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cAn

n = 1

n ≥ 2

cA/r

cAx/2 cD
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cAn
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X n D, E

P (m) = χ(mD + E) =
Dn

n!
mn − Dn−1.(KX − 2E)

2(n − 1)!
mn−1 + ( ).

n n = 1

P (m) = (mD + E) − g + 1 = ( D)m − 1

2
(KX − 2E).

n > 1 H H + D

G ∈ |H +D| H G

0 !! mD + E !! mD + E + H !! (mD + E + H)|H !! 0

0 !! (m − 1)D + E !! mD + E + H !! (mD + E + H)|G !! 0



P (m) − P (m − 1) = χ((mD + E + H)|G) − χ((mD + E + H)|H)

=

(
G.Dn−1

(n − 1)!
− H.Dn−1

(n − 1)!

)

mn−1 + ( )

=
Dn

(n − 1)!
mn−1 + ( ).

−
(

G.Dn−2.(KG − 2(E + H)|G)
2(n − 2)!

− H.Dn−2.(KH − 2(E + H)|H)

2(n − 2)!

)

mn−2

= −
(

Dn−2.((KX + G).G − (KX + H).H) − 2Dn−1.(E + H)

2(n − 2)!

)

mn−2

= −
(

Dn−1.(KX − 2E) + Dn

2(n − 2)!

)

mn−2

P (m) = anmn − an−1mn−1 + . . .

P (m) − P (m − 1) = nanmn−1 −
(

n(n − 1)

2
an + (n − 1)an−1

)

mn−2 + . . . .

an =
Dn

n!
an−1 =

Dn−1.(KX − 2E)

2(n − 1)!
.
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X k
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X X

X

C C2 = −1

C P1 (−1)

(−1)

(−1) C X

X0 X X0 P ∈ X0

C



(−1)

X

(−1)

P2 9 (−1)

X

X = X0 → X1 → X2 → · · ·

E ′
i Xi → Xi+1 Ei

E ′
i X E2

i = −1 i Ei.Ej = 0

i < j ei = c(Ei) Ei H1(X,ΩX)

〈ei, ei〉 = −1 i 〈ei, ej〉 = 0 i < j {ei}i≥0

H1(X,ΩX) H1(X,ΩX) {ei}i≥0

X

X → X ′ X ′

P2

P2

P1 × P1

X KX KX .C ≥

0 C X

X (−1) C (KX+

C).C = 2g(C) − 2 = −2 KX .C = −1 < 0



P2 P1 × P1

P2 P1 × P1 (−1)

C KX KX .C < 0

X → X ′ KX

KX

X ′ = X X ′ ≤ X

X ′ < X X → X ′

κ(X) = −∞ X κ(X) ≥ 0 X

Y

≥ 5

κ(X) = −∞ X

P1

κ(X) = 0 X ´

κ(X) = 1 X

κ(X) = 2 X

(X, B) X Q B =

∑
biBi KX + B Q

X Q Q Q

f : Y → X

KX Q E e ∈ E

E {yi} e ∈ Y E = (y1 = 0)



e

f∗( OX(mKX)) = ym·a(E,X)
1 ( )(dy1 ∧ . . . ∧ dyn)

⊗m

m ∈ Z mKX a(E, X) m

E X

f KY

mKY ∼ f ∗(mKX) +
∑

(m · a(Ei, X))Ei

m

KY ≡ f ∗KX + a(Ei, X)Ei

KY + f−1
∗ ∆ ≡ f ∗(KX +∆) +

∑

Ei:

a(Ei, X,∆)Ei

(X,∆) :=
E

{a(E, X,∆) : E X.}

(X,∆) X ∆ =
∑

aiDi

KX +∆ Q (X,∆)

terminal > 0

canonical ≥ 0

klt (X,∆) > −1 -∆. ≤ 0

plt > −1

lc ≥ −1



3 X

≥ 3 X

KX KX KX

X → X1

KX R NE(X)

KX .R < 0 f : X → X1

f

C X [C] ∈ R

X1 f

f R

∑
diDi Q L

D = L +
∑

diDi
∑

Di

H i(X, KX + /D0) = 0 i > 0

D D′ Q

aD + D′ − KX Q a > 0 (X, −D′)

H0(X, mD + /D′0) 1= 0 m 2 0

(X,∆) ∆

D aD − KX − ∆ a > 0

|bD| b 2 0

(X,∆) ∆

KX +∆ a(X) > 0 a(X)(KX +∆)

H

r = r(H) = {t ∈ R | H + t(KX +∆) }.



r ∈ Q u
v 0 < v ≤ a(X)( X + 1)

R R.(KX + ∆) < 0

R.(H + r(KX +∆)) = 0

(X,∆) ∆

Cj X

0 < −(KX +∆).Cj ≤ 2 X

NE(X) = NE(X)(KX+∆)≥0 +
∑

R≥0[Cj].

ε > 0 Q H

NE(X) = NE(X)(KX+∆+εH)≥0 +
∑

R≥0[Cj].

F ⊂ NE(X) (KX + ∆)

fF : X → Y Y (fF )∗(OX) = OY

C X fF (C) [C] ∈ F

Y fF L X L.C = 0

C [C] ∈ F LY Y L = (fF )∗LY

(3)

X1

3 X KX

f : X → X ′ X ′ 3

C

Q



KX X Q

C X C

X1 C

f : X → Y

f 1 ≥ 2 f

f : X → Y KY Q KY

Q KX = f∗KY f C f 0 =

f ∗KY .C = KX .C < 0

C Y

C

f : X → Y

KX X ∈ C

f Y X ∈ C

f

−KX f

ρ(X/Y ) = 1

f+ : X+ → Y f

f+ Y X+ ∈ C

f+

KX+ f+

ρ(X+/Y ) = 1

Z = V (xy − zt) ⊂ A4 P =

(0, 0, 0, 0) P Y → Z Y

E = V (xy−zt) ⊂ P3 E ∼= P1×P1 ↪→ P3



E

P1

Y

""!!
!!
!!
!!

##"
""

""
""

"

X
φ !!#######

$$$
$$

$$
$$

$ X+

%%%%
%%
%%
%%

Z

KX ∼Z 0 KX+ ∼Z 0 B+ X+

B = φ−1(B+) KX + B Z KX+ + B+ Z

f : X → Y KX

Q X

f+ : X+ → Y R := ⊕m≥0f∗OX(mKX)

OY

f+ : R → Y

C X

3

4

≥ 5

(X,∆) Q

3 ∆ Q

(X,∆) =: (X0,∆0)
φ0 !! (X1,∆1

φ1 !! · · · φs−1 !! (Xs,∆s)

(Xi,∆i) Q

3



i ρ(Xi/Xi+1) = 1 (KXi + ∆i).Ci < 0

φi Ci

Xs

(Xs,∆s) KXs +∆s

φ : Xs → Y Y

Y < 3 φ : Xs → Y

X ∈ C

KX
X

∃ φ : X → Y

Y < X
φ : X → Y

(φ) = 1Y ∈ C

X := Y

X := X+

X X+

Y

∈ C

3



k

p

3 > 5

2008 2009 3

≥ 4

2

(k) = 0 f : X → Y

X U Y

f U

X = (y2 + xp + t) ⊆

A3
x,y,t Y = A1

t k p



f : X → Y f c ∈ Y (g = y2+xp + c = 0) ⊆

A2

∂g

∂x
= 0

∂g

∂y
= 2y = 0 y = 0

(xc, 0) xp
c+c = 0

(k) = p > 0 X = Y = A1

k[t] → k[t] t tp f : X → Y a 7→ ap

a ∈ Y a (t − b)p = 0 bp = a

X k (k) > 0

F : X → X p

X = A f : A → A

a ap

X F

&&''&
&&

&&
&&

&

''

X(p) !!

((

X

((
k F !! k

X(p) = k × k X X → X(p)



X = A1

k[t]

k[t]

ψ
))""""""""

k[t]
ϕ**

fp←!f++

k

,,

--

k

--

ap←!a
**

ϕ :
∑

aiti 7→ ∑
ap

i ti ψ : t 7→ tp

Fp

k

k 1= Fp k

k = Fp

X Fp D

D ≡ 0 D X

(X, B) Q B

(X, B) F x ∈ X

(OX)x → (F e
∗OX(/(pe − 1)B0))x



e ∈ N

(X, B) F x ∈ X E

e > 0 (OX)x → (F e
∗OX(/(pe − 1)B0 + E))x

X = A1 OX → F∗OX

k[t] → k[t] f fp

k[t] F

f '→fp
!!

α∑
aiti '→

∑
ap

i ti
##"

""
""

""
"

k[t]

k[t]

β

t'→tp

..%%%%%%%%

α β F A1 F

X X F

x ∈ X R = (OX)x = X

0 → R → F e
∗ R → N → 0 N

R → F e
∗ R F e

∗ R = (F e
∗OX)x R → F e

∗ R N R

t ∈ R x R/〈t〉

= X − 1

0

((

0

((

0

((
0 !! 〈t〉 !!

((

F e
∗ 〈t〉 !!

((

〈t〉N !!

((

0

0 !! R !!

((

F e
∗ R !!

((

N !!

((

0

0 !! R/〈t〉 !!

((

F e
∗ R/〈t〉 !!

((

N/〈t〉N !!

((

0

0 0 0

N R F e
∗ R

N/〈t〉N N R

X X = 0 R



F

(X, B) F F

e ∈ N m ∈ N m/(pe − 1)B0

pe F (X, B) e′ ∈ N

OX → F e′

∗ OX(/(pe′ − 1)B0 + m/(pe − 1)B0)

e′ ≥ e

e′ < e OX → OX(S)

S /(pe − 1)B0 OX → OX(S)

OX → F e
∗OX(/(pe − 1)B0) e′ ≥ e

(X, B) F E

q′ = pe′
OX → F e

∗OX(/peB0+E) q = pe ≥ q′

OX → F e
∗OX(/peB0 + E)

F e
∗OX(/(pe − 1)B0 + E)

E D

/qB0 ≤ /(q − 1)B0 + D q = pe (X, B) F

q′ = pe′

OX → F e′

∗ OX(/(q′ − 1)B0 + E + D + /B0)

F e′
∗ OX(/q′B0+E + /B0) OX →

F e′
∗ OX(/q′B0+E+/B0) (X, B)



F X F F e′
∗ OX ↪→ F e+e′

∗ OX e ∈ N

⊗F e′
∗ OX

F e′
∗ OX(/q′B0) F e′

∗ OX(/q′B0) ↪→ F e+e′
∗ OX(q/q′B0)

OX → F e+e′

∗ OX(q/q′B0 + E + /B0)

e ∈ N F e+e′
∗ OX(/qq′B0+E).

OX → F e
∗OX(/peB0 + E) q = pe ≥ q′

(X, B) F F X

B Q KX +B Q

B ≤ 1 < 1

S B > 1

≥ 1 q = pe (q − 1)B qB S

q /(q − 1)B0 ≥ qS /qB0 ≥ qS

OX → F e
∗OX(/(q − 1)B0) OX → F e

∗OX(/qB0))

OX ↪→ OX(S) ↪→ F e
∗OX(qS)

(X, B) F F

F F

(X, B) F F (X, B)

X R f : X̃ → X

X̃ KX̃ + B̃ = f∗(KX + B) +
∑

ajEj



X k (k) = p > 0 D

e ∈ N F e
∗OX

OX (F
e
∗OX(D),OX) ∼= F e

∗OX((1 − pe)KX − D)

OX (F
e
∗OX(D),OX) ∼= F e

∗ (OX(D), ωX/X)

ωX/X F e

ωX/X = OX(KX − peKX).

(OX(D), ωX/X) = OX(−D + (1 − pe)KX)

OX̃(KX̃) ↪→ L = k(X̃) b ∈ R

b · H0(X,ω−i
X ) ⊆ H0(X̃, ω−i

X̃
) i = 0, 1, . . . , r − 1 r

(X, B) F φ : F e
∗OX(/(pe − 1)B0) → OX

OX → F e
∗OX(/(pe −1)B0) φ̃ : F e

∗ L → L

L ↪→ F e
∗ L Y = X̃\Z Z = ((φ̃(F e

∗OX̃) +OX̃)/OX̃) F e
∗OX̃

OX̃ Y X̃

X̃ φ̃ OY f ∗(φ) : F e
∗OY → OY

f ∗(φ) F Y

U X̃ f

(X\U, X) ≥ 2 U Y OY ↪→ F e
∗OY → OY

H0(Y,OY ) ⊆ H0(U,OU) = R

U Y



X̃ (X, B)






O
X̃
(F e

∗OX̃ ,OX̃) ∼= F e
∗OX̃((1 − pe)KX̃)

OX (F
e
∗OX(/(pe − 1)B0),OX) ∼= F e

∗OX((1 − pe)KX − /(pe − 1)B0)

φ ∈ F e
∗OX((1 − pe)KX − /(pe − 1)B0)

f∗(rf ∗(KX + B)) = f∗(r(KX̃ + B̃) − r
∑

ajEj) = r(KX + B).

H0(X̃, rf ∗(KX + B)) = H0(X, r(KX + B))

R r KX + B

pe − 1 = mr + i 0 ≤ i < r

OX((1 − pe)KX − /(pe − 1)B0) ⊆ OX(−mr(KX + B) − iKX)

⊆ b−1H0(X̃,OX̃(−mrf ∗(KX + B) − iKX̃))

⊆ b−1H0(X̃,OX̃((1 − pe)KX̃ +
∑

mrajEj))

aj < −1 r ∈ N

aj ≤ −1 − 1
r ξ Ej

−ν − mraj − q ≥ −ν + m(r + 1) − mr − i + 1

= m − ν − i + 1 → ∞ q → ∞.

ν = vEj(b) m = - q−1
r . q

−ν−mraj ≥ q ξ f ∗(φ) ∈ F e
∗ (π

qOX̃((1−pe)KX̃)) = π (F e
∗OX̃ ,OX̃))

π ξ ∈ Y f∗(φ)(F e
∗OY,ξ) ⊆ πOY,ξ

f∗(φ) Y

(X, B) F aj ≥ −1

-B. = 0 aj = −1 j

E c ∈ R



ψ : F e
∗OX(/(pe − 1)B0 + E) → OX OX ↪→ F e

∗OX(/(pe − 1)B0 + E)

ψ OX ↪→ F e
∗OX(/(pe − 1)B0)

ψ ∈ OX (F
e
∗OX(/(pe − 1)B0 + E),OX)

= F e
∗OX((1 − pe)KX − /(pe − 1)B0 − E)

⊆ F e
∗ (b

−1H0(X̃,OX̃((1 − pe)KX̃ +
∑

mrajEj − E))).

c t = vEj(c) ≥ r + ν t − ν + mr ≥ (m + 1)r ≥ q

ξ f∗(φ) ∈ F e
∗ (π

qOX̃((1−pe)KX̃)) = π (F e
∗OX̃ ,OX̃))

π

F

(X, B) F KX+B

A t L = KX +

B + tA t ∈ Q

X B

Q KX +B Q Q

H

NE(X) = NE(X)KX+B≥0 +
∑R≥0[Ci]

NE(X) = NE(X)KX+B+H≥0 +
∑ R≥0[Ci]



X k

L Q E(L) V > 0

L|V L ⇔ L|E(L)

X

L κ(L) = 1 L

X

ϕ = ϕ|mL| : X !!" C C mL = E + ϕ∗OC(1) E

F = ϕ∗OC(1)

0 ≤ E.F = (E + F ).F = mL.F ≤ mL.(E + F ) = m2L2 = 0.

E.F = L.F = E.L = 0 E =
∑

riEi

ϕ∗(Ei) Ei ϕ∗(ϕ∗(Ei)) Ei

(X, B =
∑

bjBj)

X Q 0 ≤ bj ≤ 1 j

k = Fp bj ≥ 0 j

(X, B)

R := R≥0[C] (KX + B)

R : X → X ′ X ′

( R)∗(OX) = OX′

C ′ X [C ′] ∈ R R(C ′)

ρ(X ′) = ρ(X) − 1



C2 > 0 ρ(X) = 1

C ′ mC ∼ nC ′ + E

m, n ∈ N E R≥0[C] [C ′] = q[C]

q ∈ Q

C2 > 0 X ′ = { }

C2 = 0 C

KX .C < 0 (KX +B).C < 0 C2 = 0

f : Y → X (f ∗C)2 = 0 KY .f ∗C = KX .C < 0

χ(Y, f ∗C) ≥ 1 h2(Y, nf ∗C) = h0(Y, KY −nf∗C) =

0 n 2 0 κ(Y, f ∗C) ≥ 1 κ(X, C) ≥ 1 C2 = 0 κ(X, C) = 1

C

ϕ|mC|

C2 < 0 C P1

C.(KX + C) < 0 C.(KX + B) < 0 C2 < 0 r

r(KX +C) h0(C, ωX(C)[r]|C) = 0

h1(C,OC) = 0

A q ∈ Q≥0 (A+qC).C = 0 G = A+qC

C ′ G.C ′ = 0 C ′ = C G|C ≡ 0

C = P1 G|C G

X ′ = 2 X ′ Q

Fp Q

C C2 < 0 Fp



Q

(X, B)

(X, B) = (X0, B0)
φ0 !! (X1, B1)

φ1 !! · · · φs−1 !! (Xs, Bs)

Xj

(Xj, Bj) ( ) (Xj+1, Bj+1)

(φj) = Cj (KXj + Bj).Cj < 0

(Xs, Bs)

3

(X, B) X = 3 3

3

k = Fp p > 5 X B = 0

(X, B) Q

k p > 5

B {1 − 1
n | n ∈ N} Nσ(KX + B) ∧ B = 0 KX + B

Xmin (X, B)



k = Fp Xmin (KX + B)

(1) k 1= Fp



3

3 ´

3

k

1
r (a, r − a, 1) (r, a) = 1

cA cA/r cAx/2 cD



k

3

An x2 + y2 + zn+1 = 0

Dn x2 + y2z + zn−1 = 0 n ≥ 4

E6 x2 + y3 + z4 = 0

E7 x2 + y3 + yz3 = 0

E8 x2 + y3 + z5 = 0

P ∈ X = (Q ∈ Y )/µr

r > 1 Q ∈ Y P ∈ X

cA/r : (xy + f(z, u) = 0) ⊆ A4/1
r (a, r − a, 1, 0)

cAx/2 : (x2 + y2 + f(z, u) = 0) ⊆ A4/1
2(1, 0, 1, 0)

cAx/4 : (x2 + y2 + f(z, u) = 0) ⊆ A4/1
4(1, 3, 1, 2)

cD/2 : (ϕ = 0) ⊆ A4/1
2(1, 1, 0, 1) ϕ






x2 + yzu + y2a + u2b + zc, a ≥ b ≥ 2, c ≥ 3

x2 + y2z + λyu2)+1 + f(z, u2)



cD/3 : (ϕ = 0) ⊆ A4/1
3(0, 2, 1, 1) ϕ






x2 + y3 + zu(z + u)

x2 + y3 + zu2 + yg(z, u) + h(z, u), g ∈ m4, h ∈ m6

x2 + y3 + z3 + yg(z, u) + h(z, u), g ∈ m4, h ∈ m6

cE/2 : (x2 + y3 + yg(z, u) + h(z, u) = 0) ⊆ A4/1
2(1, 0, 1, 1)

´

k p

N = Zn n M = N∨ N

σ NR

σ∨ = {u ∈ MR | 〈u, v〉 ≥ 0 v ∈ σ} ⊂ MR

Sσ = σ∨ ∩ M Aσ = k[Sσ]

Uσ = Aσ

σ Z

N

Sσ



σ Uσ

σ u1, u2, . . . , un σ

χu1 , χu2 , . . . , χun
∏
(χui)ai =

∏
(χui)bi

ai, bj ∈ N∪{0} ∑
aiui =

∑
biui u1, u2, . . . , un aj = bj

j = 1, . . . , n

Uσ = k[χu1 , χu2 , . . . , χun ] ∼= An

ξr r ξr 1

r = p

An x1, . . . , xn µr = (Z/rZ,+)

An 1̄ · (x1, . . . , xn) = (ξa1
r x1, . . . , ξan

r xn) An/µr =

k[x1, . . . , xn]/I I

µ3 =
1
3(2, 1)

k[x, y]µ3 = k[x3, y3, xy] = k[x1, x2, x3]/(x1x2 − x3
3)

An/µp An k[x1, . . . , xn]/I An/µp I

ξr ξr
r = 1

An/µr

A3/µr µr =
1
r (a, r − a, 1)



cAn

(k) = p > 0

cAn

X = (xy + zn+1 + tg(x, y, z, t) = 0) ⊂ A4.

X̃ = (x2 + y2 + zn+1 +

tg(x, y, z, t) = 0) ⊂ A4 p = 2

p = 2 x2 + y2 + zn+1 = 0

x = y, z = 0

cAn

(xy + zn+1 + tg(x, y, z, t) = 0)

p > 0

X = (f = xy + zn+1h(z) + tg(x, y, z, t) = 0) ⊂ A4

h(0) = 1

g(x, y, z, t) = g0 + g1 + g2 + g>2 gj g

j x, y, z g0 = g0(t) g1 = gx(t)x + gy(t)y + gz(t)z

g2 =
∑

1≤i≤j≤3 gxixj(t)xixj

T (t) =
∑

aiti

t T (t) = {i | ai 1= 0}, (T ) = a t T j(T ) = aj.

1



m = { t gx, t gy} 2 = t gz






x → x − tgy

y → y − tgx

z → z

t → t

m ≥ 1

cAn

n = 1 n ≥ 2

t g0 ≤ 2m m > 2

g0(0) = 0

v : Y → X
v = (1, 1, 1, 1)

: Y → X
v = (1, σ′ − 1, 1, 1)

U2U1 U3 U4

cAm, m < n cAn

cAn



n = 1

t g0 ≤ 2m

t g0 ≥ 2m + 1






x → x − tgy

y → y − tgx

z → z − ctm+1

t → t

xy + z2h(z) + t(g̃0 + g̃1 + g̃2 + g̃>2) = 0

g̃0 = g0 − tgxgy + c2t2m+1h(−ctm+1) − ctm+1gz

+ t2gx2
(gy)2 + t2gy2

(gx)2 + c2t2m+2gz2

+ t2gxygxgy + ctm+2gxzgy + ctm+2gyzgx

+ ( ≥ 3m + 3)

g̃x = −2tgx2
gy − tgxygx − ctm+1gxz + ( ≥ 2m + 2)

g̃y = −2tgy2
gx − tgxygy − ctm+1gyz + ( ≥ 2m + 2)

g̃z = gz − 2ctmh(−tm+1) + c2t2m+1h′(−tm+1)

−2ctm+1gz2 − tgxzgy − tgyzgx + ( ≥ 2m + 2).

m = t gx ≤ t gy

m̃ ≥ m + 1

• t gz < m c 1= 0

t g̃0 < 2m + 1 ≤ 2(m̃ − 1) + 1 < 2m̃.



• t gz ≥ m c

2m+1(g0) − (gx) m(g
y) + c2 − c m(g

z) 1= 0

t g̃0 = 2m + 1 ≤ 2(m̃ − 1) + 1 < 2m̃

• g0(0) 1= 0

• v : Y → X v = (1, 1, 1, 1) Y

U1 ∪ U2 ∪ U3 ≥ 1 U4

xy + z2h̃(z, t) +
g0(t)

t
+ gxx + gyy + gzz + tH(x, y, z, t) = 0 H.

U4 ∩ E xy + z2h(0) + g′(0) + gz(0)z = 0

– g′(0) 1= 0

∗ h(0)z2 + gz(0)z + g′(0) Y

∗ Y cA1

–

∗ t g0 ≤ 2 t gz
t g0

∗ t g0 > 2 t gz

gz(0) 1= 0 g0(0) = 0

xy + z2h(0) + gz(0)z = 0 E ∩ U4 Ỹ

n ≥ 2

m > 2

{Ui}4i=1 Y Qi Ui

E : Y → X

t g̃0 ≤ 2m̃



m ≤ 2






x → x − tgy

y → y − tgx

z → z − ctgz

t → t

xy + zn+1h(z) + t(g̃0 + g̃1 + g̃2 + g̃>2) = 0

g̃0 = g0 + −tgxgy + cn+1tn(gz)nh(−ctgz)

+ t2gx2
(gy)2 + t2gy2

(gx)2 + c2t2gz2(gz)2

+ t2gxygxgy + ct2gxzgygz + ct2gyzgxgz

+ ( ≥ 3m + 3)

g̃x = −2tgx2
gy − tgxygx − ctgxzgz + ( ≥ 2m + 2)

g̃y = −2tgy2
gx − tgxygy − ctgyzgz + ( ≥ 2m + 2)

g̃z = gz + (n + 1)tn−1(−cgz)nh(−ctgz) + tn(−cgz)n+1h′(−ctgz)

−2ctgz2gz − tgxzgy − tgyzgx + ( ≥ 2m + 2)

c 1= 1 t g̃z ≤ 2 m̃ ≥ m + 1

σ′ = {i1 + i3 + i4 + 1 | xi1zi3ti4 ∈ g} σ = {σ′, n + 1}

xi1zi3ti4 i1 + i3 + i4 + 1 = σ′ i1 = 0

• σ′ = 1 X

• 2 ≤ σ′ < n+1 tσ
′−1 ∈ g v : Y → X

v = (1, σ′ − 1, 1, 1) Y U1 U2 Q2

σ′ − 1 ≥ 1



U3∩E xy+g(t) = 0 t g(t) < n+1 g(t) =
∏
(t−αi)ri

0 <
∑

ri ≤ n Y cAm m < n

n

U4 ∩ E xy + g(z) = 0 z g(z) < n + 1 U3

• σ′ ≥ n + 1 v : Y → X v = (1, n, 1, 1)

zn+1 +
∑

zitj =
∏
(z −αit)ri zitj ∈ tg(x, y, z, t) i+ j = n+1 =

∑
ri

Y U1

Q2 U4

U4 ∩ E xy +
∏
(z − αi)ri = 0

– αi

– αi = α

∗ α = 0 σ′

∗ α 1= 0 σ′

σ′ ≥ n+1

αi

N t gxi1yi2zi3 ≥ N i1 ≥ 1

i2 ≥ 1

N

g0, gz, . . . , gzn

S = {j|gzj
zj ∈ g j ≥ n + 1}

• S = ∅ X̃ = (xy+zn+1 = 0)

≥ 1



• |S| ≥ 1 gzj
=

∑
κ=1 tNj

κ j ∈ S z → z + α0t

xy + zn+1 +
∑

j∈S

∑

κ=1

j∑

i0=0

ξj
i0,κ

(
j

i0

)

αj−i0
0 tNκ+j−i0zi0 ξj

i,κ ∈ k.

xy + zn+1 +
∑

j∈S

∑

κ=1

j∑

i0=0

ξj
i0,κ

(
j

i0

)

αj−i0
0 tNκ+j−n−1zi0 .

z → z + α1t

xy + zn+1 +
∑

j∈S

∑

κ=1

j∑

i1=0

j∑

i0=i1

ξj
i0,κ

(
j

i0

)(
i0
i1

)

αj−i0
0 αi0−i1

1 tNκ+j−2(n+1)+i0zi1 .

xy + zn+1 +
∑

j∈S

∑

κ=1

∑

Sj
"

ξj
i0,κ

(
j, i0, . . . , i)−1

i0, i1, . . . , i)

)

tNκ+j−()+1)(n+1)+I"−1
0 zi"

Sj
) = {(i), . . . , i0) ∈ Z)+1 | 0 ≤ i) ≤ i)−1 ≤ · · · ≤ i0 ≤ j}.

(
j, i0, . . . , i)−1

i0, i1, . . . , i)

)

=

(
j

i0

)(
i0
i1

)

· · ·
(

i)−1

i)

)

.

= αj−i0
0 αi0−i1

1 · · ·αi"−1−i"

) .

I)−1
0 = i0 + i1 + · · · + i)−1.

ξi,κ 1= 0 j, κ i

i) = 0

N j
κ + j − (2+ 1)(n + 1) = n + 1.

00 = 1



N j
κ + j = (2+ 2)(n + 1)

i0 = i1 = · · · = i) = j0 i)+1 = · · · = i)′ = 0 j0

N j
κ + j − (2′ + 1)(n + 1) + j02 = n + 1.

2′ =
n + 1 + j0

n + 1
2.

i0 = i1 = · · · = i′
) = j0 i)′+1 = · · · = i)′′ = 0

N j
κ + j − (2′′ + 1)(n + 1) + j02

′ = n + 1.

2′′ − 2′

2′ − 2 =
j0

n + 1
.

2(r) − 2(r−1)

2(r−1) − 2(r−2)
=

j0
n + 1

2(r) − 2(r−1) =
(

j0
n + 1

)r

2

2(r) = 2
(
1 +

j0
n + 1

+ · · · +
(

j0
n + 1

)r)

– n + 1 ! j j0 = j 2(r) /∈ N r ∈ N

– n + 1 | j

∗ p ! j j0 = 1

∗ p | j p ! n + 1 j = pmu p ! u

j0 = pm p !
(

j
pm

)
pm

n+1 /∈ Z

∗ p | j p | n+1 N j
κ p



N j
κ′

ξ0,κ′ = 0 N j
κ + j − a(n + 1) = N j

κ′ + j − (n + 1) p | Nκ′

ξ0,κ′ 1= 0 N j
κ′ + j − (2+ 1)(n + 1) = n + 1

p | N j
κ′

j2 S

p | j2 p | n + 1 tbz b

zn+1

p | N j2
κ

X̃ = (xy + (G(x, y, z, t))p + H(x, y, z, t) = 0)

H(x, y, z, t) x y

p H(x, y, z, t)

x2 xy y2 X̃

≥ 1 x

x → x+atr z → z+ btr

a, b r tg0(t) p

cA/r

(k) = p > 0 r ≥ 2

cA/r

X = (ϕ = xy + zn+1 + tg(x, y, z, t) = 0) ⊂ A4/
1

r
(s, r − s, 1, r).

cA/r p > 0

X = (ϕ = xy + zn+1h(z) + tg(x, y, z, t) = 0) ⊂

A4/1
r (s, r − s, 1, r) h(0) = 1 (r, s) = 1 r | n + 1 f =



zn+1 + tg(x, y, z, t)

κ = {m | tm ∈ f}

κ = {s

r
i1 +

1

r
i3 + i4 | xi1zi3ti4 ∈ f}

κ∗ = {s

r
i1 +

1

r
i3 + i4 | xi1zi3ti4 ∈ f, i1 ≥ 1}

1 ≤ κ ≤ κ∗ κ ≤ κ < ∞

κ 1= κ∗

cxi1zi3ti4 ∈ f s
r i1 +

1
r i3 + i4 = κ i1 ≥ 1

y → y − cxi1−1zi3ti4

κ κ∗ κ xti4

1
r (s, r − s, 1, r)

• κ = κ = 1

• κ + κ > 2 v : Y → X v = 1
r (s, κr − s, 1, r)

U1 U2

s κr − s

U3 ϕ̃ = xy + z−κf(xzs/r, yz(κr−s)/r, z1/r, zt) U3 ∩ E

xy + f(t) = 0 f(t)

cA

U4 ∩E xy+f(z) = 0 f(z)

cA cA/r

κ̃ = κ − κ > 0

κ

s = 1 κr − s = 1



cAx/2 cD

cAx/2 τ = µb + 1

cAx/2 cD

cAx/2

τ = 2

v

v = 1
2(1, 2, 1, 1) fτ = tτ

cA

v v =
1
2(
τ
2 +2, τ2 +1, 1, 1)

v

v = 1
2(
τ
2 , τ2+1, 1, 1)

Q2Q1 cD
µb < τ

cA

cAx/2

(k) = p > 0 cAx/2

(ϕ = x2 + y2 + zn+1 + tg(x, y, z, t) = 0) ⊂ A4/
1

2
(1, 0, 1, 1).

(ϕ = x2 + y2 + zn+1h(z) + tg(x, y, z, t) = 0) ⊂ A4/
1

2
(1, 0, 1, 1)



h(0) = 0 h ≡ 0 p = 2 (x2 + y2 + zn+1h(z) = 0)

x /∈ g

τ = {i + j | zitj ∈ ϕ} 2 | τ

t gxzi
> n + 1 t gyzj

> n + 1 i ∈ N

i ∈ Z≥0 j ∈ Z≥0 j ∈ N τ
2

cDn

µb ≤ 3

2 =
λ 1= 0
22− 2 < µ

2 = 1 2 = 22 ≥ 3

v

v = (1, 1, 1, 1)

f3 = 0

v

v = (2, 1, 1, 1)
v

v = (2, 2, 1, 1)

t3 ∈ ϕ
t2, zt /∈ ϕ

v v =
(µ′, µ′ − 1, 2, 1)

v

v = (2, 2, 1, 1)

cA
cD

τ n
cA/r

cAx/2
τ ≤ µb

cDn



cDn n ≥ 4

X = (ϕ = x2 + y2z + zn−1 + tg(x, y, z, t) = 0) ⊂ A4.

X = (ϕ = x2 + y2z + zn−1h(z) + tg(x, y, z, t) = 0) ⊂ A4

h(z) ≡ 0 h(0) = 0 g

ϕ = x2 + y2z + zn−1h(z) + yt) + tg(x, y, z, t)

yt) 2 tg(x, y, z, t)

2

p = 2 (x2 + y2z + zn−1h(z) = 0)

1

µ = {2i + j | zitj ∈ ϕ}

µb = {µ, 22− 2}

τ = {i + j | zitj ∈ ϕ i = 0, 1}.

t gxzi
> 2n − 2 t gyzi+1

> 2n − 2

i 0 ≤ i ≤ n − 1 fµ =
∑

2i+j=µ zitj = tµ

cAx/2 p > 0

τ = 2

• x2+y2+z2+ tg = 0 z /∈ g g0(t) 1≡ 0



v : Y → X v = 1
2(1, 2, 1, 1)

U1 ∪ U2 ∪ U3 U4 cA

• x2 + y2 + zn+1 + tg = 0 n > 1 t z

g v : Y → X v = 1
2(1, 2, 1, 1)

U1 ∪ U2 ∪ U4 U3 cA

cDn p > 0

µb ≤ 3

g0(0) = 0

2

• 2 = 1 v : Y → X v = (1, 1, 1, 1) Y U1 ∪ U4

U2 ∩ E x2 + t + t(g′
0(0)t + gz(0)z) = 0

– gz(0) 1= 0 (0, 0, −1/gz(0), 0)

cA1

– gz(0) = 0

U3 ∩ E x2 + yt+ t(g′
0(0)t+ gz(0)) = 0

(0, −gz(0), 0, 0) cA1

• 2 ≥ 3 µ ≤ 3 µb ≤ 3

t, t2, z, zt, t3 ϕ

– t ∈ ϕ

– ϕ z /∈ ϕ

– zt ∈ ϕ (1, 1, 1, 1) U1, U3 U4

U2 ∩E cA1



– zt /∈ ϕ t2 ∈ ϕ v : Y → X v = (1, 1, 1, 1)

U1 ∪ U4 U2 U3

cAn

– t3 ∈ ϕ t2, zt /∈ ϕ v : Y → X v =

(2, 1, 1, 1)
∑

i+j=3

cijz
itj =

∏
(αit − βiz)

ri

∑
ri = 3 y → y + βt β

ri ≤ 2 i

U1 ∩E y2z+
∏
(αit−βiz)ri + cyzt = 0 z = t = 0

y = 0 ∂ϕ̃
∂x |y=z=t=0 = 1

U3 ∪ U4

U2∩E z+
∏
(αit−βiz)ri +czt = 0 t = 0

U4 ∩ E y2z +
∏
(αi − βiz)ri + cyz = 0 t3 ∈ ϕ

z 1= 0 U3

U3 ∩ E y2 +
∏
(αit − βi)ri + cyt = 0

z2 + y2(ay + b) + cyz + dxt + x2t + ytg̃ = 0.

a d v : Z → Y v = (1, 1, 1, 1)

Z cA1

• 2 = 2

f3 =
∑

i+j=3

cijz
itj =

∏
(αit − βiz)

ri

∑
ri = 3

– f3 1= 0 f3

cAn cAn

cAn



v : Y → X v = (2, 1, 1, 1)

U1

U2 ∩ E z + t2 + f3(z, t) + czt = 0

U3 ∪ U4

U4∩E y2z+y+f3(z, 1)+cyz = 0 2yz+1+cz = 0

U3

U3 ∩ E y2 + yt2 + f3(1, t) + cyt = 0

dxz + x2z + y2 + yt2 + t2(at + b) + c′yt + ytg̃ = 0.

d v : Z → Y v = (1, 1, 1, 1)

Z cA1

– f3 = 0 xt2 /∈ ϕ f4 =
∑

i+j=4 zitj
v :

Y → X v = (2, 2, 1, 1)

U1 ∩ E 1 + yt2 + f4(z, t) = 0

U4 ∩ E x2 + y + f4(z, 1) = 0

U3 ∩ E x2 + yt2 + f4(1, t) = 0

x2 + y2z + yt2 + tg̃ = 0 τ

U2 ∩E x2+ t2+f4(z, t) = 0

(x2+yz+t2+f4(z, t)+ytg̃ = 0) ⊂ A4/1
2(0, 1, 1, 1)

v : Z → Y v = (1, 1, 1, 1)

cAx/2 P p > 0 τ0 :=

τ(P ) ≥ 4 cD cAx/2 µb < τ0



τ < τ0 P

fτ0 =
∑

i+j=τ0 cijzitj =
∏
(αjz + βjt)rj

• fτ0 = tτ0 τ0/2

x2 + 2xtτ0/2 + y2 + f≥τ0+2 = 0

v : Y → X v = 1
2(τ0/2 + 2, τ0/2 + 1, 1, 1)

U4 ∩ E 2x + y2 + fτ0+2(z, 1) = 0 Y

U3 ∩ E 2xtτ0/2 + y2 + fτ0+2(1, t) = 0 y = 0 t = 0 x = 0

∂ϕ̃
∂z Q3

y2z + 2ytτ0/2 + x2 + z(n+1−τ0)/2h̃(z) + fτ0+2(1, t) + tg̃ = 0.

cD µb ≤ 2(τ0/2) − 2 < τ0

U2 ∩ E 1 + 2xtτ0/2 + fτ0+2 = 0 z = t = 0

Q2

U1 ∩ E y2 + 2tτ0/2 + fτ0+2 = 0

• fτ0 tτ0

v : Y → X v = 1
2(τ0/2, τ0/2 + 1, 1, 1)

U1 ∩ E 1 + fτ0(z, t) = 0

U3 U4

U3 ∪ U4 x = 0

U2 ∩E x2+fτ0(z, t) = 0 x = 0

U3 ∪ U4

U3 ∩ E x2+fτ0(1, t) = 0

x = 0 fτ0+2 tτ0+2

– y 1= 0 x2+zrξ(z)+cyz+tg̃ = 0



r ≥ 2 y ∈ g̃ x /∈ g̃ v : Z → Y v = (1, 1, 1, 1)

Z V1∪V2 cA1 V3∪V4

– y = 0 tτ0+2 ∈ fτ0+2

x2 + y2z + h̃(z) + trξ(t) + tg̃ = 0 r ≥ 2

ξ(0) 1= 0 cD µb ≤ r < τ0 fτ0 tτ0

U4 ∩ E x2 + fτ0(z, 1) = 0 tτ0+2 ∈ fτ0+2

y 1= 0 x = z = 0 x2 + zrξ(z) + tg̃ = 0

y ∈ g̃ x /∈ g̃ v : Z → Y v = (1, 1, 1, 1)

Z V1 ∪ V4 cA1 V2 ∪ V3

cD P p > 0 µ0 := µb ≥

4 cD cAx/2 µb < µ0 τ ≤ µ0

P

µ′ = -µ0

2 . v : Y → X v = (µ′, µ′ − 1, 2, 1)

• 2 = ∞ 2µ′ = µ0

Y Q1, Q2 Q4 Q1 Q2

Q3

(x2 + y2 + zn−1−µ0h(z) + tµ0 + tg̃ = 0) ⊂ A4/
1

2
(1, 0, 1, 1).

cAx/2 τ ≤ µ0

• 2 = ∞ 2µ′ + 1 = µ0

Q3

(x2 + y2 + zn−µ0h(z) + ztµ + tg̃ = 0) ⊂ A4/
1

2
(1, 0, 1, 1).

{Vi}4i=1 Z



cAx/2 τ ≤ µ0 + 1 τ ≤ µ0

τ = µ0+1

cD µ̃ = µ0

n n

• λ 1= 0 22− 2 = µ := µ(P )

U2 ∩ E x2 + z + t) + tµ = 0

Q2

U1 ∩ E 1 + y2z + yt) + tµ = 0 y = 0

t = 0 ∂ϕ̃
∂y |x=0 Q1

U3 ∩ E x2 + y2 + yt) + tµ = 0 Q3

(x2 + y2 + z2n−2−µh(z) + tg̃ = 0) ⊂ A4/1
2(1, 0, 1, 1)

cAx/2 τ ≤ µ = µ0

U4

• λ 1= 0 22− 2 > µ

2 = ∞

• λ 1= 0 22− 2 < µ

v : Y → X v = (2, 2, 1, 1)

U4 ∩ E x2 + y + δµ
2) = 0 U4

U1 ∩ E 1 + yt) + δµ
2)t

µ = 0 U1 Q1

U2 ∩ E x2 + t)+ δµ
2)t

µ = 0 x = t = 0

∂ϕ̃
∂y |y=0 z = 0 Q2

(xy + z2 + tg̃ = 0) ⊂ A4/1
) (1, −1, 2, 1). cA/r



U3

x2 + y2z + zn−1−2)h(z) + yt) + tg̃ = 0.

n



p 1= 0



´

´



3

´ p >

0

3
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