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Abstract

An explicit finite-difference scheme for solving the three-dimensional Maxwell’s

equations in staggered grids is presented in time domain. The aim of this the-

sis is to solve the Faraday’s and Ampère’s equations in time domain within

the discrete zero-divergence context for the electric and magnetic fields (or

Gauss’s law). The local conservation laws in Maxwell’s equations are also

numerically preserved all the time using proposed the explicit second-order

accurate symplectic partitioned Runge-Kutta temporal scheme. Following the

method of lines, the spatial derivative terms in the semi-discretized Faraday’s

and Ampère’s equations are then properly discretized to get a dispersively very

accurate solution. To achieve the goal of getting the best dispersive charac-

teristics, this centered scheme minimizes the difference between the exact and

numerical phase velocities with good rates of convergence are demonstrated

for the problem. The significant dispersion and anisotropy errors manifested

normally in finite difference time domain methods are therefore much re-

duced. The dual-preserving (symplecticity and dispersion relation equation)

wave solver is numerically demonstrated to be efficient for use to get in par-

ticular long-term accurate Maxwell’s solutions. The emphasis of this study

is also placed on the accurate modelling of EM waves in the dispersive media

of the Debye, Lorentz and Drude types. Through the computational exercises,

the proposed dual-preserving solver is computationally demonstrated to be ef-

ficient for use to predict the long-term accurate Maxwell’s solutions for the

media of frequency independent and dependent types.



KEY WORDS: Maxwell’s equations; staggered grids; dispersion relation equa-

tion; exact and numerical phase velocities; Debye; Lorentz; Drude
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E ���� (Electric field intensity) V/m

D �	
� (Electric flux density) C/m2

H ���� (Magnetic field intensity) A/m

B �	
� (Magnetic flux density) W/m2

J ��
� (Electric current density) A/m2

σ �� (Conductivity) S/m

ε0 ���������� (Permittivity of free space) F/m

εr ������ (Relative permittivity) �
µ0 ��������� (Permeability of free space) H/m

µr ����� (Relative permeability) �
λ �� (Wavelength) m

c �� (Speed of light in free space) m/s
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(d)��ÁT 850(4.25 fs); (e)��ÁT 1160(5.8 fs); (f) ��ÁT

1800(9 fs) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88
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� (∆t = 0.05337 fs)@ (a)��ÁT 575; (b)��ÁT 1075; (c)�

�ÁT 1750; (d)��ÁT 2325 . . . . . . . . . . . . . . . . . . . . . . 90

5.34 Q��ÁT 2325��ÌÍ	�tu (normalized frequency)T 0.353
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(b) 0.206 (c/a) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 91

5.35 Q��ÁT 2325}	�tu (normalized frequency)T 0.353 (c/a)�

(∆t = 0.05337 fs)�]��ÌÍ:9k (a) Present method; (b) Mekis

et al. [38] . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 92
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1.1 ��

1873��� !" (Maxwell)RwCW%m�(#*��CWr�-�].
/�ÙPQb���@�w�CW-�+CWr]��,:�P�«/���
�kï!f����¾./5*:;�����ñøCr³�}B���]�
���}�U Ï}Ir}úø}��!"}ÀtCW#�}CW$%¥¥@
CWr�#¢rss�³�>#&�À'(��fl'(��,�'¤�'(
9.úø�)¤��r��Ià9.s�³��#¢��s*+rs}'(À
,+-5VCWr³�����ÀtCW#�À.�/0VCWr��.¥�
1kïÀ��CWr��DÙá&�2æ�±Ê@Ãôrs�'(D�33

æG>$%01��(�@!�#¢rst�CWr�D@cè�&'CW�
(Computational Electromagnetics) 94�&'}&'�5ð Ï}�CW-
�¥PN�4�¢£�67�vT�82æ����Â��Ná�9:g�Û
�@

4�&' (Scientific Computing)�w�NvT�82æ����;<���
./ô4�}ª#}N=}>-¥f?���@æ�ä)¼A*BC�$�0
nDE#¢�,-ÚF�G>GQ:$%()�CiG&'�@9kÂHI�
�Fcè�$%()ø�¼ë#±¯]4�&':�2æ�JKL�@VôC
W-�+¾./���O*CW-�Tmn�G>�D�&' ÏTMN�Â
O/$%��3ef�fl()��NÛ�v�89P�./4�@�Q&'
�����;/ô&'CW��$%()ø�Tt�)]��)R�?@t�
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)@æÙt�Ù��� (Frequency Dependent Finite Difference, FDFD)()}S
	) (Moment Method, MoM)�Ù�TU) (Finite Element Method, FEM)¥F
_��)@æÙ��Ù��� (Finite Difference Time Domain, FDTD) ()}
��Ù�ð� (Finite Volume Time Domain, FVTD))}�����(# (Time

Domain Integral Equation, TDIE))@�]V()s���Ù��� (FDTD)(
)¼�lV�� !"(#DHIºK�\�$%()�;Wø*���X
%�Y�&'Ztà�[\%���Ï�]-'(^n���CW'¤Ó:
/0}f§gDM'qE�CW���VCW'¤���Ù¾v!�_ç��
vT]-f?qECW'¤���@æ()�`L©��YHÁCi5ðrs
t�ÙY�a�Û�]./w�@

1.2 ����

1966 � Yee [1] bAe�[��Ù��� (Finite Difference Time Domain,

FDTD)()�Â./ôCWr��&'�è�()@!:;c\�Û�]��
�./@��Ù��� (Finite Difference Time Domain, FDTD)()OºKÃ�
� !"H�(#�Û��>VC% E�W% H�f�	�g����Gd�
�e�4'(��+��� E (Ó H)%�	f¸Ù�� H (Ó E)%�	�r
g�è�C%]W%���(�<hT (Yee’s cell)@./]l4'(��iê�
��	��� !"H�(#j�T�D��:4'��(#�7ìk��Ô
lÁKHÀ�\g�CW%�è�()mnÀ`°[CWr³´�>#�*á
ô��]í&@� 1975� Taflove¥/ FDTD&':/0qE��orï¤�
��\�X%CW'¤�Âe�[$%�3���()@ Tafloveì 1988�p�
À��[ Yee'q�$%M'^�@

Q�Ã Yee3e�� Yee’s cellr/�01CWr�g�G�³´FT[�
Ù�&'Ñ�01ñ�g�s�CW���st�&'Ñ��uv®¯Gíî
�V®¯()�Å� FDTD()w�*��Vô�V®¯����º¼�x8
�@�@�V®¯()�ëñì 1969�Ã Taylor3e�:y%()��V®¯
()�ì�Â��À<d/� Mur�V®¯ (Absorbing Boundary Condition�
ABC) [2]�+�ôG±z 90�o3Û���£��� (Perfectly Matched Layer�
PML) [3,4]�¾�V�YkÛ�Û5@

×���Õy* FDTD()./ôM'qE�Â�HI[�	���@�
w� FDTDG/ôuvM'qE�ë;/�ÙY��V®¯()hT���£
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��� (Convolutional Perfect Match Layer, CPML) [5]@

3{M'qE�¼�qE�D	ÐÀtu��_Ù3���qE�;¼
|¦CWqEs��l@ÃôÅ7¯�}�µ�,E��~}�}�}��}
�<}�Í�}�,ðD�}¥4�ð}ÕªqE¥�¾CW�D]tuÙ
N�1��ôM'qE@×Ù�V,E���3tu�CWr«/t�Ï�p
Ú�M'��D��BrN���¥@×���Õy�����M'qE�[
\CW�D��±Û�Û��
��Û�Û��@]�(5¼cTÀáC� 
Ï�c\Û����¦��sCW��Û�Ûæ§ô�t��Zà��qE�
M'�DVCW���³�}'¤})¤¥��ÏÛ�Û�@×�(5�Àá
Õy#�Å7���vÀkï����vÀ���c_¸![�¦9����
1e�[�¦9�
����g�#�s3¸!��Í��C4�}¥4�ð
!"}9ód4  Ï¥��+M'qE@cè�RwM'qE[�CW�D
���()�V��}g�#�}�,C�4�}��}�<}�� Ï}À
E#�}ód4�¥�¦���Û�+./�Ù�k��2æ±Ê@

è^�� 1982 � Umashankar � Taflove d/ FDTD &'�U'¤u5
(RCS)�i&'Ñ���T»% /'¤%Ñ (Total field / Scatter field�TF/SF)�
ÈÉ�¼'¤&'sï¤ríî��l�áÙY�()@

1.3 ���	

�,-±Ê_��CWr³´IT:��]g�Ù�3�PND�+�t
u (Angular frequency)]r$ (Wave number)�NOF³�� FDTD()��
d/���� (+g�]��4'=T;=RS:s����� )�B�Ù��
¾36/�$%()],-±ÊG`7Âñ#E�J9�T[ �]V()�
,-±ÊG��$���¡¢*CWr:M'NOT()í&�£��i��
�]g�4'G�@ºK�J9�Â�/7BCDE���4'��g�G¤
�7ëIM'NOAè:�����g�4'�*LCWr³´IT���]
g�ÙáY�S�¥å9�¦�SA���01���Á>#s�Õ�@!
7,-±Ê�ëIM'NO\@

Å7¯s}�µ��,E�¾PVqC;$ (Relative permittivity)ÕÐÀ
tu_���cñ)ÃPVqC;$]tuñN:ÅÃg��� !"(#
D�\�1×��Ú[�	]-M'qE FDTD()�é§ Lubbers¥e��
RC-FDTD() [6]} Kelley¥d/C%��NøD×¨ÜÝ[ RC-FDTD()
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&'©�� PLRC-FDTD() [7]} Siushansian¥d/4'�ª,´	��×¨
*ÜÝ RC-FDTD()&'©�� TRC-FDTD() [8]}+��36/�«¬(
# ADE-FDTD() [9].

«¬(# ADE-FDTD�-¼it�tPVqC;$:§$ä�®w¯�
�°�N±-ì
j����*´²§$Ó³�I��,��Y9C%�
i
�� !"(#sI�G,��H�(#«4'�
*C}W%�eÀ&'�
*á@!À�����±�g� �CW%%@

1.4 ��
�

�w��Ù���)�¦k/ Yee3e�:����� (Yee’s cell)�\�
� !"(#D���GQÀ01CWr�IT@´�µ���Ù���()
¾��4']g�4'µ¼¶èvw�_�CWr³´�,-ITG���]
g�st¼PxNO�F°�:��tu]r$:��NO (*hTM'NO
(Dispersion relation))
æ<7ß�×¨�01>#s@

Uy*-·��� !"(#T£��XM�6/789. (symplectic-

ity)���4'()�*SA�$(#s3Q7Ù�BCDE�Â*�	BC
�L»¸O����¼¹�$BCDE@3^º»�ìM'qEs³��CW
r(#�H_]-M'qE3dv���C¼J (Polarization current density)@
Vôr³´:��]g��PxNO�Uy*M'NOAè (Dispersion relation

preserving)«T£��½ïÇ5rô(#�s�6@��]g��&'G�@
¾9�¿è*Û��7ëIM'NO�:�� !"(#�4'()�ÂjV
f§gD:P\�}]M'NOAèGä��±����ÂH�ÁÀiè�(
)./ôM'qEPN����\�ëì�Â./ô#¢����\@

1.5 ���

���À-·��� !"(#]M'NO(#��£�XM�Û���
7ëI$%M'NO�:�����g�4'()@bA�ô0��sqÁ
&'CWr�PNÂ�]Û�:�����*+������]��@��
0;�iDE�� !"(#D�Â½/������LMôñ�����
01@0��i�Q�� !"(#D:,-DE�*,- /$�ÕÃ:�
�4'�K��7M'NOAè:g���4'�@0��jV7M'NO�
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Aè:4'�HI$%M'NO*+f§gD:��F0¡�i3ÎÛ��:
g�4'�HI#�Oh*he¾øÄD]RSD@è^�i./NOhñ^
�#��\Å§ï¤Ç5r:£% /'í%¥#¢��@�lmn�M'qE
Debye}Lorentz}DrudeqE0n�CWr01*������·Æ �ëì�
�0¨�siä�9��Â�e©�ø�Û����@



���

����� -������� 

2.1 ��� /�� /���������

�� !"(#DOÃ)/03,}123,+� 3,3Dv@���t�
;yø*�Óp°v�t�123,})/03,p°��

∇× ~E = −∂ ~B

∂t
− ~Jm, (2.1.1)

∇× ~H =
∂ ~D

∂t
+ ~J, (2.1.2)

*+� 3,3Dv��Ç(#�

∇ · ~B = 0, (2.1.3)

∇ · ~D = ρ. (2.1.4)

GE(#Ds� ~H} ~E} ~B� ~D�ÓTW%�� (Magnetic field intensity)}C%
�� (Electrical field intensity)}W¦� (Magnetic displacement)�C¦� (Elec-

trical displacement)@� (2.1.2)] (2.1.1)s: ~J � ~Jm�ÓopC¼å� (Electric

current density)�W¼å� (Equivalent magnetic current density)@ì (2.1.4): ρ

opCÈå� (Electrical charge density)@�f§�D (Isotropic)�øDqEs

�$�t��.NO�

~D = ε ~E, ~B = µ ~H, ~J = σ ~E, ~Jm = σm
~H. (2.1.5)

G�s�ε� µ�Óp°qCO$ (Electric permittivity)�W�O$ (Magnetic

permeability)� σ � σm �ÓTC�u (Electric conductivity)�W�u (Equiva-

lent magnetic loss)( �ÓopqE�ÉÊ�WÉÊ )@��3K���� !
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"(#:4'()Ëì`�����]¼/�01CWrô�ÅqE (Simple

medium)s³��ÈÉ�3*opódDEO$��WO$ (Magnetic perme-

ability�µ)*+qCO$ (Electric conductivity�ε)i�T;$@RódDEO$
@æ�DEód:qCDE*+W�DXÕT�@¾s� ε = ε0 ·εr_ µ = µ0 ·µrF
RódDEO$Ì3[r:³�\� c(c ≡ 1/

√
εµ(≈ 3.0× 108m/s))

����i���C�ð (Perfectly electric conducting)�g�t�\GE
�(#��Í[WDód^�PVW�u (Relative magnetic permeability)*Î
íT µr = 1;VôÅÃg��PVqCO$ εr = 1�Vô��ód:qE�¾ εr

%�$ εr ≥ 1@

GE:ÏÐøn(#� (Hyperbolic equations) iôÙ�� �\:�1

uv,-g�@ôuv®¯ (truncated boundary)G�ÑÕÎíT���ð
(perfectly conducting)

~n× ~E = 0, (2.1.6)

~n · ~H = 0, (2.1.7)

¾s ~nop§^�Å¦)§	 (unit outward normal vector)@

2.2 ��� /�������� !

xGÄ3E:Îí��ñoX/0f§�D�ÅqEt:�� !"(#Dø
*ÜÒT

1
µ

(∇× ~E) = −∂ ~H

∂t
, (2.2.1)

1
ε
(∇× ~H) =

∂ ~E

∂t
, (2.2.2)

∇ · ~B = 0, (2.2.3)

∇ · ~D = 0. (2.2.4)

� (2.2.3-2.2.4)*+� (2.1.5)Â:B�Àvwô�� !"(#D [10]:^F+
� (2.2.3-2.2.4)ø�T�� !"(#D:�Ç()@i� (2.2.1)+ (2.2.2)RÓ
�Ó�'�'� (divergence operator)�ø@¢�� 3,O!êô)/03,
]123,:s@
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��4����s�ÑÕøºK�\ÏÐø:��(# (2.2.1-2.2.2)�+
ø@![�:C%]W%@Vô� (2.2.3-2.2.4) :ñ'�() (divergence-free

constraint conditions):�Ç�ÑÕiô#�OhsHI��@

�� !"(#Dø*�/Ô "Õ�ý�� (Hamiltonian dynamical sys-

tem)p°:
∂

∂t




~H

~E


 =


 0 −I

I 0





 δH / δ ~H

δH / δ ~E


 , (2.2.5)

¾s�Ô "Õ(# (Hamiltonian function�H)ø*t�p°: [11]

H( ~H, ~E) =
∫

Ω

1
2
(
1
ε

~H · ∇ × ~H +
1
µ

~E · ∇ × ~E) dΩ. (2.2.6)

�Q Kole ¥Õ [12] :���� (2.2.1-2.2.2) øÒv ∂
∂t

~ψ(t) = G ~ψ(t)�¾s
~ψ(t) ≡ (~m(t), ~n(t))T

(
= µ1/2 ~H(t), ε1/2 ~E(t)

)T
@GE: GSÖø*t�:ÂVhS

Ö (skew-symmetric matrix)p�: [12]

G =


 0 −µ−1/2 ∇× (ε−1/2)

ε−1/2 ∇× (µ−1/2) 0


 . (2.2.7)

�� !"(#DøÃ ∂ ~ψ(t) / ∂t = G ~ψ(t)p°:��èÑÕø@×(#:�\
~ψ(t) = exp

(
t G ~ψ (t = 0)

)
�¾s exp(t G)`°[�� !"(#D:\O��Ø

HÙ�$���@i§	 ~ψ�Ú�T ∫
Ω ε ~E · ~E + µ ~H · ~HdΩ�;]CW%:�	

å� (energy density�w(t))ÙºK:N¾�+

w(t) =
∫

Ω
ε ~E · ~E + µ ~H · ~H dΩ. (2.2.8)

� (2.2.8):�	å��ÐÀ��Ü�@Vô� (2.2.6)+ (2.2.8)À��Õ��:
DE�ÑÕøi¾«T#�Oh:/@
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2.3 "#$%

;Û�M'qE0né§ÜÝ0n (Debye model)}Þßà0n (Lorentz

model)�Üá0n (Drude)�;yÅ�qCO$�pU��t :

(1) DebyeqE

εr(ω) = ε∞ +
εs − ε∞
1 + Iωτ

+
σ

Iωε0
≡ ε∞ +

∆ε

1 + Iωτ
+

σ

Iωε0
(2.3.1)

(2) LorentzqE

εr(ω) = ε∞ +
∆ω2

p

ε2p + 2Iωδp − ω2
+

σ

Iωε0
(2.3.2)

(3) DrudeqE

εr(ω) = ε∞ +
ω2

p

Iωγp − ω2
+

σ

Iωε0
(2.3.3)

¾s�∆ε = εs − ε∞@εs Tâ\Ó&t��PVqCO$}ε∞ Tñã�tu��
PVqCO$} δp TäåO$}ωp TæE�Xçtu (Resonant frequency)}τ

T�»èé�� (Relaxation time)}X γp = 1/τ T�»èé���ê$@

7ß� (2.3.1-2.3.3)�� (2.1.2)123,H�(#/øp°T

∇× ~H = ε0ε∞
∂ ~E

∂t
+ σ ~E + ~Jd, (2.3.4)

¾s ~JdJTqE�M'��3½É���C¼J (Polarization current density)�
Vô��?n�M'qE�;y�Ó�$�t���«¬ëI�(#

~Jd + τ
∂ ~Jd

∂t
= ε0∆ε

∂ ~E

∂t
, (Debye) (2.3.5)

ω2
p
~Jd + 2δp

∂ ~Jd

∂t
+

∂2 ~Jd

∂t2
= ε0∆εω2

p

∂ ~E

∂t
, (Lorentz) (2.3.6)

γp
∂ ~Jd

∂t
+

∂2 ~Jd

∂t2
= ε0ω

2
p

∂ ~E

∂t
. (Drude) (2.3.7)

�M'qE� FDTD&'(5��w�3E�Ù´K�� (RC))}«¬(#
(ADE))}Z�°)}�NøD´K�� (PLRC)¥()@���M'qE�
��id/«¬(# (ADE))�ÂjVGE�mn�lM'qE«�p�K�
:@
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2.4 &'()*+,-.

�Å7¯s��µ�CWr��
æ�ñ��t01(�ìí!¾ë#�
,-�E�îôCi�ïðð�Ç�-�G�ø�HI/ñ�Ç�&'+ñò
�	�$Q@Qñ Yee3e�� FDTD()��&'Ñ��ÕTuv3���
$%�r��+�`Ú�]Ï��[ FDTD�ëñ�&¦�Û�&�Àóô�
º! 1981�Èõ4�ÿ G.Mure�[ Mur�V®¯() [2], 1994� Berenger

e�[��VY������� (Perfectly Matched Layer, PML)®¯() [3]�
�6@ FDTD()�öÛ�9��÷ý@�wTø��Û��$l PML()�
+ Gedney3e��Ô§����� (uniaxial PML, UPML) [13]� Abarbanel3
e��f§gD����� (anisotropic PML, APML) [14]¥()@��6/�
�V®¯T������� (convolution PML, CPML) [5]�¾_»T¼;Vôù
úr (evanescent waves)�7ÙÞ5��V�ý�è^û��ü�Z[ïðð�
ý/@Í[�VYk5:^�X7þGD�CPML�V®¯�£vwô FDTD

&'� �qE�ø*�äÿ��ÜÀ./!f§�D}f§gD}�V}M
'Ó¼:øDqE�&'s@cè�CMPL PVì UPML �V®¯�YG/
ô:ÅÃg�s��'¤�D���@�è�UyJ�[¾�	O$ (tensor

coefficient)sw �,� [15]

sw = κw +
σw

aw + jωε0
; w = x, y, z (2.4.1)

� 2.4.13DE�¼C$k�(§���g�§$�½ï��Æ� (stretched-

coordinate)j°NO

w̃ →
∫ w

0
sw(w

′
) dw

′
; w = x, y, z . (2.4.2)

G>®w¯j°NO�� =−1T®w¯��°'��3Ê

s̄w = =−1

(
1

κw + σw

)

=
δ(t)
κw

− σw

ε0κ2
w

exp

[
−

(
σw

ε0κw
+

aw

εw

)
t

]
u(t) ≡ δt

κw
+ ζw(t) (2.4.3)

( ¾s u(t) � δ(t) �Ó¼Å¦Á=§$ (Unit step function) ���§$ (Delta
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function))�ø@�� !"(#D���,� :

∂Dx

∂t
=

(
1
kx

∂Hz

∂y
− 1

kz

∂Hy

∂z
+ ζy ∗ ∂Hz

∂y
− ζz ∗ ∂Hy

∂z

)
,

∂Dy

∂t
=

(
1
kz

∂Hx

∂z
− 1

kx

∂Hz

∂x
+ ζz ∗ ∂Hx

∂z
− ζx ∗ ∂Hz

∂x

)
,

∂Dz

∂t
=

(
1
kx

∂Hy

∂x
− 1

ky

∂Hx

∂y
+ ζx ∗ ∂Hy

∂x
− ζy ∗ ∂Hx

∂y

)
, (2.4.4)

∂Bx

∂t
= −

(
1
kx

∂Ez

∂y
− 1

kz

∂Ey

∂z
+ ζy ∗ ∂Ez

∂y
− ζz ∗ ∂Ey

∂z

)
,

∂By

∂t
= −

(
1
kz

∂Ex

∂z
− 1

kx

∂Ez

∂x
+ ζz ∗ ∂Ex

∂z
− ζx ∗ ∂Ez

∂x

)
,

∂Bz

∂t
= −

(
1
kx

∂Ey

∂x
− 1

ky

∂Ex

∂y
+ ζx ∗ ∂Ey

∂x
− ζy ∗ ∂Ex

∂y

)
. (2.4.5)

� FDTDs CPML�V®¯ CW%��o&'øG> (2.4.4)� (2.4.5)�4'
�#Ú@&'@æ�ÑÒ¼4'�� ζw ∗ (∂v/∂w)#Ú�cTºKHI��&'
æùÊ�	�ïðð�&'��@G> Luebbers� Hunsberger3d/�´K�
� (RC) [6] Ï�ø*ÙY�\Ìè���@

3Ê� (2.4.3)s�� ζ(t)�4'�. Zw(m)T

Zw(m) =
∫ (m+1)∆t

m∆t
ζw(τ) dτ ≈ − σw

ε0κ2
w

∫ (m+1)∆t

m∆t
exp

[
−

(
σw

ε0κw
+

aw

ε0

)
τ

]
dτ (2.4.6)

= cwexp

[
−

(
σw

ε0κw
+

aw

ε0

)
m∆t

]
(2.4.7)

¾s

cw =
σw

σwκw + κ2
waw

[
exp

(
−

(
σw

ε0κw
+

aw

ε0

)
∆t

)
− 1

]
(2.4.8)

� (2.4.4)s ζw � ∂Hv/∂w)��4',�ø*×¨v

ψw,v(n) = ζw(t) ∗ ∂

∂w
Hv(t)|t=n∆t ≈

n−1∑

m=0

Zw(m)
∂

∂w
Hv(n−m) (2.4.9)

Ã� (2.4.9)øÙ��&' n∆t���4'�� ψ 
N nA��)�Z)�]�
#¢�&'siB2À��&'\�@ Luebbers� Hunsbergeri� (2.4.9)ÒT
*t�´K,� :

ψw,v(n) = bwψw,v(n− 1) + cw
∂

∂w
Hv(n) (2.4.10)
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¾s�cw �� (2.4.8)�bw T

bw = exp

[
−

(
σw

ε0κw
+

aw

ε0

)
∆t

]
. (2.4.11)

�è���� (2.4.10)s� ψw,vø*G>�Å����r�o�#Ú./ CPML

�V®¯:/@ëì�Uyi ζw � ∂Hv/∂w���4'Ã ψw,v(n)�_o:�Â
º»���ódM'qE:�D./�ø@!�t7 CPML�V®¯�:��
 !"(#D���,� :

∂Ex

∂t
=

1
ε0εr

(
1
ky

∂Hz

∂y
− 1

kz

∂Hy

∂z
− Jd,x + ψEx,y − ψEx,z

)
,

∂Ey

∂t
=

1
ε0εr

(
1
kz

∂Hx

∂z
− 1

kx

∂Hz

∂x
− Jd,y + ψEy,z − ψEy,x

)
,

∂Ez

∂t
=

1
ε0εr

(
1
kx

∂Hy

∂x
− 1

ky

∂Hx

∂y
− Jd,z + ψEz,x − ψEz,y

)
, (2.4.12)

∂Hx

∂t
= − 1

µ0µr

(
1
ky

∂Ez

∂y
− 1

kz

∂Ey

∂z
+ ψHx,y − ψHx,z

)
,

∂Hy

∂t
= − 1

µ0µr

(
1
kz

∂Ex

∂z
− 1

kx

∂Ez

∂x
+ ψHy,z − ψHy,x

)
,

∂Hz

∂t
= − 1

µ0µr

(
1
kx

∂Ey

∂x
− 1

ky

∂Ex

∂y
+ ψHz,x − ψHz,y

)
. (2.4.13)

¾s

ψn
Ex,y

= by · ψn−1
Ex,y

+ cy · ∂Hn
z

∂y
, ψn

Ex,z
= bz · ψn−1

Ex,z
+ cz ·

∂Hn
y

∂z
,

ψn
Ey,x

= bx · ψn−1
Ey,x

+ cx · ∂Hn
z

∂x
, ψn

Ey,z
= bz · ψn−1

Ey,z
+ cz · ∂Hn

x

∂z
,

ψn
Ez,x

= bx · ψn−1
Ez,x

+ cx ·
∂Hn

y

∂x
, ψn

Ez,y
= by · ψn−1

Ez,y
+ cy · ∂Hn

x

∂y
,

ψ
n+ 1

2
Hx,y

= by · ψn− 1
2

Hx,y
+ cy · ∂E

n+ 1
2

z

∂y
, ψ

n+ 1
2

Hx,z
= bz · ψn− 1

2
Hx,z

+ cz · ∂E
n+ 1

2
y

∂z
,

ψ
n+ 1

2
Hy,x

= bx · ψn− 1
2

Hy,x
+ cx · ∂E

n+ 1
2

z

∂x
, ψ

n+ 1
2

Hy,z
= bz · ψn− 1

2
Hy,z

+ cz · ∂E
n+ 1

2
x

∂z
,

ψ
n+ 1

2
Hz,x

= bx · ψn− 1
2

Hz,x
+ cx · ∂E

n+ 1
2

y

∂x
, ψ

n+ 1
2

Hz,y
= by · ψn− 1

2
Hz,y

+ cy · ∂E
n+ 1

2
x

∂y
.

(2.4.14)

� (2.4.14)s3E: bw + cw(w = x or y)�øp°v :

bw = e

�
−
�

σw
ε0kw

+aw
ε0

�
∆t
�
; cw =

σw

σwkw + k2
waw

(
e

�
−
�

σw
ε0kw

+aw
ε0

�
∆t
�
− 1

)
. (2.4.15)
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¾s

σw = σw,max

(
d− w

d

)m

,

aw = aw,max

(
d− w

d

)ma

; 0 ≤ w ≤ d,

kw = 1 + (kw,max − 1) ·
(

d− w

d

)m

. (2.4.16)

� 2.4.16s� dop CPMLl��_ σmax:�Ðø*t�&':

σw,max =
0.8(m + 1)
η0∆

√
εrµr

, (2.4.17)

¾s η0 =
√

µ0/ε0Tëgs�rä	@

² 2.1T CPML:°±²��/² 2.2�e[*-·�� !"(#T£�
XM�Âº»���ódM'qE�D./ CPML�XM²@��Í[#ÊÅ
Ãg� (εr = 1)CWr³´���^��ÓjV�lmnM'qEód:CWr
³´���1è�� εr Ãñã�tu��PVqCO$ ε∞Jï�T��ódD
E�HI�3tà·¸tCWr³´�7���,-�D@�Q [16]UyJ�
[�lM'qE:qCO$Àtu��:$ (
² 2.3-2.43° )�Â���
�ÈÉt¸O¾�VYk@

� FDTD&'s�g�4'��T ∆x = ∆y = ∆z = 8.565E − 004�+��r
b 7 20��»���:4'�� ∆t = ∆x/5c@íî�t:� ro

Gaussian pulse = cos(2πft) e

�
− 4π(t−t0)2

d2

�

(2.4.18)

¾ d=200dt] t0 = 6/f@×í3:� ro:s�tuT 17.5GHz�Xtà·
¸ô 5GHz∼30GHz:��+�lM'qE«/:·¸�(�² 2.53° )@&'
g� 90×90×90T����Xroîôs���V®¯l�T 10∆x�ÂjVÇ
5®¯» P}�¼®¯» Q*+�½®¯» R«TÂ¤C% Ez �L¿» (�
² 2.6-2.73° )�¸O�VYk��² 2.8-2.9éê[ÅÃg�}DebyeqE}
LorentzqE] DrudeqE��V®¯�Â¤�É@



2.4 #$%&'()*+ 14

� 2.1: CPML !"#$%&'(�)

� 2.2:*+���,-.�/�01234�56789�� (:�'& )&'(�)
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Frequency (Hz)

R
ea

lp
ar

to
fε

r

5E+09 1E+10 1.5E+10 2E+10 2.5E+10 3E+10

-8

-6

-4

-2

0

2

4

6

8

Eps_re Debye
Eps_re Lorentz
Eps_re Drude

� 2.3:;<-.�/&�������=>)

Frequency (Hz)

Im
ag

in
ar

y
pa

rt
of

ε r

5E+09 1E+10 1.5E+10 2E+10 2.5E+10 3E+10

-8

-6

-4

-2

0

2

4

6

8

Eps_im Debye
Eps_im Drude
Eps_im Lorentz

� 2.4:;<-.�/&�������?>)
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Time(s)

E
z(

t)

5E-10 1E-09 1.5E-09 2E-09 2.5E-09
-1

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

1

(a)

f/Hz

|E
z(

f)
|

5E+09 1E+10 1.5E+10 2E+10 2.5E+10 3E+10

-0.01

0

0.01

0.02

0.03

0.04 Center frequency = 17.5 GHz
Band width = 5E09 ~ 30E09 GHz

(b)

� 2.5:: 17.5GHz@�AB�7BCDEF 5GHz∼30GHz&GH�I) (a)JK�'
� (x=400∆x, t=0∼450∆t); (b)BK�'�
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� 2.6:,LM"#N POPQN Q:7PRN RS;T CPML !"#&'(�)

� 2.7:UTVW2:LM"#N P7PQN QX@YZN2[\F-.7]-.�/
�'(�)
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Time step

R
ef

le
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w
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e
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d
e

0 1000 2000 3000 4000 5000
10-25

10-20

10-15

10-10

10-5

100

Point P for Vacuum
Point Q for Vacuum
Point R for Vacuum

(a)

Time step

R
ef

le
ct

iv
e

w
av

e
am

pl
itu

d
e

0 1000 2000 3000 4000 5000
10-25

10-20

10-15

10-10

10-5

100

Point P for Debye medium
Point Q for Debye medium
Point R for Debye medium

(b)

� 2.8:;T CPML^J�_`a !"#bc�de) (a)����� ; (b) Debye�
/�
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Time step

R
ef

le
ct

iv
e

w
av

e
am

pl
itu

d
e

0 1000 2000 3000 4000 5000
10-25

10-20

10-15

10-10

10-5

100

Point P for Lorentz medium
Point Q for Lorentz medium
Point R for Lorentz medium

(a)

Time step

R
ef

le
ct

iv
e

w
av

e
am

pl
itu

d
e

0 1000 2000 3000 4000 5000
10-25

10-20

10-15

10-10

10-5

100

Point P for Drude medium
Point Q for Drude medium
Point R for Drude medium

(b)

� 2.9:;T CPML^J�_`a !"#bc�de) (a) Lorentz�/� ; (b) Drude

�/�



�!�

"#�$

CWr���$%()@æø�T���t�R�?�t�)é§ÙS	
) (Moment method, MoM)}Ù�TU) (Finite element method, FEM)¥F�
�)é§Ù��Ù���) (Finite difference time domain, FDTD)}����(
#) (Time domain integral equation, TDIE)¥@����Q��-� (difference

theory)��/�<$�Î� (Taylor series)DEr³IT:I�(#j°v�
�(#@&'Ñ�i��vÙ����»�7ìô��»GV��(#HI4
']&'@

3.1 FDTD�/01234

FDTD(finite difference time domain) @æi�� !"(#��I�(#
��*Ù��� (finite difference)�,��Î�7ì����� (time domain)s
p°@T[½É�sæ::,-D�^� (��AJ��3dv��� )�ÑÕ
½/������ä&'@1966��K. S. YeebAÛp* FDTD)\�g�s
CW%���� [17]�e� E}H%�	��Ä»
g����Gd��e�
����� E(Ó H)%�	f¸Ù�� H(Ó E)%�	rg�² 3.1�² (a)p
° Yee’s cell���������./]l��4'(����À&'C%�W
%@

��öÆ�t�ì-·qE�()t�7ßño:�� !"(#� (2.2.1-
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2.2.2)@ÑÕøi123,+)/03,:H�(#�Îv

∂Ex

∂t
=

1
ε

(
∂Hz

∂y
− ∂Hy

∂z

)

∂Ey

∂t
=

1
ε

(
∂Hx

∂z
− ∂Hz

∂x

)

∂Ez

∂t
=

1
ε

(
∂Hy

∂x
− ∂Hx

∂y

)

∂Hx

∂t
=

1
µ

(
∂Ey

∂z
− ∂Ez

∂y

)
(3.1.1)

∂Hy

∂t
=

1
µ

(
∂Ez

∂x
− ∂Ex

∂z

)

∂Hz

∂t
=

1
µ

(
∂Ex

∂y
− ∂Ey

∂x

)

Ã� (3.1.1)ø¢��� !"(#�ø*Ñ�T�§C%�� (transverse

electric polarization�TE mode)�?Ó�¾(#Ã (Ex, Ey, Hz)3Dv

∂Ex

∂t
=

1
ε

∂Hz

∂y

∂Ey

∂t
= −1

ε

∂Hz

∂x
(3.1.2)

∂Hz

∂t
=

1
µ

(
∂Ey

∂x
− ∂Ex

∂y
)

��À�Ã (3.1.1):(#D*ø@�§W%�� (transverse magnetic polariza-

tion�TM mode)����¾(#Ã (Hx, Hy, Ez)3Dv

∂Hx

∂t
= − 1

µ

∂Ez

∂y

∂Hy

∂t
=

1
µ

∂Ez

∂x
(3.1.3)

∂Ez

∂t
=

1
ε

(
∂Hx

∂y
− ∂Hy

∂x
)
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(3.1.1):�� !"(#Dø*±-v§	(#�p°� ∂~φ/∂t = ~f�¾s

~φ = (Ex, Ey, Ez, Hx, Hy, Hz)
T (3.1.4)

~f =




1
ε

(
∂Hz
∂y − ∂Hy

∂z

)

1
ε

(
∂Hx
∂z − ∂Hz

∂x

)

1
ε

(
∂Hy

∂x − ∂Hx
∂y

)

1
µ

(
∂Ey

∂z − ∂Ez
∂y

)

1
µ

(
∂Ez
∂x − ∂Ex

∂z

)

1
µ

(
∂Ex
∂y − ∂Ey

∂x

)




(3.1.5)

T[e�$%:RSD�ÑÕ½/7»T Hy|i,j,k+ 1
2
� Hx|i,j,k+ 1

2
��f�

»%�4'���¾s a1 ∼ a3 T�3:O$��/�± a1 ∼ a3 %��Ð��
ab^��6¾ø*@!Í5��Ç [18, 19]@
² 3.1�² (b)�∂Hy

∂x |i,j,k+ 1
2
�

∂Hx
∂y |i,j,k+ 1

2
����Ð (mesh size) dx}dy4't�ø×¨v{

∂Hy

∂x
|i,j,k+ 1

2
=

1
dx

[
a1

(
Hy|i+ 5

2
,j,k+ 1

2
−Hy|i− 5

2
,j,k+ 1

2

)
+ a2

(
Hy|i+ 3

2
,j,k+ 1

2
−Hy|i− 3

2
,j,k+ 1

2

)

+ a3

(
Hy|i+ 1

2
,j,k+ 1

2
−Hy|i− 1

2
,j,k+ 1

2

) ]
(3.1.6)

∂Hx

∂y
|i,j,k+ 1

2
=

1
dy

[
a1

(
Hx|i,j+ 5

2
,k+ 1

2
−Hx|i,j− 5

2
,k+ 1

2

)
+ a2

(
Hx|i,j+ 3

2
,k+ 1

2
−Hy|i,j− 3

2
,k+ 1

2

)

+ a3

(
Hx|i,j+ 1

2
,k+ 1

2
−Hx|i,j− 1

2
,k+ 1

2

)]
(3.1.7)

T[6�AI�J:�\Y~,-±Ê�stiCWr³´>#s��
�]g�G�@¾9�1ÑÕi�/��Î��ÂG>0;?n:��
(# (Modified equation of second kind) *+M'NOAè (Dispersion relation

preserving, DRP)�LM�*L�@7ëIM'NOAè4'(#:O$@

3.2 5678� PRK9:;#

�� !"(#�ECWrôg����:³��;yst�$Ô "Õ
9. (Hamiltonian structure)�DE [20,21]@ô [22,23]¥��s��e[�æ@
!7Ô "Õ�DE�1
½ï789. (symplectic):�����(�Ì©½
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ï:����@!ÍI:-�BCDE@���i6/789.DE:��4
'��@���4'@*Aè89.DE��ÑÕ*7ß½ï�Aèg�4
':M'DE@

����4'�>#s3d/�£�LM�¼ ø�ÀÜÝÓZ[$%M
'NO(#]#\M'NO(#:��^�@°�:�ôr$g�:t�iº
K��$%�tu ωnum] x}y+ z(§:r$NO�Â6$%:M'NO�@
* ø�ÀÖ×#\:M'NO�@

ô�öÆ�G�ì-·qEs:ño�� !"(#D (2.2.1-2.2.2)�ò�
�t�Ô "ÕNO��

∂E

∂t
=

∂H

∂H

∂H

∂t
= −∂H

∂E
(3.2.1)

¾s�Ô "Õ�� H øÒv�t��4��

H(p, q) = T (p) + V (q)

dp

dt
= −∂H

∂q
= −V (q)

dq

dq

dt
=

∂H

∂p
=

T (p)
dp

T[Aè�����ÁØH>#sÕ7ëI:M'NO�ÑÕ6/`�
(explicit):����FVô7�49.:Ô "Õ��:��ØH�ø*6/
`�789.����� (explicit symplectic time integrator) [24]@����4
'6/;< (two-stage);=RS (second-order accurate):`�789.:�4
Runge-Kutta() (explicit symplectic partitioned Runge-Kutta method)�+

Q0 = qn

P1 = pn

Q1 = Q0 +
1
2
∆t

∂T

∂p
(P1)

P2 = P1 −∆t
∂V

∂q
(Q1, tn+ 1

2
)

Q2 = Q1 +
1
2
∆t

∂T

∂p
(P2)

qn+1 = Q2

pn+1 = P2
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¾s� p}qop#¢:4'%�G� n+ n + 1op��ÁF P}Qop!ò»
:%�t� 1+ 2op<$@

�ño+�ÅqE�Îít����� !"(#Døp°v�t:÷4
'� (semi-discretization)

Hn+1/2 = Hn − dt

2µ
∇× En (3.2.2a)

En+1 = En +
dt

ε
∇×Hn+1/2 (3.2.2b)

Hn+1 = Hn+1/2 − dt

2µ
∇× En+1 (3.2.2c)

���i*èTmn�ô�Ä 3.3sK����� !":0;?��(#�
(Modified equation of second kind)@

3.3 <:;#�����

��Äi�g�4'�� (3.1.6-3.1.7) *+789.:��`°4'��
(explicit symplectic partitioned Runge-Kutta)mnt��/0;?��(#:�
� (Modified equation of second kind analysis)*K��g�4':(#�

bA�i� (3.2.2c)��K����Á�ø@ Hn = Hn−1/2 − dt
2µ∇ × En@

iGE(#oï� (3.2.2a)�ø@ Hn+1/2 = Hn−1/2 − dt
µ∇ × En@��À�i�

(3.2.2b)�K÷���Á�ø@ En+1/2 = En−1/2 + dt
ε ∇×Hn@cè�ÑÕøi1

23,���Æ�tÒ��t� z}x� y���	p°�

Ez|n+1/2

i,j,k+ 1
2

= Ez|n−1/2

i,j,k+ 1
2

+
dt

ε

(
∂Hy

∂x
|n
i,j,k+ 1

2
− ∂Hx

∂y
|n
i,j,k+ 1

2

)
, (3.3.1a)

Ex|n+1/2

i,j,k+ 1
2

= Ex|n−1/2

i,j,k+ 1
2

+
dt

ε

(
∂Hz

∂y
|n
i,j,k+ 1

2

− ∂Hy

∂z
|n
i,j,k+ 1

2

)
, (3.3.1b)

Ey|n+1/2

i,j,k+ 1
2

= Ey|n−1/2

i,j,k+ 1
2

+
dt

ε

(
∂Hx

∂z
|n
i,j,k+ 1

2

− ∂Hz

∂x
|n
i,j,k+ 1

2

)
. (3.3.1c)

ÑÕ� z (§:123,�	 (3.3.1a)�jVg�JAx 3.1Ä3K��:4'
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��"«ô������ (3.1.6-3.1.7)s�ø@

Ez|n+1/2

i,j,k+ 1
2

= Ez|n−1/2

i,j,k+ 1
2

+
dt

ε

1
dx

[
a1(Hy|ni+ 5

2
,j,k+ 1

2

−Hy|ni− 5
2
,j,k+ 1

2

) + a2(Hy|ni+ 3
2
,j,k+ 1

2

−Hy|ni− 3
2
,j,k+ 1

2

)

+ a3(Hy|ni+ 1
2
,j,k+ 1

2

−Hy|ni− 1
2
,j,k+ 1

2

)

]
− dt

ε

1
dy

[
a1(Hx|ni,j+ 5

2
,k+ 1

2

−Hx|ni,j− 5
2
,k+ 1

2

)

+ a2(Hx|ni,j+ 3
2
,k+ 1

2

−Hx|ni,j− 3
2
,k+ 1

2

) + a3(Hx|ni,j+ 1
2
,k+ 1

2

−Hx|ni,j− 1
2
,k+ 1

2

)

]
. (3.3.2)

�/�<$ (Taylor series)i� (3.3.2)s�JAEz|n±1/2

i,j,k+ 1
2

�Hy|ni± 5
2
,j,k+ 1

2

�Hy|ni± 3
2
,j,k+ 1

2

�
Hy|ni± 1

2
,j,k+ 1

2

�Hx|ni,j± 5
2
,k+ 1

2

�Hx|ni,j± 3
2
,k+ 1

2

�Hx|ni,j± 1
2
,k+ 1

2

V�� n+g� i, j, k»�Î
:�ø@

Ez|n±1/2

i,j,k+ 1
2

= Ez|ni,j,k+ 1
2

± 1
2
∆t

∂Ez

∂t
|n
i,j,k+ 1

2

+
1
8
∆t2

∂2Ez

∂t2
|n
i,j,k+ 1

2

± 1
48

∆t3
∂3Ez

∂t3
|n
i,j,k+ 1

2

+ ...

Hy|ni± 5
2
,j,k+ 1

2
= Hy|ni,j,k+ 1

2
± 5

2
∆x

∂Hy

∂x
|n
i,j,k+ 1

2
+

25
8

∆x2 ∂2Hy

∂x2
|n
i,j,k+ 1

2
± 125

48
∆x3 ∂3Hy

∂x3
|n
i,j,k+ 1

2
+ ...

Hy|ni± 3
2
,j,k+ 1

2

= Hy|ni,j,k+ 1
2

± 3
2
∆x

∂Hy

∂x
|n
i,j,k+ 1

2

+
9
8
∆x2 ∂2Hy

∂x2
|n
i,j,k+ 1

2

± 9
16

∆x3 ∂3Hy

∂x3
|n
i,j,k+ 1

2

+ ...

Hy|ni± 1
2
,j,k+ 1

2

= Hy|ni,j,k+ 1
2

± 1
2
∆x

∂Hy

∂x
|n
i,j,k+ 1

2

+
1
8
∆x2 ∂2Hy

∂x2
|n
i,j,k+ 1

2

± 1
48

∆x3 ∂3Hy

∂x3
|n
i,j,k+ 1

2

+ ...

Hx|ni,j± 5
2
,k+ 1

2
= Hx|ni,j,k+ 1

2
± 5

2
∆y

∂Hx

∂y
|n
i,j,k+ 1

2
+

25
8

∆y2 ∂2Hx

∂y2
|n
i,j,k+ 1

2
± 125

48
∆y3 ∂3Hx

∂y3
|n
i,j,k+ 1

2
+ ...

Hx|ni,j± 3
2
,k+ 1

2

= Hx|ni,j,k+ 1
2

± 3
2
∆y

∂Hx

∂y
|n
i,j,k+ 1

2

+
9
8
∆y2 ∂2Hx

∂y2
|n
i,j,k+ 1

2

± 9
16

∆y3 ∂3Hx

∂y3
|n
i,j,k+ 1

2

+ ...

Hx|ni,j± 1
2
,k+ 1

2
= Hx|ni,j,k+ 1

2
± 1

2
∆y

∂Hx

∂y
|n
i,j,k+ 1

2
+

1
8
∆y2 ∂2Hx

∂y2
|n
i,j,k+ 1

2
± 1

48
∆y3 ∂3Hx

∂y3
|n
i,j,k+ 1

2
+ ...

NÃ4'ì�i*G��Î:�<$oï� (3.3.2)�N>±-ìø@

∂Ez

∂t
|n
i,j,k+ 1

2
+

dt2

24
∂3Ez

∂t3
|n
i,j,k+ 1

2
+

dt4

1920
∂5Ez

∂t5
|n
i,j,k+ 1

2
+

dt6

322560
∂7Ez

∂t7
|n
i,j,k+ 1

2
+ ... =

1
ε

[
(5a1 + 3a2 + a3)

∂Hy

∂x
|n
i,j,k+ 1

2

+
(

125
24

a1 +
9
8
a2 +

1
24

a3

)
dx2 ∂3Hy

∂x3
|n
i,j,k+ 1

2

+
(

625
384

a1 +
81
640

a2 +
1

1920
a3

)
dx4 ∂5Hy

∂x5
|n
i,j,k+ 1

2

+
(

15625
64512

a1 +
243

35840
a2 +

1
322560

a3

)
dx6 ∂7Hy

∂x7
|n
i,j,k+ 1

2

+ ...

]
− 1

ε

[
(5a1 + 3a2 + a3)

∂Hx

∂y
|n
i,j,k+ 1

2
+

(
125
24

a1 +
9
8
a2 +

1
24

a3

)
dy2 ∂3Hx

∂y3
|n
i,j,k+ 1

2

+
(

625
384

a1 +
81
640

a2 +
1

1920
a3

)
dy4 ∂5Hx

∂y5
|n
i,j,k+ 1

2

+
(

15625
64512

a1 +
243

35840
a2 +

1
322560

a3

)
dx6 ∂7Hy

∂x7
|n
i,j,k+ 1

2

+ ...

]
. (3.3.3)

� (3.3.3)s:�=��I�J ∂3Ez
∂t3

|n
i,j,k+ 1

2

�∂5Ez
∂t5

|n
i,j,k+ 1

2

�∂7Ez
∂t7

|n
i,j,k+ 1

2

�NÃ�
� !"(#DøK���C%ÓW%�r�(#� (wave equation)��/
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�<$�Î�øiGE:�=��I�Jj°Tg�I�J�T*t�� :

∂3Ez

∂t3
|n
i,j,k+ 1

2
=

1
ε2µ

[
(5a1 + 3a2 + a3)

∂3Hy

∂x3
|n
i,j,k+ 1

2

+
(

125
24

a1 +
9
8
a2 +

1
24

a3

)
dx2 ∂5Hy

∂x5
|n
i,j,k+ 1

2

+
(

625
384

a1 +
81
640

a2 +
1

1920
a3

)
dx4 ∂7Hy

∂x7
|n
i,j,k+ 1

2

+ ...

]

− 1
ε2µ

[
(5a1 + 3a2 + a3)

∂3Hx

∂y3
|n
i,j,k+ 1

2
+

(
125
24

a1 +
9
8
a2 +

1
24

a3

)
dy2 ∂5Hx

∂y5
|n
i,j,k+ 1

2

+
(

625
384

a1 +
81
640

a2 +
1

1920
a3

)
dy4 ∂7Hx

∂y7
|n
i,j,k+ 1

2

+ ...

]

∂5Ez

∂t5
|n
i,j,k+ 1

2

=

1
ε3µ2

[
(5a1 + 3a2 + a3)

∂5Hy

∂x5
|n
i,j,k+ 1

2
+

(
125
24

a1 +
9
8
a2 +

1
24

a3

)
dx2 ∂7Hy

∂x7
|n
i,j,k+ 1

2

+
(

625
384

a1 +
81
640

a2 +
1

1920
a3

)
dx4 ∂9Hy

∂x9
|n
i,j,k+ 1

2

+ ...

]

− 1
ε3µ2

[
(5a1 + 3a2 + a3)

∂5Hx

∂y5
|n
i,j,k+ 1

2
+

(
125
24

a1 +
9
8
a2 +

1
24

a3

)
dy2 ∂7Hx

∂y7
|n
i,j,k+ 1

2

+
(

625
384

a1 +
81
640

a2 +
1

1920
a3

)
dy4 ∂9Hx

∂y9
|n
i,j,k+ 1

2

+ ...

]

∂7Ez

∂t7
|n
i,j,k+ 1

2

=

1
ε4µ3

[
(5a1 + 3a2 + a3)

∂7Hy

∂x7
|n
i,j,k+ 1

2
+

(
125
24

a1 +
9
8
a2 +

1
24

a3

)
dx2 ∂9Hy

∂x9
|n
i,j,k+ 1

2

+
(

625
384

a1 +
81
640

a2 +
1

1920
a3

)
dx4 ∂11Hy

∂x11
|n
i,j,k+ 1

2

+ ...

]

− 1
ε4µ3

[
(5a1 + 3a2 + a3)

∂7Hx

∂y7
|n
i,j,k+ 1

2

+
(

125
24

a1 +
9
8
a2 +

1
24

a3

)
dy2 ∂9Hx

∂y9
|n
i,j,k+ 1

2

+
(

625
384

a1 +
81
640

a2 +
1

1920
a3

)
dy4 ∂11Hx

∂y11
|n
i,j,k+ 1

2
+ ...

]
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3@�o°9k�t

∂Ez

∂t
|n
i,j,k+ 1

2
=

1
ε

[
(5a1 + 3a2 + a3)

∂Hy

∂x
|n
i,j,k+ 1

2

+
(

125
24

a1 +
9
8
a2 +

1
24

a3 − Cr2
x

24
(5a1 + 3a2 + a3)

)
dx2 ∂3Hy

∂x3
|n
i,j,k+ 1

2

+
(

625
384

a1 +
81
640

a2 +
1

1920
a3 − Cr2

x

24

(
125
24

a1 +
9
8
a2 +

1
24

a3

)
− Cr4

x

1920
(5a1 + 3a2 + a3)

)
dx4 ∂5Hy

∂x5
|n
i,j,k+ 1

2

+ ...

]

− 1
ε

[
(5a1 + 3a2 + a3)

∂Hx

∂y
|n
i,j,k+ 1

2
+

(
125
24

a1 +
9
8
a2 +

1
24

a3 −
Cr2

y

24
(5a1 + 3a2 + a3)

)
dx2 ∂3Hx

∂y3
|n
i,j,k+ 1

2

+

(
625
384

a1 +
81
640

a2 +
1

1920
a3 −

Cr2
y

24

(
125
24

a1 +
9
8
a2 +

1
24

a3

)
− Cr4

y

1920
(5a1 + 3a2 + a3)

)
dy4 ∂5Hx

∂y5
|n
i,j,k+ 1

2

+ ...

]
. (3.3.4)

Ká��� (3.3.4)�$(# ∂Ez
∂t = 1

ε

(
∂Hy

∂x − ∂Hx
∂y

)
��è+øK�����È

Ét�R(o$(#

5a1 + 3a2 + a3 = 1 (3.3.5)

125
24

a1 +
9
8
a2 +

1
24

a3 − Cr2
x

24
(5a1 + 3a2 + a3) = 0

or

125
24

a1 +
9
8
a2 +

1
24

a3 −
Cr2

y

24
(5a1 + 3a2 + a3) = 0 (3.3.6)

¾s Crx ≡ c∆t
∆x�Cry ≡ c∆t

∆y T@�(#�:ñcA$@G>¾Ò(§�	:1
23,� ((3.3.1b)-(3.3.1c)),��À�K���GE:o$(#D@è��?ò
[�(o$(#��(@*�\��©¢$@

ëì�((#��K��O½ïÇ5r�XM�*K��$%M'NO(
#� (Dispersion relation equation)@i&'����}g��ÁÀ�ït�s�
�tu]r$�*e���Vr$�Aè�ý�
² 3.2@Nôr�(#4'
�*+M'NO��iôt��ÄHIÊ�@
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(a)

(b)

� 3.1: (a)fgh&ijklm (b),fgijkl�&n>oN'(�7pq�)

t

x

(a)

ω

κ

(b)

� 3.2: (a)J�r��stk&'(� ; (b)PB�r��stk&'(�



�%�

&'()*+,-.(�$/01

��i�è�Äs½ïì0��3K�:�� (3.1.6-3.1.7)�jVr�(#
� (Wave equation)±-���4'�@Vô7M'NO�4'(# (Dispersion

relation equation, DRE)�½ïÇ5r�XM�øi��� (time) V.g�
(space):Æ���j°T�tu (Angular frequency)V.r$ (Wavenumber)�
Æ����6@��]g��&'G@*�@Y¥å�¾9@T[#$$%M
'^� (dispersion error)�÷����i�ïø*©SDEP\��XM�H_
�@7ëIM'NOAè�4'(#�*e�g�4'��Vr$�AèD�
ÂXV��(#3dv��3D}M'^�*+f§gDä��@

4.1 =><:;#?@

G>ñoX/0f§�D�ÅqEt:�� !"(#D (2.2.1-2.2.2)�ø
K���t�;=I�,��r�(#�

1
c2

∂2φ

∂t2
= ∇2φ (4.1.1)

¾s cTr:³�\�@φøÿ±o°TC% ~EÓW% ~H@7ß��ÈÉt:r
�(#��;���Æ�tø�ÎT

1
c2

∂2φ

∂t2
=

∂2φ

∂x2
+

∂2φ

∂y2
+

∂2φ

∂z2
(4.1.2)

oïÇ5r�\ φ = φ0e
−I(ωt−kxx−kyy−kzz)ô� (4.1.2)�ø@#\�M'NO�

ω2
exact = c2

(
k2

x + k2
y + k2

z

)
(4.1.3)
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T[T��]g��@Y¥å�¾9��4'>#s½ïÇ5r�X
M@i��4'»:j°� φ|ni = φ0e

−I(ωnumn∆t−kxi∆x−kyi∆y−kzi∆z)�oï��3
K�����4'�� ∂φ

∂t |ni = φ|n+1/2
i −φ|n−1/2

i
∆t �g�4'��øÒv ∂φ

∂x |ni,j,k =

1
∆x

[
a1

(
φ|n

i+ 5
2
,j,k

− φ|n
i− 5

2
,j,k

)
+a2

(
φ|n

i+ 3
2
,j,k

− φ|n
i− 3

2
,j,k

)
+a3

(
φ|n

i+ 1
2
,j,k

− φ|n
i− 1

2
,j,k

) ]
}∂φ

∂y |ni,j,k =

1
∆y

[
a1

(
φ|n

i,j+ 5
2
,k
− φ|n

i,j− 5
2
,k

)
+a2

(
φ|n

i,j+ 3
2
,k
− φ|n

i,j− 3
2
,k

)
+a3

(
φ|n

i,j+ 1
2
,k
− φ|n

i,j− 1
2
,k

)]
}∂φ

∂z |ni,j,k =

1
∆z

[
a1

(
φ|n

i,j,k+ 5
2

− φ|n
i,j,k− 5

2

)
+ a2

(
φ|n

i,j,k+ 3
2

− φ|n
i,j,k− 3

2

)
+ a3

(
φ|n

i,j,k+ 1
2

− φ|n
i,j,k− 1

2

)]
@�

è�ø@

∂φ

∂t
|ni,j,k = −I

2 sin (ωnum∆t/2)
∆t

φ (4.1.4a)

∂φ

∂x
|ni,j,k = 2I

a1 sin
(

5
2kx∆x

)
+ a2 sin

(
3
2kx∆x

)
+ a3 sin

(
1
2kx∆x

)

∆x
φ (4.1.4b)

∂φ

∂y
|ni,j,k = 2I

a1 sin
(

5
2ky∆y

)
+ a2 sin

(
3
2ky∆y

)
+ a3 sin

(
1
2ky∆y

)

∆y
φ (4.1.4c)

∂φ

∂z
|ni,j,k = 2I

a1 sin
(

5
2kz∆z

)
+ a2 sin

(
3
2kz∆z

)
+ a3 sin

(
1
2kz∆z

)

∆z
φ (4.1.4d)

Ká�ø�@�t�;=I�J ∂2φ
∂t2
}∂2φ

∂x2}∂2φ
∂y2}∂2φ

∂z2

∂2φ

∂t2
|ni,j,k = 4

[
sin (ωnum∆t/2)

∆t

]2

φ (4.1.5a)

∂2φ

∂x2
|ni,j,k = −4

[
a1 sin

(
5
2kx∆x

)
+ a2 sin

(
3
2kx∆x

)
+ a3 sin

(
1
2kx∆x

)

∆x

]2

φ (4.1.5b)

∂2φ

∂y2
|ni,j,k = −4

[
a1 sin

(
5
2ky∆y

)
+ a2 sin

(
3
2ky∆y

)
+ a3 sin

(
1
2ky∆y

)

∆y

]2

φ (4.1.5c)

∂2φ

∂z2
|ni,j,k = −4

[
a1 sin

(
5
2kz∆z

)
+ a2 sin

(
3
2kz∆z

)
+ a3 sin

(
1
2kz∆z

)

∆z

]2

φ (4.1.5d)

iGE;=I�J (4.1.5a-4.1.5d)oï� (4.1.2)�ø@�t���$%M'NO
� (Dispersion relation equation)

1
c2

sin2(ωnum∆t/2)

∆t2
=

[
a1 sin

(
5
2kx∆x

)
+ a2 sin

(
3
2kx∆x

)
+ a3 sin

(
1
2kx∆x

)

∆x

]2

+
[
a1 sin

(
5
2ky∆y

)
+ a2 sin

(
3
2ky∆y

)
+ a3 sin

(
1
2ky∆y

)

∆y

]2

+
[
a1 sin

(
5
2kz∆z

)
+ a2 sin

(
3
2kz∆z

)
+ a3 sin

(
1
2kz∆z

)

∆z

]2

(4.1.6)

�01��r³����ÑÕ
3Ê�r$§	 (wavenumber vector)~k = (kx, ky, kz) =

|k|(sin θ cosφ, sin θ sinφ, cos θ)�*DErIH�(§�¾s θTú½� (Zenith an-
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gle)�φT(¦� (Azimuth angle)�7² 4.1@cè�� (4.1.6)N±-ìø@

ωnum∆t

= sin−1

[(
Cr2

x

(
a1 sin

(
5
2
ksinθ cosφ∆x

)
+ a2 sin

(
3
2
ksinθ cosφ∆x

)
+ a3 sin

(
1
2
ksinθ cosφ∆x

))2

+ Cr2
y

(
a1 sin

(
5
2
k sin θ sinφ∆y

)
+ a2 sin

(
3
2
k sin θ sinφ∆y

)
+ a3 sin

(
1
2
k sin θ sinφ∆y

))2

+ Cr2
z

(
a1 sin

(
5
2
k cos θ∆z

)
+ a2 sin

(
3
2
k cos θ∆z

)
+ a3 sin

(
1
2
k cos θ∆z

))2 )1/2]

(4.1.7)

¾s�Crx ≡ c∆t
∆x�Cry ≡ c∆t

∆y�Crz ≡ c∆t
∆zF�/0�� (∆x = ∆y = ∆z = h)�È

Ét�Crx = Cry = Crz = Cr@$%P\�øÃ� (4.1.6)oï3Ê� (|ωnum
~k
|)_

��@

T[ 	e�ÂAèRS�M'NO�bA3Ê^�(# (Error func-

tion)T
[
|ωnum

~k
| − |ωexact

~k
|
]2
@^�(#i 	ô 0 ≤ hk ≤ πÑ� AèëÐ%@K

á��r$g�t�7ß3Ù�^�%�+

E =
∫ mπ

−mπ

[
|ωnum

~k
| − |ωexact

~k
|
]2

W (kh) dkh (4.1.8)

¾s W (kh)T%2§$@Kt��& ∂E(a1,a2,a3,m,Cr,θ,φ)
∂a3

= 0�ø�@3
�0�
(o$(#@� (3.3.5) + (3.3.6)�+ø��7 DRP DE: a1, a2 � a3 �O
$@3����7 DRPDE: a1, a2� a3O$���� m}Cr}ú½� (zenith

angle) θ](¦� (azimuth angle) φ:'�i��ëì�9k@�t�ijV;
y«������@

4.1.1 ���:��

�Ì3[^�(#ì�Vô����'(�T[�ÏÐø(#ôg�4'�
�D (�\:4'»TVh�Î:n� )�1^�(# (Error function)���·
¸st�ÏÐø(#:�D�+i���í&TVh:n�@��>#s�
;
)Àá*+^� (aliasing error)FT[�DE��±r,�±���·¸
 	ÀAèÓÖ× π@² 4.2TË3 Cr = 0.2����� mT 1

2}3
7}2

5}3
8�*

+ 1
3 ]#\:M'NO:ÌÍ²��Ô+,Ô�Óop[���r$ (modified

wavenumber)kh��tu (angular frequency)@

ÑÕ���¼-ø�À6$%�M'NO]#\�M'NO@*AèÖ
×�*e�r$�Aè�ý@Q���Ûæ×�±r, π ��Û�Aè4'(
#�M'NO@
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4.1.2 �� Cr$:��

Cr ≡ c∆t
∆x O$T�ñcAJ�;op��Áb ∆t]��b� h:NO�Vô`

� (explicit)��4'()��'��$�3D()� Cr%����
7ß Cr

%Vô$%M'NO:��@

��3e�7 DRPDE:g�4'T���(#�!ê]�3DÙN: Cr

O$F² 4.3TQ��� mT 1
2 �� CrT 0.6}0.5}0.4}0.3}0.2� 0.05:M'

NO#\]$%\:ÌÍ²FQ Cr %ÛÐ��$%M'NO�]#\M'N
O�Û,Ö×�;op[��(#:M'NOiÛ@*ÍIÀAèF Cr %T
0.2] Cr%T 0.05ÌÍ�ø¢æçK×FQ$%r$]�tu�#\:æçK
×��3#���&'v�á
.ï7ß�p 4.1�e&'b�� (T = 30(s)):
Oh���Q Cr %�ÓT 0.2 ] 0.05� Cr %T 0.2 3���&'�� (CPU

TIME)rT Cr%T 0.05�: 25%@cè���7	$%M'NOAè#�*+
&'��:v����RS3'(6/: Cr%T 0.2@

4.1.3 ����t:O$��

Vôg���=I�J*4'���(� [18, 19]�Î�ÐÙ a1 ∼ a3 ��3O
$@Ã��Î�oï4'��Âi��I�JjTg�I�J�N��b=
I�JT&ì�ø@! (3.3.5-3.3.6)��R(��(#@xr³´�L»_��
/BÇ�Àù��<$ (Taylor series)s�b=^�JAÂ��i��]t
�«�,-�¾9@cè��`�789.���� (explicit symplectic time

integrator) [24]�øK��7M'NO:4'(# (Dispersion relation equation�
DRE)�*è(#
�/$%P\�]#\P\�:�^�_��LM�ø*�
@7M'NO�Aè�0�((#�Ãè�((#�ø�\�7ëIM'NO
Aè: a1 ∼ a3O$@

��@0�(M'NOAè(#�>#s�G>GE�Ê��7	[��
� m*+ Cr V±ð$%M'NOpÚ:��+&'v��ÑÕ'3[ m = 1

2

*+ Cr = 0.2@�è�ø*±-�jV��ú½� (zenith angle)θ ](¦�
(azimuth angle)φÕ7ÙëI$%M'NO�O$ a1 ∼ a3@

p 4.2T'�ú½� (Zenith angle)θ T 0◦&90◦}30◦&60◦ � 45◦��(¦�
(Azimuth angle)φT 0◦&90◦}6◦&84◦}9◦&81◦}12◦&78◦}22.5◦&67.5◦}30◦&60◦}36◦&54◦}
6◦&84◦ �}45◦ 3�@�O$ a1 ∼ a3 :ÈÉ@�(¦� (Azimuth angle)φ T
90◦ ∼ 360◦ ���Ê��§$3Ê�øi� (4.1.7)C¥Àj°� 0◦ ∼ 90◦ :Ñ
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�@_G>p 4.2øÙ��Qú½� (Zenith angle)θ T 90◦ ��ø@!��T;
�ÈÉt�O$FQú½� (Zenith angle)θT 0◦ ��ø@!��T��ÈÉt
�O$@² 4.4TO$ a1 ∼ a3 ���ú½� (Zenith angle)θ �ÈÉt�¾%À
(¦� (Azimuth angle) φ:���Ã²søÙ�Qú½� (Zenith angle) θT 0◦

������ÈÉtO$:��Â�ÐÀ(¦� (Azimuth angle) φ_��@

4.2 �ABC!�?@

Ãô��3d/� PRK-DRP $%()T�`°:������&'>
#s���Á ∆t �g�Á ∆x}∆y � ∆z Â:�£Àvw�;y��%st
0!�Ç�*#$�Ú$%G���3D@T[@!��3d/$%()�
�3D()�bA7ß�ÅÃqEs�C%j°� ~E =

√
µ0

ε0
~E∗ ÓW%j°�

~H =
√

ε0
µ0

~H∗�i� (2.2.1-2.2.2) *�� ~V = ~H∗ + I ~E∗ p°:@��1�g�
(Normalized space)�øÒv�t�,�

1
c

∂~V

∂t
= I∇× ~V (4.2.1)

¾s I =
√−1�c = 1√

µε�G�Ovwô ε = µ = 1 �ÈÉt@�Q Taflove �
Brodwin [25]�K�()�i��36/`°����«�t��3D��@i
� (4.2.1)�4vR��Ú%��

∂~V

∂t
= λ~V (4.2.2a)

Ic∇× ~V = λ~V (4.2.2b)

i� (4.2.2a)���I�JA*ì��0��3K����4'���Î�ø@

~V n+1/2 − ~V n−1/2 = λ∆t~V n (4.2.3)

3Êé�c� GT ~V n+1/2

~V n
�oï� (4.2.3)s�ø�@é�c� G�;t�$(

#� G2 − (λ∆t)G− 1 = 0�¾\T

G1,2 =
λ∆t

2
±

[
1 +

(
λ∆t

2

)2 ]1/2

(4.2.4)

�Q von Neumann��3D���/æ~�3D�()�é�c� |G|st
�$ |G| ≤ 1�cèø@!�t�()�

Re(λ) = 0

|Im(λ)| ≤ 2
∆t

(4.2.5)
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� (4.2.5)�e[��$�3()t3Ù��Ú%
¼�¶ÔG�X%r�3�
Ñ� [− 2

∆t ,
2

∆t ,
] @

Vô� (4.2.2b)�i¾���Æ�t�Îv�t���(§�	p°�

c

(
∂Vz

∂y
− ∂Vy

∂z

)
= λVx

c

(
∂Vx

∂z
− ∂Vz

∂x

)
= λVy

c

(
∂Vy

∂x
− ∂Vx

∂y

)
= λVz (4.2.6)

jVg�I�JA�* 3.1Ä3K�:¥2��ô������ (3.1.6-3.1.7)t
�ÎÂ½ïÇ5r�ø*±-v�SÖ��(#� FV = 0�¾O$SÖ F �t

F =




−λ −2c Fz
∆z 2c

Fy

∆y

c Fz
∆z −λ −2c Fx

∆x

−2c
Fy

∆y 2c Fx
∆x −λ


 . (4.2.7)

¾s

Fx = a1sin

(
5
2
kx∆x

)
+ a2sin

(
3
2
kx∆x

)
+ a3sin

(
1
2
kx∆x

)
,

Fy = a1sin

(
5
2
ky∆y

)
+ a2sin

(
3
2
ky∆y

)
+ a3sin

(
1
2
ky∆y

)
, (4.2.8)

Fz = a1sin

(
5
2
kz∆z

)
+ a2sin

(
3
2
kz∆z

)
+ a3sin

(
1
2
kz∆z

)
.

36GE:SÖ�� FV = 0Ù:&\�O$SÖ F �I��%stT&�Ãè
ø@ λ2 = −4c2

(
F 2

x
∆x2 + F 2

y

∆y2 + F 2
z

∆z2

)
@Vô3Ùø�� kx�ky � kz�/
�$

|Im (λ)| ≤ 2c

(
max

(
F 2

x

)

∆x2
+

max
(
F 2

y

)

∆y2
+

max
(
F 2

z

)

∆z2

) 1
2

. (4.2.9)

Ã� (4.2.5)� (4.2.9)ø@3e��`° FDTD$%()��3()T ∆t ≤
1
c

(
max(F 2

x)
∆x2 +

max(F 2
y )

∆y2 +
max(F 2

z )
∆z2

)− 1
2

@i¾oïwE3K���O$�ø@��
�ÈÉt��3�()T ∆t ≤ 0.499773h

c@�p 4.33°���3e�:`°
FDTD$%()��g�sÃô½/7»��f�»�%��e�$%G�
RSD�cè�f���t�¾�3D·¸ÕÐô Yee scheme@
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4.3 DEF! (Anisotropy)G�A"# (Numerical dispersion)�
?@

6/��Ù���) (FDTD)�\CW%��/ir(#�\oï��4'
����i�Ú:,-D�M'ÚF (dispersion)�è��DÂ:ÃqE�,-
�D3½É�_¼Ã$%&'s���×¨3dv�cèÏh:T$%M'Ú
F@GE:M'ÚFÐ��$%M'^� (Numerical dispersion error)�+Z}
ÕT�f§gD (Anisotropy)��_i��$%\�4E@��ÄiÊ�$%M
'NO�]#\M'NO�:��D (consistency)�ÂjVM'NO (dispersion

relation)*+P\� (phase velocity)«�p����@

4.3.1 $%M'NO�]#\M'NO�:��D (consistency)

�ñoX/0f§�D�ÅqEs�ø/\��()@!Ç5r�#\M'N
O� (4.1.3)@VôñÊqE�ε}µ]tuñN�cèG>� (4.1.3)ø*Ù��
tu (angular frequency)]r$ (wavenumber):�T��Å�øDNO�*+
ñM'ÚF@

� 4.1Ä3K���$%M'NO� (4.1.6)�N>GQ�±-ì�ø*p°
v�t:�

1
c2

ω2

4

(
sin(ω∆t/2)

ω∆t

)2

= k2
x

(
5
2
a1

sin(5
2kx∆x)

5
2kx∆x

+
3
2
a2

sin(3
2kx∆x)

3
2kx∆x

+
1
2
a3

sin(1
2kx∆x)

1
2kx∆x

)2

+ k2
y

(
5
2
a1

sin(5
2ky∆y)

5
2ky∆y

+
3
2
a2

sin(3
2ky∆y)

3
2ky∆y

+
1
2
a3

sin(1
2ky∆y)

1
2ky∆y

)2

+ k2
z

(
5
2
a1

sin(5
2kz∆z)

5
2kz∆z

+
3
2
a2

sin(3
2kz∆z)

3
2kz∆z

+
1
2
a3

sin(1
2kz∆z)

1
2kz∆z

)2

. (4.3.1.1)

L¿� (4.3.1.1)�ø¢r$ (wavenumber) ]�tu (angular frequency) �N�

¼�� (4.1.3) ]���ÅÀÙøD�NO�_è�:øDNOs)ÀM'
ÚF��Ú�h:T$%M'@Q� (4.3.1.1) s� ∆t}∆x}∆y}∆z �æ×
ô&�q$%M'NO� (4.3.1.1)ø��T ω2

4c2
= (5

2a1 + 3
2a2 + 1

2a3)2k2
x + (5

2a1 +
3
2a2 + 1

2a3)2k2
y + (5

2a1 + 3
2a2 + 1

2a3)2k2
z@øi0��3���0�(��o$(#

(3.3.5)oï���ì�$%M'NO��!#\M'NO� (4.1.3)@è��D
(consistency)�eQ��×¨����Ðæ×ô&��ÑÕø�£�Íø*c4
'��3½ï�M'^�@
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4.3.2 $%M'NO�� (Numerical dispersion analysis)

� 4.1Ä�K��êÙ³r(§���$%M'NO� (4.1.7)�T[áô²
°]Ê��7ß;�ÈÉt�#\M'N��

ω2
exact = c2

(
k2

x + k2
y

)
(4.3.2.1)

�Qr$§	 (wavenumber vector)�3Ê�&ú½� (Zenith angle)θT π
2�Îí

�/0��t ∆x = ∆y = h�;�$%M'NO�ø±-vt�

sin2(ωnum∆t/2) = Cr2
x

(
a1sin(

5
2
k cosφh) + a2sin(

3
2
k cosφh) + a3sin(

1
2
k cosφh)

)2

+ Cr2
y

(
a1sin(

5
2
k sinφh) + a2sin(

3
2
k sinφh) + a3sin(

1
2
k sinφh)

)2

(4.3.2.2)

G�pe FDTD&'sr�IH\�]¾³�(§ÙN�]¼4'>#s3½
ï�f§gD (anisotropy)@

ÑÕÌÍ����ì6$%M'NO�¼¹�Yæ×ô#\�M'NO�@
�g�4'G�Uy* Box scheme [26]}Symplectic method [26]� Yee’s method

[26]�l��ä�ÌÍ��p 4.43° [26]@Îí��Áb ∆t = 0.01�g�Áb
h = 0.1�*�tu (angular frequency) ω Vr$§	 (wavenumber vector)(kx, ky)

«²@è]3Ê |kx|=|ky|=2π
λ�Qrb λT 1��|kx|=|ky|=2π�*è?K�rb

λT 0.5��|kx|=|ky|=4π�ÃrbÛÐ�qr$Û��XM�íî kx � ky &'
·¸T [−30, 30]�Ã² 4.5øL¿�flg�4'���f§gD (Anisotropy)@
² 4.6¼Ãf§gD3dv�^� ωnum−ωexact

ωexact
× 100% Vr$§	 (wavenumber

vector)(kx, ky)«²�ø@¢��3e��$%()�s}br$�Ï�¼^�
Ðô 5%�Ñ��Í¾Ò$%()Y�ÙYÀabcf§gD3dv�^�@²
4.7¼�tu (angular frequency)�ÓV kx Ô}ky Ô*+ κ =

√
k2

x + k2
y «²@Ã

²øÙ��sbr$ (wavenumber)f�$%()Õ�Ö×#\�M'NO�À
ár$Ø��$%M'3dv�^�ÏÀ:Ø��_ÑÕ3ÎÛ:7M'NO
AèDE�4'���ùÍc$%M'3dv�^�Í¾Ò�$%()�7Y
5�Yk�*+��3Û��()ø�üe�Vr$Aè��ý@

4.3.3 $%P\�] \�:�� (Numerical phase velocity and group

velocity analysis)

�ÄijV$%P\�] \��]¾Ò$%()«���]Ê�@b
A7ßP\���Q;�#\:M'NO� (4.3.2.1)�ø@r�P\� (phase
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velocity)υp T 1√
µε��ñÊqEs�P\�]tuñN�*+ñM'ÚF@&

Cr = c∆t
h �r$ k =

√
k2

x + k2
y = 2π

λ�DErb��»$ Nλ = λ
h [28]�±-;�$

%M'NO� (4.3.2.2)�ø@
υp,num

c
=

ωnum

ck

=
Nλ

πCr
sin−1

{
Cr2

(
a1sin(5

π

Nλ
cosφ) + a2sin(3

π

Nλ
cosφ) + a3sin(

π

Nλ
cosφ)

)2

+ Cr2

(
a1sin(5

π

Nλ
sinφ) + a2sin(3

π

Nλ
sinφ) + a3sin(

π

Nλ
sinφ)

)2 }
(4.3.3.1)

� (4.3.3.1)pe[$%P\�]Ç5r³´(§ÙN@

Kt��Ë3 Cr = 0.2*Ê�f�$%()�$%P\�}$%M'^�
(numerical dispersion error)*+f§gD (anisotropy)��D@² 4.8T����
» Nλ = 3.1, 5, 10, 20�DErb�P\�]B\�Ì% (υp

c )V(¦� (Azimuth

angle)«²@Ã²sø@¢�f�$%()ÕpÚ�c��4'3dv�f§
gD (Anisotropy)�_��3ÎÛ:7M'NOAèDE�4'����P��
Nλ tÌÉ¾Ò$%()Y�ãùÍcf§gD (Anisotropy)3à��^�@²
4.9TË3(¦� (Azimuth angle)φ = π

4 ��P\�]B\�Ì% (υp

c )VDEr
b��»$ Nλ = λ

h «²@Ã²ø¢�Àá Nλ Û��DErb���ÛÐ�f
�$%()c4'3dv�$%M'^�@!`á�ÜÝ@��3ÎÛ:7M
'NOAèDE�4'��Í¾Ò�()+á�Íb� Nλ%�ÈÉt�*�Z
[c$%M'3à�^��ÂU!Í5�M'NOAèYk@

Ká��7ß3Ù³����ÈÉt����:P\�c4'3dv�$
%M'^�@G>3Ê�3Ùø�³�(§ 0 ≤ θ ≤ π*+ 0 ≤ φ ≤ 2πt3dv
�$%P\�]#\P\�:��^�T 1− |up(ω,θ′,φ′)|

c0=(µε)1/2 @7ß�±�5Æ�t�
p5� 4πr2�¾»^�T

E3D(ω) =
1
4π

∫ 2π

0

∫ π

0
1− |up(ω, θ′, φ′)|

c0 = (µε)1/2
sinθdθdφ. (4.3.3.2)

² 4.10T��:$%()*+¾Ò$%()� E3D 3Êt:ÌÍ�ø*Ù�À
árb�ÛÐ�f�$%()c4'3dv�$%M'^�Õ@!ÜÝ�_�
�3ÎÛ�:7M'NOAèDE�4'��Í¾Ò�()+á�Íb Nλ%�
ÈÉt�?�ZÐc$%M'3à��^�@

Ká7ß \���Q;�:#\M'NO� (4.3.2.1)�ø@r� \
� (group velocity)υg T ∂ω

∂k��ñÊqEs \�¥ôB\X]tuñN�*
+ñM'ÚF@XG>3Ê γ T \��³��R�(§�â��*+ υg =
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|υg|(cosγ, sinγ)�¾s γ = tan−1
(

(υg)y

(υg)x

)
@G>GE:3Ê�pe[ \��â�

γ�ñÊ�qEs.�$#\ γ = φ�¾s φT tan−1
(

ky

kx

)
@�;��Ét��Q

;�$%M'NO� (4.1.7)�G>GE3Ê�ø*@!$% \� υg ��Ð%
|υg|*+â� γ@² 4.11T� Cr = 0.2�ÈÉt�$% \��â� γ V(¦�
φ«²�Ã²ø¢����(¦� φt�f�$%()ÕpÚ�c��4'3d
v�f§gD (Anisotropy)�;Àá$%r$ (modified wavenumber)khÛ��è
cf§gD3dv�^�YZÀ67@ÌÉ¾Ò$%()���3ÎÛ:7M
'NOAèDE�4'���s}b$%r$ (modified wavenumber)khø*Ù
YZ[è�^�@² 4.12T Cr = 0.2�ÈÉt�$% \���Ð%V(¦� φ

«²@Ã²ø¢�����(¦� φt�f�$%()ÕpÚ�c��4'3
dv�f§gD (Anisotropy)�XÀá$%r$ (modified wavenumber)khÛ��
èÃf§gD3dv�^�YZÀ67@ÌÉ¾Ò$%()���3ÎÛ:7
M'NOAèDE�4'��øÍÙY�Z[è�^��Â@!Í5� \�
��@

4.4 �A?@�7HGI�

��Vôg���AI�J��4'���-.t [18, 19]��`�78
9.���� (explicit symplectic time integrator) [24]��/ab$%P\�]#
\P\�:�^��-M��@[7M'NO�AèDE�O$ a1 ∼ a3@��
3ÎÛ�7M'NOAèDE:g�4'����ÓjV���ú½� (Zenith

angle)�(¦� (azimuth angle)�ÈÉt�ÎÛfú½� (Zenith angle)�(¦
� (azimuth angle)3V.�O$�*SAr����³����Õ�©SÀ@
!M'NOAè:DE�*abcf§gD (anisotropy)3dv�^�@

Vôc��4'��3½ï�:,-D$%M'ÚF�G>wR�Ä��
��ø¢��3Û�:7M'NOAèDE�$%()�Vôc$%M'3½
É�M'^�*+f§gDÕ7Ù45�M'AèYk@jV��³���3
�@PV.7M'NOAè�O$��ãÙYZ[cf§gD3dv�^�@
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Cr Ez L2−error norm CPU TIME(s)

0.2 1.01785× 10−4 46.93

0.05 9.54572× 10−5 188.32

� 4.1:89u�J� T @ 30(s)�vw2Cr = 0.27 Cr = 0.05&de:7xyz{�
CPU TIME(s)|})
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φ θ = 0◦ θ = 30◦ θ = 45◦ θ = 60◦ θ = 90◦

0◦ a1 = 0.005810 a1 = 0.004149 a1 = 0.002385 a1 = 0.004149 a1 = 0.005811

a2 = −0.069054 a2 = −0.060746 a2 = −0.051924 a2 = −0.060746 a2 = −0.069054

a3 = 1.178108 a3 = 1.161493 a3 = 1.143849 a3 = 1.161493 a3 = 1.178108

6◦ a1 = 0.005781 a1 = 0.004059 a1=0.002309 a1 = 0.004144 a1 = 0.005811

a2 = −0.068790 a2 = −0.060291 a2 = −0.051547 a2 = −0.060719 a2 = −0.069054

a3 = 1.177581 a3 = 1.160582 a3 = 1.143095 a3 = 1.161437 a3 = 1.178108

9◦ a1 = 0.005691 a1 = 0.003941 a1 = 0.002215 a1 = 0.004137 a1 = 0.005811

a2 = −0.068454 a2 = −0.059701 a2 = −0.051076 a2 = −0.060684 a2 = −0.069054

a3 = 1.176909 a3 = 1.159411 a3 = 1.142151 a3 = 1.16137 a3 = 1.178108

12◦ a1 = 0.005594 a1 = 0.003771 a1 = 0.002083 a1 = 0.004128 a1 = 0.005811

a2 = −0.067971 a2 = −0.058855 a2 = −0.050416 a2 = −0.060640 a2 = −0.069054

a3 = 1.175942 a3 = 1.15771 a3 = 1.140832 a3 = 1.161279 a3 = 1.178108

22.5◦ a1 = 0.004970 a1 = 0.002639 a1 = 0.001342 a1 = 0.004084 a1 = 0.005811

a2=-0.064850 a2 = −0.053195 a2 = −0.046708 a2 = −0.060422 a2 = −0.069054

a3 = 1.169700 a3 = 1.146390 a3 = 1.133415 a3 = 1.160843 a3 = 1.178108

30◦ a1 = 0.004149 a1 = 0.001121 a1 = 0.0006261 a1 = 0.004051 a1 = 0.005811

a2 = −0.060746 a2 = −0.045605 a2 = −0.043131 a2 = −0.060257 a2 = −0.069054

a3 = 1.161493 a3 = 1.131211 a3 = 1.126261 a3 = 1.160513 a3 = 1.178108

36◦ a1 = 0.003262 a1 = −0.000503 a1 = 0.000085 a1 = 0.004031 a1 = 0.005811

a2 = −0.056308 a2 = −0.037483 a2 = −0.040426 a2 = −0.060154 a2 = −0.069054

a3 = 1.152616 a3 = 1.114966 a3 = 1.120852 a3 = 1.160307 a3 = 1.178108

45◦ a1 = 0.002385 a1 = −0.002069 a1 = −0.000299 a1 = 0.004018 a1 = 0.005811

a2 = −0.051925 a2 = −0.029658 a2 = −0.038507 a2 = −0.06009 a2 = −0.069054

a3 = 1.143849 a3 = 1.099315 a3 = 1.117015 a3 = 1.16018 a3 = 1.178108

� 4.2: , ~ R P (Zenith angle) θ @ 0◦&90◦O30◦&60◦ � 45◦2 � � 5 � P
(Azimuth angle) φ @ 0◦&90◦O6◦&84◦O9◦&81◦O12◦&78◦O22.5◦&67.5◦O30◦&60◦O
36◦&54◦O6◦&84◦ �O45◦ vw�x�[��� a1 ∼ a3 ���vw)�~RP (Zenith

angle) θ@ 90◦ J2���UTvw����m�~RP (Zenith angle) θ@ 90◦ �5�
P (Azimuth angle) φ@ 0◦� 90◦J2����Tvw����)



4.4 �?=>�3FEG� 41

present Yee’s method

1D ∆t ≤ 0.798102h
c ∆t ≤ h

c

2D ∆t ≤ 0.590161h
c ∆t ≤ 0.707107h

c

3D ∆t ≤ 0.499773h
c ∆t ≤ 0.57735h

c

� 4.3: ,;Tvw�2��x��� FDTD ��5�r Yee 5�,���DE�|
})

Dispersion relation equation

1 ω2
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sin( 5
2
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sin( 3
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3
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+ 1
2a3

sin( 1
2
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1
2
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+k2
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(
5
2a1

sin( 5
2
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5
2
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+ 3
2a2

sin( 3
2
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3
2
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+ 1
2a3

sin( 1
2
ky∆y)

1
2
ky∆y

)2

2 tan2( 1
2
ω∆t)

c2∆t2
= tan2( 1

2
kx∆x)

∆x2 + tan2( 1
2
ky∆y)

∆y2

3 4 tan2( 1
2
ω∆t)

c2∆t2
= sin2(kx∆x)

∆x2 + sin2(ky∆y)
∆y2

4 sin2( 1
2
ω∆t)

c2∆t2
= sin2( 1

2
kx∆x)

∆x2 + sin2( 1
2
ky∆y)

∆y2

� 4.4:��@�<��5����-.��h)q� 1, 2, 3, 4���'��x���
��5�O box scheme [26]O symplectic method [26]O Yee schemes [26] .
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� 4.1:�W�,;Tvw�01J2���~RP (Zenith angle) θ25�P (Azimuth

angle) φ)
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� 4.2:�� Cr@ 0.2J2,����DE�&-.��&=+r��+�|})
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kh
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Cr = 0.05
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� 4.3:����DE −π
2 ∼ π

2 J2,�� Cr�vw�&-.��&=+r��+�|
})
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×××× ××××××× ××××××× ××××××× ××××××× ××××××× ××××××× ××××××× ×××
×××× ××××××× ××××××× ××××××× ××××××× ××××××× ××××××× ××××××× ×××
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a1

� 4.4:�� a1 ∼ a3 ,��~RP (Zenith angle) θ�vw�2p�^5�P (Azimuth

angle) φ&`a)�~RP (Zenith angle) θ@ 0◦ J2�Tvw������ �^5
�P (Azimuth angle) φ¡`a)
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� 4.5:PB� (Angular frequencies)��� (wavenumbers) kx � ky &X�2�YZ�
¢£¤¥�x¦§�de) (a)=+-.�� ; (b)��x¨©ª-.��«¬���5
� ; (c) box scheme [26]; (d) symplectic scheme [26]; (e) Yee’s scheme [26].
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� 4.6:=+r��PB��de (ωnum−ωexcat)
ωexcat

× 100%��� (wavenumbers) kx� ky &
X�2�YZ���x�����5�,�O�� (®¯°de±F 5%²K )}p
³��5�´µ¶·¸¹¢£¤¥�x¦§�de)(a)��x¨©ª-.��«¬
���5� ; (b) box scheme [26]; (c) symplectic scheme [26]; (d) Yee’s scheme [26].
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√
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�O�� (wavenumber)J2£��5�»´¼½=+-.��2^¾��¿À2�
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/�Á.kl�FÂÃ¢��-.¦§�de·ÄÅ�Æ2ÇÈ�GÉ���«¬�´
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� 4.8:���r���|� (υp

c )�5�P (Azimuth angle)&X�)����Ë�£Ì
��5�»�Í�¢e�Á.x¦§�£¤¥� (Anisotropy)2��x¨©&ª-.�
�«¬�/�Á.kl2,��� Nλ vw�}p³���5�µ´ÂÃ¢£¤¥�
(anisotropy)xCÅ�de) (a) Nλ = 3.1; (b) Nλ = 5; (c) Nλ = 10; (d) Nλ = 20.
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^¾ Nλ ÎÀ2£Ì��5�¢Á.x¦§���-.de»��Ï¾�ÐÑ)��x
¨©&ª-.��«¬�/�Á.kl2, Nλ �Ò±J2È´¶·¸Â±¢��-.
xCÅ�de2¡Ó�}Æ�-.��«¬·Ä)
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� 4.11:��Ø���ÙP γ �5�P (Azimuth angle) φ&X�)����Ë�£Ì�
�5�»�Í�¢e�Á.x¦§�£¤¥� (Anisotropy)2��x¨©&ª-.��
«¬�/�Á.kl2,�O����� kh}p³���5�µ´ÂÃ¢£¤¥�
(anisotropy)xCÅ�de) (a)��x¨©&��5� ; (b) kh = π

4 ; (c) kh = π
2 ; (d)

kh = 3π
4 .
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� 4.12:Ø���À±��5�P (Azimuth angle) φ&X�)����Ë�£Ì��
5�»�Í�¢e�Á.x¦§�£¤¥� (Anisotropy)2��x¨©&ª-.��«
¬�/�Á.kl2,�O���� kh�}p³���5�µ´ÚÂÃ¢£¤¥�
(anisotropy)xCÅ�de) (a)��x¨©&��5� ; (b) kh = π

4 ; (c) kh = π
2 ; (d)

kh = 3π
4 .
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�HICWr���01w�T[SA��9k:�SD�stAV$%
#�«�Oh@���Ä�ÑÕi*7\�\:���� !"(#Oh`�
(explicit)789. (symplectic)���4']7 DRPDE:g�4'���F
ÂÃ�	�L»�6/ Poynting theorem�\7�	å�Àb��&'@*A
èDE:���*Oh#�7Ô "ÕBCDFcT��¼ºK�\)/03
,]123,@!C%]W%�1
Oh� 3, (∇ · −→H)Àb��&'¼¹?
@*Aè@

#�Ohì�bA*Oh01ñ��rs36/��V®¯� (CPML):
ÙYD�Â�ÓjVêÙM'qErst�CWr³´IT�«�VYk�O
h���
i9k] [29]äÌÍ�¸�¼¹U!Oh:��@

H�Á01CWr����qÁ FDTDô£%]'¤%:./LM�Â*
Ç5r�(�Oh£%]'¤%�LM@Vô]-CWr³�g�s'¤ð
����Uy½/¥¦§$ (Level set)�LM�]-ódDE;$ô�J8�
¯5����#¢01bAi6/õö'¤ (Mie scattering) ��:÷\�\
(semi-analytical solution)]Uy3ÎÛ:4'()\«�Oh�ÂÌÍ��ó
dDE�019k@ëì�*3ÎÛ�4'()�01� Lnr�����Â
L¿Br��IT@
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5.1 �J�KL

ÑÕi*3ÎÛ�7 DRPDE:`� FDTD()01�/*Oh��3ÎÛ
�7M'AèDE�$%()¼¹~Ô "Õ�DE@bA�01;� TM

mode�� !"(#�J3qC;$ ε = 1+qW;$ µ = 1�01:·¸T
−1 ≤ x ≤ 1� −1 ≤ y ≤ 1F3í3#\:ñò() (initial condition)T

Ez(x, y, 0) = sin(3πx)sin(4πy)

Hx(x, y, 0) = −4
5
cos(3πx)cos(4πy)

Hy(x, y, 0) = −3
5
cos(3πx)cos(4πy)

¾À��Ü��#\,�T

Ez(x, y, t) = sin(3πx− 5πt)sin(4πy)

Hx(x, y, t) = −4
5
cos(3πx− 5πt)cos(4πy) (46)

Hy(x, y, t) = −3
5
cos(3πx− 5πt)cos(4πy)

bA�*��» 81×81�g�b� ∆x=∆y=0.025���b�T ∆t=∆x/5c�
�b�� t=50(s)�01t�Â¤���3ÎÛ�()�Ã² 5.1ø¢��C%
Ez �$%\]#\ÕÙ�3�~#�@

Kt��VôN4'ì��� !"(#�iL¿�	å�À������
*¸O#�¼¹7ÙÔ "ÕBCDEFxrc9-� (Poynting theorem)3Ê
�	å� (Energy I� Energy II)

W1(t) =
∫

Ω
ε |E|2 dx +

∫

Ω
µ |H|2 dx ≡ constant (5.1.1)

W2(t) =
∫

Ω
ε

∣∣∣∣
∂E

∂t

∣∣∣∣
2

dx +
∫

Ω
µ

∣∣∣∣
∂H

∂t

∣∣∣∣
2

dx ≡ constant (5.1.2)

Ã² 5.2+² 5.3ø*Ù��	å� W1 + W2 Â�ÐÀ�����è�9kp°
*789.��4'�01b�������Ã² 5.4`°�S#�AèÔ "
Õ�BCDE@

�� !"(#DOÃ)/03,}123,*+� 3,3Dv���
�\C%]W%:%��:Ð6/!)/03,]123,�1Uy*� 3
,«T
AOh�Ç()¼¹�$@ôºK�\)/03,]123,@!C
%]W%%:ì�&'� 3,: ∇ · −→H�¸O#�¼¹~è��Ç()@Ã
² 5.5ø*Ù�#�À��&'�$� 3, ∇ · −→H@
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ëì���i]³�: Yee’s cell4'��«�ÌÍ@p 5.1TQ�»$ÕT
512}612}712� 812��Ë301�� T T 5(s)� L2 − error norms] CPU time

�ÌÍ�Ãèpø¢��()^�%Õ_ô Yee’s cell4'���&'v�µ;
IÌ Yee’s cell4'���F´/¼ÌÍP×� L2 − error norms����Ë3
01�� T T 5(s)�Ãp 5.2ø*Ù����4'���6/[	�»$ 512}
612 � 712 +øU!] Yee’s cell4'�� (�»$T 1982}2542 � 3462)P×�
L2 − error norms%�_X3��:v�ÏÌ Yee’s cell4'��[@

H�Á01���� !"(#�bAJ3qC;$ ε = 1 +qW;$
µ = 1�01:·¸T −π ≤ x ≤ −π}−π ≤ y ≤ −π� −π ≤ z ≤ −πF3í3#\:
ñò() (initial condition)T

Ex(x, y, z, 0) = 0

Ey(x, y, z, 0) = 0

Ez(x, y, z, 0) = 0

Hx(x, y, z, 0) = cos(x + y + z)

Hy(x, y, z, 0) =
1
2

(
−1 +

√
3
)

cos(x + y + z)

Hz(x, y, z, 0) = −1
2

(
1 +

√
3
)

cos(x + y + z)

¾À��Ü��#\,�T

Ex(x, y, z, t) = sin
(√

3t
)

sin (x + y + z)

Ey(x, y, z, t) = −1
2

(
1 +

√
3
)

sin
(√

3t
)

sin(x + y + z)

Ez(x, y, z, t) =
1
2

(
−1 +

√
3
)

sin
(√

3t
)

sin(x + y + z)

Hx(x, y, z, t) = cos(
√

3t) cos(x + y + z)

Hy(x, y, z, t) =
1
2

(
−1 +

√
3
)

cos(
√

3t) cos(x + y + z)

Hz(x, y, z, t) = −1
2

(
1 +

√
3
)

cos(
√

3t) cos(x + y + z) (5.1.1)

bA�*��» 81×81×81�g�b�∆x=∆y= π
40���b�T∆t=∆x/5c�

Â�b�� t=50(s)�01t�Â¤���3ÎÛ�()�Ã² 5.6ø¢��C
% Ez �$%\]#\ÕÙ�3�~#�@

Kt��VôN4'ì��� !"(#�iL¿�	å�À������
*¸O#�¼¹7ÙÔ "Õ�BCDEFxrc9-� (Poynting theorem)3



5.2 � !"KCPML)*�LIJ 56

Ê�	å� (Energy I� Energy II)

W1(t) =
∫

Ω
ε |E|2 dx +

∫

Ω
µ |H|2 dx ≡ constant (5.1.3)

W2(t) =
∫

Ω
ε

∣∣∣∣
∂E

∂t

∣∣∣∣
2

dx +
∫

Ω
µ

∣∣∣∣
∂H

∂t

∣∣∣∣
2

dx ≡ constant (5.1.4)

Ã² 5.7+² 5.8ø*Ù��	å� W1 + W2 Â�ÐÀ�����è�9kp°
*789.��4'�01b�������Ã² 5.9`°�S#�AèÔ "
Õ�BCDE@

ëì���i]³�: Yee’s cell4'��«�ÌÍ�p 5.3TQ�»$ÕT
513}613}713� 813��Ë301�� T T 5(s)� L2 − error norms] CPU time

�ÌÍ�Ãèpø¢��()^�%_ô Yee’s cell4'���&'v�µ;
IÌ Yee’s cell4'���F´/¼ÌÍP×� L2 − error norms����Ë3
01�� T T 5(s)�Ãp 5.4ø*Ù����4'���6/[	�»$ 513}
613 � 713 +øU!] Yee’s cell4'�� (�»$T 1113}1493 � 1723)P×�
L2 − error norms%�_X��:v�ÏÌ Yee’s cell4'��[@

5.2 "#$%M CPML,-!NKL

T[¸O�������V� (Convolution PML, CPML)ôêÙM'qE:&
'g�s�ÙYD�Â*² 5.10-aT�Ä37��lM'qEDebye}Lorentz

+ DrudeÀtu��:PVqCO$�G>]Vód$�Uy*��êÙM
'qEg�����Oh�Â]7�� [29]ÌÍ@

*����_��&'������Ó* (1∼250 �� ) TëgqE+
(251∼500�� )TM'qE�_g��<T 75E-6 (m)���ÁbT 0.125E-12

(s)�Â�&'�:��RÓíî[ 10∆xl�� CPML�*�V�sæ�Â¤
r@Vôro�ÑÕí3T� ro

Gaussianpulse = exp

[
−(

t− t0
d

)2
]

(5.2.1)

¾s d=40∆t}t0=3d�Âiroíîô x=235∆]@² 5.10-b∼d��ÓT&'
�ôëg] DebyeqEs}&'�ôëg] LorentzqEs+&'�ôëg]
DrudeqEs�ô�V®¯w�»TL¿»:9k�Â]7�� [29]ÌÍ@

*����_��x7�� [16]�g��<T 5E-2(m)���ÁbT
3.335641E-11@#Ê��é§R��»����ÓT 44 × 44 × 44�×�T 200 ×
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200× 200�/�01ñã���É@ÑÕí3�C���o

P (t) = 10E−10exp

[
−(

t− t0
τ

)2
]

(5.2.2)

¾s τ=2E-9}t0=3τ@ô x(0, 0, 0)]�íî��7» P (20, 0, 0)�Q(20, 20, 0)�
R(20, 20, 20)@�R�&'�s��² 5.113°��Ó� Debye qE ( ² 5.13-

b∼d)} LorentzqE (² 5.14-b∼d)� DrdueqE (² 5.15-b∼d)s�&'�C%
Ez �%�ÂH�ÁÌÍC% Ez �%*+PV^�

Relative error|n
i,j,k+ 1

2

=
|E|n

i,j,k+ 1
2

−Eref |ni,j,k+ 1
2

|
|Erefmax|ni,j,k+ 1

2

| (5.2.3)

ëì�NÃêÙM'qEg�����G>��:ÌV���qEg�T
ëgqE}}=qE}M'qE*Ó¼¦�qE�:æN�SÀ] CPML®¯
���CPMLÕ�ÙY��V�sæ�Â¤r�he[ CPMLþ>�G/D@

5.3 OPQ
�RS

#\Oh¼�Ù��·¸t��\$%\Â]#\OhF��ô#\Oh
�ÈÉ���Äi*ÎÛ:4'()01ë#����#¢���01�;¼
ñ������3*Uyst�0;�36/�������� (CPML) 
?�iñ����j°vÙ��&'g��w÷µUyT[Ä@&'v�*+
�Å�#�Ò)�#¢���ï¤r*^ZroJ�(�HïL¿%��/£
%]'¤% ?�øL¿rN>'¤ð3w��'¤IT�Â*��Ç5rO
h£%]'¤%�íî()FVôL¿% CWrN>'¤ð����QCW
r01¸!�J8�¯5��ø�códDE;$�AB����_dv01
^��BØ@T[]-c�J8�¯53����4�����iqÁ¥¦§
$ (Level set)�LM�Â*¥¦§$ (Level set)�()�i�J8�¯5�ód
DE;$«�Çô��]-�*601^�@*abFëì���301:#
¢���R?{

�C õö'¤ (Mie scattering)��@

;C Br���@
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5.3.1 £% /'¤%

T[01ñ������;�/£% (total-fields)}'¤% (scattered-fields)+
ë^��������� (CPML)��² (5.16)3°�iÙPD:L¿·¸j
�T&'�@QÇ5r�£%æHï'¤%wstZEï¤%%�3*�Z
[�V®¯]ï¤%3w��^��rÙ'¤%@6/�V®¯�V�F�:
FDTDGð¦÷6/è� Ï�\Ì'¤%���@Ã,-�L»�:�øD
��� !"(#:£% (total-fields)]'¤% (scattered-fields)�NOø*t
�p°:{

Etotal = Einc + Escat, (5.3.1)

Htotal = Hinc + Hscat. (5.3.2)

Vô£%]'¤%:Oh���iÃ,-�L»�Û�Q'¤,ð4ro
7�3<4��'¤,ðPVôro�rwi�Ð�è�ï¤rø�T�Ç5
r�1Oh��/Ç5r�(�äTï¤r@��*� rï¤�(��01
Ç5r�Q&'� Ω[−380nm, 380nm]��»$T Ω[191, 191]+ Cr = 0.2��ï¤
rk x(§³´!£%]'¤%��q5����Ù'¤ð�ÈÉt�£%%
Hï'¤%��ï¤r%%Ð<uE�'¤%%T&��² (5.17)3°@

5.3.2 ¥¦§$)

CWr³´Â�:¼�ëgs(�³���Å7¯s�CWr³´;¼N
>��qE�H�Q�ÕM�Û���³JmÀ��Ó¼mÀ�Û¤����
ÕM�����³´ø�ÐÃgÍN>���RI,ð@*G�ÈÉ�ø/�
� !"(#���ódDE*HI01@�è�UyiNJ���KÐ·
¸�ìøD (linear)�:M' (nondispersive)Xñ(§D (isotropic)�qEs�
² (5.18)T°±²�CWr�L¿% Ω[0, L]Ã���³´�LsN>���ó
d�Îí µ = µ1 = µ2 = µ0�qódDEO$ εr À¦î:§$T

ε(x) =





ε1, x < L1,

ε2, L1 < x < L2,

ε1, x > L2.

(5.3.3)

Ã� (5.3.3)øL¿!Q x = L1� x = L2��ódDEO$ εr ô�¯5Ðw��
J8��É��èUy½/¥¦§$) (level set) [30]�XM�]-ódDEO
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$ εr ô�¯5�J8��É@�¥¦§$()s�J3�¯5�¦î�*�¯
5T®¯�M±�Ñ��TR�Ñ� (^µÑ�] µÑ� )�*DE��:q
E@3Ê�¥¦§$ (Level set function) Φ(x)�;��ÐOp°�g�s:ÿ±
»!�¯5�ëN<4

|Φ(x)| = d(x) = min
xI∈I

(x− xI) (5.3.4)

¾st� Iop�¯5�3Ê��¯5 µ»�<4TO%�^µ»�<4�
%��¯5G�»�¼<4§$%T 0 �»FT[]-�¯5G��J8Ú
F���½ï Heaviside function, H

H(Φ) = 0, Φ < 0 (5.3.5)

H(Φ) = 1, Φ > 0 (5.3.6)

6/Ù���)ä×¨'¤ð���kPQÐø ( ÓhqE�¯5 ) �ª�
��Þ���^�÷�ÐØ��3*
æ�G���� �
N>Çô�
(smoothing)�]-�*6¥¦§$ Φ�òRÀAè�O�<4§$�DE�*
U!'¤ð�Ð5Çô��� [31]@ódDEO$Vôg���:p°�ø*G
E:¥¦§$�o:

Φ =
1

[1 + eφ(x,y,z)/(ξ∆)]
(5.3.7)

¾s�∆op��b�� φ(x, y, z)T¦î§��ξ qTø*�±�ÇôO$@
*G�ódDEO$ εr À¦î:§$TH�«�#¢:�¢�ô�¯5G�Ç
ô]L¿ódDEO$���Q·¸ Ω[−200, 200] nm�Uyi�¯5�Óíô
(L1, L2) = (−63.28, 63.28) nm�ódDEO$�ÓT (ε1, ε2) = (1, 2)�² (5.19)p°
��� ξ %��ódDEO$À¦î���ÇôÈÉ�ëì'( ξ = 0.3Q01
��O$@VôKt�301:ë#���¸!��ód�q5��Õ*è�
()iódDEO$ô�J8��¯5K*Çô�@

5.3.3 #¢��01:9k

�C õö'¤ (Mie scattering)��

��01:��Tõö'¤ (Mie scattering) ��@² 5.20Tõö'¤
(Mie scattering)��°±²�7ß�STóE (÷UT a = λ

10)�îôg



5.3 MNO��PQ 60

Ís�ígÍ]èóE:PVqC;$%ÌT 1 : 12.1104Fï¤rbT
λ = 632.8 nm@

T[01:Oh�bA7ß;�õö�'¤ (Mie scattering)���&'
� Ω = [−380, 380]nm���»$T [191× 191]� Cr = 0.2@QÇ5rk x

(§ï¤�² (5.21)T��(§�ï¤r���ÁT 600}850}1200}
1350}1600� 1900�:019k@Kt��*��ï¤r����@
$%\Â]÷\�\ (semi-analytical)ÌÍ:@QrbT λ = 632.8 nm�
tu f áøÃB\ c�@�i�C%%*®wVj° (Fourier trans-

form)�(�j�t�

E(f) =
∫ tT

0
E(t) · e−j2πftdt (5.3.8)

� 5.3.8ø*ÒvÙ���:��

E(f) =
T∑

n=0

E(n ·∆t) · e−j2πfn·∆t (5.3.9)

¾s T T3J3:��Á�∆tT��Áb�+ tT = T ·∆t@
� 5.3.9ø
*��§$�Î��v#µ]¶µ�,�

E(f) =
T∑

n=0

E(n ·∆t) · cos(2πf · n ·∆t)− j
T∑

n=0

E(n ·∆t) · sin(2πf · n ·∆t)

(5.3.10)

�/� 5.3.10+ø�@Ë3tu:P¦�çü [32,33]@

÷\�\qø�/W�§$�Î (Bessel function expansion) �(��
@ [34]�*ÅtÇ5r�(��@ëì�$%\@² (5.22)T÷\�\
C% Ez ²F² (5.23)T$%\C% Ez ²@² (5.24)T÷\�\]$%
\C% Ez ¥�ø²@��*¾5²�(�L¿÷\�\]$%\:È
É�² (5.25a)TC% Ez k x(§ (y = 0):÷\�\�$%\:ÌÍ
²F² (5.25b)TC% Ez k y (§ (x = 0):÷\�\�$%\:ÌÍ
²@
ëì�ÌÍódDEO$ εr ���ÈÉt:\�Ã² (5.26)ø*Ù��
QódDEO$ εr ����$%\019k�^�ÏÀ:ØZ�è��
gø�¼cT01��Vô��ódDEO$ εr 3�@:$%\Õ*Ë
3��»$ [191× 191]�*+Ë3¥¦§$ (Level set)$ ξ = 0.3�\
�c@Ãèø¢�*Ë3��»T [191× 191]+Ë3¥¦§$ (Level
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set)$ ξ = 0.3��:G01ódDEO$T εr
∼= 12�Vô¾Ò�

�:ódDEO$ εr q
29'(GQ:��»$+¥¦§$ (Level

set)$ ξ@

Kt�01��õö'¤ (Mie scattering)���&'� Ω = [−380, 380]nm�
��»$T [121× 121× 121]� Cr = 0.2@T[áôL¿�²°�Uyí
î��L¿5 (monitor planes)���C%À�������² 5.27@
² 5.28-5.30T��(§ï¤r�Q��ÁT 0}560}760}850}1160�
1800�������L�5G:019k@ø*Ù�L¿5 1 (monitor

plane 1) ² 5.28];�01ÈÉæç���_L¿5 2 (monitor plane

2)² 5.290 CPML���_ÙVI���@ÃL¿5 3 (monitor plane

3)qømnÙ�Ç5rô�¯5³´�%%:��@² 5.31J�[��
'¤T'¤:ÈÉ@

;C Br�01

Br�¼�BrôB��ð (Photonic crystal) ³��ÚF�_B��
ð�Xô 1987�Ã E. Yablonovitch [35]� S. John [36]3e�FQqC
ódYLDZ�ô³�g�s�cT³�g�]qCód:qC;$�
���6@qCód:qC;$YLDZ�ô³�g�s�/*�3
(�dvqC;$YLD�Z��i�ÚB�tuà[ (Photonic Band

Gap�PBG)�¼ôètuà��Biñ)ôB��ðÖ� ³��Uy
i@*.vB�tuà[:fLDqC9.h«TB��ð@Br�:
./ÃèLM\��Uyø*ôB��ð í&�� [37]��/Bñ)
³�B��ð9.:�D�ôí&��� ]�w�Br�:ÚF�á
�À±À�ÇBI^�(§F_B+¼CWrÚF��/B��ð�(
��CWrñ)ôB��ð w�¾Ò³�0\�1�	ir�ôí&
���s_`Â³�@´¼í&�r���ÏstJ±ja����
��/¼��j��Ðuí&�4�B��ð��Diô��j��µ
bdv�	�'c@T[Aè45��	³´�D���j��ÐuÏ
¼Qw�x8��2» [38]@

VôBr��019.�ø7 [38] �í&(�ô��³�g� ( g
Í )s��/b�T a = 515nm��(��3Z�v:B��ðí&�
��� Lnr����¾s�Dv�(,���TU¼÷UT 0.2a:q
CEST (qC;$ εr = 11.56)@T[áôL¿]²°�è#¢��*í
î[L¿5�² 5.27(b)�¾u5�9.°±²�² (5.32)@² (5.33)T
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C% Ez ô	��tu (normalized frequency)T 0.353 (c/a)��ôL¿5
t�aÐ�B��ð��³�:ÚF@�� [38]Ï�e[è�í33A
è���	³´Yu@��ÌÍ[¾Òñ)w�r�ÚF:	��tu
ÈÉ�² (5.34)`°Q	��tuT 0.206 (c/a)��Âñ)w�Br�
ÚF@ëì�² (5.35)UyÏ] Mekis¥Õ [38]�9k]019k«�
ÌÍ@
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L2−error norm CPU time (seconds)

Present Yee [1] Present Yee [1]

51× 51 7.0023E-03 0.1131 0.8580 0.0468

61× 61 4.3059E-03 6.3761E-02 1.4352 0.0936

71× 71 2.3572E-03 4.0715E-02 2.2620 0.1560

81× 81 1.3177E-03 2.8440E-02 3.6036 0.2340

� 5.1:�ÛÜJ�@ T=5(s)J2jN�@ 512O612O712 � 812 J2Ý\Á.5�r
Yee�Á.5�|}89x�& L2 − error norms� CPU J�)

Present Yee [1]

L2−error norm Grid CPU time (s) L2−error norm Grid CPU time (s)

7.0023E-03 51× 51 0.8580 7.0534E-03 198× 198 3.2760

4.3059E-03 61× 61 1.4352 4.3346E-03 254× 254 6.8640

2.3572E-03 71× 71 2.2620 2.3627E-03 346× 346 17.5813

� 5.2:�ÛÜJ�@ T=5(s)J289Þ�½& L2 − error normsJ2|}Ý\Á.5
�r Yee�Á.5�xyijN�rz{& CPU �J�)

L2−error norm CPU time (seconds)

Present Yee [1] Present Yee [1]

51× 51× 51 1.1311E-04 6.9636E-04 7.4880 3.5568

61× 61× 61 8.0305E-05 4.8682E-04 14.4144 7.3476

71× 71× 71 5.9525E-05 3.5937E-04 23.9305 13.6657

81× 81× 81 4.5102E-05 2.7428E-04 38.8598 23.0569

� 5.3:�ÛÜJ�@ T=5(s)J2jN�@ 513O613O713� 813J2|}Ý\Á.5�
r Yee�Á.5�89x�& L2 − error norms� CPU J�)

Present Yee [1]

L2−error norm Grid CPU time (s) L2−error norm Grid CPU time (s)

1.1311E-04 51× 51× 51 7.4880 1.1424E-04 111× 111× 111 81.3701

8.0305E-05 61× 61× 61 14.4144 8.1032E-05 149× 149× 149 261.5045

5.9525E-05 71× 71× 71 23.9305 6.0680E-05 172× 172× 172 277.4478

� 5.4:�ÛÜJ�@ T=5(s)J289Þ�½& L2 − error normsJ2|}Ý\Á.5
�r Yee�Á.5�xyijN�rz{& CPU �J�)
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X

Y

-1 -0.5 0 0.5 1
-1

-0.5

0

0.5

1

------------- Exact

- - - - - - - - Numerical

� 5.1:,ijN 81×812J�@ 50ß�vw2|} TM�x9�&�� Ez ����+
�=+)
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Time(s)

E
ne

rg
y

de
n

si
ty

0 10 20 30 40 50
0

0.4

0.8

1.2

1.6

2

2.4

2.8

Exact Energy density I
Energy density I

� 5.2:,J� T=50(s)J2|}UTàáHâã56 (TM wave)=+���+&´ä

� (Energy I)^J�`a&åæ)

Time(s)

E
n

er
gy

d
en

si
ty

0 10 20 30 40 50
18

19

20

21

22

23

24

25

26

Exact Energy density II
Energy density II

� 5.3:,J� T=50(s)J2|}UTàáHâã56 (TM wave)=+���+&´ä

� (Energy II)^J�`a&åæ)
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Time(s)

H
am

ilt
o

ni
an
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-1

-0.5

0

0.5

1

� 5.4:UTçè�2Hamiltonian^J�`a&åæ)

Time(s)

∇⋅
H

0 10 20 30 40 50
-3

-2

-1

0

1

2

3

� 5.5:UTçè�2GH�é^J�`a&åæ)
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X

Y

-3 -2 -1 0 1 2 3
-3

-2

-1

0

1

2

3

------------- Exact

- - - - - - - Numerical

� 5.6:,ijN 81×81×812J�@ 50ß�vw�2|};TàáHâã562x9�
&�� Ez ����+�=+2ê@ z = 0&VW�)



5.3 MNO��PQ 68

Time(s)

E
ne

rg
y

de
n

si
ty

10 20 30 40 50
18.6

18.8

19

19.2

19.4

Exact Energy density I
Energy density I

� 5.7:,J� T=50(s)J2|};TàáHâã56=+���+&´ä
� (Energy

I)^J�`a&åæ)

Time(s)

E
n

er
gy

d
en

si
ty

10 20 30 40 50
32

32.4

32.8

33.2

33.6

34

Exact Energy density II
Energy density II

� 5.8:,J� T=50(s)J2|};TàáHâã56=+���+&´ä
� (Energy

II)^J�`a&åæ)
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Time(s)

H
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o
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0
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1

� 5.9:;Tçè�2Hamiltonian^J�`a&åæ)
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f/Hz

T
h
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Eps_re for Debye
Eps_im for Debye
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� 5.10: ,89Këìí� (1∼250 ij ) r-.�/ (251∼500 ij ) �2rîÔ�
ï [29]&�� Ez ��+&|}) (a)-.�/&������^B�`a� ; (b)8
9KFí�r Debye�/� ; (c)89KFí�r Lorentz�/� ; (d)89KFí�r
Drude�/�)
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� 5.11: 3D89K@ 44 × 44 × 44� 200 × 200 × 200�ij),-.�/�ÛÜ��
Ez , POQ� RN&� X�|})

� 5.12:, 44× 44× 44� 200× 200× 200ijN�89Kð z = 0& 2DVW'(�)
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(a) (b)

(c) (d)

� 5.13: 3D 89K@ 44 × 44 × 44(present) � 200 × 200 × 200(reference) ijN2,
Debye�/�ÛÜ�� Ez , POQ� RN&�2:7��de�ñ) (a) PN Ez �&
|} ; (b) QN Ez �&|} ; (c) RN Ez �&|} ; (d) POQ� RN&��de�ñ)
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(a) (b)

(c) (d)

� 5.14: 3D 89K@ 44 × 44 × 44(present) � 200 × 200 × 200(reference) ijN2,
Lorentz�/�ÛÜ�� Ez , POQ� RN&�2:7��de�ñ) (a) PN Ez �
&|} ; (b) QN Ez �&|} ; (c) RN Ez �&|} ; (d) POQ� RN&��de�
ñ)
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(c) (d)

� 5.15: 3D 89K@ 44 × 44 × 44(present) � 200 × 200 × 200(reference) ijN2,
Drude�/�ÛÜ�� Ez , POQ� RN&�2:7��de�ñ) (a) PN Ez �&
|} ; (b) QN Ez �&|} ; (c) RN Ez �&|} ; (d) POQ� RN&��de�ñ)
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� 5.17:�Tùc�Fú.cûJ&ò� /.c�&�� Ez � (∆t = 2668.5 fs)) (a)ü
ý ; (b)J�_@ 600; (c)J�_@ 850; (d)J�_@ 1200; (e)J�_@ 1350; (f)J�_
@ 1600
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� 5.20:;T��.c34&'(�
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� 5.21:�Tùc�F.cûJ&ò� /.c�&�� Ez � (∆t = 2668.5 fs)) (a)J
�_@ 600; (b)J�_@ 850; (c)J�_@ 1200; (d)J�_@ 1350; (e)J�_@ 1600;

(f)J�_@ 1900
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� 5.25:UT�� (Mie scattering).c34 εr @ 12�+ñ+r��+VW�&|})
(a) Ez(x, 0); (b) Ez(0, y)
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� 5.26: UT�� (Mie scattering) .c34,��þÿ�/��vw�&�+ñ+
r��&|}�) (a) εr @ 12 �@� (Silicon) þÿ���� ; (b) εr @ 20 �@	

(Acetone)þÿ���� ; (c) εr @ 50�@�� (Glycerin)þÿ���� ; (d) εr @ 100

�@Ua� (Barium binoxide)þÿ����2�ÿ�� www.engineeringtoolbox.com
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� 5.27:÷ø;ÌYZW (monitor plane):����^J�&`a
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� 5.28:;T��.cÛÜ2�Tùc�F.cûJ&ò� /.c�&�� Ez �FY
�W 1 (monitor plane 1)^J�&`a) (a)J�_@ 0(0 fs); (b)J�_@ 560(2.8 fs);

(c)J�_@ 760(3.8 fs); (d)J�_@ 850(4.25 fs); (e)J�_@ 1160(5.8 fs); (f)J�_
@ 1800(9 fs)
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� 5.29:;T��.cÛÜ2�Tùc�F.cûJ&ò� /.c�&�� Ez �FY
�W 2 (monitor plane 2)^J�&`a) (a)J�_@ 0(0 fs); (b)J�_@ 560(2.8 fs);

(c)J�_@ 760(3.8 fs); (d)J�_@ 850(4.25 fs); (e)J�_@ 1160(5.8 fs); (f)J�_
@ 1800(9 fs)
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� 5.30:;T��.cÛÜ2�Tùc�F.cûJ&ò� /.c�&�� Ez �FY
�W 3 (monitor plane 3)^J�&`a) (a)J�_@ 0(0 fs); (b)J�_@ 560(2.8 fs);

(c)J�_@ 760(3.8 fs); (d)J�_@ 850(4.25 fs); (e)J�_@ 1160(5.8 fs); (f)J�_
@ 1800(9 fs)
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(f)

� 5.31:;T��.cÛÜ2�Tùc�F��.cûJ&ò� /.c�&�� Ez �
FY�W 1 (monitor plane 1)^J�&`a) (a)J�_@ 0(0 fs); (b)J�_@ 560(2.8

fs); (c)J�_@ 760(3.8 fs); (d)J�_@ 850(4.25 fs); (e)J�_@ 1160(5.8 fs); (f)J
�_@ 1800(9 fs)



5.3 MNO��PQ 89

X

Y

0 5E-06
0

2E-06

4E-06

6E-06

8E-06 Dielectric cylinderAir

a

� 5.32:���û	�&'(�



5.3 MNO��PQ 90

X

Y

0 2E-06 4E-06 6E-06 8E-06
0

2E-06

4E-06

6E-06

8E-06 Ez

2
1.8
1.6
1.4
1.2
1
0.8
0.6
0.4
0.2
0

-0.2
-0.4
-0.6
-0.8
-1
-1.2
-1.4
-1.6
-1.8
-2

(a)

X

Y

0 2E-06 4E-06 6E-06 8E-06
0

2E-06

4E-06

6E-06

8E-06 Ez

2
1.8
1.6
1.4
1.2
1
0.8
0.6
0.4
0.2
0

-0.2
-0.4
-0.6
-0.8
-1
-1.2
-1.4
-1.6
-1.8
-2

(b)

X

Y

0 2E-06 4E-06 6E-06 8E-06
0

2E-06

4E-06

6E-06

8E-06 Ez

2
1.8
1.6
1.4
1.2
1
0.8
0.6
0.4
0.2
0

-0.2
-0.4
-0.6
-0.8
-1
-1.2
-1.4
-1.6
-1.8
-2

(c)

X

Y

0 2E-06 4E-06 6E-06 8E-06
0

2E-06

4E-06

6E-06

8E-06 Ez

2
1.8
1.6
1.4
1.2
1
0.8
0.6
0.4
0.2
0

-0.2
-0.4
-0.6
-0.8
-1
-1.2
-1.4
-1.6
-1.8
-2

(d)

� 5.33: ���B� (normalized frequency) @ 0.353 (c/a) J2�� Ez &��
(∆t = 0.05337 fs)) (a) J�_@ 575; (b) J�_@ 1075; (c) J�_@ 1750; (d) J
�_@ 2325
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� 5.34: �J�_@ 2325 J2|}��B� (normalized frequency) @ 0.353 (c/a) r
0.206 (c/a)&�Ä|}� (∆t = 0.05337 fs)) (a) 0.353 (c/a); (b) 0.206 (c/a)
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(a)

computational cell. The �eld amplitude is monitored at points
. The guide is located �ve lattice constants from the

edge of the cell. Bottom panel: Field amplitude recorded at
, as a function of time. The pulses re ected by

and transmitted through the bend, as well as the pulses re ected

frequency. The results are shown in the top two panels
in Fig. 2. The excellent agreement between the trans-

mission and re ection coef�cients obtained from the
different pulses demonstrates the consistency of our ap-

proach [9]. The transmission and re ection coef�cients

do add up to unity for every frequency in the gap,
which con�rms that there is no observable radiation

(b)

� 5.35: �J�_@ 2325O��B� (normalized frequency) @ 0.353 (c/a) J
(∆t = 0.05337 fs)2r�ï|}&�Ä (a) Present method; (b) Mekis et al. [38]
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