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Abstract

Heterogeneous population is common among complex systems in nature. A simple
heterogeneous growth model of interest is one with two states which not only compete
with each other but exhibit transition phenomenon. In this work, we develop a
mathematical model to describe such a system and apply it to fit the real growth

data of the prostate cancer spheroid under treatments.

keywords: two-state system; growth with transition model; heterogeneous system;

cancer; therapy
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Part 1

A two-state growth model with

transition probability



Chapter 1

Introduction

Life is a complex system; here we talk about such a system: a living individual may
have several phenotypes to adapt itself to the various surroundings or to express self-
characteristics in some times. As shown in figure 1.1, Such multi-phenotype charac-
teristic and the transition process among them could construct a complex phenotype
network with very complex dynamic behaviors. We believe such multi-phenotype
system is benefit to the viability of an individual, therefore it should be one of the
common system in real-life systems.

If we change the view point from an individual to the population of a species, the
multi-phenotype concept: shows that the population of a species sometimes can be
classified into different sub-populations based on the features associated with a specific
phenotype. Using appropriate statistical methods it may be possible to tell apart the
various sub-populations and obtain the relative weighting of the sub-populations in
a distribution, as is shown in the Appendix A.

The simplest case of heterogeneous systems is one with only two sub-populations,
as shown in figure 1.2. For convenience, we may simply treat it as a two-state system,
with each state occupying a certain percentage that can vary in time. Despite its
simplicity, there are real-life systems which may be treated as such in the lowest
order approximation. For example, in human societies, the bi-party political system
is not uncommon. And in economy one may wish to roughly distinguish between

rich people and poor ones while allowing a transition between the two under certain



Figure 1.1: A imaginational schematic diagram of a multi-phenotypes system. Each
node is a phenotype, and the arrow line present the transition relation from one
phenotype to another phenotype. Such a multi-phenotype system always construct a

complex phenotypes network.

conditions. As another example, a decision making process may present itself as the
simple YES or NO state with some transition probability. Two-state systems are
also commonly studied in ecology and in microscopic biology it seems that some cell

systems also fit this approximation.

Focusing on some recent researches of heterogeneous system in microscopic bi-
ology, Chang et al. proposed that the differentiation of mouse haematopoietic pro-
genitor cells is a two sub-populations heterogeneous system [1]. They build a simple
two-state growth with transition model to fit their data, each state with the same

exponential growth mode and with linear and signaling transition relation. In another



Transition relation

Figure 1.2: Schematic diagram of the two-state heterogenous system, which is the

simplest multi-phenotypes system.

way, Hung et al. proposed the cancer attractor hypothesis, which implies cancer sys-
tem is a multi-phenotype system [2]. They also build a two-state gene circuit model
called 2-gene genome network model to described their concept.

In this thesis, we extend the mathematical model of Chang et al. [1] to a more
general condition. We focus on the two-state heterogeneous system, with emphasis
on developing a mathematical model of a two-state growth system which admits a
transition between the two states. Basing on the idea of cancer system is one kind
of multi-phenotype system, we apply this model to a certain cancer growth system,
the prostate cancer. The aim is to fit the actual data obtained from prostate cancer
treatments using chemotherapy (17AAG) and radiation therapy [3]. Encouraged by
the good agreement between the model and the experimental data, we also use this

model to study the optimization of the TAS (Intermittent Androgen Suppression)



time-dependent cancer therapy. It is hoped that new ideas for cancer treatment can

be discovered along this line of study.



Chapter 2

Mathematical model of two-state

growth with transition probability

A real two-state heterogeneous biological system is always a very complex system, and
the characteristics associated with a phenotype may also possess a very high degree of
freedom, not to mention that the transition behaviors between each phenotype may
be highly nonlinear. On top of this ecomplexity, the dynamic behavior may also be
influenced by the surrounding environments and the spatial distribution, or even the
period of evolution. To simplify the problem so that a certain progress can be made,
we will ignore the spatial distribution and forget about the intrinsic high degree of
freedom problem. Thus, we consider a two-state population evolution equation, with
the growth of each state contributed by a self-growth term and an inter-transition

term. Conceptually, the form looks like

growth rate of state 1 = growth term of state 1 + transition term. 2.1)

growth rate of state 2 = growth term of state 2 — transition term.



2.1 The general Growth and transition model

2.1.1 The time evolution equation of z; and z,

Denoting the population of the two states of interest by x; and x5, we assume that

the mathematical form of the general growth and transition model is

1:1 = T’lfl(l'l,l'g)l'l - klxl + k2$2 + k‘S(ZL’l,ZL'g), (2 2)
Ty = Tafa(w1, 2)x2 + kr1y — kawy — kS (21, 72),

where 7; f;z; describes the growth of state ¢ with f;(x, z9) being the normalize average

growth frequency function of state i, where f;(z; = 0,25 = 0) = 1. r; is the strength
constant of growth mode, it also means the cell differentiation strength of state i as
x1 ~ x9 ~ 0. The other terms with parameters ki, ko, and k are transition terms:
the term —Fkyx; 4 koxo is an assumed linear transition term, which is determined by
the intrinsic properties of an individual and its surroundings. The term kS(zy, x2) is
a signaling term, which simulates a transition effect due to the mean interaction of a
sub-population with the whole population; the interaction detail is described via an

interaction signaling function S(z1, z2).

2.1.2 Transforming r; and zs to z; and w;

From an experimental point of view, the whole population x; = x; + x5 is easier
to measure. Thus it is more convenient to compare with the experimental data
if we make a variable transformation form the sub-populations z; and x, to the
total population z; and the weighting of state 1, here denoted by w;. The evolution

equation of x; is

Ty = X1 + Zo
= xi{rofo + [r1fi —rafo] wi}
= z{rafo + Afwi}.



To get the evolution equation for wy, we set wy = wy|, + w1 |r, where wy|, is the

growth component of wy, and w; |7 is the transition component of ;.

The form of w|, is

. 1 . .
w1|g = x—t(xl — w1 %)

=wi{rfi —rafa — [r1fr — rofo] wi}
= [rifi — rafo] wiws
= [rif1 — rafa] (w1 — wi?)

= Af(w —wi?),

where Af = r1fi — rofs is the difference of the growth frequency of these two

states.

Also, the form of w7 is

1
u}1|T = x—(—k‘lxl + k‘gl’g N k’S)

t
S
= (—klwl -+ k’gwg o k:li_)
&

S
=k— — (k’l + k’g)’wl -+ k’g.

Tt

Therefore, the evolution equation in (z, w;) space is

Ty = xy(rafo + Afwy),

(2.3)
u’;l = Af(w1 - w12) + ]fx% — (]{71 + ]fg)wl + ]{32.

2.1.3 Some simplified cases.

When transition is not possible, these equations simplify quite a bit, and we can see

some characteristics of #; and |, roughly. For later convenience, we list below the



reduced form of the equations.

When f1 % f2 and ™ % o .

Ty = x{rafo + Afwi}

(2.4)
wy = Af(w; —wy?)

This is the most general form.

When fl%fg and T =T9o:

If 1y = r9 = r, it means the characteristic time of growth of these two states are the

same, and the evolution equations become

Ty = ra(fo + (f1 — f2)wr)

(2.5)
wy = 7r(fi = fo)(wy, — w;?)

Under this condition, r can be absorbed into the time variable, meaning that there

is only one characteristic time scale for the system.

When f, = f; and r; #ry:

If fi = fo = f, which means these two states have the same growth form, we have

Ty = (ro + Arwy) fy

(2.6)
u')l = Arf(wl — U}12)

where Ar = r; — ro. The appearance of the same factor f in the two equations
means one of the the nullclines of #; ( f(z;) =0 ) merge with one of the nullclines of

wi.



When f1:f2 and rH ="Tg.

The evolution equations become

Trivially, then it reduces to a single-component evolution.

2.2 The general two-state growth and transition

model with auto/para-crine signaling pathway

2.2.1 The auto/para-crine signaling pathway and it mathe-

matical form

Auto/para-crine is a common signaling pathway. Auto-crine signaling generally refers
to signals emitted by an individual which are also received by the same individual or
other identical individuals. And if signals are received by other non-identical individ-
ual, then this is para-crine. Following Chang et al. [1], we can set the mathematical
form of autocrine as wqx; for state 1 and wyxy for state 2. This form means that
we assume that an individual would change its identity according to the weighting of
these two states in its system. Clearly, this can be viewed as some sort of mean field
effect of the autocrine signaling pathway.

The two-state growth and autocrine transition model in z; and x, space can be

written as

1 = 1 fizy — k121 + kaxe — kiowaexy + koywi e, (2.8)

To = 1o foy + k121 — koxo + k1owazy — koywixs.

Here, k15 is the autocrine transition rate strength of z; to x5, and ko; is that of z5 to

10



x1, respectively. Since the term modeling the autocrine signaling pathway from z; to

o and from x5 to x; is the same, that is, wexry = wixe = x;fQ, we can follow Chang

et al.[1] to set an autocrine strength coefficient k = ko — k12 to substitute for the two

coefficients k15 and ko;. Then, the growth and transition equations become

T, = Tlflllfl - k‘ll’l + k’g!L’Q + k‘—m;fz,

(2.9)
1’2 = TQfQLUQ + ]flﬂfl - ]{52213'2 - ]fx;—gf
And the corresponding equations in the (z;,w;) space is
Ty = x(rafa + A fwy) (2.10)

u')1 = (Af -+ k)(w1 - UJ12) = (kl -+ kz)wl —+ kg.

Since both the signaling term and the growth term contribute a factor to the
logistic growth term (w; —w;?) in the w; equation, the parameter k could be thought
of as contributing a step-up or step-down effect to the original Af. That is, an

effective logistic growth factor AF = A f + k has replaced the original Af.

2.2.2  The nullclines and fixed points in general autocrine

transition case
To study the dynamic behavior of this system, it helps to find the nullclines and fixed
points in the mathematical model.
The nullclines in general autocrine transition case

The nullcline #;(w;) of x; is found by setting #; = 0. Thus, 7o fo(z;, w1) + A fw; = 0.
And when w; = 0, the nullcline for w; is (Af + k) (w0, —w1?) — (ky + ky)wy + ko = 0.

11



If we ignore the transition term ( k1 = 0, ko = 0, and k = 0), then the w; nullcline

is wl(w1> = O, u?l(wl) = 1, and Af = 0.

Now, if we consider only the growth term and the signaling term while ignoring
the linear transition term (by setting k; = 0 and ko = 0), the third condition would
become AF = Af +k = 0. As said before, the signaling term then serves to step-up
or -down for the determination of w;(w;), and by regulating the parameter k we may

change the shape and position of the nullcline and the number of fixed points.

The linear transition term —(k; + ko)w; + ko contributes to w; in a linear fashion,
and its end effect can be seen by examining the limiting cases w; — 0 and w; — 1.
This is so because the autocrine and the growth effect in w; contains the factor
w; —w, 2, which dictates and eventually w;will tend to either 0 or 1. Then, during this
late stage of time evolution, the linear transition term becomes a constant depending
on the final value of wy. Clearly, then, it will change the position or the existence of

the fixed points.

The fixed point condition in general autocrine transition case

The fixed points appear where ;(w;) and w0y (w; ) cross. They satisfy the combined

equations

0=rafo+Afwy

(2.11)
0= (Af + k)(wl — 'LU12) — (k’l + k’g)wl + ]{?2.

By simultaneously solving these two equations, we should be able to obtain the

value (in principle) of the fixed point components =} and wj.

2.2.3 Jacobian matrix in general autocrine transition case.

From the general form for the two-state growth and autocrine transition model,

12



@y =11 fi(@, 22)w1 — Kz + koxo + kx;—fz (2.12)

Lo = 1o fo(1, X2) T2 + kix1 — koo — kL2

we easily derive the Jacobian matrix in the z; and x5 space as

0z | oa

ol amle Y _ Ja
%| %| J. ] ’
dry If Bzp S c Je

where the matrix elements are

0
Jo=11/1 +7“1$1i — k1 + kwa®|y
01131
0 x
= 7’1.]}'18—;2 = ka—? = k(w1 = 'U)12)|f

0
Jb = Tll’la—xf; + k’g + kw12|f

dfs 2
J. = 4+ k -k
7“2517283:1 + k1 wy| ¢

13



9

']d = 7”2f2 + 7’2.:(:2—81:2 — k2 — kw12|f
an x1 2
= 1o 2 3 T k(- .
(B3 B ' + k(w1 —wi7)|f

And the eigenvalues of the Jacobian are

>~
st
o

|

(Ja + Jd) + \/(Ja + Jd)2 — 4(Jajd — JbJC)

N =N =D =

(Jo+ Ja) £/ (Jo — Jg)? + 4Ty J,

CYERVIVE

If \, < 0 and Det[J] = (Jody — JpJe) > 0, then the real parts of these two
eigenvalue are smaller than 0, and the fixed point would be a sink. And if A\, < 0,
then the imaginary parts of these two eigenvalues are not 0, and the trajectories would
have a spiral form.

These three terms are

Ao = Jo+ Jy
0 0 x x
= (Tlxla—g + T2I2a—£) - (klx_: + k2x_j)

The term —(klﬁ—;jtk‘gi—f) is always smaller than 0, and if f; is a decreasing function,
then g—gi and g—gz are also always smaller than 0. Therefore, \, is always smaller than
0 when f; and f, are both decreasing functions. It means that the fixed points in

these models can only be sinks or saddle points.

Turning to the determinant next:

14



Det[J] = JaJd - JbJC

= Det[J], + Det[J],; + Det[J];

0fi0fs ) 0f:
81’1 81’2 01'2 0:)31

= 7’17“25511'2(

0 w 0 w
— Tlxlﬁ—ﬁ(klw_: — k(w1 — w12)) — T2I28—£Z(k2w_i + l{:(wl - wlz))
0 0 w
— Tll’la—lf;(kfl — k:w22) — ’r’gl’ga—ij(k‘gw—j + k"wl2)
+ 0.
The “interaction term” in Det[.J] is 0.
And the term )\, is
N = (Jo + Jg)* = 4Det[J]
- >\b,r
+ )\b,m
+ Mo
0 0 df, 0
= (r1x18—£ — T2$28—ﬁ)2 - 47‘17“21’11'28—28—2
+ (k2 k22
) x
df1 dfs I I

) ZJ2 ZJz it Z=2

(7“11’1 8:61 + roXy 8x2)(k1 s + k2$1)

wy 0 0 wy 0 0

— rlxl(—li —+ i)(lﬁl - kw22) — 7"2{172(—2£ + ﬁ)(l{a + /{:wlz).

W2 81’1 01'2 w1 01'2 81’1

If Ay < 0, then the system would have a spiral trajectory.

15



2.3 f; is a constant, the exponential growth model

When f; is a constant, it means the growth mode is exponential growth, the popula-

tion equation is

2.3.1 Two-state exponential growth and autocrine transition

model

.751 =T — /{31.751 + ]{72.7}2 —+ ]{J—x;?

(2.13)
1:2 = T2X9 + k‘ll‘l — ]{?2113'2 — k’x;—?
and the evolution equation in (zy,w;) space is
Ty = (ro + Arwy) x
o (7 g (2.14)

u}l = (A’l“ -+ k‘)(l‘t, wl)(wl — 'LU12) —3 (k’l -+ l{?g)wl —+ k‘g,

where Ar = r{ — ry is the difference of the inverse characteristic time.

2.3.2 The exact solution
1. rm=ry=r

When r; = ry = r, the rate equation of z; is #; = rx;, we can solve it easily, z; has a

simple form of exponential growth with z,(t) = x,(t = 0)e™ .

2
_k1 ko
To solve the exact solution of w;, we can set C' = ko + l{:(l bk ) , and

k1

k
, 1—-F1_F2 .
w, = \/g(wl — —LE k) then we can obtain

2

W5 — VEC (—w)? 4 1)

= M kCdt

(-wr*+1)

L (o + ) duwi = VECat

16



St sy — [l e = 2VEC [ dt = 2V/RkCH.

w w}(0) -1
1—u(t)

14-u(t)

The solution of this equation is w) () =

where u (t) = ;wiilggie—%/Et = (0) e—2\/ﬁt — 6—2\/Et+ln(u(0)) _ 6_2T
wy

and u (0) = =490 7 — ECt — In (u(0)) /2.

14w} (0)
Therefore, the solution of w; is

Y

1k _k2 w
wy (1) = —E—E 4+ /S tanh (1) if Lwiggi >0
UJ1(7_) = 1_k1_ko - l—w ) (215)
w1 (T) = k2 ko = coth (T) 'lf I }(0) <0
wy

The exact solution in 7 space is a hyper-tangent function with an intercept. When
k1 _ k_2

t — oo, tanh (1) — 0, and w; tends to a steady value w; (t — 00) — —E— &

2
k1 _ ko 2
@+ T
k 2 :

This solution agrees with the result of the previous paper [1], which is a sigmoidal

curve.

2. 7’17&’/“2

When 71 # 79, the rate equation of x; is 2y = (ra + Arwy) x;. It is still an exponential-
like function. As w; converges to a steady value wj, x; elr+aruwi)t

And the weighting evolution function is

wy = — [k + (r1 —ro)]w? + [k 4 (r1 —72) — (k1 + k) wy + ko
If we set k' =k + (ry —r2) = k+ Ar, then the equation becomes

’L[Jl = —k’w% + (k’/ — (k‘l + k‘g)) wi + k‘g.
It is the same as the case with ry = ro = r but changing the parameter k into &’
Therefore, the solution is similar with the symmetrical r case but changing k to k.

It is also an sigmoidal curve.

17



2.4 When f; is a linear function- the general lo-
gistic growth model
When f; is a linear function of x; and x5, the growth becomes that of a logistical

growth model.

2.4.1 A general form of two-state logistic growth and au-

tocrine transition model.

To study the logistic growth model, we first consider the most general linear form for

fi- Thus, we set fi(x1,22) and fo(xq,x2) as the following form,

(2.16)

where (] is the logistic self-suppressing capacity of x1. Cs is the suppressing capacity

of x5 on z1, which is due to the competition effect of x5 on x;. Similarly, the logistic
self-suppressing capacity of x5 is bC5, and the suppressing capacity of x5 on x is aC.

Then the evolution equation in (x;, w;) space reads

2 )
. My W1 +((Iw+7'2ac2)w1+w
Ty = x(re + Arwy) (1 — Evo 22y

u’;l = (AT(l — ﬁ(mwwl + qw)xt) + k)(w1 - w%) - (]{71 + ]{72)’(1]1 + ]{72

18



where the auxiliary parameters are,

S
cl Cl 027
1 Cs
= (1= =2
C’g( C’l)
11
92700, b0y
1 +6
Qc1 02
11 Cy
= —(——(]1 — =
AR
My = T10c1 — 7202,
= (r — 2)a S
— 1 a cl 202
T2 1 T1 Cg
= 2(Z(1—a2)(1—-22)—4§
GGy )= 0)
_ "
qw s b027
N T2 1 0
(Tl a)C'2+TQC’2
T2 1 i1
= " (——(1 — ag—
G ot —a) +)

and 0 = (é — %) is a parameter that breaks the symmetry of the capacity strength.

When a = b (§ = 0), it means the decreasing rates of f; and f, are in proportion;
and if a = b = 1 we then have f; = fy. If C; = (), it means the decreasing rates of

x1 and x5 in f; are the same.

2.4.2 The z; nullcline for the general logistic growth

We can easily find the x; nullcline #;(w;) and the w; nullcline w;(w;) via the pre-

scription of Chapter 1. Thus,

19



ro + Arw;
M1 + (G + T2ae2) w1 + 36
_Ar (w1 —wa)
B m—w (w1 —wp)(wr — we)

Ty (wy) =

where
1
Wwp = 1 L
=
_(Qw + 7’2&02) + \/(C]w =+ T2a02) 4mw bCs
wp =
11
(& + L —2a8) + \/ Tk = 2a0)2 — 4(L L — ad)(1 — ad)
2(z 3o — 00) '
_(Qw + 7/‘201(:2) P \/(qw + T2ac2) 4mw bC
We =
2My
(L + L —2a0) ~ \/(w% + L 2a8)2 — 4(L L — ad)(1 - ad)
= 1=
and
We — WA
B 1
o = 1—a™
=
B 1
w, = ] %

20



When 6 = 0, then wp = wy, and we = w,.

Consider the two “end points” of #;(w;) corresponding to w; = 0 or 1:

- T2
l’t(w1 = 0) = Ty T Uy = bC'y
bCso
- 8]
T(wy =1) = -
My + G + T20c2 + BCs
- T
T1Gc1 - ) + ﬁ
= oo
r1Gc1 aF Gu == @
™
T
C1
= .

It is no surprise that the two end points assume the self-suppressing capacity of x;
and x5, and they are all positive values. And we can see that w4 must be smaller than
0 or larger than 1, implying that @;(w;) does not intersect with z; = 0. Combining
all these facts we see that 7;(w;) as a function of w; is always positive.

The denominator of the expression for #;(w;) is a quadratic function of wy, and

it can be written as
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,
M1 + (Gu + Toae2)wy + 2

bCy

_Loari—ry ar —gry o,y ar — 257 ary
— a(( Cl 02 )'lUl + (Cl + 702 )’LUl + b 02)

1 1 )
= a(((arl - T2)w1 + T2)(aclw1 + Fz)) - 7"262(’(1]1 — 1)2

ter(ary — 13) 1 1 5 )
= - ) — e (wy — 1

a <(w1 = a:—;))(wl T %)> 7’202 (wn )

T2 r1 Cy 1 1 )
=2 a-a - ) (w, — - - 1

= (( e LU e (O %>> ¥ — 1))

The first term in the above is always positive, because (1 —a7)(w; — %) <0
2

(1-

q 102)(1111 —a 102)) < 0. And for a fixed parameter a, we see that, as b — oo, § —
e et

é as its maximum. Under this condition the quadratic function (of the denominator)

and

has a local minimum. But since it has no roots between 0 and 1, wp and we would
not lie between 0 and 1, either, implying that z;(w;) has no singular points. The

discussion above allows one to classify the types of ;(w;) through the relation

- (wl e, wA)
Ty (wy) P % AR T B

Fig 2.1 is a diagram showing all the ten types of z;(w;) we have classified.

Specifically, they are :

(U) is U-shaped curves.

(H1) is a plot of the curve of - (marked 1), which has the tendency of #;(w;) — oo

1
w

as w; — wp or wy — we, and T (wy) — 0 as wy; — oo.

(H2) is a plot of the curve of w% (marked 2), which is similar to H1 but with z; = 0

when w; = wy.
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(S) is Sigmoidal curve.
(P) is a curve with a peak.

All of these five curves exhibit two tendencies as they approach the bounding
points: Either going up (tending to w; = 1, marked as U) or down (tending to
wy = 0, marked as D). Therefore, we can classify the ; curves into ten types, which
are designated as, UU, DU, UH1, UH2, DH1, DH2, US, DS, UP, and DP, respectively.

Showed in Figure.2.1 show the various types for the case we > wp (we may simply
change the index of B and C if wg > w¢.).

1. UU

When wp <0 <1 <we < wa, the Z;(wq) is UU type.

2. DU

When wy < wp <0< 1 <we, the #;(w;p) is DU type.

3. DH1
When wy, wp < we < 0, the Z,(w;) is DHI type.

4. DH2
When wg < we < 0<'1 <wy

and wp <0< 1<wy < % < we, the T;(w;) is DH2 type.

5. UH1
When 1 < wp < wa,we, the ,(wq) is UHL type.

6. UH2
When wy <0 <1< wp < we and wp < 2EFC <wy <0 < 1 < we, the Z(wy) is

UH2 type.

7. US

When wp < wy <0 < L;””C <1< wy < we, the £, (wy) is US type.

8. DS

When wp < 0 < 2232C <1 < wy < we, the @ (wy) is DS type.
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9. UP

When 1 < ws < wp < we, the £,(wq) is UP type.

10. DP

When wp < we < wa < 1, the Z;(wq) is DP type.

2.4.3 wi(x;) in a general logistic growth and autocrine tran-

sition model

By definition, w; (x;) corresponds to w; = 0. In a general logistic growth and autocrine
transition model, the equation satisfied by w;(x;) can be separated into a nonlinear

term plus a linear term, thus

O = ((A’f’ — (mwlﬁl B qw)xt) + k‘)(lﬁl T 1[112) — (k‘l + k‘g)lﬁl + k‘g
= (Af + k)(wy = w0%) = (k1 + ko)wy + ko
= AF(u?l — 11712) + [—(kl + ]fg)wl + ]{32]

= nonlinear term + linear term.

This is a cubic equation which can be analytically solved. However, the analytical
form does not permit one to penetrate into the characteristics of w;(z;). Therefore
we have instead separated w;(x;) into two parts, one from the contribution of the
nonlinear term and another one from the linear term. It is hoped that this may

better capture the characteristics of wy(z¢).

Explicitly, we arbitrarily set the nonlinear term to be
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nonlinear term = AF (1, — ,?)

and the linear term to be

linear term = —(ky + ko)wy + ko.

Note that the linear term alone is independent of z;, so that the w(x;), taking

into account the linear term alone, is a straight line.

If we ignore the linear term, then w; admits the following solutions: w;, = 0,

w; = 1, and AF = 0. And the root of AF can be written as a function of z;(w,),

which 1is

Ty = %. This is the reciprocal of a linear function, with a singular point

at mywi + ¢, = 0. The singular point thus satisfies

We can see that the condition for the existence of the singular point lying in the

region of interest [0, 1] is the following:
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1. Whenr;y > 22 and r; < 2, then 0 < w; = —2& < 1.
b a’ My

2. When 7 < %2 and r; > 22, then we also have 0 < w; = —2* < 1.

Therefore, if r; is between the two values "2 and %2 , w0, () would have a singular

point.

The two end points of the w;(x;) curve are

k+ Ar
ze(wy =0) = = r_2)027
b
and
k+ Ar
Z’t(’wl =1)= (r 7"2)01'
Lk oF

4 % Z 1 Acl 2 Ac2
Quite generally, when end point|.,—o = end point|y, =1, then ri % = ri%s

The form of w;(z;) can be determined by the condition AF(z; = 0) = k + Ar,
the end point relation, and the position of the singular point. Figure 2.2 shows the

form of w(z;) without a singular point.

We see that, when end point|,,—¢ > end point|,, -1, the curve is of the S type
(that is, S-shaped) with the “head” facing left if AF(x; = 0) > 0, and it is of the Z
type (Z-shaped) with the head facing right if AF(x; = 0) < 0.

When end point|,,—o < end point|,,—1, the curve is of the Z type with the head
facing left if AF(x; = 0) > 0, and S type with the head facing right if AF'(x; = 0) > 0.
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When end point|y,—o = end point|,, -1, the curve would be S type with the head
facing left if AF'(z; = 0) > 0, and S type with the head facing right if AF'(z; = 0) < 0.

And if a singular point lies between 0 < w; < 1, then w0 (z;) consists of two S
type curves, or one S type and one C-shaped curve, with possible reversal in order of
appearance, that is, S is above C or vice versa. Figure 2.3 shows the form of w (z;)

with a singular point.

When m,, > 0 and ¢, < 0, and if AF" > 0, then w0, (z;) contains two S type curves
with the upper branch having its head facing left. And if AF' < 0, w;(z;) is of the S
type curve facing the opposite direction. When m,, < 0 and ¢, > 0, and if AF' > 0,
then w;(z;) is an SC type curve, and for AF < 0, w(x;) is a CS type curve.

When there is no singular points between 0 < w; < 1, then the w;(x;) can be
either S type or Z type curve, which depends on the sign of AF and m,w; + ¢,,. The
sign of my,, qu, and k-+ Ar can used to determine the form of w;(x;). Because of this,

we now proceed to check the relation between their signs and the original parameters.

1. my, =0
m, = (31— az)(1- &) —9)

Therefore, we have: m,, > 0 when ad < (1 —a})(1 — %) Furthermore, when

)

r < (é — )ro and Cy > Cy | then m,, > 0. And when r > (% + —I_LC_Q)TQ and

-
C1 C1
Ci < Cy , then m,, > 0.
Conversely, when r; > (% — 1_‘5@ )ro and Cy > Cy , then m, < 0. And when
C1
r < (é — 1_‘5@)7’2 and C; < Cy , then m,, < 0.

C1
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2. ¢g,=0

= _ T2

Gw = ¢, ~ b0,

Therefore, when r; > %2, then ¢,, > 0. Also, when r; < 2 we have instead g, < 0.

3. My +qu,=0

o 9 1 71 02 9 ™
Mo+ o = (1= a1 = Z) = 0) + Z(—2 (1= aT) +0)
. T2 102 1
C'g(aCl( T2 1))
1 9
—a(ﬁ—;)

Therefore, when ry > =2 then my, + g, > 0. And when r; < =2 then my, + g, <0

2.4.4 The fixed point formula in general logistic growth and

autocrine transition model
Substituting x; nullcline into w; nullcline equation, we immediately obtain the con-

dition for the fixed points. Thus,

. ro + Arwj . .
0=(k+ Ar — (myw] + qu) ) 1 — Ywi — wi?)
MW~ + (quw + T2ae2) Wi + 38

— (1{31 + k2)w’f + ]{32
= AF(UJT — wfz) — (k‘l + k‘g)wf + k‘g.
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And the term AF is

ro + Arwj
2 T
Mywi* + (qu + Taae)wi + 5

(mypw? + qu)(re + Arwy)

2 r
MW + (qu + Toae)wi + 5

T2 1 _ * _ 1 *
= k+Ar—Ar E(W ad)wy + ( wp + ad))(wi — wq)

2 (e (w0} = wp) (w] = we) — ad(wi —1)%)

AF =k + Ar — (m,w; + qu)

=k+Ar —

WpWe
o (gp—ad) *
(w] = —t—5) (Wi — wa)
=k + Ar — Ar(1 — wyw.ad) e :

*_

(w} — wy) (W} — we) — wywead(wr — 1))

k + Ar is a step-up or step-down factor for AF and we find that the fixed point
equation is a quartic equation. It is not immediately obvious how to solve the roots
and see clearly what the solutions physically imply. Likewise, determining the number
of roots between 0 and 1 is not straightforward.. But from our previous working
experience with the discussion of the nullclines, it is illustrative to separate the fixed
point equation into AF(wj — wi?) and —(k; + ko)w} + ky. As shown in Fig. 2.4, the
number of fixed points can be determined by the roots and concavity of AF when k;

and ko are small.

Figure 2.4 shows a diagram with three fixed points. And Figure 2.5 shows the
same picture under different conditions: In one figure the curve concaves upward,
while in the other the curve concaves downward. The condition of having three fixed
points can be distinguished into two types, one is S,_ , for which AF" has only one
root between 0 and 1, and the other is S, which corresponds to AF having two

roots between 0 and 1.

The denominator of AF' has no zero point between 0 < w; < 1, therefore it has
no singular point. And the numerator of AF' may have roots between 0 < w; < 1. If
it has roots between 0 < w; < 1 and AF(w; = 0) < 0, then for k; and ky small, the

system has three fixed points.
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The following is the simple analysis of this situation. We can set the form of the

numerator of AF as Mw;? + Pw; + @, where

= myk,

S
I

7’2(@62(1{? + A’f’) — mw) + qwl{?,

_ 2 _
Q = ;o (k+n(1-b).

In S,_ case, we can find the relation from the diagram,

1. AF(wl :O) <O,

And for AF(w; = 0) = 22 (k4ri(1—b)) < 0, we see that it can be satisfied when

T bCo
k < (b— 1)7"1.

When

AF (w1 = 1) = muk + (ra(ae(k + AT) — my) + quk) + —2(k + (1 — b)) > 0

bCy
T2
—(k—r2)(mw—|—qw)+a—cl(/€+A7‘)>0
o _ 7”1—%2 T2
= (k —ro)( c, )+a01(k:+Ar)>0

this condition is satisfied with k > “%17"2. Therefore, in the S,_ case, the condition
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of having three fixed points is

—1
(b—l)r1>k‘>a

But for the S,4 case, the situation is more complicated. Here, the conditions are

1. AF(wy; =0) >0 and AF(wy = 1) > 0, when it is concave upward, and they

are of opposite signs when it is concave downward;

2. the extreme value happens between 0 and 1, that is 0 < % <1;

3. P2 —4MQ > 0.

The first condition has been calculated in S, case, whereas the second condition

reduces to:

(a) When & > 0, we see that P and M are of opposite signs;

2M

(b)when%<1,Weget2M+p>OifM>O,and2M+p<OifM<0.

The discriminant for fixed point bifurcations

Although the fixed point formula is a quartic equation, the special case a = b turns

things around because then the parameter = 0, implying

AF = k+ Ar — Ar (<g”j:wa) .
1

—wy)

That is, the fixed point equation becomes a cubic one, and we can solve the

bifurcation condition by considering the associated discriminant. Explicitly, we have
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u?l(wl)?’ + nagzﬁl(wl)2 + nalwl(wl) + nal = 0,

where
(DO — 1)]{3 — D()(k’l + k’g) + a,
nazo= oo Dok
]f—]fl—i‘(Do—l)]{?g—ar
na, = -— Dok‘
ko
nag = _D—Ok‘
and
a, = (a—1)r
s+ A
Dy = a, + 7"
)
Setting
Q= 3na, — nas? o Inainas — 27nay — 2nay’
B 9 T 54 ’

we have the discriminant expressed as

D =Q®+ R*.
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Developing @@ and R as polynomial functions of &,

Q = ok + Qik+ Qo
R = R3k®+ Rok® + Rik + Ry,

where

Q2 = 3502 (=3Do — (Do — 1)°)

Ql = 1 (2(D0 — 1)(D0(/{51 —+ k’g) — CLT) + Do(gk’l — 3(D0 — 1)]{32) + 3a,,)

3Dgk?

Qo = 5p02 (—(Do(k1 + k2) — ar)?)

Do(Dg—1 Dg—1)3
R3:Dolk3( 0(60 Yy 027))

_ C1)2_ D2 2 1)ra, B Ca
R2 = D()lk3(_DO(D60 1))]{;1 e (M 1l DTO)kQ _ Do (Do—1) +6DO (k1+k2) _
(Do—1)2(Do (k1 +k2)—ar)
9
R, = D01k3(Do(k1—(Do—1)k2+gr)(Do(k1+k2)—ar) + (Do_l)(DO(gl+k2)—ar)2)
Do (k1+k2)—ar)3
Ry = D()1k3(_( ol 1272) ),

and likewise developing D into a polynomial function of &

D = Dgk® + Dsk® + Dyk* 4+ Dsk® + Dyk? + D1k + Dy,
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where

Dg = Q)+ Ry’

Ds = 3Q:’Q1+2RsR,

Dy = 3QxQ1% +3Q2°Qo + 2R3 Ry + Ry’
D3 = Qi°+6Q2Q1Qo + 2R3Ry + 2Ry R,
Dy = 3Q:Q0+3Q1°Qo + 2Ry Ry + Ry
Dy = 3Q1Qo” +2R1Ry =0

Dy = Q’+ Ry =0,

we can analyze the situation, at least in principle.

When D; and D, are zero, k—Dz becomes a quartic equation and D = 0 can be
constructed by four surfaces. The four surfaces divide the space into different regions,
with two satisfying the condition D > 0. but only the region contains (b — 1)r; >

k> “%17"2. when k; = ko = 0 is the real bifurcation zone.
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AF (i, — i, ?) —(ky + ko) + k2

1“ 11\

v
Wi *\* 4 Wi
0 .ot :

Xt Xt

1“

A 4
v

—
()
>

<+

—
o
.

—
D
e d

Xt Xt

v

A\ 4

Xt Xt

Figure 2.2: The diagram of w;(z;) curve without a singular point. (a) and (b) are
at the condition end point|,,—o < end point|,,—1. When AF > 0, the curve in (a)
is S type, and when AF < 0, the curve in (b) is Z type. (c) and (d) are at the
condition end point|y,—o > end point|,,—1. When AF > 0, the curve in (c) is Z
type, and when AF < 0, the curve in (d) is S type. (e) and (f) are at the condition
end point|,,—o = end point|,,—1. They are all S type.
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has root, m.>0 ; qw<0

W1

4 k+ A r>0

(a)

has root, m«<0 ; q«>0

W1

(b)

Figure 2.3: The diagram of w;(w;) with a singular point. (a): When m,, > 0 and

¢w < 0, at this condition w; (w,) is s band type curve. (b): When m,, < 0 and ¢, > 0,

at this condition w;(w;) is SC and CS type curve.
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Sq- Case

AF WiW2

Sq: CAse

AF Wiz

Figure 2.4: The diagram of the three fixed point conditions. The left diagram is the
effect of AF, and the middle diagram is the effect of (w; — w;?), the solid line of the
right diagram is the effect of AF(w; — w;?), and the dash line is the total effect of
wy. We can see there are two types of three fixed point condition: One is S,_, which
AF has only one root between 0 and 1, and the other is S,1, which AF" has two roots

between 0 and 1.
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Concave up

AF

7 2
" N

Concave down
A F[ A FW
p P
|/ W1 V \m

Figure 2.5: The diagram of multiple fixed point condition of AF. When it has root
between 0 < w; < 1 and AF(w; = 0) < 0, the system would have three fixed points.

This diagram shows the case of AF which satisfies these conditions.
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2.4.5 The stability and possible spiral behavior in general

logistic growth and autocrine transition model

For the general logistic growth and autocrine transition model we have

of, 1
or, Oy

of, 1

s Oy

of, 1

dr,  aCy

Ofs 1 15

81’2 ng N CLCQ CQ .

Substituting these terms into the spiral formula in the general model, we obtain

Ny = (Jo + Jg)* — 4Det[J]

121 T2oXo 5 2 47’1’/“21’11’2 w1y Wao
= (——— — . | Bl 0 el fom B ko —=
( Cl CLCQ 02) -, CLCng +( 1’LU2 * 2’LU1)

r ) w w
bl BT e ) (Rt 4 k)

71 aCy Cy Wy wy

+T1$1(w—2a + ?2)(]{31 = l{:w22)
99 , Wo 1 0 1 2
F R G o)+ )+ )
) 11 T2l

5 T i)
= M\ 5— —_— —_— 20— — —= — (k;— ko—
b,6=0 + "t CQ (szz 02 * ( Cl CLCQ ( 133'2 + 23(31 >> w1

2

W

(kg + kwy?)).

Here, A, of the most general case (labelled as Case LH-D in the following) is
expressed as the A\, of the more restricted case (labelled LH-C, with a = b) plus some
terms involving 0. Because the additional terms form a quadratic function of § which

concaves up, it seems that the system would have no spiral behavior when ¢ is large.
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2.5 The classification of logistic growth model.

Here, we classify five types of the logistic growth model. They are:

1. LH-0

The basic model. f; is the same and they are depend on the z; with a suppressing

capacity C.
h=0-%) (2.17)
f=(-%)
2. LH-A

fi’s are the same, but the suppressing effects from x; and x, are different. The

suppressing capacity of x; is C and that of x5 is Cs.

h=0-g-2)

f=(-8-g)

(2.18)

3. LH-B

fi’s are not the same, but the suppressing effects from x; and x5 are the same.

The suppressing capacity in x; is C and in x5 is aC'.

hi=01-2) (2.19)
f=(-2)
4. LH-C
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21 has a self-suppressing capacity C; and a competing suppressing capacity Cy of
29 on x1. To show the heterogeneity of these two states, a heterogeneity factor a is
introduced in the capacity of x5. Thus, the self-suppressing capacity of x5 is aCy and

the competing suppressing capacity of x; on x5 is aCl.

(2.20)

5. LH-D

The most general case. The self-suppressing capacity and the competiing sup-

pressing capacity in x; or xo are all independent.

(2.21)
fo=Q0-8 — %)
2.6 LH-0 model
When C) = C5 and a = b = 1, the growth is a simple logistical growth for x;.
fi=h=0-%)
T = 7’11’1(1 - %) - k‘ll’l + k’gl’g + k‘% (222>
1:2 = 7“2!13'2(1 — %) + k‘ll’l — k’gl’g — k’%

And the auxiliary parameters are

- 1 _
el = T ~ Cn =0,
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=1 1 _
A2 = Ty ~ Tm =0,

My = T10c1 — T20c2 = 0,

_r _ T2 _ Ar

v = &, Cp ~— C
A
mw_‘_QwZQw:%-

Substituting this into the general model equations in the z; and w; space, we

obtain

Ty = xy(rg + Arw ) (1 — &)

u')1 = (l{? + AT( — %))(wl — w%) — (1{31 + k2)w1 + ]{52.

2.6.1 The exact solution when r; = ry

When r; = ro = r, the two formulas can be separated into two independent ones. For
instance, ; is a logistical growth differential equation and w; has the same form of
exponential growth and autocrine transition model as r; = r. The exact solution of

LH-0 model can be solved easily.

Lt

x't:m:t( — C)

wl = k:(wl — wf) — (k‘l —+ k‘g)’wl e k‘g

Exact solution of z;

The evolution equation of x; is the logistic equation, and the exact solution is

Cert
C+2,(0) (et — 1)

x; = x4(0)

It has two fixed points at 2, = 0, C, and an inflection point at z, = <.

[
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Exact solution of w,

Since w; of LH-0 is the same as the exponential growth and autocrine transition

model, wq(t) should be the same.

1-FL_k c 1w (0)
wy (1) = —E—= +\/;tanh(7') if g > 0
wi(7) = kg e (2.23)
wy (1) = —E—+ +\/;00th(7') if }(0)<O
Wy

2.6.2 The nullclines

Plugging the auxiliary parameters of LH-0 into the general form of z;, the x; in LH-0

18

Plugging the auxiliary parameters of LH-0 into the general form of w;, the w; in

LH-0 is

m:w+Am1—%»wa—m%—@a+@ma+@.

We can solve this equation to find ws:

(k+Ar(1—2)) = (k1 + ko)) + /(k+ Ar(T = Z)) — (k1 + k2))2 + 4(k + Ar(1 — L))k,
2(k + Ar(l — &) '

wy =
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Because 7; is a constant, the two end points have the same value. Therefor, the

nullcline must be an S type curve.

When k + Ar > 0, it would be an S type curve with the head facing left, and

when k + Ar < 0 it would be an S type curve with the head facing right.

2.6.3 The fixed point condition

The fixed point is trivially

. . (k= (ki + ko)) +/(k — (k1 + ko))? + 4k
xp =C,w] = oF .

2.6.4 The stability of the fixed point

In this case it has only one fixed point, and we know f; = fo = 1 — & with g—ﬁ =
g—g = —% < 0. According to the theory for the general model, J, + J; < 0 and the

fixed point must be a sink.

2.6.5 The phase portraits of LH-0

Please see Appendix B.1.

2.7 LH-A model

When a = b = 1, the growth forms of x; and x5 are the same, but the suppressing
effects from x; and x5 are different. The suppressing capacity of x; is C; and that of

2o 1s Cy. We abbreviate it as the LH-A model.
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g1 =na(l— & = &) — ks + kows + k22

Cq C: x1+T2 (2 24)
.:(52 = 7"2{172(1 — 8—11 - g—i) -+ ]{?125'1 — ]{52.]72 — k—xffég

And the auxiliary parameters are, respectively,

11 1 1 _
Ger = &y, Cia = 1 Cy — Ue

_ 1 1 _ 1 _ 1 _
QAc2 = Ca1 Cax ~— (1 Cy Ge
My = T10c1 — T20e2 = Ara,

r1 ro _ Ar

w = &5 Car ~ Co

mw+qw:Arac+é—;:é—:.

The rate equations in x; and w; space read

&y = @(ry + Arwy ) (1 = (aewn = 2;)z:)

wl = (k + AT(l -5 (acwl ' C%)xt))(wl r . w%) = (lﬁ —+ ]fg)wl + ]fg.

2.7.1 The nullclines

Substituting the secondary parameters of LH-A into the general form of z;, the z; in

LH-A is
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r9 + Arw;

Ty = 2 T2

Mypw1? + (G + Toae2)wr + o
o o + Arwl

Ara.w? + (é—; + roac)wy + o
B ro + Arw;

(ro + Arwy)(acw; + c%)

1

- . 1-
a.W1 +C_2

It is the reciprocal of a linear function, and the two end points are z;(w; = 0) = Cy
and 7;(w; = 1) = C4.
Next, substituting the secondary parameters of LH-A into the general form of 1w,

the w; in LH-A is

0 = (Ar(L = = (mipwr -+ a0)ad) 4+ ) (61 (1) — 1 (w1)?) — (ks + ko) (wr) + ko

Ar
1 AN ~ 2 _
= (Ar(1 = = (Aragw, + a)xt) + k) (i (wy) — 6y (w)?) — (K + k)adiy (w) + kg
1 = s -
= (Ar(1 — (aqw; + @)azt) + k) (ay (wy) — i (wr)?) — (ky + k)it (wy) + ko
The two endpoints of the nonlinear term are end pointl|,,—o = ka”Cg and
end point|y,—1 = ka’"C'l. When C; > Oy, end point|y,—1 > end point|,,—o; and

when C) < Cy, end point|y,—1 < end point|,,—o-

And AF(x; = 0) = k+ Ar, the sign could be determined by k& and Ar. Therefore,
w; in LH-A could be S type curve and Z type curve.

When k£ + Ar > 0, C; < (5 and it is S type curve with the head facing left.

When k+ Ar < 0, C; < Cy and it is Z type curve with the head facing right.
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When k£ + Ar > 0, C; > (5 and it is Z type curve with the head facing left.

When k+ Ar < 0, C; > Cy and it is S type curve with the head facing right.

2.7.2 The fixed point condition

In LH-A, if we ignore the transition term ws|r, then w; would have to satisfy the
condition Af = (1 — (a;wy + g;)x;) = 0. It is the same with the condition of 7.

Thus w; and z; coincide.

Because the w;|r has a zero point at

b= (k1 + ko) — o /Tk = (Rt + ko) )2 — 4Kk
2k ’

we see that if the wy |7 term is included then w; and 7; would cross and a fixed point

w1 =

is formed due to the presence of the transition term.

Therefore, in LH-A, it has only one fixed point at (z7,w]),where

k= (k1 + ko) = v/ (k — (R + k2))? — 4k
2k

* —_—
wy =
and

1

— 1
acwf + s

*

Ty =

2.7.3 The stability of fixed point

In this case it has only one fixed point and we know f; = f, =1 — & — &, so that
of 1
oo = o <0
ofs 1
=g <0

According to the general theory, J, + J; < 0, the fixed point must be a sink.
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To test the spiral behavior, substituting these terms into the general model of A,

then we get

Ny = (Jo + Jag)? — 4Det[J]
™ ToX

= ((g—l1 é—;)

+ %—?(E—; + %)(ls1 — kws?) +

= (G + ) + (i by

Wo

w1 2
ki— + k
+ ( 1w2Jr 2w1))

raty wy | o 2
02 (wl + Cl)(k2+kw1 )

j—j))?

i+ 2))).

The term ), has three parts, (S5 4+ 2252) + (k2 + kp22))2, (4 4+ &) (ky — kw,?)

C1 w2

and +%(ﬂ + %)(kQ + kw,?).

w1

The first term is a complete square so that it is always greater than 0. The second
term is negative if k > 0 and |k| is large. And the third term would be negative when
k < 0 and |k| is large. Therefore, the spiral behavior could be present when the last

two terms are negative and large.

2.7.4 The phase portraits of LH-A

Please see Appendix B.2 .

2.8 LH-B model

When a = b # 1 and C; = Cy = C, the suppressing capacity in z; is C, and taht in
xo is aC'. It is abbreviated as LH-B. With

49



fo=1-%
Tt
e ]_——
f2 aC’
we have

%) — kawy + kowy + k220 (2.25)

- C
= — Xt — — foZ2x1
To = 7“2!13'2(1 aC) + k’ll'l k’gl’g km1+m2

.flfl = 7"125‘1(1

and

1 1
a = = — = =
cl C11 Ci2

-1 1 _
a02_021 Caa

My = T10c1 — T20c2 = 0
_ oty _ (T
Qv = Ci2 Caa (IC(aT’Q 1)

o

In the x; and w, space, then,

By = 3y(rs + Arwy ) (1 — (L)) o)

w1 = (l{? + Ar — i(arl — 7"2)%)(’(1]1 — w%) — (]fl + kg)wl + ]{32

2.8.1 The nullclines

Plugging the auxiliary parameters of LH-B into the general form of z;, the ; in LH-B

18
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Ty

B ro + Arw;
MypW1? + (G + Toae2) w1 + &5
- ro + Arwl
(& (et —1))wr + &
A
—uC ro + Arw;
((ary — ro))wy + 19
1+ (2 —Dw

(arr — Dwi +1

1
o Wy — -
_ T2 T
T ———
T2 1 1—aL
)

aCwp wy — wy

wa wp—wg’

where wp = 1_#_1 and wp = T-,L-

T2 2

The form of %behaves like ( W1 =R

1
w1—wp)(wi—wg)

as wg — 00, because m,, = Ar(c1

C%) = 0 and the denominator of z; has only one root.

According to Fig. 2.1, we see that the z;(w;) of LH-B could assume the following

forms:

1. DU type : As wy < wg <0 < 1 < we and weg — 0o, the U curve is hard to

show. This happens when 1 > 7 and 2 <a < 1.

2. UHI type: As1 < wp < wy, thatis, whenr; <ryand 1 < a < :—f the nullcline

is UH1 type, and the form is more obvious when :—; — 0.

3. UH2 type: As wy < 0 < 1 < wp, that is, when r; > ro and ar; < ro, the

nullcline is UH2 type and the form is more obvious when L — oo and I — a.

4. US type: As wp < wq < 0 < “’32& and we — oo, the S type is not easily

shown. The form is assumed when r; > r9 and :—f <a<l1.

5. UP type: As 1 < wy < wg, that is, ry < 19, ary < ro, and a > 1, the nullcline

is UP type and the form becomes more obvious when = —0.
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Next, substituting the auxiliary parameters of LH-B into the general form of w0,

the w; in LH-B is

0= (AT’ — (mwwl + qw)xt + k’)(lﬁl — '11712) — (k‘l + ]{52)1171 + ]{52
Tt

= (AT - (é(arl - T2>>6) —+ k)(u?l — ’(1712) — (1{31 + ]{32)’(171 —+ ]fg.

The two endpoints of the growth term are, end point|,,—o = end point|,, -1 =

éa'fr_m (. Because the two end points are the same, W (z;) must be an S type curve.
1—T2

And when k + Ar > 0, it will have its head facing left. But when k + Ar < 0, the

opposite is true.

2.8.2 The fixed point condition

The general fixed point formula is

0 = (Ar — (mypw] +qu)z; + k) (w] — wfz) — (k1 + ko)wy + ko,

where g = 9CwWs wi=Wa “Therefore, in LH-B
t w4 W1—wWR )

0= (k+ Ar — (mywi + qu)z;)(wj — w]&) — (k1 + ko)wi + ko

1 x*
= (k+ Ar — (a(arl —73)) é N(w; —wi?) — (ky + ko)w? + ks
ro T} . N X
= (b Ar ot (o S BN (W] = i) = (b + k)t + ks
= (k+ Ar — Arw)(wi‘ —wi?) = (k1 + k2)w] + ko.
w1 — WpR

It is a cubic equation and there are three roots wj. We therefore expect three

fixed points.
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Because the bifurcation condition is S,— condition in the general model when
m,, = 0, we see that there are three fixed points if k1 and ks could be ignored. Also,

k must lie between (a — 1)r; and “Lr,.
a

2.8.3 The stability of fixed point

h=1-%
f2 — L
oy <o

So, with J, + J; < 0, the general theory says the fixed point must be a sink or a
saddle point.

In LH-B, three fixed points can co-exist and it is reasonable to expect it to possess
two basins, that is, two sinks near each sides of w; and a saddle point in the middle

of w1 .

2.8.4 The phase portraits of LH-B

Please see Appendix B.3.

2.9 LH-C model.

When a = b # 1 and C; # (5, the growth becomes a logistic growth form with
different capacity of x; and x5. Also, x; has a self suppressing capacity C; and a
competing suppressing capacity Cy of x5 on x1. To show the heterogeneity of these
two states, a heterogeneity factor a is introduced in the capacity of x,. Thus, the

self-suppressing capacity of x5 is aCy and the competing suppressing capacity of z;
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on x is aC. It is abbreviated as LH-C. With f; = 1— é—ll —Zand fo=1—%2 — 22

Cs aCq aCa’?
we have
. xr1 x2 221
Ir = 7’1(171(1 - C'_> - ]{?125'1 —|—]€2.§L’2 + f 2t
1 2 T1+x2 (2 26)
Ty = 19x9(1 — %1 — ;%2) + kixy — koxo — l{;;‘iféz

And the auxiliary parameters are
Gl = T ~ T T e
Ao = A= — = = 1q
2™ Cn Ca2  a €
_ _1
My = T1Gc1 — Tolez = 7 (AT — T)ac
_ T rg 1 1
=G ~ G~ a1 )

My + qu = 25 (art — 1) = 1-(ary — r2)(ac + C%)

In the x; and w; space,

Ty = 2, (rs + Arw,)(1 — (5%)(%% + &)

u’;l = (]{3 -+ AT — %(a'r’l = TQ)(CLC’UJl -+ CLZ)SL})(’UH — w%) — (1{31 -+ ]{32)’(1]1 + ]{32

2.9.1 The nullclines

Substituting the auxiliary parameters of LH-C into the general form of z;, the z; in

LH-C is
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ro + Arw;

€Ty =
" omw? + (qu + T20c2)wy + 5—222
_ T + Arwl
¢ (ary —ro)agwn® + (5 (ar) —ra) g + rozac)wr + &
_ (r2 + Afw)
(r1 — %)acwl + %)(acwl + CLZ)
_ C WpW, (wl — wA)
= —C, ’
wa (w; —wp)(wr — we)
where
Wa = 1_1T_1
T2
Wy = 1—[11L1
T2
we = —4

This set has two end points , which are @3(w; = 0) = aCy and 7 (wy = 1) = C}.

According to the general model and from Fig.2.1, we know the curve can be

classified into ten types. They are
1. UU type: As wp, < 0 <1 < w. < wy, the £;(wy) is UU type.
2. DU type: As wq < wp < 0 < 1 < w,, the 7;(wy) is DU type.
3. DHltype: As wa,w, < w, < 0, the 7;(w;) is DH1 type.

4. DH2 type: As wy < w, <0 <1<wyand w, <0 <1< wy <2 <, the

T (wy) is DH2 type.

5. UHI type: As 1 < wy < wa,w,, the Z;(w;) is UH1 type.
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6. UH2 type: AswA<O<1<wb<wcandw3<“’Bzﬂ<wA<0<1<wc,

the z(w,) is UH2 type.
7. US type: As w, < wy <0< % <1 <wy < w,, the £,(wq) is US type.
8. DS type: As wy, < 0 < 23% <1 < wy < w,, the #y(wy) is DS type.
9. UP type: As 1 < wa < wy < w,, the Z;(w;) is UP type.

10. DP type: As wy, < w, < wa < 1, the Z;(wq) is DP type.

Next, substituting the auxiliary parameters of LH-C into the general form of w, the

w; in LH-C is

0= (A’/’ — (mwwl -+ qw)xt = k)(wl F ’11712) — (1{31 5H ]{72)1171 + ]{32

1 1 1 N 5 -
=(k+Ar— (a(arl — 19)a.wy + a(arl — TQ)F)xt)(wl — iy ?) — (ky + ko) + ko
2
1 1 A s .
— (]{7 + A’f’ - (a(arl - m)(acwl el 5))2575)(11)1 = w12) — (1{31 + ]{Zg)wl + ]{32
2

_ R
= (k+ Ar (a (ar1 1a.(win+ ="

D) 1
=(k+Ar — (—
(k+ Ar (a02 WRWC

))ae) (i — wy?) — (ky + ko) + ko

(w1 —we))ay) (W — w1%) — (k1 + ko) + ko

The two end points are end point|,,—o = flt%_;‘ Cy and end point|,, -1 = flté_g Ch.

Therefore, if C; > Cy, then end point|,,—1 > end point|,, o, or if C; < Cy, then

end point|,,—1 < end point|,,—o . Thus, w; could be S type curve or Z type curve.
When k£ + Ar > 0, C1 < (5, it is a S type curve with the head facing left.

When k£ + Ar <0, C1 < Cy, it is a Z type curve with the head facing right.
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When k£ + Ar > 0, C1 > (5, it is a Z type curve with the head facing left.

When k£ + Ar <0, C1 > (5, it is a S type curve with the head facing right.

2.9.2 The fixed point condition

The general fixed point formula is

0 = (Ar — (myw} + qu)z; + k) (w — w}?) — (k1 + k2) w} + ko

wBwC (wi—wa)
wa (wi—wp)(wi—we) °

where 27 = —C)

It is a cubic equation for the root wj. Therefore there might exist three fixed

points.

Therefore, in LH-C

0= (k+ Ar — (myw} + qu)z}) (W] —wl®) — (k) + k)w; + ks
1 1
= (k+ Ar — g(arl — r9)(a.wit @)xf))(w’f —wi?) — (k1 + ko)w] + ks

1 )(—C’ngwC (w1 —wy)

_l’_ 8
Cy wa (w1 —wg)(wy —we)

1
= (k+ Ar — E(arl —r3)(a.wi

— (k‘l + k‘g)wi‘ + k‘g

and

(ry + Arwy)(acw; + c%)

(acwr + ;) ((r1 — 2)wi + 2)

1
AF:k‘—i—A’r’—a(a’Fl—’f’g)

1 (ro + Arwy)
=k+Ar—Z= —
b Ap— AT wA)
(wy — wy)
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In the general model, the bifurcation condition is S,_. Therefore, if k; and ko

could be ignored, it would have three fixed points when k is between (a — 1)r; and

2.9.3 The stability of fixed point

The type of fixed points

— 1 _zT1 _ T2
fi=1 C1 Cs

f: _ x _ T2
2 aCh aCs
Ofh _ _ 1

oz, Cl<0
Ofp _ _ 1
89c2_ aCz<0

According to the general model, J, + J; < 0, and the fixed points must be a sink

or a saddle point.

Similar to LH-B, in LH-C, it could have three fixed points and it is reasonable to

see the three fixed points forming two basins with a saddle point in the middle of wy.

The spiral behavior of LH-C

In LH-C model,

Oh _ _ 1
ox1 C1
oh _ _ 1
Oxa Ca (2 27)
Ofe _ _ 1
8z1 - a01
ofr _ _ 1
\ Ox2 - aCs *

Substituting these terms into the general model, one yields

58



)\a:Ja+Jd
(¥4 H) T X9
= (22 (k22 <0
(Cl + Cg (1$2+ 21’1)

Det[J] = JaJd — JbJC

0 )

+ %kzz—j + k(w; — wi?)) + %(k‘l — kwy?) + %(kQZ_j + kw?)
wy a2

— rl:cl(]{;lw2 kgfl ) N k1 —Cl:‘wzz)
wy e 2

+r2x2(k2w1 s ]Z(Cw; ) * ko ;éflw12)

N = (Jo + Ja)® = 4Det[J]
(5 + 2 ¢ (i o))

riT; Wi 01

Tl(w_2 + Fz)(k’l = kw22) + —(— + —)(k‘g + k‘w12)

CLCQ w1 Cl
T T9X9 wq W22
= (= + )+ (b — 4 ky—
(CEH+ 2D + Ut ke )
2 2
e Gy k1 e we Gy o ke
k(G + )’ = 30 = (e + g+ 3)

The term A, has three parts, (552 +2222) 4 (ky 2 4 kp £2))?, LI (S 4 C1) () —kw,?)
and +2222 (2 + %)(k‘g + kw,?).

w1

The first term is a complete square and always greater than 0. The second term

would be negative for k > 0 and |k| large, whereas the third term would be negative
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when k& < 0 and |k| large. But from the condition for three fixed points, when

k1 = ko = 0 we must have (a — 1)r < k < (a_l)’f’g. Thus, the range would be small

when k; and ko deviate slightly from 0. Therefore, to make A\, < 0 in the three fixed

point case, we must tune the parameters rq, ro, C7, Cs, and a.

For k > 0, we need the second term to become the dominant term. Therefore, g—;

should be large and both % and k—kz should be small. Under this condition, the fixed

point with a large wy will have a better chance to exhibit spiral trajectories.

For the other case when k£ < 0, we need the third term to become dominant.
Therefore, g—f should be large and % should be small. Under this condition, the fixed

point with a large w; has more chance to exhibit spiral trajectories.

2.9.4 The phase diagram and phase portraits of LH-C

Please see Appendix B.4.

2.10 LH-D model.

LH-D is the most general model and we have shown its mathematical form in the

previous section.

2.10.1 The phase diagram and phase portraits of LH-D

Please see Appendix B.5.
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Chapter 3

Conclusion

In this part, we discuss the statistical methods to extract the information about
the sub-states from a heterogeneous system. We have also discussed a two-state
growth with autocrine transition model to study the dynamic behaviors of a two-state
heterogeneous population. The analytic work establishes the connection between the
system parameters and the characteristics of the phase diagrams. With a complete
classification of the possible behavior of the system, we stand a better chance to apply
the model to a real-life problem.

In the next part, an application of this model to microscopic biology is presented.
Specifically, we will apply the LH-C model to the cancer system. And by adopt-
ing appropriate parameters for the model, we will show that the LH-C model corre-
sponds well with the real prostate tumor spheroid growth data under treatments using
chemotherapy (17TAAG) and radiation therapy. Encouraged by this research result,
we also try to develop a new therapy or optimization method using time-dependent

treatments, which can be done by tuning the system parameters.
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Part 11

An application to cancer growth

system and treatment development
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Chapter 4

A simple introduction of

carcinomatous process

Cancer, a disease of a group of abnormal cells with uncontrolled proliferation, is still
one of the main lethal diseases in modern human societies. The origin of the abnormal
proliferation cells is the mutation or epigenetic differentiation of normal cells. But
the detail carcinomatous mechanism is still not clearly now. A gaining popularity
concept of carcinomatous mechanism is the cancer stem cell hypothesis [4], which
assumes that a cancer system has at least a subpopulation with high proliferation
ability. Recently, Jeffrey et al. also suggest that cancer system is actually one kinds
of heterogeneous system [5]. In addition to this are the recent discussions that different
sub-populations in a cancer system may transform into other sub-populations by the
autocrine signaling pathway [6],[7]. In this regard, these sub-populations thus may
be treated as different phenotypes of cancer cells. And this implies that a cancer
system may be viewed as a two-state growth with autocrine transition system. The
conclusion is that it may be possible to describe a cancer system by the mathematica
model discussed in Part 1.

In view of the fact that a systematic mathematical model about carcinomatous
cell group might help us better understand the cancer system [8], several mathemat-
ical models have been proposed [9]. For instance, Garner et al. proposed a two-

subpopulation model, which has a proliferation and a quiescent subpopulation with a
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transition relation [10]. Puri constructed a mathematical model on the regulation of
signaling pathway with mutations based on the cancer stem cell hypothesis [11]. Re-
cently, the transition effect between the heterogeneous subpopulations of cancer due
to the auto/para-crine signaling pathways have been discussed [6],[7]. Mathematical
models on tumorigenesis with the auto/para-crine signaling pathway effect have also
been proposed. For example, Bajzer and Vuk-Pavlovi¢ proposed a population model
in which a single species of cells can interact with a certain growth stimulation activ-
ity [12], and Ghosh et al. further discussed a model allowing spatial variations [13].
In addition, the mathematical model used to interpret or even give some guidance to
the experimental data of cancer treatments has also become a lively discussed topic

[14]- [17).
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Chapter 5

A heterogeneous cancer growth
with autocrine signaling pathway
and fitting the growth curves of

prostate tumor spheriod

5.1 Fitting idea

According to the concept of cancer stem cell hypothesis, a cancer system should have
at least a subpopulation with high proliferation ability. We can set x; to be the
population of the normal cancer cell state, and x5 to be that for the high proliferation
state. Here, state 2 may be loosely treated as the cancer stem cell state, just to
be consistent with the stem cell idea. The obvious difference of the proliferation
ability between normal cancer cell state and cancer stem cell state suggests that the
heterogeneity factor a should be very large, and the self suppressing capacity of zs
should be much larger than that for state 1, that is, aCy > . In addition, we
will also hypothesize that the state with a high proliferation ability may also have
a high ability to consume the resources in the surroundings. This implies that the

suppressing ability of state 2 may be much stronger than that of state 1. Thus we
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also set Cy < ;. These two hypotheses seem to correspond exactly to the LH-C
model, and we use this as a hint on how things should be proceeded.

To simplify the model and to focus on the main characteristics of the real tumor
growth data, we assume that the transition effects are all contributed by the autocrine
effect, thus we can ignore the k; and ky parameters. And for convenience, we also
set these two states to have the same characteristic growth time, that is r; = rs.
Here we should notice that although r; = r, means these two states have the same
proliferation rate when x; = 2o = 0. But since the heterogeneous factor a is very
large, when z; and o are slightly larger than 0, the proliferation rate would has
obvious difference. Therefore the setting is still satisfied with the cancer stem cell
hypothesis.

Then we can write the modified LH-C model for the description of the cancer

system to be

$1=r<1—<ﬂ+z—)>x R
y (5.1)
xgzr(l—é(x—llem—i))a:g KT

To facilitate the comparison of our model with experimental data, it is more
convenient to change the variables from (z1,5) to (v; = 1 + x9,w; = fc—i) The

transformed equations read

T = ray (1 — [(wl + =) (g—i + —%;’“)] LL’t)

i =k {1 g (1= 3) (4 52 ) o (o ). 5.2

Figure 5.1 shows schematically the conceptual foundation of our model and its
relevance to a cancer system. It is a two-subpopulation model, with x; being the
subpopulation of normal cancer cell state and x, the subpopulation of cancer stem
cell state. To make the mathematics simple while at the same time capturing the

essence of what may be causing the observed behavior, we deliberately assign the
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same proliferation rate r to both states, leaving the more general case for later study.
Due to competition of the cells in the same cell state, x; has a logistic suppressing
capacity C7. We assume that z; and x, are competing with each other, and the
“suppressing capacity” of x5 on x1 is Cs. (Roughly, this means that the suppression
from x5 on x; becomes important when x5 grows to a value which is of the same order

of magnitude of C5 .)

Modeling the growth of cancer cells:

k12
sy v R 5 ©
normal cancer cells: \/ cancer stem cells:
. . k21 . 4
Proliferation rate: r Proliferation rate: »
Self-suppressing capacity: C, Self-suppressing capacity: aC,
Suppressing from x,: C, Suppressing from x,: aC,

Figure 5.1: Schematic of the two-subpopulation tumor model with transition due to
auto/para-crine signaling pathway. x; and x5 are the two subpopulations in a cancer
system, each of which follows the logistic growth mode with proliferation r. z; has
a self-suppressing capacity C;. The growth of x; is also suppressed by x5 due to
competition. This is characterized by an extra suppressing capacity Cy of x5 on .
The heterogeneity coefficient a introduces asymmetry between the two species: State
2 has a self-suppressing capacity aCs, and a corresponding suppressing capacity aC}
from species 1. These two subpopulations have a transition effect due to the autocrine
signaling pathway. The strength of the autocrine effect from x; to xs is ki, and ko

is that of x5 to xy , respectively.

Listed in Table 5.1 are the numerical values we have adopted for our model when
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a cancer system has not received any treatments. Later we will investigate how the
parameters can be modified to better fit the growth curve data of prostate carcinoma

spheroid with treatment discussed by Enmon et al. [3].

Parameters Symbols Values  Unit
Proliferation rate of z; and x, r 0.3 1/Day
Self carrying capacity of x; o 10% pm3
Suppressing capacity of x5 on Cs 2 pm3
Heterogeneity coefficient a 106 none
Autocrine strength k 2.5  1/Day

Table 5.1: Parameter values of the cancer system without treatment.

5.2 Result and discussion

5.2.1 Some simple properties of this model

Because we have adopted a simple model, the interpretation of each of the system
parameters in it becomes more transparent. For example, the reciprocal of r is the
characteristic time of the system, and it determines the duration of the total growth
period. A larger r clearly corresponds to a shorter growth time. But from the
mathematical point of view, r can always be absorbed into the time so that its
absolute value won'’t really concern us.

In Part I, we have shown that the autocrine parameter k& can be used to regulate
the final dominant state. When k& > (a — 1)r, state 1 dominates the final scene,
whereas the opposite is true if k£ < (1 — %) r. But for an intermediate value of k, that
is, when (1 — %) r < k < (a—1)r, the system goes into a bistable situation, with the
final state being dominated by either x; or x5, depending on the initial conditions.
With all the other parameters fixed, Fig. 5.2 shows a series of growth curves for
different values of k. Here, we see that the final size of z, is 10%, which is the self

suppressing capacity of x1, when & = 10. (In this sense, then, k can be considered
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large in this parameter regime.) But when we tune k to a smaller value, the transition
effect may switch the final dominant state, depending on the initial values. If we fix
the initial value of w; and tune the initial total population x;, then xy will eventually
dominate if x;(0) is larger than a certain critical initial size. The value of the critical
size depends on the strength of k in a reciprocal manner: The critical size increases
when k decreases. (This can be better seen by looking at the terms inside the curly

brackets of Eq.5.2.) As k < (1 — 1)r, the final dominant state is always zs.

By our construction, C; > (5, so that typically terms in Eq.5.2 involving C}
can be ignored when compared with those containing C. And in regards to the
role played by the suppressing capacity Cs, we may say that it provides us with a
mechanism to exhibit a “delay” feature that might exist between the initial growth
stage and the final settling state. This is so because C5 acts to suppress the growth of
state 1, and whenever state 1 is destined to be the final dominant population, Cy will
simply act to fight against that unavoidable trend. This is particularly true when Cs
is small, because then a small population of species 2 is enough to effectively inhibit
the initial growth of species 1. Therefore, it will take some lengthened time for species
1 to grow to a significant percentage in population (via the autocrine parameter k)
before the suppressing effect from state 2 can be “quenched.” (At a later time, the
effect of Cy diminishes simply because the population of state 2 is reduced, again,
by the autocrine parameter k.) All this is reflected in the duration of time evolution
before the system eventually settles down. This aspect is also shown in the form of
x; nullcline, since when € > (5 and a > 1 the x; nullcline is U type and the growth
rate would be slow or even minus when x; ~ x5, this is due to the competition effect
of z5 on x; . An approximate mathematical form of this property is presented in
Appendix C. In Fig. 5.3 , we show the growth curves for various values of Cy when
all other parameters and the initial values are fixed. Once again, we note that the

delay is more pronounced when Cf is small.

Finally, we notice that the heterogeneity coefficient a is the key factor deciding

which state is the proliferation state. When a > 1, x, is proliferating subpopulation,
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Figure 5.2: A series of z; growth curves with fixed system parameters (r = 0.3,
a =105 C; =10, C; = 2) and initial conditions (z;(0) = 1, 10, 20, 30; w1 (0) = 0.1),
but with different k. (a) k =10 > (1— 1) r: All curves saturate at 10%, the self-
suppressing capacity of 1, meaning species 1 eventually dominates. (b) k = 2.5: Ask
becomes smaller, the final state of each growth curve depends on the size of the total
initial population x;(0). Species 1 dominates for small z,(0), but species 2 dominates
when z,(0) exceeds a certain critical size. (The growth curves all saturate at 10.)
(¢) As k becomes much smaller (k = 0.1), the critical x; (0) size is also larger. When
k is large enough, the critical size no longer exists and species 2 dominates the final

scene.
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Figure 5.3: The growth curves with fixed system parameters and initial conditions
(r=0.3,a=10°% C; = 104, k = 2.5, 2;(0) = 1, w.(0) = 0.01) but different C5. (a)
x; for Cy = 1 (solid), Cy = 0.5 (dashed), and Cy =0.25 (dash-dot). As Cy becomes
smaller, a delayed phase becomes obvious. (b), (c) and (d) are the growth curves of
x1, Ta, and z; with different Cy. (b) Cy = 1, (¢) Cy = 0.5, and (d) Cy = 0.25, for
x; (bold), x1 (marked with “+7), and xo (marked with “A”). When C} is small, the
inhibiting effect to the final dominant state x; is more pronounced during transient,

and a delayed phase persists until 5 becomes negligible.

and the reverse is true when a < 1. This is obvious because we have constructed our
model so that the roles of x; and x5 are exchanged when a is replaced by 1/a. However,
if we insist on adopting the same parameter regimes for other system parameters but
just allow a to be less than unity, then a delayed evolution such as described above
is not expected to occur, simply because now the associated suppressing capacity of

state 1 on state 2 (as characterized by the coefficient aC}) is not small.

The role of a can also be shown in the structure of z; nullcline. Asa > 1, C; > Cy

and 1y = rq, the form of z; nullcline is U type. It means the capacity of x; decreases
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as wy assumes a middle value. Then a delayed evolution is expected to occur. But if
a <1, Cy > Cy, and r; = ro, the form of x; is UH1 type, in which case the capacity

of z; decreases as w; — 0 and the delayed evolution does not occur.

5.2.2 A comparison of the numerical results and real data

from tumor growth with treatments

By associating our system parameters with the various different aspects related to
medical treatments on cancer, we are able to fit our numerical results with the ex-
perimental data of prostate carcinoma spheroids with treatment of 17-N-Allylamino-
17-Demethoxy Geldanamycin and Acute Irradiation [3]. In the following we discuss

such possibilities.

17TAAG

17-N-Allylamino-17-Demethoxy-Geldanamycin (17AAG), a geldanamycin analogue,
can inhibit the Heat Shock Protein 90 which may provide a mechanism to evade apop-
tosis of tumor cells [18]. Because 17AAG can inhibit the evading apoptosis mechanism
of tumor cells, we naturally associate it with one of the capacity parameters in our
model. Specifically, a cancer system receiving this treatment might correspond to
having a smaller value of C5. From a comparsion with the actual treatment data of
[1] and our numerical results, we found that the dosage concentration of 17AAG and
C5 seems to have a power law relation. With this in mind, we tentatively choose
the treatment function Cy = 19.2 x M~%6 where M is the dosage concentration of
17AAG in nM. Since we have no access to the experimental value of w;, we simply
have to make an educated guess. Now that we are assuming that the effect of 17TAAG
is to enhance the population of z;, we will hypothesize that the initial weighting
wy is small. To be concrete, we have taken the initial weighting w; of a carcinoma
spheroids treated by 17TAAG to be w;(0) = 0.01. Figure 5.4 shows the comparison
between numerical results of our simulation about the 17AAG treatment and the ac-

tual experimental data. We have used Fig. 1 of [1] to extract the data and plot them
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in juxtaposition with our fit. In Fig. 5.4 (a) is shown the numerical fit (curves) and
the experimental data of 17TAAG treatment (markers). Apparent in this figure, the
numerical fit works best in the high dosage regime, whereas the general trend is still
captured in the low dosage regime. As good as the numerical fit may be, we must
quickly point out that the merit of the present work does not lie in the good fit of the
numerical values, but rather in the qualitative features it is capable of explaining for
the actual data. Once we know qualitatively what factors can affect the treatment in
which way, then a more refined model surpassing the simple logistic growth consid-
ered here presumably can be worked out to provide a guidance or even quantitative
prediction on how actual treatments should be carried out. Shown in Fig. 5.4 (b)
are the fitting parameter values versus the dosage concentration of 17AAG. Here,
we see that Cy changes more rapidly compared with other parameters when we vary
the concentration of 17AAG. This suggests that Cs is probably the most relevant

parameter when the concentration of 17AAG is varied.

Irradiation

Irradiation is also a common treatment for cancer, though the underlying mechanism
for its success seems more complex. By observing the growth curves with different
dosages of irradiation [3], we hypothesize that irradiation treatment might reduce
the value of the heterogeneity coefficient a and the autocrine transition effect from
o to x1. With this hypothesis in mind, we also come up with tentative treatment
functions of irradiation for the system parameters a and k. Let D denote the dosage
strength of irradiation in units Gy, the treatment functions are taken to be a = 1052
and k£ = 2.5 — %, respectively. Since the heterogeneity coefficient is reduced under
irradiation treatment, it may imply that the original proliferating subpopulation z,
is damaged more under the irradiation treatment. Hence we think that the initial
weighting of w; may be closer to 1. In our simulation, we set the initial weighting to
be w;(0) = 0.99. Figure 5.5 shows our simulation results for irradiation treatment.

The notable features captured here are the presence of a delayed phase at 6 Gy and
the inhibition of the z; size at 9 Gy and 12 Gy, respectively, which correspond to Fig.
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Figure 5.4: Fitting the x; growth curves with the data from 17AAG treatment of
[1]. (a) The numerical results (curves) compared with the actual experimental data
(markers). The R square values of them are R% ,, = 0.8030, R}, = 0.8625,
R2y0nar = 0.9830 and R0, = 0.9988 . The fit is best in the high dosage regime. (b)

Fitting parameters used in Figure 5.4 (a) as a function of the corresponding dosage.

2 of [3].
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Figure 5.5: Fitting the x; growth curves of data from irradiation treatment. The
system parameters are taken as (r = 0.3, C; = 10%, Cy, = 2, 2, (0) = 1.1, w; (0) =
0.99). Fitted x; is for 2 Gy irradiation treatment (solid, a = 10, k& = 1.5), 6 Gy
irradiation treatment (dashed, a = 0.1, k¥ = —0.5 ), 9 Gy irradiation treatment
(dotted, a = 0.0464, k = —2), and 12 Gy irradiation treatment (dash-dot, a = 0.0316,
k = —3.5). The fit compares favorably well with Fig. 2 of Enmon et al. [3] .

Bistable behavior

It is interesting to note that the dependence of the bistable behavior on the initial
conditions has also been shown in the actual tumor growth data (see Fig. 6A of [3]).
In the 6 Gy irradiation treatment, the tumor growth curves have different final states
(alive or dead) when the tumor has different initial sizes. This seems to correspond

to the existence of a critical z;(0) in our model.

As a comparison, Fig. 5.6 shows the numerical simulation of the growth curves
with different initial z;(0) in 6 Gy treatment. Here, we see that the behavior of
the growth curve has a drastic change when z;(0) > 0.6. In fact, this is due to the
fact that the initial value has crossed the critical value. Again, the simulation results

shown in the bistable growth curves (Fig. 6A) compare favorably well with those in
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the actual 6 Gy treatment in prostate carcinoma spheroids [3].
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Figure 5.6: Fitting the x; growth curves of data near the 6 Gy irradiation treatment,
using the bistable model with different z; (0). The system parameters are taken as

(r=03,a=0.1,C,=10% Cy, =2, k = —0.8, w,(0) = 0.99). Figure 6A corresponds

well with the data of 6 Gy treatment in prostate carcinoma spheroids [3].
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Figure 5.7: Fitting the x; growth curves of 1000 nM 17AAG treatment with different
x; (0), using the bistable model. The system parameters are taken as (r = 0.3,

a =105, C, =104 Cy =2, k =2.5,w; (0) = 0.01).

Finally, another bistable figure when a > 1 is also shown in Fig. 5.7. It also
captures the bistable behavior for the growth curves with different initial total size

x; for the 1000 nM 17AAG treatment ( See Fig. 6B of [3] ).
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Chapter 6

IAS treatment simulation by the
mathematical model and the

planning of optimized therapy.

6.1 The clinical prostate cancer therapy of human-

TAS (Intermittent Androgen Suppression) ther-

apy

In the previous chapter, we showed that the LH-C model of two-state growth with
transition probability can describe the growth behaviors of the prostate tumor spheroid
in vitro. Here we will apply this model to the clinical prostate cancer therapy of hu-
man, and try to provide some suggestions to the optimization of the treatment times.

Due to the sensitivity of androgen to the growth phenotypes of prostate cancer
cells [19], hormone therapy is a useful way to inhibit the growth of prostate cancer.
The traditional hormone therapy of prostate cancer is the CAS (Continuous Androgen
Suppression) therapy, which uses the method of castration [20] or androgen depriva-
tion [21] to inhibit the concentration of androgens. The CAS therapy could inhibit the

growth process of prostate in the early period. However, the therapy eventually loses
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its efficacy, and the prostate cancer would relapse [19]. The reason of relapse is that
prostate cancer cells have two phenotypes, one called the AD (androgen-dependent)
state, and the other called the AI (androgen-independent) state. AD cells prefer
to live in normal androgen environment, and Al cells prefer to live in an androgen
lacking environment. The suppression of androgen would induce the apoptosis of the
AD cells and enhance the transition rate of AD to AI [19]. Therefore, the prostate
cancer would relapse under CAS therapy when the AD cells are almost fully changed
to the AI cells. Basing on this concept, a new time-dependent treatment process,
IAS (Intermittent Androgen Suppression) therapy, was developed. By switching on
and off the androgen suppression process, the efficacy of cancer suppression could
be made better than CAS therapy [22]. The efficacy of the IAS therapy has been
confirmed in animals [23] [24] and human [25]. But since this is a time-dependent
process, the optimization of the on-off period to obtain the best suppression efficacy
is an important research topic.

For this reason, mathematical models are proposed to analyze the characteristics
of the time-dependent regulation process [19]. Jackson proposed a basic population
model with three variables which are AD, Al, and androgen. This model could get
a bifurcation relation about the relapse and suppression of cancer [26],]27]. Guo
generalized this population model to 3-D by considering the spatial distribution of
prostate cancer cells [28]. Shimada considered the competition effect between the AD
and Al cancer cells and showed that the competition effect could make the suppression
of cancer more efficiently[29]. Tanka considered the population model with stochastic
noise to check the influence of the intrinsic noise in biological system [30]. For finding
an effective model to fit the specific patient’s data, Hirata proposed a piecewise linear
model to fit the clinical data [31].

Although several mathematical models have been proposed to analyze the opti-
mization of on/off periods and fitting the specific patient’s data, the optimization
method and the personal clinical predication seems to still have room for improve-
ment. Since the LH-C model seems to give a nice description of the growth data

of prostate tumor spheroid and the properties of IAS therapy such as having two
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states with competition and transition effects also correspond nicely to our model, it
is reasonable to test our model against IAS. With this in mind, we have developed
a way to study a related phenomenon in our model, hoping that it might also shed
some light to TAS.

The idea goes like this. The regulation method corresponds to the on-treatment,
and it can change the transition rate of AD to AIl. And the effect is reversed when
we switch to the off-treatment. By associating the AD state with z;, and Al state
with x5, we assume that changing the concentration of androgen also changes the
autocrine transition factor k. Under on-treatment, k < %, the dominant state is 5.
And under off-treatment, the normal transition strength k& > (1 — %)r, the dominant
state is ;. When we switch the on/off treatment, the dominant state would change
with the switching process. If we can regulate the switching process to keep a balance
between the “power” of AD and Al states, the total population x; might have a smaller
suppression capacity due to the competition of x5 with z1, and a delay growth phase
may be constructed. Then, for an appropriately chosen time-dependent regulation
of k, the delay phase due to the competition of x5 with z; might suppress x; to the
order of (s, so that a dynamic suppression of prostate cancer is achieved.

In the preliminary work, we have used this model to describe the growth behavior
of TAS therapy, and the initial results look promising because the model seems to
exhibit similar features one observed from clinical data. This ongoing project will be

further pursued in the future.
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Chapter 7

Conclusion

In this part we have touched upon a budding research topic which might turn out
quite useful: Specifically, we applied the LH-C model to describe the prostate tumor in
vitro and in clinical case, and showed the validity of this application. In vitro case, we
described the growth data of prostate tumor spheroid under 17AAG and irradiation
treatment successfully. And in clinical case we have made an initial attempt to give
suggestions about how the process of the prostate cancer suppression under IAS
therapy can be optimized using a dynamical approach. The preliminary simulations
have given us some confidence on further pursuing this idea. We hope that we may
be able to predict an optimized period of the on-off treatment and compare it with

actual clinical data in the near future.
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Appendix A

Statistical methods to make out

sub-state from a whole system.

To analyze a real heterogeneous system, the first step is to make out the sub-state
information from the real experimental data. Since each sub-state may represent
a distribution in a specific experimental measurement, the work to make out each
sub-state is to make out each sub-distributions from the whole distribution.

For a giving hypothetical mechanism of this system, we may give each sub-state
a probability density function in some specific measurements. And the way to fit the
real system and the hypothetical mechanism is to decide the appropriate parameters
and weighting of each probability density function. In this section we will review two
fitting methods. One is the most common fitting method - “ Least square method 7,

and the other is a more general fitting method - “ Maximum likelihood method ”.

A.1 Least squares method

Least squares method is the most common and well-known fitting method (section
15-1 of [32]). Suppose we have an N-point data, set Y = ZlNzl (x;,y;), where x;
is the index of the data and y; is the number of data points in the ith interval.
A test function y(f@ with corresponding parameters 6 can be defined by a testing

model, and the test function is expected to predict the characteristics of this data set.
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The basic assumption of the method is to suppose the error of each data point fol-

lows the same independent Gaussian distribution with standard deviation o. There-

—

fore, for a given ideal test function, the probability density function p; of y; —y(z;]0) is

o= capl- (st

And P is the probability of generating this data set, which can be written as

—

P =TIY, (piAy) = T {exp[— L (422 A1

where Ay is a constant interval.

To find the test function with maximum likelihood, we can maximize P. And

maximizing P is equivalent to minimizing — log(P), which is

—

— log(P) = [2Y, L2480 — N log(Ay)

Because N and Ay are constants, it is equivalent to minimizing the sum of the

squared errors S = XN [y; — y(x;]0))2.
That is, when we vary the parameters of a test function to find the minimum of
S, we expect to find the test function with maximum likelihood. We believe that this

is the best fitting result.

Although the least squares method is a convenient test method, it does contain

some artificial setting such as setting an artificial bin to get the distribution function,
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and the hypothesis of Gaussian random distribution with standard deviation. What
this means is that the fitting may be influenced by certain artificial setting.
Another more general fitting method, which has no internal assumption, is the

“Maximum likelihood method” reviewed in the next section.

A.2 Maximum likelihood method

Maximum likelihood method is a general and powerful method to analyze random
data sets (section 6.5 of [33]). It has less artificial assumptions than the least square
method. For a candidate mechanism of a system, we can assume that the system
has some kind of probability distribution function. Maximum likelihood method can
help us determine the appropriate parameters in the probability distribution function

without any artificial assumptions and sorting.

A.2.1 Maximum Likelihood

A conditional probability density function(pdf) with observable # and corresponding
parameters 0 can be described as p(:i'|§), which is the probability of an observable
Z with given parameters . If we know the probability density function and the
corresponding parameters 5, we can find the probability with the observable .

But consider a reversed situation. If we have an observable 7, and a hypothetical
probability density function p(Z]6) to the candidate mechanism is given. Then the
likelihood of given parameters 6 can be described as the likelihood function lzk(g\ z),
which is the probability of the parameters g with a given observable . For the same
# and 0, quantitatively we have p(Z|0) = lik(0]7).

For a given data set with N data points X = Z1,T5, T3..., Tx, the corresponding

likelihood function Lik(6]X) can be described according to the concept of conditional
probability,

— — — —

— — N —
Lik(0)1X) = 1ik(0]37)1ik (025 1ik(0) 73 Lik(B)2k) = [[1ik(0]F)
=1
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— =

Lik(AX) denotes a likelihood for parameters § with a given data set X. For a
given X , g can be varied to (9:,1%, which corresponds to maximizing the likelihood
function. We believe that the probability density function with parameters gmam is

the best probability distribution for the data set X.

For convenience, we often equivalently maximize the logarithm of the likelihood

o o - - N .
function, L(0|X) = log(Lik(0|X)) = log('gllik;(@m)).

A.2.2 Logarithmic likelihood ratio test

It is plausible that the fitting of a data set should be more similar to the original
data set as the number of the fitting parameters increases. But in reality the real
mechanism behind a system might just have a finite number of parameters. There-
fore, we need a method to decide how many parameters, or based on the concept of
multi-state probability density function, how many states are enough to fit the data
set. And the logarithmic likelihood ratio test is a test which can help us decide how

many parameters are enough to fit a data set ( section 6.2.1 of [33]).

According to the maximum likelihood method, we should find a maximum like-
lihood value L(67m) for a specific test function with m parameters. And we can
construct two test functions, one of which has n states and n, number of parameters,
whereas the other test function has only n — 1 states and n; number of parameters,

with ny > ny. Then a quantity R, called the logarithmic likelihood ratio can be
defined as ( section 6.2.1 of [33]), [34].

Lik(0py | X) )
Lik(0n, | X)

Ry = Ly, — Ly, = log(Lik(8,,|X)) — log(Lik(6,,| X)) = log(

Then the measure of how good a fitting is can be quantified as a probability value
g-value which follows the y? distribution. More precisely, g-value = gammq(3,2R),
where v = ny — ny is the difference of parameter numbers, and gammg(a,b) is the

incomplete Gamma function, which takes the form( section 6.2 of [32])
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1 o0
gammg(a,b) = W/b et dt(a > 0).

Fig. 1.1 is the curve of gammg(a,b) with different parameter a. We can see that
all curves tend to 0 as b grows. As a becomes larger, the decreasing rate of the curve
becomes less abrupt and smoother. Therefore, when R, is small, which means that
there is no obvious change as we add a state, or when v is small, which means the
number of parameters does not change too much as the number of states grows. Un-
der these conditions, the ¢ — value would be closer to 1, and we have more confidence

that the number of parameters is enough.

Incomplete gamma function gammq(a,b)
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Figure 1.1: The diagram of gammg(a, b) with different a. They are decreasing curves
from 1 to 0. The curve tends to 0 when b is large, and the tendancy is more gentle
as a is large. In logarithmic likelihood ratio test, the goodness probability value
g-value = gammq(%, 2R). It means the fitting result should be good as the difference

of parameter number v or the logarithmic likelihood ratio R is small.
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A.3 Numerical simulation method

To approach the test of maximum likelihood method, we generate several 1-D and
2-D non-uniform random number set from multi-state probability density function
with different states and lengths as a test data set. Then implement the maximum
likelihood method in a numerical program to test this data set. This section shows
such an exercise to the test results to verify the capability of maximum likelihood

method.

A.3.1 Generation of non-uniform random number

Uniform random numbers between an interval can be easily obtained from the in-
trinsic pseudo random number generator of many computing program language. It
is represented as a long period function with no obvious rules. But the common
intrinsic random generator might not be a good generator. In this thesis, we obtain
the uniform random numbers from the pseudo random number generating function
“ran(idum)” recommended in Numerical Recipes ( chapter B7 of [35]). It can gener-
ate a pseudo random number between 0 and 1 with a long period of about 3.1 x 10'8.
This is needed here because the maximum length of the data set which we have tested

is 107,

But actually we need a nonuniform random data set to be a test data. This can
be done this way: after the uniform random data set is generated, we can generate
the nonuniform random number data set by taking some transformation. Here two
nonuniform transformation methods are used. They are “Transform method” ( sec-

tion 7.2 of [32]), and “Rejection method” ( section 7.3 of [32]).
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Transform method

If we have a random variable x with uniform probability density distribution between

0 and 1, the probability density function p(z) is

dr O<z<l1
p(x) =
0 otherwise.

Now if we want to transform z to another random variable y with probability
density distribution p(y), a fundamental transformation relation can be used which
is |p(y)dy| = |p(x)dz| or p(y) = p(x)|j—§|. Fig 1.2 is the diagram of this transform,
the probability density function p(y) can be changed as \Z—z\ changes.

---------------------------- &
1 dy

Figure 1.2: The diagram showed the concept of transform method. A uniform distri-

bution can be transformed into a non-uniform distribution by non-uniform mapping.
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If we want to find the transfer relation of uniform distribution p(x) to p(y), we

need to solve the relation

o
dy"’
p(y)dy = dx,whered < x < 1.

ply) = |

Integrating this equation, we have

[e=]

ke

For example, if we want to transform a single exponential distribution p(y) =

=
®

from a uniform distribution z, then

And the inverse function of F(y) is

y=FY2)=—7In(1 —2).

Therefore we can find the transformation of uniform distribution to a single ex-

ponential distribution, which is
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y=—7ln(l —x).

Since z is a uniform distribution between (0,1), 1 — z is the same distribution of z.

Therefore y = —7 In(x).

Here, the 1-D and 2-D data sets with single or multiple exponential components

are generated by this transform method.

Transform method is a direct method for generating a nonuniform random distri-
bution from a uniform distribution. But it may not be easy to find the FF~!(z) for
arbitrary F'(y). And another method “Rejection method”, can generate more kinds

of nonuniform random numbers but with less precision.

Rejection method

The rejection method is powerful and general technique for random data generating.
To approach this method, an known probability density distribution f(x) is generated
to cover the probability density distribution p(x), which we want to generate. when
we generate a random value x(, a part of random number data would be rejected

. g f(zo)—p(z0)
according to a rejection rate 7

Figl.3 is the diagram of the rejection method, because of the rejection of data

points, the probability density function could be modified from f(x) to p(z).
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Xo X

Figure 1.3: The diagram of the concept of the rejection method. If we have a known

distribution f(x), then we can generate a data set with probability density function

f(zo)—p(zo0

g(x) by rejecting en) ) data points when z = zq.
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Although the rejection method is a powerful method, but because this method
rejects many data, it wastes more time to generate a random data set. And the ac-
curacy might be bad when the rejection rate %

of the the random data points in this thesis are generated by the transform method.

is very small. Therefore, all

A.3.2 Optimum method

The optimum method here is denoted as the maximization or minimization method.
And maximization can be equivalent as minimization if we change the sign of a test
value. In the maximum likelihood method, we must maximize the likelihood value of
a test function with parameters. In the numerical method, we try to minimize the
likelihood value —Li/{:(é]:?;). The numerical method to minimize the multidimensional

variable in my program is “Downhill simplex method” ( section 10.5 of [32]).

Downhill means walking forward to the local minimum direction, and simplex is a
multiple vertex structure with M + 1 vertices in M-dimensional space. For example,
in 2-D it is a triangle, and in 3-D it is a tetrahedron ... etc.. The downhill simplex
method is a method to vary the structure and the scale of simplex to find the local

minimization point.

The evolution rules of simplex are as follows. For a M dimension test function,
we can choose M + 1 test points arbitrarily to be the initial simplex. Each test point
has a miuns likelihood value, we would reject the point with the largest minus like-
lihood value and add a new test point in the reflection point of the rejection point
related to the “high dimensional plane”, which is constructed by other test points. If
the minus likelihood value of the new test point is smaller than the rejected test point,
it means this is a good direction to find a better test point. Then we can expand the

distance between the new test points related to the “high dimensional plane” twice
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to get another new test point. The diagram of transform is shown in Fig. 1.4 (a) and
(b). If we can not find a point with smaller value by these two transforms, it means
that this simplex is at a basin. Then we take two kinds of contraction transforms to
obtain the finer local structure, which are shown in Fig. 1.4 (c¢) and (d). When the
difference of all test points is smaller than a value e (in my program e = 107'%), we
believe that the simplex moved to a flat area and the simplex should be in the bottom
of a basin, a local minimum point of the test function. Then the minimization process

is achieved.

initial simplex

high

low

(a) reflection (e) contraction

(b) reflection and expansion (d) multiple contraction

Figure 1.4: The four transformation type of simplex transform. (a) is reflection
transform, which is to set a new test point in the reflection point of the highest test
point relative the other points. (b) is the transform to set a new test point with
reflection and expansion for a scale. (c) is the contraction transform for a point. (D)
is the multiple contraction transform. The reflection transform (a) and (b) can help
us to find the basin of the surface, and the contraction transform (c) and (d) can help
us to see the fine structure of a surface. These four transforms are used to find the

local extreme point in a surface.
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Since this method can merely find a local minimum point, it is better to take tests
several times with different initial tests. After we repeat this method with serval
different initial simplex, we may find several local minimum points, then we choose

the point with a maximum likelihood value.

A.4 Data analysis

In this section we show the numerical result of maximum likelihood method by test
is the one-dimensional and two dimensional data set generated by known probability
density functions such as one dimensional and two dimensional multiple components

exponential functions.

A.4.1 1-D data set

The form of 1-D probability density function is

_t
where f(7;,t) = %e 7i is the normalized single exponential component probability

density function with the characteristic time 7;. a; is the weighting of the f(7;,1)

k
component and .Zlai =1
1=

We can present this probability density function as the form of likelihood function,

p(t) = p(O]t) = 1ik(t16),
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- = = o o o

The sensitivity of maximum likelihood method

It is important to know the sensitivity of this method. In this subsection we would
test the sensitivity of this method by a series of two-state random data.

The probability density function of these two-state random data is

P2s(t) = ay f(m1,t) + ax f(72,1).

We have tested 12 random data sets with 2 =1.1,1.5,2, 4 and 2 = 1, 1/11,1/101.

Set § = (a1, 71, as,7) and

they are

“maxlik-2aa”, with 6 =(0.5,1,0.5,1.1)
“maxlik-2ab”, with § = (0.9, 1, 0.1, 1.1)
“maxlik-2ac”, with § = (0.99, 1, 0.01, 1.1)
“maxlik-2ba”, with § = (0.5, 1, 0.5, 1.5)
“maxlik-2bb”, with @ = (0.9, 1, 0.1, 1.5)
“maxlik-2bc” | with 6 = (0.99, 1, 0.01, 1.5)
“maxlik-2ca”, with § = (0.5, 1, 0.5, 2)
“maxlik-2cb”, with 6 = (0.9, 1, 0.1, 2)
“maxlik-2cc”, with § = (0.99, 1, 0.01, 2)
“maxlik-2da”, with § = (0.5, 1, 0.5, 4)
“maxlik-2db”, with 6 = (0.9, 1, 0.1, 4)
“maxlik-2dc”, with 6 = (0.99, 1, 0.01, 4).
The data points of these data sets are all N = 10°.
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maxlik-2a | addeal | 8dguess | aDideal | @Dguess | 8Cideal | ACguess
aq 0.5 0.9453 | 0.9 0.5149 | 0.99 0.5122
T 1 1.0381 | 1 0.9960 | 1 0.9850
ao 0.5 0.0547 | 0.1 0.4851 | 0.01 0.4877
T 1.1 1.2773 | 1.1 1.0200 | 1.1 1.0180

Table 1.1: The test results of maxlik-2a.

maxlik-2b | bajgeq | baguess | bbidear | PPguess | DCidear | DCquess
ay 0.5 0.5518 | 0.9 0.8681 | 0.99 0.9901
T 1 1.0192 | 1 0.9872 | 1 0.9990
Qo 0.5 0.4481 | 0.1 0.1319 | 0.01 0.0989
Ty 1.5 1.5363 | 1.5 1.4631 | 1.5 1.4993

Table 1.2: The test results of maxlik-2b.

We test these data sets by the maximum likelihood method with two exponential
component probability density function, and the initial test point for all of them is

g = (0.5,1,0.5,1). The following table 1.1 to table 1.4 are the guess results of these 12

Pi,ideal —Pi,€xP

data sets and the error is defined as error,; = T
1,1dea

. Table 1.5 is the average

error of each data set.

We can see the average error of 7 is in the order 0.01, except the case “maxlik-2a”.
It means the fit result is not good as 2 <l And the average error becomes larger
as Z—; becomes an extreme value. The fit results are not good as Z—; > 99 and :—f > 1.5.

From these test results we can see when the weighting of two states is close, the
guess result is more accurate. When % is at the extreme value and the characteristic
time 7 is too close, the method tends to guess them as the same state. and in extreme
weighting and the characteristic time 7 being close, 7 in the weak state might have a

larger error.
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maxlik-2¢ | Cajgear | Caguess | Chidear | CPguess | CCquess | CCquess

ay 0.5 0.5142 | 0.9 0.9005 | 0.99 0.9936

T 1 1.0103 | 1 0.9993 | 1 1.0028

as 0.5 0.4858 | 0.1 0.0995 | 0.01 0.0006

To 2 2.0204 | 2 2.0047 | 2 2.1218
Table 1.3: The test results of maxlik-2c.

maxlik-2d | dajgeqr | daguess | APidear | Abguess | ACidear | dCquess

ay 0.5 0.4991 0.9 0.9007 1 0.99 | 0.9889

T 1 0.9974 | 1 1.0036 |1 0.9990

as 0.5 0.5009 | 0.1 0.0993 | 0.01 0.0111

To 4 3.9930 | 4 4.0086 | 4 3.8551
Table 1.4: The test results of maxlik-2d.

error | a b ¢

a 0.4951 | 1.0889 | 12.085

b 0.0627 | 0.0979 | 2.2228

c 0.04 0.1685 | 0.2401

d 0.0199 | 0.0033 | 0.0371

Table 1.5: The error of maxlik2a-2d.
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The multi-state data analysis

Here we test two data sets with N = 10°, they are “maxlik3a” and “maxlikba”, which
are generated from the probability density function ps,(f) with three exponential

components and ps,(t) with five exponential components, where

Paalt) = 0.6£(10,1) +0.1£(30,t) + 0.3£(80,1),
psa(t) = 0.2F(0.1,¢) 4 0.08f(5,) + 0.22£(20,t) + 0.15f(200, ) + 0.35£ (600, )

Fig 1.5 (a) and Fig.1.6 (a) are the cumulated histogram of “maxlik3a” and
“mazlik5a”. There are no obvious characteristics in these curves. Another method
could see more characteristics is to plot the histogram with a logarithmic bin axis,
which is developed by Blatz and Magleby [36], and improved by Sigworth and Sine
[37]. In this method, the bin width of the histogram is not constant, but with an

exponential scale. And the bin width is constant after logarithmic transformation.
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Cumulate histogram Logarithmic histogram

10° ‘ ‘ ‘ 5000
(a) (b)
10% 3 40007
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Figure 1.5: (a) is the histogram of mazlik — 3a, (6 = (0.6,10,0.1, 30, 0.3,80)) with
linear bin. There is no obvious characteristic in this curve. And (b) is the histogram
of the same data set with logarithmic bin. The peak is related to a; and 7;. It has at

least two peaks in the histogram.
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Cumulate histogram Logarithmic histogram
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Figure 1.6: (a) is the - histogram of mazlik — 5a, (f =

(0.1,0.1,0.08, 5,0.22, 20, 0.15, 200, 0.35,600)) with linear bin. There is no obvi-
ous characteristic in this curve. And (b) is the histogram of the same data set with
logarithmic bin. The peaks are related to a; and 7;. It has three or four peaks in the

histogram.
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To describe this method in a mathematical way, we can set « = In(¢), and the

accumulated probability density function with logarithmic transform bin width F'(¢)

can be defined as

F(t') = Prob(t < t')
= Prob(In(t) < In(t'))
= Prob(x < z')

= Flog(2').

Then the probability density function pi,,(z) can be obtained from the derivation
of Flog().

d
plog(x) = %-Flog(x)

d
= mF(t)
dt d
- dln(t)ﬁF )

k
= X e'p(t)

k a; e’
=3 “erpla— —
=1T; Ti

For a single exponential component case,
1 e®

Piog () |k=1 = zexp (z — <),

From

1 z
deDiog (1) = ———eap (z = ),
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we can find the extreme point is « = In(7;) or t = 7;.

Figure 1.7 is the ideal diagram of linear bin and logarithmic bin curve of random

data with the probability density function p(¢) = e™* = single exponential component,

with the data number being 100000 .

linear bin histogram

10°

H
o
(=)

count number

10

count number

logarithmic bin histogram
4000 ‘

3500¢
3000¢
2500¢
2000¢

[EEY
Al
o
o

1000¢
5001

10
x=Int

Figure 1.7: (a) is the ideal linear bin histogram function of a data set with the

probability density function of single exponential component with 7 = 1 and N = 10°.

It is a decreasing line. And (b) is the ideal histogram function of the same data set

with logarithmic bin. There is a peak at 7 =1
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In multiple exponential component case, the probability density function is the
superposition of serval single exponential component function. Therefore the position
of these peaks is related to the characteristic time 7;, and the height of the peaks is

related to the strength of the component a;.

To compare the histogram with the theoretical function, we need to find the ideal
histogram function. It can be found by using the cumulate probability density func-

tion,

F(t)= [ p(t)dt

and the probability weighting between ¢1 and t2 is F(t1) — F(£2).
In logarithmic bin histogram, the bin width in ¢ space is dt, and the interval be-
tween t and t 4+ dt can be mapped to ¢ space interval between ¢ and te®. Therefore,

the function of logarithmic bin histogram is

Figl.8 (b) and Figl.9 (b) are the logarithmic bin histograms of maxlik3a and
maxlikba. We can see that there is a wide peak in the “maxlik3a” histogram and
it looks like there are at least two or three peaks mixed in this main peak. And
there is three obvious peaks in the “maxlik5a” histogram, but actually there are five
exponential components in this probability density function. It might be due to that
there is some characteristic times 7; with the same scale, or the weighting of some
components is too small. Although the logarithmic bin histogram have more infor-
mation than the linear bin histogram, it also needs some experiences to determine

the accurate state numbers from the logarithmic bin histogram.

For convenience, in the following test, we will hypothesize that there are three

states in “maxlik3a” and five states in “maxlikba”. And then we can use the maximum
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maxlik3a | a; 5l Qs Ty as T3

ideal 0.6 10 0.1 30 0.3 80
Lguess 0.3333 | 10 0.3333 | 10 0.3333 | 10

1 finial 0.6028 | 9.9996 | 0.0959 | 30.105 | 0.3013 | 79.939
2guess 0.5 10 0.1667 | 50 0.3333 | 100

2 tinial 0.6028 | 9.9998 | 0.0995 | 30.104 | 0.3012 | 79.938

3guess 0.6028 | 9.9998 | 0.0995 | 30.104 | 0.3012 | 79.938

3 finial 0.6028 | 9.9998 | 0.0959 | 30.104 | 0.3012 | 79.938

Table 1.6: The test results of “maxlik3a”

likelihood method to find better parameters to fit the test data sets. Furthermore, we
will check the suggested state number according to the logarithmic likelihood ratio

test and compare it with the actual states number.

Table 1.6 is the guess results of “maxlik3a”. We have done testing three times. In
the first time, the initial guess is a uniform weighting and the characteristic time(r =
10), which is a bad initial point. In the second time, the initial guess is according to
the curve of logarithmic bin histogram. And the third time, the initial guess is the
result of second time. We can see that despite the difference of the initial guess, the

result is convergeng.

Fig. 1.8. is the ideal and guess function compared with the real logarithmic bin

histogram. The difference of them is defined as \/Figeai(guess) — v/ Ristogram [36] . We

can see that the difference of the ideal and guess function has the same scale.

104



"maxlik—3a" histogram and ideal function
200 ‘ ‘ ‘ ‘

Difference

-200 ‘
10 10

5000

10

4000

3000

2000

Histogram

1000

(a> Number

"maxlik—3a" histogram and guess function
200 ‘ ‘ ‘ ‘

Difference

-200 ‘ ‘
10 10 10

5000

10

40001

3000+

istogram

2000+

H

1000

(b) Number

Figure 1.8: (a) is the ideal function compared with the histogram of the data set
in “maxlik3a” (5: (0.6,10,0.1,30,0.3,80)), and (b) is the guess function compared
with the histogram of the data set in “maxlik3a”. We can see the guess function is

very close to the ideal function and the histogram of the data set.
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states | R g-value

2 1882276 | O
179.709 | O

4 0.11850 | 0.7889

5 0.00786 | 0.9843

Table 1.7: Logarithmic ratio test result of “maxlik3a”

Table 1.7 is the logarithmic likelihood ratio test result of “malik3a”. State number

from 1 ~ 5 is tested. We can see the q value has obvious change as state number

is 4. Therefore, we have confidence that this data set has three states, because the

difference of the maximum likelihood value has no obvious change when the state

number changes from 3 to 4.

Table 1.8 is the test result of “maxlikba”. The initial guess of the first test is a

uniform guess with 7 = 100. And the initial guess of the second test is according to

the hint from the logarithmic bin histogram. And the third test is the result of the

second test. We can see despite the difference in the initial guess, the finial results

are almost the same. And the error is shown in Table 2, where Aa; = |@; ideal — Gi cap)-

We can see the results of these tests have converged to the same result.
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(maxlikeba) | a; T as T2

ideal 0.2 0.1 0.08 5.0

Lguess 0.2 10 0.2 10

1 finial 0.2003 0.1001 0.0790 4.9570

2guess 0.1852 0.1 0.2314 12.0

2 finial 0.2004 0.1001 0.0790 4.9570

3guess 0.2004 0.1001 0.0790 4.9570

3 finial 0.200395 | 0.0993109 | 0.0820099 | 4.83924

Agyess 0.2 10.0 0.2 10.0

4 finial 0.200395 | 0.0993109 | 0.0820104 | 4.83928

(maxlikeba) | asz T3 N ot as Ts
ideal 0.22 20.0 0.15 200 0.35 600
Lguess 0.2 10 0.2 10 0.2 10

L finial 0.2210 20.2438 | 0.1493 200.77 | 0.3503 600.99
2 uess 0.0926 80.0 0.1203 98.0 0.3703 560.0
2 finial 0.2210 20.2439 | 0.1493 200.77 | 0.2210 600.99
3guess 0.2210 20.2439 | 0.1493 200.77 | 0.2210 600.99
3 finial 0.220585 | 20.6387 | 0.157138 | 208.815 | 0.339870 | 608.129
Agyess 0.2 10.0 0.2 10.0 0.2 10.0
4 finial 0.220585 | 20.6388 | 0.157139 | 208.816 | 0.3399 608.130

Table 1.8: The test results of “maxlikba”
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Figure 1.9: (a) is the ideal function compared with the histogram of the data set in
“maxlikba” (52 (0.1,0.1,0.08, 5,0.22, 20, 0.15, 200, 0.35,600)), and (b) is the guess

function compared with the histogram of the data set in “maxlik5a”
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states | R g-value

2 958389 0.0
3 287088 0.0
4 D775.88 0.0
3 1827.23 0.0
6 1.5 x 1077 | 0.999999
7 3.53 x 107% | 0.999993

Table 1.9: Logarithmic ratio test result of “maxlikba”

Further, we will check how many states are enough to fit the data set mazlike—ba.
Initial guess with state number form 2 ~ 7 is tested, then we take the logarithmic
likelihood ratio test for these results. Table 1.9 presents the initial guess state number
and q value obtained from the logarithmie likelihood ratio test. The q value is very
closed to 1 when the initial guess state is larger than 5, and others tend to 0. The
result of the logarithmic likelihood ratio test also supplies more confidence on the

maximum likelihood method.

Data set with different N

The error of the guess result and ideal parameters must have high correlation with
the number of data points N. To check this concept, we generate a series of three
state data set “testN” with different number of data points N from 10? ~ 107. The

probability density function of testN is

Prestv () = 0.4f(1,¢) + 0.3f(10,¢) + 0.3 (100, ¢).

Fig.1.10 is the relation of mean error and N in test/N data set series. For each

N data point test, five data set are generated. The definition of mean error is the
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average of each error of guess parameters. We can see that it has a power law decay

tendency roughly.

The mean error with different data points N of "testN"

error
N

N=10%

Figure 1.10: The the guess error of testN series data sets, which has the same proba-
bility density function with g (0.4,1,0.3,10,0.3,100) but with different data points
number N. We can see in this plot the error of guess and the number of data points

N have a power law decaing tendency roughly.
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When the data points N are small, the error of the guess result is larger, and the
data set might not present the accurate properties of the probability density function.

The convergence of the guess results will be broken.

A.4.2 Application of 2-D data analysis
Multivariate random variable data set [34]

In general, we may need to analyze data set with multiple random variables X =
(Xl, X, ....)Z'N), which have a joint probability density function p()?) = p(x1,x9, ...).
The joint probability density function of multiple random variables is more compli-
cated than the probability density function of single random variable because it may
have dependency between the random variables [34]. To discuss the dependency of
multiple random variables, for simplicity, a joint probability density function with

two random variables will be illustrated here.

Set the joint probability density function with two random variables are p()z ) =

p(x1,z2). From the conservation of probability, we have

fml fwg p(xla l’g)d.ﬁ(}ldxé = 1.

We can obtain the marginal probability function of x; as p;(z;) = fm (1, x2)dxs,

and similarly to pa(xs).

Furthermore, the conditional probability density function can be written as

plasfer) = ey

or

p(r1,22)
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And p(z1, 2) can be represented as p(z1, x2) = p1(x1)p(z2|r1) = pa(z2)p(21]22).

But if 21 and x5 are independent, then we can write

p(x1, 22) = pr(@1)pa(2).

Now if we set the marginal probability density function of 1 and x5 was composed

by several components of states.

pi(z1) = ;aifi(xﬂé;)
and
pa(z2) = ?bjfj(:):ﬂ@:),
where f;(|6;) is the normalized state probability density function. And it is evi-
dent that Xa; = 1 and Xb; = 1.
i J

For the independent case,

7

plrr,m) =) Z Vi fi(@1]07) f5 (o] 6).

But if z; and x5 are dependent, the joint probability density function will be dif-
ferent with the independent case. However, we can still expand the joint probability

density function with the same basis of the independent case,

p(z1, ) = ??iji(xﬂ@)fj(@\@:).
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But the weighting V;; is not equal to a;b;. Furthermore, we can compare the V;; for
the dependent and independent cases. The difference of the dependent and indepen-
dent cases for each basis can be shown. A quantity D is the component dependency

defined as [34]

LY Vijind ’

The sign of D;; indicates the enhancement or reduction of the corresponding basis
state compared with independent case, and the magnitude of D indicates the strength

of variation.

2-D multiple exponential state data analysis

A two-dimensional joint probability density function with each marginal probability
density function being multiple exponential component function is used here. The
form of joint probability density function p(ti,t,) is

i,7=k1,k2 | o

— ) T Y
p(t;t) ij=1 Vij TLiT2y C F

If ¢, and t, are independent, V;;nq = @1 a2, but if they are dependent, the form
of V;; is complicated. The only constraint of non-independent V;; of the dependent
case is conservation of probability, which is iZ\@- = 1.

To test this multiple random variable datzj set, we can first use the maximum like-
lihood method to test the marginal probability density function of ¢; and t5. Then we
can find the guess form of %ai fi(t]6;) and b f; (t|9;) to construct a two dimensional
joint probability density function and obtaiil the weighting V;;. Then we can calculate

the component dependency D for each state.

Here we test two data sets “maxlik2D42a” and “maxlik2D32b”. Each of them
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with 10% data points. The probability density function of maxlik2D42a has 4 expo-
nential components in t; and 2 in t5. mazlitk2D32b has 3 exponential components in

t; and 2 in t5. The matrix forms of probability density functions of them are

f(lvtl)
0.05 0.15 0.12 0.08 £(10,t,)
ty, 1) = 20, 250,
Pl (0,12 <f( ) f tQ)) 01 0.2 0.18 0.12 £(50,t1)
£(300,t,)
f(latl)
0.1 0.2 0.15
p\gzb(tl,t2):(f(3o,t2) f(120,t2)) 02 09 015 f(10,t) |,
N £(100, ;)

where f(7,1) is the normalized single exponential probability density function with

the characteristic time 7.

For maxlik2D42a, the ideal value of V' matrix and V4 matrix are

0.05 0.15 0.12 0.08
0.1 02 0.18 0.12

42a —

and

0.06 0.14 0.12 0.08
0.09 0.21 0.18 0.12

‘/;12a,ind =

The ideal dependency of mazlik2D42a is
0.2 —0.067 0 0O

-0.1 005 0 0

D42a =

For maxlik2D32b, the ideal value of V matrix and Vj,; matrix are
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Table 1.10: Logarithmic ratio test result of “maxlik2D42a-t1”

maxlik2D42a-t1 | R g-value
2 555787 | 0
63557.8 | 0
4 100314 | 0O
5 2.3E10-7 | 0.9999
6 7.0E10-8 | 0.9999
Table 1.11: Logarithmic ratio test result of “maxlik2D42a-t1”
0.1 0.2 0.15
Vagp =
0.2 0.2 0.15
and
0.135 0.18 0.135
Vaob,ind =

0.165 0.22 0.165

The ideal dependency of maxlik2D32b is

035 0.1 —-0.1
—-0.175 0.1 0.1

Dsop, =

To test these data sets, the first step is to depart the 1-D data sets of ¢ and t
as “maxlik2D42a-t17, “maxlik2D42a-t2” and “maxlik2D32b-t1”, “maxlik2D32b-t2".
Using the 1-D maximum likelihood method and logarithmic likelihood ratio test, we

can find the appropriate parameter values of them.

From the logarithmic likelihood ratio test shown in table 1.11, 1.12, 1.13, 1.14,
we can decide the state number appropriately. The appropriate state numbers of
“maxlik2D42a-t1”, “maxlik2D42a-t2”, “maxlik2D32b-t1”, and “maxlik2D32b-t2” are

4,2.3 and 2 respectively.
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maxlik2D42a-t2 | R g-value
2 191663.9 | 0

3 3.4E10-7 | 0.99999
4 2.0E10-7 | 0.99999

Table 1.12: Logarithmic ratio test result of “maxlik2D42a-t2”

maxlik2D32b-t1 | R g-value

2 574614.9 | 0
62611.68 | 0

4 1.0E10-8 | 1

5 4.0E10-8 | 0.9999

Table 1.13: Logarithmic ratio test result of “maxlik2D32b-t1”

With the appropriate state number and using the maximum likelihood method, we

can find the appropriate parameters of these marginal probability density functions.

The independent V-matrix can be written as Vj; ing = a1a2;

0.0603 0.1398 0.1199
0.0906 0.2099 0.1800

‘/ind,42a =

0.1352 0.1793 0.1358
0.1650 0.2189 0.1658

Vind,326 =

0.0798
0.1197

In another way, we can use the maximum likelihood method for the 2-D system

“maxlik2D42a” and “maxlik2D32b”. The initial guess is based on the individual guess

maxlik2D32b-t2 | R g-value
2 43419.3 | 0

3 3.6E10-8 | 0.99999
4 7.4E10-7 | 0.99999

Table 1.14: Logarithmic ratio test result of “maxlik2D32b-t2”

116



maxlik2D-42a | ay 75! Qo Ty as T3 ay Ts

t1, finial 0.1509 | 1.0020 | 0.3497 | 10.030 | 0.3000 | 50.423 | 0.1995 | 300.299

to, finial 0.3999 | 20.045 | 0.6001 | 250.18 | — — — —
Table 1.15: The test results of “maxlik2D42a”

maxlik2D-32b | a4 Ti a T2 as 73

b1, finial 0.3002 | 1.0005 | 0.3981 | 9.9654 | 0.3016 | 99.8598

to, finial 0.4503 | 29.985 | 0.5497 | 119.83 | — —

Table 1.16: The test results of “maxlik2D32b”

result of t; and t5 and Vj,4. The following table is the guess result of “maxlik2D42a”
and “maxlik2D32b”

We can get the V-matrix of them,

v 0.0501 0.1494 0.1201 0.0801
42a,quess —
! 0.1008 0.2002 0.1796 0.1193
0.0993 0.1978 0.1498
‘/32b,guess =

0.2009  0.2003 0.1519

And the dependency of this system is

0.1697 —0.0684 0.0015 —0.0040

D42a7 uess —
! —0.1130 0.0460 0.0021 0.0036
and
—0.2655 0.1032 0.1031
D32b,guess:

0.2176  —0.0850 —0.0838

From the D matrix, we can find the dependency of these two data sets.

Similarly, we are also interested in the relation between data point and error. The

result of N and error test of “maxlik2D-32b” is shown in Fig. 1.11. It also has a

power law tendency roughly.
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maxlik2D42a | aqy ai2 Qo1 29 asy aso Qa1 Q42
ideal 0.05 0.1 0.15 0.2 0.12 0.18 0.08 0.12
Lguess 0.0612 | 0.0918 | 0.1429 | 0.2143 | 0.1224 | 0.1632 | 0.0816 | 0.1224
1 finiat 0.0501 | 0.1008 | 0.1494 | 0.2002 | 0.1201 | 0.1796 | 0.0801 | 0.1193
T11 T12 T13 T14 T21 T22
1 10 50 300 20 250
1 10 50 300 20 250
1.002 | 10.035 | 50.442 | 300.31 | 20.04 | 250.17
Table 1.17: The 2D test results of “maxlik2D42a”
maxlik2D32b | aiy a1 as1 29 asy aso
ideal 0.1 0.2 0.2 0.2 0.15 0.15
Lguess 0.1352 | 0.1650 | 0.1793 | 0.2189 | 0.1358 | 0.1658
1 finial 0.0993 | 0.2009 | 0.1978 | 0.2003 | 0.1498 | 0.1519
T11 T12 T13 T21 T22
1 10 100 30 120
1.0005 | 9.965 | 99.860 | 29.985 | 119.83
1.0003 | 9.962 | 99.805 | 29.832 | 119.15

Table 1.18: The 2D test results of “maxlik2D32b”
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The mean error with different data points N of "maxlik2D-32b"

10 ]

error

10°F ]

Figure 1.11: This diagram is the relation of N and error in maxlik2D-32b. We can

see it also roughly has a power law decaying relation, as the case of 1-D.
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Appendix B

The phase portraits of two-state
logistic growth and autocrine

transition model

B.1 The phase portraits of LH-0

1. Z; and w; are straight lines (LHO-LL).
It happens when r, = ry. The flow and trajectories are showed in Figure 2.1,

Figure 2.2, and Figure 2.3

2. x; is a straight line w; is S type, and they have a cross point at the middle of

the S curve (LHO-LSI, LHO-LSm, and LHO-LSr. ).

Although S curve could have two forms, one heading to right and the other heading
to left, but if we consider the symmetry of w; and ws, the heading to right case
is similar to the heading to left case by changing the parameters from w; to ws.
Therefore, here we show only heading to left case. And the fixed point could be at
the left position, the middle position, and the right position. Here we consider these

three cases: they are LHO-LSI, LHO-LSm and LHO-LSr.
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B.2 The phase portraits of LH-A

In LH-A, 7; is an inverse linear function, and from the general z; form, z; in LH-A

has two types, UH (C; > C3) and DH (Cy > ).

From the general form of w, it could be S type and Z type curves. In LH-A, if

there has no transition effect, £; and w; would merge.

According to these properties and considering the exchange symmetry of w; and
wq, when C # Cy, several new flow diagrams appear compared with the C; = Cy, = C
case. When w; is S type, the position of fixed point is in left LHA-H-SI | in middle
LHA-H-Sm, and in right LHA-H-Sr. In another way, when w, is Z type, it is LHA-
H-7Z1, LHA-H-Zm, and LHA-H-Zr. When transition term is small, #; and w; will be
close to each other. For this condition, we will add a mark “n”. And when Ar =0
is LHA-H-L. It also has spiral behavior, and we show them in LHA-H-Sm-sp and
LHA-H-Zm-sp

Therefore, in LH-A, there are 15 new types of flow diagrams in the following pages.
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B.3 The phase portraits of LH-B

Although LH-B have 5 types of z;,but because wic = 0, all the types of z; are UH- or

DH-like curves. And w; is always S type curve.

The most special property of LH-B which is different from LH-0 and LH-A, is it
has three fixed points. Here we will show a new phase diagram LHB-HST, which is
UH-like for #; and S type for w; with three fixed points.
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B.4 The phase portraits of LH-C

In LH-C, 7; has 10 classifications, and w; can be either S type or Z type curve. It

also has three fixed point condition and spiral behavior.

Considering the exchange symmetry of w; and wy and all other conditions, several

new phase diagrams could happen.

1. For the one fixed point case, x; is U type, S type, and P type, with w; being S
type and Z type.

The new phase diagrams are LHC-U-SI, LHC-U-Sm, LHC-U-Sr, LHC-S-S1, LHC-
S-Sm, LHC-S-Sr, LHC-P-SI, LHC-P-Sm, LHC-P-Sr, LHC-U-ZI, LHC-U-Zr, LHC-S-
71, LHC-S-Zm, LHC-S-Zr, LHC-P-Z1, and LHC-P-Zr.

2. In the three fixed point case, when z; is H type, U type, S type, and P type ,
with w; being Z type. And when 7; is U type, S type, and P type , w; is S type.

They are LHC-HZT, LHC-UZT, LHC-SZT, LHC-PZT, LHC-UST, LHC-SST, and
LHC-PST.
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B.5 The phase portraits of LH-D

In LH-D, the new type of w, is SC type, CS type, and S band type. But S band type
is similar to S type. Here we show four examples of SC and CS type for w;. They
are LHD-SCT,LHD-SCL,LHD-SCLnc¢, LHD-CST, and LHD-CSL.
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Appendix C

Simple analysis of the time
evolution of the cancer system

model

With the assumption that a > 1, the governing equation for xs takes an especially

simple form
jfg ~ (T — ]CU)1>.Z’2,

whereas the equation for x; is approximated by

1 ==
Ty R Ty <1 —wy <% + Cwl) xt) 2
1 2

In view of the assumption that C; > (5, one may be tempted to also drop the
term wq /Cy as well. However, this extra approximation may not be legitimate during
the late stage of time evolution if state 1 dominates the final scene, because then

wy ~ 1, which renders (1 —w;)/Cy small.

From the mathematical point of view, it is more convenient to de-dimensionalize
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the system. This can be done by the substitution

— / — /
x5 = l'jCh Ty = l’t01

t= ’f’t/,
k=rk,
&
C'=—.
Cs

The resulting equations then read

d /

d”? ~ (1 — Kw) ), (C.1)
dxg / !/ /

o S [1 —wy (wy 4+ C'wsq) 2] . (C.2)

To give a rough idea of the order of magnitudes of the parameters we will be using,

we list below their typical numerical values:

21 (0) ~ 1078, 25(0) ~ 24(0) ~ 10~ so that w,(0) ~ 1072,
K ~ 10, C" ~ 10%

We now discuss the time evolution of the system. To be specific, we will consider
the case when state 1 is the minority in the beginning (w; ~ 0) but later gets to dom-
inate the final stage via two mechanisms: the autocrine signaling pathway (assuming
k > 0) in the early stage of time evolution, and the familiar logistic type growth. The
total population z; is also assumed small in the beginning.

(1) The very early stage:

With w; = 0 (state 1 being the minority) and z; = 0, the governing equations are

further simplified to

/
dz,

~ /

av
/

dz; ~

e v

so that the two variables grow exponentially at about the same rate. However, we

should not assume that x) behaves the same, because it is an even smaller quantity
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to begin with so that there is no telling directly from the two approximate equations
above if #} = &, — 1}, ~ . In fact, from the rate equation of x; we have

/
dz}

dt’

= [14 kK'wqy — (2] + C'x})] )
~ 1+ Kwy — C'zh) )
~ k')
for the numerical values we have adopted. Hence, state 1 actually grows much faster
than state 2 due to the autocrine transition effect, even though its population is only
of the minority in the beginning.

With this in mind, and using a subscript 0 to denote the initial value, we see that

/ /
1 Tuo -1y

w1 = 2 /
t Ty

)

which suggests that, by Eqs.C.1 and C.2, inhibition from w; on the growth of x5 and
x¢ will quickly manifest itself as time proceeds.

(2) The crossover stage:

When w; grows up to the order of 1/, z/, begins to feel the suppression in growth.
The time 75 it takes for this to happen can be estimated via
T w-nm ., L
2 T
10
In contrast, for x} to begin experiencing any suppression in growth, we need a

time 7/, which can be estimated from solving

wy ~1/C'xy ~1/C"x}

x/ !
’_ /
an Lo

!
—T

/
Tio kirl g

:>C/

For our choice of the parameters, it turns out that 7/ > 7}. This means that (1 — k'w)
in Eq.C.1 will become negative after a time of order 75, and so afterwards the growth

of state 2 not only has been completely suppressed, but the autocrine transition is now
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actively converting virtually all of state 2 to state 1. In other words, the population
of state 2 decreases rapidly afterwards.

If we denote the variables at the time when state 2 reaches its population max-
imum by an asterisk “*”, then the scenario described above suggests expanding out
(1 = K'wy) = —a (t' — t"*) for some number « so that, near this crossover region, we
have

dx},

dt

~ (1 —Kw) oy~ —at —t"™)

_ I _41%\2
— 2, & ale o2,

Also, because C’wy > w; near the crossover region, we may approximate Eq.C.2 as

/
dz;

dt’

~ xp |1 — wy (wy + C'ws) ]
~ xy |1 — w Ol

1 t/ _ t/*
i (A2 o],

Hence, as t' increases from ¢"* onward, x} reaches an extremum for time t"* satisfying

L+a( —t")
0=1- ( ¥ ('

For ¢ — t* not too large, we may approximate the above by

]. tl_t/* ! 1%
021_ ( ‘I‘Oé( ))Clxlz*e—a(t—t )2/2

k!
%1_<1+O‘(t/_t/*)> /l'/* 1

l4a —t9)?)2

which admits the following two solutions:

. C'z Ozl 29 C'xl
oot (R 2T

This means z; actually achieves a local maximum some time after state 2 reaches

its maximum; then, as a result of the rapid decrease of state 2, the total population
plunges to a local minimum. It is only afterward does the total population begin to
pick up again, this time due to the logistic growth of the now-dominant state 1. Such

a “hiccup” is apparent in the numerical simulation of Fig. 5.3.
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(3) The late stage:

Once the system has passed through the crossover stage, the population of state
2 becomes negligible, and the time evolution of state 1 is basically that of the total

population, which follows the simple logistic growth model, because

This equation has the following solution:

1
/ ~
Ty

T (i) e )

xt,h

where a variable with the subscript “h” means it is evaluated at the time when the

“hiccup” in the total population ends.
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