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II 

中文摘要 

 

擁有高度應用潛力，奈米流體裝置近年來已受到須多研究團隊的重視。而為

了提供給實驗團隊重要的結果以促進奈米流體裝置的實際應用，我們利用數值模

擬研究這些奈米孔道中的離子傳輸行為。其中，離子電流整流行為為們主要研究

對象。在第一章節中，我們探討許多因素對錐狀奈米孔道的電流整流行為的影響，

囊括了孔道幾何與電解質濃度種類影響。在此研究中，我們討論的離子種類為：

KCl、NaCl及 LiCl。我們發現，當電解質濃度較低，且開口角度很小的奈米孔道

中，LiCl溶液有最佳的電流整流行為；然而，加大開口角度或是提高電解質濃度

時，則是 KCl的電流整流行為最佳。此研究成果已發表於 Journal of Physical 

Chemistry C. 

第二章節中，利用表面塗佈有 pH可調節聚電解質的圓柱狀奈米孔道，我們提

出了同時施以外加電壓與外加酸鹼值 pH梯度下，此奈米孔道的離子電流整流機

制。我們觀察到，當施加較強的 pH梯度，此圓柱狀奈米孔道的整流方向會隨著外

加電壓大小而反轉；施加較弱的 pH梯度，藉由提升聚電解質的接枝密度，可改變

奈米孔道的整流方向。我們所提出的機制討論與研究結果已發表於 Journal of 

Physical Chemistry C. 

 

 

 

 

關鍵字：奈米流體；離子電流整流；電導度；可調節聚電解質；酸鹼值梯度 
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Abstract 

 

Nanofludic devices have gained much attention for its applicability in many fields. 

To advance nanodevices’ applications and provide significant results for experimental 

groups, we develop numerical models to simulate ion transport behaviors in naopores. 

Ion current rectification (ICR) of nanopores is particularly focused in our studies. In the 

first part, the effects of nanopores’ geometry, bulk salt concentration, and types of salt 

on ICR of conical nanopores are discussed in detail. Three types of salt are considered: 

KCl, NaCl, and LiCl. With sufficiently low salt concentration and small half cone angle, 

LiCl shows the best current rectifying behavior. The reverse of the trend is observed if 

we increases either the salt concentration or half cone angle. The above results was 

published in Journal of Physical Chemistry C. 

In the second part, we provide a mechanism for ICR performance of a nanopore 

simultaneously applied with an electric potential and a pH gradient. A cylindrical 

nanopore functionalized with homogeneous (single) pH-tunable polyelectrolyte brushes 

is adopted in our study. We show that homogeneously modified nanopores can also 

exhibit ion current rectification behavior when applied an external pH gradient. The 

preferential direction of ionic current can be tuned by increasing level of applied electric 

potential if pH gradient is strong. For nanopores with weak pH gradient, an increase in 

grafting density of the polyelectrolyte chains can reverse preferential direction. The 

results and the discussion are published in Journal of Physical Chemistry C. 

 

Keywords: Nanofludic devices; Ion current rectification; Nanopore conductance; 

pH-tunable polyelectrlyte; pH gradient 
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Reproduced with permission from The Journal of Physical Chemistry C 121 (50), 

28139-28147 Copyright 2017 American Chemical Society.  

 

Chapter 1 Salt Dependent Ion Current Rectification in Conical 

Nanopores: Impact of Salt Concentration and Cone Angle 
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1-1. Introduction 

   Recently, nanopore/nanochannel based devices have been applied widely in various 

areas of practical significance, including, for example, ion gate,1-3 energy conversion,4-9 

DNA translocation,10-12 and biosensor.13-16 The underlying mechanisms of these 

applications are electric double layer (EDL) overlapping17-19 and associated specific 

ionic transport behaviors. The former arises from that the linear size of a device (e.g., 

nanopore radius) can be on the order of EDL thickness, yielding profound and 

interesting electrokinectic phenomena. These include, for instance, ion concentration 

polarization (ICP),18, 20-21 ion selectivity,22-23 and ionic current rectification (ICR).24-25 

ICP refers to the asymmetric distribution of ions across a nanopore when an electric 

potential bias is applied. Ion selectivity stems from that a charged nanopore attracts 

counterions and repels coions simultaneously so that either cations or anions are easier 

to pass through than the other. ICR denotes the preference of the ionic current direction 

when a potential bias is applied. This specific behavior can be attributed to the 

asymmetric nanopore geometry,26-27 asymmetric surface charge distribution,28-31 

wettability difference,32-33 and external stimuli.34-35 

   The application of a potential bias across a charged nanopore/nanochannel yields an 

electroosmotic flow (EOF).36-37 Although this effect is often neglected in previous 

studies, for simplicity, it can play an important role in relevant electrokinectic 

phenomena. For instance, Ai et al.38 showed that if the surface charge density is fixed, 

the influence of EOF on the ICR behavior of a conial nanopore is significant if its EDL 

is medium thick and the applied voltage bias sufficiently high. Their analysis was 

extended by Lin et al.39 to the case of a conical nanopore having a charge-regulated 

surface. 

   Several factors have been proposed for explaining the ICR behavior of a nanopore, 
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including, for example, surface charge density,38, 40 applied voltage bias,41 type of 

ions,42-44 salt gradient,45-46 and nanopore geometry.47-50 Adopting a model comprising 

Poisson-Nernst-Planck (PNP) equations (i.e., EOF is neglected), Kubeil et al.47 

examined the influeces of the radius and the angle of a conical nanopore on its ICR 

behavior. Assuming a fixed surface charge density, they showed that these influeces can 

be important. Tseng at al.49 extended their study by considering a model comprising 

PNP and Navier-Stokes (PNP+NS) equations, where both the tip-end and the base-end 

radii are subject to change. It was concluded that the EOF effect can be significant. 

   Another factor which can be of practical significance is the presence of multivalent 

ions in the liquid phase. The influence of this factor on the ICR behavior of a 

nanopore/nanochannel was studied both theoretically and experimentally. Pérez-Mitta et 

al.44 illustrated that both the ionic current and the rectification efficiency of K2SO4 are 

larger than those of KCl. For aqueous, alkali chloride salt solutions in an α-hemolysin 

modified nanopore, Bhattacharya et al.51 showed experimentally that the ICR ratio of 

various monovalent salts ranks as LiCl<NaCl<KCl<RsCl<CsCl. Gamble et al.43 

examined experimentally the type of ion species on the ICR behavior of a conical PET 

nanopore. Through molecular dynamics simultion, they proposed that the effective 

surface charge of a PET nanopore depends upon the degree of binding of ions with the 

carboxyl groups on its wall. The result obtained was used to explain the dependence of 

the ICR behavior of a nanopore on the types of salt predicted by a PNP model. Hsu et 

al.42 showed that this dependence can also be attributed to the presence of EOF. 

Considering a conical nanopore, Cao et al.7 concluded that the performance of reverse 

electrodialysis depends highly upon the composition of the electrolyte solution. For 

instance, the salinity power generated from caion-selective (anion-selective) nanopores 

increases (decreases) with the cation mobility. It was also shown that the ionic species 
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dependence of ICR could be tunned through applying a concentration gradient.46 

   Up to now, the influence of the nanopore geometry on its ionic current rectification 

behavior taking account of both type of salt and EOF has not been discussed 

comprehensively. This is conducted in the present study by considering conical 

nanopores having a fixed charge density. The influence of the nanopore geometry is 

investigated by varying the cone angle and the tip-end radius. Three typical types of 

monovalent salt are examined: KCl, NaCl, and LiCl.  

 

1-2. Theoretical model 

   As illustrated in Figure 1-1, we consider a conical nanopore of the tip radius Rtip, 

base radius Rbase, and axial length Ln connecting two identical, cylindrical reservoirs 

filled with an aqueous salt solution. The length and the radius of the reservoirs are 

sufficiently large so that the salt concentration at a point far away from the nanopore 

reaches essentially the bulk value. The ionic species is driven from one reservoir 

through the nanopore to the other by a potential bias V0 applied across the nanopore. 

The two electrodes are positioned in the reservoirs located far away from the nanopore 

where the electrode in the upper reservoir is grounded. The cylindrical coordinates with 

the origin at the center of the nanopore tip are adopted. However, since the present 

problem is axial symmetric, only the (r, z) domain  needs be considered, r and z being 

the radial and the axial coordinates, respectively.  

   The transport of ionic species in the system under consideration can be described by 

Poisson-Nernst-Planck equation 

0i
i i i i i i

D
c D c z Fc

RT


 
          

 
N u ,         (1) 

where the electric potential ϕ is governed by Poisson equation 
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2
2

1

f i i

i

F z c 


                  (2) 

In these expressions, u=uer+vez is the fluid velocity with er and ez being the unit vectors 

in the r and z directions, respectively, and u and v the corresponding velocity 

components. Ni, ci, Di, and zi are the flux, concentration, diffusivity, and valence of the 

ith ionic species, respectively (i is 1 for cations and 2 for anions). f , F, R, and T are 

the fluid permittivity, Faraday constant, gas constant, and the absolute temperature, 

respectively.  

   Since the Reynolds number is small in our system, the fluid velocity can be 

determined from the equation of continuity and the modified Navier-Stokes equations 

0 u                 (3) 

2
2

1

i i

i

p F z c 


     u 0             (4) 

p and μ are the hydrodynamic pressure and the fluid viscosity, respectively. Considering 

these equations implies that the effect of electroosmotic flow (EOF) is taken into accout.  

   To specify the boundary conditions associated with Eqs. (1)-(4), we assume the 

following. (i) The nanopore walls (surfaces 4, 5, and 6, see table below) are 

ion-impenetrable ( 0i n N ), nonslip ( u 0 ), and have the charge density s  

( f s    n ). Here, we assume that the deprotonation of the functional groups of 

the nanopore material is complete so that s  is constant.52 (ii) The side boundaries of 

the two reservoirs (surfaces 3 and 7) have zero normal flux ( 0i n N ), are charge free 

( 0  n ), and slip. (iii) The end surfaces 2 and 8 are sufficiently far from the 

nanopore, where surface 2 in the top reservoir is grounded ( 0  ), and a voltage bias 

( 0V  ) is applied to surface 8 in the bottom reservoir. (iv) The ionic concentrations on 
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surfaces 2 and 8 reach essentially the bulk value ( bulkic C ). These are summarized in 

the table below. 

   Letting S be a surface normal to the nanopore axis, the ionic current I through the 

nanopore can evaluated by 

 
2

1

i i
S

i

I F z dS


 
  

 
 N n             (5) 

 

1-3. Results and discussion 

   Equations (1)-(4) and the associated boundary conditions are solved numerically by 

COMSOL (version 4.3a, http://www.comsol.com) operated in a high-performance 

cluster. The applicability of the numerical scheme adopted is verified by Figure 1-S1. To 

examine the behavior of the system under consideration, a thorough numerical 

simulation is conducted. For illustration, we assume the following: Ln=5000 nm, 

20.5 e/nms   , =96485 C/molF , =8.314 J/mol KR  , =298 KT , =0.001 Pa s  , 

106.95 1  m0 F/f
  , 

+ 9 2

1(K ) 1.96 10  m /sD   , 
+ 9 2

1(Na ) 1.33 10  m /sD   , 

+ 9 2

1(Li ) 1.03 10  m /sD   , and 
9 2

2(Cl ) 2.03 10  m /sD    . The influences of the half 

cone angle θ, the bulk salt concentration Cbulk, the applied voltage bias V0, the nanopore 

tip radius Rtip, and the type of salt (KCl, NaCl, LiCl) on the current rectification 

behavior of the nanopore are examined in subsequent discussion. The degree of current 

rectification is measured by the rectification ratio [ ( ) / ( )]fR I V I V  .43 According to 

previous studies,16, 49 the degree of fR  shows a local maximum with varying cone 

angle, as depicted in Figure 1-S2. Since fR  has a maximum at a cone angle close to 

1  (or 2  1 ~ 2  ,   is the half cone angle in our study), we assumed that 

http://www.comsol.com/
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0.5 5     in the numerical simulation so that the optimum cone angle could be 

included. 

 

1-3-1 Current-voltage curves 

   The results illustrated in Figure 1-2 reveal that I(V0<0) is larger than the 

corresponding I(V0>0). This preference in the current direction is known as ion current 

rectification (ICR), which can be explained by the enrichment/depletion of the ions in a 

nanopore caused by the difference in ionic fluxes inside/outside it. Figure 1-2 also 

reveals that, regardless of the sign of V0, the magnitude of I for the types of salt 

considered ranks as (KCl) (NaCl) (LiCl)I I I  , which can be attributed to the 

relative magnitudes in the cationic diffusivities. In addition, the magnitude of I increases 

with increasing Cbulk or θ. The former is expected because the higher the bulk salt 

concentration the larger the amounts of cations and anions driven through the nanopore. 

The latter is due to the fact that the surface area, and therefore, the effective cross 

sectional area of the nanopore increases with increasing cone angle. 

 

1-3-2 Current rectification 

   Figure 1-3(a) shows that at bulk 3 mMC   and 0.5   , the value of fR  for 

various types of salt ranks as (LiCl) (NaCl) (KCl)f f fR R R  . However, if θ is raised 

to 1 , this order is reversed when 0V  is sufficiently high, as seen in Figure 1-3(b). 

This makes the fR - 0V  curves of the salts examined intersect at the same point.42-43 As 

seen in Figure 1-3(c), if θ is further raised to 5 , the value of 0V  at which the 

intersection of the fR - 0V  curves occur becomes smaller; that is, the reverse in the 

order of fR  occurs at a lower applied voltage bias. A comparison between Figure 
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1-3(b) and 3(d) reveals that if θ is fixed, raising the level of Cbulk also makes that 

intersection to occur at a lower level of 0V . As will be discussed later, these 

phenomena can be attributed to a decrease in the degree of double layer overlapping 

inside the nanopore as θ and/or Cbulk are raised. Note that, as shown in Figure 1-S3,  

the qualitative ICR behaviors at higher salt concentration (e.g. 300 mM and 1000 mM) 

are essentially the same as those at 100 mM. 

 

   The order of fR  for various types of salt observed in Figure 1-3 can be explained 

by the variation in the distribution of ions in the nanopore with the applied voltage bias. 

In the absence of V0, cations (counterions) are attracted into the negatively charged 

nanopore. The application of V0 influences the distribution of ions, leading to either an 

enrichment or a depletion of the ions in the nanopore. Figure 1-4 illustrates the 

difference in the ionic concentration, 
0 0

1 1 2 2( ) ( )avgC c c c c     , caused by a 

negative applied voltage bias under various conditions. That by a positive applied 

voltage bias is shown in Figure 1-S4. ic  is the cross sectional averaged concentration 

of the ith ionic species, and 
0

ic  denotes its value at V0=0 V. As seen in Figure 1-S4, the 

value of avgC  for V0>0 is insensitive to the type of salt, implying that the 

species-dependent ICR behavior observed previously arises mainly from the ionic 

transport for V0<0. As shown in Figure 1-4(a) and 1-4(c), if the negative applied voltage 

bias is low ( 0 0.5 VV   ), the degree of ion enrichment follows the order 

LiCl>NaCl>KCl, which is consistent with that of fR . On the other hand, if the 

negative applied voltage bias is high ( 0 1.5 VV   ), the order of the degree of ion 

enrichment remains the same at 0.5   , but becomes reversed (i.e., KCl>NaCl>LiCl) 
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at 5   . This explains the behavior of the fR - 0V  curves seen in Figure 1-3(a) and 

3(c).  

 

1-3-3 Axial variation in cross sectional averaged potential 

   The axial variation in the cross sectional averaged electric potential at 0 1.5 VV    

for various combinations of the values of θ and Cbulk is presented in Figure 1-5. Since 

the nanopore is negatively charged (i.e., cation-selective), the total amount of cations 

driven by a negative applied voltage bias into it is greater than that of anions. The more 

the amount of cations accumulated near the nanopore tip the slower the rate of decrease 

in the electric potential. Figure 1-5(a) shows that the rate of decrease in the electric 

potential drop at bulk 3 mMC   and 1    ranks as LiCl>NaCl>KCl. This implies 

that KCl accumulates more inside the nanopore than other salts, yielding a slower 

potential drop. However, if Cbulk (Figure 1-5(b)) or θ (Figure 1-5(c)) takes a higher 

value, the degree of EDL overlapping decreases, and ions accumulate mostly near the 

nanopore tip. In this case, the difference in the distribution of electric potential among 

the types of salt considered is insignificant, and the rate of ion transport is dominated by 

the diffusivity of cations, which ranks as + + +K Na Li
D D D  , so that the associated fR  

follows the same order. This reasonably explains the observed voltage-dependent ICR 

behaviors of the types of salt examined in Figure1- 3. The corresponding distributions 

of the electric potential at 0 1.5 VV   are plotted in Figure 1-S6, which shows that the 

electric potential is influenced by Cbulk, θ, and the type of salt. 

 

1-3-4 Influence of tip radius 

   The influence of the tip radius of a nanopore Rtip on its current rectification behavior 
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is illustrsted in Figure 1-6. As seen in Figure 1-6(a) and 1-6(b), where θ=0.5° and 

Cbulk=10 mM, the larger the Rtip the smaller the value of 0V  at which the fR - 0V  

curves of the types of salt intersect. This is because that, for the same levels of θ and 

Cbulk, the region of EDL overlapping decreases with increasing tip radius. If the levels of 

θ, Cbulk, and Rtip are all raised to those of Figure 1-6(c), the magnitude of fR  ranks as 

(KCl) (NaCl) (LiCl)f f fR R R   for all the levels of V0 applied. This is because the 

EDL is thin in this case, so that the region of EDL overlapping reduces considerably and, 

therefore, fR  is mainly dominated by the diffusvity of cations. Figure 1-6(c) also 

reveals that fR  has a local maximum as 0V  varies. As mentioned previously, the 

enrichment and depletion of ions in a charged nanopore exhibiting ICR behavior can be 

attributed to the difference in the ionic fluxes inside/outside it. However, if EDL is thin, 

the ionic fluxes inside/outside the nanopore are comparable, especially when the applied 

voltage bias is high, so that fR  decreases. On the other hand, the current rectification 

behaviors for tip radius smaller than 6 nm is shown in Figure 1-S7. Compared with 

Figure 1-3(a) and Figure 1-3(d), the behaviors of fR  for tip 3 nmR   are similar to 

those for tip 6 nmR  , implying that a lower tipR  will not influence the qualitative ICR 

behavior under the present conditions. 

 

1-3-5 Ion selectivity for V0<0 

   Figure 1-7 shows the influences of the half cone angle θ and the applied voltage bias 

V0 on the selectivity of the nanopore, cation anion

cation anion

| | | |

| | | |

I I
S

I I





, for various types of salt. If 

S>0 (S<0), the nanopore is cation-selective (anion-selective). In our case, because the 

nanopore is negatively charged, the ions driven through it are mainly cations (i.e., 
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cation-selective). Figure 1-7 revals that the magnitude of S ranks as 

(KCl) (NaCl) (LiCl)S S S  . As seen in Figure 1-S8, the level of the difference 

between cationI  and anionI  follows the order KCl>NaCl>LiCl, implying that the 

contribiution of cations to ionic current ranks as K+>Na+>Li+. This explains the 

observed order of S for the types of salt examined. 

   As can be seen in Figure 1-7(a), at bulk 3 mMC   and 0.5   , the selectivity of 

all the types of salt exmined is close to unity, implying that the nanopore is highly 

cation-selective. This figure also indicates that S decreases significantly as θ increases, 

which is expected since the degree of double layer overlapping in the nanopore 

decreases with increasing θ. In addition, S decreases with increasing V0. This is because 

the larger the V0 the more significant the ion enrichment inside the nanopore so that the 

less significant the overlapping of double layer, leading to a smaller S. Figure 1-7(b) 

shows that the S at bulk 100 mMC   is smaller than that at bulk 3 mMC  . Again, this is 

due to a less significant double layer overlapping in the former. 

   Interestingly, the S at 5    does not decrease monotonically with increasing V0 

as that observed at 0.5   , and the S of LiCl at 5    is larger than that at 0.5    

for -1 V<V0<-0.7 V. These anomalous behaviors can be explained by the ionic flux near 

the nanopore tip shown in Figure 1-8, where J1 (J2) is the cross sectional averaged flux 

of cations (anions). At bulk 3 mMC  , the significantly overlapped double layer yields 

an induced electric field near the nanopore tip with its direction opposite to that of V0 so 

that V0 is lessened. Figure 1-8(a) shows that |J1/V0| decreases with increasing V0 until V0 

is sufficiently large. This is because as V0 increases the ion transport is electrostatically 

hindered by the enriched ions inside the nanopore so that the rate of increase in J1 with 

increasing V0 is slower than the rate of increase in V0.
21 However, if V0 is sufficiently 

high, it becomes more significant than the electric field arising from ion enrichment so 
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that |J1/V0| becomes to increase with V0. On the other hand, since anions (co-ions) are 

mainly present outside the double layer, J2 is influenced mainly by V0. Therefore, |J2/V0| 

increases essentially with increasing V0, as seen in Figure 1-8(b) and (d). As seen in 

Figure 1-7(b), at bulk 100 mMC   and 0.5   , since the overlapping of double layer 

in the nanopore is insignificant, the induced electric field mentioned above is 

unimportant compared to that associated with V0. Therefore, as in Figure 1-8(a), |J1/V0| 

also shows a local minimum in Figure1- 8(c), except that the latter is more apparent. 

Figure 1-8(a) and (c) reveals that in the latter, |J1/V0| begins to increase with increasing 

V0 at a smaller value of V0, and the rate of increase is much faster so that the selectivity 

in Figure 1-7(b) decreases non-monotonically with increasing V0, instead of 

monotonically as that in Figure 1-7(a).  

 

1-3-6 Ion selectivity for V0>0 

   The voltage-dependent selectivity when a positive voltage bias is applied is 

illustrated in Figure 1-S9. In this case, because the depletion of ions inside the nanopore 

is significant, and ion concentration low, the double layer is thick so that 1S , and it is 

insensitive to the variation in V0, as illustrated in Figure 1-S9(a). Different from that for 

the case of V0<0, Figure 1-S9(b) shows that the S for various types of salt increases with 

increasing V0. This is expected because if V0>0, the larger the V0 the more significant 

the degree of ion depletion, the more significant the overlapping of double layer, and 

therefore, the larger the S. 

 

1-4. Conclusions  

We investigated theoretically the ionic current rectification behavior of a negatively 

charged conical nanopore focusing on the influence of the half cone angle θ, the bulk 
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salt concentration Cbulk, and the type of salt (KCl, NaCl, LiCl). It is found that at 

bulk 3 mMC   and/or 1   , the rectification ratio fR  of the types of salt examined 

ranks as Rf(LiCl)>Rf(NaCl)>Rf(KCl) for all the levels of the applied voltage bias V0. If 

V0 is sufficiently high, this order can be reversed if Cbulk and/or θ are raised, so that the 

fR -V0 curves of the types of salt examined intersect at the same point. This can be 

attributed to the difference in the degree of ion enrichment of the types of salt considered 

for V0<0. The degree of enrichment of LiCl is the largest if V0 is small regardless of the 

level of θ; however, as the level of V0 increases, the enrichment of KCl becomes the 

largest only if 1   . The point of intersection of the fR -V0 curves of the types of salt 

examined shifts to a lower value of V0 when either Cbulk or θ is increased, which can be 

explained by the rate of ion transport. Due to the accumulation of ions near the nanopore 

tip, the rate of decrease in the electric potential decreases if the overlapping of double 

layer is significant, thereby lowering the rate of transport of ions. However, if Cbulk 

and/or θ take a higher value, the distributions of the electric potential of the types of salt 

examined are essentially the same. The selectivity S for the types of salt examined ranks 

as S(KCl)>S(NaCl)>S(LiCl), and its behavior as V0 varies depends highly on the level of 

Cbulk. If bulk 3 mMC  , S decreases monotonically with increasing V0; if Cbulk is 

sufficiently high and θ large, S shows both a local minimum and a local maximum as V0 

varies.  
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Table 1-1. Summary of the boundary conditions assumed 

surface Poisson Nernst-Planck Navier-Stokes 

 

(not in scale) 

1 axial symmetry axial symmetry axial symmetry 

2 

grounded 

0   bulk concentration 

bulkic C  

no external 

pressure gradient 

0p   8 

applied voltage 

0V   

3, 7 

charge free 

0  n  

zero normal flux 

0i n N  
slip 

4,5,6 

surface charge 

density specified 

f s    n  

ion-impenetrable 

0i n N  

nonslip 

u 0  
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Figure 1-1. Schematic representation of the ion transport through a charged conical 

nanopore of tip radius Rtip, base radius Rbase, and length Ln connecting two large, 

identical reservoirs filled with an aqueous salt solutoin. V0 is the voltage bias applied 

across the nanopore with the electrode in the upper reservoir grounded. 
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Figure 1-2. Current-voltage curves for various salt solutions at various combinations of 

bulk salt concentration bulkC  and half cone angle   at tip 6 nmR  . (a) 

bulk 3 mMC   and 0.5  ; (b) bulk 3 mMC   and 1   ; (c) bulk 3 mMC   and 

5   ; (d) bulk 100 mMC   and 1   . 
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Figure 1-3. Current rectification ratio, fR , as a function of the magnitude of the 

applied voltage, 0V , for various salt solutions at various combinations of the bulk salt 

concentration bulkC  and the half cone angle   at 
tip 6 nmR  . (a) bulk 3 mMC   and 

0.5  ; (b) bulk 3 mMC   and 1   ; (c) bulk 3 mMC   and 5   ; (d) 

bulk 100 mMC   and 1   . 
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Figure 1-4. Axial variations in the cross sectional averaged concentration difference 

avgC  at bulk 3 mMC   and 
tip 6 nmR   for various combinations of the half cone 

angle   and the applied voltage bias 0V . (a) 0.5    and 0 0.5 VV    (b) 

0.5    and 0 1.5 VV   , (c) 5    and 0 0.5 VV   , (d) 5    and 

0 1.5 VV   .  
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Figure 1-5. Axial variation of the cross sectional averaged electric potential at 

0 1.5 VV    and 
tip 6 nmR  under various conditions. (a) bulk 3 mMC   and 1   ; 

(b) bulk 100 mMC   and 1   ; (c) bulk 3 mMC   and 5   .  
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Figure 1-6. Variation of the current rectification ratio 
fR  with the magnitude of the 

applied voltage 0V  for various salts. (a): 
tip 6 nmR  , bulk 10 mMC  , and 0.5   ; 

(b): 
tip 15 nmR  , bulk 10 mMC  , and 0.5   ; (c): 

tip 30 nmR  , bulk 100 mMC  , 

and 5   . 
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Figure 1-7. Variation of the ion selectivity S with the applied voltage bias V0 at 

tip 6 nmR   for various combinations of the type of salt and the half cone angle θ at 

bulk 3 mMC   , (a), and bulk 100 mMC  , (b). 
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Figure 1-8. Variation of |Ji/V0| with V0 for two levels of Cbulk, where J1 (J2) is the cross 

sectional averaged flux of cations (anions) at z=0 for 5   and 
tip 6 nmR  . (a) and 

(b): bulk 3 mMC  ; (c) and (d): bulk 100 mMC  . 
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Figure 1-S1. Variation of the conductance G with the bulk salt concentration 
bulkC . 

Solid curve: bulk solution conductance; broken curve: analytic result at a constant 

surface charge density;53 discrete symbols: present numerical result at Rtip=6 nm, 

Rbase=93.49 nm, and 20.5 e/nms   . 
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Figure 1-S2. Current rectification ratio Rf as a function of the half cone angle   for an 

aqueous KCl solution at tip 6 nmR   and 
bulk 100 mMC  . 
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Figure 1-S3. Current rectification ratio, fR , as a function of the magnitude of the 

applied voltage, 0V , for various salt solutions at tip 6 nmR   and 1   . (a) 

bulk 300 mMC  ; (b) 
bulk 1000 mMC  . 
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Figure 1-S4. Axial variations in the cross sectional averaged concentration difference 

avgC  under various conditions, where tip 6 nmR  . (a) 
bulk 3 mMC  , 0.5   , and 

0 0.5 VV    (b) 
bulk 3 mMC  , 0.5   , and 

0 1.5 VV   , (c) 
bulk 3 mMC  , 5   , 

and 
0 0.5 VV   , (d) 

bulk 3 mMC  , 5   , and 
0 1.5 VV   . 
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Figure 1-S5. Axial variations in the cross sectional averaged concentration difference 

,i avgC  under various conditions, where tip 6 nmR  . (a) 
bulk 3 mMC  , 0.5    and 

0 0.5 VV    (b) 
bulk 3 mMC  , 0.5   , and 

0 1.5 VV   , (c) 
bulk 3 mMC  , 5   , 

and 
0 0.5 VV   , (d) 

bulk 3 mMC  , 5   , and 
0 1.5 VV   . Curves: cations; 

discrete symbols: anions. 
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Figure 1-S6. Axial variations of the electric potential   at 
0 +1.5 VV   under various 

conditions, where tip 6 nmR   (a) 
bulk 3 mMC   and 1   ; (b) 

bulk 100 mMC   

and 1   ; (c) 
bulk 3 mMC   and 5   .  
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Figure 1-S7. Current rectification ratio, fR , as a function of the magnitude of the 

applied voltage, 0V , for various salt solutions at tip 3 nmR  . (a) 
bulk 3 mMC   and 

0.5  ; (b) 
bulk 100 mMC   and 1   . 
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Figure 1-S8. Ionic current-voltage curves for various electrolyte solutions at various 

combination of salt concentration 
bulkC  and half cone angle  , where tip 6 nmR  . (a) 

bulk 3 mMC   and 5   ; (b) 
bulk 100 mMC   and 5   .  
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Figure 1-S9. Variation of the selectivity S with the applied voltage bias V0 when 

tip 6 nmR   for various combinations of the type of salt and the half cone angle θ at 

bulk 3 mMC  , (a), and 
bulk 100 mMC  , (b). 
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Chapter 2 Dual pH-Gradient and Voltage Modulation of Ion Transport and 

Current Rectification in Biomimetic Nanopores Functionalized with pH-Tunable 

Polyelectrolyte 
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2-1. Introduction 

Modern advanced fabrication techniques make it possible to simulate and interpret 

the behaviors of biological ion channels through artificial nanopore/nanochannel. This 

type of nanopore/nanochannel is also widely adopted to regulate the transport of ions, 

thereby facilitating potential applications in areas such as ion pumps,1-3 energy 

conversion,4-8 ion gates,9-11 metal ion sensing,12-14 and bio-sensors.15-17 To realize these 

applications, a thorough understanding of the phenomena and the underlying 

mechanisms associated with the ion transport in a micro-/nano-scaled space, which are 

not present in larger scaled systems, is necessary and inevitable. These phenomena 

include, for example, ion selectivity18-19 and ion current rectification (ICR).20-22 Due to 

the dissociation of its functional groups, membrane surface is usually charged in an 

aquesous solution, making it ion-selective. Featuring in a preferential ionic current 

direction, ICR arises mainly from an asymmetric ion distribution inside a 

nanopore/nanochannel when a potential bias is applied across its two ends. 

Among the synthetic nanopores proposed, biomimetic nanopores surface modified 

by polyelectrolytes (PE)23-25 gain much attention, recently. Zhang et al.,26 for example, 

concluded that a conical polyethylene terephthalate (PET) nanopore with its tip and base 

sides coated with different types of polyethylene membrane having different densities 

exhibits a better gating behavior than the corresponding naked PET membrane. 

Compared with that of the corresponding solid-state nanopores, the ICR ability of 

nanopores surface modified with PE brushes can be several times higher.27-29 This is 

because the latter can attract more amount of counterions, leading to a more significant 

overlapping of electric double layer (EDL).30-31 

The transport of ions in a PE-modified nanopore was studied extensively in the last 

decade; both theoretical and experimental results are ample in the literature. It was 
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reported that the associated behavior can be influenced by factors including, for 

example, the geometry32-33 and the charged conditions34-35 of a nanopore, the type36-38 

and the concentration39-41 of salt in the liquid phase, and the solution pH.42-45 Nanopores 

surface modified with pH-tunable PE are often adopted to mimic biological membranes. 

Ali et al.46 concluded that the charged conditions of the carboxyl groups and lysine 

chains on the openings of a cigar-shaped nanopore, and therefore, its ICR behavior, can 

be regulated by solution pH. Zeng et al.47 reported that the ion selectivity of a PE 

brushes grafted cylindrical nanopore is also affected by this factor. The influence of 

solution pH on the ionic transport in a nanopore was studied theoretically by many 

investigators. However, most of them assumed a uniform pH profile across a nanopore. 

Several experimental studies considered a non-uniform pH profile through applying an 

extra pH gradient across a nanopore.26, 48-50 Unfortunately, there is a lack of both a 

comprehensive theoretical study and a detailed understanding of the underlying 

mechanisms. Wang et al.51 illustrated that the ICR performance of a PET conical 

nanopore can be enhanced by applying an additional pH gradient, impling that it can 

improve the efficiency of the associated electrokinetic phenomenon. 

To examine thoroughly the electrokinetic transport behavior in a nanopore under 

various conditions and investigate comprehensively the underlying mechanisms when 

both an electrical potential gradient and a pH gradient are applied simultaneously, we 

consider a cylindrical nanopore surface functionalized with a homogeneous (single) 

pH-tunable PE layer. For completeness, the effect of electroosmotic flow (EOF) is also 

taken into account.52-54 The strength of the applied pH and electrical potential gradients, 

and the grafting density of the PE chains are examined for their influences on the 

conductance of the nanopore and its ICR performance. 

 



  
doi:10.6342/NTU201901022

  

42 

2-2. Theoretical Model 

As illustrated in Figure 2-1(a), a cylindrical nanopore of radius Rn and axial 

length Ln connecting two large, identical cylindrical reservoirs is adopted to simulate the 

present problem. For convenience, a computational domain is defined, which comprises 

a large cylindrical region in each reservoir and the nanopore. The length and the radius 

of the computational domain in each reservoir are verified to be sufficiently large to 

ensure that the salt concentration on its boundaries reaches essentially the bulk value. 

The nanopore surface is modified with PE brushes layer having the thickness Rs. The 

geometry of the system under consideration suggests using the azimuthally symmetric 

cylindrical coordinates (r, z) with r and z being the radial and the axial distances, 

respectively. The origin is placed at the center of the nanopore interior. The system 

considered is filled with an aqueous salt solution containing N types of ionic species. In 

addition to a potential bias Vapplied, a pH gradient is also applied across the nanopore 

with the bulk pH in the lower reservoir pHL and that in the upper reservoir pHH. 

Suppose that the PE layer are pH-tunable, having acidic functional groups 

COOH  and basic functional groups 2HN  with dissociation reactions 

PE COOH PE COO H      and 
3 2PE NH PE HN H     , respectively, and 

associated equilibrium constants A PE PE COOHPE COO
[H ] /K Γ Γ




  and 

2 3
B PE NH PE PE NH

[H ] /K Γ Γ 



 
 .40 PE[H ]  and kΓ  are the molar concentration of H+ 

near the PE brushes and the volume number density of the functional groups k 

( PE COOH , PE COO , 2PE HN , and 3PE NH  ) of the PE layer, respectively. 

If we let AΓ  and BΓ  be the total volume number densities of the acidic and basic 

functional groups, respectively, then A total s PE COOHPE COO
/Γ N R Γ Γ 

    and 

2 3
B total s PE NH PE NH

/Γ N R Γ Γ  
   . Here, totalN  and Γ  denote the surface number 
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density of PE chains and that of the functional groups  , respectively. The charge 

density of the PE brushes layer, m  (C/m3), can be expressed as 

3

27 27 A A B PE
m PE COO PE NH

A PE B PE

[H ]
10 ( ) 10

[H ] [H ]

K Γ Γ
e Γ Γ e

K K
  



  

 
      

  
. 

Let us consider the case where KCl is the background salt and the solution pH 

adjusted by HCl and KOH so that four kinds of ionic species (N=4) are present in the 

liquid phase: K+, Cl , H+, and OH . Let 0[H ] , Ci0 (i=1-4), and bulkC  be the bulk 

molar concentration of H+ (M), that of ionic species j, and the background concentration 

of KCl, respectively. Then 0pH log[H ]  , 10 bulkC C , 

pH 3 (14 pH) 3

20 bulk 10 10C C        , 
pH 3

30 10C   , and
(14 pH) 3

40 10C     for pH 7 ; 

pH 3 (14 pH) 3

10 bulk 10 10C C        , 20 bulkC C , 
pH 3

30 10C   , and 
(14 pH) 3

40 10C     for 

pH 7 . 

Assuming steady-state and small Reynolds number, the present problem can be 

described by the following set of equations: 

2 e m

f

h 





                 (1) 

0i
i i i i j i

D
C D C z FC

RT


 
          

 
J u , i=1, 2, 3, and 4     (2) 

0 u                 (3) 

2

e mp h         u u 0            (4) 

In these expressions, ϕ, p, and u are the electrical potential, the hydrodynamic pressure, 

and the fluid velocity, respectively. 
4

e

1

i i

i

Fz C


  is the space charge density of 

mobile ions, 
f  the fluid permittivity, F Faraday constant, R gas constant, T the 

absolute temperature, and μ the fluid viscosity, respectively. The index h appears in eqs 
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1 and 4 takes account of the presence of the PE layer (h is 0 or 1 for the region outside 

or inside it), and m  is the hydrodynamic friction coefficient of that layer. Ji, Ci, Di, 

and zi are the flux, concentration, diffusivity, and valence of the ith ionic species, 

respectively. For simplicity, the possible change in the morphology of the PE layer due 

to fluid flow is neglected.55-56  

To specify the boundary conditions associated with eqs 1-4, we assume the 

following. (i) The rigid surface of nanopore walls (surfaces 4, 5, and 6, see table below) 

are ion-impenetrable ( 0i n J ), uncharged ( 0  n ), and nonslip ( u 0 ). (ii) The 

length and the radius of the computational domain in each reservoir are 1000 nm, its 

side boundaries (surfaces 3 and 7) have zero normal flux ( 0i n J ), and are free of 

charge ( 0  n ) and slip. (iii) The end surfaces of the computational domain 

(surfaces 2 and 8) are sufficiently far from the nanopore, where surface 2 in the top 

reservoir is grounded ( 0  ), and a voltage bias ( appliedV  ) is applied to surface 8 in 

the bottom reservoir. (iv) The ionic concentration on surfaces 2 and 8 reaches 

essentially the bulk value (
0i iC C ). (v) The electric potential, electric field, ionic 

concentrations, and flow field are all continuous on the PE layer/liquid interface 

(surface 9). These are summarized in Table 2-1.  

 

2-3. Results and Discussions 

The nonlinear, coupled equations governing the system under consideration, eqs 

1-4, are solved numerically by COMSOL subject to the boundary conditions assumed. 

To this end, Multiphysics (version 4.3a, http://www.comsol.com) operated at a 

high-performance cluster is adopted. For illustration, we assume n 10 nmR  , 

n 100 nmL  , s 5 nmR  , and 1 nm  (typical value for biological PE is ca. 0.1-10 

http://www.comsol.com/
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nm),57 where 
1/2

m( / )   is the softness degree of the PE layer.58 In addition, 

ApK 2.2 (α-carboxylic group) and BpK 9 (α-amino group) so that the isoelectric 

point (IEP) of the PE layer is 5.6.42 Typically, the grafting density of PE chains is on the 

order of 0.1 chains/nm2. Therefore, two values are assumed for totalN : 0.1 and 0.5 

chains/nm2. Based on these parameters, we examine in detail the influences of the 

applied pH gradient and the electric voltage bias on the behavior of system under 

consideration. For illustration,  pHL is fixed at 3, and two levels are assumed for pHH: 

7 and 11.  

Figure 2-1(b) and (c) shows several typical current-voltage (I-V) curves, where 

their nonlinear behaviors illustrate the ICR characteristic of the present nanopore. In our 

case, this characteristic is influenced mainly by the electric voltage bias appliedV , the 

level of (pHH/pHL), and the grafting density of the PE chains totalN . For convenience, 

we define the conductance G and the ICR factor fR  as 

4

applied applied

1

/ /i i
S

i

G I V F z dS V


  
    

  
 J n          (5) 

applied applied( 0) / ( 0)fR I V I V   ,           (6) 

where S denotes either ends of the two reservoirs.  

 

2-3-1 Conductance at pHH/pHL=11/3 

Figure 2-2(a) shows that at pHH/pHL=11/3 if applied 0V  , the nanopore conductance 

G increases appreciably with increasing applied| |V . In contrast, if applied 0V  , G is 

insensitive to the variation in appliedV . The behavior of the nanopore conductance as the 

applied potential bias varies depends highly on the charge density of its PE layer, tuned 
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by local pH in the nanopore. Referring to Figure 2-1(a), since the pH in the lower side 

reservoir is lower than that in the upper side reservoir, H+ ( OH ) diffuses from the 

lower (upper) side of the nanopore to its upper (lower) side. Without applying a 

potential bias ( applied 0V  ), the applied pH gradient results in an asymmetric H+ profile 

inside the nanopore, which in turn, yields an asymmetric charge density in the PE layer, 

as seen in Figure 2-3(a).  

If applied 0V  , the applied electric field drives cations (anions) to the upper (lower) 

reservoir. The positively charged PE layer of the nanopore makes it difficult for K+ to 

migrate through the nanopore, and its concentration in the nanopore decreases 

accordingly. However, due to the applied pH gradient, the concentration of H+ in the 

nanopore remains appreciable. This is because for applied 0V  , the direction of H+ 

diffusion driven by the pH gradient is the same as that driven by appliedV  and the 

diffusivity of H+ is large. Note that as shown in Figure 2-3(a), although the nanopore is 

positively charged, H+ can still be driven into the nanopore so that the charge density of 

the nanopore m  increases. f appliedV  is sufficiently large, no additional H+ can be 

driven into the nanopore because of a higher m . The increase in m  due to the 

increase in appliedV  becomes insignificant, as presented in Figure 2-3(a) (diamond and 

triangle symbols). If a nanopore is positively charged, the electric attraction yields an 

enrichment in anions inside the nanopore. Since m  does not vary significantly with 

positive appliedV , this enrichment is inappreciable, as shown in Figure 2-S2(a). Because 

the ionic concentration distribution in the nanopore remains essentially the same, so is 

G. 

For the case of applied 0V  , H+ is driven by appliedV  leaving the region near the 
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lower opening of the nanopore, but at the same time it is driven into the nanopore by the 

applied pH gradient. If applied| |V  is small (e.g., applied 0.2 VV   ), the driving force 

coming from the applied pH gradient is offset slightly by that from the applied electric 

field so that a less amount of H+ diffuses from lower side reservoir into the nanopore. As 

a result, the concentration of H+ inside the nanopore decreases when appliedV  changes 

from 0 to 0.2 V , so does 
m  (as seen in Figure 2-3(a)). It is worth noting that 

because the m  of the upper side of the nanopore nearly vanishes (i.e., uncharged) so 

that more amount of K+ can be driven into the nanopore. This lowers the concentration 

of H+, and therefore, m . Furthermore, at a higher applied| |V  (e.g., applied 0.5 VV   ), 

the driving force coming from the applied electric field is much stronger than that from 

the applied pH gradient. A stronger electric field drives more amount of K+ from the 

upper reservoir into the nanopore and, at the same time, the solution in the upper 

reservoir having a high pH (low H+ concentration) is also driven into the nanopore by 

EOF. The concentration of H+ in the nanopore decreases significantly, which makes the 

pH inside it higher than IEP. Therefore, the sign of m  changes from positive to 

negative, and m| |  increases appreciably, as seen in Figure 2-3(a) (red dashed line). A 

larger m| |  can attract more amount of ions, thereby raising the ion concentration in 

the nanopore, as shown in Figure 2-4(a), and G increases significantly for applied 0V  . 

 

2-3-2 Conductance at pHH/pHL=7/3 

At pHH/pHL=7/3, G( applied 0V  ) is insensitive to the variation of applied| |V , while 

G( applied 0V  ) changes slightly with increasing applied| |V . Similar to that of the case at 

pHH/pHL=11/3, the behavior of G( applied 0V  ) at pHH/pHL=7/3 can be explained by the 
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axial variation in the cross sectional averaged ion distribution shown in Figure 2-S2(b), 

where that distribution (and therefore, G) varies slightly with increasing appliedV .  

If applied 0V  , although the driving force coming from the applied electric field is 

stronger at a higher appliedV  (e.g., applied 0.5 VV   ), because the pH of the solution 

driven into the nanopore is 7 the concentration of H+ inside it will not decrease as 

significantly as that when pHH/pHL=11/3. The solution pH in the lower part of the 

nanopore is higher than IEP, and that in its upper part lower than IEP. As a result, the 

nanopore becomes bi-polar, that is, its lower part is positively charged and upper part 

negatively charged, with the charge density of the latter lower than that of the former, as 

seen in Figure 2-3(b). Compared to that at pHH/pHL=11/3, the positive m  at 

pHH/pHL=7/3 is smaller, so is the amount of Cl  attracted into the nanopore. However, 

Figure 2-3(b) reveals that as appliedV  varies from 0.2  to 0.5 V , the sign of m  of 

the upper part of the nanopore changes from positive to negative, and the concentration 

of K+ in the nanopore increases. These make the increase in the total amount of ions in 

the nanopore as appliedV  varies from 0.2  to 0.5 V  inappreciable (as seen in Figure 

2-4(b)), so is G. 

 

2-3-3 Current Rectifying Behavior at pHH/pHL=11/3 

The influence of appliedV  on the ICR factor fR  is shown in Figure 2-5. The 

present cylindrical nanopore functionalized with single PE brushes shows ICR behavior. 

For the levels of totalN  examined, it is interesting to see that at pHH/pHL=11/3 if 

applied| |V  is small, 1fR  , that is, applied| ( 0)|I V  > applied| ( 0)|I V   or the ionic current 

preferrs positive appliedV . In contrast, if applied| |V  is sufficiently large, 1fR  , that is, 
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applied| ( 0)|I V  < applied| ( 0)|I V   or it preferrs negative appliedV . These behaviors can be 

attributed to the competition between the driving force coming from the applied pH 

gradient and that from the charge of the nanopore PE layer. For both H+ and OH , 

since the direction of diffusion driven by the applied pH gradient is the same as that 

driven by appliedV  when applied 0V  , their concentrations are appreciably higher than 

those when applied 0V   (Figure 2-6(a) and (c)). However, if 
applied| |V  is small (e.g., 

applied| | 0.2 VV  ), the concentrations of K+ and Cl  at 
applied 0V   are higher than those 

at 
applied 0V   (Figure 2-S3(a) and (c)). Figure 2-6(a), (c) and Figure 2-S3(a), (c) show 

that as 
appliedV  varies from 0.2 V to 0.2 V , the decreases in the concentrations of H+ 

and OH  are more significant than the increases in the concentrations K+ and Cl . In 

addition, because the diffusivities of H+ and OH  are much larger than those of K+ 

and Cl , (0.2 V) ( 0.2 V)I I   so that 1fR  .  

A comparison of Figure 2-4(a) with Figure 2-S2(a) reveals that if applied| |V  is 

sufficiently large (e.g., applied| | 0.5 VV  ), m applied| | ( 0)V   is ca. 7 times larger than 

m applied| | ( 0)V   so that the concentration of ions at applied 0V   is much higher than 

that at applied 0V  . Therefore, applied( 0)I V   is much larger than applied( 0)I V  , yielding 

1fR  . At pHH/pHL=11/3 and applied| | 0.5 VV  , the difference between the 

concentration of H+ ( OH ) for applied 0V   and that for applied 0V   is much less 

appreciable compared with that caused by m . We conclude that at pHH/pHL=11/3 if 

applied| |V  is small, the rectifying behavior of the nanopore is dominated by the applied 

pH gradient, leading to 1fR  , and by the charge of the PE layer if applied| |V  is 

sufficiently large, yielding 1fR  . 
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It is interesting to see in Figure 2-5(a) that if 
applied| |V  is small, 

fR  decreases 

with increasing totalN , but it increases with increasing totalN  if 
applied| |V  is sufficiently 

large. That is, raising the surface number density of the PE chains does not necessarily 

improve the ICR performance of the nanopore. This behavior can also be explained by 

the result of competition between the applied pH gradient and the charge density of the 

PE layer. As mentioned previously, the applied pH gradient dominates at smaller values 

of 
applied| |V . A comparison between Figures 2-3(a) and 2-S4(a) reveals that if totalN  is 

raised from 0.1 to 0.5 chains/nm2, m| |  increases ca. 3 times, and its influence on the 

ICR behavior of the nanopore is enhanced. Although an increase in m  makes the 

difference between the concentration of H+ at 
applied 0V   and that at 

applied 0V   smaller, 

this effect is still less significant than that of the applied pH gradient. The domination of 

the pH gradient results in 1fR  . For example, 
total( 0.5)fR N   1.26

total( 0.1)fR N   

at applied| | 0.2 VV  ; note that, however, both are smaller than unity. For larger values of 

applied| |V , the ICR behavior of the nanopore (or fR ) is dominated by m . As mentioned 

previously, )5.0( totalm N  3 )1.0( totalm N . Figures 2-3 and 2-S4 indicate that the 

degree of increase in m applied| | ( 0)V   as totalN  increases from 0.1 to 0.5 chains/nm2 

is much more appreciable than that in m applied| | ( 0)V  . This makes the increase in the 

concentration of ions for applied 0V   appreciable, but that for applied 0V   less 

appreciable. Therefore, if applied| |V  is sufficiently large, fR  increases with increasing 

totalN , showing a stronger preference for applied 0V  . In this case, fR  increases by ca. 2 

to 3 times when totalN  is raised from 0.1 to 0.5 chains/nm2. Recall that as totalN  

increases from 0.1 to 0.5 chains/nm2, fR  increases only ca. 1.26 times when applied| |V  
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is small. These suggest that the ICR behavior of the nanopore at a high level of applied| |V  

is more sensitive to the grafting density of its PE chains than that at a low level of 

applied| |V . We conclude that whether the ICR behavior of the nanopore is dominated by 

the charge density of its PE layer or by the applied pH gradient depends mainly on the 

level of the applied voltage. 

 

2-3-4 Current Rectifying Behavior at pHH/pHL=7/3 

Figure 2-5(b) reveals that at pHH/pHL=7/3 and 
2

total 0.1 chains/nmN  , 1fR   for 

the range of appliedV  examined. At this level of pH gradient the increase in the charge 

density of the PE layer with appliedV  is not that significant compared with that at 

pHH/pHL=11/3. As shown in Figure 2-3(b) that at applied 0.5 VV    the upper part of the 

nanopore is only slightly negatively charged. Although applied| |V  is large (e.g., 

applied 0.5 VV   ), the driving force coming from the applied pH gradient is greater than 

that from the charge density. Because H+ is driven by its concentration gradient and by a 

positive appliedV  towards the same direction, its concentration in the nanopore is higher 

than that for the corresponding negative appliedV . For example, Figure 2-S5(a) shows that 

the concentration of H+ at applied 0.5 VV  is higher than that applied 0.5 VV   . This 

implies that applied( 0)I V   is larger than applied( 0)I V  , yielding 1fR  .  

If the grafting density of the PE layer totalN  is raised from 0.1 to 0.5 chains/nm2, 

fR  exceeds unity, implying that the preferential of current direction can be reversed by 

tuning the grafting density of the PE layer. Note that the higher the grafting density of 

the PE layer the higher is its charge density. Therefore, if the grafting density is 
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sufficiently high, the influence of the charge density of the PE layer on the ICR 

behavior of the nanopore becomes more important than that of the applied pH gradient. 

As shown in Figure 2-S6(a) and (b) the difference between the concentration of K+ at 

applied 0.5 VV   and that at applied 0.5 VV    increases appreciably as totalN  increases 

from 0.1 to 0.5 chains/nm2. Note that at 
2

total 0.5 chains/nmN   the difference between 

the concentration of H+ for applied 0V   and that for applied 0V   is inappreciable, neither 

is the difference between the concentration of Cl  for applied 0V   and that for 

applied 0V  . The former implies that the influence of the applied pH gradient is 

insignificant. The latter arises from that the sign of the charge of the nanopore PE layer 

changes from positive to negative as appliedV  varies from 0.5 V to 0.5 V . The negative 

charge carried by the nanopore for applied 0V   is appreciable, thereby attracting a 

consider amount of K+, yielding a current which is greater than that for applied 0V   V so 

that 1fR  . Therefore, through applying a moderate strength of pH gradient, the 

preferred current direction can be switched by varying the grafting density of the PE 

layer. 

 

2-4. Conclusions 

Taking account of the effects of the pH-regulated nature of a cylindrical nanopore 

surface functionalized with polyelectrolyte (PE) brushes and the presence of 

electroosmotic flow, this study investigates the influence of applying an extra pH 

gradient in addition to an electric field on the ionic transport in the nanopore. It is 

interesting to see that if the applied pH gradient is sufficiently strong, the nanopore 

conductance exhibits disparate response to the applied potential bias, depending upon 
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its sign. For negatively applied potential bias, the conductance increases appreciably 

with the increase in the applied potential bias; for positively applied potential bias, it 

becomes insensitive to that bias. This can be attributed to the difference in the response 

of the charge density of the PE brushes to the applied potential bias. The present 

cylindrical nanopore is able to exhibit ion current rectification (ICR) behavior that is 

usually seen in geometrically asymmetric nanopores. For a fixed strength of the applied 

pH gradient, the ICR factor measuring the degree of ICR of the nanopore can be tuned 

by the applied potential bias. A rectification inversion is observed when the applied 

potential bias is ca.  0.3 V. Depending on the level of the applied potential bias, the 

ICR behavior of the nanopore is dominated either by the applied pH gradient or by the 

charge density of the PE brushes. The rectification inversion can also be observed at a 

moderate pH gradient strength when the grafting density of the PE brushes is raised 

from 0.1 to 0.5 chains/nm2. The results obtained in this study reveal that the ionic 

transport in the nanopore can be influenced significantly by the applied pH gradient. 

Together with the key factors including the nanopore geometry and the way that 

nanopore surface is modified, we conclude that applying such a gradient can be a 

promising approach for improving the ICR performance of the nanopore. 
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Table 2-1. Boundary conditions assumed for eqs 1-4. 

surface Poisson Nernst-Planck Stokes-Brinkman 

 

1

2

3

4

5

6

7

8

9

 

shaded area: 

nanopore boundary 

(not to scale) 

1 axial symmetry 

2 

0   

(grounded) 
0i iC C  (bulk 

concentration) 

0p   (no external 

pressure applied) 

8 
appliedV   

(applied voltage) 

3, 7 

0  n  

(no accumulated 

charge) 

0i n J  (zero 

normal flux) 

slip 

4,5,6 

0  n  

(uncharged) 

0i n J  

(ion-impenetrable) 

u 0  (nonslip) 

9 continuous 
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Figure 2-1. (a) Electrokinetic transport of ions in a cylindrical nanopore of radius Rn 

and axial length Ln surface modified with a PE layer of thickness Rs connecting two 

large, identical cylindrical reservoirs. The upper reservoir is grounded, and a potential 

bias Vapplied is applied to the lower reservoir. A pH gradient is also applied across the 

nanopore with the bulk pH in the lower and upper reservoirs pHL and pHH, respectively. 

The region enclosed by the dashed rectangule denotes the computional domain 

considered in the numerical solution. The I-V curves for two levels of 
totalN  at 

bulk 1 mMC  . (b) pHH/pHL=11/3, (c) pHH/pHL=7/3. Solid curves: applied 0V  ; dashed 

curves: applied 0V  . 
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Figure 2-2. Variation of the nanopore conductance G as a function of appliedV  for two 

levels of the grafting density of PE chains 
totalN  . (a) pHH/pHL=11/3, (b) pHH/pHL=7/3. 

Curves: applied 0V  ; discrete symbols: applied 0V  . 
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Figure 2-3. Axial variation in the charge density of the PE layer 
m  for various levels 

of appliedV  at 
2

total 0.1 chains/nmN  . (a) pHH/pHL=11/3, (b) pHH/pHL=7/3. 
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Figure 2-4. Axial variation in the cross sectional averaged concentrations of cations (K+ 

and H+) and anions ( Cl  and OH ) at 
2

total 0.1 chains/nmN  . (a) pHH/pHL=11/3, (b) 

pHH/pHL=7/3. Curves: applied 0.2 VV   ; discrete symbols: applied 0.5 VV   . 
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Figure 2-5. ICR factor, applied applied( 0) / ( 0)fR I V I V   , as a function of the 

magnitude of applied voltage bias applied| |V  for two values of 
totalN . (a) pHH/pHL=11/3, 

(b) pHH/pHL=7/3. 
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Figure 2-6. Concentration profiles of H+, (a) and (b), and OH , (c) and (d), for two 

values of the grafting density of PE chains 
totalN  at pHH/pHL=11/3. 
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Figure 2-S1. Current-voltage curves of a single polyethylene terephthalate (PET) 

conical nanopore with its surface functionalized with Lysine in 100 mM KCl solution 

for various pH values. The pore thickness is 12 μm with tip radius of 8 nm and base 

radius of 165 nm. The polyelectrolyte layer is assumed 1 nm thick with 0.2 nm  .27, 

57 Curves: present theoretical results with variables 
ApK 2.2 , 

BpK 9 , and 

2

total 0.6 chains/nmN  ; discrete symbols: experimental data of Ali et al.42 
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Figure 2-S2. Axial variation in the cross sectional averaged concentrations of cations 

(K+ and H+) and anions ( Cl  and OH ) with 2

total 0.1 chains/nmN   at 

pHH/pHL=11/3, (a), and pHH/pHL=7/3, (b). Curves: 
applied 0.2 VV  ; discrete symbols: 

applied 0.5 VV  . 
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Figure 2-S3. Concentration profiles of K+, (a) and (b), and Cl , (c) and (d), for two 

values of the grafting density of PE chains 
totalN  at pHH/pHL=11/3. 
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Figure 2-S4. Axial variation in the charge density of the PE layer 
m  for various 

levels of appliedV  with 2

total 0.5 chains/nmN  at pHH/pHL=11/3, (a), and pHH/pHL=7/3, 

(b). 
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Figure 2-S5. Concentration profiles of H+ for two values of grafting density of PE 

chains 
totalN  at pHH/pHL=7/3. 
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Figure 2-S6. Concentration profiles of K+, (a) and (b), and Cl , (c) and (d), for two 

values of the grafting density of PE chains 
totalN  at pHH/pHL=7/3. 
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Chapter 3 Conclusions 

 

Ion current rectification (ICR) behavior with response to several factors are 

theoretically investigated in this thesis. Chapter 1 focuses on effects of half cone angle θ, 

bulk salt concentration Cbulk, and type of salt (KCl, NaCl, LiCl) on ICR in negatively 

charged nanopores. Rectification ratio fR  of three types of salt ranks as 

Rf(LiCl)>Rf(NaCl)>Rf(KCl) at bulk 3 mMC   and/or 1    for all levels of voltage 

potential V0. The above order can be reversed when nanopores are applied with 

sufficiently high V0 at higher Cbulk and/or larger θ. As a result, the fR -V0 curves of the 

types of salt examined intersect at the same point. This phenomenon results from the 

different degree of ion enrichment of three types of salt at positive voltage. Degree of 

enrichment of LiCl is the largest under small voltage regardless of the level of θ; 

however, if we increase level of applied voltage, enrichment of KCl becomes the largest 

only if 1   . We also observed that the point of intersection of fR -V0 curves shifts to 

a lower value of V0 when either Cbulk or θ is increased. The shift of the point of 

intersection can be explained by the rate of ion transport. The rate of ion transport is 

lowered by the rate of decrease in the electric potential, which occurs when the 

overlapping of double layer is significant and ions accumulate most neat the nanopore 

tip. However, if Cbulk and/or θ take a higher value, the distributions of the electric 

potential of three types of salt examined are essentially the same.  

In Chapter 2, taking account of effects of pH-regulated nature of a cylindrical 

nanopore surface functionalized with polyelectrolyte (PE) brushes and the presence of 

electroosmotic flow, we investigate the influence of applying an extra pH gradient in 

addition to an electric field on the ionic transport in the nanopore. An interesting 

phenomenon is observed: when applied a sufficiently strong pH gradient, the nanopore 
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exhibits disparate conductance response to the applied potential bias, depending upon 

its sign. For negatively applied potential bias, the conductance increases appreciably 

with increasing applied potential bias; for positively applied potential bias, it becomes 

insensitive to the bias. This discrepancy lies in difference in response of the charge 

density of PE brushes to the applied potential bias. We also demonstrate ion current 

rectification (ICR) in cylindrical nanopore. For a fixed strength of pH gradient, the ICR 

factor measuring the degree of ICR of the nanopore can be tuned by the applied 

potential bias. A rectification inversion is observed when the applied potential bias is ca. 

 0.3 V. The ICR behavior of the nanopore depends on dominance of either the applied 

pH gradient or charge density of PE brushes. For a moderate pH gradient strength, 

rectification inversion can also be observed hen the grafting density of the PE brushes is 

raised. This study reveals that ionic transport in the nanopore can be influenced 

significantly by the applied pH gradient. Together with the key factors including 

nanopore geometry and the way to modify nanopore surface, we hypothesize that 

applying such a gradient can improve ICR performance of nanopores. 

 




