We shall normalize the Haar measures on Ev and E×
v as follows. Let dxv be the

self-dual Haar measures of Ev with respect to ψEv . Put d×xv = ζEv(1)
dxv

|xv |Ev

. The

Tamagawa measure of AF is dx =
∏

v dxv while the Tamagawa measure of A×
E is

defined by d×x =
∏

v dx
×
v .

1.2.5 The real quadratic field

We fix the following notation throughout the contexts. Let F = Q(
√
D) be a real

quadratic field with D a square-free positive integer. Let p be a rational prime split

or inert in F . We fix an auxiliary prime q different from p and split in F . We fix a

formal divisor
∑

d|q2 nd[d] such that

∑
d|q2

nd = 0 and
∑
d|q2

ndd = 0. (1.2.6)

We remark that q2 plays the role of the auxiliary integer N introduced in (1.1). Let

χ =
∏

v χv : F×\A×
F → C× be an odd ring class character, that is, a finite order

idele class character with its two archimedean components χ∞1 , χχ2 both equal to

the sign character. We assume χ is unramified everywhere. We fix a positive integer

k such that k ≡ 2 (mod 4). Let θ = D+
√
D

2
, so OF = Z[θ]. Let Ψ : F → M2(Q) be

6
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the Q-embedding defined by

Ψ(θ) =

Tr(θ) −N(θ)

1 0


and is extended Q-linearly. We fix a field isomorphism ιp : C → Cp.

1.3 Automorphic Forms and Modular Forms

In this subsection, we recall the basic definitions and relations between of automor-

phic forms and modular forms.

1.3.1 Automorphic forms

A function ϕ : GL2(AQ) → C is an automorphic form of weight k and level N if ϕ

is a smooth, K-finite, Z(U(g))-finite, slowly increasing function such that

ϕ(zγgkθuf) = ϕ(g)e
√
−1kθ, kθ =

 cos θ sin θ

− sin θ cos θ


for z ∈ A×, γ ∈ GL2(Q), θ ∈ R and uf ∈ U2(N). Denote Ak(N) the space of all

automorphic forms of weight k and level N .

1.3.2 Adelic modular forms

The group GL2(R)+ := {g ∈ GL2(R) | det g > 0} acts on the complex upper half-

plane H and the automorphy factor is given by

γ(z) =
az + b

cz + d
, J(γ, z) = cz + d

7
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for γ = ( a b
c d ) ∈ GL2(R)+ and z ∈ H. A function f : H × GL2(Q̂) → C is a modular

form of weight k and level N if f is a smooth, slowly increasing function such that

f(γz, γgfuf) = det(γ)−1J(γ, z)kf(z, gf)

for γ ∈ GL2(Q)+, z ∈ H, gf ∈ GL2(Q̂) and uf ∈ U2(N). Let Nk(N) be the space of

all modular forms of weight k and level N . To every modular form f ∈ Nk(N) we

associate a unique automorphic form ϕf ∈ Ak(N) defined by the formula

ϕf (g) := f
(
g∞(

√
−1), gf

)
J
(
g∞,

√
−1
)−k

(det g∞) | det g|
k
2
−1

A (1.3.3)

for g = g∞gf ∈ GL2(R)GL2(Q̂) (cf. [Cas73, §3]). Conversely, we can recover the

form f from ϕf by

f
(
x+

√
−1y, gf

)
= y−k/2ϕf


y x

0 1

 gf

 |det gf|
1− k

2

A . (1.3.4)

for z = x+
√
−1y ∈ H and gf ∈ GL2(Q̂). We call ϕf the adelic lift of f .

1.3.5 Classical modular forms

Let f(z) : H → C be a classical holomorphic modular form of weight k and level N .

Then f(z) extends to an element in Nk(N) by setting

f(z, γuf) = f(γ−1z)J(γ−1, z)−k det(γ)−1, z ∈ H, γ ∈ GL2(R)+, uf ∈ U2(N).

8
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Conversely, if f(z, gf) is an element in Nk(N), then f(z, 1) is a classical holomorphic

modular form of weight k and level N .

1.4 Eisenstein Series

In this subsection, we recall the well-known construction of adelic Eisenstein series

on GL2(AQ). Almost all of the material in this subsection is standard; we refer the

reader to [Bum97].

1.4.1 Induced representations

Let v be a place of Q. The induced representation I(s, 1v, 1v) consists of all smooth

Kv-finite functions f : GL2(Qv) → C such that

f


a b

0 d

 k

 =
∣∣∣a
d

∣∣∣s+ 1
2
f(k),

a b

0 d

 ∈ Bv, k ∈ Kv.

GL2(Qv) acts on I(s, 1v, 1v) by the right multiplication ρ. For a compact open

subgroup U of GL2(Qv), we denote I(s, 1v, 1v)U the space of elements in I(s, 1v, 1v)

fixed by U . By a spherical vector in I(s, 1v, 1v) we mean a non-zero element in the

1-dimensional subspace I(s, 1v, 1v)Kv of I(s, 1v, 1v).

1.4.2 Hecke operators

Let v be a place of Q. The Hecke operator attached to a compact open subgroup U

of G and g ∈ GL2(Qv) is defined by

[UgU ] : I(s, 1v, 1v)
U → I(s, 1v, 1v)

U , f 7→ 1

vol(U)

∫
UgU

ρ(h)fdh.

9
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If UgU =
⊔n

i=1 giU with gi ∈ GL2(Qv) then [UgU ]f =
∑n

i=1 ρ(gi)f . Define the

compact open subgroup

Iv =


a b

c d

 ∈ GL2(Zv) : v divides c


of GL2(Qv). Define the Uv-operator and Tv-operator by

Uv =

Iv
v 0

0 1

 Iv

 =
v−1∑
x=1

ρ

v x

0 1

 , Tp =

Kv

v 0

0 1

Kv

 = Up+ρ

1 0

0 v

 .

(1.4.3)

1.4.4 Godement sections

Let v be a place of Q. Define S0(Q2
v) = S(Q2

v) if v <∞, and

S0(R2) = {P (x, y)e−π(x2+y2) ∈ S(R2) : P (x, y) ∈ C[x, y]}.

For Φv ∈ S0(Q2
v), we defined the associated Godement section fΦv ,s : GL2(Qv) → C

by

fΦv ,s(g) = |det g|s+
1
2

v

∫
Q×
v

Φv((0, tv)g)|tv|2s+1
v d×tv, g ∈ GL2(Qv),

which converges absolutely for 2s+ 1 > 0. In this case, the map

S0(Q2
v) → I(s, 1v, 1v), Φv 7→ fΦv ,s

is surjective.

10
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1.4.5 Adelic Eisenstein series

For Φ =
⊗

v Φv ∈ S(A2
Q) with Φv ∈ S0(Q2

v) for each place v of Q, define fΦ,s =⊗
v fΦv ,s and

EΦ,s : GL2(AQ) → C, EΦ,s(g) =
∑

γ∈B(Q)\GL2(Q)

fΦ,s(γg), g ∈ GL2(AQ),

which converges absolutely for <s� 0 and has meromorphic continuation to s ∈ C

with at most a simple pole at s = ±1
2
. For α ∈ Q, we define the Whittaker function

Wα(g, fΦ,s) = f(g) +

∫
AQ

fΦ,s


0 −1

1 0


1 x

0 1

 g

ψ(−αx)dx

which converges for <s � 0, where the term f(g) is omitted if α 6= 0. We have the

Fourier expansion

EΦ,s(g) =
∑
α∈Q

Wα(g, fΦ,s), g ∈ GL2(AQ) (1.4.6)

for <s� 0.

2 Period Integral of Eisenstein series

2.1 Period integral as a Product of Local Tate Integrals

In this subsection, we introduce the period integral of Eisenstein series, which can

be written as a product of local Tate integrals. We will compute these locals integral

in the next subsection.

11
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Definition 2.1.1. Let Φ ∈ S0(A2
Q). Define the period integral

PΦ,s,χ(g) =

∫
F×A×\A×

F

EΦ,s(Ψ(z)g)χ(z)d×z, g ∈ GL2(AQ),

which converges absolutely for <s� 0 by the following lemma (2.1.2):

Lemma 2.1.2. F×A×
Q\A×

F is compact.

Proof. Let (av)v ∈ A×
K , so c := |(av)v|AK

> 0 and

(av)v = (a∞,1, a∞,2, af) = (
a∞,1√
c
,
a∞,2√
c
, af) · (

√
c,
√
c, 1) ∈ I1FA×

Q ,

where I1F is the norm one idele ring of K. Hence F×A×
Q \ A×

F = F×A×
Q \ I1FA×

Q . The

quotient map

I1FA×
Q → F×A×

Q \ I1FA×
Q

is restricted to the continuous function I1F → F×A×
Q \ I1FA×

Q . By the universal

property of quotient space, the induced function

F× \ I1F → F×A×
Q \ I1FA×

Q

is continuous. Thus F×A×
Q \ I1FA×

Q is a continuous image of a compact set and so

compact.

Definition 2.1.3. Let Φ ∈ S0(A2
Q). For each place v of Q and gv ∈ GL2(Qv), define

the local integral

lΦv ,s,χv(gv) =

∫
F×
v

Φv((0, 1)Ψv(zv)gv)χv(zv)|zvzv|
s+ 1

2
v d×zv

12
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which is a Tate integral and so converges absolutely for <(s) � 0.

Proposition 2.1.4. Let Φ ∈ S0(A2
Q) and g ∈ GL2(AQ). Then

PΦ,s,χ(g) =
∏
v

lΦv ,s,χv(gv)

for <(s) � 0.

Proof. This is proved in [Hsi12, §5.1].

2.2 Computation of Local Integrals

In this subsection, we compute the local integrals lΦv ,s,χv(ςv) attached to a distin-

guished element ς ∈ GL2(AQ) and Bruhat-Schwartz function Φ on A2
Q. To compute

the local integrals, we first fix an integral basis for OFv for each place v.

2.2.1 Integral Bases

Let v be a finite place of Q. Let Fv = F⊗QQv. We fix an ordered basis {e1,v, e2,v} for

OFv = OF ⊗Z Zv over Zv as follows: If v is non-split, then {e1,v, e2,v} = {θv, 1}, where

θ = (D +
√
D)/2 ∈ F . If v is split in F then we may write v = ww for some places

w, w of F , and there is an Qv-algebra isomorphism defined by F ⊗Q Qv → Fw ⊕Fw,

avθ + bv 7→ (avθ + bv, avθ + bv) for av, bv ∈ Qv. Denote ew and ew the elements in

F ⊗Q Qv such that ew 7→ (1, 0), ew 7→ (0, 1). We choose {e1,v, e2,v} = {ew, ew} if

v is split. For zv ∈ F ⊗Q Qv, there is a unique expression zv = zwew + zwew with

zw, zw ∈ Qv. The conjugate map on F is extended to F ⊗Q Qv → F ⊗Q Qv by

zv = zwew + zwew.

13
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2.2.2 Choice of ς

Define

ς =
∏
v

ςv ∈ GL2(AQ), ςv =



−1

2θ

θ θ

1 1

 if v is split,

1 0

0 1

 otherwise.

The choice of ς is motivated by the fact that if v = ww is a place of Q split in F ,

then

ς−1
v Ψv(aew + bew)ςv =

a 0

0 b

 , a, b ∈ Qv. (2.2.3)

2.2.4 Choice of the Bruhat-Schwartz functions Φ on A2
Q

Define the subset Xp of Q2
p by

Xp =


Z×
p ⊕ Z×

p if p is split,

Zp ⊕ Z×
p t Z×

p ⊕ pZp if p is inert.

Let v be a place of Q. Define the functions Φv in S0(Q2
v) by

Φv(x, y) =



2−k(x+
√
−1y)ke−π(x2+y2) if v = ∞,

IXp(x, y) if v = p,

−24
∑
d|q2

dnd|d|vIZq⊕Zq(x, dy) if v = q,

IZv⊕Zv(x, y) otherwise.

14
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Define Φ =
∏

v Φv ∈ S0(A2
Q).

Proposition 2.2.5. Let v be a place of Q. Then

lΦv ,s,χv(ςv)|s= 1−k
2

= (|2θ|2−k
v )ϵv ×



2−1(
√
−1)

k
2 . if v = ∞,

1 if v = p,

L(1− k
2
, χv)

(
−24

∑
d|q2 dndχw(d

−1)|d−1|1−
k
2

v

)
if v = q = ww,

L(1− k
2
, χv) otherwise,

where εv = 0 if v is non-split, and 1 if v is split.

Proof. We will use the integral basis chosen in (2.2.1) to compute the local integral.

More precisely, we will use the fact that if zv = xvθ + yv ∈ F×
v with xv, yv ∈ Qv,

then

(0, 1)Ψv(zv)ςv =


−1

2θ
(zw, zw) if v = ww is split,

(xv, yv) otherwise.

Let v be a finite place of Q. If v 6= p is split then

∫
F×
v

IZv⊕Zv((0, 1)Ψv(zv)ςv)χv(zv)|zvzv|
s+ 1

2
v d×zv

= |2θ|2s+1
v

∫
F×
v

IOFv
χv(zv)|zvzv|

s+ 1
2

v d×zv

= |2θ|2s+1
v L(s+

1

2
, χv).

15
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If v 6= p is non-split then

∫
F×
v

IZv⊕Zv((0, 1)Ψv(zv)ςv)χv(zv)|zvzv|
s+ 1

2
v d×zv

=

∫
F×
v

IOFv
χv(zv)|zvzv|

s+ 1
2

v d×zv

= L(s+
1

2
, χv).

If v = p is split then

lΦv ,s,χv =

∫
F×
v

Φ(d)
v ((0, 1)Ψv(zv)ςv)χv(zv)|zvzv|

s+ 1
2

v d×zv

=

∫
Q×
v

∫
Q×
v

Φv(
−1

2θ
(zw, zw))χw(zw)χw(zw)|zwzw|

s+ 1
2

v d×zwd
×zw

= |2θ|2s+1
v

∫
Q×
v

∫
Q×
v

Φv(zw, zw)χw(zw)χw(zw)|zwzw|
s+ 1

2
v d×zwd

×zw

= |2θ|2s+1
v .

If v = p is inert then

∫
F×
v

IpZp⊕pZp((0, 1)Ψv(zv)ςv)χv(zv)|zvzv|
s+ 1

2
v d×zv

= χv(p)|pp|
s+ 1

2
p

∫
F×
v

IZp⊕Zp((0, 1)Ψv(zv)ςv)χv(zv)|zvzv|
s+ 1

2
v d×zv

= χv(p)|p|
s+ 1

2
Fv

L(s+
1

2
, χv),

so

lΦv ,s,χv = L(s+
1

2
, χv)− χv(p)|p|

s+ 1
2

Fv
L(s+

1

2
, χv) = 1.

Now assume v = q. Let Φ
(d)
q (x, y) = Φ

(0)
q (x, dy). Since q = ww is split by assump-

16
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tion,

l
Φ

(d)
q ,s,χq

=

∫
F×
q

Φ(d)
q ((0, 1)Ψq(zq)ςq)χq(zq)|zqzq|

s+ 1
2

q d×zq

=

∫
Q×
q

∫
Q×
q

Φ(d)
q (

−1

2θ
(zw, zw))χw(zw)χw(zw)|zwzw|

s+ 1
2

q d×zwd
×zw

= |2θ|2s+1
q

∫
Q×
q

∫
Q×
q

Φ(d)
q (zw, zw)χw(zw)χw(zw)|zwzw|

s+ 1
2

q d×zwd
×zw

= |2θ|2s+1
q

∫
Q×
q

IZq(zw)χw(zw)|zw|
s+ 1

2
q d×zw

∫
Q×
q

IZq(dzw)χw(zw)|zw|
s+ 1

2
q d×zw

= |2θ|2s+1
q (χw(d)|d|

s+ 1
2

q )−1

∫
Q×
q

IZq(zw)χw(zw)|zw|
s+ 1

2
q d×zw

∫
Q×
q

IZq(zw)χw(zw)|zw|
s+ 1

2
q d×zw

= |2θ|2s+1
q (χw(d)|d|

s+ 1
2

q )−1L(s+
1

2
, χq).

Hence

lΦq ,s,χq = −24
∑
d|q2

dndlΦ(d)
q ,s,χq

= |2θ|2s+1
q L(s+

1

2
, χq)

−24
∑
d|q2

dndχw|·|
s+ 1

2
q (d−1)

 .

For v = ∞,

|2θ|−2slΦ∞,s−1/2,χ∞

=

∫
R×

∫
R×

2−k(x+
√
−1y)ke−π(x2+y2) sgn(xy)|xy|sd×xd×y

=
k∑

m=0

(
k

m

)
2−k(

√
−1)k−m

∫
R×

∫
R×
xmyk−me−π(x2+y2) sgn(xy)|xy|sd×xd×y

=
k∑

m=0
m is odd

(
k

m

)
2−k(

√
−1)k−m

∫
R×

∫
R×
xmyk−me−π(x2+y2) sgn(xy)|xy|sd×xd×y

=
k∑

m=0
m is odd

(
k

m

)
2−k(

√
−1)k−m

∫
R×

∫
R×

|x|m|y|k−me−π(x2+y2)|xy|sd×xd×y

17
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=
k∑

m=0
m is odd

(
k

m

)
2−k(

√
−1)k−m

∫
R×

∫
R×

|x|m+s|y|k−m+se−π(x2+y2)d×xd×y

=
k∑

m=0
m is odd

(
k

m

)
2−k(

√
−1)k−m

∫
R×

|x|m+se−πx2

d×x

∫
R×

|y|k−m+se−πy2d×y

=
k∑

m=0
m is odd

(
k

m

)
2−k(

√
−1)k−mΓR(m+ s)ΓR(k −m+ s)

= 2−k(
√
−1)kπ−s− k

2

k∑
m=0

m is odd

(
k

m

)
(
√
−1)−mΓ(

m+ s

2
)Γ(

k −m+ s

2
).

Write k = 2k′. Then

k∑
m=0

m is odd

(
k

m

)
(
√
−1)−mΓ(

m+ s

2
)Γ(

k −m+ s

2
)

=−
√
−1

∞∑
m′=0

(
2k′

2m′ + 1

)
(−1)m

′
Γ(

2m′ + 1 + s

2
)Γ(

k − 2m− 1 + s

2
).

Define

(x)n = (x)(x+1) · · · (x+n−1), (x)n = (x)(x−1) · · · (x−n+1), x ∈ C, n ∈ N.

Note that

(x)n = (−1)n(−x)n, x ∈ C, n ∈ N (2.2.6)

and

(x)n =
Γ(x+ n)

Γ(x)
, (x)n =

Γ(x+ 1)

Γ(x− n+ 1)
, x ∈ C, n ∈ N (2.2.7)

if both sides of the equations are well-defined. By (2.2.7),

Γ(
1 + s

2
+m′) = Γ(

1 + s

2
)(
1 + s

2
)m′ .

18
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By (2.2.6) and (2.2.7),

Γ(
2k′ − 1 + s

2
−m′) =

Γ(
2k′ − 1 + s

2
)

(
2k′ − 1 + s

2
− 1)m′

= (−1)m
′

Γ(
2k′ − 1 + s

2
)

(−2k′ − 1 + s

2
+ 1)m′

.

Write (
2k′

2m′ + 1

)
=

1

(2m′ + 1)!

(2k′)!

(2k′ − 2m′ − 1)!
.

Since

(2m′ + 1)! = (2m′ + 1)(2m′) · · · (2)(1)

= (m′ +
1

2
)(m′) · · · (1)(1

2
)22m

′+1

= (
3

2
)m′(m′)!22m

′

and

(2k′)!

(2k′ − 2m′ − 1)!
= (2k′)(2k′ − 1) · · · (2k′ − 2m′ + 1)(2k′ − 2m′)

= (k′)(k′ − 1

2
) · · · (k′ −m′ +

1

2
)(k′ −m′)22m

′+1

= (k′ − 1)m′(k′ − 1

2
)m′k′22m

′+1

= (1− k′)m′(
1

2
− k′)m′k′22m

′+1,

we have

√
−1

∞∑
m′=0

(
2k′

2m′ + 1

)
(−1)m

′
Γ(

2m′ + 1 + s

2
)Γ(

k − 2m− 1 + s

2
)

=
√
−1

∞∑
m′=0

(1− k′)m′(1
2
− k′)m′k′22m

′+1

(3
2
)m′(m′)!22m′ (−1)m

′
Γ(

1 + s

2
)(
1 + s

2
)m′(−1)m

′ Γ(2k
′−1+s
2

)

(−2k′−1+s
2

+ 1)m′

19
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=2k′
√
−1Γ(

1 + s

2
)Γ(

2k′ − 1 + s

2
)

∞∑
m′=0

(1− k′)m′(1
2
− k′)m′(1+s

2
)m′

(3
2
)m′(−2k′−1+s

2
+ 1)m′

· 1

(m′)!

=2k′
√
−1Γ(

1 + s

2
)Γ(

2k′ − 1 + s

2
) 3F2

1− k′ 1
2
− k′ 1

2
+ s

2

3
2

3
2
− k′ − s

2

; 1


where 3F2 is the generalized hypergeometric defined by

3F2

α1 α2 α3

β1 β2

; z

 =
∞∑
n=0

(α1)n (α2)n (α3)n
(β1)n (β2)n

zn

n!
.

Let

a = 1− k′, b =
1

2
− k′, c =

1

2
+
s

2
.

By Dixon’s identity [Dix03], for <(1 + a/2− b− c) = <((1 + k′ − s)/2) > 0,

3F2

1− k′ 1
2
− k′ 1

2
+ s

2

3
2

3
2
− k′ − s

2

; 1

 =
Γ(3

2
− k′

2
)Γ(1

2
+ k′

2
− s

2
)Γ(3

2
)Γ(3

2
− k′ − s

2
)

Γ(2− k′)Γ(1− s
2
)Γ(1 + k′

2
)Γ(1− k′

2
− s

2
)

where the indetermined forms appear in the expression are understood by meromor-

phic continuation. Hence

|2θ|−2slΦ∞,s−1/2,χ∞

=− 2−k(
√
−1)kπ−s− k

2 k
√
−1

Γ(1+s
2
)Γ(k−1+s

2
)Γ(3

2
− k

4
)Γ(1

2
+ k

4
− s

2
)Γ(3

2
)Γ(3

2
− k

2
− s

2
)

Γ(2− k
2
)Γ(1− s

2
)Γ(1 + k

4
)Γ(1− k

4
− s

2
)

=− 2−k(
√
−1)k+1π−s− k

2 k
Γ(1+s

2
)Γ(k−1+s

2
)Γ(3

2
− k

4
)Γ(1

2
+ k

4
− s

2
)Γ(3

2
)Γ(3

2
− k

2
− s

2
)

Γ(2− k
2
)Γ(1− s

2
)Γ(1 + k

4
)Γ(1− k

4
− s

2
)

.

Now we try to eliminate the indetermined forms. By Euler’s reflection formula and
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Legendre’s duplication formula,

|2θ|−(2s+1)lΦ∞,s,χ∞

=− 2−k(
√
−1)k+1π−s− 1

2
− k

2 k
Γ( s

2
+ 3

4
)Γ(k

2
+ s

2
− 1

4
)Γ(3

2
− k

4
)Γ(k

4
− s

2
+ 1

4
)
√
π
2
Γ(−k

2
− s

2
+ 5

4
)

Γ(2− k
2
)Γ(3

4
− s

2
)Γ(k

4
+ 1)Γ(−k

4
− s

2
+ 3

4
)

=− 2−k−1(
√
−1)k+1π−s− k

2 k
Γ( s

2
+ 3

4
)Γ(k

2
+ s

2
− 1

4
)Γ(3

2
− k

4
)Γ(k

4
− s

2
+ 1

4
)Γ(−k

2
− s

2
+ 5

4
)

Γ(2− k
2
)Γ(3

4
− s

2
)Γ(k

4
+ 1)Γ(−k

4
− s

2
+ 3

4
)

=− 2−k−1(
√
−1)k+1π−s− k

2 k
Γ( s

2
+ 3

4
)Γ(k

2
+ s

2
− 1

4
)Γ(k

4
− s

2
+ 1

4
)Γ(−k

2
− s

2
+ 5

4
)

Γ(3
4
− s

2
)Γ(k

4
+ 1)Γ(−k

4
− s

2
+ 3

4
)

√
π2

k
2
−1

Γ(1− k
4
)

=− 2−k−1(
√
−1)k+1π−s− k

2 k
Γ( s

2
+ 3

4
)Γ(k

2
+ s

2
− 1

4
)Γ(k

4
− s

2
+ 1

4
)Γ(−k

2
− s

2
+ 5

4
)

Γ(3
4
− s

2
)Γ(−k

4
− s

2
+ 3

4
)

√
π2

k
2
−1

1
4
πk csc(πk

4
)

=− 2−
k
2 (
√
−1)k+1π−s− k

2 k
Γ( s

2
+ 3

4
)Γ(k

2
+ s

2
− 1

4
)Γ(k

4
− s

2
+ 1

4
)Γ(−k

2
− s

2
+ 5

4
)

Γ(3
4
− s

2
)Γ(−k

4
− s

2
+ 3

4
)

√
π

1

πk csc(πk
4
)

=− (2−
k
2 )(

√
−1)k+1π−s− k

2
− 1

2
Γ( s

2
+ 3

4
)Γ(k

2
+ s

2
− 1

4
)Γ(k

4
− s

2
+ 1

4
)Γ(−k

2
− s

2
+ 5

4
)

Γ(3
4
− s

2
)Γ(−k

4
− s

2
+ 3

4
) csc(πk

4
)

=(2−
k
2 )(

√
−1)k+1π−s− k

2
− 1

2
Γ(k

2
+ s

2
− 1

4
)Γ(k

4
− s

2
+ 1

4
)Γ(−k

2
− s

2
+ 5

4
)

Γ(−k
4
− s

2
+ 3

4
) csc(πk

4
)

2−s− 1
2 cos(π

4
− πs

2
)Γ(s+ 3

2
)

√
π(− s

2
− 1

4
)

=− (2−
k
2 )(

√
−1)k+1π−s− k

2
− 1

2
Γ(k

4
− s

2
+ 1

4
)π csc(π

4
− kπ

2
− πs

2
)

Γ(−k
4
− s

2
+ 3

4
) csc(πk

4
)

2−s− 1
2 cos(π

4
− πs

2
)Γ(s+ 3

2
)

√
π(− s

2
− 1

4
)

.

Put the condition k ≡ 2 (mod 4), we have

|2θ|−(2s+1)lΦ∞,s,χ∞ = −(2−
k
2
−s− 1

2 )π−s− k
2
Γ(k

4
− s

2
+ 1

4
)

Γ(−k
4
− s

2
+ 3

4
)

Γ(s+ 3
2
)

(− s
2
− 1

4
)
(−1)k/4 tan(2πs+ π

4
)

Therefore

lΦ∞,s,χ∞ |s= 1−k
2

= −|2θ|2s+1(2−
k
2
−s− 1

2 )π−s− k
2
Γ(k

4
− s

2
+ 1

4
)

Γ(−k
4
− s

2
+ 3

4
)

Γ(s+ 3
2
)

(− s
2
− 1

4
)
(−1)k/4 tan(2πs+ π

4
)

∣∣∣∣∣
s= 1−k

2

= |2θ|2−k · 1
2
(−1)k/4

= |2θ|2−k2−1(
√
−1)k/2.
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3 Modular Symbol of Eisenstein Series

3.1 The Modified Eisenstein Series

In this subsection, we introduce the modified Eisenstein series Fk(z, gf), F ∗
k (z, gf),

F ∗∗
k (z, gf) and prove that the associated Bruhat-Schwartz functions Φ of F ∗∗

k (z, gf)

is the one which is introduced in §2.2.4.

Definition 3.1.1. Let f(z, gf) ∈ Nk(N). Define

Upf(z, gf) =

p−1∑
x=0

f

z, gf

p x

0 1


p

 ,

Tpf(z, gf) = Upf(z, gf) + f

z, gf

1 0

0 p


p

 ,

f ∗(z, gf) = f(z, gf)− f

z, gf

1 0

0 p


p

 ,

f ∗∗(z, gf) =



f ∗(z, gf) + f ∗

z, gf

 0 1

−p 0


p

 if p is inert,

f ∗(z, gf)− f ∗

z, gf

p 0

0 1


p

 if p is split.
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3.1.2 Classical and modified Eisenstein series

Recall that for positive even integer k, the classical Eisenstein series of weight k is

defined by

Ek(z) = −Bk

2k
+

∞∑
n=1

σk−1(n)q
n.

By 1.3.5, we can extend Ek(z) to an adelic Eisenstein series Ek(z, gf). Define the

modified Eisenstein series

Fk(z, gf) =
∑
d|q2

dndEk(dz, gf).

It is not difficult to see that Fk(z, gf) ∈ Nk(q
2) and F ∗

k (z, gf), F ∗∗
k (z, gf) ∈ Nk(pq

2).

Lemma 3.1.3. Let EΦ,s be the Eisenstein series induced by Φ. Then EΦ,s|s= 1−k
2

is

the adelic lift of F ∗∗
k (z, gf).

Proof. We first show that EΦ(0),s|s= 1−k
2

is the adelic lift of Fk(z, gf), where

Φ(0)
v (x, y) =



2−k(x+
√
−1y)ke−π(x2+y2) if v = ∞,

−24
∑
d|q2

dnd|d|vIZq⊕Zq(x, dy) if v = q,

IZv⊕Zv(x, y) otherwise.

We will compute the Fourier expansion for Eisenstein series (1.4.6). We first claim

that

W0


y x

0 1

 , fΦ(0),s



23



doi:10.6342/NTU202201144

:=fΦ(0),s

y x

0 1

+

∫
AQ

fΦ(0),s


0 −1

1 0


1 w

0 1


y x

0 1


 dw

equals to zero. In fact,

f
Φ

(0)
q ,s

1 0

0 1


=

∫
Q×
q

∑
d|q2

dnd|d|qΦ(0)
q (0, dt)|t|2s+1d×t

=

∫
Qq

∑
d|q2

dndΦ
(0)
q (0, t)|t|2s+1d×t

=0

and similarly

∫
Qq

f
Φ

(0)
q ,s


0 −1

1 0


1 w

0 1


y x

0 1


 dw

=

∫
Qq

∫
Q×
q

∑
d|q2

dnd|d|qΦ(0)
q (t, tdw)|t|2s+1d×tdw

=

∫
Q×
q

∫
Qq

∑
d|q2

dnd|d|qΦ(0)
q (t, tdw)|t|2s+1dwd×t

=

∫
Q×
q

∫
Qq

∑
d|q2

dndΦ
(0)
q (t, tw)|t|2s+1dwd×t

=0,
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as desired. Now fix α ∈ Q× and write

Wα


y x

0 1

 , fΦ(0),s

 =
∏
v

Wα


y x

0 1

 , f
Φ

(0)
v ,s


as a product of local integrals. If v = q, then

Wα(1, fΦ(0)
q ,s

)

=

∫
Qq

∫
Q×
q

Φq,s(t, tw)|t|2s+1
q d×tψq(−αw)dw

=
∑
d|q2

dnd|d|q
∫

Qq

∫
Q×
q

Φ(0)
q (t, dtw)|t|2s+1

q d×tψq(−αw)dw

=
∑
d|q2

dnd|d|q
∫

Q×
q

∫
Qq

IZq(t)IZq(dtw)|t|2s+1
q ψq(−αw)dwd×t

=
∑
d|q2

dnd|d|q
∫

Q×
q

∫
Qq

IZq(t)IZq(w)|t|2s+1
q ψq(−

αw

dt
)d

w

|dt|q
d×t

=
∑
d|q2

dnd

∫
Q×
q

∫
Qq

IZq(t)IZq(w)|t|2sq ψq(−
αw

dt
)dwd×t

=
∑
d|q2

dnd

∫
Zq−{0}

|t|2sq
∫

Zq

ψ(−αw
dt

)dwd×t.

Since
∫

Zq
ψq(βw)dw = IZq(β), we have

∑
d|q2

dnd

∫
Zq−{0}

|t|2sq
∫

Zq

ψ(−αw
dt

)dwd×t

=
∑
d|q2

dnd

ordq(α/d)∑
l=0

∫
qlZ×

q

|t|2sd×t

=
∑
d|q2

dnd

ordq(α/d)∑
l=0

q−2ls.
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Similarly, if v <∞, v 6= q, then

Wα(1, fΦ(0)
v ,s

) =

∫
Qv

∫
Q×
v

Φv,s(t, tw)|t|2s+1
v d×tψv(−αw)dw =

ordv(α)∑
l=0

v−2ls.

If v = ∞, then

|y|s+
1
2Wα


y x

0 1

 , f
Φ

(0)
∞ ,s


=|y|s+

1
2

∫
R

∫
R×

Φ∞,s(t, t(x+ r))|t|2s+1d×tψ∞(−αr)dr

=|y|s+
1
22−k

∫
R

∫
R×

((ty) +
√
−1t(x+ r))ke−π((ty)2+(t(x+r))2t2s+1d×tψ∞(−αr)dr

=|y|s+
1
22−k

∫
R
(y +

√
−1(x+ r))k

∫
R×
e−πt2(y2+(x+r)2)|t|k+2s+1d×tψ∞(−αr)dr

=|y|s+
1
22−k

∫
R
(y +

√
−1(x+ r))k

ΓR(k + 2s+ 1)

(y2 + (x+ r)2)
k+2s+1

2

ψ∞(−αr)dr

=|y|s+
1
22−k(y +

√
−1(x+ r))kΓR(k + 2s+ 1)(−2π

√
−1)e2π

√
−1αz

× (−2π
√
−1) Res

r=−x−
√
−1y

1

(y2 + (x+ r)2)
k+2s+1

2

IR+(α)

→yk/2e2π
√
−1αzIR+(α)

as y → 1−k
2

. Hence for α 6= 0,

Wα

φ
(0)
s

y x

0 1


∣∣∣∣∣∣∣∣
s= 1−k

2

=yk/2e2π
√
−1αzIR+(α)

∑
d|q2

dnd

ordq(α/d)∑
l=0

ql(k−1)

 ∏
v<∞,v ̸=q

ordv(α)∑
l=0

vl(k−1)

=yk/2e2π
√
−1αzIR+(α)

∑
d|q2

dnd

ordq(α/d)∑
l=0

ql(k−1)
∏

v<∞,v ̸=q

ordv(α)∑
l=0

vl(k−1)


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=yk/2e2π
√
−1αzIR+(α)

∑
d|q2

dndσk−1(
α

d
)IZ(α).

Therefore

EΦ(0),s

y x

0 1

 |s= 1−k
2

=
∑
α∈Q×

yk/2e2π
√
−1αzIR+(α)

∑
d|q2

dndσk−1(
α

d
)IZ(α)

= yk/2
∑
d|q2

dnd

∞∑
n=1

σk−1(
n

d
)e2π

√
−1nz

= yk/2
∑
d|q2

dnd

∞∑
n=1

σk−1(n)e
2π

√
−1(dn)z

= yk/2
∑
d|q2

dndEk(dz, 1)

= yk/2Fk(z, 1),

that is, EΦ(0),s(g)|s= 1−k
2

is the adelic lift of Fk(z, gf), as desired. Now we prove that

EΦ,s(g)|s= 1−k
2

is the adelic lift of F ∗∗
k (z, gf). Assume p is split. Write

F ∗∗
k (z, 1) = y−

k
2ϕ∗∗

k,s

y x

0 1


∣∣∣∣∣∣∣∣
s= 1−k

2

where

ϕ∗∗
k,s

y x

0 1


∣∣∣∣∣∣∣∣
s= 1−k

2

= EΦ(0),s

y x

0 1

− p
k
2
−1EΦ(0),s


y x

0 1


1 0

0 p



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−p
k
2
−1EΦ(0),s


y x

0 1


p 0

0 1


p

+ pk−2EΦ(0),s


y x

0 1


p 0

0 p


p


∣∣∣∣∣∣∣∣
s= 1−k

2

=
∑

γ∈B\G

∏
v ̸=p

fΦv ,s

γ
y x

0 1



fΦ(0)

p ,s

γ
1 0

0 1


p

− p
k
2
−1f

Φ
(0)
p ,s

γ
1 0

0 p


p



−p
k
2
−1f

Φ
(0)
p ,s

γ
p 0

0 1


p

+ pk−2f
Φ

(0)
p ,s

γ
p 0

0 p


p



∣∣∣∣∣∣∣∣
s= 1−k

2

=
∑

γ∈B\G

∏
v ̸=p

fΦv ,s

γ
y x

0 1


 fΦp,s(γ)

∣∣∣∣∣∣∣∣
s= 1−k

2

= EΦ,s

y x

0 1


∣∣∣∣∣∣∣∣
s= 1−k

2

,

as desired. Similarly if p is inert.

3.2 Partial Modular Symbols and p-adic Measures

In this subsection, we review the theory of partial modular symbols. Following

the discussion in [Kit94, p.95], we will associate a partial modular symbol for each

modular form, and use this modular symbol to construct a family of p-adic measures.

3.2.1 Partial modular symbol

We review the theory of partial modular symbols in the semi-adelic language. For

each r ∈ P1(Q) we denote by (r) the image in the divisor group of P1(Q). Let

γ ∈ GL2(Q) and u ∈ GL2(Q̂) act on D = ((r)− (s), gf) ∈ Div0(P1(Q))×GL2(Q̂) by

γDu := ((γr)− (γs), γgfu).
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For a ring R, let Ln(R) be the space of two-variable homogeneous polynomials of

degree n with coefficients in R. For h = h(X,Y ) ∈ Ln(R) and g ∈ GL2(R), define

(h|g)(X,Y ) = h(aX + bY, cX + dY ), g =

a b

c d

 .

Let L∗
n(R) = HomR (Ln(R), R). Moreover, if R is a Zp-algebra, let GL2(Ẑ) acts on

L∗
n(R) by (ρn(u)ξ) (h) = ξ

(
h|up

)
. Let D be a subset of Div0(P1(Q))× GL2(Q̂). We

denote by MSk(N,D) the space of p-adic partial modular symbols of weight k and

level N with respect to D, consisting of functions ξ : D → L∗
k−2(R) such that

ξ(γDu) = ρk−2

(
u−1
p

)
ξ(D)

for all γ ∈ Γ0(N), D ∈ D and u ∈ U2(N) satisfying γDu ∈ D.

3.2.2 Partial modular symbols associated with modular forms

To each modular form f(z, gf) ∈ Nk(N), we associate a complex partial modular

symbol ηf : Df → L∗
k−2(C) defined by

ηf ((r)− (s), gf) (h) :=

∫ s

r

f (z, gf)h(z, 1)dz (3.2.3)

where Df =
⋃

gf∈GL2(Q̂)Dgf ×{gf} and Dgf is the subset of Div0(P1(Q)) spanned over

Z by all of ((r)− (s)) ∈ Div0(P1(Q)) such that the integral (3.2.3) converges for all

h ∈ Lk−2(C). It is easy to see that for α ∈ GL+
2 (Q), D ∈ Df and u ∈ U2(N),

ηf (αDu) = ρk−2(α)ηf (D)
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whenever αDu ∈ Df . The associated p-adic modular symbol ξf ∈ MSk(N,Df ) is

defined by ξf : Df → L∗
k−2(Cp),

ξf (D)(h) := ηf (D)(h | g−1
p ) := ιp(ηf (D)(hι

−1
p | g−1

p )) (3.2.4)

where hι−1
p ∈ C[x, y] is obtain by applying ι−1

p to the coefficients of h ∈ Cp[x, y].

3.2.5 Partial modular symbols associated with the modified Eisenstein

series

We exhibit concrete elements in DFk
, DF ∗

k
and DF ∗∗

k
. Let Γ be the subgroup

Γ =


a b

c d

 ∈ GL2(Z[1/p]) : q2 | c


of GL2(Z[1/p]). Denote GL2(Q)(Div0(Γ∞)× {1})GL2(Q̂) the orbit of

Div0(Γ∞)× {1} ⊆ Div0(P1(Q))× GL2(Q̂)

under the left action of GL2(Q) and the right action of GL2(Q̂). We remark that

since q2 is prime to p, we have Γ∞ = Γ0(q
2)∞.

Lemma 3.2.6. GL2(Q)(Div0(Γ∞) × {1})GL2(Q̂) is contained in DFk
, DF ∗

k
and

DF ∗∗
k

.

Proof. Let D = ((r) − (s), 1) ∈ Div0(Γ∞) × {1} and h ∈ Lk−2(Cp). The condition

(1.2.6) implies that Fk(z, 1) is holomorphic at ∞. Hence

ξFk
(D)(h) =

∫ s

r

Fk(z, 1)h(z, 1)dz
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converges and D ∈ DFk
. Let γ =

(
0 1
−p 0

)
∈ Γ. Then

ξF ∗
k
(D)(h) = ξFk

(D)(h)− ξFk
((γ−1r)− (γ−1s), 1)(h|γ)

converges and D ∈ DF ∗
k
. Similarly, D ∈ DF ∗∗

k
.

3.3 Period Integral as a Linear Combination of Complex

Modular Symbols

In this subsection, we prove that the distinguished period integral PΦ,s,χ(ς) can be

written as a linear combination of complex modular symbols.

Proposition 3.3.1.

PΦ,s,χ(ς) = vol(Ô×
F )(2

√
−1)−1δ(

√
−1)

k−2
2

×
∑

a∈Cl+(F )

χ(a)N(a)
k−2
2

∫ Ψ(ε)γa∞

γa∞
F ∗∗
k (z,Ψ(a)ςf)Qθ(z, 1)

k−2
2 dz

where

• δ = θ − θ,

• F+ ∩ Ô×
F = εZ,

• Qθ(x, y) = (x− θy)(x− θy),

• Ψ(a)ςf = γaua ∈ GL2(Q)+U2(pq
2) for a ∈ Cl+(F ).

Proof. EΦ,s has the analytic continuation to the entire s ∈ C. By the identity
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A× = Q×R+Ẑ×,

PΦ,s,χ(ς)

= vol(Ô×
F )

∫
F×A×\A×

F /Ô×
F

EΦ,s(Ψ(y)ς)χ(y)d×y

= vol(Ô×
F )

∫
F×\A×

F /R+Ô×
F

EΦ,s(Ψ(y)ς)χ(y)d×y.

Define h : R+ → A×
F by h(x) = ((x, x−1), 1). Then we have the exact sequence

0 → R+/Ker(h) h−→ F×\A×
F/R+Ô×

F → F×\A×
F/(F ⊗Q R)+Ô×

F → 0.

Regard F+ ∩ O×
F as a subgroup of F+ ⊆ R+. Then Ker(h) = F+ ∩ O×

F = εZ, so

PΦ,s,χ(ς)

= vol(Ô×
F )

∫
F×\A×

F /(F⊗QR)+Ô×
F

∫
R+/εZ

EΦ,s(Ψ(ah(y))ς)χ(ah(y))d×ad×y

= vol(Ô×
F )

∑
a∈Cl+(F )

χ(a)

∫
R+/εZ

EΦ,s(Ψ(a)Ψ∞(h(y))ς)χ(h(y))d×y.

By (2.2.3),

PΦ,s,χ(ς)

= vol(Ô×
F )

∑
a∈Cl+(F )

χ(a)

∫
R+/εZ

EΦ,s

Ψ(a)ςfς∞

y 0

0 y−1


χ(y)d×y.

Put s = 1−k
2

. Then by Lebesgue’s dominated convergence theorem,

PΦ,s,χ(ς)|s= 1−k
2
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= vol(Ô×
F )

∑
a∈Cl+(F )

χ(a)

∫
R+/εZ

EΦ,s|s= 1−k
2

Ψ(a)ςfς∞

y 0

0 y−1


χ(y)d×y.

By lemma (3.1.3) and equation (1.3.3),

PΦ,s,χ(ς)|s= 1−k
2

= vol(Ô×
F )

∑
a∈Cl+(F )

χ(a)N(a)
k−2
2

×
∫ εy0

y0

F ∗∗
k

ς∞
y 0

0 y−1

√
−1,Ψ(a)ςf

 J

ς∞
y 0

0 y−1

 ,
√
−1


−k

d×y

where y0 > 0 is arbitrary. By the change of variable

z = ς∞

y 0

0 y−1

√
−1 =

θy2
√
−1 + θ

y2
√
−1 + 1

=: l(y),

we have

J

ς∞
y 0

0 y−1

 ,
√
−1


−k

=

(
δy

y2
√
−1 + 1

)k

and

dz =
2i

δ
J

ς∞
y 0

0 y−1

 ,
√
−1


−2

d×y

and

√
−1(z − θ)(z − θ) = J

ς∞
y 0

0 y−1

 ,
√
−1


−2

.

Set

ck = (2
√
−1)−1δ(

√
−1)

k−2
2 .
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Then

J

ς∞
y 0

0 y−1

 ,
√
−1


−k

d×y = ckQθ(z, 1)
k−2
2

and

PΦ,s,χ(ς)|s= 1−k
2

= − vol(Ô×
F )ck

∑
a∈Cl+(F )

χ(a)N(a)
k−2
2

∫ l(εy0)

l(y0)

F ∗∗
k (z,Ψ(a)ςf)Qθ(z, 1)

k−1
2 dz

= − vol(Ô×
F )ck

∑
a∈Cl+(F )

χ(a)N(a)
k−2
2

∫ Ψ(ε̄)l(y0)

l(y0)

F ∗∗
k (z,Ψ(a)ςf)Qθ(z, 1)

k−2
2 dz

= − vol(Ô×
F )ck

∑
a∈Cl∗(F )

χ(a)N(a)
k−2
2

∫ Ψ(ε̄)z0

z0

F ∗∗
k (z,Ψ(a)ςf)Qθ(z, 1)

k−2
2 dz

= vol(Ô×
F )ck

∑
a∈Cl+(F )

χ(a)N(a)
k−2
2

∫ Ψ(ε)z0

z0

F ∗∗
k (z,Ψ(a)ςf)Qθ(z, 1)

k−2
2 dz

where z0 = l(y0) ∈ H and y0 > 0 is arbitrary. For a ∈ Cl+(F ), write Ψ(a)ςf = γaua

with γa ∈ GL2(Q)+ and uf ∈ U2(pq
2). Then

∫ Ψ(ε)γa∞

Ψ(ε)z0

F ∗∗
k (y,Ψ(a)ςf)Qθ(y, 1)

k−2
2 dy,

=

∫ γa∞

z0

F ∗∗
k (Ψ(ε)y,Ψ(a)ςf)Qθ(Ψ(ε)y, 1)

k−2
2 dΨ(ε)y

=

∫ γa∞

z0

det(Ψ(ε))−1J(Ψ(ε), y)kF ∗∗
k (y,Ψ(a)ςf)Qθ(Ψ(ε)y, 1)

k−2
2 dΨ(ε)y

=

∫ γa∞

z0

F ∗∗
k (y,Ψ(a)ςf)J(Ψ(ε), y)k−2Qθ(Ψ(ε)y, 1)

k−2
2 dy

=

∫ γa∞

z0

F ∗∗
k (y,Ψ(a)ςf)Qθ|Ψ(ε)(y, 1)

k−2
2 dy

=

∫ γa∞

z0

F ∗∗
k (y,Ψ(a)ςf)Qθ(y, 1)

k−2
2 dy.
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Hence

∫ Ψ(ε)z0

z0

F ∗∗
k (z,Ψ(a)ςf)Qθ(z, 1)

k−2
2 dz

=

(∫ γa∞

z0

+

∫ Ψ(ε)γa∞

γa∞
+

∫ Ψ(ε)z0

Ψ(ε)γa∞

)
F ∗∗
k (z,Ψ(a)ςf)Qθ(z, 1)

k−2
2 dz

=

∫ Ψ(ε)γa∞

γa∞
F ∗∗
k (z,Ψ(a)ςf)Qθ(z, 1)

k−2
2 dz,

where all of the terms involved are convergent by (3.2.6). Therefore

PΦ,s,χ(ς)|s= 1−k
2

= vol(Ô×
F )ck

∑
a∈Cl+(F )

χ(a)N(a)
k−2
2

∫ Ψ(ε)γa∞

γa∞
F ∗∗
k (z,Ψ(a)ςf)Qθ(z, 1)

k−2
2 dz,

as desired.

4 p-adic L-function for Real Quadratic Field

4.1 Integration on Xp as a p-adic Modular Symbol

In [DD06, Theorem 4.2], the author constructed a collection of p-adic measures

µ((r)− (s)) on Q2
p−{(0, 0)} indexed by r, s ∈ Γ∞ such that for every homogeneous

polynomial h(x, y) ∈ Z[x, y] of degree k − 2 and r, s ∈ Γ∞,

∫
Xp

h(x, y)dµ((r)− (s)) =

∫ s

r

h(z, 1)F ∗∗
k (z)dz

provided p is inert in F . In this subsection, we generalize this formula to include

the case that p is split in F (4.1.4).
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Lemma 4.1.1. For each positive even integer k, F ∗
k (z, gf) is a Up-eigenvector with

eigenvalue 1.

Proof. We have seem in the proof of (3.1.3) that EΦ(0),s|s= 1−k
2

is the adelic lift of

Fk(z, gf), where

Φ(0)
v (x, y) =



2−k(x+
√
−1y)ke−π(x2+y2) if v = ∞,

−24
∑
d|q2

dnd|d|vIZq⊕Zq(x, dy) if v = q,

IZv⊕Zv(x, y) otherwise.

Note that

TpfΦ(0)
p ,s

1 0

0 1

 =

p−1∑
x=0

f
Φ

(0)
p

p x

0 1

+

p−1∑
x=0

f
Φ

(0)
p

1 0

0 p



=

p−1∑
x=0

|p|s+
1
2

p

∫
Q×
p

Φ(0)
p

(0, t)

p x

0 1


 |t|2s+1d×t

+ |p|s+
1
2

p

∫
Q×
p

Φ(0)
p

(0, t)

1 0

0 p


 |t|2s+1d×t

=

p−1∑
x=0

|p|s+
1
2

p

∫
Q×
p

Φ(0)
p (0, t)|t|2s+1d×t

+ |p|s+
1
2

p

∫
Q×
p

Φ(0)
p (0, pt)|t|2s+1d×t

=(p|p|s+
1
2 + |p|−s− 1

2 )f
Φ

(0)
p ,s

1 0

0 1



=(p−s+ 1
2 + ps+

1
2 )f

Φ
(0)
p ,s

1 0

0 1

 .
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Then since f
Φ

(0)
p ,s

is a spherical vector in I(s, 1p, 1p), we have

UpfΦ(0)
p ,s

|s= 1−k
2

= (p
k
2 + p1−

k
2 )f

Φ
(0)
p ,s

|s= 1−k
2

and hence by (1.3.4),

TpFk(z, gf) = p
k
2
−1(p

k
2 + p1−

k
2 )Fk(z, gf) = (1 + pk−1)Fk(z, gf).

It follows that

UpF
∗
k (z, gf)

= UpFk(z, gf)− UpFk

z, gf

1 0

0 p




= TpFk(z, gf)− Fk

z, gf

1 0

0 p


− UpFk

z, gf

1 0

0 p




= (1 + pk−1)Fk(z, gf)− Fk

z, gf

1 0

0 p


−

p−1∑
x=0

Fk

z, gf

p px

0 p




= (1 + pk−1)Fk(z, gf)− Fk

z, gf

1 0

0 p


− pk−2

p−1∑
x=0

Fk

z, gf

1 x

0 1




= (1 + pk−1)Fk(z, gf)− Fk

z, gf

1 0

0 p


− pk−2

p−1∑
x=0

Fk(z, gf)

= Fk(z, gf)− Fk

z, gf

1 0

0 p




= F ∗
k (z, gf),
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as desired.

Lemma 4.1.2. Let D = ((r) − (s), gf) ∈ GL2(Q)(Div0(Γ∞) × {1})GL2(Q̂). Then

the assignment

µF ∗
k
(D)(b+ pnZp) = ξF ∗

k

D
pn b

0 1


 (Y k−2)

defines a family of p-adic measures

∫
b+pnZp

P (x, 1)dµf (D)(x) = ξF ∗
k

D
pn b

0 1



P |

pn b

0 1




for any P ∈ Lk−2(Zp), any non-negative integer n and any b ∈ (Zp/p
nZp)

×, where

ξF ∗
k

is the p-adic modular symbol defined by (3.2.4).

Proof. This is a special case of [HY21, Lemma 6.1] in view of the fact that F ∗
k is

a Up-eigenform with eigenvalue 1 by (4.1.1), and the fact that the modular symbol

ξF ∗
k

(
D
(
pn b
0 1

)) (
P
∣∣( pn b

0 1

))
converges by (3.2.6).

Lemma 4.1.3. There is a family of measures µ(D) on Q2
p − {(0, 0)} indexed by

D ∈ GL2(Q)(Div0(Γ∞)× {1})GL2(Q̂) such that

∫
Zp⊕Z×

p

f(x/y)h(x, y)dµ(D) =

∫
Zp

f(t)h(t, 1)dµF ∗
k
(D)

for every h ∈ Lk−2(Qp) and continuous f : Zp → Cp, and

∫
Z×
p ⊕pZp

g(x, y)dµ(D) =

∫
Zp⊕Z×

p

g|

 0 1

−p 0

 (x, y)dµ

D
 0 1

−p 0


p


38
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for every continuous g : Z×
p ⊕ pZp → Cp, where the measure dµF ∗

k
(D) is defined in

lemma (4.1.2).

Proof. This is [DD06, Theorem 4.2].

Lemma 4.1.4. Let D = ((r) − (s), gf) ∈ GL2(Q)(Div0(Γ∞) × {1})GL2(Q̂) and

h ∈ Lk−2(Qp). Then

∫
Xp

h(x, y)dµ((r)− (s), gf) =

∫ s

r

F ∗∗
k (z, gf)h|g−1

p (z, 1)dz.

Proof. Assume p is inert. By (4.1.3),

∫
Zp⊕Z×

p ⊔Z×
p ⊕pZp

h(x, y)dµ(D)

=

∫
Zp⊕Z×

p

h(x, y)dµ(D) +

∫
Z×
p ⊕pZp

h(x, y)dµ(D)

=

∫
Zp

h(t, 1)dµF ∗
k
(D) +

∫
Zp⊕Z×

p

h|

 0 1

−p 0

 (x, y)dµ

D
 0 1

−p 0


p



=

∫
Zp

h(t, 1)dµF ∗
k
(D) +

∫
Zp

h|

 0 1

−p 0

 (t, 1)dµ

D
 0 1

−p 0


p



By (4.1.2), this equals to

ξF ∗
k
(D)(h) + ξF ∗

k

D
 0 1

−p 0


p


h|

 0 1

−p 0




= ηF ∗
k
(D)(h|g−1

p ) + ηF ∗
k

D
 0 1

−p 0


p

 (h|g−1
p )
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=

∫ s

r

F ∗
k (z, gf) + F ∗

k (z, gf

 0 1

−p 0


p

h|g−1
p (z, 1)dz

=

∫ s

r

F ∗∗
k (z, gf)h|g−1

p (z, 1)dz,

where all of the terms involved are convergent by (3.2.6). Similarly, if p is split, then

∫
Z×
p ⊕Z×

p

h(x, y)dµ(D)

=

∫
Zp⊕Z×

p

IZ×
p
(
x

y
)h(x, y)dµ(D)

=

∫
Zp

IZ×
p
(t)h(t, 1)dµF ∗

k
(D)

=

∫
Z×
p

h(t, 1)dµF ∗
k
(D)

=

∫
Zp

h(t, 1)dµF ∗
k
(D)−

∫
pZp

h(t, 1)dµF ∗
k
(D)

= ξF ∗
k
(D)(h)− ξF ∗

k

D
p 0

0 1


p


h|

p 0

0 1




= ηF ∗
k
(D)(h|g−1

p )− ηF ∗
k

D
p 0

0 1


p

 (h|g−1
p )

=

∫ s

r

F ∗
k (z, gf)− F ∗

k (z, gf

p 0

0 1


p

h|g−1
p (z, 1)dz

=

∫ s

r

F ∗∗
k (z, gf)h|g−1

p (z, 1)dz,

as desired.

40



doi:10.6342/NTU202201144

4.2 Construction of the p-adic L-functions

We prove the main theorem in this subsection. We write the distinguished period

integral as a linear combination of p-adic modular symbols and construct the p-adic

L-function for F . We also give the explicit interpolating formula.

Theorem 4.2.1. Let

c = −24
∑
d|q2

dndχw(d
−1)|d−1|1−

k
2

q

where q is split into ww in F . Then

c
∏
v ̸=p

L(1− k

2
, χv) = −δ

∏
v is split

|2θ|2−k
v vol(Ô×

F )

×
∑

a∈Cl+(F )

χ(a)N(a)k−2

∫
Xp

Q(z, 1)
k−2
2 dµ((γ−1

a ∞)− (Ψ(ε)γ−1
a ∞)),Ψ(a)ςf)

where

• δ = θ − θ,

• F+ ∩ Ô×
F = εZ,

• Q(x, y) =


x2 − Tr(θ)xy + N(θ)y2 if v is non-split,

−xy/2 if v is split,

• Ψ(a)ςf = γaua ∈ GL2(Q)+U2(pq
2) for a ∈ Cl+(F ).

Define

P(s, χ) = −δ
∏

v is split
〈|2θ|v〉2−s vol(Ô×

F )
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×
∑

a∈Cl+(F )

χ(a)〈N(a)〉s−2

∫
Xp

〈Qθ(z, 1)〉
s−2
2 dµ((γ−1

a ∞)− (Ψ(ε)γ−1
a ∞)),Ψ(a)ςf),

Then P(s, χ) is a p-adic analytic function such that

P(s, χ) = cLp(1−
s

2
, χ),

where Lp(s, χ) is the Kubota-Leopoldt p-adic L-functions.

Proof. By proposition (3.3.1) and lemma (4.1.4),

PΦ,s,χ(ς)

= vol(Ô×
F )(2

√
−1)−1δ(

√
−1)

k−2
2

×
∑

a∈Cl+(F )

χ(a)N(a)
k−2
2

∫ Ψ(ε)γa∞

γa∞
F ∗∗
k (z,Ψ(a)ςf)Qθ(z, 1)

k−2
2 dz

= vol(Ô×
F )(2

√
−1)−1δ(

√
−1)

k−2
2

×
∑

a∈Cl+(F )

χ(a)N(a)
k−2
2

∫
Xp

Qθ|γa(z, 1)
k−2
2 dµ((γ−1

a ∞)− (Ψ(ε)γ−1
a ∞)),Ψ(a)ςf)

where Qθ|γa(x, y) = N(a)Q(x, y). By proposition (2.1.4) and (2.2.5),

∏
v ̸=p

L(1− k

2
, χv)

−24
∑
d|q2

dndχw(d
−1)|d−1|1−

k
2

q


=

∏
v is split

|2θ|2−k
v 2(

√
−1)−

k
2 (2

√
−1)−1δ(

√
−1)

k−2
2 vol(Ô×

F )

×
∑

a∈Cl+(F )

χ(a)N(a)k−2

∫
Xp

Q(z, 1)
k−2
2 dµ((γ−1

a ∞)− (Ψ(ε)γ−1
a ∞)),Ψ(a)ςf)

=− δ
∏

v is split
|2θ|2−k

v vol(Ô×
F )

×
∑

a∈Cl+(F )

χ(a)N(a)k−2

∫
Xp

Q(z, 1)
k−2
2 dµ((γ−1

a ∞)− (Ψ(ε)γ−1
a ∞)),Ψ(a)ςf),
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as desired. Assume p− 1 divides k−2
2

. Then

∏
v ̸=p

L(1− k

2
, χv)

−24
∑
d|q2

dndχw(d
−1)〈|d−1|q〉

k−2
2


=− δ

∏
v is split

〈|2θ|v〉2−k vol(Ô×
F )

×
∑

a∈Cl+(F )

χ(a)〈N(a)〉k−2

∫
Xp

〈Q(z, 1)〉
k−2
2 dµ((γ−1

a ∞)− (Ψ(ε)γ−1
a ∞)),Ψ(a)ςf),

which is P(k, χ).
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