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Abstract

In [DDOG], the authors proposed a family of p-adic measures on Q2 — {(0,0)} to
define the A-adic Eisenstein modular symbol, and constructed the p-adic L-function
for a real quadratic field F' by evaluating the A-adic Eisenstein modular symbol at
cycles attached to ideal classes of F' for p inert in F'. We generalize this result to
include the case that p is split in F', and to provide explicit interpolation formulae of
the p-adic L-function for F' by evaluating explicitly the period integral of Eisenstein

series over real quadratic fields.
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1 Introduction

1.1 Motivation

Consider the Riemann zeta function

which converges absolutely for (s) > 1 and admits a meromorphic continuation
to C with only a simple pole at s = 1. The values of ((s) at non-positive integers
1 —n <0 are given by

- =-"req

where B,, is the n-th Bernoulli number. In 1960s, Kubota and Leopoldt showed that

these values can be p-adically interpolated:

Theorem 1.1.1. There exists a unique continuous function (,(s) : Z, — Q, that is

analytic, except at s = 1, such that
G(l—n)=(1-p"")¢(1-n)

for every positive integer n with n =0 (mod p — 1).

The function (,(s) is called the Kubota-Leopoldt p-adic zeta function. Gener-
alizations of the above result to Dedekind zeta function for totally real fields are
given by [DR80], [Bar78], and [CNT79] in the 1970s, and more recently given by
[CD14], [Spil4], and [BKL18]. We remark that the above results used different con-

structions of the p-adic Dedekind zeta function for totally real fields and different
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constructions should give different arithmetic applications. For example, [DK] used
their construction to give a p-adic analytic solution to the Hilbert 12th problem.
When F' is a real quadratic field, [DD06] consider the modular symbols construc-
tion of the p-adic L-function. To be more precise, they constructed A-adic modular
symbols of Eisenstein series and the p-adic L-function is obtained by evaluating at
the A-adic modular symbols at cycles corresponding to the ideal classes of F. In
their construction, they assume p is inert in the real quadratic field F'. The purpose

of this thesis is to generalize the result in [DDO0G]
1. to include the case that p is split in F', and
2. to provide explicit interpolation formulae of the p-adic L-function for F.

We briefly outline the construction of the p-adic L-function. Let x be an odd ring

class character of F' unramified everywhere. Let
1—k > A
By(5)= U0 > ohaln) g = e

be the classical Eisenstein series of even weight k£ and level SLy(Z). Choosing an

auxiliary positive integer N and a formal divisor with coefficients in Z

> nald]

dN

such that Zd‘N nqg = 0 and Zd‘N nqd = 0, we consider, for each even integers k > 2,

the modified Eisenstein series

Fi(z) := —24an -d - Ey(dz)

dIN
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attached to }_,y na[d]. This modified Eisenstein series are of weight k and level
[o(N) and have no constant term at the cusp oo, so they are holomorphic at the

cusp oco. For each positive even integer k we will define

o0

Plho= 3 x@N@" [ FEQE T i

acCItH(F) o

where r is an element in I'y(V), @ is a homogeneous polynomial of degree 2 with
coefficients in Q, and F}* is a modification of Fj, such that the integral converges.
By using the A-adic modular symbol in [DDO06], for each @ in the narrow class group

CI(F)*, there exists a p-adic analytic function (,(s, a) such that

ok, a) = /m F(2)Q(z,1)7 dz

o

for every positive even integer k with % =0 (mod p—1). Let

P(s,x)= Y x(a)(N(a)) %G (s, a).

acClIt (F)
The following theorem is our main result:

Theorem. Let y be an odd ring class character of F' that is unramified everywhere,

and let L(s,x) be the complex L-function of y. Then

S
P(s,x) ~ Ly(1 — §,x)~

where L,(s, x) is the Kubota-Leopoldt p-adic L-function associated to x.

The proof of this main result is to interpolate P(s,x) as an period integral of

3 doi:10.6342/NTU202201144



Eisentein series over real quadratic fields. To this end, we need to use the language
of automorphic forms. Let ¢y be the adelic lift of ™, namely, ¢y is an automorphic

form GL3(A) — C such that for any z in the upper half-plane,

y x
Ok = (2), z=uz+1y.

0 1

Fix a suitable Q-embedding ¥ : F' — M5(Q). We show that the period integral

/AXFX\AX (W (1))x(t)d"t

equals to P(k, x). On the other hand, by standard unfolding, the period integral is
a product of local Tate integrals on F*. We carry out the explicit computation of

each local integral and conclude that

Jooys PN~ L0 = 50

for any 22 =0 (mod p — 1).

1.2 Notation and Definitions

In this subsection, we set up the notation for a general totally real number field £
that will be frequently used. After this, we fix the real quadratic field F', the ring

class character x of F' and the auxiliary prime ¢ throughout the contexts.

4 doi:10.6342/NTU202201144



1.2.1 Number fields

We fix some notation and definitions for £. For a place v of E, let F, be the v-
completion of £, O, the ring of integer of F, and qg, the order of the residue field
of Op,. Let Ag be the adele of E. Denote x — z, and x — (z,), the embeddings
E — E, and E — Ap, respectively. For a positive integer m, denote S(E]"),
S((EX)™), S(AR) and S((A%)™) the spaces of Bruhat-Schwartz functions on EJ",

(E)™, A% and (Aj)™, respectively.

1.2.2 Matrix groups

Define the compact subgroup K = [], K, of GLa(Aq) by Ko = O2(R) and K, =
GLs(Z,). Let B and B, be the Borel subgroup of GLy(Q) and GLy(Q,) respectively.
Let Z = I1, Z, be the profinite integer. For a positive integer N, we define the

following compact open subgroups of GLQ(/Z\) by

)
a b N
Up(N) = € GLy(Z) : N divides ¢ p ,
c d
\
(
a b N
Ui(N) = € GLy(Z) : N dividescand d — 1 |
c d
\
(
a b N
Uy(N) = € GLy(Z) : N divides b, c and d — 1
c d
\

We have the strong approximation theorem GLy(Aq) = GL2(Q)" GL2(R)Us(N) for

every positive integer N (cf. [KL06, Theorem 6.8]).

5 doi:10.6342/NTU202201144



1.2.3 Additive characters

Let ¥ : A/Q — C* be the additive character whose archimedean component is
Voo(x) = e?™ =17 and whose local component at v is denoted by 1, : Q, — C*. We

define the additive character v =[], ¢g, : Ap/E — C* by setting ¢ g := ¥oTrg q.

1.2.4 Haar measures

We shall normalize the Haar measures on F, and £, as follows. Let dxz, be the
self-dual Haar measures of FE, with respect to ¢p,. Put d*z, = (g, (1), The

‘ﬁv‘EU

Tamagawa measure of Ap is dv = [[, dz, while the Tamagawa measure of Ay is

defined by d*x =[], dz}.

1.2.5 The real quadratic field

We fix the following notation throughout the contexts. Let F = Q(v/D) be a real
quadratic field with D a square-free positive integer. Let p be a rational prime split
or inert in F'. We fix an auxiliary prime ¢ different from p and split in F'. We fix a

formal divisor }_ ;. n4[d] such that

ng =0 and ngd = 0. (1.2.6)
2 2

dlq? dlq?

We remark that ¢? plays the role of the auxiliary integer N introduced in () Let
X = [, xo : F*\AL — C* be an odd ring class character, that is, a finite order
idele class character with its two archimedean components x.,, Xy, both equal to

the sign character. We assume Yy is unramified everywhere. We fix a positive integer

k such that k =2 (mod 4). Let 6 = %ﬁ, so Op = Z[0]. Let ¥ : F — M5(Q) be

6 doi:10.6342/NTU202201144



the Q-embedding defined by

and is extended Q-linearly. We fix a field isomorphism ¢, : C — C,.

1.3 Automorphic Forms and Modular Forms

In this subsection, we recall the basic definitions and relations between of automor-
phic forms and modular forms.

1.3.1 Automorphic forms

A function ¢ : GLy(Aq) — C is an automorphic form of weight k and level N if ¢

is a smooth, K-finite, Z(U(g))-finite, slowly increasing function such that

cosf) sinf
p(zvgkous) = (g)eY M, ko =

—sinf cosf

for z € A*, v € GLy(Q),0 € R and us € Uy(N). Denote Ai(NN) the space of all
automorphic forms of weight k£ and level N.

1.3.2 Adelic modular forms

The group GLy(R)" := {g € GLy(R) | det g > 0} acts on the complex upper half-

plane H and the automorphy factor is given by

az+b
7(2)_m7 J(772)_0Z+d

7 doi:10.6342/NTU202201144



~

for v = (2%) € GLy(R)" and z € H. A function f : H x GLy(Q) — C is a modular

form of weight k£ and level N if f is a smooth, slowly increasing function such that

f(vz,ygeur) = det(v) " (v, 2)" f (2, 1)

~

for v € GLo(Q)", z € H, g € GLo(Q) and us € Us(N). Let Nix(N) be the space of
all modular forms of weight k& and level N. To every modular form f € N (N) we

associate a unique automorphic form ¢y € Aj(N) defined by the formula

25(9) = F (o0 (V/=1), 98) T (g V1) " (det goo) | det g2 ™" (1.3.3)

~

for ¢ = googr € GL2(R)GL2(Q) (cf. [Cas73, §3]). Conversely, we can recover the

form f from ¢f by
—k/2 & 1-%
f (a: + v -1y, gf) =y s ge | |det gl 2. (1.3.4)

for z=x++/—1y € Hand g € GLQ(@). We call ¢, the adelic lift of f.

1.3.5 Classical modular forms

Let f(z) : H— C be a classical holomorphic modular form of weight k& and level N.

Then f(z) extends to an element in N (V) by setting

flz,yu) = f(y ') J(vh 2) Fdet(y)™!, 2€H, 7€GLy(R)Y, wur€ Us(N).

] doi:10.6342/NTU202201144



Conversely, if f(z, gr) is an element in Ny (N), then f(z,1) is a classical holomorphic

modular form of weight £ and level N.

1.4 Eisenstein Series

In this subsection, we recall the well-known construction of adelic Eisenstein series
on GLy(Aq). Almost all of the material in this subsection is standard; we refer the
reader to [Bum97].

1.4.1 Induced representations

Let v be a place of Q. The induced representation I(s, 1,,1,) consists of all smooth

K ,-finite functions f : GL2(Q,) — C such that

f(k), € B, keck,.

GL2(Q,) acts on I(s,1,,1,) by the right multiplication p. For a compact open
subgroup U of GLy(Q,), we denote I(s, 1,,1,)V the space of elements in I(s, 1,, 1,)
fixed by U. By a spherical vector in I(s,1,,1,) we mean a non-zero element in the

1-dimensional subspace I(s, 1,,1,)%" of I(s,1,,1,).
1.4.2 Hecke operators
Let v be a place of Q. The Hecke operator attached to a compact open subgroup U

of G and g € GLy(Q,) is defined by

1

U] 15,1, 1,)" = 161100 f = /U plasin

9 doi:10.6342/NTU202201144



If UgU = ||, ;U with g; € GLo(Q,) then [UgU|f = >, p(g;)f. Define the

compact open subgroup
I, = € GLy(Z,) : v divides ¢

of GL3(Q,). Define the U,-operator and T,-operator by

v v X v 0 1 0

0 v—1
U, = |I, Ll =Y p T, = | K, K,| =U,+p
01 =1 \0 1 0 1 0 v

1.4.4 Godement sections

Let v be a place of Q. Define S5(Q?) = S(Q?) if v < oo, and
So(R?) = {P(z,y)e ™) € S(R?) : P(x,y) € Clz,yl}.

For @, € S5(Q?), we defined the associated Godement section fg, , : GL2(Q,) — C
by

S 1 s
foualo) = et gls" | @0 0IDIE 00, g€ GLAQ).

v

which converges absolutely for 2s + 1 > 0. In this case, the map
SO(Q?;) — ](8, ]-v; ]-U)7 CI)U = f‘bv,s

is surjective.

10 doi:10.6342/NTU202201144



1.4.5 Adelic Eisenstein series

For ® = @, ®, € S(Ag) with ®, € 5y(Q;) for each place v of Q, define fg, =

®v f@v,s and

Ep.:Gla(Ag) = C, Eoulg)= Y fou(79), g€ GlLa(Ag),
v€B(Q)\ GL2(Q)

which converges absolutely for $ts > 0 and has meromorphic continuation to s € C

with at most a simple pole at s = :I:%. For a € Q, we define the Whittaker function

Wal(g, fo.s) = f(9) +/A fas g9 | Y(—ax)dx
Q

which converges for Rs > 0, where the term f(g) is omitted if o # 0. We have the

Fourier expansion

Eos(9) =Y Walg, fas), g€ GLy(Aq) (1.4.6)

aeqQ

for s > 0.

2 Period Integral of Eisenstein series

2.1 Period integral as a Product of Local Tate Integrals

In this subsection, we introduce the period integral of Eisenstein series, which can
be written as a product of local Tate integrals. We will compute these locals integral

in the next subsection.

1 doi:10.6342/NTU202201144



Definition 2.1.1. Let ® € SQ(AQQ). Define the period integral

Pos9) = [ FasWEOXE g € OLalAg)

which converges absolutely for Jts > 0 by the following lemma ()
Lemma 2.1.2. F*Ag\AF is compact.

Proof. Let (ay), € Ak, so ¢ = |(ay)v|a, > 0 and

aoo,l aoo,2

(a0)v = (Aoo,15 Ao 2, A5) = (77 N ar) - (Ve, Ve, 1) € I}AS,

where If. is the norm one idele ring of K. Hence F*Ag \ A = F*Ag \ I Aj. The
quotient map

IAS — FXAG \TpAg

is restricted to the continuous function I, — F*Ag \ ILAj. By the universal

property of quotient space, the induced function
F*\Ip — F*A§ \ ;A

is continuous. Thus F*Ag \ IAg is a continuous image of a compact set and so

compact. O

Definition 2.1.3. Let ® € Sy(Ag). For each place v of Q and g, € GLy(Q,), define

the local integral

Loy s (90) = / By (0, 1) Wy (20)90) X0 (20) 202l Fd* 2,
Ff

e

12 doi:10.6342/NTU202201144



which is a Tate integral and so converges absolutely for R(s) > 0.

Proposition 2.1.4. Let ® € S;(Ag) and g € GLy(Aq). Then

Py (9) = H Lo, 5,50 (9o)

for R(s) > 0.

Proof. This is proved in [Hsil2, §5.1]. O

2.2 Computation of Local Integrals

In this subsection, we compute the local integrals lg, s, () attached to a distin-
guished element ¢ € GLy(Aq) and Bruhat-Schwartz function ® on Ag. To compute

the local integrals, we first fix an integral basis for Op, for each place v.

2.2.1 Integral Bases

Let v be a finite place of Q. Let F, = F®qQ,. We fix an ordered basis {e; ,, €2, } for
Op, = Op®zZ, over Z, as follows: If v is non-split, then {e; ,, €2, } = {0y, 1}, where
6= (D++D)/2 € F. If vis split in F then we may write v = wWw for some places
w, w of F', and there is an Q,-algebra isomorphism defined by F'®q Q, — Fz® Fl,
a0 + b, — (avg + by, a0 + b,) for a,, b, € Q,. Denote e and e, the elements in
F ®q Q, such that ez — (1,0), e, — (0,1). We choose {e14,€2,} = {ew, ew} if
v is split. For z, € F' ®q Q,, there is a unique expression z, = zgem + 2y,€, With
2w, 2w € Qu. The conjugate map on F' is extended to F' ®q Q, — F ®q Q, by

Zo = Zwlw + ZwCw-

13 doi:10.6342/NTU202201144



2.2.2 Choice of ¢

Define )
70
>0 if v is split,
11
¢ = Hgv € GLy(Aq), < =
! 10
otherwise.
01

\

The choice of ¢ is motivated by the fact that if v = ww is a place of Q split in F,

then

a O
gl\If@(aem + bey)sy = , a,beQ,.

0 b
2.2.4 Choice of the Bruhat-Schwartz functions ® on A%}
Define the subset X, of Q2 by

Z, ®ZL; if p is split,
X, =

2,07, UZ; ®pl, ifpis inert.

Let v be a place of Q. Define the functions ®, in Sy(Q?) by

4

278z 4 /—Ty)re ™) if 9 = oo,

]IXp <x7 y) lf V= p7
(I)U (.CC, y) ==
—242 dngld), g ez, (x,dy) if v =g,
dlg?
Iz,e2, (T, Y) otherwise.

\

(2.2.3)

14 doi:10.6342/NTU202201144



Define @ = [, ®, € So(A3).

Proposition 2.2.5. Let v be a place of Q. Then

lcbv 38, Xv (§U> |s: %

= (202 7)" x |
N 114
L1 = £,x0) (24 g dnaxs(d™)d 7%

L<1 - §7Xv)

\

where €, = 0 if v is non-split, and 1 if v is split.

if v = o0,

if v=np,

if v =¢q=ww,

otherwise,

Proof. We will use the integral basis chosen in (2.2.1)) to compute the local integral.

More precisely, we will use the fact that if z, = x,0 +y, € F) with z,, y, € Q..

then
-1 . _ . .
—9(2@, zw) if v =ww is split,
(0,1)W,(24)s, =
(o, Yo) otherwise.

Let v be a finite place of Q. If v # p is split then

/ Iz,ez,((0, 1)\Ijv<zv)gv)Xv(zv)|szv|i+§dxzv
J ke

1
=0 [ o (el lamls

v

1
— 202 Ls + 5. x0):

15
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If v # p is non-split then

/ HZvEBZv((Oﬂ 1>\Ijv(zv)§v)Xv(zv)‘szy’fj+§dxzv
FX

— S-‘r% X
= | lopxo(2)[2Z]0 *d" 2,
F,

v

1
— L(s+ =.v,).
(8+2,x)

If v = p is split then

s 1
Lo s = / BD((0, )T (20)e0) vol(20) 20232 2,
EN

_]_ sal
:/ / O, (== (2 200)) X ()Xo (200) | 220 [0 2% 2 24
o Jox 20

s+ 1
= 260+ / / D, (2, 20) Yo (20) Yoo (Z0) | 2wz |o 2 d* 2md™ 2y

_ |29‘28+1

v .

If v = p is inert then

/>< I[prEBpr((0> 1)\111)(21))%))(11(2@)’szv|z+§dx Zv

v

_st+s _ st+3
P [ Taen, (0.0 )6 )|z R,

v

s—i—% 1
= Xuo(D)|p|p, > L(s + 2 Xv),

SO

1 s—&-l 1
lo,5000 = L(s + 5, X0) = Xo(@)|PlE, > L(s + 5, x0) = 1.
2 2

Now assume v = ¢. Let <I>¢(1d) (x,y) = @EP (x,dy). Since ¢ = ww is split by assump-

16 doi:10.6342/NTU202201144



tion,

lfbgd),s,xq
_ s+i
:/ (I)( ((0, 1)Wy(20)50) Xq(20)|24Z4la 2 d™ 2,
d s+3 ox X
/ / ZunZw))Xw(zw)Xw(Zw)|szw|q 27 2gd” 2y
= 201" / - / O (e, 20X (2w X (20 wzuly 4 2 2
ail ail
= |29|§S+1/ I[Zq(zw)Xw(Zw)|Zw|q+2dxzw/ qu(dzw)XE(Zw)|zw|q+2dXZw
QX X

q q

S S 1 s 1
— 202 ol [ T G aCelaly e | T (vt auly

q q

1
= 2012 (xaw(Dldl;®) ' L(s +

27Xq)

Hence

s 1 s+,
o500 = —24Zdndl@éd)’s’xq = |26’|§ (s + 5,)@) —24Zdnde|'|q 2(d™h

d|g? dlq?

For v = o0,

|20|_28l¢0075_1/27><00

/ / ba + VIy)Fe ) sgn(ay) oy d*ed"y
RX RX

— ( )2 k k m/ / m k me —m(z +y)Sgn(l’y)|[L‘y|SdXZEde
R* JRX

m=

k
= ( ) V-1)F~ m/ / 2MyF e son (wy) oy *d* ad*y
m R* JRX
— k k m m|, |k—m —7rm 24y?) d>< d><
=™ [y] |wyl*d”a
m RX JRX

3
g.

17 doi:10.6342/NTU202201144



k
k 2,2
— Z ( >2—k(\/__1)k—m/ |x‘m+s|y|k—m+se—w(x +y )deEde
m=0 N\ R* JRX
m is odd
k
k
_ Z ( )2—k(\/__1)k—m/ |x‘m+s€—7rx2d><$/ ’y|k—m+s€—ﬂ'y2d><y
0 m RX RX
m is odd
& k —k k—m
- Z o 27V =1)"""Tr(m + s)I'r(k —m +s)
mr?s:ogid
A k m+s,.  k—m+s
= 2R (V=T)kr e V=1)""T I(— .
Vs S (g
m is odd

— \m 2 2

m is odd
_—V—_li 2k (_1)m,r(2m’+1+s)F(k:—2m—1+s)
B A= \2m' +1 2 2 '

Define

Note that
(X)p=(=1)"(—2)z, 2z€C, neN (2.2.6)
and
(@) = % (), = % +eC, neN (2.2.7)

if both sides of the equations are well-defined. By (R.2.7),

1+s. . 1+s

1+s
2 ) 2

2

r( ).

18 doi:10.6342/NTU202201144



Write

2K\ 1 (2k")!
2m/+1)  (2m/ + 1) (2K — 2m’ — 1)

Since

@2m + 1)l = 2m + 1)(2m) - (2)(1)

p 1 / L\ omr41
= (' 4+ 5)m) - (1)(5)2

and

(2k)!
(2K —2m’ — 1)

= (2K)(2K' — 1) --- (2K — 2m’ + 1)(2K — 2m/)

= (K)(K = %) (K =+ %)(k:’ —m/)22m' L

1 /
— (k?/ o 1)@/(1{;/ o é)m’k/22m +1

1 /
_ (1 . k/)m’(§ . k/)m/k,22m —|—17

we have

\/Tli ( 2K (_l)m/F(Qm'+1+3)F(k—2m—1+s)

— \2m' +1 P) 9
9] (1 . kf/)m’(% _ k/)m/k}/22ml+1 ;145 145 , F(Qk:’—l-f—s)
=v-1 —-1)™T (=)™ 2

19 doi:10.6342/NTU202201144



—%Af_mlgswfk‘1+s fil—k”(-—ﬁ)wfﬂw 1

2 ~ O (—EEE 4 ) ()

s, 2 =L+ 1-K  3-F  3+3

3 3 _ 1. __ s
2 k 2

o S gl o)y
B B n=0

Let
1

1
a=1-k, b==—-kK, c==
2 2

By Dixon’s identity [Dix03], for R(1 +a/2—b—c) =R(1L+ k' —5)/2) >0

/ 1 / 1, s K K s s
JF, L=k 5=k 272 | _TG -SG5 - 9TGING —F 3
% %—k/—g F(2—k’F1—§)F(1+%)F(1—%—§)

where the indetermined forms appear in the expression are understood by meromor-

phic continuation. Hence

|26‘725l¢,m s—1/2,X00

Now we try to eliminate the indetermined forms. By Euler’s reflection formula and
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Legendre’s duplication formula,

lq)oozsv)(oo
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l_l
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S~— —
= A
Elerf |

o
—~
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e
<t
Ele{ T
O
| | @
O
ﬂ_4)
N~—
S el <t
S+
= | @l
—~
i<t |
—+ |l
wie| |
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|
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5
|
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—
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ﬁ
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=2 (mod 4), we have

Put the condition k

Therefore

1—k
2

l(poo 38X oo ’S

_|29|25+1(2—

(1)

1
2
= |26 F27 1 (v/=1)"/2

’29|2_k'
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3 Modular Symbol of Eisenstein Series

3.1 The Modified Eisenstein Series

In this subsection, we introduce the modified Eisenstein series Fi(z, gs), Fy (2, g¢),

F{*(z, g¢) and prove that the associated Bruhat-Schwartz functions ® of F;*(z, g)

is the one which is introduced in §.

Definition 3.1.1. Let f(z,gr) € Ni(IN). Define

Upf(z7 gf) =

Tpf(z7 gf) =

f*(Z,gf) =

f**(Z,gf) =

[y

p—

[

Z, gf

T

Il
o
=)

Upf(z,90) + f

f(Z,gf) - f

fr (290 + 1

[ (z90) = [*

p

2, gt

Z, gf

22

if p is inert,

if p is split.
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3.1.2 Classical and modified Eisenstein series

Recall that for positive even integer k, the classical Eisenstein series of weight % is

defined by

o0

B
Ep(z) = _2—1’; +3 o (n)g".
n=1

By , we can extend Fj(z) to an adelic Eisenstein series Fy(z,gf). Define the

modified Eisenstein series

Fk(z7gf) = ZdndEk<dzagf)'

dlg?
It is not difficult to see that Fi(z,gr) € Ni(q*) and F} (2, g¢), Fi*(z, 9t) € Ni(pg?).

Lemma 3.1.3. Let Ey  be the Eisenstein series induced by ®. Then E(p,slsz% is

the adelic lift of F}™*(z, g¢).

Proof. We first show that Eg) 4f,_ 1k I the adelic lift of Fy(z, gr), where

27k (x + /—1y)ke @) if = o0,

O (z,y) = { —24 " dngld|, Iz, (. dy) ifv =g,
d|q?
Iz, o7, (%, y) otherwise.
\

We will compute the Fourier expansion for Eisenstein series () We first claim

that

Yy T
WO ) qu(O),S

0 1
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Yy x 0 —1 1 w Yy
=fo0) 4 + fq><o),5 dw
0 1 Aa 1 0/ \o 1) \o1
equals to zero. In fact,
10
f@éo),s
0 1
/Zdnd|d|q )0, dt) |t d*t
Qq dlq?
/Zdndd) (0,8)|t[>+ ¢
Qq d|q?
=0
and similarly
—1 1 w Yy T
/fq)(o)s dw
0 0 1 0 1
// > dng|d|,@L) (¢, tdw)| ¢ d* tdw
Qg

qd|2

> dngd|,@L) (¢, tdw)| ¢ dwd*t

¢ d|q?

“Ji
o

0,

Zdndq) (t, tw) [t|** T dwd*t
4 d|q2
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as desired. Now fix o € Q* and write

Wa ) f<I><0),s = H Wa ) fcbg)o),s
01 v 01

as a product of local integrals. If v = ¢, then

Wa(L f<I>(<10),s)

_ / / By (L )2 b (o)

_Zdnd|d|q/ / )(t, dtw)|t2° T d" tapy (—aw) dw

dlq?

_Zdndycuq/ /]IZ )z, (dtw)[E]25 by (—ow)dwd

d|q?
_Zdnd|d|q/ /]IZ iz, ()12 (= )
2 i,
_Zdnd/ /]IZ Vi () 20— 0 Y
d|q?

:Zdnd/ yt|28/ (=2 dwd*t.
e {0}

Since fzq Yg(Bw)dw = Ig,(3), we have

Zdnd/ |ty28/ (=) dwd*t
e {0}

ordg(a/d)

= Z dnyg Z / ‘t|28dxt
dl? 'zg
' ordg(a/d)
_ Z dng Z q—2ls
dlq?
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Similarly, if v < 0o, v # ¢, then

(1, fo ) / / v.s(t, tw) [t 2 At (—aw)dw Z W]

If v = oo, then

1 y
|y‘s+2Wa 7f<p<(,g>7s
0 1

=!y\5+5// Do s (t, t( + 1))t At (—ar)dr

R JRX

:|Z/‘S+é2k/ / ((ty) + V—1t(x + 7)) ke @+t 2541 gy (o) dr
R JRX

:|y|s+§2—k/(y+ w/—l(x+r))k/ €—Wt2(y2+(x+r)2)|t|k+2s+1dxt¢w(_ar)dr
R

R><
I'r(k+2s+1)
(92 + (z+7)2)" 5

=[y[** 2275 (y + vV=1(z + r))*Tr(k + 25 + 1)(=2my/—1)e>V 1oz

et /R (v + VI + 1)) (—ar)dr

1
X (—27T\/ —1) Res ktr2stl HR+ (Oé)
2

sy 4 (o4 1))

_>yk/2€2wﬁazHR+ (Oé)

as y — lg—k Hence for a # 0,

Yy T
Wow
0 1
=it
ordg(a/d) ordy (e
yk/Q 2nfaz]1 Zdnd Z q 1(k—1) H Z v 1(k—1)
d|q? v<oo,v#q =0
ordg(a/d) ordy (o)
:yk/QBQﬂ\/jlaz]IR+<Oé)Zdnd Z q I(k—1) H Z 1) I(k—1)
d|q? v<oo,v#£q 1=0
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:yk/zezwﬁaqm (a) Z dngoy—1 (%)HZ(O‘)’

dlg?
Therefore
E y L k/2 27r\/7az]1 d a I
®(0) s |s_1 k= Z Y )Z ndo'k—l(g) z(a)
0 1 aeQx dlg?
2 Z dny Z o1 ()e2nyTnz

dlg?

_ yk/Q Z dndzak 1 27r\/7(dn)z
dlg?

y*/? Z dngEy(dz, 1)

dlg?

= yk/2Fk<Z7 1)7

1, is the adelic lift of F(z, g), as desired. Now we prove that

s=5"

that is, Eg0 4(g)]

E¢75(g)|sz% is the adelic lift of F}*(z, gr). Assume p is split. Write

Yy T
Fl;k*(’z?l)_y QQDks
0 1
s 1=k
2
where
T
Phos
0 1
1=k
2
Yy T . Yy x 10
= Eg0 —p2 'Epo
0 1 0 1 0 p
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E_q k—2
—p2  Ego + " Ep0)

0 1 01 (01 0 p
P p/ lg=1=k
2
x )

= S e 4]

YEB\G v#p 0 1

E_ p 0 ~ p 0
—p? 1f¢1()0>75 gl ) +pt? O !
I )

01 0 p
p p s=1-k
Y
= > [Ife.s |7 fo,(7)
YEB\G v#p 0 1
s=1=k
2
y @
- ECP,S 9
0 1
s=1=k
2
as desired. Similarly if p is inert. [

3.2 Partial Modular Symbols and p-adic Measures

In this subsection, we review the theory of partial modular symbols. Following
the discussion in [Kit94, p.95], we will associate a partial modular symbol for each

modular form, and use this modular symbol to construct a family of p-adic measures.

3.2.1 Partial modular symbol

We review the theory of partial modular symbols in the semi-adelic language. For
each r € P1(Q) we denote by (r) the image in the divisor group of P!(Q). Let

v € GLy(Q) and u € GLQ(Q) act on D = ((r) — (s), gr) € Div’(P(Q)) x GLQ(@) by

yDu = ((yr) — (v8), vgru).
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For a ring R, let L,(R) be the space of two-variable homogeneous polynomials of

degree n with coefficients in R. For h = h(X,Y) € L,(R) and g € GLy(R), define

a b
(hlg)(X,Y) = h(aX +bY,cX +dY), g=

c d

Let L} (R) = Hompg (L,(R), R). Moreover, if R is a Z,-algebra, let GLs(Z) acts on
L:(R) by (pn(u)€) (h) = & (hls,). Let D be a subset of Div’(P!(Q)) x GLg(@). We
denote by MSi(N,D) the space of p-adic partial modular symbols of weight k and

level N with respect to ®, consisting of functions £ : ® — L ,(R) such that

§(vDu) = pr—2 (u, ") (D)

for all vy € I'g(N), D € © and u € Uy(N) satisfying yDu € D.

3.2.2 Partial modular symbols associated with modular forms

To each modular form f(z,gr) € Ni(N), we associate a complezx partial modular

symbol ny : Dy — Lj;_,(C) defined by

0y ((r) = (s), 90) (h) := /Sf(zjgf) h(z,1)dz (3.2.3)

where ©; = |J g) Dg: % {9} and Dy, is the subset of Div’(P!(Q)) spanned over

ngGLQ(

Z by all of ((r) — (s)) € Div’(P'(Q)) such that the integral () converges for all

h € Li_5(C). Tt is easy to see that for a € GL3 (Q), D € D and u € Uy(N),

ni(aDu) = pr_a(a)ns(D)
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whenever aDu € ©y. The associated p-adic modular symbol &5 € MSy(N,Dy) is

defined by &7 : ®f — L;_,(C,),

& (D)(h) = np(D)(h ] g,") = 1, (ns(D)(h'7 " | g, ")) (3.2.4)

where h' € C[z,y] is obtain by applying 1, to the coefficients of h € Cp[x, y].
3.2.5 Partial modular symbols associated with the modified Eisenstein
series

We exhibit concrete elements in Dp , © Fy and © Fpe- Let I' be the subgroup
I'= € GLo(Z[1/p]) : ¢* | ¢

of GLy(Z[1/p]). Denote GLy(Q)(Div®(T'oo) x {1}) GLQ(Q) the orbit of

Div’(I'o0) x {1} € Div’(P1(Q)) x GL(Q)

~

under the left action of GLy(Q) and the right action of GLy(Q). We remark that

since ¢? is prime to p, we have T'oo = I'y(¢?)oc.

Lemma 3.2.6. GLy(Q)(Div’(I'c0) x {1}) GLy(Q) is contained in Dp,, Dpr and

Proof. Let D = ((r) — (s),1) € Div’(I'oc) x {1} and h € Lj,_5(C,). The condition

(IL.2.6) implies that Fy(z,1) is holomorphic at oco. Hence

£ (D)(h) = / Fiu(2, D)h(z,1)dz
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converges and D € Dp,. Let v = (_Op 1) € I'. Then

Er:(D)(h) = Ep (D) (h) — &R (Y1) — (v 1), 1)(h]y)
converges and D € D pe. Similarly, D € D p-. ]

3.3 Period Integral as a Linear Combination of Complex

Modular Symbols

In this subsection, we prove that the distinguished period integral Pg s, (<) can be

written as a linear combination of complex modular symbols.

Proposition 3.3.1.

P@,s,x<§> :VOI(@\;)(Q\/__l)—I(;(\/_—l)%

k—2 Y(e)vac0 k—2
< 3 x(@)N@'F / F* (2, W (a)s) Qolz, 1) 7 dz

a€CIH(F) a®e
where
« 0=0— 0,

F+mOI>; :gz,

Qo(z,y) = (x — Oy)(z — Oy),

o U(a)s = Yatta € GLo(Q)TUs(pg?) for a € CIH(F).

Proof. Eg s has the analytic continuation to the entire s € C. By the identity
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AX — QXRJ’_/Z\X’

P@,s,x(g)

:vol(@;)/ Eos(¥(y)s)x(y)d y

FXAX\AY/O%
—wl(©}) [ B (W (5)s)x() "y

FX\A% /R, O%

Define h: Ry — A} by h(z) = ((z,271),1). Then we have the exact sequence
0 — Ry/Ker(h) 2 FX\AZ/R.OF% — FX\AL/(F ®qR), 0% — 0.
Regard Fy N O as a subgroup of F;, C R;. Then Ker(h) = F, N O = €%, so

P@,s,x(g)

—a(@;) [ [ B an) ety
FX\AL/(F®qR)+Of JRy /el

—wol©F) Y x@) [ Ea(W@ b))y

By (2.2.3),
P<I>,s,x(§)
~ y 0
X X
=vol(O}) Z x(a) Es s | V(a)sswo x(y)d*y.
acClt (F) Ry /et 0 y!

Put s = % Then by Lebesgue’s dominated convergence theorem,

P¢’737X (g) |S:%
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=vol(0F) > xla) / Eos,—i-e | W(a)sisn X(y)d=y.

a€CIH(F) Ry /e? 0 4!

By lemma () and equation (|1.3.3),

p(I):SvX (g) ‘8:%

=vol(05) Y x(a)N(a)*=*
a€CI* (F)
—k
€0 y 0 y 0
></ F | 6o V=19(a)s | J | s V=1 d*y
Yo 0 y—l 0 y—l

where 3 > 0 is arbitrary. By the change of variable

y 0 Oy°/—1+0
V1= = (y),

Z = S0

0 4y y?/—1+1
we have
—k
y 0 oy g
J | S0 ,V—1 =|
) » (W—Hl)
0y
and
—2
2 y 0
dz:gZJ Soo V=1 d*y
0 y !
and
)
y 0
V—=1(z—=0)(z—0)=J | sx V=1
0 y!
Set
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Then

—k
y 0 — y P
J Soo ) -1 d Yy = ckQ9(27 1) 2
0 y !
and
PCI’vS»X(g)’s:%
. w_o  [U(ev0) o1
——vl(@fa 3 x@N@F [ M@0 )T s
a€CI(F) H(yo)
~ eo  [YE)(yo) oo
——vol(@fa > x@N@F [ E e We)Qule 1) T
a€CIH (F) o)
/\X k—2 \I](E_)ZO k—2
= —vol(OF)cg Z X(a)N(a)?/ F (2, %(a)s)Qo(z,1) = dz
a€Cl*(F) %0
~ hy [0 k-2
—vl @ Y MON@'T [ F e b)) T ds
a€CIT(F) 0

where 2o = l(y0) € H and yy > 0 is arbitrary. For a € CI7(F), write ¥(a)s; = Y,uq

with v, € GLo(Q)" and u¢ € Us(pg?). Then

/j(a)m Fi* (y, U(a)er) Qo(y, 1) = dy,

_ / TR W)y Wa)n) QoD )y 1) du(e)y

= /Z%OO det(W ()T ((e), y)" Fy* (3, U (a)st) Qo (¥ (e)y, 1) = dW(e)y
_ / B, W@ T (U0, 1) 2 Qe W (E)y, 1) F dy

N /jm F(y, W(a)st) Qolwe) (3. 1) T dy

_ / " By, D)) Qoly, 1) o dy.
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Hence

¥ (e)zo
/ (2, 0 (a)5) Qol2, 1) T dz

([ o s

U (g)yq00

_ / Fr* (2, 0(a)s)Qo(2,1) T dz,

0,00

where all of the terms involved are convergent by () Therefore

~ ¥(g)vao0
=vol(Of)er ) x(a>N(a)2/ F (2, U(a)e)Qo(2, 1) 7 dz,

aeClt (F)

as desired. O]

4 p-adic L-function for Real Quadratic Field

4.1 Integration on X, as a p-adic Modular Symbol

In [DD06, Theorem 4.2], the author constructed a collection of p-adic measures
1((r) = (s)) on Q2 —{(0,0)} indexed by 7, s € I'co such that for every homogeneous

polynomial h(z,y) € Z[x,y] of degree k — 2 and r, s € ['co,

/X e y)du(() - () = | Wz, ) (2)d

P

provided p is inert in F. In this subsection, we generalize this formula to include

the case that p is split in F ()
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Lemma 4.1.1. For each positive even integer k, F;(z, gr) is a U,-eigenvector with

eigenvalue 1.
Proof. We have seem in the proof of () that Eg 4, i is the adelic lift of
Fk<Z7 gf)7 where

(

27k (& + /=1y)re @) if y = o0,

OO (z,y) = —24  dngld],Iz,e0,(x,dy) ifv=q,
d|q?
Iz,0z, (%, y) otherwise.
\
Note that
1 0 p—1 p x p—1 10
T R S ST L S o
0 1 z=0 0 1 x=0 0 p

p—l 1 p T
S st / 3 | (0,4) 2
Q

x=0 ; 0 1
s+1 (0) 10 2s+1 7%
T A O R
Qp 0 P
p—1
s+3 (0) 2541 7
_Sl [ e .o
=0 Q

st+3 30 (0 251 g%
vt [ a0l

P

1 1 1 0
=(plp|**2 + |p|_s_§)f¢éo>’s
01
. L 10
=2 P fyo
01
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Then since f®;0>78 is a spherical vector in (s, 1,,1,), we have

k
Upfoo Jomize = (P2 +1'

and hence by (),

_k
2

)f¢1(70>75|8:%

T, Fy(z, g1) = p2 ' (p% + p' %) Fu(z,01) = (1 + p* 1) Fi(z, o).

It follows that

UPFI:(Z> gf)

1
:Uka(Z)gf)_Uka Z, gt
0
10
:Tka(Z,gf) _Fk Z, gt
0 p
= (1+p" ) Fu(z,90) — Fi | 2, ¢
= (14 p" ") Fu(z,90) — Fi | 2, ¢
= (1 +p" "Fu(z,90) — Fi | 2. 96
10
:Fk(Zagf>_Fk Z, gt
0 p

= F; (2, g1),

37

1 0
Z, 9t
0 p
p-1 p pr
- Z Fi. | 2z, 9
=0 O P
p—1 1 =z
- pk_Q Z Fk Z, 9t
z=0 0 1
p—1
"> Filz, g1)
=0
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as desired. 0

Lemma 4.1.2. Let D = ((r) — (s), gr) € GLy(Q)(Div’(I's0) x {1}) GL3(Q). Then

the assignment

ptob
pr:(D)(b+p"Zy) = Epr | D (Y*2)
0 1
defines a family of p-adic measures
| Pl du(D)a) = i | D P
bty 0 1 0 1

for any P € Ly_5(Z,), any non-negative integer n and any b € (Z,/p"Z,)*, where

€ry is the p-adic modular symbol defined by ()

Proof. This is a special case of [HY21, Lemma 6.1] in view of the fact that F}* is

a Up-eigenform with eigenvalue 1 by (), and the fact that the modular symbol

& (D (55 1)) (PI(% 1)) converges by (8.2.9). O

Lemma 4.1.3. There is a family of measures p(D) on Q2 — {(0,0)} indexed by

D € GLy(Q)(Div°(T'oo) x {1}) GL,(Q) such that

| twntean) = [ ane i (o)

Zyp

for every h € L;_5(Q,) and continuous f : Z, — C,, and

/z;@pz,, (e y)duD) = / gl (,y)du | D

Z,DZy 0

p
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for every continuous g : Z; @ pZ, —

lemma (4.1.2).
Proof. This is [DD06, Theorem 4.2].

Lemma 4.1.4. Let D = ((r) — (s),

h € Li_»(Q,). Then

C,, where the measure dupy (D) is defined in

i

g1) € GLy(Q)(Div’(T'oo) x {1})GL,y(Q) and

[ bedn) = .00 = [ F e ahla, i

Proof. Assume p is inert. By (),

/ h(z,y)du(D)
Z,®Z, UL, $pl,

/zp@z; h(z,y)du(D) +/

[ hte. s (0)+ |
z L, ®LY

P

/ h(t, V)dpury (D) + / |

Zy Zy

By (), this equals to

iy (D)(h) + &y | D

= np:(D)(hlg, ") + nEy

h(x,y)du(D)

Zy, ®pZy

0 1 0 1
hi (z,y)du | D
—p 0 —p 0
p
0 1 0 1
(t,1)du | D
—p 0 —p 0
p
0 1 0 1
hi
- 0 - 0
p
0 1 .
D (hlg, ")
—p 0
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= [ | i + Fitea blgy (=, 1)
:/ F;*(z,gf)h]ggl(z,l)dz,

where all of the terms involved are convergent by () Similarly, if p is split, then

L. in(o)

Y

= | Gt gan(p)

— / I (O)h(t, 1)dpry (D)

P

- / h(t, V)dpr: (D)

X
P

:/Z h(t,l)d,uF;(D)—/ h(t, 1)dur: (D)

P pZp

p 0 p 0
=& (D)(h) = &mp | D h|

= npz(D)(hlg, ") — 1Ey ( (hlg, )

I/ Ey (2, 9¢) (2, 9¢ h|gp (2,1)dz

/ Fi*(2,90)hlg, ' (2, 1)d

T

as desired. O]
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4.2 Construction of the p-adic L-functions

We prove the main theorem in this subsection. We write the distinguished period
integral as a linear combination of p-adic modular symbols and construct the p-adic

L-function for F'. We also give the explicit interpolating formula.

Theorem 4.2.1. Let

= —24Zdnde Y|d~ 1]q

d|g?

where ¢ is split into ww in F'. Then

c[[ra- ,xv y=—0 [ 12612 vol(OF)

VFED v is split
x Y x(a)N(a)*~ Q(z 1) dp((77"00) — (¥(e)7; " 00)), T(a)s)
a€CIT(F)
where
. 5=F-0,
° F_|_ ﬂ @; - 5Z,

x? — Tr(0)zy + N(0)y* if v is non-split,

Qz,y) =
—xy/2 if v is split,

o U(a)ss = Yatta € GLo(Q)TUs(pg?) for a € CIT(F).

Define

)=—5 [ (I200.)* vol(O})

v is split
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x 2 X(a)<N(a)>s_2/X (Qu(2,1)) 7 du((3;'00) — (¥ ()77 90)), W(a)s),

acClt(F)

Then P(s, x) is a p-adic analytic function such that
s
P(S X) - CLP(l - §7X>7

where L,(s, x) is the Kubota-Leopoldt p-adic L-functions.

Proof. By proposition () and lemma (),

P@,s,x(§)

=vol(OF) 2v=1) 1a(v=1)" 7"

k—2 Y(e)vaco k—2
< Y x@)N@' / (2 0()s) Qo2 1) 5 d

aeCIt(F) e

=vol(OF)(2v—1)1o(vV—1)"7
x Y x(a)N(a)= / Qola(2,1)" 7 dpul (7 00) — (¥ (), t00)), W(a)sr)

a€ClIt (F)

where Qg|v.(z,y) = N(a)Q(x,y). By proposition () and (),

vEp d|q?

HL 7XU (24Zdnde |d 1|q S)

= ] 1207 *2(v-1)"2(2v/=1)"'6(V-1)"F vol(O})

v is split

x Y x(a)N(a)* Q(Z 1)% dp((7,'00) = (¥(e)y, '0)), Ua)sy)

a€CIt (F)

=—0 ] 12012 vol(O})

v is split

x> X@N@? [ Q(z,1)" 7 dp((7; " o0) — (W(e)7, " 00)), U(a)sy),

a€CIt (F)
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as desired. Assume p — 1 divides k—;2 Then

[Tza- ,xv —24 " dnaxa(d)(ld ) T

v#p dlq?
——5 H (|120],)27F vol(OF)
<) X(a)<N(a)>“/ (Q(2, 1)) % dp((7, Lo0) — (W(e), t00)), W(a)s),
acCIt (F) Xp
which is P(k, x). N
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