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Abstract

This thesis presents a theoretical study of spin manipulation in a two-dimensional
topological insulator (2DTT). Non-equilibrium Greens function approach and Lan-
dauer Biittiker Formalism cooperates with tight binding band calculation numeri-
cally study the electron spin transport properties of two-dimensional electron gas
with strong spin-orbit coupling. A topological insulator is a material that a strong
intrinsic spin-orbit interaction exists. The non-dispersive edge states make it be
a promising material in spintronics application. Adopting non-magnetic field con-
trol is predominating in the research field of semiconductor devices, thus, we adopt
non-magnetic field to control electron spin in the two-dimensional topological insula-
tor. The thesis provides two ways to manipulate electron spin in a two-dimensional

system.

First, quantum interference induced by external electric field is adopted. A
persistent quantum resonance device is proposed in an H-shaped 2DTI embedded
a non-magnetic impurity at the center. Transmissions between each branch of the
H-shaped 2DTT shows two kinds of quantum resonance in this device, Breit-Wigner
resonance, and Fano-like resonance. These resonances can be realized in the device
through modulating the onsite impurity potential. A phase transition between the
Fano-like and the Breit-Wigner resonances through modulating the thickness of the

2DTT leads is also presented.
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Second, we present a band study of a 2DTI-normal metal junction. The helical
edge state of 2DTI hybridized with the quantum well state of normal metal is well
studied. A systematical study of the band in terms of the coupling strength between
2DTT and normal metal shows there are two interesting phenomena in this junction
(i) A helical state induced splitting that similar to Rashba field existed in normal
metal. The Rashba-like field generates a spin precession that the precession length
can be modulated by the coupling strength. The Rashba-like field can be a promising
way to create giant Rashba spin orbital via material manipulation. (ii) The band of
spin down opens due to the spin down electron of normal metal penetrated to 2DTI
and backward moved restrictedly. Energy band gap opens for one spin channel thus
a polarized spin current flows into normal metal in the energy region of the band
gap. By modulating the Fermi energy, it is possible to convert the quantum spin

hall system into a spin filter.
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Introduction

Condensed matter physics is the field of physics that deals with the macro-
scopic and microscopic physical properties of matter. In particular, it is
concerned with the condensed phases that appear whenever the number of
constituents in a system is extremely large and the interactions between the
constituents are strong. The most familiar examples of condensed phases
are solids and liquids, which arise from the electromagnetic forces between

atoms.

— Wikipedia

Almost all of the world that we can see is condensed matter. Such as the cause
of the different electrical conductivity of conductor and insulator, the magnetiza-
tion of the ferromagnetic and antiferromagnetic material, and the superconducting
behavior in low temperature all can be explained by theory and verified experimen-
tally. In fact, the condensed matter physics does not only satisfy the curiosity of
humankind but also made many remarkable achievements for human technologies

such as engineer new materials, superconductor, optical physics etc. The most re-

d0i:10.6342/NTU201603562



-

9 1. INTRJOEUCTION

markable achievement in this field is the application in the semiconductor industry,
which enabled electronics devices such as computers, monitor, and everything else
we often used to go into our lives. However, in the semiconductor industry, the
length scale has a limitation. The device in the semiconductor industry is based
on complementary metal-oxide- semiconductor (CMOS) [I]. In CMOS, the leakage
currents are increasing dramatically in sub-100nm processes. So we need another
approach to manipulating the electron. The spin is an intrinsic degree of freedom
of an electron that has raised much attention in condensed matter physics. The
spin comes out of the application starting from the giant magnetic resistance[2, 3]

in 1988 that gives a significant progress of data storage.

1.1 Spintronics in heterojunction

The systems of the thesis are built on heterojunction. In this chapter, we come on
give a brief introduction of heterojunction first. And we then give a model to illus-
trate Rashba spin-orbit interaction [4]. Finally, we will focus on a special spin-orbit
interaction that exists in HgTe/CdTe heterojunction is called a two-dimensional
topological insulator (2DTT) [5]. 2DTT is a unique material with strong spin-orbit
interaction with absorbing spin transport behavior, spin-momentum locking, and

topological protection [6].

1.1.1 Heterojunction

A heterojunction is the interface of two different conjunct layers of crystalline semi-
conductors with alternating band gaps and can be utilized in electrical devices such
as solar cells, lasers, and complementary metal-oxide-semiconductor. The behavior

of the alignment of energy bands determines the behavior of a heterojunction. There

d0i:10.6342/NTU201603562



1.1. SPINTRONICS IN HETEROJUNCTION | &

n-doped AlGaAs  GaAs

Figure 1.1: (Left) Band diagram for an AlGaAs-GaAs interface in terms of the direc-
tion that perpendicular to the interface. Band gap and Fermi energy are different for
AlGaAs and GaAs and the energy for AlGaAs and GaAs has not been equilibrium.

(Right) a two-dimensional electron gasses induced by redistribution of charge.

are three types of energy bands that define three types of heterojunctions straddling
the gap, staggered gap, or broken gap. In the case of the type of staggering gap,
the band gap is different from the two semiconductors. The conduction band of the
smaller gap semiconductor lies above the conduction band of the larger gap semi-
conductor. We are going to focus on the staggering gap and take AlGaAs-GaAs as
an example and showed in Fig. [[.I] AlGaAs is an n-doped semiconductor that Al
give electronic donors, however, GaAs is undoped so that the chemical potential is
lower for conduction band that the schematic figure Fig. shows the energy band
diagram in terms of the position of the perpendicular direction of the heterojunction.
This is unstable near the interface due to the difference of the chemical potentials
for two semiconductors. The two systems are in a nonequilibrium state and the
electron in n-doped AlGaAs will move into GaAs so that the system would be more

stable. After the migration of the electron positively, ionized donors generated near
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the interface on the side of AlGaAs due to the electron would no longer screen Al
atoms. The electron would be trapped on the side of GaAs near the interface thus

the charge is negative near GaAs and is positive near AlGaAs.

How does the band become to correspond the migration of the electron? The
slope of the potential is the electric fields and the sign of curvature is the sign of
charge. The direction of electric field is from n-doped AlGaAs to undoped GaAs
due to the charge distribution. The charge is positive in the region of AlGaAs and
is negative in the region of GaAs, so the sign of the curvature is positive in the
region of AlGaAs and is negative in the region of GaAs. The schematic figure shows
the band after the migration and the Fermi energy now below than the conduction
band of AlGaAs and lower than the conduction band of GaAs. The interface is
a 2 dimensional quantum well with electric field perpendicular to the plane. A

two-dimensional electron gasses would be trapped in the heterojunction.

1.1.2 Rashba spin-orbit interaction

Spin-orbit interaction is the core of the thesis and is utilized to control the spin
transport [7, 8 9]. We consider the linear term of spin-orbit interaction in the
dissertation that is an additional term of Hamiltonian. A linear combination of

product of spin operator and momentum operator can express spin-orbit interaction

Hy,, =) Si*P; (1.1)
0,7

where S; are the spin operators and P; are the momentum operators.

The origin of spin-orbit interaction is complicated that depend on the material.
Nevertheless, we can give a brief example to illustrate Rashba spin-orbit coupling

that is a special kind of spin-orbit coupling can be found in GaAs/AlGaAs het-
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Figure 1.2: Schematic of an electron moving at velocity v in a constrained two
dimensional systems. The different chemical energy induces an electric field that is

perpendicular to the two dimensional system
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Figure 1.3: (Left) Schematic of an electron moving at a velocity v to a two-
dimensional plane that in the between of positively charged plane and negatively
charged plane in the lab frame with an electric field that is generated by the charged
plane. (Right) In the frame of the electron, positively charged plane and negatively
charged plane in lab frame become charged current and induced an effective mag-

netic field Beyy.
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erojunction. The Hamiltonian form of linear Rashba spin-orbit interaction can be
expressed as

Hgo = Py* S, — Py S, (1.2)
Now we about illustrate how does the GaAs/AlGaAs heterojunction generate Rashba
spin-orbit coupling. A two-dimensional electron gasses can be formed in the GaAs/Al-
GaAs heterojunction and a positive charge and negative charge distribution on the
side of AlGaAs and GaAs respectively as shown in Fig. [[.2] Assume the charge
distribution is uniform so that the heterojunction can be regarded as a charged ca-
pacitor. An electric field F that is perpendicular to the plane of the two-dimensional

electron gas as shown in Fig. [1.3|
E=F2:z (1.3)

The electron in the two-dimensional electron gas is restrictedly moving in the x-y
plane within the electric field. If we are located in the frame of moving electron, a
hole and electron current is created on the side of AlGaAs and GaAs respectively.
We can now regard this system as uniformly distributed positive electric current and
negative electric current flow on the top and down of the electron. The magnetic

field B is an effective field in the frame of moving electron that can be expressed as
B=V xFE (1.4)

and the Hamiltonian can be expressed by exchange coupling
Hy,=—-8S-B=—-5-(VxFE)=-Sx(P-E)=E-Sx(P,) = E(P,-S,—P,-S,) (1.5)
where P is the momentum operator. We have explained the Rashba spin-orbit
coupling exist in the heterojunction. Now we are going to illustrate another material,
HgTe/CdTe heterojunction, that a distinctive spin-orbit coupling can be found in

the material. We will give a brief introduction of this heterojunction in the next

subsection.
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1.2 Topological insulator

1.2.1 Topology

A topological insulator is a material with non-trivial topological order behaves as
an insulator in its bulk, however, conducting surface states will be induced near the
surface that is the interface of non-trivial topological order (1) and trivial topolog-
ical order (0). This term "topology” is a branch of mathematics. That is the field
of investigation of properties of space that are preserved under continuous deforma-

tions.

Topology can be formally defined as “the study of qualitative proper-
ties of certain objects (called topological spaces) that are invariant under a
certain kind of transformation (called a continuous map), especially those
properties that are invariant under a certain kind of transformation (called

homeomorphism).”

— Wikipedia

One famous example is that a continuous deformation of a mug into a doughnut
(torus) as shown in Fig. The topology of a mug and a doughnut are the same,
nevertheless, these shapes are changed apparently. The summation of Gaussian
curvature K of the surface of a mug or a doughnut is the same. The Gaussian
curvature K is the product of the two principal curvatures k; and k. The principal
curvatures at p denoted k; and ks, are the maximum and minimum values of this

curvature as shown in Fig. [L.5]

The summation of K is actually a topological invariance.
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Figure 1.4: A continuous deformation of a mug into a doughnut. A flexible doughnut

is reshaped to a mug could be reshaped to a coffee cup by creating and enhancing

a dimple by degrees, and shrinking the hole into a handle simultaneously.

planes normal
of principal vector
curvatures

tangent
plane

Figure 1.5: a saddle surface with normal planes in directions of the principal cur-
vatures. The curvature at a given point along a given direction is defined as the
curvature of the intercepted curve of a plane contains the loop and the surface at
that given point. The principal curvatures actually can be viewed as the maximum

and minimum values of this curvature of a given point.
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What is the application of topology in physics? The summation of a certain
quantity in momentum space is topological invariance and deformation (small in-
teraction) cannot change the topology thus preserve the physics properties. The
TKNN number in the quantum hall effect [10] and Z; number of quantum spin
hall effect [I1] are the topological invariance number in momentum space which
leads to topological protection. We have given a brief introduction of topology and
the relation with physics. In the next section, we will introduce a material that
has quantum spin hall effect, the topological insulator, and illustrate the important

physical properties.

1.2.2 Topological insulator

Topological insulators are materials that the bulk electronic band structure is an
ordinary band insulator with the Fermi energy lays in the gap that in between of
the conduction and valence bands, however, linear conducting bands exist in the
band gap and it is topologically protected states accumulated on their edge [6] .
These conducting edge states are due to the spin-orbit interactions and preservation
of time-reversal symmetry. The linear surface band can be described as a Dirac
electron by modified Dirac equation [I2] and nearly massless that preserve excellent
transport behavior just like graphene [I3]. There are two characters that make
topological insulator become a fascinating material. The first one is spin-momentum
locking due to unusual spin-orbit coupling. The second one is the surface conducting
state is topological protected. These two characters make the topological insulator

become a promising material in the application of spintronics.
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(Quantum Hall effect) (Quantum spin Hall effect)

Figure 1.6: (Left) Electron moving in quantum Hall system that can be realized by

adding a magnetic field in a two-dimensional system. The motion of an electron
is cyclotron so the electron can only move forward at the lower edge. Due to lack
backward state at the lower edge. The states are robust such that encountering
an impurity without scattering. (Right) an electron moving in quantum spin Hall
system that can be realized in a quantum well of HgTe/CdTe that is proposed as a
topological insulator. Instead adding a magnetic field, the intrinsic SOC induces 4
basic degrees of freedom that is spatially separated at the edges. Spin up and down
electron both can move in the upper and lower edges, however, in the opposite mov-
ing direction. The same analogy of quantum Hall system, the lacking of backward
state of spin down electron at the lower edge, the edge states are robust against

impurity.
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1.2.3 Spin momentum locking

Spin momentum locking is that the spin and momentum are perpendicular due
to strong spin-orbit interaction. Surface states of a topological insulator are spin-
momentum locking so that the electron is spin-polarized when the electron is trans-
ported. The band structure shows spin evolves in momentum space. We may take
HgTe/CdTe quantum well as an example that is a two-dimensional topological in-
sulator. The orientation of spin is in z axis and the electron restrictedly moves in
the x-y plane. For one edge, the spin up electron is in the positive slope of the
band and spin down is in the negative slope of the band. That means the direction
of electron movement determines the orientation of spin. Furthermore, the spin
orientation of opposite movement of the electron is opposite as shown in Fig. [1.6]
However, the spin-momentum locking is unique for topological insulators. It can be
found in Au(111) surface [14], the cooperate with topological protecting is actually

made topological insulator be so special.

1.2.4 Topological protection

Topological protection is announced in the two-dimensional electron gas system with
a strong magnetic field in the quantum system. The magnetic field B can be regarded
as an electromagnetic vector potential A that changes the phase of the wavefunction
and make a cyclotron orbit of the electron. Landau quantization can be derived by
solving the Hamiltonian so that the electron can only occupy orbits with discrete
energy values, called Landau levels. States of Landau levels are accumulated at the
edge of two-dimensional electron gas systems and cannot be scattered back due to

the cyclotron motion as showed in Fig. [I.6]

Topological protection in a topological insulator is based on the preservation
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of time reversal symmetry (i.e. without a magnetic field) instead. The surface
state cannot be removed by surface non-magnetic impurities due to the preservation
of time reversal symmetry, so the property makes the application become more
feasible. We may be wondering what will go on if an impurity near the surface. The

topological protection gives us a simple physical picture as showed in Fig. [1.6]

d0i:10.6342/NTU201603562



I

Bibliography

1]

Kikuchi, Hideo, Haruyoshi Takaoka, and Shigenori Baba. "Complementary
metal-oxide semiconductor.” U.S. Patent No. 4,288,804. 8 Sep. 1981.

M. N. Baibich, J. M. Broto, A. Fert, F. Nguyen Van Dau, F. Petroff, P. Etienne,
G. Creuzet, A. Friederich, and J. Chazelas, Phys. Rev. Lett. 61, 2472 1988.

G. Binasch, P. Grunberg, F. Saurenbach, and W. Zinn, Phys. Rev. B 39, 4828
1988 .

Bychkov, Yu A., and Emmanuel I. Rashba. "Oscillatory effects and the magnetic
susceptibility of carriers in inversion layers.” Journal of physics C: Solid state

physics 17.33 (1984): 6039.
B. A. Bernevig, T. L. Hughes, and S.-C. Zhang, Science 314, 1757 (2006).

Qi, Xiao-Liang, and Shou-Cheng Zhang. "Topological insulators and supercon-
ductors.” Reviews of Modern Physics 83 (2011): 1057.

Datta, S., and Das, B. Applied Physics Letters 56, 665 (1990).

Liu, Ming-Hao, and Ching-Ray Chang. "Datta-Das transistor: Significance of
channel direction, size dependence of source contacts, and boundary effects.”

Physical Review B 73 (2006): 205301.

14

d0i:10.6342/NTU201603562



BIBLIOGRAPHY E ‘

[9] Chuang, Pojen, et al. ”All-electric all-semiconductor spin field-effect transistors.”

Nature Nanotechnology 10, 35-39 (2015)

[10] D. J. Thouless, M. Kohmoto, M. P. Nightingale, and M. den Nijs, Phys. Rev.
Lett. 49, 405 (1982).

[11] C. L. Kane and E. J. Mele, Phys. Rev. Lett. 95, 146802 (2005)

[12] Shen, Shun-Qing. Topological Insulators: Dirac Equation in Condensed Mat-
ters. Vol. 174. Springer Science and Business Media, (2013).

[13] Neto, AH Castro, et al. "The electronic properties of graphene.” Reviews of
modern physics 81, 109 (2009)

[14] LaShell, S., McDougall, B., and Jensen, E. (1996). Spin splitting of an Au (111)
surface state band observed with angle resolved photoelectron spectroscopy.

Physical review letters, 77, 3419.

d0i:10.6342/NTU201603562



NI

Method

2.1 Construction of Hamiltonian(Finite difference

method)

In this section, we construct the spatial resolved Hamiltonian matrix H describing a
two-dimensional electron system. The Hamiltonian we described in the thesis is an
effective Hamiltonian derived from the first principle calculation or fitting from the
experiment. The Hamiltonian is usually represented in momentum space, however,
we would like to know the spatial information in the transport aspect. By adopting
a spatially resolved basis, position of lattice sites. Allows us to construct a spatial
resolved Hamiltonian. One thing that I need in order to mention here is that these
sites do not represent the realistic crystal lattice of atoms. The numbering of the
sites does not alter the physical properties, nevertheless, the numbering is important
in the numerical calculation. Now we are going to illustrate the way to change the

basis from momentum space (continuous) to spatial space (discretized).

The finite difference method is a numerical method to approximate differen-

16
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Figure 2.1: Discretization of wave function

tial equation with difference equations. The difference equations allow us to solve
differential equation numerically.= We start this section by illustrating the finite dif-
ference method by taking one-dimensional free electron gas without the spin degree
of freedom as an example. The Hamiltonian describing one dimensional (x-axis) free
electron can be given by

Ho(x) = 2= o(x) 1)

where p, is the momentum operator along the x-axis that is a spatial derivative

operator can be expressed as

pe(a) = —ih-p(o) = il 2D Pl = 0/

d a—0 a <22)

The derivative of the wave function can be approximated as the variation of wave
function if a is small enough. The approximation is valid actually when a is much

less than the Fermi wave vector.

) e _ip £t /D) — (e —af2)

- (2.3)

Pep(x
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If the momentum operator p, act on the (2.3 again, we have the wave function on
which kinetic term p? act on

2o+ 0) = 20(2) + 9z — a)

(2.4)

pap(z) =~

Above approximation is the finite difference method. We can express the Hamil-
tonian by local spatial wave function with the help of finite different method as
following. The spatial wave function ¢(z) is a summation of all local wave function
©n(x) given by

p(x) = ¢n() (2.5)

n

Where n is the index of the site, so ¢,(x) is the wave function at site n. Using
the relation above, we can know how does the Hamiltonian operator act on wave

function

How) = HY ¢ul@) = 2= 3 ¢u(a)

h? on(z 4+ a) — 20, (x) + pn(z — a)
P

So now the Hamiltonian can be expressed as the local wave function by matrix that

adopts @, () as basis

Hm,n = @L@(ZE,)HQDN(ZE)
h? on(T + a) = 2¢,(x) + pu(z — a)

- oty
2m90m(1’) o

= —top! (2') [on(z 4 a) — 20,(2) + on(z — a)]

2 . . . .
where ty = 22;?, is defined as hoping energy. Assume the wave function is not so

extensive in space, only the nearest overlapping have to be accounted (tight binding
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approximation), we have

—t) m=m=*a
H, = (2.6)
2tp m=m
We can easily extend the 1-D spin independent system to a 2-D Rashba spin orbit

system that we have discussed in Chapterl

—toly —it,0¥, m =m'+ age,
Hon = 0 (2.7)
—tols + it,0%, m =m'+ age,

Now I am going to give another point of view of the discretized Hamiltonian.

We use the second quantization to express the Hamiltonian as following. First we
T

would like to define Fermion operators a; and aj». a; creates a fermion in the site ¢
and a; annihilates a fermion in the site ¢. The Fermion operators obey the following

relations:
CLi(lj + CLjCLZ' =0

a;ra; + a}aj =0 (2.8)
aia; -+ a;ai = 51'7]‘
The occupation number operator whose eigenvalues are the number of particles in

state 7 is

n; = aTai

’ (2.9)

1—n; = aiaT

With the help of second quantization, we can express the wave function by the

creation and annihilation operator.
w(r) =3 ui(r)a (2.10)

Where wu;(7) is the single-particle wave functions corresponding to site . The Hamil-

tonian of the notation of second quantization can be expressed as following

H=Y eala, +> tijala;, (2.11)
n wi
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Where ¢, = [u'Hudr and t;; = [ uj Hujdr. We adopt the tight-binding approx-
imation in the thesis, so t;; # 0 as ¢ and j are the nearest neighborhood. The
approximation makes sense if the wave function is not extended in real space, we

can ignore the second nearest site interaction.

We can now give another viewpoint of the second quantized Hamiltonian. The
electron hop from one site to another site via ¢; ; and onsite energy e,. If we use the

operator to extend Hamiltonian, then the matrix representation of it is
Hi,j = 6i5,~’j + ti,j (212)

Note the form of second quantized Hamiltonian is similar to the finite difference

Hamiltonian that we have obtained.

2.2 Periodical structure (Bloch Theorem)

an electron in a crystal structure is in a periodical field, so the infinite system can
be simplified by adopting Bloch theorem. The statement of Bloch theorem can be
expressed as following: For an electron constraint in a periodical field U(r) with a
period R as showed in Fig. 2.2 The Hamiltonian H acting on a wave function

can be expressed
R* _,
= _—— .1
Hy [ 2mV +U(7’)]2/) (2.13)

where U(r) is a periodical potential with the period R
U(r)=U(r+ R) (2.14)

The translational symmetry reduce a degree of freedom so that the eigenstates 1) of

the Hamiltonian H can be chosen to have the form

Y+ R) = ™ y(r) (2.15)
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4,
Y fp—

Wave function density w

VTV LY

Periodic Potential U (r)

Figure 2.2: (Bloch Theorem) Electron in periodic potential have periodical density

distribution

If we adopt the second quantization to express a wave function ¥(r) = >, u;(r)a;,
where ¢ is the degree of freedom of the periodical direction. Then we have the
relation

kR
U; Ay = Uj+10541€ (216)

2.2.1 Band structure and wave density

Now we are going to apply Bloch theorem in a system which is infinite and periodical
along the x-axis, however, finite size in the y-axis as showed in Fig. 2.3l Adopting
the tight binding approximation, the Hamiltonian can be written as
H=>Y eaha, + 3 tijala, (2.17)
n <i,j>
Where ¢, is onsite energy of each sites, and ¢; ; is the hopping energy between sites

and < 1, > represents the nearest neighbor. The periodic system is infinite so it is
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Figure 2.3: Now we can solve the eigenvalue and eigenvector of the Hamiltonian.
The eigenvalue is the band structure and eigenvector is the correspondent wave

function. Now let us take 2DTT as an example
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hard to calculate the eigenenergy of the overall system. Thus we can use the Bloch
theorem to reduce the calculation as following. Taking Fig. [2.3| as an example, we
can define a unit cell named H;, are the same for all ¢, couple with the nearest unit
cell via a coupling matrix H, and H_, that represented the unit cell hop to another
unit cell along x and —xz respectively. For example H; couple with H;1; via Hy, in
Fig. 2.3l The unit cell H; are the same as the system is periodical and we can also
use Bloch theorem eqrefbloch to proof it trivially. Without loss of generality, we use
Hj to replace H; and define H is

Ho =Y eala; + Y t;jala; (2.18)

i <ig>

i, is the label of the site in the unit cell. Hl = H_, due to Hamiltonian must be

Hermitian operator and can be defined as

Hy = tmmi10h,Gmi (2.19)

Where m label the site of H; and m + 1 label the site of H;, ;. m and m + 1 are the

nearest neighbor. We can use Bloch theorem to transform a,,.1 to a,, by adding a

factor e, so we can rewrite H,

H, = Z b 1@ Q1 = Ztm7m+1a%am6ikR (2.20)
Now we can represent the overall Hamiltonian by Hy and H, by
H = Hy+ H,e* + H_ e ™" (2.21)

The unit cell of a periodical stripe can be described by Hy and the coupling matrix

between each unit cell H, and H_,.

Now we use an example to illustrate how to get the band structure. If the unit

cell is b site in y-direction and is periodical in x-direction. Without loss of generality,
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we can assume the field is isotropy, then the hopping energy of x and y-direction is

the same. Then we can express H

4 -1 0 0 0]
-1 4 -1 0 0
Hy=tyx|0 -1 4 -1 0 (2.22)
0 0 -1 4 -1
00 0 -1 4

where t; is the hopping energy and we set the onsite energy to be 4ty. The coupling

matrix is then can be expressed as

-1 0 0 0 O
o -1 0 0 0
Hye™ + H_ e =tyx2cos(ka) |0 0 —1 0 0 (2.23)
o 0 0 -1 0
o o0 0 0 -1
Now we can solve the eigenvalue and eigenvector of the Hamiltonian.
H(k)p; = E(k)ib; (2.24)
We have the eigenvalue to be
4—/3 1
3 1
E(k) 4 — 2% cos(ka) |1 (2.25)
5 1
443 1

As showed in Fig. [2.3] The eigenvalue in terms of k is actually the band structure.

The norm of the eigenvector is the spatially resolved wave function density. The
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behavior of wave function density is like the wave function density of a particle in
a one-dimensional hard box due to the confinement in the y-direction. The wave
function density of the lowest band, indicated by n = 1, is the ground state and the
first excited state is the band indicated by n = 2 as showed in Fig. [2.3

Now let us take 2DTT as an example. The tight binding Hamiltonian of 2DTT can
be expressed by a four-band model. The Hamiltonian of an HgTe/CdTe quantum

well yielding a 2DTT system can be given as follows:

h 0
Hoy = (2.26)

0 h*
There are four base vectors of this Hamiltonian, where |s,1) and |p, + ip,, T) are
the pseudo-spin-up states for the upper 2 x 2 block, and |s, ) and |—p, + ip,, ) are
the pseudo-spin-down states for the lower block. The tight-binding Hamiltonian of

h [2 B]in real space can be represented by

Es O

h = Z‘PI i
i 0 Eip
‘/ss ‘/sp f ‘/;s Z‘/sp
+ i Pitsx T @5 s Pitsy
‘/sp ‘/PP _“/sp ‘/PP
Where
T
¥ = [Cl,pc;i} (2.27)

are spinors for the spin up components of the s and p orbits, the index i represents
position in real space, and dx and dy are unit vectors of the lattice constant along

the x and y directions.

E, 0 Ves 1V
Hy =3} pitel | T T iy (2.28)
i 0 E, —iVE
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Ho=3ol | 7 7 | fuesx (2.29)
i ‘/sp V;’p

H = Hy+ H,e™*® 4 O_ e ™" (2.30)

Ho; = Ei¢; (2.31)

The wave function density is the norm of the wave function and the summation of

the wave function density at each energy point is 1 (normalised).
p=olo (2:32)

As showed in Fig. the energy desperation is linear near energy equal to zero,
and the wave function density shows the edge state accumulates at one edge. If we
focus on the negative k region, the wave function density will show the edge state
accumulates at the other edge due to time reversal symmetry. If the energy is going
away from the Fermi energy, the wave function density shows a bulk state (orange
energy point) and an edge state penetrate to the bulk (green energy point). We will
discuss the detail of the band properties in the next chapter.

2.3 Non-periodic structure (Green’s function)

Mesoscopic physics is an important branch of condensed matter physics that han-
dles the system of an intermediate length that ranged in between micrometer and
the size of an atom. For the physical system with the size of an atom, the direct
solution of n-body Schrodinger equation has to adopt and all of the interaction
have to take into account. However, for the physical system with the size of mi-

crometers, a semi-classical approach is adopted and a lot of quantum interactions
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Figure 2.4: The band structure of a stripe of 2DTI near Fermi energy (set to be

zero). The wave functions at three point of the eigenenergies.
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have to ignore. What if we would like to study the physical system composed of
hundreds or thousands of atoms? Both methods are all cannot be adopted due to
the complicated computing for n-body Schrodinger equation and ignoring too much
information for the semi-classical approach. Thus a tight-binding approach starting
from Schrodinger equation and ignoring some complicated interaction is applicable
in the mesoscopic system. Interference effects, quantum confinement effects, and
charging effects are the three kinds of phenomena in a device of mesoscopic physics.

If we would like to study the basic martial behavior that is periodical in general,
the Bloch theory is the method as we have introduced. However, a mesoscopic
device is not periodical in general. The device contains leads that play a role of
source and drain of an electron and a transport part that connect the leads. The
Green’s function method with tight-binding model thus takes advantage in the kind
of problem. We will present the Green’s function and how does the Green’s function
work in a non-periodical structure. The physical quantities can be expressed in

terms of the retarded Green’s function G®. And lesser Green’s function G<.
GT(E) = [(E + “7) I- Heffect(E)]_l (233)

G (E) = GHE)SS(E)G™M(E) (2.34)

The retarded Green’s function G¥ give us the physical information in equilibrium
regime. Thus the local density of state and transmission can be expressed as the
retarded Green’s function. The spatially resolved spectral function A(r,r’, E) can

be expressed by retarded Green'’s function G"(E).
—1
A(r,r" E) = —Im|G"(E)] (2.35)
T

The spatially resolved density of states D(r, E) = A(r,r, E) can be obtained from
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the diagonal element of the spectral function. The conductance is obtained by

multiplying the conductance unit % by

T, ;(E) = trace[l';(E)G*(E)T;(E)G™(E)] (2.36)

»J
Where I'; is the broadening matrix of lead ¢ that we will defined later. The lesser
Green’s function G< contains the physical information of the investigated system
in time independent nonequilibrium regime, thus the local spin density and charge
density with a small bias (i.e. in linear response regime) can be derived by the lesser
Green’s function. The local charge density Ny, and local spin density ?m can be

expressed as

(Sm) = 4?” " ABTr [T G (E)] (2.37)
(Now) = % _O; AETr (G5 (E)] (2.38)

We will illustrate how to determine the lesser and retarded Green’s function step by

step.

2.3.1 Green’s function

Green’s function is a way to solve differential equations of a linear differential oper-
ator L = L(x).

Lu(x) = f(x). (2.39)
The definition of a Green’s function G(z, s) of a linear differential operator L = L(z)

acting on a subset of the Euclidean space Rn, at a point s, can be expressed by
LG(x,s) =0(s — x) (2.40)
Where ¢ is the Dirac delta function. The definition of Green’s function give us

/LG(J:, s)f(s)ds = /(5(:(; —s)f(s)ds = f(x). (2.41)
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Lu(z) = /LG(x,s)f(s) ds. (2.42)

The operator L = L(z) is linear and acts only on the variable x, thus the operator

L can be taken outside of the integration.
Lu(z) = L ( / Gz, ) f(s) ds> , (2.43)

So the solution u(x) of the linear differential equations can be expressed by the

integration of the Green’s function multiply the source function f(s)
u(x) = /G(a:,s)f(s) ds. (2.44)

As a side note, the Green’s function as used in physics is usually defined with

the opposite sign, instead, that is,
LG(x,s) = —0(z — s). (2.45)

If the operator is translation invariant, then the Green’s function can be taken

to be a convolution operator
G(z,s) = G(x — s). (2.46)

In this case, the Green’s function is the same as the impulse response of linear
time-invariant system theory.

In electromagnetic physics, the Green’s function can construct the solution for an
arbitrary charge distribution if the linear operator is electronic Gauss’s law (i.e. the
electric field going out of an arbitrarily spatial space is proportional to the charge

inside.)

V3o = p/eo. (2.47)
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Green’s functions are also powerful in solving wave equations in quantum me-
chanics. The Green’s function of the Hamiltonian, a linear operator as what we

illustrated, is an important connection to the concept of density of states.

2.3.2 Green’s function in quantum system

Green’s function can be applied in quantum transport system[1]. In this section, we
derive the Green’s function of a quantum system that can describe the transport in
a nano-scale device. I will start from a Schrodinger equation describing the entire
system. The entire system contains a device and leads connecting to the device. We
use a device connected of a lead as an example so the time independent Schrodinger

equation is

H Hcouple v v
: —E (2.48)
Hcouple HL (I)L (I)L

where H and H are the Hamiltonian describing the device and the lead respectively.

HT

couple 18 the matrix that describes the coupling between the lead and the device.

¥ and ®; are the wave function of the device and the lead respectively, and E is

the energy.

The Hamiltonian is a Hermitian operator so the energy is real. By solving the
eigenfunction problem, all of the physical properties can be derived. However, there
is a difficulty to solve the entire system. The Hamiltonian describing leads are semi-
infinite in general, so it is almost impossible to solve the entire system. Hopefully, we
are interested in the physical properties of the device only, so we can only calculate
the wave function W of the device. We then introduce a concept to simplify the

infinite matrix calculation.

We would like to show that the equation can be simplified by eliminating Hj,

(i.e. the Hamiltonian describing the lead) and the equation describing the device
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are obtained by adding a self-energy paying for the eliminating of Hy.
E¥ =[H+X|¥+S (2.49)

S is a term representing the excitation of the device by the coupling from the lead.
> could be viewed as a modification of the Hamiltonian that represents the effective
field that originates from the lead and act on the device. This equation is describing

an open system, instead of a closed system that described by EW¥ = HW.

We start the derivation form solving the Schrodinger equation of the isolated
lead.
E®;, =H; $p (2.50)
where ®, is the wave function of the electrons in the lead.
We now make a bit of revising of the Schrédinger equation by adding a small

amount of imaginary number in into energy. So the revised Schrodinger equation

can be expressed as

(E+in)®rp = H P+ St (2.51)

1Py, represents the extraction of electrons from the contact and Sy, represents the
reinjection of electrons from external sources. These two terms are essential that
can be viewed as maintaining contact at a constant electrochemical potential.
1m is mathematical artifice to make the convergence of a Fourier transform such
that ensure numerical calculation convergent. The small imaginary number cannot
be dropped in calculating the Green’s function numerically due to the convergence
of Green’s function. As we will discuss later, the surface Green’s function can be
expressed as
Gp=[E— Hy +in]™ (2.52)
If we drop i1, the surface Green’s function GG, diverge when the energy is the eigen-

value of the Hy. The revising of Schrodinger equation is actual can be interpreted
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in a point of view: The replacement of energy H; to H; — in broaden the wave
function of lead ® in energy space. ®y are essentially the eigenfunctions of Hj,
as the absence of in, so @1 are non-zero only as F is the eigenenergies of Hy. As
a result, ®y is extremely peak in energy space. Adding in, instead,®y, is non-zero
when energy “close” to all eigenenergies of Hy, whose sharpness depends on the
7. Small n give a sharp ® in energy space. In numerical calculations, we always
used finite-sized leads to saving computation time, so the energy is not continuous,
instead, discretized. n have to larger than the level spacing in order to make the lead
work well in the calculation. Determining the value of 7 is actually an ambiguity
in our numerical calculation. The Hamiltonian change too much if n is too large,
however, we cannot make n too small such the level spacing is too small. In our
numerical calculation, we usually set n = 107 in the unit of eV/. With this setting,
the result is correctly comparing to some analytical result.

Now we couple the device to the lead, the wave function of the lead is not ®p,
the wave function of isolated lead, so we can define an excite scattered waves y such
that ® 4+ x to be the wave function of the lead in the overall system. ® 4+ x and
W have to satisfy to overall revising Schrodinger equation, which we can write in

two blocks:

E—H —Hcou,,le v 0
= (2.53)
—H! E—H,+in O+ x St

couple

Then we expand the matrix and substitute Sy, by [E — Hy +in|® by assuming Sy,

remain unchanged and we can have

[E - H]lI’ - Hcouple[(PL + X] =0 (254)
—H' W+ [E—H,+inx=0 (2.55)

couple

Now we would like to introduce the surface Green’s function of the lead G, defined
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by
Gp=|[F—Hp+in™" (2.56)

We then can express x in in terms of ¥ and the surface Green’s function G, by

X = GLH;r

ouple

V (2.57)

By substituting x into (2.54)), it is straightforward to defined the self energy %

2 = Heoupte GLH, e (2.58)
and ([2.54) become
[E—H-X|¥=S8 (2.59)
where S is defined by
S = Hcouple(I)L (260)

Now we have derived the identity and we have the wave function of the device
without solving the overall Schrodinger equation, instead, adding an effective field
named self energy to the Hamiltonian of the device. We can regard the self energy
as a boundary condition of the device that provides a reservoir of electrons. Next,
we are going to introduce Green’s function and show the physical meaning of these

Green’s function.

We are going with the express some physical quantity in terms of wave functions,
the density of state and the electron density. The density of states of a system is
the number of states per interval of energy at each energy level that is available to

be occupied. The density of state D(F) can then be defined as
DE)=> W, ¥:(E —¢) (2.61)

where ¢; is a set of eigenenergies of a Hamiltonian and ¥; are the eigenfunctions

in real space correspond to the eigenenergies ¢;. The electron density is the density
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of electron occupation in terms of energy. The electron occupies in energy E in
a system according to its Fermi-Dirac distribution F(e; — pu) = 1/[els=#/* 1],
so the electron density p of the device can be expanded by the eigenfunction and
Fermi-Dirac distribution F'(e; — pt) in the function of the eigenenergy corresponding
the eigenfunction. The relation of the eigenfunction and the electron density can be

thus expressed as
p(r) = Y Wil (e, — )T (2.62)

where F(¢; — p) is the Fermi-Dirac distribution function, W¥; is the eigenfunction
and ¢; is the corresponded eigenenergy, p is the chemical energy, sometime we also
refer it as the Fermi energy. k is the Boltzmann constant, and 7" is the temperature.
In our calculation, we simplify the problem by setting the temperature to be zero
so that the Fermi-Dirac distribution function is a step function.

Next, we are going to introduce two types of Green’s functions, retarded Green’s
function and lesser Green’s function, and relate the Green’s functions with DOS and

electron density.

2.3.3 Retarded Green’s function

We will illustrate the physics meaning of retarded Green’s function in the section.

Now let us start from the density of state (DOS) D(E) (22.61]) of the overall system.

D(E) =3 [¥i*0(E - &)

where ¢; is a set of eigenenergies of the overall Hamiltonian as described eq(2.48))

and W; are the eigenenfunctions in real space correspond to the eigenenergies ¢;.

Due to the DOS can be expressed in term of eigenenergies and the correspon-

dence eigenfunctions. We then define overall spatially resolved spectral function
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onerall (T, 7’/, E)

Apperan(r, 7', E) = 27 Z@(r)qlf(r’)é(E —€) (2.63)

Thus spatially resolved DOS is the diagonal of the spectral function D(r, E) =
A(r,r, E)/2m. The Dirac delta function in (2.63)) can be expanded

ol — ) = l(E—Z)]QﬂLn?] - [(E_;>+in - (E_‘Eli) —in] (264)

Where 7 is a small number as what we have discussed. Spectral function Ayperan(r, 7/, E)

then can be expanded

onerall(E) = 27 Z ‘I’n‘Ij:'Cs(E — En)

I
3M

1 1
et l —en)ﬂ’n _(E—en)—in]

a zn:\I, [ —en +zn]\1’;
- ;@"[(E—en)—m]ql;
. 1 , 1
= i — — , (2.65)

E—-H+m E—-H-—1in
Define the retarded Green’s function Goperan

1
Goverall = 5 2.66
"= FE_H +n ( )

We then can express the spectral function Agyeqq(E) in terms of retarded Green’s

function Goueran by
onerall(E) - Z.[C:ove?“all(E1) - Giverall(E)] (267)

Avverait(E) = Agperan(r, 7' E) can be expressed with the position representation.

Note the spectral function A(F) describing the device thus can be expressed as

A(E) =i[G(E) — G'(E)] (2.68)
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and Ay (FE) describing the lead can be expressed as
AL(E) = i[GL(E) = GL(B)] (2.69)

Now we would like to focus on the self-energy matrix again. We have shown that
the self-energy can be expressed as surface Green’s function G and coupling matrix
H oupie 1 eq. However, the relation of Green’s function GG of the device and
self-energy matrix > have not been known yet. If the device is attached to leads,
and we do not interest in the local physical properties of the lead then we can use
self-energy to simplify the calculation. Now we consider a device that connects with

a lead. The overall Hamiltonian can be expressed by

H H couple
T
H couple H L

where H and Hj, are the Hamiltonian describing the device and the lead respectively
just like eq(2.48)). So the overall retarded Green’s function G,uerqn can be easily
obtained by the definition of related Green’s function eq(?2.66)

-1

G G E+wm—H —H punie
Goverall = " = :/ . " (270)
G21 GL _Hcouple E+Z77 — HL

By expanding eq({4.4)), the following equation can be easily obtained.

[E + 277 - H]G - HcoupleG21 =1 (271)

[E +in— H)Gy — H!

couple

G=0 (2.72)

eq(2.72)) and the definition of surface Green’s function (2.52)), G591 can be expressed
as

Gy =GLH' G (2.73)

couple
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Substituting Gg; into eq(2.71)), we then have the following equation

[E + ”7 — H — -[—-IcoupleGL-[—-I;L ]G =1 (274)

ouple
We can use the definition of self energy eq(2.58)), then we have
[E+in—H-X]G=1 (2.75)

Now we can express regarded Green’s function of the device by Hamiltonian of the

device and self energy by
G=[E+in—H-X]! (2.76)

We always drop in into ¥ due to ¥ is not a Hermitian matrix so the regarded Green’s

function of the device is

G=|E-H-%]! (2.77)

From eq(2.59) [E — H — X]¥ = S and eq([2.60)S = Houpie Pr, we can derive an

identity that we will use it to derive lessor Green’s function and transmission later.
S=[E-H-%9 =G"W=H.,.PL (2.78)

Now we know the power of self energy, we do not need to inverse the overall matrix,
instead, only adding a self energy matrix to the Hamiltonian of the device without
enlarging the dimension of the Hamiltonian. It is easy to extend the device of one

lead to multi-leads leads system. The retarded Green’s function is

(h{E—H—?&Tl (2.79)

Where ¥; is the self energy of i lead. In the next section, we are going to calculate

the self-energy by numerical iteration.
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2.3.4 Evaluating the self-energy

There are two ways, analytical method, and numerical method, to evaluate the
self-energy. In our calculation, we adopt the numerical method to evaluate the self-

energy. The self energy ¥ = Houpiegr f is determined by the surface Green’s

couple
function g;,. Now we are going to illustrate how to determine g; in a numerical
way. Generally, the lead is a periodical system, Hy and Hy; are the Hamiltonian of
a unit cell and the hopping matrix between unit cells as we described in Fig.

respectively. The Hamiltonian of the lead thus can be expressed as

Hy Hy 0
Hi, Ho Hy
0 H), H

The surface Green’s function of n unit cell g, is then can be constructed iteratively

g2 = |E— Hy— H} HyHy, +in)~" (2.80)
g5 = [E— Hy— H{goHoi +in] ™ (2.81)
g1 = [E— Hy— H{gsHoi + i)~ (2.82)

(2.83)

Once the surface Green’s function g, ~ g,.1, the surface Green’s function do not
vary when adding additional unit cell, that means the iteration converges. We then
can determine the surface Green’s function g, as a Green’s function of semi-infinite

lead and g, = G .

d0i:10.6342/NTU201603562



ETH OD

10 N2

2.3.5 Lessor Green’s function

After we know how to calculate the DOS of a device by using the retarded Green’s
function, it is also important to express the electron density in terms of Green’s
function. The lesser Green’s function G™ give us the electron density in equilibrium
and non-equilibrium regime. We can use it to calculate local spatial electron density,

local spatial current density, and transmission (conductance) between leads.

Now we consider the electron density of the lead p;, and of the device p, just as
what we have defined (2.62)) . The electron density of a lead is p;, = ® L@E where
®;; is the eigenfunction of the Hamiltonian of the lead

L = Z (le (I)Lz
- /dE «F(E— 1) S ®p6(c; — E)®%,
- /dE « F(E — 1) Ay /27 (2.84)
We have used the definition of the spectral function just as eqrefl7, the definition

of spectral function of the overall system. Thus, the spectral function of the lead

can be expressed as

Ap =2m Z br.0(e; — )P}, (2.85)
Next we can derive the electron density of the device.
p = Z W, F(e; — p)¥r
- /dE*F E— 1) Y Wid(e; — E)
- / dE % F(E — 1)GHeoupie [Z ®pi0(c; — E)®}HL, . G

dE
= — %k F(E ,U)GHcoupleALH

o couple

GT (2.86)
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We have used eq(2.78) G¥ = H pupiePr to derive G¥; = HoupiePri. Now we can
express the electron density p of the device in terms of the spectral function of the

lead and the retarded Green’s function of the device.

We can thus define G™

G" = F(E — p)GH pupe ALH,, .G (2.87)

ouple

Such that electron density p(r) then can be expressed as a integration of lesser
Green’s function
p(r) = [ dEG" 2 (2.88)
So far we can know the electron density and density of states by using the retarded
Green’s function and lesser Green’s function.
Now we would like to introduce some identity that will be useful in deriving the

transmission between leads in the next section. From eq([2.58|) we know

> — ZT = HcoupleGLH::[ouple - [HCOUPZEGLH:!OUPZE]T

= HCOUple[GL - GE}Hiouple
Hcouple [AL/Z] HT

couple
(2.89)
We can define gamma function I'
D= oo ALH 0, = i[5 — 51 (290)
So GG, is also expressed as
Gn = F(E — p)GTGT (2.91)

It is easy to extend the device of one lead to multi-leads leads system. The

rerated Green’s function is

G = [E —H- Z 22-] (2.92)
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and the lessor Green’s function can be expressed as
G, =Y F(E— 1;)GLG" (2.93)

where ¥; is the the self energy of i lead, I'; is the gamma function of i lead, and

u; is the chemical potential of i lead.

So far we have introduced a device connected with multi-leads that indeed is
a non-equilibrium system. Next, we would like to derive a transport property, the
transmission between leads, that is an important physical quantity discussed in the

thesis.

2.3.6 Transmission

We have to obtain an expression for the current between each of the leads. First,
let us consider the system we have discussed again. We want to derive the current
flowing between the device and the lead. The current is actually the time rate of
change in the electron density inside the device, so the current can be defined by
the time derivative of electron density p = OO = 3, W, F(¢; — p) ¥F.

d d d
= ool = — Ul = — AR 2.94
o dttmce([ ) dttmce([ ) (2.94)

due to $WT = trace([T W), its a scale, and the multiplication of matrix is commute

if we take a trace (Trace(AB) = Trace(BA)).

The derivation of wave function is determined by the time dependent Schrédinger

equation
H Hcou e ‘II d \I’
& = ih— (2.95)
H;rouple HL - “7 P dt P

So the time derivation of the wave function in the device can be expressed as

d
ih @ = H + Hepupro® (2.96)
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Substituting (2.96)) into (2.94)), we have the expression of current
Trace (W' Heppo® — ®TH,, . @
I= , (2.97)

ih

The ® is actually @5 + x as we described in (2.53)). Replacing ® by ®p + x we

have

S Trace [\I’THcoupz@[‘I)L + x| - [®L + X]THjouple\I’}
1h

(2.98)

We can divide the current into two parts

Trace [‘I’THcouple(I)L — ‘I)J;:H;rouple v — ‘I’THcoupleX}

th ih

\Il} Trace |x'H f

couple

(2.99)
The first term is represented inflow current I, s, due to its proportional to the
incident wave ®, and the second term is proportional to scattered wave x that

represent the outflow current I, flow-

There is some equation used to express the inflow current. ¥ = GS and S =
Houpie®r, in (2.78). The charge density of the lead p, = ®,®} = [dE * F(E —
pw)Ar/2m in (2.84). Spectral function of the device A(E) = i[G(E) — G'(E)] in
[2.68). Gamma function I' = i[¥ — X1 = kupleALHjouple in (2.90). With the above

identity, we can derive the inflow current to be a simpler form as following
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There is some equation used to express the outflow current. x = G H f

Iinflow

Trace :‘IITHcouplefﬁL — @t

2

HT

couple

il

ih

Trace |STG'S — S1GS]|

Trace |S'SG' — STSG]|
BT

Trace [SJ’S(GT — G)}

ih

Trace _STSA}

L

Trace @EHT

couple

Hcouple (pLA}

h

Trace _Hcouple@,; @EHT

couple

A

h
Trace |Hepupel [ dE  F(E

- /’L)AL/QTF] HgoupleA}

METHOD

h

Trace[[dE x F(E — p)l' A

2mh

(2.100)

¥ in

couple

(257). Spectral function of the lead i[GT — G| = Ay in ([2.69). The charge density
of the device p(r) = [dEG" /27 in (2.88)). To have the expression of the outflow

current.
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Trace [X H;rouple‘lf - ‘I’THcoupZEX}
Tout flow i
Trace “GL Couple‘IJ] HcTouple‘I’ - \IITHcoupleGLHcouple‘Il}
1h
Trace {[\I' H poupie G Couple‘l’ — \I’THcoupleGLHcouple\Il}
ih
Trace _\IIT[ CoupleG Hcouple - coupleGLHcoupze]‘I’]
th
Trace (O Hepupe |G, — Gy couple]‘y}
_ ih
Trace _\IIT[ coupleALHcouple]\Il}
h
Trace {‘IJTF\I’}
h
Trace \IIT\IIF}
h
Trace [ dE * G"T]
21h

(2.101)

It is easy to see that the inflow and outflow are equal so the net current is zero in

this system due to G,, = AF. The current can be easily extended to a with

/ dE * trace [T AF, — T:G"] (2.102)

Now we can derive the transmission as a function of energy by the Landauer

formula.

two leads I, ;

simplify I; ;. First,

Gl-G=

Considering a muti leads system, we want to calculate current between

form i"lead to j"lead. Here we have to derive some identity to

E—H— Z ¥, (2.103)

E-H-Y %!
J

:z‘ZFj
J
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So we have a identity: A = i(G — G') = 32; GT;G'. Second, G" = 3°; GT';F;G' as
indicated in (2.93)) for muti lead system.

I, = /dE*trace I

F =T,

> GT;G!
J

> GL;F;G!
j

— / dE  trace |S T,GT,G'F; — I,GT,G'F,
J

= /dE x trace ZFiGF]‘GT(Fi — Iy)
J

Q

(i — ,uj)/dE x trace [Z I,GT,GT
J

(0p2i) T3 (1) (2.104)

Q

where
Hi
T () = / dE * trace [FiGFjGT} (2.105)
145
If all of the chemical potential of leads are equal, (i.e. dy;; = 0), then we have the
zero current. With a bias difference between lead, we have the current obey the
above equation. This is the Landauer-Biittiker formula that describes the current
between lead. Landauer-Biittiker is a linear response formula so the formula work

when bias difference between lead is small.

We give an example to illustrate the relation of transmission and the band struc-
ture. We consider a stipe of normal metal that electron can move freely in the
normal metal. As we have introduced in the section of the periodical structure, the
band structure can be calculated as Fig.[2.3] We can also calculate the transmission
of the stipe. The relation is shown in Fig. 2.5 the transmission is quantized and

increasing as energy 2reaches a band and decreasing as energy leaves a band.
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Figure 2.5: The transmission and band structure of a strip of normal metal, the

energy unit is the hopping energy t,.
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Persistent quantum resonance

transition in spin Hall transport

3.1 Overview

A quantum well composed of a CdTe/HgTe/CdTe sandwich structure was predicted
to be 2DTI[I], and experiments demonstrated that a strong intrinsic spin-orbit inter-
action exists in this structure[2]. In this material, the spin direction and momentum
are locked together in quantum spin Hall edge states, and the electrons of spin-up
and -down propagate along the edge in opposite directions. By virtue of time re-
versal symmetry conservation, the edge states cannot be scattered by nonmagnetic
defects[3], 4] and weak interactions[5, [6]. However, the quantized edge states cannot
be conserved completely due to the finite size effect[7] based on the overlapping of
wave functions at the two edges, which opens a band gap in energy dissipation near

the Fermi energy and that makes the transmissions decrease to zero.

Fano resonances[§] and Breit-Wigner (B-W) resonances are quantum resonances,

49
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and can be realized in one-dimensional transport with a quantum dot[9]. Fano
resonances, the coexistence of continuum of propagating modes, and discrete states
interfere with each other and cause the transmission to be asymmetrical on line
profile. However, the B-W resonances have no propagating modes, and electrons
from a source cannot tunnel to a drain except through a quantum dot in a two-
leads quantum dot system. Fano resonances cannot be found in a stripe of 2DTI
with defect[10] for the reason that time reversal symmetry prevents the backward
scattering of the edge states. Recently, an experimental result indicated that a 3DTI
embedding impurity (replacing Bi with In) reduces the spin-orbit interaction and
increases the overlap of surface state and bulk phonons. The 3DTT thus undergoes
a phase transition to the non-TI state. The increase of the Drude background
enhances the asymmetry character of the Fano resonance, and reaches its maximum
near the phase transition point from T1 to a non-T1I phase[I1]. However, the reported
Fano resonance exists due to an overlap of bulk phonons and Dirac electrons and a

quantum resonance within the Dirac region does not exist.

In this section, a local gated H-shaped 2DTI with four-terminals is proposed as
a quantum resonance device as shown in Fig. Local gating is introduced as a
non-magnetic impurity which induces localized bound states at appropriate poten-
tial values in the 2DTI[12], and breaks the particle-hole symmetry. The H-shaped
device provides the electrons within the helical edge states transverse through an
impurity and crosswalk to other branches, and destroys the quantization of spin Hall
conductance when the two edges reside sufficiently close so that Fano-like resonance
can be realized in 2DTI. We propose a picture describing the interference of edge
states and bound states. The transmission from leads show the Fano or the B-W
resonances by modulating the gate potential in a distinct region of the width of the

leads. Furthermore, this novel quantum resonance in Dirac electrons is persistent
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Figure 3.1: A schematic of the H-shaped structure HgTe/CdTe quantum well with

an impurity embedded in the central crossover region.

since no backscattering mechanism is mandated by time reversal symmetry con-
servation. The persistent quantum resonance is very different from any previously
reported quantum resonances because of the helical state has no backscattering that
is protected by time reversal symmetry. A phase diagram of transition from the Fano
resonances to the B-W resonances is also presented. Quantum resonance is critical
in a quantum device[I3], and it is, therefore, important to find controllable quantum

resonances within a topological insulator with potential applications.

3.2 Finite size effect in stripe of 2DTI

Finite size effect plays an important role in the quantum spin hall transport region
in 2DTI. An analytical study of the effective 4-band model for the HgTe/CdTe
quantum well with a finite strip geometry is presented[7]. Edge states of 2DTT are
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localized at edges and penetrate into the bulk, decaying exponentially away from the
edges. Then edge states can couple together and create a gap in energy dispersion.
The is an attracting phenomenon that is the difference from the quantum Hall edge
states. If the edges are close enough, less than about 250nm, the edge states on the
two sides can couple together without breaking time-reversal symmetry as what we

will illustrate.

The 4-band model Hamiltonian of an HgTe/CdTe quantum well yielding a 2DTT

system can be given as follows:

h 0
H = (3.1)
0 h*

There are four base vectors of this Hamiltonian, where |s,1) and |p, +ip,,T) are
the pseudo-spin-up states for the upper 2 x 2 block, and |s, |) and |—p, + ip,, }) are
the pseudo-spin-down states for the lower block. The tight-binding Hamiltonian of

h in real space can be represented by [I, [14]

Es O
h= = Y ¢! o
i 0 Ez
Vis Ve Vs iV
+ Yol ) Girox T 201 | by (32)
i i _Vsp PP i Wsp  Vop
T
where ¢ = [c;i, c;i} are spinors for the spin up components of the s and p orbits,

the index i represents position in real space, and dx and dy are unit vectors of the
lattice constant along the x and y directions. These parameters are to be fitted with
experimental data[2)].

A finite strip geometry of width L with the periodic boundary conditions in
the x-direction and open boundary conditions in the y direction. We calculate the

Bloch band structure in terms of k,, the good quantum number in this system, and
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Figure 3.2: Band structure of a stripe of 2DTT with different width L near the Fermi

energy. Subfigure is the band gap created by the finite size effect in terms of the
width of the stripe L varying from 15nm to 250nm.

show the result in Fig. |3.2l There is a band gap near the Fermi energy, the region
of quantum spin Hall transport. The states near the Fermi energy show quantum
spin Hall behavior and accumulate at the edges and decrease exponentially in the
bulk. However, the finite size enables the states to overlap, couple with each other,
and create a gap near the Fermi energy. The finite size effect can be eliminated
by increasing the distance between the edges. The overlapping of the edge states is
then small, so the coupling between edge is small as well and prevents gap opening.
As shown in subfigure of Fig. [3.2] the band gap decreases sharply with increasing
the width of the strip[7]. By the calculation presented above, the band gap is less
than 0.2 meV if the width of the stripe is 250nm.

The wave density function can also be obtained as a result of calculating the

norm of the eigenfunction as we have mentioned in chapter2. We now are going to
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focus on a point in energy dispersion that is the linear band with the energy region
from 7meV to OmeV in Fig.[3.2] and the momentum point k,a = 0.2513. The wave
density functions at the point are shown in Fig. [3.3l For width equal to 40, the
spin up electron wave density function is accumulated at one edge. The slope of
the point on this linear band is negative, so the spin up electron move along the
negative x-axis that obeys helical property of 2DTI as we mentioned in chapterl(add
the helical statement in chapterl). The spin up electron is occupied at the edge and
penetrates to the bulk o 2DTI, however, the penetrating electron is decayed so fast
that cannot crosstalk the other edge. Halting the width of the stripe, equal to 20,
makes the penetrating electron closer to the other edge. And further halting makes
the penetrating electron reach to the other edge and open a band gap as showed
in Fig. 3.2l As the width of the stripe shrink to be 5, the bulk state dominate this
band and the energy dispersion is not so linear, instead, more parabolic than the

case of L = 50nm in Fig. [3.2

The transmission in response to the finite size effect is well-studied [7, [I0] The
transmission of the linear band of 2DTI is 1 for one spin channel in the energy
region near Fermi energy, the quantum spin hall region. However, the finite size
effect open a band gap of the linear band, and it makes the transmission be zero
in the band gap as showed in the Fig. (3.4l The origin of the zero transmission can
be regarded as the crosswalk of state from one edge to the other edge. A forward
electron from one edge will penetrate to the other edge of a strip of 2DTT and go
backward, so the transmission is zero. The transmission in terms of width as the
Fermi energy, fixed at EF = 8.47meV in the section, represents a step function.
A sharp transition, the transmission goes from zero to one, can be found as width
equal to approximately 120nm as showed in the upper figure of Fig. It is the

result of band gap opening due to the finite size effect. The finite size effect opens a
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Figure 3.3: The spatial resolved wave function density in terms of the distance
away from the edge of the right-hand side in a stripe of 2DTI with the difference
in width. The stripe of 2DTTI is in periodic boundary conditions in the x-direction
and open boundary conditions in the y direction. The overall wave function density
in the unit cell is illustrated in the subfigure. The wave function is the eigenvector
corresponding to the momentum point k,a = 0.2513 in the region of quantum spin

Hall effect.
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Figure 3.4: (Upper) The transmission coefficient as a function of the sample width
for the Fermi energy E; = 8.74meV (Figure adopted from [10]). (Lower) The band
dispersion and transmission of a stripe of 2DTT with different widths L,. The blue
line is the width of L, = 75nm, the green line is the width of L, = 120nm and the
Blue line is the width of L, = 200nm. The band and transmission are sharing the

same energy axis (y-axis).
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band gap of the linear band, and it makes the transmission be zero in the band gap
as showed in the lower Fig. [3.4 As the width of the stripe is 75, the band gap is
large and the Fermi energy lay in the gap, so the transmission would be zero. In the
case of setting Fermi energy equal to 8.47meV, finite size vanishes as width larger
than 120nm. However, presenting of impurity would not hold the criteria and we

will talk it over later.

The H-shaped 2DTI without impurity, with the width of the leads set to be
330nm, is analyzed by calculating the transmission from LEAD3 to LEAD4 in terms
of the size of the crossover region as shown in Fig. The length of crossover region
L, is small enough that two inner edge states %T, ; and wz , couple with each other.
Increasing L, reduces the finite size effect, the edge states on the left and the right
of the crossover region penetrate into the bulk and exponentially decay away from
the edges, so the overlap of the two inner edge states le and wzr is lessened, and
the transmission is decreased. However, increasing L, enhances the finite size effect,
increases the unit of overlap of the inner edge states. The overlap increases linearly

with L,, thus increasing the transmission.

3.3 Impurity influence in a stripe of 2DTI

Bound states induced by non-magnetic impurity in TI are well studied[15] In-gap
bound states induced by non-magnetic impurities in 2DTT can be derived from a
modified Dirac model that depicts the same physical mathematical structure of
2DTI. The model can transform from topological trivial to topological nontrivial
by varying a parameter. It can also derive the existence of topologically protected
boundary states at the edges of 2DTI due to topological invariance change at the
boundary of 2DTI and vacuum|[I6][I7]. A standard Gaussian impurity potential
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Figure 3.5: The transmission from LEAD3 to LEADA4 in a clean H-shaped 2DTT in
terms of size of the crossover region (x-axis is L, from 5nm to 35nm and y-axis is

L, from 5nm to 35nm)
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higher energy lower energy

Figure 3.6: In-gap bound states induced by non-magnetic impurities in 2DTI. (Fig-
ure adopted from [15])

is introduced in the modified Dirac model to represent an isotropic non-magnetic
impurity. This potential breaks particle-hole symmetry, natural behavior of the
helical state of 2DTI, and create two pairs of in-gap bound states. The wave function
probability distributions of the higher energy one are accumulating in the center
of the impurity, however, the wave function probability distributions of the lower

energy one are accumulating around the impurity as showed in Fig. [3.0]

Now we are going to study the periodical impurity in the 2DTI with the four-
band model as we have adopted. The band dispersion and wave density function
can be calculated by adopting Bloch theory. Fig. shows the band dispersion of 9
layers in the x-direction, 41 layers in the y-direction as indicated without impurity.
The spin up edge state is accumulated at the edge of the right-hand side as what we
have mentioned in the previous section. The other edge also accumulates electron
due to the wave density function in the negative momentum region. In negative
momentum region, the slope of the impurity band is positive so that the spin up

electron move in the positive x-direction. The spin up electron at opposite edge

d0i:10.6342/NTU201603562



e ! T
A X 16,
A :
&) O |
f { \
¥
)

60 3. PERSISTENT QUANTUM RESONANCE TRANSITIO:
TRANSPORT "

0.02

0.01

-0.01

-0.02

0.04
0.03
0.02
0.01

5 10 15 20 25 30 35 40

Figure 3.7: (Upper) Band dispersion of a stripe of 2DTI with width 205nm near
the Fermi energy. (Lower) Wave function density of the energy indicated as the
green point in upper figure. The open boundary conditions in the y direction is set

9 lattice sites (three times of Fig. .
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Figure 3.8: (Upper) The same stripe of 2DTI as inducted in Fig. that embedded
an impurity in the center of the unit cell. Potential energy is 0.068eV for the left
and —0.4eV for the right figure. (Lower) Spin up wave function density in different
energy. Each subfigure referred to the color dots is corresponding to the energy as

indicated in the upper figure.
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move in the opposite direction due to the helical property of 2DTI.

Now we back to the case at present non-magnetic impurity. A non-magnetic
impurity is centered at a unit cell of the stripe of 2DTI as the case in the previ-
ous paragraph. The left (right) hand side of Fig. is the band dispersion and
the wave density function of positive (negative) impurity potential. The case of
positive(negative) shows hole-like(electron) band dispersion as the curvature is pos-
itive(negative). From the band dispersion, the particle-hole symmetry breaking as

stated by considering the modified Dirac model[15]

The wave density function in terms of energy can be obtained from different
band and momentum point as labeled by colors. In the case of positive impurity
potential, the red and green points show the edge state and impurity bound state
co-occurrences. The purple point, the impurity bound state localized in the center
of impurity without edge accumulation. As the energy going down, the yellow point
shows pure edge states without impurity induced bound state as if no impurity
present. In the case of negative impurity potential, the red points show impurity
bound state accumulating around the impurity. Lowing down of energy makes the
wave density function transit from bound state accumulation to edge states as the
case of positive potential. In the yellow point of both cases, the wave density function
becomes accumulating at the edges as the non-presence of impurity.

The topological protection gives us a hint that any non-magnetic impurity cannot
break the transport. Indeed, it is the mathematical structure that is the most basic
of this theory and cannot be broken forever. However, a finite width of 2DTT gives
a chance for a crosswalk of edge states as we have mentioned and that will break
quantum spin hall effect without breaking time-reversal symmetry.

The transmission is 1 for the spin up if the impurity is not presenting. The

transmission of impurity in a stripe of 2DTI can be studied by considering connecting
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Figure 3.9: Transmission of a stripe of 2DTI that embedded an impurity at the

center with the different width (155nm for the upper one, 305nm for the mid one

and455nm for the lower one) as a function of impurity potential. The figures on

the left-hand side are the transmission in the positive potential region and positive

potential region for the left-hand side.
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two 2DTT lead the unit cell of 2DTT centered a non-magnetic impurity. Now we are

going to study the finite size effect in the presence of a non-magnetic impurity.

The presence of impurity gives a resonance near two energy regions. As showed
in Fig. the transmission as a function of impurity potential indicate that the
resonance occurs in positive (near 0.07eV) and negative (near -0.45eV) impurity
potential region. The transmission drops down until zero that represent the breaking
of the transmission. For the case of Ly = 31, the distance between edge state and
impurity is 15, and this distance will show conspicuous finite size effect as we have
mentioned. The resonance actually is due to the crosswalk of the edge state through
the bulk via impurity so the transmission goes to zero as the impurity create a
bound state that can be verified by the density of states as the potential in this
region. Increasing the width of 2DTI reduces overlapping of wave function thus
less crosswalk from edge state to the other edge. That result shrinks the width of
resonance and we could also find the result in H-shaped 2DTI. If the width of 2DTI

is large enough, then the contribution of impurity can be ignored as showed[10].

3.4 Path of H-shaped 2DTI and Formalism

In the H-shaped structure of 2DTI with impurity, there are several possible paths
which electrons can follow. Three different kinds of paths with preserved time-
reversal symmetry are shown in Fig. [3.10] The first kind of path is denoted by
blue lines followed by electrons which stay within the same edge. It is similar to
the conventional helical edge states of a two-terminal topological insulator system,
the four edge states including two outer (wz’l, ¥!,), and two inner (wj s wz ,) states.
Another kind of path is denoted by purple dots denoting electrons which tunnel by

the finite size effect from one edge state directly into the other edge state following a
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Figure 3.10: A schematic of the H-shaped structure HgTe/CdTe quantum well,
consisting of two inner edge states, two outer edge states, and localized bound states.
The impurity is centered in an H-shaped HgTe/CdTe quantum well consisting of a
gap of width L,, a crossover region of width L, and four TI leads with the width

of Ny. The blue lines represent the helical edge states, the purple dotted lines are

finite-size induced paths, and the red lines are bound states induced paths.
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Figure 3.11: (Fano-like resonance) Transmission from LEAD3 to LEAD4 (blue solid
line) and LEAD3 to LEADI (red dash line) in terms of impurity potential in the
unit of eV (electron volt) for L, = 45nm. The Fermi energy is 8.7403 meV, width

of leads is N, = 330nm, and width of crossover region L, is 5nm.

path which does not involve impurity. The last kind of path is denoted by red lines
followed by electrons which tunnel with impurity and show resonance properties.
The electrons from the inner edge states can tunnel in and out of the impurity,
however, the time-reversal symmetry requires that electrons of the helical edge states

either move backward to the same side or move forward to the other side.

3.5 Fano and Breit-Wigner resonance in 2DTI

We include a non-magnetic impurity within an H-shaped 2DTT in the topological
insulator states in order to study the interplay of the impurity bound states and the
edge states. The transmissions are shown in Fig.|[3.11]and Fig.|3.12|in terms of mod-
ulations of the impurity potential. Our result demonstrates that the transmissions
from LEAD3 to LEAD1 and from LEAD3 to LEAD4 are complementary, and this

result indicates that the electrons do not scatter back from the outer edge to the

d0i:10.6342/NTU201603562



>\

3.5. FANO AND BREIT-WIGNER RESONANCE IN 2DTI |8 | 67

0.2 0.25 0.25
0.5 \ ]
-0.3965 0.06685 l
0.0 : . '
-0.8 -0.6 -04 -0.2 0.0 0.2
impurity potential

Figure 3.12: (B-W resonance) Transmission from LEAD3 to LEAD4, modulates the
width of leads IV, to be 50nm.

source lead by the finite size effect. An interesting resonance can appear in two im-
purity potential regions where the transmission from LEAD3 to LEAD4 fluctuates
significantly. This phenomenon corresponds to the Fano-like resonance representing
quantum interference of discretized and continuum states. These Fano-like reso-
nances are slightly distinct from the Fano resonances reported for a quantum-dot
system[9], the interference between background states and localized bound states
with backward scattering; however, backward scattering does not exist because of
time reversal symmetry conservation and spin-momentum locking in 2DTI. The
Fano-like resonance within the H-shaped four-terminal 2DTT is due to interference
between two amplitudes of electron waves, one due to the background process of
tunnelling of the edge states wzl (blue line in crossover region in Fig. and tun-
nelling states from LEAD3 to LEAD4 (purple dots in crossover region in Fig. [3.10),
and the second due to a resonant process of excitation of discrete impurity states
(red line in Fig. . Modulating the onsite impurity potential, the electrons of
one edge state can proceed by resonant tunneling into the other edge states which
control the switching from LEAD3 to LEAD4 and LEADI1. Indeed, the interest-

ing spectrum of transmission is a representative of Fano-like resonance owing to

d0i:10.6342/NTU201603562



| =31
68 3. PERSISTENT QUANTUM RESONANCE TRANSITIONUN SEIN HALL
TRANSPORT " o i

the competition between the discrete states (i.e., the impurity bound states) and
the background states. For impurity potential far from the resonant regions, the
tunneling process between edge states dominates, while near the resonant energy,
the amplitude of the electrons changes both in magnitude and phase abruptly, thus

inducing the asymmetric profile of transmission.

If N, is reduced, then the finite size effect of leads of 2DTI cannot be ignored.
The inner edge states crosswalk to the outer edge states, the band gap of a stripe of
2DTT increases, and the transmission goes to zero[I0]. Once this channel is blocked,
the only way for electrons that passing from LEAD3 to LEAD4 is tunneling with the
help of resonance by an impurity. Modulating the impurity potential, it is possible
for electrons tunneling from LEAD3 to LEAD4 through the bound states that are
created by the impurity in two impurity potential regions. B-W resonances result if
we include an impurity in the center of the crossover region. As shown in Fig. [3.12]
the transmission from LEAD3 to LEAD4 behaves as a symmetrical B-W resonance,
differs significantly from the Fano-like resonances whose the shape is asymmetrical.
Comparing with Fano-like resonances, the asymmetrical behavior comes from the
interference of the resonant states and background states. The B-W resonances do
not have background states, so the interference disappears, and the spectrum of

transmission is symmetrical.

3.6 Phase transition between B-W resonances and

Fano-like resonances

Increasing the width of leads brings about a transition from B-W resonances to

Fano-like resonances. The phase diagram Fig. [3.13] derived by calculating the trans-
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Figure 3.13: Phase diagram of transmission with N, varying from 15nm to 440nm.
The size of the crossover region is fixed. The longitudinal direction is the length of
leads (in units of a nanometer), and the transverse direction is the impurity potential

(in units of eV).
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Figure 3.14: The region of B-W resonance, IV, varies from 15nm to 100nm, and the
impurity potential is near the two resonance energy regions. The green dashed lines

show the peak of traversal lines.

mission from LEAD3 to LEAD4 while modulating the width of the leads NN, and of
the impurity potential, can be divided into three regions: The first one belongs to
short-width of leads (N, < 100nm), the second to long-width of leads (N, > 250nm),
and the third region is due to mid-width of leads (250nm > N, > 100nm).

The B-W resonances can be observed in the first region as shown in Fig. [3.14]
Along transversal lines (i.e., modulating impurity potential and fixing the width of
leads), the oscillation of transmission can be found, and there are two bright points
correspond to two peaks of transmission which represent two resonances. The width
of B-W resonance in a negative impurity potential is larger than in the positive one.
We will give a more detailed discussion of the width of resonance in the next section.

The Fano-like resonances can be found in the second region as shown in Fig. [3.13]
The oscillation of the Fano-like resonances corresponds to the change of bright longi-
tudinal lines for constructive interference and dark longitudinal lines for destructive

interference. The widths of oscillation near the two resonances region show also the
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same features as in the case of the B-W resonances which are larger in the negative
potential region. The Fano-like resonances are stable with increasing N, due to the
absence of finite size effect of the leads, which can be reduced if the width of leads

is increased.

In the third region, the transition from the B-W resonance to the Fano-like
resonance, the channel from LEAD3 to LEAD4 is partially blocked. An electron
from LEAD3 can transport through any of the paths described in Fig. [3.10] On
the vertical axis in the absence of impurity (i.e., the impurity potential is zero),
the transmissions between leads are calculated: The transmission from LEAD3 to
LEAD?2 is increased, cross-walking of wl , to ¢l (i.e. the electrons near LEADI
tunnel from the inner edge to the outer edge), and reaches its maximum at N, =
120nm, and then decreases as the width of leads widened. The transmission from
LEAD3 to LEAD4 is increased, however, and Fig. shows that it fluctuates near
N, = 115nm. It is the interference with the electron from LEAD2 due to which the
strength of the electron wave from LEADS3 varies in response to the finite size effect,
which makes the fluctuation of transmission a function of the width of the leads.
We have found a similar fluctuation of the transmission from LEAD3 to LEAD?2,
due to the interference with the electron from LEAD1. In this region, the resonance
shows Fano-like behavior, asymmetry of oscillation, and the transmission cannot
reach unit of conductance until the finite size effect reduces. The width of the stripe

of the 2DTT is about 250nm as calculated in the section III the finite size effect.

3.7 Widths of resonances

We will study the width of resonance in this section. The widths of resonance are

related to the coupling of local bound states and edge states (i.e. resonant states).
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Enhancing the coupling between the edge states and the local bound states broadens

the width of the resonance.

In the Fano-like region, the width of the Fano-like resonance can be varied by
varying L,. The width of the Fano-like resonance increases in response to enhanced
overlapping of the edge states and the local bound state achieved by reducing L,.
Reducing L, leads to an enhancement of transmission in a clean H-shaped 2DTI
as indicated in the section on the finite size effect. In an H-shaped 2DTI with
embedded impurity, a reduction of L, leads to an enhancement of the overlapping
of the edge states and the bound state, so the resonant states are enhanced and the

width of the Fano-like resonance broadens.

In the B-W region, the width of the resonance broadens with increasing N, as
shown in Fig. and simultaneously the finite size effect of the leads decreases
and two inner edge states (i.e. ¢Z b wi , indicated in Fig. are enhanced. This
effect also enhances the overlapping of the edge states, and of the impurity bound
state, so the coupling between edge and impurity is also enhanced. A simple model
in 1D-quantum dot system[I8] shows that the enhanced coupling yields wider the
width of resonance, in correspondence with our result. The width of B-W resonance
in a negative impurity potential is larger than in the positive one due to the wave
properties of the bound states as indicated in Fig. [3.15] The local densities of states
(DOS) near resonance region are presented in Fig. [3.16f The impurity DOS in a
negative potential is more extended spatially than in a positive one. The greater
spatial extension of the DOS implies more coupling between the edge states and the

bound states (blue curve in Fig. [3.15]).

The coupling of the edge state and the local bound state can be verified by
the spectral function[I]. The spectral function gives the number of states, and the

peak means there is a state or there are several degenerate states there. The more
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Negative potential
LEAD2

0.0

Figure 3.15: DOS (in the units of inverse eV) of negative (left) and positive (right)
potential resonance region. The width of the leads is 50nm. DOS of positive poten-
tial accumulates in the center of impurity, but DOS of negative potential accumulates
around the impurity. The coupling between the impurity bound state and the edge
state is indicated by the blue curve. The spectral functions between those states are

shown in Fig. |3.16

extensive is the spectral function, the stronger is the coupling between two sites. The
spectral function of the impurity site and the edge as a function of Fermi energy is
presented in Fig. [3.16] We set the impurity potential to be —0.3919 eV which is the
resonant potential of N, = 15nm at the fixed Fermi energy (8.74 meV) as shown in
Fig. . There is a sharp peak for N, = 15nm at the Fermi energy equal 8.74 meV,
which means that the coupling between the bound state and the edge state exists
near a small region of the Fermi energy and that the coupling is weak. The peaks
of the spectral functions are the resonant points as a function of the Fermi energy
in terms of the width of the leads NV,. The width of the leads affects the resonant
state in the crossover region because of the finite size effect. Increasing N, leads to
an enhancement of the correlation of impurity and helical states, so the resonant

states are enhanced.

We can deduce three features from the spectral function in Fig. [3.16, First, the
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Figure 3.16: (b) Spatially resolved spectral function | A(r,7’, E) | of the impurity
bound state and the edge state for a negative potential (upper figure) and a positive
potential (lower figure) in terms of the Fermi energy (in units of eV) for different
sizes of leads (in units of nm). The fixed impurity potential is set to be —0.392eV
for the negative potential and 0.0636eV for the positive potential.
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Figure 3.17: Transmission of two impurities in the crossover region in terms of an
impurity potential (from —0.4 to 0.15 €V) located near LEAD3 (vertical axis) and
an impurity potential (from —0.5 to 0.15 V) located near LEAD4 (horizontal axis).

spectral functions become extensive with increasing width of the leads. This implies
a stronger correlation of impurity and helical edge states so that the resonance
of width increases. Second, the peaks of spectral functions, that is, the resonant
energies, are distinct for each N,. As in the first feature, the resonant state varies in
terms of N, thus changing the resonant energy. Thirdly, the spectral functions are
more extensive for a negative potential at each N,. This signifies that the correlation
between impurity and helical edge states in a negative potential is stronger than in a
positive one for a fixed N,. This also affects the width of the resonance and consists

of the discussion of DOS as shown in Fig.
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3.8 Two impurities interplay

A single impurity can be manipulated with a gate voltage and thus it is quite
realistic for real experiments. However, defect or non-magnetic interaction may also
create an impurity potential so that multiple scattering may not be avoided. In
order to illustrate this point, an additional impurity is embedded in the crossover
region. Varying the additional impurity potential in the crossover region creates two
additional resonances in the region of positive and negative values of the potential
respectively. The transmissions from LEAD3 to LEAD4 of two impurities in the
crossover region in terms of an impurity potential (from —0.4 to 0.15 eV) located near
LEAD3 (vertical axis) and an impurity potential (from —0.5 to 0.15 eV) located near
LEAD4 (horizontal axis) are shown in Fig. . Two green dashed lines represent
an impurity with zero potential, and only the other impurity gives rise to resonances.
The position of the resonant energy peak in the B-W region depends on the position
of the impurity thus the resonant energies of impurities are distinct. If one impurity
potential is fixed, there is only one pair of resonances as in the case of one impurity.
The influence of an additional impurity is changing the resonant energy peak in the
four blue circles as shown in Fig. [3.17] indicating the region where the two impurities
both resonate. However, out of the blue circle region, the resonance of an impurity
is barely affected by another impurity as shown. If the potential of the additional
impurity is fixed, then there are only two resonances which can be found, and all
general physics of persistent quantum resonance can thus be clearly demonstrated

on a single impurity. It is therefore not necessary to consider multiple scattering.
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3.9 Summary

In summary, we have observed a phase transition of Fano-like resonances and B-W
resonances in a 2DTT with H-shaped geometry. We have explained the phenomenon
by bound states created by an impurity and crosswalk states generated by a finite
size effect. The H-shape geometry allows another path of edge states, so Fano-
like resonances can be observed. The transmission shows B-W resonances as the
edge channels are all blocked. From the application point of view, the system is
potentially an efficient switch of spintronics devices, blocking the channel of the same
spin orientation completely, and maintain high transport performance for the other
spin orientation. The transmission can be efficiently modulated by the impurity
potential, and the impurity potential can be controlled by a local gate voltage.
Additional impurity in the crossover region creates two additional resonances in
the region of positive and negative values of the potential respectively. However,
additional impurity barely effects the original transport properties except additional

impurity is in its resonance region.
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Normal metal two-dimensional

topological insulator junction

4.1 Overview

The generation and control of spin polarization that can filter spin and produce
spin current are essential in spintronics. Several methods were proposed to realize
spin polarization or spin filter. Some approaches make use of the magnetic field
to let different spins filtered or differentiable by magnetoresistance response [II, 2]
or the Aharonov-Bohm interference [3]. Spin filtering is also possible by increas-
ing concentrations of spin-filtering defects [4]. It is natural to take advantage of
magnetic materials by passing carriers through adjacent ferromagnetic (or ferrimag-
netic) layers [0l 6] [7]. Some realizations directly use ferromagnetic materials as a
quantum well state to influence spin polarization [8, @, 10, 11]. However, using
ferromagnetic materials gets another way to filter spin from the material point of

view. Spin-orbit coupling (SOC) is actually another good choice to change spins

80
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in carrier transport through materials, especially on the basis of spintronics inte-
grated on semiconductor applications. For example, it was considered to be crucial
that intrinsic spin-polarized current can be generated in the system with substantial
Rashba spin-orbit coupling [12]. Spin filter or selectivity can also be achieved by
asymmetric interband tunneling exploiting large band SOC [13]. In strongly curved
materials like helical DNA, spin selectivity can even be induced by a dynamical

evolution of orbit angular momentum through SOC [14].

It has a great advantage to find giant SOC materials that can realize substantial
spin polarization to allow us to control spin related phenomena electrically without
using a magnetic field. Therefore, it has long been part of the key issues to real-
ize large Rashba interaction or sizable spin splitting. One way to change Rashba
strength in surface alloys is by electron doping or adsorption of suitable atoms
[15] 16l [17]. However, this is equivalent to change material nature chemically. Other
methods like quantum well state (QW) or monolayer deposited on a substrate can
enhance Rashba splitting by the interplay of atomic and interface potential gradients
[18, 19]. It is found that giant Rashba splitting can be achieved even at quantum
well state with light atoms on substrates [20], 21, 22]. This is due to the coupling
or hybridization of QW state with the surface states. Spin polarization and spin
splitting can be manipulated by the interplay of quantum confinement and surface
spin-split states from SOC [23], 24, 25]. Therefore, quantum confined states in thin
films or QWs coupled to other materials or substrate has proven to be an effective
way to enhance or decrease Rashba splitting by ways such as varying the thickness

of thin film.

On the other hand, materials that are utilized to hybridize with a quantum well
state in order to manipulate Rashba splitting can be varied. People usually choose

materials with strong enough SOC to provide surface spin-split states. However,
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a topological insulator (TI) which also originates from SOC but provides more re-
stricted and interesting surface states offer another choice to couple with the thin
films. The TI has nontrivial topological quantity Zs invariant [26, 27). When TT is
connected to other trivial materials like a normal bulk insulator, the interface will
have surface or edge states due to the bulk-edge correspondence [28, 29, [30]. The
surface or edge states of TI is spin-momentum locked and hence has natural spin
selectivity. At one interface, the edge spin up state flows in one direction and the
spin down state flows in the opposite direction. It implies that in each chosen direc-
tion, one of the spins is blocked and therefore the edge states behave like spin-split
states. When the TI is adjacent to the quantum well states, the spin selectivity
provided by the TI helps the QW state produce giant Rashba-like spin splitting by
hybridization, as presented in this paper. As a demonstration, we build the two-
dimensional TI/normal metal (NM) QW mixture as transport channels along the
interface direction. When connected to different leads for the NM and TT separately
in the drain end, the TI/NM junction can divert the spin transport efficiently, a key

feature required by spintronics.

4.2 Spin splitting induced by helical state

TI/NM junction can be investigated by considering the system that is comprised of
one layer of NM attaching HgTe quantum well which is proposed as a 2DTT [31].
Energy band studying for the junction with varying the coupling strength between
(see method) NM and HgTe quantum well is presented in this article. The band
dispersion is calculated in terms of k, that is the good quantum number in this
system by considering a finite strip geometry of one site of NM attaching HgTe

quantum well with the periodic boundary conditions in the x-direction and open
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4.2. SPIN SPLITTING INDUCED BY HELICAL STATE

(A) (B)

Figure 4.1: (left) Schemetic figure of path of isolated NM and 2DTI. (right)
Schemetic figure of path of 2DTI/NM junciton. The red (blue) color represents

the path of spin up (down) electron and the array is the direction of movement of

electron.
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Figure 4.2: (upper) The band structure of normal metal and HgTe quantum well.
The band of normal metal is parabolic and the band of 2DTI is linear near Fermi
energy (energy equal to zero). (left) The band structure of normal metal and 2DTI
near Fermi energy. The green dots are the edge states of 2DTI and black dots
are the quantum well state of normal metal. The edge states are linear dispersive,
spin up and down are degenerated and localized at different edges, and show Dirac
electron behavior that can not be scattered back by impurities. The quantum well
is parabolic dispersive and spin up and down degenerated. (right) The junction of
normal metal and HgTe quantum well. The quantum well state of normal metal
hybridizes with one of the edge states of 2DTI (the edge state near the interface
between 2DTI and NM) and open a band gap, however, the other spin hybridizes
with the bulk state. Thus the spin of normal metal split and form Rashba-like band

and the difference of momentum for spin up and down denoted by Ak.
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boundary conditions in the y-direction. The 2DTTI is a strong spin-orbit coupling
system, so we need to take the degrees of freedom of spin into the band calculation.
The band dispersion of the junction is symmetry along the gamma point, however,
the orientation of spin in positive k, region and negative k, region is in opposite
direction. We can thus focus on the band dispersion of the positive k, region and
the negative k, region is just an inversion of spin orientation along the gamma point.
As showed in the left figure in fig. [£.2] the band of isolated NM and isolated 2DTI
are spin degenerated and behave parabolic and linear respectively near the Fermi
energy that is placed at zero in tight-binding model approach. As indicated in the
section of "method”, the spin and orbit degree of freedom in the Hamiltonian of NM
are decouple, however, those are coupled for the Hamiltonian of 2DTI. The coupled
spin and orbit degree of freedom make the transport behavior of electron spin in
NM and 2DTT are different. The electron spin can travel freely in any direction in
NM, however, the spin-momentum locking in 2DTT enforces the spin up and down

edged electron move in the opposite direction near the Fermi energy[32, [33].

The spin up electrons move clockwise in 2DTT and spin down electrons move
counterclockwise along the edge of 2DTI. The edged electron spin is actually the
helical states that behave like Dirac electron due to the band is linear dispersive near
Fermi energy defined as quantum spin hall energy region[31], 32]. The helical states
are robust against impurity [34], 35] if the preservation of time reversal symmetry
stays on the total system. If there are unpolarized currents flow into NM, there is
no local magnetization induced, however, the moving electron accumulates at edges
with opposite orientation of spin in 2DTT.

Once the NM and 2DTT do connect, the electron hops through the junction from
helical states of 2DTT to the quantum well states of NM and vice versa. The helical
state at the edge that does not connect with the NM (green dot in the right figure
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of fig. is remaining the linear desperation without hybridization due to the
distance is too far away from the interface of NM and 2DTI. However, the helical
state at the edges that connect with the NM hybridizes with the quantum well states
of NM. Take the hopping is spin independent so that there is no flipping mechanism
in this penetration. We can predict how do bands hybridize in the junction base
on two characters. First, the spin up(down) quantum well states and the state of
NM can only hybridize with the spin up(down) helical state of 2DTI due to spin
independent hopping in the quantum spin hall region. Second, The electron moving
in opposite direction is in opposite spin orientation due to spin-momentum locking,
thus the helical electron move in positive x direction is spin up and the spin down
electron move in negative x direction at the edge that connects with the NM as
shown in fig. [£.1] Combining these two characters, we can conclude that the spin up
electron moving in positive x direction in NM can remain the transport direction as
hopping to the helical state of 2DTI, the spin down electron which moves in positive
x direction in NM have to change the transport direction as hopping to the helical
state of 2DTT as shown in fig. 4.1} The linear band in the region of positive k, is the
negative slope in terms of k,. Thus this band describes the helical electron moving
in the negative x direction. So spin down linear band hybridizes with quantum well
state and the spin up quantum well state lack some state in response to electron
penetration in the region of positive k, as showed in the right figure in fig. .2
The origin of the asymmetry hybridization is actually brought about by the unique
property of topological insulator, spin-momentum locking. There are two points
we can point out in the band dispersive as showed in fig. First, the band of
spin up and down in NM is splitting and we denote the splitting by helical state
induced splitting (HSIS). Second, the band of spin down(up) opens a band gap in

positive(negative) k, region that makes the junction be a good spin filter and we
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Figure 4.3: (left) Spin precession length (red dots and in the unit of 100 nm) and
momentum difference of spin up and down Ak (blue line and in the unit of 1/5
(1/nm)) as defined in Fig. in terms of coupling strength (in the unit of hopping
energy of s orbit in 2DTT) between 2DTI and normal metal (in the unit of hopping
energy of s orbit of 2DTT). Spin precession length decreased, however, Ak increased
in response to increasing coupling strength. (right) The relation between precession
length and inverse of Ak shows linear behavior. This relation indicates that the
precession behavior is the same as Rashba field. The subfigure is located in the

strong coupling region that coupling strength larger than 0.35 and less than 0.8.

will give a more detailed discussion in the section (spin filter).

The spin up and down in NM split and the splitting difference of band structure
in k, space is defined by Ak as Fig. The splitting of spin is the same as a Rashba

field, a SOC field that can be induced when an electron moves restrictedly in a two-
dimensional plane with an electric field perpendicular to the two-dimensional plane.

The Rashba SOC splits the spin degree of freedom of a parabolic band with the
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relation F = % + oak[36], where o is the denoted by 1 for the band of the spin up
and —1 for spin down, « is the strength of Rashba SOC, and k is the momentum of
electron. The relation gives us a band shifting along positive k, for the spin up and
along negative k, for the spin down, and the shifting is a constant for all energy.
This spin splitting induces the spin precession has demonstrated in spin FET[37] and
unified analytical study[38] and non-equilibrium numerical study[39]. Above studies
show the spin precession length is inversely proportional to the Rashba strength and
satisfy the relation, the spin precession length multiplies the difference of momentum

displacement is equal to 2 * .

Now let us go back to the HSIS of the junction, a spin precession is also induced
by HSIS and the spin precession length and the momentum difference of spin up
and down Ak can be studied by varying the strength of coupling between NM
and 2DTI as shown in Fig. 4.3 The momentum differences Ak is increasing in
response to increasing coupling between NM and 2DTI. The spin precession length
is, however, decrease as increasing the coupling strength due to the increasing of
Ak. The relation of the precession length and the momentum difference Ak of
HSIS is shown in Fig. [£.3] and the spin precession length multiply the difference of
momentum Ak is also equal to 2 * 7 that is the same as Rashba effect. However,
there are two different features between the HSIS proposed in the paper and the
Rashba splitting that induced by an electric field. First, the spin density is getting
reduced as energy reach to the lowest point of band of spin down as shown in Fig. 4.4
due to the penetration of electron from NM to 2DTI as indicated in Fig. 4.1} Second,
the difference in momentum Ak is varied in terms of energy, especially in the low

energy region in Fig. 4.4}
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4.3 Spin filter

A spin density dependence band dispersion can be calculated by the projection of
the spin density of NM into the band dispersion, and the dispersion shows how the
occupation of the electron spin in NM in terms of energy and momentum. The band
of spin down to open a band gap because of the spin-momentum locking of helical
edge state of 2DTT as what we have discussed and the spin density is increasing with
increasing k,. The band of spin up, instead of opening a band gap, only reduce the
density as increasing k,. In high momentum region, k£, is larger than 0.6, the density
of spin up and down are closed and show HSIS. In the low momentum region, k, is

less than 0.6, the band gap of spin down can be used as a spin filter.

The spin filter suggests in the TI/NM junction of with three terminals. TT/NM
junction connects to a lead composed of NM and a lead composed of 2DTI as
showed in Fig. 4.4 LEADI connects to the main system composing a 6 layers
of TI/NM junction,is also NM 2DTT junction. LEAD2(LEAD3), the same with
of the NM(2DTTI) in the junction, connects to the side of NM(2DTI) of the main
system. The transmission from LEADI1 to LEAD2 or LEAD3 can be calculated
by Landauer formalism in terms of energy as showed in Fig. [4.4l The transmission
from LEAD1 to LEAD2 (NM lead), in the same energy region of band structure,
shows the spin down will be blocked as the energy below energy point of band-
gap opening, approximately —5 * 073eV/ as coupling strength equal to 0.4, and
the transmission of spin up electron decrease due to the hybridization near the
interface. As energy below energy point of band-gap opening, the polarization is
positive polarized, however, the polarization becomes less as increasing the energy
and reach to zero as the energy beyond approximately 5 x 1073eV. In the energy

region, the system can be a spin flitter by varying energy of the system.
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Figure 4.4: (A) Schematic of the spin filter which composed of a junction of 2DTI
and normal metal (LEAD1 and the central part), a lead made of normal metal
(LEAD2) and a lead made of 2DTI (LEAD3). The transport properties of the
central part, sandwiched in the between of leads, are studied by calculating the
transmission between leads. The transport direction is along the positive x that
defined in the schematic. (B) The band structure and transmission between LEAD1
and LEAD2 (i.e. the transmission from the lead composed by the junction of the
normal metal lead) in terms of energy (in the unit of meV’).The coupling strength ¢
set to be 0.4. The dashed green line is the transmission of spin down and orange line
with a star is the transmission of spin down. The red and blue line with gradient
is the band structure near Fermi energy (set to be near zero) with the momentum
resolved state density of the normal metal. The dashed gray line indicates the band

bottom of spin down the channel and the transmission also drop down to zero.
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Figure 4.5: The polarization between LEAD1 and LEAD2 (A) and LEAD3 (B) in
terms of coupling strength. They share the same color bar that indicted the currents

flow into LEAD?2 is spin up and into LEAD3 is spin down.

The transmission from LEAD1 to LEAD3 (2DTI lead) can be readily deduced
as following. The transmission from LEAD1 to LEAD3 is equal to one for each spin
channel if the NM and 2DTT are not connected. Once connected, the transmission
of spin down electron in the device is maintained 1 due to it is on the other side
of the interface of NM and 2DTI, so the channel would not interact with the NM
due to absence finite size effect[40), 4T], The polarization, transmission of spin up
electron minus transmission of spin up electron, is the same magnitude, however, the
opposite direction of the polarization of NM lead. This is the result of conservation
of time reversal symmetry, the unpolarized input electron will be unpolarized in
the output, so the polarization from LEAD1 to LEAD2 plus the polarization from
LEAD1 to LEAD3 should be zero. Under the above condition, we can derive the

transmission of spin up electron is equivalent to 1— polarization of NM.

We have proposed a device that divides an unpolarized electron into two sorts

of current with highly polarized in the opposite direction. In Fig. 4.5 we also
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demonstrate how does the polarization react the coupling strength between NM
and 2DTI. The shade of the color is the polarization of the transmission, and the
red and blue color indicate the spin up and down respectively. White is the region
as the polarization of currents are zero, and become red (blue) is the energy lower
down at each coupling strength as showed in Fig. [£.5] The points of change of color
are in fact the energy point of band gap opening. The pattern of polarization shows
the maximum of polarization occurs near the energy point of band gap opening.
The increasing of coupling strength makes the polarization pattern sprayed owing
to an enhancement of hybridization. Enhancement of hybridization result from the
electron jump to 2DTI more easily and reduced the transport channel that reduces
the transmission of electron spin up in NM under the energy point of band gap

opening.

4.4 Spin flip in the normal metal 2DTI junction

In the section, we discuss the impact of the spin-flipping mechanism in the TI/NM
junction. If the electron penetrates between the interface change the spin orienta-
tion, the spin of an electron is not preserved as the penetration. The effect may
happen in the difference of fermi energy of NM and 2DTI. The difference of fermi
energy induces an electric field in the y-direction. The electric field provides an
effective magnetic field as electron move in the x-direction. The effective magnetic
field is actually the conventional Rashba field as we have discussed. The field makes
the spin flip due to spin precession and the flipping strength is positively associated
with the electric field in the y-direction. We examine the flipping field by adopting
the coupling matrix of the NM and 2DTT is not block diagonal. The off-diagonal
term is a parameter "flip” multiply the hopping energy of s orbit of 2DTI. By varying
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Figure 4.6: (A) (B) (C) The band structure and polarization between LEAD1 and

LEAD?2 (i.e. the transmission from the lead composed by the junction to the normal

metal lead) in terms of energy. (D) The separate band of spin up and down for

flip= 0.05, the strong flipping.
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the flipping parameter and calculate the band structure and transmission as showed
in Fig. we can know how does the mechanism influent the system. As flip equal
to zero, the hybridization is what we have in Fig. [£.4] The spin up of normal metal
hybridizes with the spin up of 2DTI. The splitting makes the HSIS and spin are
highly polarized below the energy point of band gap opening. As the flip equal to
0.01, the flipping mechanism is small and the band structure does not vary much
even if the presence of the flipping mechanism. However, we can find that there is a
slight fluctuation of the transmission near the energy point of band gap opening. So
the spin-flipping can be found near the energy point of band-gap opening, neverthe-
less, the small amount of flipping cannot make a major change of the transport. As
the flip increase to 0.05, there is a great change of the band spectrum. The spin up
of normal metal hybridizes to 2DTI so that the spin down of normal metal cannot
open a band gap in the positive momentum region. The transmission also shows the
non-vanished spin down channel. So we can conclude that the property of spin filter
is destroyed if the flipping mechanism is robust enough. If we separate the band by
spin as showed in Fig. the spin up and down is all occupied in the energy region
we are focusing. That indicates that the transmission for the spin up and down is

all alive. Nevertheless, the HSIS would not be damaged by the flipping mechanism.

Methods

The Hamiltonian of an HgTe/CdTe quantum well yielding a 2DTI system can be

0
given as follows: H = . There are four base vectors of this Hamiltonian,

0 h*
where |s, 1) and |p, + ipy, T) are the pseudo-spin-up states for the upper 2 x 2 block,

and |s,|) and |—p, +ip,, ) are the pseudo-spin-down states for the lower block.
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hoprr = Z‘PT ¥j
J

Vs Vo 00

+ Z‘PT v Pj+ox
j o o Vi Vg

0 0 _VSP V;;

Ves Ve 0 0
A 0 0
+ Sl Pi+sy
j 0 0 Vi =iV
L 0 0 —iVy V;; ]

PO
s> Cpj» Cojo €

vjr Csj» Cpj|  are spinors for the spin up and down components of

, where ¢ = |c
the s and p orbits, the index j represents position in real space, and dx and Jy are
unit vectors of the lattice constant along the x and y directions. These parameters

are to be fitted with experimental data.

The Hamiltonian of an NM can be given as follows:

E, 0 Vi 0 V., 0
hant = Y0 Op Yt Y Op Uiroxt )] Op Yiysy

down down down

T
, Where 1/_ [aiT, af,} are spinors for the spin up and down components, the index

i represents position in real space, and dx and dy are unit vectors of the lattice

constant along the x and y directions. Hopping energy for spin up and down are
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equal by setting Vi, = Viown = 2Vis = —0.09584eV. Onsite energy, are equal
for spin up and down in normal metal, determine the band shifting and we set

Eup = Egown = 0.155¢V.

The coupling between NM and 2DTT can be expressed as

Ve Ve Vi Vy
hcouple - Zdjj ©j
2 Vf Vf Ve Ve

, where V, = t x V,, and t is the coupling strength as what we have discussed in the
article. The index i represents position in real space of NM and j represents position
that connected to site i of 2DTT (site i connect to site j via V..). The hopping energy
from NM to s and p orbit of 2DTT are the same is our assumption. V; =flipxV, is a
parameter determine the possibility for spin flipping mechanism in the last section.
The wave density resolved band dispersion can be calculated by these tight-binding

Hamiltonian by Bloch theorem.

Landauer formalism is suitable for a realistic non-periodical system[I]. The
conductance is obtained by multiplying the conductance unit % by Thm(E) =
trace[l',(E)G*(E)T,,(E)G™(E)]. The transmission from lead n to lead m, can
be calculated from the Landauer-Buttiker formalism, the trace of the matrix of ma-
trix multiplication of the retarded Green’s function G*(F) and broadening matrix
[.(E) = i[Z, — ZI], where X, are self-energies of lead n. The retarded Green’s
function G"(E) can be defined as G"(E) = [(E+in)I — Heppewr(E)] ™", where I
is the identity matrix, E is the Fermi energy, in is a small complex number, and
Hefreet = Haevice + Hicads- Haevice 1S the spatial representation of the Hamiltonian

of the H-shaped device, and Hj..4s is the Hamiltonian of the leads.
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4.5 Summary

HSIS can be discovered in NM/2DTT junction and can be varied by modulating
the coupling strength of NM and 2DTI. The helical edge state of 2DTI hybridized
with the quantum well state of normal metal is well explored in this article. The
helical edge state near contacted edge penetrates to NM via the spin independent
coupling that preserving time reversal symmetry and flows into the NM lead while
the isolated edge state flows into 2DTT lead. Energy gap will be open for one spin
thus reducing the spin current for NM channel and the preserving of time reversal
symmetry makes the whole spin channels to be complementary. By modulating the
energy for gate control, it is possible to convert the quantum spin hall system into

a spin filter.
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