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Abstract

This dissertation constructs a representation theorem for individual choice
among sets of alternatives, from which the individual will later choose a single
object. In particular, it concerns preference relations on sets of alternatives
which satisfy “preference for commitment,” first characterized by Gul and Pe-
sendorfer (2001). Instead of assuming the individual either having unlimited
willpower or none at all, we consider the same model as Gul and Pesendorfer
but with limited willpower to resist temptation. We relax the Independence
Axiom and keep the rest axioms of their Theorem 3 in our characterization.
Agents with insufficient willpower to resist temptations are bound to choose
an option with lower ex ante utility while the behaviors of agents who resist
temptations remain unchanged.

Key words: preference for commitment, set betweenness, limited willpower,

independence axiom, mixture space
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Chapter 1

Introduction

Imagine the following situation. A consumer loves to eat hamburger; however, she is
on a diet. She knows that salad is more beneficial than hamburger for her. If she goes to a
restaurant selling both salad and hamburger, she may still buy the salad in the end. Never-
theless, she would suffer the temptation from the hamburger. Therefore, if she can make
a choice between a restaurant only with salad or the one selling both salad and hamburger,
she may prefer the the former in order to avoid the temptation from the hamburger. When
she goes to the restaurant with both products, there are two possible situations. First, she
may be able to resist the temptation from the hamburger; that is, she exercises self-control.
Second, she may give in to the temptation and eat the hamburger at last.

The main idea of the story above was introduced by Gul and Pesendorfer (2001)
(henceforth GP) . Within several different menus with different goods, a decision maker
first has to choose a menu, and then chooses a goods in that menu. In their model, the
preference stated above is called temptation preference with self-control which can be
represented by a function U of the form:

U(A) == max{u(z) + v(z)} — maxv(y).

€A yeA

Here, A is a set of goods and both u and v are von Neumann-Morgenstern utility
functions over lotteries. The function v measures the temptation. The function u measures

the rank of singletons, or the utility without any temptation effect. The decision maker



wants to maximize her utility but, at the same time, has to face the temptation. When
making a choice, she has to care not only the benefit from the goods but also the temptation
effect. In other words, she has to maximize v+ v instead of only u, the conventional utility
function. For example, let = be the salad and y be the hamburger; we further assume {z} >~
{y} in the following discussion. There are three possible relationship among {z}, {z, y}
and {y} in the GP model. First, if {z} ~ {z,y} > {y}, it implies that the decision maker
thinks the hamburger is not tempting since she feels indifferent between {x} and {z, y}.
In this case, v(z) > v(y). Second, if {z} > {z,y} ~ {y}, it means that the decision
maker gives in to the temptation due to {z,y} ~ {y}. Third, if {z} > {z,y} > {y},itis
a typical case of performing self-control because {x} > {x, y} implies that she suffers the
disutility from the temptation and {z,y} > {y} indicates that = will be shown between
x and y. In this model, the reason of giving in to the temptation is that the salad is not
worthwhile enough to resist temptation. The salad is more beneficial than hamburger,
which means u(z) > u(y). However, when decision maker considers both benefit and
temptation at the same time, y may be preferred to x. If y is preferred, it means that the
benefit from = dose not exceed the disutility from resisting the temptation.

Another model introduced by Masatlioglu et al. (2011) (henceforth MNO) is a model
with limited willpower. The utility function in this model is constructed on the space
same as previous model. However, the preference of decision maker in this model can be
represented by a function U of the form:

U(A) = maxu(x)

€A

L. — < w.
s.t rileaj(v(y) v(zr) <w

Both u and v have the same meaning as in GP, and the constant w stands for the constant
willpower. Take the example of salad and hamburger again. There are only two possi-
ble relationship among {x}, {x,y} and {y} in this model. The decision maker wants to
maximize the utility, but is restricted by a willpower constraint, which means that the dif-

ference of temptation level between the most tempting goods and the selected one cannot



be higher than her willpower. If {z} ~ {z,y} > {y}, the decision maker feels {x} is
indifferent with {z, y} because x is more tempting than y or y is not too tempting. That
is, v(z) > v(y) or v(y) — v(x) < w. If {z} > {x,y} ~ {y}, it means that the y is too
tempting to resist. Specifically, the decision maker gives in to the temptation because of
insufficient willpower, or v(y) — v(z) > w.

Based on the discussion above, the decision maker gives in to the temptation for two
possible reasons in the literature: resisting cost and limited willpower. On account of the
reasonableness of both reasons, we construct a representation theorem taking both of them
into consideration. In our model, the preference of the decision maker can be represented
by a function of the form:

U(A) = max{u(z) +v(z)} — maxv(y)

L. — < w.
s.t rileajw(y) v(z) <w

Since there are two possible reasons for the decision maker to give in to the temptation,
then it requires a certain method to differentiate these two reasons. In other words, if the
decision maker’s preference is {z} > {z,y} ~ {y}, it is important to identify which
reason causes it. In the salad and hamburger example, we provide the decision maker
with a set consisting of salad and a lottery with a small chance to win the hamburger. If
the reason is about the limited willpower, the decision maker would choose salad as long
as the probability of winning hamburger is small enough. On the other hand, if the reason
is due to the resisting cost, the decision maker will always choose the lottery because
u(y) + v(y) > u(x) + v(x). Also, from the linearity of u and v, the inequality still holds
if y, the hamburger, is replaced by the lottery.

Except the GP model and the MNO model, there are some literature of representation
theorem talking about self-control or willpower. In the topic of self-control, Dekel and
Lipman (2009) provided a preference which measures the utility of a set with the n most
beneficial and the m most tempting goods in the set instead of the most beneficial singleton

and the most tempting singleton in the GP model. Noor (2011) mentioned the temptation



effect from different menus, which means the decision maker suffers from the temptation
not only when she makes a choice from a set of goods, but also when she makes the de-
cision from different sets. In the topic of willpower, Benabou and Tirole (2002) focused
on the self-confidence and the interaction of imperfect willpower and the imperfect mem-
ory. Ozdenoren et al. (2012) used the limited willpower to explain the time-inconsistency
problem. These literature were talking about the extension and application of the concept
of self-control or limited willpower. However, in our model, we focus on the combina-
tion of these two concepts and the axiomatic theorem. Note that Fudenberg and Levine
(2012) tried to characterize the self-control with willpower in a dual-self model. Com-
pared with our axiomatic theorem, their approach paid more attention to be an application
of a dual-self model.

In chapter 2 , we introduce the construction of mixture space with sets of lotteries and
give the formal definition of the method for differentiating the two possible reasons of
giving in to the temptation. Following GP, we use the similar way to construct v and v in
this chapter. In chapter 3, we define the willpower in a formal way and construct U. In

the end, we provide a conclusion in chapter 4.



Chapter 2

Mixture space and linear utility function

In this dissertation, we focus on the two-period decision problem. First, the decision
maker makes a choice among a list of menus. The menus are sets of consumption goods.
In the second period, the decision maker can only choose a consumption goods from the
menus which he chose a while ago. Following Kreps (1979), the consumption goods in
our model can be a prize or a lottery.

Our notations mainly follows GP’s notation. Let (Z, d) be a compact metric space,
where Z is the of set finite many prizes. Let A be the set of all the lotteries generated by
Z. Let of denote the family of all compact subset of A. We generate topology of <7 by
the (Hausdorff') metric

dn(A, B) = max{mgx min dy(z,y), max min dy(z,y)}

where d,, is a metric that generates the weak topology. Define h, (A, B) = {az+(1—a)y :
reAyeB)}forA,Be o ,ac|01].

In this chapter, section 1 gives background knowledge of mixture space and its relation
to a linear representation function U. Section 2 shows that, in general, (<7, h,) is not a
mixture pace. Section 3 gives Axioms on >~ and show a subset of .7 is a mixture space.
Section 4 gives define to u (z) and v (z;a, b, d) from U for all z € A, and show Lemma

4 and 5 in Gul and Pesendorfer (2001) still hold in our model.



2.1 Background knowledge

The results in this Section are from Kreps (1988) (page 52 and 54).

Definition 1. 4 mixture space is a set of objects 11, with typical elements =, p, jn and v,
and a family of functions h,, : 11 x II — 11 for a € [0, 1] such that :

(@ hi(m.p)=m

(b) ha (m,p) = hi-a (p, ), and

(©) ha (hs (7, p) . p) = hag (T, p)-

Theorem 1. Suppose 11 is a mixture space and > is a binary relation on 11. Then

(a) > is a preference relation,

(b) > pand o € (0,1] implies hy, (7, 1) = hq, (p, 1) for all p € 11, and

(c) = p > pimply that there exist o, 5 € (0, 1) such that h,, (7, 1) = p = hg (7, ),
if and only if

(d) there exists a function F' : 11 — R such that
(di) ™ piff F'(m) > F (p), and
(dii) F (ha (m,p)) = aF (r) + (1 —a) F(p) .

Moreover, if F represents in the sense of (d), F' is another representation (in this sense)

if and only if F' = «F + 3 for constants o > 0 and .

2.2 Falil to be a mixture space

In Lemma 1 of Gul and Pesendorfer (2001), they said that .7 is a mixture and use the
theorem above to construct a linear utility function over «7. However, we find out that .o
dose not completely fit the definition of mixture space.

Let us check Definition 1 (c¢):

ha (hg (7, p) ;) = hap (7, p)



Let 7 = {a, b}, p = {z,y}, then

he (hﬁ (ﬂ—? p) >p)
=ho (B + (1= B)p),p)
:ha<{5p + (1 - ﬁ) q:pe {avb}a qe {may}}ap)

={a(Bp+ (1 -8 q)+(1—a)g:peiab},qe{r,y},iec{l,2}}

and

haﬂ (Wap) = {Oéﬂp—i— (1 - aﬁ) q:pc {CL, b}’q € {xvy}}

Suppose a, b, x, y represent four degenerate lotteries, d, 0y, 05, 0, which get different
prize for sure. We can see h,, (hg (, p)) contains lotteries with prizes a, z,y and b, z, v,
while h,g (7, p) does not. Since we can not apply the theorem of mixture over &7, we try

to find some proper subspace of .<7 to apply this theorem.

2.3 GP’s axioms and a mixture space

Since the main difference between our model and GP(2001) is on menus with no self-
control, to get our representation function U over o/, we introduce some new notations
for menus with no self-control. For a € A, define the set of tempting alternatives such

that the decision maker (DM) has no self-control

T(a):={be A:{a} > {a,b} ~ {b}}.

When DM gives in a to some choice in 7" (a),there are two possible situations : lack of
willpower or not worth. Hence, we divide T (a) into two sets: L (a) and L€ (a). If lack

of willpower, then making b close enough to a DM will have self-control.
* L(a) ={beT(a):{a,hs(bya)} = {hs(b,a)} for some é € (0,1)}

* La) =T(a) \ L(a)



Note that if L (a) = ¢ for all @ € A, we have the case same as having unlimited
willpower. Suppose L (a) # ¢ for some a € A. This means that a decision maker cannot
resist the craving for the hamburger and choose the salad, but he can resist the craving
for a small chance to have a hamburger adding to the salad . Or b is a lottery when a and
b present together, the decision maker can not resist the temptation of picking a lottery
b. However, if we make a compound lottery from a and b, for sufficiently small chance
of winning b, then this compound lottery becomes less tempting. Hence, DM is able to
resist a small chance of winning the tempting lottery. Note that L¢ (a) captures the set of
tempting alternatives that does not worth the effort to resist when it is presented with a in

one menu. Hence, a small chance of wining it is still not worth the effort to resist it.

Definition 2. .Z(>) = {A € & : A = {z,y} with{z} > {y} andy & L(z), or
A= {r}}

Note that .Z(>) collects all singleton sets and two-element sets excepts menus with
no self-control due to lack of willpower. Let us have the following axioms as in Gul and

Pesendorfer (2001) theorem 3.
Axiom 1 (Preference Relation). > is a complete and transitive binary relation.
Axiom 2a (Upper Semi-Continuity). The sets {B € </ : B = A} are closed.

Axiom 2b (Lower von Neumann-Morgenstern Continuity). A = B >~ C implies h, (A, C)

B for some o € (0,1).
Axiom 2¢ (Lower Singleton Continuity). The sets {z : {y} = {x}} are all closed.

Axiom 3 (Conditional Independence). For A,B,C € Z(=), A » Band a € (0,1)
implies ho(A,C) = ho(B,C).

Axiom 4 (Set Betweenness). A > B implies A > AUB > B

Unlike theorem 1 in Gul and Pesendorfer (2001), we don’t have general continuity
axiom. When menus pass willpower constraint, a jump in utility is not avoidable. Hence,

we adopt a relaxed version of continuity axiom as in their theorem 3. Moreover, the

8



preference we would like to characterize does not satisfy general independence axiom.
The reason is that the independence axiom fails when mixing menus that have no self-
control due to lack of willpower. For example, if the reason of A > B is that all the better
choices in B are not available due to lack of willpower, then mixing with C' may make
those better choices in B become available, and hence it is possible to have h,(B,C) =
ha(A,C). The following lemma in GP(2001) shows that set betweenness implies that

each finite set is indifferent to an appropriate two-element subset.

Lemma 1 (Gul and Pesendorfer (2001), lemma 2). Let U be a function that represents
some = satisfying Axiom 4. If A € </is afinite set, then U (A) = max,ca mingea U ({z,y}) =
minge 4 maxgea U ({z,y}). Moreover, there is an x*, y* such that (z*,y*) solves the

maxmin and (y*, x*) solves the minmax problem.

For a € A, define the set of tempting alternatives such that the decision maker has

costly self-control.

S(a) ={be A:{a} > {a,b} - {b}}.

Use the above lemma we can show the following lemma holds without the requirement

that U is a linear function.'

Lemma 2. Let U be a function that represents some > satisfying Axioms 1, 2a-c, 3 and 4

and A = ho({x,y},{a,b}). If

{z,y} = {y} and {a,b} = {b}, then

U(A) = rzneiE U{ax + (1 —a)a, z})
and if

{z} = {z,y}, {a} = {a,b}, y € L(z) andb ¢ L(a), then

U(4) = max U({w.ay + (1= a)b})

"We follow a similar argument of the proof of Lemma 3 in GP (2001, page 1422) without using their
assumption that U is a linear function that represents >. We use conditional Independence axiom directly.



Proof. By Lemma 1, there exists (w*, z*) such that A ~ {w*, z*} and (w*, z*) solves
the maxmin problem. First we show that {x,y} > {y} and {a,b} > {b} implies w*

= az + (1 — a)a. By Axiom 3, we have

A= ofy} + (1 - a)fa, b},

A= o{z,y} + (1 — a){b}.

Suppose w* = ax + (1 — a)b. Then, since A ~ {w*,z*} and it solves the maxmin

problem, we have

A=<{ax+ (1—a)b,ay+ (1 —a)b} =a{z,y} + (1 — a){b} < A4,

which yields a contradiction. Similarly, if w* = ay + (1 — a)a, then

A=<{ay+ (1 —a)b,ay+ (1 —a)a} = af{y} + (1 — a){a, b} < A.

If w* = ay + (1 — a)b, then

A={ay+ (1 —-a)b,ay+ (1 —a)b} ={ay+ (1 —a)b} < af{y} + (1 — a){a,b} < A.

Hence, w* = az + (1 — a)a.
Suppose that we have {z} > {z,y} and {a} > {a,b} withy ¢ L (x) and b & L (a).

Then we can apply Axiom 3 and obtain

af{z} + (1 —a){a,b} = A,

af{z,yt + (1 —a){a} = A.

Then since A ~ {z*, w*} and it solves the minmax problem, we can use a similar argument

as above to show z* = ay + (1 — «)b. O

10



From the above lemma we can derive a mixture space in the following restricted do-

main. First, given preference >, we define the following notation.
Definition3. .7 (=) ={Ac o : A={z,y}withy € S(x),or A= {z}}

Since .# (=) has at most two elements, and h, (A, B) contains four elements when A
and B are both two-element sets, from lemma 2 we select the equivalent two-element set

when h,, has four elements. More specifically, for A, B € .# (>) and a € [0, 1], Let

ha(A, B)

{aa+ (1 —a)z,ab+ (1 —a)y} ifA={a,b}, B={x,y},andb € S(a),y € S (z),
ho (A, B) otherwise.

Now we are ready to show that (.# (=), {ha }ac[o,1]) is a mixture space.

Lemma 3. If a preference = satisfies Axiom 3 and 4, then (M (=), {ha}acio.1)) is @

mixture space.

Proof. First, we will show that h, (A, B) € .# (-) forany A,B € .# (>). From
Lemma 2, it is known that ﬁa is either a singleton set or a two-element set. If ila is a
singleton set, then obviously it is in .Z (). If he, has two elements, then it only takes
one of the two possible forms, either ho({a, b}, {z}), or ho({a, b}, {x,y}) withb € S (a)

and y € S (z). By Axiom 3, we have

{aa+(1—-a)z}=afa}+ (1 —-a){z} - {aa+(1—a)z,ab+ (1 —a)x)}

= a{b}+ (1 —a){z} ={ab+ (1 — a)z}
Hence, ho({a,b},{z}) € .4 (>). By Axiom 3, we also have

{aa+ (1 —a)z} = o{a,b} + (1 — a){z} > o{a,b} + (1 — @){z,y}

= afa, by + (1 —a){y} » af{b} + (1 —a){y} = {ab+ (1 - ) y}

Hence, ho({a, b}, {z,y}) € # (>) as well.

11



From the discussion in section 2, we know h,, (hg (7, p) , p) = hag (7, p) when p is a

singleton set. Since & and h are the same function when p is a singleton set, all we need

to show is hq (715 (7, p) ,p) = hap (T, p) when p is a two-element set.

ha (hs ({2, v}, {a,0}) , {a,})
B&({ﬁﬁ (l‘, CL) ) Eﬁ (y7 b)}7 {CL, b}>
= {ozﬁg (z,a) + (1 — a)a, aﬁg (y,b) + (1 — ) b}

has({x,y}, {a,}).

]

Since Lemma 2 implies ko, (A, B) ~ he (A, B) forall A, B € .4 () , from the above

lemma we apply Theorem 1 on .# (>) and obtain the following theorem.

Theorem 2. A preference > satisfies Axiom 1, 2a-c, 3, 4 if and only if there is a linear
function U : # (=) — R represent = for sets in M (>=). Moreover, U in the represen-
tation is unique up to a positive affine transformation. The restriction of U to singleton

sets is continuous.

24 U, u,v and their properties

From lemma 2, we have a unique (up to a positive affine transformation) linear function
U: # (=) — R. Note that by Axiom 4, for any two-element set we have either {a} ~
{a,b},{a,b} ~ {b}, or {a} = {a,b} = {b}. Hence, if there is a unique U defined over
A (=), then we have a unique U defined over all two-element sets. Using Lemma 1,
then we obtain a unique U defined over 7.

Now we will move to define u, v over all points in A. First, we define the linear

function v : A — R as

u(z):=U({z})

For any a, b, d witha,b € A, 0 € (0, 1), if (a,b,0) such that {a, b} € .# (=) and {a, (1 —

12



)b+ dx} € A () forall x € A, we can define the function v : A — R.

U({a,b}) —U({a, (1 =16)b+ dz)

v(z;a,b,d) = 5

For properties on v we adopt Lemma 4 of Gul and Pesendorfer (2001) but change the
domain of U from <7 to .# (>). Note that the proof in GP(2001) is still valid here since

all two-element sets using in their proof of Lemma 4 is in .4 (>).

Lemma 4. Let U be a linear function that represents some = over M (). Suppose that
{a,(1 =0)b+dx} € M (>) forall z € A. Then:
(i) Vz such that {a,z} € # (), ,v(z;a,b,0) =U ({a,b}) — U ({a, z})
(i) v(a;a,b,0) = U ({a,b}) = U ({a})
(iii) v(az+ (1 —a)2'5a,0,0) = av (z;a,0,0) + (1 — a)v (2';a,b,0).
(iv) v(z;a,b,0) =v(z;a,b,8"),¥d € (0,0)
(v) Suppose that {a,(1 —0)b+ dx} € M (¥) forall z € A.

Since .Z () is not a mixture space, we don’t have U is linear over .Z’(>=). However,
using an argument similar to the proof of Lemma 5.6 in Kreps (1988), we obtain a weaker

version of linearity of U.

Lemma 5. Let U be a function that represent some > satisfying Axiom 1,2a-c, 3 and 4. If

{z,y} € ZL(>), then

Ul{z,y}+ (1 —a)A) =aU{z,y})+ (1 —a)U(A) forall A € # ().

Proof. If {z,y} satisfies {x} > {z,y} > {y}, the linearity is already proven in lemma
4. We have to deal with {z,y} with {z} ~ {z,y} > {y} or {z} > {x,y} ~ {y}. If
{z,y} satisfies {z} > {z,y} ~ {y}, we claim that h,({z,y}, A) ~ ho({y}, A) for all
A€ # (). By Axiom 3, {z} > {y} implies h,({z}, A) = ho({y}, A) , and Axiom 4
further implies h,({z}, A) = ho({z,y}, A) = ho({y}, A). In this case, we only have to
show that h, ({z,y}, A) = ha({y}, A) will lead to a contradiction. Letustake A = {a,b}
with {a} > {a,b} = {b}. Suppose that h,({z,y}, A) = ha({y}, A). In this case, we

13



have {x} > {z,y} ~ {y}. Since {z} > {y}, letting v, B € (0, 1) and applying Axiom 3,

we obtain

Blzt + (1= B){y} = Bly} + (1 = B){y} = {y} ~ {=z,y},

and

a{r'} + (1 —a)A = o{z,y} + (1 — ) A,

where {2’} = f{z} + (1 - B){y}-
Since h, ({2'}, A) = ha({z,y}, A) = ha({y}, A), von Neumann-Morgenstern continu-

ity implies there exists some v € (0, 1) such that

ho({z,y}, A)

= hy(ha({2'}, A), ha({y}, A)).

We only deal with the case when A = {a, b} with {a} >~ {a,b} > {b} because when A isa
singleton set, the argument is similar but easier. Since h,({z'}, {a,b}) and h,({y}, {a,b})

are both in .# (>), we uses Lemma 2 to obtain

ha({z, 4}, A) = hy(ha({2'}, {a, b}), ha({y}, {a, b}))
~ by (ha({2'}, {a,0}), ha({y}. {a,0}))
~ ha(hy({2'}, {y}), {a, b})

= ha({z,y},{a, b}),

which yields a contradiction. The last “~" uses the fact that {z'} = {y}, i, ({z'}, {y}) =
{y} ~ {2y} and Axiom 4. Since ho({z,y}, A) ~ ha({y}, A), we have U(ha({z, y}, A)) =
U (ha({y}, A). Using Lemma2, wehave U (ha({y}, A)) = aU ({y})+(1 — a) U (4) =
aU ({z,y}) + (1 —a) U (A) forall A € . (=)

For {z,y} with {z} ~ {z.y} = {y}, Axioms 3 and 4 implies ha({z}, {a,b}) >

ho({z,y}, {a,b}) inthe previous discussion. By using the factthat {z} >~ {y}, and apply-

14



ing a similar argument, we can rule out the possibility that h, ({z}, {a, b}) = ha({z,y},{a, b})
and further obtain U (h,({z,y}, A)) = U (ha({z},A4)) = aU ({z}) + (1 —a)U (A) =
aU({z,y}) + (1 —a)U (A) forall A € . (=) O

The following lemma is our version of lemma 5 of Gul and Pesendorfer (2001).

Lemma 6. Let U be a function that represents some > satisfying Axioms 1, 2a-c, 3 and 4.
Suppose L (a) = ¢, b € S(a) and 6 € (0,1) satisfy U ({a}) > U ({a,(1 — )b+ dz}) >
U{(1—0)b+0z}) forall z € A. Then

U ({a.y}) = max {u(r) +v(x:a.b.0)} — max v(za,b.0),
reqa,y

z€{a,y}

Proof. For the case where U ({a}) > U({a,y}) > U ({y}), by GP(2001), we know
v(y;a,b,0) > v(a;a,b,0)andu (a)+v (a;a,b,0)—v (y;a,b,0) > u(y)+v(y;a,b,d)—
v (y;a,b, o).

Let A = (1 — 6){a,b} + 0{a,y}. Since {a,b} € .# (>), by Lemma 5 we have
UA) = (1-9)U ({a,b}) + 60U ({a,y}) for {a,y} € Z(>). For the case where
U({a}) =U({a,y}) > U ({y}), the first part of Lemma 2 establishes that U (4) =
min,ca U ({a, z}) . Hence, we have v (a;a,b,d) > v (y; a, b, d) for the by the same argu-
ment in GP(2001). For the case where U ({a}) > U({a,y}) = U ({y}) and y € L° (a),
we will show v (y;a,b,0) > v(a;a,b,0) + u(a) — u(y). From Gul and Pesendorfer

(2001) this is equivalent to show that
U({a,(1=0)b+0dy}) < (1-0)U({a,0}) + 06U ({a,y}) = U(A)

The above inequality holds because of the second part of Lemma 2 U (A) = max,eca({w, (1—
0)b+ dy}). O
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Chapter 3

Main theorem

The previous chapter focuses on sets without the constraint of willpower and obtains
results similar to GP(2001). Since the main difference between our model and GP(2001) is
on menus with no self-control due to lack of willpower, to get our representation function
U over <f, we add one more axiom to regulate the willpower constraints across different

menus. Let A be the closure of A.

Axiom 5. Forany a,z € A, ifb € L(a) N S(a) and y € S (), then 3{a} + 3{z,y} =

%{a, b} + %{x}

Axiom 5 requires that given the same chance of having to perform costly self-control,
DM prefers facing a temptation that he does not have to exhaust his entire willpower.

From Lemma 3, we know that S (a) is convex and da+ (1 — ) b € S (a) ifb € S (a).
Since we are interested in the preferences that could reveal limited willpower and costly

self-control, we add the following axiom.

Axiom 6 (Richness). There exists an a in the interior of A, such that L (a) # ¢ and S(a)

contains a non-empty open ball.
First let us introduce a lemma before we show our main theorem.

Lemma 7. Let U be a function that represents some > satisfying Axioms I, 2a-c, and

3-6. Take a in the interior of A, such that L (a) # ¢ and b € S(a), d € (0,1) satisfy

16



U({a}) >U({a,(1=6)b+6dz}) > U ({(1—0)b+6z}) forall z € A. Then

U({a,y}) = max {u(z)+v(x;a,b,d)} — max v(z;a,b,0),

z€{a,y} z&{a,y}

s.t. max v(z;a,b,9) —v(x;a,b,d) < w(a),
ze{a,y}

where w (a) = max.cs(q) v (2;a,b,6) —v(a;a,b,d).

Proof. For the case where y € S (a), we have v(y;a,b,0) < max.cg@) v (2;a,b,0).
Hence, by Lemma 6, we have the desired result for all {a,y} € £ (>=). The remaining
part of the proof shows that if y € L (a), then we must have v(y; a,b, ) — v(a; a,b,0) >
w(a), which is equivalent to show that v (y;a,b,d) > max.cg) v (2;a,b,6). Since
y € L(a),30 € (0,1) such that 'y + (1 — ") a € S (a)if & < dand 'y + (1 — &) a €
L(a)ifé > 6. Lety = 0y + (1 — 5) a. Since y € S(a), by Lemma 4 (iii),
we have dv (y;a,b,6) + (1 — 5) v(a;a,b,0) = v(y;a,b,8) > v(a;a,b,0). Hence,
v(y;a,b,0) > v(a;a,b,d). Moreover, u(a) + v (a;a,b,6) > u(y) + v (y;a,b,0) =
5(u(y) +v (y;a,b,0)) + (1 — 5) (u(a) +v(a;a,b,0)). Hence, u(a)+ v (a;a,b,d) >
u(y) +v(y;a,b,0).

We claim that max,eg(q) v (2; @, b, ) = v(y;a,b,9). Foranyd' € S (a), from Axiom
5,we have 1{a} +1{a,V'} = ${a}+ 1{a,y}. Since {a,b'} and {a, 7} arein .# (=), we
have u (a) + 3U ({a,V'}) > Ju(a) + sU({a,5}), U {a,b'}) = u(a) + v (a;a,b,8) —
v(V;a,b,0)and U ({a,y}) = u(a) +v(a;a,b,0) —v(y;a,b,d). Hence,v (V;a,b,d) <
v (y;a,b,0).

[

Now we are ready to prove our main theorem.

Theorem 3. A preference > satisfies Axiom 1, 2a-c, 3-6 if and only if there are continuous

linear function u, v and a constant w such that the function U defined as

U(A) =maxiu(z) + v(z)} — maxv(y)

.t — <
s.t I;lgj(ﬂ(y) v(z) <w

forall A € o/ and U present .
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Proof. From Axiom 6, there exists z in the interior of A, such that L () # ® and y €
S(x), 6 € (0,1) satisfy U ({z}) > U ({z,(1 =)y +dz}) > U({(1 —0)y+dz}) for
all z € A. By Lemma 7, we can let u (z) := U ({z}), v (2) := v(z;z,9,0) for all
z€ Aand w = max,cgm) v (2;2,y,9) —v (x;2,9,0). Now consider the set A = {a, b},
where a and b are in the relative interior of A. Assume without loss of generality, that
u(a) > u(b). Since a is in the interior of A, we can select « and a’ such that {a, c} =
afd'} + (1 — a){x,y}. Hence, u({a}) > U({a,c}) > u(c). Then for ¢’ sufficiently

small we have
U({a}) >U{a,(1=08)c+82}) >U({(1—=0)c+dz}) forall z € A.
If L (a) = ®, then {a,b} € £ (>). Hence, we can apply Lemma 6,

U ({a,b}) = max {u(a)+v(a;a,c,d')} — max v(z;a,c,d),
z€{a,b} z€{a,b}

Since the willpower constraint is relevant only when b € S (a), we need to show that
v(ba,c,d')—v(a;a,c,d) <wforbe S(a). Sinceb € S(a), by Axiom 5, we have
Hat + Ha, b} = Ha} + I{x,2}, for 2 € L(z) N S(z). This implies that u (z) +
U ({a,b}) > sula) + sU({x, 2}), U ({a,b}) = u(a) +v(a;a,b,8) — v (V;a,b,d)

2

and U ({z,2}) = u(x) — w. Hence, we have v (b;a,c,d') —v(a;a,c,d') < w. Let
0* = min{é,0’}. By Lemma 4 (iv), v (:;z,y,0%) = v(-;2,9,0) and v (;a,¢,6*) =
v (+;a,¢,d") . By Lemma4 (v), for an appropriate constant k, v (+; z,y, %) = v (-;a,¢,0%)+
k and hence it follows that
— _ /
U ({a,b}) = Jen{%,’i}{“ (2) +v(z)} max v (')

1. ") — <
s Z/Iél{egi}v(z) v(z) <w
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If L (a) # ®, we can apply Lemma 7,

U >b = + ; 7b75/ - /; 7b75/7
({a.0}) = max {u(0) + v (aia,b,6)} — max v(3a.bd)

s.t. m{a}%}v(z';a,b, 0) —v(z;a,b,9) <w(a),
z'e{a,

where w (a) = max.cg@) v (2;a,0,0") — v(a;a,b,d"). Take c € L(a) N S(a) and z €

follow the same argument, we have

U{a,b}) = max {u(2) +v(2)} — max v (<)

1. ) — <
s Z/rélg?%}v(z) v(z) <w

Now consider an arbitrary finite set A. We know that

U (A) = maxminU ({a,b})

a€A beA
e i § e {1 (2) + v (2)} — maxzeqan v ()
a€A beEA s.t. malee{mb} v (Z/) — (Z) S w

= max min maxzeqopp{ () +v(2)} + min{—v (b)}
acA beA | s.t.maxyefapy v (2) —v(2) Sw beA

Let x € argmax,cav(2'). Ifv(z) —v(a*) > w, then a* does not solve the con-
straint maxminmax problem because for the pair {a*, 2} we would choose x instead of a*.
Hence, a* will not survive after the second requirement, i.e., min,ec 4 when we take b = x.
If v () — v (a*) < w, then for any pair {a*, z} where z € A, a* satisfies the constraint.
Hence, if v () — v (2) < w, then we choice a* only when u (a*) 4+ v (a*) > u (2) + v (2).

Hence, we have

U (4) = max{u (a) + v (@)} + pin{—v ()}

st. max v () —v(z) <w
z'e{a,b}
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Chapter 4

Conclusion

This dissertation is the first one to characterize both costly self-control and limited
willpower with representation theorem. We provide a method to distinguish the two pos-
sible reasons. It separates the set 7'(a) into two parts: L(a) and L°(a), the reason of
willpower and the reason of resisting cost respectively. The method we provide here is
to construct a menu with a lottery and a less tempting prize. There is a possible alter-
native definition for L(a) which can separate T'(a) into two identical partitions. Sup-
pose b € T'(a). If there exists a sequence of lotteries {z}" , (zo = a, x, = b), and
{zi i1} € A (>) forall i, then b € T'(a). In this version of definition, no self-control
caused by lack of willpower implies that we can find a series of lotteries like a bridge so
that decision maker can perform self-control in every step of this bridge. This definition
may be more nature for some readers. We are going to verify the equivalence of these two
definitions.

Besides, we are going to compare preferences with different characteristic in our fur-
ther study. For example, decision makers with same measurement of benefit and temp-
tation, v and v, and with different level of willpower, the constant w, may have some
relationship in the preference domain.

Furthermore, if possible, we want to find some axioms which are more likely to be
realized in place of the current version. Our main purpose is finding a series of verifiable
axioms corresponding to the model with costly self-control and limited willpower. Hence,

any axiom which is easier to be verified would be much better.
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