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Abstract

A thorough analytical study of the electrophoresis and electric conduction in a
suspension of charged soft particles in an arbitrary electrolyte solution is presented
through the use of a unit cell model. Each soft particle is a spherical hard core of radius
I, and constant surface charge density o covered with a permeable porous layer of
constant thickness a—r, and uniform fixed charge density Q. Solving the relevant
electrostatic and electrokinetic differential equations, we obtain closed-form formulas for
the electrophoretic mobility of the soft particles and effective electric conductivity of the
suspension. These results are expressed as linear functions of o and Q for arbitrary
values of r,/a, Aa, xa,and the particle volume fraction of the suspension, where A
is the reciprocal of the Brinkman permeation length of the surface layer of each particle,
and « is the reciprocal of the Debye screening length. The effects of the surface layer
characteristics and particle interactions on the electrophoretic mobility and effective
conductivity are interesting, significant, and complicated. The general results for a
suspension of charged soft spheres, which reduce to those of hard spheres and porous
spheres in the limits r,=a and r, =0, respectively, provide valuable information for

interpreting experimental data.
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Chapter 1

Introduction

When an electric field is exerted on colloidal particles suspended in an electrolyte
solution, the charged particles and neighboring counterions will move by electrophoresis
and electric migration, respectively. As a result, the ambient fluid is dragged to flow,
attended with an electric current. Some analytical expressions for the mean
electrophoretic mobility of the particles and effective electric conductivity of the
suspension have been obtained in the past for dilute suspensions of charged hard spheres
(impermeable to the electrolyte solution) [1-4], porous spheres (permeable) [5, 6], and
soft spheres (each is a hard spherical core of radius r, covered with a porous surface
layer of thickness a—r;,) [7, 8]. In the limiting cases of r,=a and r,=0, the results
for the suspension of charged soft spheres reduce to those of hard spheres and porous
spheres, respectively, of radius a.

In real situations of electrophoresis and electric conduction, relatively concentrated
suspensions of charged particles are often involved, and a unit cell model may be used to
estimate the effect of particle interactions. This model allows a homogeneous dispersion
of particles to be divided into numerous identical cells, with one particle inhabiting at the

center of each cell, and thus the multiple-particle problem is reduced to a single-particle

1
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one for a cell. Adopting the cell model, many researchers investigated the electrophoresis
and electric conduction in suspensions of hard spheres [9-16] and porous spheres [17, 18].
Experimental data for the electrophoretic mobility and effective electric conductivity of
suspensions of charged particles [19-21] are in agreement with the predictions from the
cell model in broad ranges of the volume fraction of the particles and the relative thickness
of the electric double layers.

The electrophoresis in a concentrated suspension of soft spheres was also examined
numerically or semi-analytically via the unit cell model to some extent [22-24], but the
electrophoretic mobility and effective electric conductivity of concentrated suspensions
of charged soft particles have not been thoroughly analyzed yet. In this thesis, the cell
model is adopted to analytically study the electrophoresis and electric conduction in a
suspension of generally charged soft particles. The linearized Poisson-
Boltzmann/Laplace equations, continuity equation of ionic species, and Stokes/Brinkman
equation modified with an electric force term are solved for the electric potential, ionic
electrochemical potential energy, and fluid velocity fields, respectively, without any
restrictions on the values of ry/a, Aa, xa, and the volume fraction of the particles,
where A4 is the Brinkman shielding coefficient in the surface porous layer of each
particle and x is the Debye screening parameter. Closed-form formulas for the

electrophoretic mobility and effective electric conductivity of the suspension in terms of

2
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the fixed charge densities of the particles are derived as Egs. (35) and (38), respectively.
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Chapter 2

Solution for the Potential and Flow Fields

We consider a suspension of soft spherical particles of radius a in a fluid solution
of M ionic species. Each soft sphere is a charged hard core of radius r, covered with
a homogeneous, solvent-permeable, ion-penetrable, and charged porous layer of
thickness a—r,. When the suspension is subjected to an applied electric field E_e,,
where €, isthe unitvectoralongthe z axis, the particles undergo electrophoresis with
a velocity Ue, and an electric current passes through the suspension in the same
direction. As shown in Fig. 1, we adopt a unit cell model in which each particle is located
at the center of a spherical cell of radius b and ¢ = (a/b)*® equals the particle volume
fraction of the whole suspension. The origin of the spherical coordinates (r,@,¢) is
placed at the center of the cell and z =rcos@. Thus, the problem in the cell is axially
symmetric without ¢ dependency.

To determine the electrophoretic velocity of the particles and the effective electric
conductivity of the suspension at the steady state, we first need to find the distributions
of the electric potential, electrochemical potential energy (or concentration) of each ionic

species, and fluid flow field in the electrolyte solution within a cell in this chapter.
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2.1. Electric potential field

The electric potential distribution  (r,9) inthe fluid region between the rigid core
of the soft particle and the outer (virtual) boundary of the cell (r, <r <b) can be expressed
as the equilibrium potential distribution w . (r) induced by the fixed charges of the
particle and mobile ions in the surrounding electric double layer added with the perturbed
potential distribution , (r,0) caused by the external electric field E_e, [25, 26],

W =Weq+Va, (1)

With employing the Debye-Hiickel approximation at equilibrium, the electric

potential w,, is governed by the linearized Poisson-Boltzmann equation,

Vi, =KW, —%h(r), ()
In this equation, & is the dielectric permittivity of the fluid, Q is the fixed-charge
density in the porous shell of the soft particle, h(r) is a step function equal to unity if
nL<r<a (within the porous shell) and zero if a<r<b , and
K= e(z M z2n7/&kT)"? is the Debye screening parameter, where n” and z,, arethe
bulk concentration (number density) and valence, respectively, of the species m, e is
the elementary electric charge, k is the Boltzmann constant, and T is the absolute
temperature.

The boundary conditions for the equilibrium potential are

dWeq o

r=r,: P (3)
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dy/e,

r=a: vy, and — = are continuous, (4)
r
d
r=b: Ve 0, ®)
dr

where o is the constant surface charge density of the dielectric hard core of the soft
particle, which is related to the local equilibrium potential via the Gauss condition in Eq.
(3). Note that Eq. (5) for the unit cell allows the overlap of the electric double layers of
adjacent particles.

The solution to Egs. (2)-(5) can be obtained as

1
Ve = Wi(Niko +y,(r)Q] (6)
K
where
a~(fo+b) _
w, (r) = 2(xt,)? BT {xbcosh[x(b—r)]—sinh[x(b—T)]}, (7)
(1) = 51" it + (@ ~1) — e (1, ~(xa + ][ (b 1)
+e™ (kb +D]} for a<r<b, (8a)
ex(2b—a+2ro—r) 1 c(a2b)
l//z(r)=W{E—(Kb—1)[Ka(’<fo_1)+Kfo]+’<b+e (1 —1)(xb +1)
x[" (ka —1) — 2e" xr] + """ (xr, +1)(xb —1)[2e" kT — e (k@ +1)]
+e2 @0 (i 4 ) (ka-1)(kb+1)} for r,<r<a, (8h)
and
B = e (1, +1)(xb —1) —e*™ (a1, —1)(xb +1) 9)

The potential w, caused by the external electric field E_e, satisfies the

governing equation
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Vi, =0 (10)

a

and boundary conditions

oy, 0

r=r,: =0, 11

0 - (11)

r=b: v, =—E_rcosé@ (forthe Dirichlet approach [10, 16]), (12a)
v,

o =—E_ cos@ (for the Neumann approach [9, 11]). (12b)

Because the tangential component of the potential gradient at r =b is not specified in
Eq. (12b), the Dirichlet approach in Eq. (12a) may be more logical than the Neumann
approach.

The solution to Egs. (10)-(12) is

3

W, = —E(2+r—°3)r cosd (13)
2v r
where v =1+r2/2b* ifEq. (12a)isusedand v =1-r}/b® if Eq. (12b) is employed. In

the limiting case of r,/b=0 (r, =0 or ¢ =0), Egs. (12a) and (12b) lead to identical

result (with v =1) as expected.

2.2. Electrochemical potential energy field

The electrochemical potential energy distribution . (r,d) of the species m (a
linear combination of the ionic concentration n_ and perturbed potential ) satisfies

the continuity equation of the species [8]
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2,2
) _z,e’E l//eq

Viu, = = (1 ——) cosé (14)
and boundary conditions
dy
r=r,: —n =0, 15
: o (15)
_ du :
r=a: ., and d_rm are continuous, (16)
r=>b. u. =-z,eE_rcosd (if Eq. (12a) is used), (17a)
du,, . .
o =-z,.6E_cosé (if Eq. (12b) is used). (17b)

Using Eq. (6) for y,, correctto the first orders of the fixed charge densities o and

Q, we obtain the solution to Egs. (14)-(17) as

r? z%2e%b

L =—E{zme(1+ )+ ———[F,(r)xo + F,(r)Q]}cos 4, (18)
1% 2r ek KT

where

2r? +r0 20-v)ré +r;

Fi(r) = brl {[2r;'15 (a,b) + b1, (a, b)] +[215 (5, 8) + 1, (1, @)]

+2r1,(a,r)=2r%1,(a,r)} for a<r<b (19a)

2r® +rO

F(r)= {[2rol3.(ro,b)+b loi (Fy, D)] + 215 15 (F, 1) = 21 (1, 1)}
for r,<r<a, (19b)

and
r I’3 r dl//
I (nn) = @-5))"—dr. (20)
v L r*r” dr

This result will be used in the next chapter to determine the effective electric conductivity
8
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of the suspension of charged soft spheres.

2.3. Fluid flow field

The velocity field v(r,9) and dynamic pressure distribution p(r,8) of the
incompressible Newtonian fluid are governed by the following equation of continuity and
Stokes/Brinkman equation with an electric force term:

V-v=0, (21)

V2v - 2h(r)v = i(Vp — 81<2wqu W,) (22)

n
where A4 is the Brinkman shielding coefficient, which is the reciprocal of a
characteristic length for the flow penetration inside the porous shell of the soft particle,

and 7 is the fluid viscosity.

We take the reference frame to travel with the particle in the cell and the boundary

conditions for the fluid flow field as

r=r: v, =v,=0, (23)
r=a: V., V,, 7,—P,and t,, arecontinuous, (24)
r=h: v, =-Ucosé, (25a)
Fro _ ri(v—e) +1% =0 (for the Happel model [27]), (25b)
n or'r° roé
[VxV], = li(rvg) _1ov =0 (for the Kuwabara model [28]), (25c)
ror r oo

where v, and V, are the nontrivial components of the fluid velocity, r, and z,, are

the nontrivial components of the viscous stress, and U is the electrophoretic velocity of
9
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the particle to be determined. Because the Happel model does not require an exchange of
mechanical energy between the cell and its environment, it might be a more reasonable
approach than the Kuwabara model.

The solutions to Egs. (21)-(25) together with Eqgs. (6) and (13) correct to the first

orders of the fixed charge densities o and Q are

p=—2_[p,(")xc+ p, ()Qlcosd, (26)
vk“a

Vv, = E;'OZ[VH(I’)K‘O'+VQ(I')Q] cosd, (27)
vnK

Vv, = —a(r—zvr)tan 0, (28)

2ror
where
p;(r) =[C, +J5 (I’)](%)Z +2[5C,; +Jy, (r)]é - Kzar(1+ zr_:l)‘//i (r), (29a)

Vi (r)=Cy = 35 (r) +[Cy + I3 (r)]E +[Cy _lei (r)](i)3 +[Cyi + 1‘JOi (r)](L)Z
r 5 r 5 a

for a<r<b, (29b)

3

i (r) = 22ar[-C,, +%(3>3]+ 3, 0E)? + 23, (N = - kar1+—2 )y, (r) . (30a)
r r a 2r

V, () = Cy, +[Cy; +Criax(Ar) + cgiﬂ(ﬂr)](ﬁf S [3(r) -, (r)(%f

(1a)*
Ja,(r)ﬁ(’”)+3 3 ,(r )“(’”)] for r,<r<a, (30b)
(Ar)? (4r)?
1 2 (" r03 dl//I
Ja() =2 0@)? [ 2+ Salan) = tdr, (31a)
6 r
1,0 = L) [ 2+ S0 Woor (31b)
I‘
L[ @y dn
Ja(n)=50)’ [ 2+ 5)C)" = (31c)
a(x) = xcosh x —sinh x , (32a)
B(x) = xsinh x—cosh x, (32b)
10
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i=1 and 2, and the dimensionless constants C, . (independentof o, Q,and v) for

both the Happel and Kuwabara cell models are given by Egs. (A1)-(A8) in the Appendix.

Figure 1. Geometric sketch for a charged soft sphere in a unit cell under an imposed

electric field.

11
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Chapter 3
Solution for the Electrophoretic Velocity and

Electric Conductivity

3.1 Electrophoretic velocity

The net force exerted on the soft sphere is composed of the hydrodynamic force
F, =2ma’ [ {(z,, — p)e, +7,,,}sin0.d0 (33)
and electrostatic force

F, = 2na28.[onvl//eqv v, -e.sinadé, (34)
where €, and e, are the unit vectors in the r and & directions. This net force
vanishes at the steady state. The application of this constraint after the substitution of Egs.
(6), (13), and (26)-(30) into Eqgs. (33) and (34) results in the electrophoretic velocity of

the particle as

U =52 U,0+U,30Q), (35)
v
where
_ J,(b) L Ay v, b Ay
U; = (xa) A e [(xa)"(2+ ag)l//i (a)-6a i @]+ AJdg(b) + Ay (b)
+ A5 (0) + Ay (1) + Addy (1) + A (1) + A s (1)} (36)

and the dimensionless constants A (independentof o, Q,and v ) forthe Happel and

Kuwabara models are given by Egs. (A9)-(A17) and (A56)-(A64) , respectively, in the
Appendix. Equations (35) and (36) show that the electrophoretic velocity U obtained

12
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from using the Neumann condition in Eq. (12b) is always greater than its corresponding

result obtained from using the Dirichlet condition in Eq. (12a) by a factor
A+epr,>12a°)/1-pr,°/a®) (which increases monotonically with ¢r,*/a® from
unityat ¢ =0 or r, =0) under otherwise the same circumstances.

Evidently, U, and U, in Eq. (35), which are positive, can be deemed as the

normalized electrophoretic mobilities of the soft sphere composed of a charged hard core

and an uncharged porous shell (Q = 0) and of the soft sphere composed of an uncharged
hard core ( 0=0) and a charged porous shell, respectively. Both normalized
electrophoretic mobilities are functions of the radius ratio ry/a, electrokinetic radius
xa , and shielding parameter Aa of the soft sphere as well as the particle volume
fraction ¢ = (a/b)*® of the suspension. Because of the system’s linearity, the effects of

the fixed charge densities of the soft sphere on the particle mobility can be simply
superimposed. Note that, in the earlier calculations for the electrophoretic mobility of

concentrated suspensions of charged soft spheres using the Kuwabara cell model [22, 23],

o =0 was assumed and the contribution from U, was missing.

3.2 Electric conductivity

The effective electric conductivity for a suspension of charged soft spheres can be

obtained from a volume-average current density, with the expression [17]

A= pro— i I(r Oty _ ),_,sin@cosado, (37)
2kaEx erd m m m :um r=b

where D is the diffusion coefficient of the ionic species m and

m

A" =e*Y M 722D n* /KT is the electric conductivity of the fluid solution with no

m=1"m™="m"'m

13
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particles. The substitution of Egs. (18)-(20) for the ionic electrochemical potential energy
M, together with Eqgs. (7) and (8) into Eq. (37) results in the effective conductivity of
the suspension correct to the first orders of the fixed charge densities as a linear
superposition,

3y yea

A=A"[1- b _vgk—T(Xla+ X,aQ)], (38)
where
TTY D,
F (b
Xi :Li)' (40)
(k@)

which is independent of the reciprocal permeation length A and the hydrodynamic

boundary conditions (Happel and Kuwabara models) at the virtual boundary of the unit
cell. The parameters X, and X, are both positive (and independent of o and Q),

thus the presence of the particle charges reduces the magnitude of the effective

conductivity for any volume fraction of particles in the suspension if the product of y
and o (and Q) is positive and increases this magnitude if yo <0 (and Q <0).
Evidently, X;=X,=0 and A = A” as ¢=(a/b)®=0. Equations (38)-(40) also
result in a greater effect of particle charges on the effective conductivity for the Neumann

condition in Eq. (12b) than for the Dirichlet condition in Eq. (12a).

14
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Chapter 4

Results and Discussion

The mean electrophoretic mobility and effective electric conductivity for a given
suspension of generally charged soft spheres can be readily calculated via Egs. (35) and
(38), respectively. In this chapter, we first consider the mobility and conductivity for the
two particular cases of the soft spheres: hard (impermeable) spheres and porous

(permeable) spheres. Results for the general case of soft spheres will then be presented.

4.1. Suspension of hard spheres

When there is no permeable layer on the surface of the hard core of the soft sphere,
the particle reduces to an impermeable sphere of radius a=r, and constant surface
charge density o, the terms U,aQ in Eq. (35) and X,aQ in Eq. (38) are trivial, and
the dimensionless mobility parameter U, calculated from Eq. (36) and conductivity
parameter X, calculated from Eq. (40) are functions of the electrokinetic particle radius
xa and the particle volume fraction ¢ (=a®/b®). The substitution of Egs. (7), (19a),

and (20) into Eq. (40) leads to

ezc(b+r0) 2

= W{cosh(xb — x1,)[(48 + 6x°r7 + x*r, ){xb — tanh(xb — 1)}
xab’v

1

15
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+ K1, (48 — 2k °r7 — k1 ){xb tanh(xb — &1, ) — 1}]

+ %KG r,® cosh(xb)[(L + xb){tanh(xb) — B{E, (~&b) — E, (~«1,)}

+ (1 - xb){tanh(xb) + H{E, (xb) — E, (k1,)}] -16x°b° +8x°r,> —2«°07'r,°},  (41)
where

E, (X) = _[:Ot‘”e‘“dt , (42)
which is valid for suspensions of both hard spheres and general soft spheres but depends
on the boundary condition for y, at the outer surface of the unit cell given by Eq. (12a)
or (12b).

For a suspension of hard spheres with thin electric double layers (xa >>1), Egs. (36)
and (41) have the asymptotic forms
3,1-9"° 1

5/3 —) (43a)

U ->—CFC——=
ka 3+ 2¢ Ka

for the Happel model in Eqg. (25b),
1 o 1 31 ot — ™
U >—[-¢-—QB+¢" -¢™)] (43b)
Ka Ka
for the Kuwabara model in Eq. (25¢), and

9 1+ "8
X, >—2 (-2 (44)
2(ka)v Ka

for both models. Note that Egs. (43) and (44) predict a vanishing particle velocity and no

contribution of the particle charges to the effective conductivity in the limit xa — o« for

a constant surface charge density.

For a suspension of hard spheres with thick double layers (xa <<1), Egs. (36) and
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(41) become

U N (1_§01/3)2(2+¢))(1+(01/3)(2+(01/3 +2(02/3) (45a)
1 2(1+¢1/3 +§02/3)(3+2§05/3)

for the Happel model,

U L-¢")’(2+ )(5+6¢"° +3p*"° + ) 45h
1 - 15(1+¢)1/3 +¢2/3) ( )

for the Kuwabara model, and

X —>3§01/3(4_15¢2/3 +1O¢)+6¢5/3 _5¢2) (46)
' 40(1- @)v

for both models. Equations (45) and (46) lead to a finite particle velocity and finite

contribution of particle charge to the effective conductivity in the limit xa=0.

Inthe limit @ — 0 (the suspension is infinitely dilute and v =1), Egs. (36) and (41)

reduce to
1 Ka
Ul —)m{l—e [5E7(Ka)—2E5(Ka)]}’ (47)
L -2 -1 _ 2 3 @ 4
X0 oy Lro0a) T 48(ka) T+ 6 - 2ka + (xa)” ~ (wa)”+ By (ra)e” (xa) ] (48)

As expected, Eq. (48) indicates that the effect of the particle charges on the electric
conductivity of the suspension vanishes in this limit. It can be shown that Egs. (41)-(48)
for the case of constant o are consistent with the results obtained for the electrophoretic
migration and electric conduction of a suspension of hard spheres of constant zeta
potential [12].

The normalized electrophoretic mobility U, for a suspension of hard spheres with

constant surface charge density o, as calculated from Eq. (36) for both the Happel and
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Kuwabara cell models, is plotted versus the parameters xa and ¢ in Fig. 2. The
results are presented up to ¢ = 0.74, the limit for an assemblage of identical spheres [9].
For a specified value of ¢, the value of U; decreases monotonically with an increase
in xa (a decrease in the overlap of the adjacent electric double layers) from a constant
(equal to 2/3 if ¢=0) at xa=0 (as predicted from Eq. (45)) to zero as xa —
(asymptotically proportional to (xa)™ as predicted from Eq. (43)). For a fixed value of
xa, U, is a monotonic decreasing function of ¢ and in general the effect of particle
interactions on the electrophoretic mobility is significant. For an arbitrary combination of
ka and ¢ , the Kuwabara model predicts a smaller value (a stronger particle
concentration effect) for the electrophoretic mobility than the Happel model does, but the
difference is insubstantial. It can be found that the experimental data of electrophoretic
mobility for suspensions of human erythrocytes with large xa and various values of ¢
[20] agree well with U, predicted from the Happel model with the Dirichlet approach
in Eq. (12a) for the suspension of hard spheres.

The parameter X, (effect of the particle surface charges) for the effective electric
conductivity of a suspension of hard spheres, as calculated from Eq. (41), is plotted versus
the parameters xa and ¢ in Fig. 3. For a given value of ¢, the value of X,
decreases monotonically with an increase in xa from a constant at xa=0 (as

predicted from Eq. (46)) to zero as xa — oo (asymptotically proportional to (xa)™ as
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predicted from Eq. (44)). For a constant value of xa, however, X, increases with an
increase in ¢ from zeroat ¢ =0 (as predicted from Eq. (48)), attains a maximum at
some value of ¢, and then decreases with a further increase in ¢ . The location of this
maximum shifts to greater ¢ as xa increases, and the effect of ¢ on the effective
conductivity can be significant. For specified values of xa and ¢, the value of X,
obtained from using the Neumann condition in Eq. (12b) is greater than that from using
the Dirichlet condition in Eq. (12a). The experimental data of electric conductivity for
suspensions of polystyrene latex spheres in aqueous solutions of 0.1 mM HCIO4 with
ka~1 and ¢ of the order 0.01 [19] are in reasonable agreement with X, predicted

from the Dirichlet approach for the suspension of hard spheres.

4.2. Suspension of porous spheres

When the hard core of the soft sphere disappears (r, =0), the particle becomes a
permeable sphere (such as a polymer coil or colloidal floc) of radius a and fixed charge
density Q,theterms U,o inEq.(35)and X,o inEq. (38) are trivial, and the mobility
parameter U, calculated from Eq. (36) and conductivity parameter X, calculated
from Eq. (40) are functions of the electrokinetic radius xa, shielding parameter Aa,
and particle volume fraction ¢ and are independent of the boundary condition for v,

at the outer surface of a unit cell given by Eq. (12a) or (12b) (v =1). Substitution of Egs.
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(8), (19a), and (20) into Eq. (40) leads to

_ 1
(xa)

a(xa)

X, 1. 49
(o )] (49)

2 [(0 - a
For a suspension of porous spheres with thin electric double layers (xa >>1), Egs.

(36) and (49) have the forms

u, 9&, (50)
X, a#, (51)

for both models. Equations (50) and (51) predict no contribution of particle charges to the
effective conductivity but a finite particle velocity in the limit xa — .

For a suspension of porous spheres with thick double layers (xa << 1), Egs. (36) and
(49) become
1

1
2y {1a[300°"® + (1+14¢°"* —10¢°)(1a)’ +§(2 —3¢"% +3¢°"% —20%)(1a)"]

—[300°"° + (14 24¢°" —10¢°)(1a)* — (p"® —5¢°"° + 4p*)(Ja)*]tanh(1a)}

U, -

x{1a[300°"° + 3+ 2¢°"*)(1a)*]1- 109" + (1 + 4¢°'*)(1a)*Jtanh(1a)} * (52a)

for the Happel model,

1 _15 10(1—g0)22,a
U, > —{——" +[1+20(2-0)]-6[30"" —p(5-2¢)] + —— 2L = 52b
2 45{(;&3‘)2 [1+2¢(2-¢)]-6[3¢"" - p(5-29)] )ta—tanh(la)} (52b)
for the Kuwabara model, and
X, > =(¢"*~9) (53)
10

for both models. Equations (52) and (53) lead to a finite particle velocity and a finite
20
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contribution of the particle charges to the effective conductivity in the limit xa =0.

In the limit @ — 0, Eqgs. (36) and (49) result in

1, l-e? ka+1 ., kacoth(xa) -1  ,
U — —_— th -1 A — , 54
2 _)(ﬂa) " 3(ka)° {racoth(xa) ~1+ 2 —Kz[ Jacoth(la) -1 NN
4
X, > —. 55
2 (Ka)2 ( )

Again, Eq. (55) predicts no contribution of the particle charges to the effective
conductivity in this limit. Equations (49)-(55) are consistent with the results obtained for

a suspension of charged porous spheres [17].
In Fig. 4, the normalized electrophoretic mobility U, for a suspension of porous

spheres, as calculated from Eq. (36) for the Happel cell model (which differs little from

that calculated for the Kuwabara model), is plotted as a function of the parameters xa,
JAa, and ¢ . For fixed values of Aa and ¢, the value of U, is a finite monotonic

decreasing function of xa from a constant at xa=0 (as predicted from Eq. (52)) to

another constant as xa — oo (as predicted from Eq. (50)). For constant values of xa

and ¢, U, is a monotonic decreasing function of Aa (the relative resistance to the

fluid flow within the porous particle). For given values of xa and Aa, U, decreases

monotonically with an increase in @ ; when xa issmalleror Aa is greater, the effect

of ¢ on U, becomes more conspicuous.

In Fig. 5, the parameter X, for the effective electric conductivity of a suspension
of porous spheres, as calculated from Eq. (49), is plotted versus the parameters xa and
@ . Analogous to the parameter X, for a suspension of hard spheres, the value of X,

decreases monotonically with an increase in k@ fromaconstantat xa=0 (aspredicted
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from Eq. (53)) to zero as xa — o (asymptotically proportional to (xa) > as predicted
from Eq. (51)) for a specified value of ¢ . Foragivenvalue of xa, X, increases with
anincreasein ¢ fromzeroat ¢ =0 (as predicted from Eq. (55)), reaches a maximum

at some value of ¢ (whose location shifts to greater ¢ as xa increases), and then

decreases with a further increase in ¢ . Theeffectof ¢ on X, canalso be significant.

4.3. Suspension of soft spheres

For a suspension of soft spheres, the electrophoretic mobility parameters U,
(contribution from the surface charge density o of the hard core) and U, (contribution
from the fixed charge density Q of the porous surface layer) calculated from Eq. (36)
are plotted in Figs. 6 and 7, respectively, for various values of the particle volume fraction
o, radius ratio r,/a, electrokinetic radius xa, and shielding parameter la. Analogous
to the outcomes of the particular cases with ry/a=1 (where Aa is trivial) and
r,/a=0 discussed in the previous subsections, both mobility parameters in general
decrease with an increase in xa (with some exceptions for U, ), decrease with an
increase in Aa (from constants at la=0 to smaller constants as Aa — «), decrease
with an increase in ¢, and are smaller as predicted by the Kuwabara model than the
Happel model (but the difference is insubstantial).

Figure 6b illustrates that, for specified values of xa, Aa, and ¢, the mobility
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parameter U, increases with an increase in the radius ratio r,/a (or relative surface
area of the hard core of the soft particle) from zero at ry;/a=0, but may attain a
maximum and then decrease with a further increase in r,/a (or hydrodynamic
resistance to the electrophoretic motion of the particle caused by the hard core). On the
contrary, as indicated in Fig. 7b, the mobility parameter U, is a monotonic decreasing
function of r;/a (increasing function of 1-r,/a or the relative volume of the porous
surface layer of the soft particle), vanishing at r,/a =1 as expected. For cases with a
medium value of ry/a (ca. 1/2), the contributions to the electrophoretic mobility of the
soft particle from U, and U, (or o and Q) are comparable. Our results of U, are
consistent with the earlier calculations for the electrophoretic mobility of concentrated
suspensions of soft spheres with constant Q and vanishing o performed by using the
Kuwabara cell model [22, 23].

For the effective electric conductivity of a suspension of soft spheres, the parameters
X, (contribution from the surface charge density o )and X, (contribution from the
fixed charge density Q) as calculated from Eq. (40) together with Eq. (19a) (or X, as
calculated from Eqg. (41)) are plotted in Figs. 8 and 9, respectively, for various values of
the parameters xa, r,/a, and ¢ . Similar to the results of the particular cases with
r,/a=1 and r,/a=0 discussed in the previous subsections, for constant values of

ka and ry/a,both X, and X, increase with anincrease in ¢ fromzeroat ¢=0
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but may not be monotonic functions (have maxima at some intermediate values of @),
and the effect of ¢ on these parameters can be significant. For given values of r,/a
and ¢,both X, and X, decrease with an increase in xa from constants at xa =0
to zero as ka — oo . For any combination of xa, r,/a,and ¢, the values of X, and
X, obtained from using the Neumann condition in Eq. (12b) are greater than those from
using the Dirichlet condition in Eq. (12a).

For fixed values of xa and ¢, Fig. 8b indicates that the parameter X,
increases with an increase in the radius ratio r;/a fromzeroat r,/a =0, but may reach
a maximum and then decrease with a further increase in r;/a. On the contrary, as
illustrated in Fig. 9b, the parameter X, is a monotonic decreasing function of r,/a
fromaconstantat r,/a=0 tozeroat r,/a=1.Forcaseswithamediumvalueof r,/a,

the contributions to the electric conductivity of the suspension from the fixed charge

densities o and Q of the soft particle are comparable.
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Figure 2(a). Plots of the normalized electrophoretic mobility U, for a suspension of
hard spheres as calculated from Eqg. (36) versus the parameter xa . The solid and dashed

curves represent the calculations for the Happel and Kuwabara models, respectively.
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Figure 2(b). Plots of the normalized electrophoretic mobility U, for a suspension of

hard spheres as calculated from Eq. (36) versus the parameter ¢ . The solid and dashed

curves represent the calculations for the Happel and Kuwabara models, respectively.
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Figure 3(a). Plots of the electric conductivity parameter X, for a suspension of hard

spheres as calculated from Eq. (41) versus the parameter xa . The solid and dashed

curves represent the calculations from using the Dirichlet condition in Eq. (12a) and

Neumann condition in Eq. (12b),

respectively.
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Figure 3(b). Plots of the electric conductivity parameter X, for a suspension of hard

spheres as calculated from Eq. (41) versus the parameter ¢ . The solid and dashed curves
represent the calculations from using the Dirichlet condition in Eq. (12a) and Neumann

condition in Eq. (12b), respectively.
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Figure 4(a). Plots of the normalized electrophoretic mobility U, for a suspension of
porous spheres as calculated from Eq. (36) versus the parameter xa for the Happel
model. The solid and dashed curves represent the calculations with Aa=5 and

Aa =20, respectively.
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Figure 4(b). Plots of the normalized electrophoretic mobility U, for a suspension of
porous spheres as calculated from Eq. (36) versus the parameter ¢ for the Happel model.
The solid and dashed curves represent the calculations with la=5 and Aa=20,

respectively.
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Figure 5(a). Plots of the electric conductivity parameter X, for a suspension of

porous spheres as calculated from Eq. (49) versus the parameter xa .
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Figure 5(b). Plots of the electric conductivity parameter X, for a suspension of

porous spheres as calculated from Eq. (49) versus the parameter .
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Figure 6(a). Plots of the electrophoretic mobility parameter U, for a suspension of
soft spheres as calculated from Eq. (36) versus the parameter Aa for various values of

ka at ¢=0.1 and r,/a=0.5. The solid and dashed curves represent the calculations

for the Happel and Kuwabara models, respectively.
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Figure 6(b). Plots of the electrophoretic mobility parameter U, for a suspension of
soft spheres as calculated from Eq. (36) versus the parameter r,/a for various values

of ¢ at ka=1 and Aa=1.The solid and dashed curves represent the calculations for

the Happel and Kuwabara models, respectively.
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Figure 7(a). Plots of the electrophoretic mobility parameter U, for a suspension of soft
spheres as calculated from Eq (36) versus the parameter Aa for various values of xa

at ¢=0.1 and r,/a=0.5. The solid and dashed curves represent the calculations for

the Happel and Kuwabara models, respectively.
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Figure 7(b). Plots of the electrophoretic mobility parameter U, for a suspension of soft
spheres as calculated from Eq (36) versus the parameter r,/a for various values of ¢
at ka=1 and Aa=1. The solid and dashed curves represent the calculations for the

Happel and Kuwabara models, respectively.
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Figure 8(a). Plots of the electric conductivity parameter X, for a suspension of soft

spheres as calculated from Eq. (40) or (41) versus the parameter o for various values
of xa at ry/a=0.5.Thesolid and dashed curves represent the calculations from using

the Dirichlet condition in Eq. (12a) and Neumann condition in Eq. (12b), respectively.
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Figure 8(b). Plots of the electric conductivity parameter X, for a suspension of soft
spheres as calculated from Eq. (40) or (41) versus the parameter r,/a for various values
of ¢ at xa=1. The solid and dashed curves represent the calculations from using the

Dirichlet condition in Eq. (12a) and Neumann condition in Eq. (12b), respectively.
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Figure 9(a). Plots of the electric conductivity parameter X, for a suspension of soft
spheres as calculated from Eq. (40) versus the parameter ¢ for various values of xa

at r,/a=0.5. The solid and dashed curves represent the calculations from using the

Dirichlet condition in Eq. (12a) and Neumann condition in Eq. (12b), respectively.
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Figure 9(b). Plots of the electric conductivity parameter X, for a suspension of soft
spheres as calculated from Eq. (40) versus the parameter 1, /a for various values of ¢
at xa =1. The solid and dashed curves represent the calculations from using the Dirichlet

condition in Eq. (12a) and Neumann condition in Eq. (12b), respectively.
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Chapter 5

Concluding Remarks

Using a unit cell model, we analyze the electrophoresis and electric conduction in a
suspension of charged soft particles thoroughly in this thesis. Each soft sphere is a hard
core of radius r, and surface charge density o covered with a permeable porous layer
of thickness a—r, inwhich frictional segments with fixed charge density Q distribute
uniformly. The equilibrium electric potential profile outside the hard core in a unit cell
and its perturbation caused by the applied electric field are obtained from solving the
linearized Poisson-Boltzmann and Laplace equations, respectively. The ionic
electrochemical potential energy and fluid flow fields are then obtained by solving the
ionic continuity equation and modified Stokes/Brinkman equation, respectively. Through
the use of a force balance and a volume-average current density, explicit formulas for the
electrophoretic mobility of the soft spheres and effective electric conductivity of the
suspension as linear functions of the fixed charge densities o and Q are obtained in
Egs. (35) and (38) for arbitrary values of the radius ratio r,/a, electrokinetic radius xa,
and shielding parameter Aa of the soft spheres as well as the particle volume fraction
¢ of the suspension. In the limits ry,=a and 1, =0, these formulas for a suspension

of charged soft spheres reduce to the corresponding formulas of charged hard spheres and
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charged porous spheres, respectively.

Our results indicate that the electrophoretic mobility parameters U, and U, in Eq.
(35) in general decrease with increases in xa, in Aa, and in @.When xa is smaller
or Aa isgreater, the effect of ¢ onthe mobility parameters becomes more substantial.
On the other hand, the effects of particle charges on the effective electric conductivity or
the parameters X, and X, in Eq. (38) decrease with an increase in xa from
constantsat xa=0 tozeroas xa — oo and increase with an increase in ¢ from zero
at @ =0 but may not be monotonic functions (have maxima at some intermediate values
of ¢ ). When xa is smaller, the effect of ¢ on X, and X, is also more
conspicuous. In general, the effects of r,/a, xa, Aa,and ¢ on the electrophoretic
mobility and effective electric conductivity are interesting, significant, and complicated.
These results provide valuable information for interpreting experimental data.

Equations (35) and (38) show that the effects of particle charges on the
electrophoretic mobility of the soft particles and effective electric conductivity of the
suspension obtained from the unit cell model using the Neumann condition in Eq. (12b)
is always greater than their corresponding results obtained from using the Dirichlet
condition in Eq. (12a) under otherwise the same circumstances. Also, the Kuwabara cell
model predicts a smaller value (a stronger particle concentration effect) for the

electrophoretic mobility than the Happel model does, but the difference is insubstantial.
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h(r)

i (1, 12)
i (1)
35 (r)

‘J ni (r)

Lists of Symbols

the radius of the soft sphere, m
the radius of the unit cell, m

defined by Eq. (9)

diffusion coefficient of the species m, m? - s!

the elementary electric charge, C

the unit normal vector outward from the composite sphere surface

the unit vector in the z-direction

defined by Eq. (42)

the magnitude of applied electric field, V-m™

the dimensionless functions of r given by Eq. (19)

the electric force acting on the soft sphere, N

the hydrodynamic drag force acting on the soft sphere, N
unit step function

defined by Eq. (20)

defined by Eq. (31a)

defined by Eq. (31b)

defined by Eq. (31c)
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Uy

r

Ui

Greeks

a(X)

Boltzmann’s constant, J-K™

the bulk concentration of speciesm, m?

the pressure distribution , N-m™

the volumetric fixed-charge density of the porous layer, C-m?
the radius of the rigid core, m

spherical coordinates

the absolute temperature, K

the fluid velocity distribution, m-s™

r and @ components, respectively, of u, m-s®*

the electrophoretic velocity of the particle, m-s™

the electrophoretic mobility parameters defined by Eqg. (35)
defined by Eq. (40)

the valence of speciesm

the space charge density in the fluid phase, C-m™

the dielectric permittivity of the electrolyte solution, C*-J*-m™

the particle volume fraction

defined by Eq. (32a)
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B(X)

M

Va

Tl’l’ ! TI’Q

defined by Eq. (32b)

the viscosity of the fluid, kg-m™.s™

reciprocal of the Debye screening length, m™

the reciprocal of a constant shielding length featuring the extent

of flow penetration inside the porous layer, m™

the electrochemical potential energy distribution of speciesm, J
the electric potential distribution, V

the equilibrium electric potential distribution, V

the small perturbation to the equilibrium state of electric potential
distribution, V

the non-vanishing components of the viscous stress of the fluid,

N-m ™
defined by Eq. (39)

the effective electric conductivity of the suspension,

C’-m?t.st.J?
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Appendix

The constants C,; in Egs. (29) and (30)

The dimensionless constants C_. in Egs. (29) and (30) for the fluid flow field are

given as follows:
c, :%{[ui 3, (0)1B, = J,, (b)B, — 3, (0)B, — I ()B, — Iy, (1,)Bs — I, (1,)Bs
=3, (r)B; = J 4 (r5)Bg}, (A1)
C, =%{[Ui — 35 (0)]A; = I (DA, =I5 (B)A; — I (D) A, = I () As =I5 () Ag
=3 () A =35 (r) A}, (A2)
c, :%{[ui ~ 3, (0)1A, — 35, (0)B, — 3, (B)B, — I, (0)By, — I, (1)Byy — I (1)Byy
=3, (15)Bis —J 4 (rp)By}, (A3)
C, :%{[ui 3, (0)]A, - 3y (0)Bye — I, (0)B, — I, (b)Bug — Iy, (1)By + I (1,)Big
=3, (r)Byy =34 (1)) By} (A4)
c, :%{—[ui ~ 3, (0)]A, + 35, (0)B,, + J,, (0)B, — I, (0)B,, — I, (1,)B,,
= J5i(15) By = 3, (15) By — I 5 (15) By}, (AS5)
c, :%{—[ui 3, (DIA + 3y, (0)By + Iy (B)B: + 3o, (0)By, — Iy, (1;)Bss
= J5i(15)Bys =3, (15) By = 3 5 (1) Bys}, (A6)
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C7i = i{_[ui - ‘]Zi (b)]A7 + ‘]Oi (b) Bl3 + ‘]3i (b) B7 - ‘]5i (b) Bzg - ‘]Oi (ro)Bso

_‘]3i(r0)BSl_‘Jai(r0)BSZ _‘]ﬁi(ro)BSS}’ (A7)

CSi = %{_[Ui - ‘JZi (b)]Ae + JOi (b) 814 + ‘]3i (b) Bs - ‘]5i (b) Bs4 - ‘]Oi (ro)Bss
_‘Jai(ro)Bae _Jai(r0)837 _Jﬁi(rO)BSS}’ (A8)

where

A = %{—120a6r0/13 +A[270a°r (a-r,) +al*(2a° +3b°)(2a° + ) + 31%(20a’
+1,(2a° + 3ab® — 3(4a° +b°)r, +30ar?))] cosh(A(a—r,)) — 3[90a°’r,
+1%(2a°(4@° +b°) + 7 (-2a° —3ab® + 1, (4a° + b°))) + 1?(20a°
+3r, (4a° +b° +10a°r, (r, —3a)))]sinh(Aa — Ar,)} (A9)

A = %{—12 r,A(30a°h-10a°1% +9a°bA* +b°2%) — A[1* (a—b)*(a+Db)(2a*
+ab+2b%)(2a° + 1) -90a’° (2ab +r,(-3a+2b+3r,)) +34% (202" - 28a°h - 2ab°® + r, (2°
-3a°b +3ab’® - 2b° —3(4a° —5a*b +b°)r, +10a°(3a - 2b)r?))]cosh(1a - Ar,)
+3[30a°(3r, — 2b) + 1*(2a°(4a° —5a*b +b°) + r? (—2a° + 3a°b — 3ab®

+2b° +1,(42° -5a'b +b%))) + 4(20a° —48a°h - 2b° + 3r,(4a° —5a‘b + b’

+10a°r,(-3a+2b +1,)))]sinh(la— Ar,))} (A10)
b512 2 3 3

A = = {6ar,A — A[3(4a—-3r)(a+1,)+ai"(2a’ + ;)] cosh(la— Ary) + 34a + 3r,
+4%(2a° —ar; +r;)]sinh(la - Ar,)} (A11)

A, = %{120a6r0ﬂ,3 — A[270a%r (a—r1,) +ai*(2a° +3b°)(2a° + r’) + 34%(20a’
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+1,(2a° + 3ab® —3(4a° +b°)r, +30ar?))] cosh(1a — Ar,) + 3[90a’r, + 1% (2a°(4a°
+b°) —r?(2a° +3ab® - r, (4a° +b°))) + 1% (20a° + 3r, (4a° +b°> —10a’r, (3a
—1,)))]sinh(Aia—Ar,)} (A12)
A, = A’a{-6ar A+ A[3(4a-3r,)(a+r,)+al’(2a’ +r’)cosh(da— Ar,) - 3[4a +3r, + A*(2a°
—ar? +r’)]sinh(1a-Ar)} (A13)

A= 6; {22%2°(2° ~b°) - A[90a° (a - 1,) + ar2* (42° +b%) + 34 (2~ r,)(4a° +D°
a

—10a*r))]cosh(da— Ar,) +[90a° + r,A* (-3a(4a’ +b°) + 1, (14a° + b°)) + 31% (14a°

+b° +10a°%r, (r, —3a))]sinh(1a— Ar,)} (A14)
A = agiro{[(a5 ~b°)A* -30a°4]+[30a* A + (4a° +b*)ai’]cosh(Aa - Ar,) —[30a° + (14a°

+b°)A*]sinh(Aa—Ar,)} (A15)
A = #{I—Br0 (30a° + A% (14a° +b°))]cosh(1a) +[12a° (b° —a°) A" + 6r,(30a° — (a°

—b*)1%)(3+ A%r7)]cosh(Ar,) +18ar,A[(30a° + (4a° + b°) A*)]sinh(1a) +18r A[-30a°

+(a° —b*)A%]sinh(Ar,)} (A16)
A = %ﬂ3r022(30a3 — 2%(a° -b®))]cosh(4r,) —3ar,A[(30a° + (4a° +b°) A*)] cosh(Aa)

+2a%(@° —b°)A* + (r,4*(@° —b°) —30a°)(3+ A°r2)]sinh(Ar,) + 3r,[30a° + (14a°

1b°)22]sinh(Za)} (AL7)
b*A?

B, = ?{—6aroﬂ, +A[3(4a-3r)(a+r))+a(2a’ +r,*)A*]cosh(1a - Ar,) —[3(4a +3r,
+(2a° —ar +r,*)A%)]sinh(la—-Ar,)} (A18)

B, = %{12r0/”t[30a3 +(9a° +b°)A%]- A[180a°(a+r,) +3(28a° + 2ab® + 3a’r, + 2b°r,
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—15a*r? +20a°r*) A% + (3a° + 2b%)(2a® + r,°) A*] cosh(1a — Ar,) + 3[60a° + (48a°

+2b° +15a*r, —60a’r,?)A° + (10a’ - (3a° + 2b°)r,” +5a*r*) A*]sinh(la— )} (A19)
B, = %{—12r0/1(30a3 +(9a° +b°)2%) + A[180a° (a + ;) +3(28a° + 2ab° +3a°r, + 2b°r, —15a"r;?

+20a°r,*) A% +(3a° + 2b%)(2a% +1,°) A*]cosh(Aa — Ar,) — 3[60a° + 1% (48a° + 2b°

+15a*r, —60a’r’) + 1*(10a" —(3a° + 2b°)r,? +5a'r,*)]sinh(la—Ar))}  (A20)

2192
B, = a[j {6ar,A - A[3(4a—3r))(a+r,) +ai*(2a’ +r,*) cosh(Aa - Ar)) + 3[4a +3r, + A*(2a°
—ar’ +r.)]sinh(la-Ar,)} (A21)
B, = 56br;,2 {2a°2°(b° —a°) + A[90a°(a—r,) +3A%*(a—r,)(4a° +b° —10a’r)) +ar,’A" (4a°
a

+b°)]cosh(1a - Ar,) —[90a® + 347 (b° + 2a°(7a* —15ar, +5r,?)) + r,A* (3a(b® — 4a°)
+1,(14a° +b®))]sinh(1a— Ar,)} (A22)
B, = %{ro/i(BOa3 -a’A% +b°2%) -ai[30a’ + (4a° +b°) A°]cosh(la - Ar,) +[30a° + A*(14a°
+b®)]sinh(la—Ar))} (A23)
B, = %{3% [30a° + A% (14a° +b°)]cosh(Aa) —[90a’r, + 3, A% (10a’r” —a° +b°) - (3° -b°) (2’
+r,*)A*]cosh(Ar,) +[-3ar,4(30a° + (4a° + b°) A*]sinh(Aa) + 3r,>A[30a° —a° A?
+bA2]sinh(Ar,)} (A24)
B, = ﬁ{[warol(%a?' +(4a° +b°)A%)]cosh(1a) +18r,°A[(a° —b°)A°
~30a*]cosh(Ar,) -18r,[30a° + (14a° +b°) A*]sinh(1a) - 6[-90a’r, - 3r, (10a’r,* —a° +b°) A2
+1*(a° —b%)(2a® +r,*)]sinh(Ar,)} (A25)

. 4
B, = 5—;{12/1(3Ob +a’r,A*(~10a+9b)) + A[-90(2ab - 3ar, + 2br, +3r’) + a’A*(2a - 3b)(2a°
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+1°) +34°(20a* — 20br; +2a°(r, —14b) +15ar’ (b + 2r,) — 3a’r, (b + 4r,))] cosh(1a — Ary)

+3[60b-90r, +a4*(2a’(5b—4a) +ar’ (2a—3b) +1,’(5b - 4a)) + A*(12a° (4b - 1,) - 30r* (2b +1)

+15ar, (b + 6r,) — 20a°)]sinh(la— Ar,)} (A26)
B, = ;—3{121(—30b +a’r (10a—-9b)A%) + A[90(2ab —3ar, + 2br, +3r?) —a’A*(2a

-3b)(2a° + 1) +32°(a* (280 - 2r,) — 202" + 20br;’ - 15ar, (b +2r,) + 3a°r, (b + 4r,))] cosh(Aa— Ar,)

+3[90r, —60b +a4*(2a° (4a-5b) +ar; (3b—2a) +1;’(4a-5b)) + 1*(20a° +12a%(r, - 4b) + 301 (2b +1,)

—15ar, (b + 61y))]sinh(1la—Ary)} (A27)
B, = %:ro{Za%s (a—b)—6abA + A[a(b—2a)A°r? +3(br, —2a’ +a(b

+2r,))]cosh(1a— Ar,) +[6a +3b +r,A*(3ab + 2ar, +br, —6a*)]sinh(1a - Ar,)} (A28)

6b*A° .
B, = = {rA(b—a)+ali(b—2a)cosh(la—Ar,)+(2a+b)sinh(la—Ar,)} (A29)
6b* 2 3, .3
B,; = —{[3ar, —6ab - 3br, + 1°(a—b)(2a" + ;)] cosh(4r,) +[3r, (2a +b)] cosh(1a)
a
+3r,”A(b —a)]sinh(Ar,) +[3ar,A(b—2a)]sinh(1a)} (A30)
—6b* )
B, = = {[3r,"A(b—a)]cosh(4r,) +[3ar,A(b—2a)]cosh(Aa) +[3a(—2b + r,) — 3br,
+(a—b) 21%(2a’ +r)]sinh(Ar,) +[3r,(2a+b)]sinh(1a) (A31)
12
B, = : /E’b {12b°r, A + A[9ar, —6ab — 6br, —9r + (3a—2b)A*(2a° + ;)] cosh(Aa — Ar,)
a
—-3b°[3r, — 2b+ A?(2a® —3ar; + 2br? +r)]sinh(la— Ar,)} (A32)
4292
B, = Z?Sb;t {-12br 2 + A[6ab —9ar, + 6br, +9r — (3a—2b) A% (2a* + ;)] cosh(Aa — Ar,)
+3[3r, —2b+ A%(2a° - 3ar + 2br +r.)]sinh(1a— Ar,)} (A33)

B, = %{Zag’ (a—b)A®—6abA + A[ar/ A% (b—2a) + 3(br, —2a° +a(b
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+2r,))]cosh(Aa— Ar,) +[6a+30b+r,A*(3ab —6a” + 2ar, +bry)]sinh(la-Ar)} (A34)

212
B _6a‘a

18_T

{r,A(a—b)+[ai(2a-b)]cosh(4a— Ar,) - (2a+b)sinh(1a—Ar,)} (A35)

By, = ;—S{[Bar0 —6ab—3br, + A*(a—b)(2a° +r;)]cosh (4r,) +[3r, (2a + b)]cosh(1a)
+34r,? (b —a)sinh(Ar,) + 3ar,A(b — 2a) sinh(1a)} (A36)

B,, = %{3r02/1(b —a)cosh(4r,) +[3ar,A(b —2a)]cosh(Aa) +[3a(r, — 2b) —3br,

+A%(a—b)(2a° + r)]sinh(Ar,) +[3r, (2a +b)]sinh(1a)} (A37)

2r,
a’hA’

B, = {180a°b4 +64°(9a’h-10a° +b°®) + A[90a°(3a - 2b - 3r,) + (2a° —3a°h + 3ab®
—2b%)A*r? +34%(2a° + 3ab® — 20a%br; +15a*r, (b + 2r,) —b°(2b+3r,) —3a°(b
+4r,))]cosh(Aa— A1) -3[90a° +  A*(—2a° - 3ab® — 5a*br, +b°(2b + 1)) +a°(3b + 4r))) + 34% (4°
+b° +10a°r, (20 +r,) —5a°* (b + 6r;))]sinh(Aa - Ar,)} (A38)

B,, = 8:—Zzb{/l[BOa3 (3a—2b) +(2a° —3a°b + 3ab® — 2b°) A*] cosh(1a — Ar,)
—3[30a° +4a°A* —5a*hA* + b°A*]sinh(1a— Ar,)} (A39)

B,, = %{Z[BOaBb ~10a°4% +9a°0A* +h°A%]cosh(Ar,) —3r,[30a° + 4a°A° —5a’*bA?
+b°2?]cosh(Aa) +r,A[30a° (3a— 2b) + (2a° —3a°h + 3ab® — 2b°) A*]sinh(1a)}  (A40)

oy = %{(rol(%a?’@a —2b) +(2a° —3a’b +3ab’ — 2b°%) A%)cosh(Aa)
-3r,(30a° + 4a°4* —-5a’bA’* +b°1?)sinh(Aa) + 2(30a°0 —10a°A* + 9a°hA*
+b°2%)sinh(Ar,)} (A41)

Bz5 =

ass;f _[A(270a°h(a-1,) -9(a-1,)(10a° —14a°h - b° +10a*br,) A” + 3a(-2a° — 3a’h’

+14a%r,? +b°r? —5a°r, (3b+2r,) +a’h’(2b +3r,) +3a’ (b + 4r,)) A* + a*(-2a° + 3a°h - 3ab’
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st =

Bz7 =

st =

Bso =

+2b°)r,*2°%) cosh(Aa - Ar,) -3(90a’h + 3(~10a° + 24a’h + b°® —30a*br, +10a’br,*) A% + (=12a° —3a’h’
—3ab’r, +24a°br +b°r’ +15a" (b +2r,) — 2a°r, (21b +5r,)) A* + a°r, (2a° + 3ab” + 5a’br,

—b*(2b+1,)—a°(3b+4r,))A°%)sinh(1a - Ar,)] (A42)

S_bi,z [90a%0r, A +3(~10a° +9a°h +b°)r,A° + aA(-90a’h + 3(10a° —14a°b —b®) A?
a

+a°(2a° -3a°b +3ab® — 2b%)A*) cosh(Aa - Ar,) + 3(-10a°A° + 24a°hA° +b°A* —4a° A"

+5a’bA* +a’h(30-b*A%))sinh(1a—Ar,)] (A43)

1813’4 {310 a°41*-24 a°hA*-b°2° +4a’1* -5a’bA* +a’b(b* A -30)]cosh(1a)
a

+1a[90a’0-31%(10a° -14a°b -b°) - 1*a®(2a° -3a’b + 3ab® - 2b°)]sinh(Aa)

+[30a’0- A%(10a° -9a°b -b®)][(3+ A°r,%) cosh(Ar,) - 3Ar, sinh(Ar,)]} (Ad4)

-12 1,

T {[90 a*hA-34%a(10 a°-14 a°b-b®) - 1°a*(2a° - 3a°b + 3ab® - 2b°)] cosh(Aa)
a

+3[10a°4° -24 a°bA° -b®A% + 4a°A* -5a’bA* —a’h(30—b*1%)]sinh(1a) +[30a’b
—(10a° -9a°h -b®) A% [-34r, cosh(Ar,) + (3+r,A?)sinh(Ar,)]} (A45)
= %{B(Za +b)r, cosh(1a) —[6ab —3ar, +3br, — (a-b)(2a° +r,*) A*]cosh(Ar,)

-3 r,A[a(2a—b)sinh(4a) + (a—b)r, sinh(Ar)]} (A46)

125, {3[10a° 1% - 24a°h A% -b° A% + 4’1" -5a’bA* + a’b(-30+ b*1*)] cosh(1a)
a’na*
+1a[90a’b —3(10a® —14a’h —b®) A% —a’(2a’ —3a°b +3ab® — 2b°) 1*]sinh(1a)
+[30a’h - (10a° -9a°b-b®)A%] [(3+r,°A%) cosh(Ar,) - 3r, Asinh(Ar,)]} (A47)

B, = %{-3% (30a° +4a°4* -5a"hA* +b°A%) cosh(Aa) + 2(30a°h -10a° A% + 9a°b A*
a

+0b°2%) cosh(Ar,) +r,A[30a° (3a - 2b) + (2a° - 3a°b + 3ab® - 2b°) A*]sinh(1a)} (A48)
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B, = ﬁ(},{cosh(ﬂro)[s(soag' (-2b+3r,) +(20a° -15a*br, +30a°r,* —12a°(4b —r,)
—b°(2b-31,))A* + (a-b)*(4a® +3a’b + 2ab® + b*)(2a° + r,*) 1*) cosh(1a)
+1(90a%(2ab - 3ar, + 2br,) +3 (-20a’ +ab®(2b-3r,) +2a°(14b-r,) + 3a°br, + 2b°r,
-30a'r,’ +20a%r,*) A% - (a-b)*(a+b)(2a® + ab + 2b*)(2a° + r,*)A*)sinh(1a)]
+3r,2A[-3(30a° + 4a° A% -5a*bA” +b°A?) cosh(Aa) + A(30a° (3a- 2b) + (2a° - 3a°b
+3ab® - 2b%) 1%)sinh(Aa)]sinh(Ar,)} (A49)

B, = %{6 r,A[-30a°h +(10a° -9a°b-b%)A%] + 3r,’Acosh(4r,)[3(30a° +4a°A% -5a‘hA?
+b°2%) cosh(Aa) + A(-90a* + 60a’b - 2a° A% + 3a°bA* -3ab°A° + 2b°1%) sinh(1a)]
+[-3(30a°(-2b + 3r,) + (20a° -15abr, + 30a°r,* +12a°(-4b +r,) + b°(-2b + 31, )) A°
+(a-b)’(4a’ +3a’h+2ab’ +b*) (2a° +r,*)1*) cosh(1a) + A(-90a°(2ab - 3ar, + 2br,)
+3(20a’ -3a°br, - 2b°r, +30a’r,’ - 20 a’br,’ +2a°(-14 b +r,) +ab’(-2b + 3r,)) A?
+(a-b)’(a+b)(2a* +ab+2b*)(2a* +r,*)1*)sinh(1a)]sinh(Ar,)} (A50)

B,, = ;l—(:){BrO[a(-Za +b)Acosh(1a) —(a—b)r,A cosh(Ar,) + (2a+b)sinh(1a)]
+[-3br, -3a(2b-r,) + (a-b)(2a° + r,*) A*]sinh(Ar,)} (A51)

ﬁ;ﬁ {[90a’bA -3a(10a’ -14a°h -b°)A° - a*(2a° - 3a°h + 3ab® - 20°)1°]cosh(Aa)
a

By =
+3[10a°4° -24a°hA*-b°A% +4 aA* -5 a’bA* + a’b(-30 +b*A*)]sinh(1a) + [30a%h
-(10a° -9a°h -b°®) 2] [-3r, A cosh(Ar,) + (3+1,°A%) sinh(Ar,)]} (A52)

B, = %{M[wa3 (3a-2b) +(2a° -3a°h +3ab’ - 2b°) A*]cosh(4a) -3 1, (30a° +4a°A’

-5a‘bA? +b°1%)sinh(Aa) +2(30a°h -10a°A* +9a°bA’* +b°2%)sinh(Ar,)}  (A53)
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B, = %{-3[30# (-2b+3r,)+(20a° -15a*bry + 30a’r,* -12a° (4b - r,) -b°(2b - 3r, )) A2
+(a-b)?(4a® +3a’h +2ab’ +b*)(2a* + 1,*) A*]cosh(Ar, ) sinh(1a) + A cosh(Aa) [(-90a*(2ab
-3ar, + 2bry) +3(20a’ - 3a°br, - 2b°r, +30a‘r,’ - 20a’br,* - 2a° (14b - r,) - ab®(2b - 3r,)) A°
+(a-b)’(a + b) (2 a*+ab+2b%*)(2a* +r,*)A*) cosh(Ar,) +3r,°A(-90a* +60a’h - 2a°A?
+3a°h A% -3ab° A% + 2b° A%) sinh(Ar, )]+ 3r,A[60a% + 2(-10a° + 9a°b + b®) A% + 3r, (30a°
+4a°2% -5a*hA% +b°A%)sinh(Aa)sinh(Ar))]} (A54)

B, = %{Brf}t cosh(Ar,)[A(30a*(3a-2b) +(2a° - 3a°h + 3ab® - 2b°) A?) cosh(1a)
-3(30a° +4a°4% -5a*bA* +b°21%)sinh(1a)]+[1(90a° (2ab - 3ar, + 2br, ) + 3(-20a’
+ab®(2b-3r,) +a°(28b- 2r,) + 3a°br, + 2b°r, -30a‘r,* + 20a°br,*) A% - (a-b)*(a
+b)(2a* +ab+2b*)(2a° + r,*)A*) cosh(1a) +3(30a%(-2b + 3r,) + (20a° -15a*br,
+30a°r,*-12a°(4b - r,) -b°(2b-3r,)) A% + (a-b)* (42’ + 3a’b + 2ab* + b*)(2a°
+1,*)A*)sinh(Aa)]sinh(Ar,)} (A55)

for the Happel model,
1

A, =={[3(a-r,) r,+a(2a’ + r,*)A*Jcosh(Aa - Ar,) -[3r, + (2a° - 3ar,’
a

+r°)A%Isinh(1a - Ar)} (A56)

-2

= ey B002° + a0 +b°)r 2"+ 2136 (a1, +3 (108" +2°,-5abr, -6a’r,

A
+15a°b%r,? -ab®(5b - 9r,) -b°r, (5b +9r,) + 5a* (-4b® + 3r,*)) A% + (a-b)*(a® + 3a’b
+6ab” +5b°%)(2a° +r,°)A*]cosh(1a - Ar,) - 3[45a°r, + (10a° + 6a°r, -15a%b°r, - 45a%r,?

-b°(5b-9r,)-5a°(4b*-3r*)) A% + (4a° -a’r 2 -9ab’r,” -5a°b’r’ +b°r” (5b+3 1) +a°(6b° +5b°r))
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+2a°(-5b* + r,*))A*]sinh(1a - Ar,)} (A57)

1

e’ ————{30a(-4a’ +b*)r,A° + A[270a(a-r,)r, + 3(20a° + 2a'r, - 5ab’r, -12a’r,

A =
+15b%r? -a*(20b° - 30r,*)) A%a(2a’ - 5b°)(2a% + r,*) A*]cosh(Aa - Ar,) - 3[90ar, + (20a*
-20ab® +12a°r, -15b°%r, -90a’r,* + 30ar,*) A% + (8a° - 2a*r,” + 5ab’r,” - 5b°r,°

+a°(-100° + 4r,°))A*]sinh(Aa - Ar)} (A58)

1

W{BOa3 (4a°-b%) r,A°- A(270 a*(a-r,)r, +3(20 a*(a’-b*) + a(2a’ -5a°h°

A =
+18b°)r, -3(4a° -5a°b® + 6b°)r,* +30a’r,*)A* + a(2a® -5a’b’® +18b°)(2a°
+1r.°)A*) cosh(Aa- Ar)) +3 (90a’r, + (20a°(a® -b%) + 3(4a° - 5a°b® + 6b°)r, -90a‘r,’
+30a°r°) A% + (2a°(4a° -5a%b® + 6b°) + a(-2a° +5 a’b® -18b°) r,* + (4a° - 5a°b°

+6b°)r,%)A%)sinh(4a- Ar,)} (A59)

A, =
* 5b3

{2[3(a-r)r, +a(2a’® +r,)A*]cosh(1a- Ar,) - [3r, + (2a® - 3ar,’

+r.°)A%]sinh(1a- Ar,)} (A60)

2T,

) *_{2a°(a’-b%)A° + (2a’ +b°)[-A(-3r, + a(3+1,°A%)) cosh(4a- Ar,) + (3

A_) —
+1,(-3a+1,)A%)sinh(Aa- Ar,)]} (A61)
A = %{(a3 -b*)r, A+ (2a% +b*)[Aacosh(Aa - Ar,) -sinh(1a- Ar,)]} (A62)

A = 3b3 ———{(-a° +b*)(3 1, + (2a° + ,>)A%) cosh(Ar,) + 3(2a’ + b°)r, (- cosh(1a)

+Aasinh(1a)) +3(a’-b*)r,’Asinh(Ar,)} (A63)

A = 3b3 ———{-3a(2a’ +b*)r,A cosh(Aa) +3(2a° +b*)r, sinh(4a) + (a* -b*)[-3r,*2 cosh(Ar,)

+(3r, +(2a% +r,*)A%) sinh(Ar,)1} (A64)
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Bl

b3 ——{12ar,A(-10+ (-3a* + b?)A%) + A(60a(a+r,) + (28a* +3a’r, +18b°r?
-3a°(8b” +5r,%) +a(-6b°r, + 20r,*))A* +a(a’ - 2b%)(2a° +1,*)A*)cosh (1a - Ar, ) + (-60a
+3(-16a° +8ab”® - 5a’r, + 6b°r, + 20ar,*) A% + (-10a° - 6ab’r,” - 5a°r,® + 6b°r,®

+3a°(4b* +r,*))A")sinh(Aa - Ar)} (AB5)

B, - 3—1b3{6 (2% + 20%)1 - A(3(a+ 1, )(4a° + 2° -38%r, ) + (2 + 26°)(2a° + %) %) cosh(a- Ar,)

+3(4a% +2b® +3a’r, + (2a° - (a° + 2b%) r,? + a’r,*)A*)sinh(1a - Ar,)} (A66)

B, = ﬁ {12r,A(10a° + (3a° + 2b°)A%) - (60 a°(a+r,) + (282° +12ab° + 3a°r,

+12b°r, -15a%r” +20a°r,°) A% + (a° + 4b°)(2a° +r,°) A*) cosh(Aa - Ar,) + (60a° + 3(16a°

+4b° +5a'r, - 20a°r,*) A% + (10a’ -3(a° +4b°)r,* +5a°r,*) 1*) sinh(da-Ar)} (A67)

) A +A(3(a+r,)(4a° +2b*-3a’r) + (a* + 2b°)(2a° +r,*) A*) cosh(Aa - Ar,)

-3(4a’ + 2b* +3a’r, + (2a° - (a° + 2b%)r,? + a’r,*) A*) sinh(Aa- Ar,)} (A68)
B, = : 22;;1 —{2a’2°(15b° + (a° +5a°h° - 6b°) 1%) - 1(90a°(a - I,) + 3(4a° + 5a’b’
a

6 —

+6ab’ -14a°r, +5a°b’r, - 6b°r, +10a*r,?) 1> + a(4a’ + 5a’h® + 6b°)r,’A*) cosh(Aa - Ar,)
+(90a° +3(14a° -5a’b’® + 6b° -30a’r, +10a%r,*) A% +r,(-3a(4a’ +5a°h’ + 6b°)

+(14a° -5a’h® +6b°)r,)A*)sinh(1a- Ar,)} (A69)
5b6 _ { -30a°r A + (a° +5a°b® - 6b°)r,A° + a1 (30a° + (4a° +5a°b’
+6b°)1%) cosh(Aa - Ar,) - (30a° + (14a° -5a’b® + 6b°) A*)sinh(Aa- Ar,)}  (A70)

-1

B, = ———{-6r,(30a° + (14a° - 5a°b® + 6b°) 1?) cosh(1a) - 2(-90a°r, + 3(a°r,

2b6 4

+5a°h’r, -6b°r, +10a°(b° - ,*))A* + (a° + 5%’ - 6b°)(2a* + r,*) A*) cosh(Ar, ) + 6 r,A(a(30a°
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+(4a° +5 a’b® +6b°)A%)sinh(1a) + 1, (-30a* + (3° + 5a°b° - 6b°) A%) sinh(Ar,)}  (AT71)

1

5 5aZh’ 1t

{6 r,(aA(30a° + (4a° +5a°h* + 6b°) 1%) cosh(Aa) + Ary(-30a° + (a° +5a%b’

-6b°)A%) cosh(4r,) - (30a® + (14a° - 5a°b°® + 6b°) A*) sinh(1a) - 2(-90a’r, +3(a°r, + 5a°h°r,

-6b°r, +10a%(b° - ,*))A* + (a° +5a’h* -6b°)(2a* + 1,°) A*) sinh(Ar, )} (A72)
B, = o 1b ———{60 r,A(- -10b +a’(4a-3b)A?) + A(60(5ab - 9ar, +5br, +9r )+ (20a°(-6a

+7b) +3a*(-4a +5b)r, +3a(24a - 25b)r,* + 20(-9a +5b)r,*) A% - a® (4a - 5b)(2a°
+1,°) %) cosh(da- Ar,) + (60(-5b +9r,) + 3(40a° (a - 2b) + a(24a - 25b)r, + 20(-9a + 5b)r,?

+60r,*)A% +a(2a’(24a - 25b) + 3a(-4a +5b)r,” + (24a- 25b)r,*) A*) sinh(1a - Ar))} (A73)
2

B = 75b6 ———{30a(4a’-b°)r,A° + 1(270ar, (-a+ 1,) - 3(20a° + 2a‘r, - 5ab’r, -12a°r,

+15b°r,* +a°(-20b° +30r,*)) A% - a(2a° - 5b°)(2a° +r,*) A*) cosh(Aa - Ar,) + 3(90ar, + (20a*

-20ab® +12a°r, -15b°r, -90a’r,” +30ar,*)A* + (8a° - 2a*r,” + 5ab’r,* - 5b°r,°

+2%(-10b° + 4r,*)) 1) sinh(Aa - Ar,)} (A74)
B, = 32;3 —{30ab’2° + 2a*(a’ -6ab” +5 b*)A° - 1(90a(a-r,) + 3(4a‘ -14a’r,

+5b°r, +ab?(5h +12r,) + 2a*(-6b” +5r,°)) A% + a(4a’ - 12ab” + 5b°)r,”A*) cosh(a - Ar;) - (-90a
+3(-14a° +5b° + 30a’r, + 2a(6b* -5r,?)) A +r,(12a"* - 36a°b* -14a’r, +5b°r,
+3ab’ (5b +4r,))1*)sinh(Aa- Ar,)} (A75)

B, = W{-BOaroﬂ +(a®-6ab” +5b°)r,2° + ai1(30a + (4a’ -12ab?
+5b%) %) cosh(Aa- Ary) + (-30a + (-14a° +12ab* +5b°) A%)sinh(la- Ar,)}  (A76)

B, = L ————{6r,(-30a + (-14a° +12ab* + 5b*) 1) cosh(1a) - 2(-90ar, + 3(10ab’

3b3 4
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14 =

%5=

16 —

17 =

BlB

19 —

20 —

BZl

+(@°-6ab’® +5b°)r, -10ar,*)A* + (a* - 6ab* +5b%)(2a* + r,*) A*) cosh(Ar, ) + 6r, A (a(30a
+(4a%-12ab* +5b%*)2?) sinh(1a) +r,(-30a+ (a° - 6ab* +5b*) %) sinh(4r,))} (A77)
3b3 ———{6 r,(a1(30a+ (4a’ -12ab’ +5b°) 1*) cosh(4a) + r,A(-30a + (a°

-6ab* +5b°)A%) cosh(Ar,) + (-30a + (-14a* +12ab* +5b*) A%) sinh(Aa)) - 2(-90ar, + 3(a’r,

+5b°r, +2a(5b® - 3b°r, -5r,*)) A% + (a° - 6ab® +5b°)(2a° + r,*) A*) sinh(Ar,)} (A78)

)r, A+ A(60a* +6ab*(5b-9r,) +15a°r, - 45a°r,” + 6b*r, (5b +9r,)
+(5a° -18ab” +10b°)(2a° + r,*)A%) cosh(Aa - Ar,) - 3(20a® +10b* +15a°r, -18b°r,
+(2a°(5a*-6b%) + (-5a° +18ab” -10b°)r,” + (5a° - 6b*)r,*) A%) sinh(1a- Ar))} (A79)

5

——{A(3(a-r,)r, +a(2a’ +r,*)A*) cosh(Aa- Ar,) - (3r, + (2a® - 3ar,’

25h°
+r.°)A%)sinh(Aa- Ar,)} (A80)

b6 2{2a (@*-b*)A% +(2a° +b*)(-A(-3r, + a(3+r,’ 1)) cosh(Aa - Ar,)
+(3+r,(-3a+r,)A%)sinh(1a- Ar,))} (A81)
ibe )(aicosh(Aa-Ar,)-sinh(4a- Ar,))} (A82)
5b%2 {(@°-b*)(3r, +(2a° +1,°)A%) cosh(Ar,) - 3(2a° + b°)r, (-cosh(1a)
+aisinh(1a)) +3(-a® +b*)r,*Asinh(Ar,)} (A83)
07 2{ -6 a(2a® +b%*)r, A cosh(1a) + 6(2a° + b*)r, sinh(1a) + 2(a°
-b°*)(-3 r,’Acosh(r,A) + (3r, + (2a% + r,*) A%) sinh(Ar,))} (A84)
ﬁ‘lw{w (-2a° +a%° +b°) A% + A(135a%(a-r,) + 3(a° - 5a°b® + 9ab®

-6a’r, +15a%b’r +15a*r” -b°(5b +9r,)) A% + (a° -5a°b° + 9ab® - 5b°)r,* A*) cosh(Aa - Ar,)
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+3(-45a% - 3(2a° -5a°b* + 3b° -15a‘r, +5a°r,*) A* + 1, (a° - 5a°b® + 9ab® - 5b° - 2a°r,

+5a°b’r, -3b°r,)A*)sinh(A1a- Ar,)} (A85)
. 15b6/12 ———{A(45a" + (a° -5a°h* + 9ab’® -5b°) 1) cosh(1a - Ar,) - 3(15a° + 2a°A?
-5a’h°2% +3b°A%)sinh(1a- Ar,)} (A86)
vy = 2b46 ———{-3r,(15a° + 2a°4* -5a’b°A* + 3b°1%) cosh(1a) + A(5(-2a° + a’b’
+b®)Acosh(Ar,) +r,(45a* + (a® -5a°h® +9ab® -5b°) A%) sinh(Aa))} (A87)
4

{r.A(45a" + (a° -5a%° +9ab® -5b°) A%) cosh(1a) - 3r, (15a° + 2a° A°

-5a°b°A% +3b°A%) sinh(1a) +5(-2a° + a’b® + b°®) A% sinh(Ar,)} (A88)
B, = BA;T{ZMS(Za -4a°h®-b°)(a-r)) +3a(2a’ -10a°b* -12a'r, + 30a*b°r,

+10a°r,? -5b°r,? - 2a%b° (5b + 9r,) + 2a°(9b° -10b°r,*)) A% + 2a°(a® - 5a°h® + 9ab®
-5b°)r,2A*) cosh(Aa- Ar,) +3(15(-2a° + 4a’0® +b®) + (-12a° + 30a°b® + 30ar, - 60a*b’r,
-15ab°r; -10a°r,* +5b°r,” +a°(-180b° + 200°r, %)) A% + 2a°r, (a° - 5a°® + 9ab°® - 2a°r, +5a%0°r,

-b°(5b +3r,))A*)sinh(Aa- Ar,)} (A89)

-1

B, = m{60(-2a6 +a’n® +b®)r A +4al(15 (2a° -4a%0® -b°®) + 2a%(a°
a

-5a%0® +9ab® -5b°) 1?) cosh(4a - Ar,) -12(10a° - 5b° + 4a°1? -10a°h°A* + a° (-20b°

+6b°1%))sinh(1a- Ar,)} (A90)
B,, = 54b6 —{3[10a° -5b° + 4a°1* -10a’h°1* + a°(-20b* + 6b°A*)] cosh(Aa)

+al(15(-2a° + 4a’b® + b®) - 2a*(a® -5a°b® + 9ab® -5b°) 1?) sinh(1a)

-5(2a°-a%® -b®)[(3+r,°A%) cosh(Ar,) - 3r,Asinh(Ar,)]} (A91)
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B,; = ——>—){aA[15(-2a° + 4a°h® +b°) - 2a*(a® - 5a°h’ + 9ab°® - 5b°) 1*]cosh(4a)

5b6 4
+3[10a° -5b° + 4a°1% -10a°h* 1% + a*(-20b° + 6b°1%)]sinh(Aa) - 5(2a° - a’h®
-b®)[-3r, A cosh(Ar,) + (3+r,°A%)sinh(Ar,)]} (A92)

——{2(a*-b*)[3r, + (2a° + r,*)A*Jcosh(Ar,) - 6(2a° + b*)r,[-cosh(Aa)

29 ~ b6 2
+aisinh(1a)]+6(-a® +b*)r, Asinh(Ar,)} (A93)

B,, = 54b6 —{3[10a° -5b° + 4a°1% -10a°b°A* + a*(-20b° + 6b°2*)] cosh(Aa)

+al(15(-2a° + 4a’n® +b°) - 2a*(a’ -5a°h’ + 9ab® - 5b°) 1%) sinh(1a) - 5(2a° - a’b’

-b®)[(3+r,°A%) cosh(Ar,) -3r,Asinh(Ar,)]} (A94)
= 52-b—46/14{-3r° (15a° + 2a°4 -5a°h° A% + 3b°1%) cosh(Aa) + A[5(-2a° + a’b’
a
+b®) A cosh(Ar,) +r,(45a" + (a° -5a°h® + 9ab® - 5b°®) A?) sinh(1a)]} (A95)

B, —%{cosh()ﬂr )(3(45a°r, + (10a® + 6a°r, -15a°b%r, +b°(-5b +9r,)
+5a°(-4b® +3r,*)) A% + (a-b)*(2a° + 4a’b + 6ab® + 3b%)(2a® + r,*) A*) cosh(1a)
-A(135a’r, +3(10a’ +a’r, -5a°0’r, - 5b°r, +ab®(-5b+9r,) +5a° (-4b* + 3r,*)) A* + (a-b)*(a’

+3a’b +6ab® +5b*)(2a° + r,*) A*) sinh(1a)) + 3r,*A(-3(15a° + 2a° 1% -5a°b°A°

+3b°1%) cosh(Aa) + A(45a* + (a° -5a’b® + 9ab’® - 5b°) A?) sinh(Aa)) sinh(Ar,)} (A96)

4

i = 5asb—6/17{15 (2a®-a’v®-b°)r,A° +3r’ A cosh(Ar,)(3(15a° + 2a° A% -5a’h°A°
+3b°2%) cosh(Aa) - A(45a* + (a° -5a°b°® +9ab°® -5b°) 1%) sinh(1a)) + (-3(45a°r, + (10a°
+6a°r, -15 a’b’r, +b°(-5b +9r,) + 5a°(-4b° + 3r,*)) A* + (a-b)*(2a° + 4a’b + 6ab’

+3b%)(2a° +1,°)1*) cosh(Aa) + A(135a’r, + 3(10a” +a°r, -5a°h’r, -5h°r, +ab®(-5b +9r;)
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+5a*(-4b° +3r*)) > + (a-b)*(a’ +3a’h + 6ab” +5b°)(2a° + r.*) A*) sinh(1a)) sinh(Ar, )} (A97)

B, = 5b6 ———{-3a(2a’ + b*)r,A cosh(1a) + 3(2a° + b*)r, sinh(1a)
+(@®-b%)(-3r,’ A cosh(Ar,) + (3 r, + (2% +1,*) A%) sinh(Ar,))} (A98)
o = ?ba —{aA(15(-2a° +4a’v’ +b°) - 2a*(a’ -5a’b® + 9ab” - 5b°) 1%) cosh(A1a)
+3(10a° -5b°® + 4a%1% -10a°h° A% + a®(-200° + 6b°1?)) sinh(1a) (A99)
e = ﬁ{rﬁ(%a“ +(a®-5a°h® +9ab” -5b°) A%) cosh(41a) - 3r, (15a° + 2a°A°
-5a’h*A% +30°1%)sinh(Aa) +5(-2a° + a’b® +b®) A% sinh(Ar,)} (A100)
= 5b6 ———{60(-2a° + a’b® + b°)r, A° + 4 cosh(Ar,)(1(135a’r, +3(10a’ +a’r,

-5a’h’r, -5b°r, +ab®(-5h +9r,) + 5a* (-4b° +3r.*)) A% + (a-b)*(a* + 3a’h + 6ab” + 5b*)(2a°
+r,*)A*) cosh(Aa) - 3(45 a’r, + (10a° + 6a°r, -15a°b®r, +b°(-5b +9 r,) +5a° (-4b°
+3r’) A% + (a-b)*(2a° + 4a’b + 6ab” + 3b*)(2a’ + r,*) 1*) sinh(1a))
+12r2A(-A(45a" + (a°® -5a°h°® + 9ab® - 5b°®) 1%) cosh(Aa) + 3(15a° + 2a°A?
-5a°b*A% +3b°1%) sinh(Aa)) sinh(Ar,)} (A101)
s = 5b6 ———{3r,°Acosh(4r,)(A(45a" + (a° -5a°b’ + 9ab°® - 5b°) 1*) cosh(Aa)
-3(15a° +2a°4* -5a’b*A* + 3b°21%)sinh(Aa)) + (-1 (135a‘r, + 3(10a’ +a°r, -5a°0°r,
-5b°r, +ab’(-5 b + 9 r))+5a%(-4b® +3r,°))A% + (a-b)*(a® +3a’b + 6ab?
+5b%)(2a° +1,*)1*) cosh(Aa) + 3(45a°’r, + (10a° + 6a°r, -15a%b°r, +b°(-5b +9r,) + 5a° (-4b°

+3r,*))A° + (a-b)*(2a* + 4a’b + 6ab® +3b%*)(2a° + r,*) A*) sinh(Aa)) sinh(4r,) }(A102)

for the Kuwabara model.
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