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ABSTRACT

Recently, risk has become more and more serious and risk management is 

important in economics and management decision making. Derivatives are the main

tool to hedge the risk caused by interest rates, exchange rates and other market factors. 

We use an index of riskiness proposed by Aumann and Serrano (2008) to analyze the 

relationship between the Riskiness and the strike price of hedge portfolio, which buy a 

stock and a protective put at the beginning. Our simulation found that the greater the 

volatility, the longer the time to maturity and the smaller the expected underlying asset’s

return, will cause the greater the index of Riskiness. The greater the dividend yield, the 

risk value is larger, the optimal strike price decrease and has little effect on the structure 

of portfolio expected returns. The impact of volatility on the Riskiness more than from 

the maturity, the former is a quadratic function, the latter is just a linear function.

Keywords: Riskiness, Hedging strategy, Optimal strike price, Put option, Stock
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2.1

Markowitz (1952) -

(Mean-Variance Portfolio Method) (variance)

(standard deviation)

(VaR) (CVaR)
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Serrano Riskiness (monotonicity) (duality)

2.2 Riskiness

Aumann Serrano Riskiness

Riskiness

2.2.1 Riskiness

Riskiness von Neumann–Morgenstern

(strictly monotonic) (strictly concave)

u (wealth) w

E ( ) ( )u w g u w� � g E ( ) g

( )

i j i j

i (uniformly) j i

j j i i j

i jj g ( )R R g�

E exp 1g
R

� �	 
� �� 
� �� �� �
(2.1)

R g Riskiness (duality) (positively 

homogeneous)
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g h ( ) ( )R g R h� g h

i j ( i jj ) i g w ( ) ( )R g R h� j

h

g ( )R g 2g

g g

t g ( ) ( )R tg tR g� tg g t

2.2.2 Riskiness

1. Riskiness g

2. (first-order dominates, FOD)

(second-order dominates, SOD)

g h g h

( ) ( )g hF w F w� ( )F �

( ) ( )g hF w F w� 0 ( '( ) 0u w � ) g

h ( ) ( )
w w

g hF x dx F x dx
�� ��

�� � g

h g h ( ) ( )R g R h�

3.

Riskiness

4. (Compound Gambles) g h r

p g 1 p� h p 0 1

r Riskiness
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5. g 2( ,  )g N � �( ,  N �,  ,  ( )R g

2( )( )
2 ( ) 2
Var gR g

E g
�
�

� �

6. g h (independent identically distributed,

i.i.d.) Riskiness r g h� r n

i.i.d.

n

7. (subadditivity) g h

( ) ( ) ( )R g h R g R h� � �

8. (Domain) g ( ) 0E g �

Riskiness 0 �

(2.1)

( ) 0R g � 0 ( ( ) 0E g � )

g ( )R g ��

9. Riskiness (exponential function)

Riskiness
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(Buy-and-Hold)

S&P500 2000 4 1516.35

(.com bubble) 2002 9 827.37

2007 10 1557.59 2009

3 683.38 (2012 6 ) S&P500

12 S&P500

(European option)

3.1

3.1.1

K

T 0 0S 0P fr

T

0 0
f fr T r TS e P e� (3.1)

( )T TS K S �� � (3.2)

� � � �0 0( ) f fr T r T
T Tg S K S S e P e�� � � � � (3.3)
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( ) max( ,  0)T TK S K S�� � � (payoff function)

(3.3)

� �
� �

0 0

0 0

, if  

, if  

f f

f f

r T r T
T T

r T r T
T

S S e P e S K
g

K S e P e S K

� � � ��� �
� � ���

(3.4)

(Geometric Brownian Motion, GBM)

t
t

t

dS dt dz
S

� �� � (3.5)

tS t ( 0 t T� � ) � (rate of return) �

(volatility) tdz (Wiener process)

~ (0,  )tdz dt� ( ,  )m v� m v (3.5) dt�

(drift term) � (drift rate) tz tdz�

(variance term) 2� (variance rate)

� �2~ ,  t

t

dS dt dt
S

� � � (3.6)

(3.5)

t t t tdS S dt S dz� �� � (3.7)

TS (lognormal distribution)

2
2

0ln ~ ln ,  
2TS S T T�� � �

	 
	 

� �� 
� 

� �� �

(3.8)

0( ) T
TE S S e�� (3.9)

22 2
0( ) ( 1)T T

TVar S S e e� �� � (3.10)
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r 0 T

0
0

1 lnrT T
T
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�  � (3.8)
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r
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�� 


� �
(3.11)

T

ln E( )r ��

3.1.2

n iK 1,2, ,i n� ,n, 0

Black-Scholes iP

1 0 2( ) ( )fr T
i iP K e N d S N d�� � (3.12)
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 � 

� �� �� � �

( )N x ( 0 ,  1� (cumulative probability 

distribution) x

q (3.13)

0
qTS S e�! � (3.13)

S ! (3.12) 0S
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3.2 Riskiness

(3.4) (GBM)

TS (3.8) Riskiness g

TS (2.1)

� � � �0 0
  

0
( ) ( ) 1

r T r T r T r Tf f f f
i i T i

i

i

K S e Pe S S e Pe
K

R R
T T T TK

e f S dS e f S dS
� � � �

�� �
� �� � (3.14)

( )f x x (density function)

(3.11)

0
rT

TS S e� � �2~ ,  r a b� g Riskiness

� � � �0 0 0
  

( ) ( ) 1

r T r T r T r TrTf f f f
i i i

Ki

Ki

K S e Pe S e S e Pe
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R R
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e f r dr e f r dr
� � � �

�� �

��
� �� � (3.15)

iKr T iS K� 0
Kir T

iS e K� 0ln( )
iK ir K S T�

(3.15) r

� �
� �

� �0 0 0
  

( ) 1

r T r T r T r TrTf f f f
i i i

i
Ki

K S e Pe S e S e Pe

R R
K r

e r e f r dr
� � � �

�� �
" � �� (3.16)

( )x" � �2,  a b� x

(3.16) R iK

(3.16)

� �
� �

� �0 0 0
  

( ) 1 0

r T r T r T r TrTf f f f
i i i

i
Ki

K S e Pe S e S e Pe

R R
K r

e r e f r dr
� � � �
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" � � �� (3.17)
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0

� �0 0E[ ] ( ) ( )Ki f f

Ki

r r T r TrT
i ir

g K f r dr S e f r dr S e Pe
�

��
� � � �� � (3.18)
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3.3 Riskiness

Riskiness

iK T (time to 

maturity) � (Volatility)

Black-Scholes fr T �

r E( ) fr r�

� �2~ ,  r a b�

fa r�
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R

(underlying asset) (1)

Riskiness (2) Riskiness (3)

� Riskiness (4) Riskiness Riskiness

4.1 � Riskiness
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0.9T �

0 200S #
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(T ) � 1
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4.3 � Riskiness
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2 3 4   T q �
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2 0.5%

T=0.65 T=0.70 T=0.75 T=0.80 T=0.85 T=0.90

0.05� � 510 510 510 510 510 510

0.1� � 510 510 510 510 510 510
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3 0.9
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0.1� � 580 570 550 550 540 530 530 520 520 510

0.2� � 670 630 600 580 560 550 540 530 520 510

0.3� � 700 690 640 610 580 560 540 520 510 490
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4 10%
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0.7T � 510 500 500 500 490 490 490 480 480 480

0.8T � 510 500 500 500 490 490 490 480 480 480

0.9T � 510 500 500 500 490 490 480 480 480 470
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4.5

1. Riskiness

E( )g
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7. ( )oK x x   q T � x %

1i ix x �� 5

1( ) ( )o i o iK q K q �� q �

1( ) ( )o i o iK T K T� � 0.1 0.5%q �
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q �
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K Kq
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� � �
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(o i((o ((

� 1,  ( ) ( )o i o iq K q K q �% �

0.1� �
T 1,  ( ) ( )o i o iq K q K q �% �
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