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摘要 

全球環流模式在解析度逐漸提升的過程中，所使用的對流積雲參數化也必須

隨之相應的減少其作用，才能在解析度提升至雲解析模式時，自動將參數化之功

能解除。為了發展出整合性參數化方法，Arakawa and Wu (2013) 使用 GATE 個

案在 VVM 當中的模擬，並以不同次網域大小作平均，將之視為不同解析度下的

全球環流模式網格資料，再去分析其中的次網格對流強度隨解析度之關係。他們

提出對流覆蓋率是整合不同解析度模式的適當參數選項，並用此參數推導出整合

性參數化方法，當次網格對流覆蓋率接近網格尺度時，藉由此參數來調降參數化

之強度，避免重複計算。本研究旨在推廣此一參數化方法在不同對流強度之適用

性，及配合現有之積雲參數化來進行整合性參數化試驗。我們所用的個案為對流

強度變化較 GATE 個案多的 DYNAMO 實驗，也將 DYNAMO 實驗依照降水強度

分成四類，並沿用 Arakawa and Wu (2013) 的實驗方法進行分析，結果顯示在

DYNAMO 整體及不同強度降水的次網格對流中，其對流覆蓋率關係是類似的，

因此使用對流覆蓋率作為參數之整合性參數化在不同對流強度下也適用。我們也

首度將整合性參數化結合 Zhang-McFarlane積雲參數化以及兩種不同的對流垂直

速度參數化方法，並用來計算 DYNAMO 實驗中的次網格對流強度。整合性參數

化結果顯示所得到的對流覆蓋率有偏低且偏離實際對流網格的情形，其主要原因

為診斷之垂直速度過大及積雲參數化對流為垂直發展之限制。在整體參數化對流

強度方面，傳統和整合性之結果差異不大，主要原因為對流覆蓋率過小，而原本

與對流覆蓋率無關係之傳統參數化對流，則藉由此參數化方法調整至較接近雲解

析模式之結果。 

 

關鍵字：對流積雲參數化、整合性參數化、對流覆蓋率關係 
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Abstract 

Statistics of convective updraft fraction (σ) dependence, using the analysis 

methods in Arakawa and Wu (2013) (AW13), in a 15 days period of time-variant 

thermodynamic forcing case (DYNAMO), and the offline test of unified 

parameterization (UP) closure combined with Zhang-McFarlane parameterization 

scheme (ZM) are presented in this work. The similar result of σ dependence within 

DYNAMO and GATE (used in AW13), and of the four different strength categories of 

precipitation in DYNAMO explain that the σ dependence is more appropriate than 

resolution dependence for unified-parameterizing multi-phase convection. The UP 

closure proposed by AW13 uses σ as the tuning parameter to adjust the conventional 

parameterized convection, which lacks of consciousness of sub-grid scale convection 

coverage. The results of inputting DYNAMO forcing into the ZM, combined with UP 

and vertical velocity parameterization scheme, which is for diagnosing unknown σ in 

the closure, shows the underestimation of the σ values and the shift of convective areas 

away from the cloud resolving model (CRM) simulation, causing the problem of tuning 

down the parameterized mass fluxes at incorrect places. This can be improved by 

revising the closure that decides the place of convection and tuning the in-cloud vertical 

velocities to a more reasonable scale. The purpose of UP scheme is to adjust the 
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sub-grid scale convection by regarding its parameterized σ, so even the ensemble 

average of convection fluxes doesn’t significantly changed after applying UP scheme, 

the σ dependence of unified parameterized convection fluxes still better fit the σ dependence 

in the convection of CRM.     

 

Keywords: cumulus convection parameterization, unified parameterization, σ 

dependence 
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1. Introduction  

In the simulation of global weather systems by using general circulation models 

(GCMs), cumulus convection parameterization schemes are necessarily applied 

because of the relatively coarser resolutions. The development of numerical 

computing in these decades gradually increased the resolution of GCMs toward 

cumulus convection scale. If the resolution of GCMs is high enough for simulating 

cumulus convection, the parameterization should play no role in the models. As the 

resolutions converging from GCMs to cloud resolved models (CRMs), which are 

without parameterizing process of cumulus convection, the conventional 

parameterization scheme designed for coarser resolutions should do corresponding 

changes during the down-scaling process of models. Several efforts have been made 

for unifying cumulus parameterization that automatically adjusts itself across scales 

(e.g., Fan et al. (2015); Lappen and Randall (2001), Part I, II, III; Liu et al. (2015); Jung 

and Arakawa (2004)). Arakawa and Wu (2013) (abbreviated as AW13 in the following 

contents) referred the simulation of Global Atmospheric Research Program (GARP) 

Atlantic Tropical Experiment (GATE) in 2km-resolving vector vorticity model (VVM, 

one of the CRMs) as “true” solution to find the appropriate representation of sub-grid 

scale convection in GCM. The original CRM grids are gathered into different sizes of 
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square sub-domains (e.g. 4km, 8km, etc.), pretending as the grid cells in GCM. For 

these GCM-like sub-domains, CRM grid size convections are unable to be resolved, as 

the role of sub-grid cumulus convection in GCM grids. By analyzing the statistics of 

convection in sub-domains crossing different sub-domain sizes, AW13 claimed that 

convective updraft coverage ratio (σ) dependence of sub-grid size convection is more 

appropriate than resolution dependence since the ratio of sub-grid convection and 

total convection strength can vary largely in the same resolution but rather consistent 

in the same σ (fig. 9 in AW13). In AW13’s experiment, a 24-hr constant forcing of 

GATE is used to trigger the convection in VVM, resulting in the relatively strong 

precipitation series during the most of the simulation period (red line in fig. 1). 

Further investigation in σ dependence of different convection phases is needed since 

the statistics of sub-grid scale convection can vary largely within suppressed and 

active phases. Xiao et al. (2015) also pointed out that the resolution dependence of 

sub-grid scale convection output from convection parameterization 

(Zhang-McFarlane) is sensitive to the strength of convection. 

To better interpret the σ dependence of sub-grid scale convection under multiple 

conditions, we run through the experiment methods that mentioned in section 2 of 

AW13, but choose Dynamics of the Madden Julian Oscillation experiment 
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(DYNAMO) from 15
th

 October to 30
th

 October, 2011 as our analysis data instead. From 

the time series of VVM-simulated domain-averaged precipitation in GATE (red line) 

and DYNAMO (blue line), we can figure out that DYNAMO has the more time-variant 

thermodynamic forcing during 15 days of simulation, while the forcing in GATE 

remains relatively strong in a much shorter period (24 hours). The relatively weaker 

and stronger convection phase may reveal different statistics on σ dependence of 

sub-grid scale convection, so we also divide the simulated data of DYNAMO into four 

groups according to their precipitation rate, and re-operate the analysis of σ 

dependence. The details of analysis methods and results are shown in section 2.  
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Figure 1 Space-averaged precipitation (mm/hr) of 24-hour simulation using GATE constant 

forcing (red line) and of 15-day simulation using DYNAMO time-variant forcing (blue line) 

both in VVM, and the precipitation (mm/hr) from Zhang-McFarlane parameterization output 

using whole domain-averaged DYNAMO forcing (yellow line).  

 

In the following contents, we try to put the unified parameterizing processes 

more forward to application in modeling simulation. AW13 used the σ dependence of 

sub-grid scale convection as the tuning parameter, and also eliminate the assumption 

of “σ << 1” in the unified parameterization (UP) closure. Most conventional cumulus 

parameterizations assume that the thermodynamic variables of GCM grid-scale can be 

referred to those in the environment of cumulus convection, implying that the 

coverage of convective updrafts are much smaller than the grid sizes (AW13). This 

assumption confronts strict challenges as the resolution of GCMs converges to 

convection scale, causing the convection to become closer to grid-scale in some 

convective areas. Moreover, the conventional parameterizations only parameterize the 

values of convection mass fluxes, which is the product of σ and updraft velocities. 

Even if the assumption of “σ << 1” is eliminated, there still need more tools to 

separate σ and updraft velocities. We use Zhang-McFarlane (ZM) parameterization 
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scheme combined with UP closure and the additional vertical velocity 

parameterization schemes, including ECMWF (2010) and Kim and Kang (2011), to 

help us parameterize the in-cloud vertical velocities and derive σ. ZM scheme is the 

cumulus convection parameterization scheme used in CAM that developed by NCAR, 

which is one of the major model for climate simulation, and the parameterized 

convection can severely affect the long-term energy budget. In the standard operation 

procedures of cumulus parameterization, the parameterized convection fluxes are 

added back to the directly simulated variables and then be integrated to the next time 

steps, which is called online approach. This approach will also integrate the 

parameterized variables nonlinearly through the simulation, making it much more 

difficult to track the sources of biases in UP closure, so we choose the offline approach 

through the whole simulation, which means that the parameterized fluxes derived from 

the cumulus parameterization scheme are only for analysis after outputting, without 

adding back to the directly simulated convection fluxes. The thermodynamic forcing 

used to trigger ZM scheme are from the DYNAMO case that has been averaged by 

different sub-domain sizes, regarded as grid cells in GCM. Before running unified-ZM 

scheme and analyzing the results, we use the conventional ZM scheme to simulate the 

time series of whole domain precipitation rate, which is shown as yellow line in fig. 1 
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and much smaller than the simulation in CRM (blue line). The details of deriving UP 

closure in AW13 and the vertical velocities parameterization schemes used in our 

work are shown in section 3, and the results of applying ZM scheme with UP closure 

are shown in section 4.  

 

2. Dependence of sub-grid scale convective updraft in DYNAMO 

The simulation of DYNAMO active phase (within 15 days; from 2011/10/15 to 

2011/10/29) in this study is simulated by the Vector Vorticity Model (VVM), using 256 

km x 256 km horizontal domain with 1km grid size, and 34 vertical stretching grids 

from 100m at lower boundary to 1000m at about 19km height. To realize the statistics 

of sub-grid scale convection fluxes in different GCM-like grid sizes, we divide the 

original 256km x 256km domain into different sizes of sub-domain (1, 2, 4, 8, 16, 32, 

64, 128, 256km), regarding each sub-domain as a grid cell in GCM, and evaluate the 

sub-grid scale convection strength. Fig. 2 is the example of whole domain divided by 

32 km size of sub-domains. 
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Figure 2 Snapshot of whole horizontal domain at 500
th
 time steps, 3km height. Shaded color 

represents the vertical velocity, and red dot line grids are 32 km sub-domain grids. Only the 

sub-domains with any convective updraft grid (w ≥ 0.5m/s) are chosen as samples to calculate 

< 𝑤ℎ̅̅ ̅̅ > and < 𝑤′ℎ′̅̅ ̅̅ ̅̅ >.  

 

We use the definition following AW13: �̅�, ℎ̅ are the averaged vertical velocity 

and moist static energy of CRM grids in a single sub-domain grid, which can be 

regarded as GCM-like grids, and 𝑤′, ℎ′ are the deviation of CRM grid values from �̅�, 

ℎ̅, respectively. For the sub-domain size grid cells, �̅�, ℎ̅ are resolvable while 𝑤′, ℎ′ 

are the unresolvable variables. The sub-grid scale vertical eddy fluxes of moist static 
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energy (MSE) can be written as 𝑤′ℎ′̅̅ ̅̅ ̅̅  where the overbar represents the sub-domain 

average values. Since the parameterized convection is only triggered in the grid points 

that reach a particular threshold, 𝑤′ℎ′̅̅ ̅̅ ̅̅  of sub-domains with any grid point that have 

vertical velocity larger than or equal to 0.5m/s, are chosen as the convective ensemble 

members. The ensemble-averaged 𝑤′ℎ′̅̅ ̅̅ ̅̅  is denoted as < 𝑤′ℎ′̅̅ ̅̅ ̅̅ >, which represents 

the convection fluxes that need to be parameterized in the ensemble members.  

The degree of parameterization that is required for sub-grid scale convection in 

sub-domains can be evaluated by the ratio between vertical eddy fluxes and total fluxes 

of MSE (< 𝑤′ℎ′̅̅ ̅̅ ̅̅ >/< 𝑤ℎ̅̅ ̅̅ >) as shown in fig. 3 for a selected level at 3km height, 

which is close to the layer of largest < 𝑤′ℎ′̅̅ ̅̅ ̅̅ >. The results show that when the 

sub-domain sizes are much larger than the scale of cumulus convection, the sub-grid 

scale convections dominate the total convection strength. The degree of required 

parameterization dramatically decreases as the sub-domain sizes become closer to 1km 

since sub-grid scale convection is more resolvable in finer resolutions. If there is an 

ideal unified convection parameterization, it should pick up the main sources of 

convection at conventional GCM resolutions and ease its task as the resolution 

gradually reaches to cumulus convection scales, as the results of AW13. The relations 

between total and eddy convection fluxes at other heights also show the similar results 
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as 3km height (fig. 4 and fig. 5). 

 

Figure 3 < 𝑤′ℎ′̅̅ ̅̅ ̅̅ > and < 𝑤ℎ̅̅ ̅̅ > divided by 𝐶𝑝 (m/s K) for different sub-domain sizes (km) 

at 3 km height.  
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Figure 4 The vertical profile of < 𝑤ℎ̅̅ ̅̅ > divided by 𝐶𝑝 (m/s K) for different sub-domain 

sizes (km).  
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Figure 5 The vertical profile of < 𝑤′ℎ′̅̅ ̅̅ ̅̅ > divided by 𝐶𝑝 (m/s K) for different sub-domain 

sizes (km).  

 

AW13 pointed out that the standard deviations of < 𝑤′ℎ′̅̅ ̅̅ ̅̅ > and < 𝑤ℎ̅̅ ̅̅ > in the 

same sub-domain size are quite large, about the scaling of variables themselves, 

showing that there exist significant uncertainty in the resolution dependence. The 

statistics of resolution dependence in DYNAMO case also show the similar results 

(fig. 6). Using resolution as the index of sub-grid scale convection is not an ideal 

method since different phases of convection are all categorized in the same groups. 

Following the analyses in AW13, the convective updraft coverage ratio of each 
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sub-domain is used as an alternative index of sub-grid scale convection in our 

experiment. The convective updraft coverage ratio (denoted as σ) is defined as the 

number of CRM grid points with vertical velocity larger than or equal to 0.5 m/s 

divided by the number of total grid points in the sub-domain (GCM-like grid). Fig. 7 

is the σ dependence of < 𝑤′ℎ′̅̅ ̅̅ ̅̅ > and < 𝑤ℎ̅̅ ̅̅ > in the case of 4km sub-domain size at 

3km height. The distribution of < 𝑤′ℎ′̅̅ ̅̅ ̅̅ > is likely a bimodal distribution, which 

shows that the sub-grid scale convection decline for both higher and lower σ. 

Furthermore, < 𝑤′ℎ′̅̅ ̅̅ ̅̅ > dominates < 𝑤ℎ̅̅ ̅̅ > not only in coarser resolutions but also 

for lower σ in the relatively high resolutions (shown in fig. 7). For higher σ, 

< 𝑤′ℎ′̅̅ ̅̅ ̅̅ >/< 𝑤ℎ̅̅ ̅̅ > decrease since the sub-domains themselves are more dominated 

by convective updrafts, making the sub-grid scale convection more precisely resolved 

by grid scale processes.  
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Figure 6 < 𝑤′ℎ′̅̅ ̅̅ ̅̅ > (green line) and < 𝑤ℎ̅̅ ̅̅ > (red line) divided by 𝐶𝑝 (m/s K) and the 

corresponding standard deviation for different sub-domain sizes (km).  

 



 doi:10.6342/NTU201700043

14 
 

 

Figure 7 < 𝑤′ℎ′̅̅ ̅̅ ̅̅ > (green line) and < 𝑤ℎ̅̅ ̅̅ > (red line) divided by 𝐶𝑝 (m/s K) for different 

σ at 3 km height and 4km sub-domain size. Blue line is for < 𝑤′ℎ′̅̅ ̅̅ ̅̅ > that use the single 

top-hat assumption. 

 

To compare the resolution dependence and σ dependence at the same chart, 

< 𝑤′ℎ′̅̅ ̅̅ ̅̅ >/< 𝑤ℎ̅̅ ̅̅ >) of different sub-domain sizes and different σ at 3 km height are 

shown in fig. 8. Similar to the results of AW13, the ratio of eddy and total vertical 

fluxes of MSE is more likely to be dependent on σ, rather than sub-domain sizes. If we 

choose < 𝑤′ℎ′̅̅ ̅̅ ̅̅ >/< 𝑤ℎ̅̅ ̅̅ > of sub-domain size = 4km as examples, the distribution of 
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ratio range from 10% for the largest σ to 88% for about σ = 0.1. If σ = 0.5 is considered, 

the < 𝑤′ℎ′̅̅ ̅̅ ̅̅ >/< 𝑤ℎ̅̅ ̅̅ > range from 41% to 57%, which is much narrower than the 

distribution range of sub-domain size = 4km. The ratio for other σ and heights also 

show the similar results, indicating that the σ dependence of < 𝑤′ℎ′̅̅ ̅̅ ̅̅ >/< 𝑤ℎ̅̅ ̅̅ > is 

more consistent than resolution dependence. The results also show that < 𝑤′ℎ′̅̅ ̅̅ ̅̅ >/<

𝑤ℎ̅̅ ̅̅ > of sub-domains with larger σ is smaller than those with lower σ because that if 

the convective updrafts develop to sub-domain grid size, the variables of grid cell will 

resolve more of its sub-grid scale processes, and its degree of parameterization should 

be reduced to prevent double counting.  

 

Figure 8 The ratio of < 𝑤′ℎ′̅̅ ̅̅ ̅̅ >/ < 𝑤ℎ̅̅ ̅̅ > (%) for various combination of sub-domain size 
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(horizontal axis) and σ (vertical axis) at 3km height 

 

In the conventional cumulus parameterization, the updrafts of in-cloud and 

environment in the same grid cell of GCM are assumed to be homogeneous. This 

assumption is called single top-hat profile assumption, which means that there 

exists only one kind of vertical MSE flux for in-cloud and another for the 

environment in each GCM grid cell. In the following contents, we are going to testify 

this assumption in DYNAMO case by applying the analysis methods in AW13. The 

vertical velocity and MSE of CRM grids in each sub-domain are classified into two 

categories: in-cloud and environment, according to whether the vertical velocity of 

CRM grid is convective (w ≥ 0.5m/s) or not. For the in-cloud grids, the vertical 

velocities and MSE are replaced by the in-cloud average variables. These variables 

are used to derive the in-cloud vertical flux of MSE, and the processes are also 

conducted for those environment grids to derive the environment vertical flux of MSE. 

< 𝑤′ℎ′̅̅ ̅̅ ̅̅ > and < 𝑤ℎ̅̅ ̅̅ > that are modified by the single top-hat assumption are 

calculated and plotted with σ index (shown as the blue line in fig. 7). The difference 

between green and blue lines is mainly attributed to the multi-structure of in-cloud 

grid cells for large σ. Although the single top-hat assumption used in conventional 
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parameterization underestimates the sub-grid scale convection strength, this 

simplifying assumption still do well for sub-domains with small σ, which are the main 

groups of all convection samples.  

 

The results mentioned above are the statistics of DYNAMO case including 

convective grids (�̅� + 𝑤′ ≥ 0.5m/s) for all time steps, but the difference of active 

and suppress phase of convection might be covered. Xiao et al. (2015) pointed out 

that the resolution dependence of ZM-parameterized sub-grid scale convection is 

sensitive to the convection strength, implying that weaker and stronger convection 

might have inconsistency on resolution dependence and σ dependence. We categorize 

the 15-day CRM simulation data (1080 time steps) into four groups according to the 

domain-averaged precipitation rates (see fig. 9), and use the analysis methods of 

resolution and σ dependence just as we conducted to 15-day simulation before. The 

analysis results of these four groups of convection are shown in fig. 10 and 11. The 

resolution-dependent < 𝑤′ℎ′̅̅ ̅̅ ̅̅ > and < 𝑤ℎ̅̅ ̅̅ > rank according to their precipitation 

rates, indicating that the sub-domain size dependence of convection is dependent on 

precipitation rates. The σ dependence of four precipitation rate quartiles shown in fig. 

12, 13 and 14 illustrate that < 𝑤ℎ̅̅ ̅̅ > (red lines), < 𝑤′ℎ′̅̅ ̅̅ ̅̅ > (green lines) and single 
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top-hat sub-grid scale convection (blue lines) of different precipitation rates are 

similar to each other for σ < 0.4. Overall, for variant thermodynamic forcing applied 

in cloud-resolved simulation, σ dependence is a better choice to evaluate the sub-grid 

scale convection than the sub-domain sizes since most of the samples are under σ < 

0.4. The results of sub-grid scale convection analysis and four precipitation rate 

quartiles analysis, using the CRM simulation of DYNAMO case, put the application 

of the σ dependence of sub-grid scale convection that proposed in AW13 to more 

extensive condition.  

 

 

Figure 9 Space-averaged precipitation (mm/hr) of simulation using DYNAMO time-variant 
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forcing. The percentile rank of precipitation rate is showed at the right side of the chart. 

 

Figure 10 < 𝑤ℎ̅̅ ̅̅ > divided by 𝐶𝑝 (m/s K) for different sub-domain sizes (km) at 3 km height. 

The data of four quartiles are shown as following marks: plus, cross, square, and circle 

according to its precipitation rank.  
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Figure 11 < 𝑤′ℎ′̅̅ ̅̅ ̅̅ > divided by 𝐶𝑝 (m/s K) for different sub-domain sizes (km) at 3 km 

height. The data of four quartiles are shown as following marks: plus, cross, square, and circle 

according to its precipitation rank.  
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Figure 12 < 𝑤ℎ̅̅ ̅̅ > divided by 𝐶𝑝 (m/s K) for different σ at 3 km height. The data of four 

quartiles are shown as following marks: circle, square, cross and plus, according to its 

precipitation rank. 
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Figure 13 < 𝑤′ℎ′̅̅ ̅̅ ̅̅ > divided by 𝐶𝑝 (m/s K) for different σ at 3 km height. The data of four 

quartiles are shown as following marks: circle, square, cross and plus, according to its 

precipitation rank. 
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Figure 14 < 𝑤′ℎ′̅̅ ̅̅ ̅̅ >, that use single top-hat assumption, divided by 𝐶𝑝 (m/s K) for different 

σ at 3 km height. The data of four quartiles are shown as following marks: circle, square, cross 

and plus, according to its precipitation rank. 

 

3. The derivation of unified parameterization scheme 

3.1 The revision of conventional closure to unified closure 

The σ dependence of sub-grid scale convection in CRM simulation implies that 

the cumulus parameterization with scale-awareness should parameterize the 

convection fluxes with bimodal distribution. AW13 derived an additional UP scheme 

to compensate the drawbacks of conventional parameterization scheme and make the 
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parameterized convection more fit to the σ dependence in CRM simulation. In 

conventional parameterization, with the assumption of homogeneous top-hat profile for 

all convective updrafts and its environment, we can express w and h of the updrafts and 

of the environment by 𝒘𝒄, 𝒉𝒄  and �̃�, �̃�  respectively. The difference of w and h 

between in-cloud and environment can be defined as  

𝚫𝒘 ≡ 𝒘𝒄 − �̃�  (1) 

and  

𝚫𝒉 ≡ 𝒉𝒄 − �̃�, (2) 

respectively. Assume that σ  and σ̂  represents the convective coverage ratio of 

updrafts of vertical velocity and MSE respectively. The average w (�̅�) and MSE (�̅�) 

of grid cell can be written as  

�̅� = 𝝈𝒘𝒄 + (𝟏 − 𝝈)�̃�, (3) 

and  

�̅� = �̂�𝒉𝒄 + (𝟏 − �̂�)�̃�. (4) 

In conventional schemes, the σ̂ of MSE is assumed to be small and finite. That 

is to say, the average MSE of sub-domain can be represented by the MSE of 

environment. 

�̅� = �̃� (5) 
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Including the assumption (equation (5)), the vertical eddy MSE flux in 

conventional parameterization can be written as  

𝒘′𝒉′̅̅ ̅̅ ̅̅ = 𝒘𝒉̅̅ ̅̅ − �̅��̅� = 𝝈𝒘𝒄𝒉𝒄 + (𝟏 − 𝝈)�̃��̃� − (𝝈𝒘𝒄 + (𝟏 − 𝝈)�̃�)�̃� = 𝝈𝒘𝒄𝜟𝒉.  (6) 

The UP scheme closure derived by AW13 first takes back the σ̂ of MSE instead 

of neglecting it, and assume that the convective updrafts of vertical and MSE are 

consistent, which means that 𝜎 = σ̂. The equation of 𝑤′ℎ′̅̅ ̅̅ ̅̅  ends up as  

𝒘′𝒉′̅̅ ̅̅ ̅̅ = 𝝈(𝟏 − 𝝈)𝜟𝒘𝜟𝒉.   (7) 

AW13 has mentioned that 𝜟𝒘𝜟𝒉 in CRM simulation is nearly independent of σ, 

thus the parameter σ(1 − σ) in equation (7) strongly restrict the < 𝑤′ℎ′̅̅ ̅̅ ̅̅ > in CRM 

simulation to be a bimodal curve, which has minimum values for σ = 0 and σ = 1, 

with maximum value for about σ = 0.5. Compare the equation (7) with < 𝑤′ℎ′̅̅ ̅̅ ̅̅ > 

under top-hat profile assumption in figure 7, we can see that the pattern of 𝜎 

dependence can be fit into this bimodal curve. For σ = 0, no convective updraft exist 

in the grid cell, so the sub-grid scale convection should be zero. On the other side, 

when σ = 1, grid cell itself is filled with “grid scale” of sub-grid scale convection, 

thus the convection can be directly simulated in the model. Under this condition, 

sub-grid scale convection should play no role on convective adjustment, or the 

parameterization will compose double-counting problem. 
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Many conventional schemes, including ZM scheme, are adjustment scheme that 

the vertically integrated CAPE or cloud work function is fully adjusted to the 

equilibrium state. The value of 𝑤′ℎ′̅̅ ̅̅ ̅̅  that required to fully adjust from grid scale 

forcing to equilibrium state can be written as (𝑤′ℎ′̅̅ ̅̅ ̅̅ )𝐸. Use the assumptions that 𝜎 in 

the conventional schemes is either explicitly or implicitly assumed to be much smaller 

than 1, the equation of  

 

𝝈(𝟏 − 𝝈)𝜟𝒘𝜟𝒉 = (𝒘′𝒉′̅̅ ̅̅ ̅̅ )𝑬    (8)  

can be rewritten as  

𝝈 = (𝒘′𝒉′̅̅ ̅̅ ̅̅ )𝑬/𝜟𝒘𝜟𝒉         (9)   

and 

(𝒘′𝒉′̅̅ ̅̅ ̅̅ )𝑬 ≪ 𝜟𝒘𝜟𝒉.           (10) 

 

In this assumption, these two parameters are restricted to be in the following 

conditions: the grid-scale destabilization rate((𝑤′ℎ′̅̅ ̅̅ ̅̅ )
𝐸

) should be relatively smaller or 

the sub-grid scale adjustment ( 𝛥𝑤𝛥ℎ ) should be relatively larger. To ease this 

restriction, AW13 brings out a revised closure of vertical MSE flux in the UP scheme. 

In the UP scheme, the equation of σ is rewritten as:  
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𝝈 = (𝒘′𝒉′̅̅ ̅̅ ̅̅ )𝑬/(𝜟𝒘𝜟𝒉 + (𝒘′𝒉′̅̅ ̅̅ ̅̅ )𝑬).  (11) 

 

This is a simpler choice to satisfy the reasonable condition:  0 ≤ 𝜎 ≤ 1. When the 

flux of sub-grid scale adjustment is relatively strong (𝛥𝑤𝛥ℎ is much stronger than 

(𝑤′ℎ′̅̅ ̅̅ ̅̅ )𝐸), this equation reduces to the conventional closure which is consist with the 

assumption 𝜎 ≪ 1. On the other hand, if the stratification in the environment is stable, 

sub-grid scale convection should be smaller and thus 𝛥𝑤𝛥ℎ ≪ (𝑤′ℎ′̅̅ ̅̅ ̅̅ )𝐸. Under this 

condition, 𝜎~1 , which means that the grid cell is full of weak sub-grid scale 

convection to adjust the larger grid scale destabilization. Combine with the original 

closure that without the assumption of 𝜎 (using equation (7)) and fully adjustment 

(using equation (11)), the closure can be written as:  

 

𝒘′𝒉′̅̅ ̅̅ ̅̅ = (𝟏 − 𝝈)𝟐(𝒘′𝒉′̅̅ ̅̅ ̅̅ )𝑬.  (12) 

 

Since 𝜎 is always larger than or equal to zero, sub-grid scale convection (𝑤′ℎ′̅̅ ̅̅ ̅̅ ) 

derived from equation (12) is a reduced value in the UP scheme. For larger 𝜎, grid cells 

are more dominated by sub-grid scale convection, thus double counting issue between 
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the sub-grid scale and grid scale convection fluxes becomes serious, and the UP scheme 

should play it role on reducing parameterized convection. If the resolution of refined 

resolution GCMs are high enough to resolve cumulus convection, the σ of convective 

updrafts should all be close to 1 and the conventional parameterization in GCM can 

be spontaneously “turned off” and converge to the simulation of CRM. 

 

3.2 Parameterize σ from boundary convection scheme 

σ can't be directly simulated in the conventional parameterization scheme since 

𝜎𝑤𝑐 are determined together from 𝑤′ℎ′̅̅ ̅̅ ̅̅  without separately diagnosing, so it requires 

other parameters in the closure to derive. Remind that we actually don’t know the 

value of environment variables in GCMs, so 𝛥𝑤 and 𝛥ℎ (defined as the difference 

between updraft and environment) are first replaced by 𝛿𝑤 and 𝛿ℎ (defined as the 

difference between updraft, and grid cell average, which are known in GCM). Use the 

definition above, 

𝜹𝒘 = (𝟏 − 𝝈)𝜟𝒘, (13)  

𝜹𝒉 = (𝟏 − 𝝈)𝜟𝒉, (14) and 

𝜟𝒘𝜟𝒉 = 𝜹𝒘𝜹𝒉/(𝟏 − 𝝈)𝟐 (15) 
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are derived out. Define  

𝝀 ≡ (𝒘′𝒉′̅̅ ̅̅ ̅̅ )𝑬/𝜹𝒘𝜹𝒉  (16) 

the new set of equations become:  

𝒘′𝒉′̅̅ ̅̅ ̅̅ = (𝟏 − 𝝈)𝟐(𝒘′𝒉′̅̅ ̅̅ ̅̅ )𝑬,   (17) 

𝝀 = (𝒘′𝒉′̅̅ ̅̅ ̅̅ )𝑬/𝜹𝒘𝜹𝒉,       (18) and 

𝝀(𝟏 − 𝝈)𝟑 − 𝝈 = 𝟎        (19) 

 

To resolve 𝜆, fully adjusted MSE flux (𝑤′ℎ′̅̅ ̅̅ ̅̅ )𝐸  and 𝛿ℎ is required from the 

conventional parameterization scheme, and 𝛿𝑤 is determined by the in-cloud vertical 

velocities from boundary convection scheme (De Roode et al. (2012)) minus the grid 

cell average vertical velocity. The equation of in-cloud vertical velocity in the 

boundary convection scheme is shown below:  

𝟏

𝟐

𝝏𝒘𝒄
𝟐

𝝏𝒛
= 𝒂𝑩𝒄 − 𝒃𝜺𝒘𝒄

𝟐 ,  (20)       

where 𝐵𝑐  represents buoyancy term, defined as the virtual temperature difference 

between in-cloud parcel and environment, and 휀 represents entrainment rate derived 

from conventional parameterization scheme. Here we use the coefficients referred from 

ECMWF (2010) and the coefficients 𝑎, 𝑏 equals to 1/3 and 1.95 respectively. The 

equation (20) is integrated from the launching level, defined as maximum MSE level, to 
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the theoretical convection top level, where the parcel buoyancy transfer from positive 

to negative, to derive the corresponding vertical kinetic energy budget.  

To test the sensitivity of UP closure to the decision of in-cloud vertical velocities, 

we also use the vertical velocity diagnosing closure derived from Kim and Kang (2011), 

to compare with the one derived from ECMWF (2010). Kim and Kang (2011) use the 

relative humidity (RH) parameter as the alternative of entrainment rate in the 

convection. Under the condition of dry environment air, the entrainment of dry air will 

significantly slow down the up-going motion of in-cloud convection, and vice versa. 

The closure of Kim and Kang (2011) are 

 

𝟏

𝟐

𝝏𝒘𝒄
𝟐

𝝏𝒛
= 𝒂(𝟏 − 𝑪𝜺𝒃)𝑩𝒄,  (21)  and 

𝑪𝜺 =
𝟏

𝑹𝑯
− 𝟏.    (22) 

where 𝒂 = 𝟏/𝟔 and 𝒃 = 𝟐. 

When the buoyancy is negative, 𝑪𝜺 is arbitrarily set to -0.25 in order to slow 

down the vertical motion rapidly. If the relative humidity is close to 100% or 0%, some 

unreasonable large or small number might appear, so 𝑪𝜺 is set to 0.01 when RH is 

larger than 99% and set to 10 when RH is smaller than 10%. 
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3.3 Combination with Zhang-McFarlane Scheme 

ZM scheme combined with UP closure can be used to evaluate the effects of 

including σ dependence in the parameterization. Before going through ZM and UP 

scheme, the 15-day simulation of DYNAMO case is divided into different sizes of 

sub-domains, similar to figure 2, and then the variables are averaged in each 

sub-domain. The mean state variables with σ that derived from CRM larger than zero 

are chosen and used to trigger ZM scheme in offline test. In ZM scheme, the mass flux 

model calculates the updraft and downdraft mass fluxes by multiplying the cloud-base 

updraft mass flux 𝑀𝑏 with a mass flux unit profile, so the decision of 𝑀𝑏 is critical in 

determining the convection adjustment scaling. 𝑀𝑏  is derived from the following 

equation:  

𝑴𝒃𝑭 =
𝒎𝒂𝒙(𝑨−𝑨𝟎,𝟎)

𝛕
,       (23) 

where F is the rate of CAPE removed by convection per unit 𝑀𝑏, 𝐴 is the convective 

available potential energy of the current profile, 𝐴0 is an arbitrarily defined constant 

that represent the equilibrium state, and τ is the constant convective adjustment time 

scale, usually regarded as a relaxation parameter. Parameterized MSE flux from ZM 

scheme will be revised in the UP scheme with the parameter 𝜎 that is derived from UP 

scheme closure, denoted as 𝜎𝑈𝑃 in the following contents. The 𝜎 derived from the 
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directly simulation in CRM is denoted as 𝜎𝐶𝑅𝑀 in the following contents to avoid 

misleading. ZM scheme that we use here is a revised version that has been introduced in 

Xiao et al. (2015). The original variable, 𝐴 − 𝐴0, is revised to the difference of CAPE 

between the profile that the apparent forcing, advection terms, radiation, surface and 

PBL eddy fluxes are deducted by the time scale 600 seconds, noted as “advection 

profile”, and the original profile that is assumed to be the equilibrium state, noted as 

“nonadvection profile”, using the QE hypothesis proposed by Arakawa and Schubert, 

1974. The dissipation rate of CAPE (F) in equation (23) and the buoyancy term and 

entrainment/detrainment term for equation (20) are derived from the thermodynamic 

variables of “advection profile”.  

In short conclusion, 𝜎𝑈𝑃 is the function of 𝜆 (defined as (𝑤′ℎ′̅̅ ̅̅ ̅̅ )𝐸/𝛿𝑤𝛿ℎ ), so the 

decision of (𝑤′ℎ′̅̅ ̅̅ ̅̅ )𝐸 (conventional parameterized MSE flux) and 𝛿𝑤𝛿ℎ (defined as 

the multiplication of cloud-environment w deviation and MSE deviation) are critical to 

this closure. (𝑤′ℎ′̅̅ ̅̅ ̅̅ )𝐸 is revised by the new closure (equation (21)), which means that 

the time scale(𝜏), the anomaly of CAPE from equilibrium state (𝐴 − 𝐴0) and the 

dissipation rate of CAPE (F) can affect this value. If the value of CAPE anomaly or the 

dissipation rate of CAPE is negative, the corresponding vertical column will be 

regarded as convective stable and excluded in the following analysis. On the other hand, 
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the denominator 𝛿𝑤𝛿ℎ  is decided by four variables,𝑤𝑐 ,  �̅� ,  ℎ𝑐 , and ℎ̅ . We have 

mentioned above that the difference of in-cloud and environment MSE flux (ℎ𝑐 − ℎ̅) 

can be derived from the conventional scheme, while the in-cloud vertical velocity (𝑤𝑐) 

should be derived from the boundary convection scheme since it’s not explicitly 

parameterized. The combination of two different schemes might cause the 

unreasonable condition: the in-cloud vertical velocity (𝑤𝑐) is smaller than the grid scale 

vertical velocity (�̅�), making 𝛿𝑤 less than zero. To deal with this problem, if the 

multiple of 𝛿𝑤𝛿ℎ is less than zero, then the 𝜎𝑈𝑃 corresponding to the 𝛿𝑤𝛿ℎ will be 

revised to 1.0. In physics 𝛿𝑤𝛿ℎ can be regarded as the consuming rate of convective 

instabilities by sub-grid scale convection. If the consuming rate is numerically smaller 

than zero, it means that the sub-grid scale convection is relatively weak and needs as 

more convective clouds as possible to consume the instability. For sub-grid scale 

convection, the largest size will be the grid itself and thus the 𝜎𝑈𝑃 should be 1.0. More 

details of parameterizing processes in ZM scheme are written in Appendix. 

 

4. Analysis of unified parameterized convection 

In this section, we use the sub-domain averaged variables in DYNAMO case to 

run the UP scheme with offline test, and analyze the characteristics of the 



 doi:10.6342/NTU201700043

34 
 

UP-parameterized convection. The parameterized convection flux is basically decided 

by cloud-base mass flux, so we first focus on the results of LCL (lifting condensation 

level), where we define as cloud-base here. The values of 𝜎𝐶𝑅𝑀 that directly derived by 

calculating convective grid cells in CRM simulation are also used to compare with 𝜎𝑈𝑃, 

and the points that 𝜎𝐶𝑅𝑀 equals to zero are excluded. The time steps that have larger 

range of 𝜎𝑈𝑃 distribution are more representative of the multiple convection derived 

from UP scheme, so we choose time step = 232, about 77 hours (≈3.2 days) after the 

initiation of simulation, and zoom in to x=128~256 km, y=128~256 km to look closely 

on the patterns of squall line (bow shape pattern of convection). In fig. 15-17, we show 

the results of UP scheme with the in-cloud vertical velocity derived from ECMWF 

(2010), and then Kim and Kang (2011) in fig. 18. The shaded colors show that larger 

𝜎𝑈𝑃 distribute close to the convective grid points (larger 𝜎𝐶𝑅𝑀). However, if we look 

closer into the value of 𝜎𝑈𝑃 and 𝜎𝐶𝑅𝑀 within these convective grid points (fig. 15 and 

18), the larger 𝜎𝑈𝑃 tend to appear at the downward of vertical wind shear of the largest 

𝜎𝐶𝑅𝑀  (fig. 19, right). In ZM, deep convections are always triggered in the most 

unstable vertical columns, while in CRM vertical wind shear can change the vertical 

structure of deep convection, such as tilting and stretching. These dynamic processes 

can shift the updraft away horizontally from where it launched, especially for smaller 
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grid sizes, leading to the heterogeneous distribution of 𝜎𝑈𝑃 and 𝜎𝐶𝑅𝑀. The partly 

inconsistency of 𝜎𝑈𝑃 and 𝜎𝐶𝑅𝑀 may cause the UP scheme to tune down the MSE flux 

even if the corresponding 𝜎𝐶𝑅𝑀  is not large. Since CAPE and 𝛿𝑤𝛿ℎ  are the 

representative parameters in the equation (18) that decide the λ in UP closure (see 

section 3.2), the pattern of 𝜎𝑈𝑃 distribution is highly related with the scaling of CAPE 

and 𝛿𝑤𝛿ℎ. Higher 𝜎𝑈𝑃 tends to distribute at where CAPE is higher with lower 𝛿𝑤𝛿ℎ 

(fig. 16 and 17), which means that the grid-scale instability is large enough to trigger 

the widespread updrafts, or the adjustment by updraft is relative slow so that much 

ensemble members of sub-grid scale updrafts are required for. These two parameters 

are from two different parameterization scheme, but the derivation of 𝛿𝑤 is still highly 

related to the profile that used to derive CAPE.  
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Figure 15 The horizontal domain of 4km sub-domain size, at LCL height, about 3.2 days. 

Shaded color represents the value of 𝜎𝑈𝑃 using the in-cloud vertical velocity derived by the 

method of ECMWF (2010), while the number in black grid represents the value of 𝜎𝐶𝑅𝑀 in 

percentage.  
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Figure 16 The horizontal domain of 4km sub-domain size, at LCL height, about 3.2 days.  

Shaded color represents the value of 𝜎𝑈𝑃, while the black contour represents the CAPE 

(𝑚2/𝑠2) of 4km sub-domain, defined by Xiao, 2015 in section 3.3.  
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Figure 17 The horizontal domain of 4km sub-domain size, at LCL height, about 3.2 days.  

Shaded color represents the value of 𝜎𝑈𝑃, while the black contour represents the product of δw 

derived by the method of ECMWF (2010) and δh (K m/s) of 4km sub-domain.  
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Figure 18 Similar to figure 15, but with the vertical velocities derived from Kim and Kang 

(2011) 

The horizontal domain of 4km sub-domain size, at LCL height, about 3.2 days  

Shaded color represents the value of sigma derived from UP using the closure of Kim and Kang 

(2011), while the number in black grid represents the value of 𝜎𝐶𝑅𝑀 in percentage. 
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Figure 19 The horizontal domain of 1km grid size at about 3.2 days  

Left: red shaded, for grid point vertical velocity at LCL height in CRM simulation that larger 

than or equal to 0.5m/s; the blue contour line, convergent area at 46m height that divergence 

equals to -0.0002 /s; the purple dot line, divergent area at 46m height that divergence equals to 

0.0002 /s; yellow arrows represent horizontal wind vector at 46m height (5m/s for the arrow 

length scale). 

Right: shaded color, grid point precipitation rate (mm/hr); black contour line, grid point vertical 

velocity at LCL height that larger than 0.5m/s; black dot line, grid point vertical velocity at LCL 

height that smaller than -0.5m/s; yellow arrow, wind shear vector between 46m and 3000m 
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height (5m/s for the arrow length scale).   

 

There are grid points with 𝜎𝑈𝑃 = 1.0 in the selected domain (purple red color in 

fig. 15-18) since the numerical rule allows the situation “𝜎𝑈𝑃 = 1.0” to exist if the 

product of 𝛿𝑤 and 𝛿ℎ is less than zero. The derivation of 𝛿ℎ is contained in the 

conventional parameterization scheme, so it’s much more possible for 𝛿𝑤 (derived 

from two parameterization schemes instead of ZM scheme itself) to be less than zero. 

The overview of fig. 15-18 also indicate that 𝜎𝑈𝑃 tend to be underestimated when 

compared to the corresponding 𝜎𝐶𝑅𝑀. To specifically describe the difference of 𝜎𝑈𝑃 

and 𝜎𝐶𝑅𝑀, the spectral distribution of two parameters for 4km sub-domain size at the 

height of LCL, and of all 15-day simulation, is shown in fig.20. Compared to 𝜎𝐶𝑅𝑀, the 

ratio of higher 𝜎𝑈𝑃 are significantly less than the “true” solution, and the distribution 

of 𝜎𝑈𝑃 at higher layer are even more concentrated within the lowest bin range as 

shown in fig. 21. Due to the numerical rule that “if 𝛿𝑤𝛿ℎ is less than zero, 𝜎𝑈𝑃 equals 

to 1”, the ratio of the highest 𝜎𝑈𝑃  (including 𝜎𝑈𝑃 = 1) is much more than the 

expected distribution curve.  
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Figure 20 The numbers of sub-domains categorized by 16 𝜎𝑈𝑃 (green box) and 𝜎𝐶𝑅𝑀 (red 

box) bins at LCL, ranging 0 < 𝜎 ≦ 1, are divided by the total number of samples and showed 

as ratio number in the chart. Noticed that there are only 16 kinds of 𝜎𝐶𝑅𝑀 for 𝜎𝐶𝑅𝑀 > 0 in 

4km sub-domain size, just the same as the categorized bin number here. (unit: ratio) 
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Figure 21 Same as fig. 19 but at 3km height.   

Equation (18) in section 3.2 reveals the possible sources of underestimated 𝜎𝑈𝑃 

are the parameters that used to derive λ. Since CAPE and 𝛿ℎ are simply derived from 

the conventional parameterization scheme, the 𝛿𝑤 that derived from two inconsistent 

parameterization schemes might be the main sources. From the whole domain and 

time averaged vertical velocities derived from the closure in Kim and Kang (2011), 

ECMWF (2010) and CRM simulation where 𝜎𝐶𝑅𝑀 > 0.0 (fig. 22), we can see that 

since the UP scheme often overestimates the in-cloud vertical velocities (𝑤𝑐), which 

play roles in denominator in equation (18) (see section 3.2), the 𝜎𝑈𝑃 distribute at 

lower range than 𝜎𝐶𝑅𝑀. The result of using Kim and Kang (2011) to diagnose 𝜎𝑈𝑃 
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(see fig. 18) is similar to the result of using ECMWF (2010) since the performance of 

vertical velocities at LCL of both schemes are alike. However, different results are 

expected at higher layers. The values of RH in advection profile are often larger than 

66% because the profile in the selected DYNAMO case is mostly wet, and advection 

moisture terms are also unconsciously added to the original profile. The in-cloud 

vertical velocities of Kim and Kang (2011) method at higher layers lack of dry air 

entrainment and thus are much larger than the ones from ECMWF (2010) and the 

simulation of CRM.  

 

Figure 22 The vertical profile of averaged vertical velocity in DYNAMO case for two kinds of 

diagnosing closure (blue line: Kim and Kang (2011), green line: ECMWF (2010)) and the “true” 
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solution in CRM simulation (yellow line). The samples for averaging are the whole domain of 

4km sub-domain size grids that 𝜎𝐶𝑅𝑀 > 0.0 in all time steps.  

 

The comparison of sub-grid scale convection fluxes simulated in CRM 

(< 𝑤′ℎ′̅̅ ̅̅ ̅̅
𝐶𝑅𝑀 >), parameterized by ZM scheme (< 𝑤′ℎ′̅̅ ̅̅ ̅̅

𝑍𝑀 >) and adjusted by UP 

scheme (< 𝑤′ℎ′̅̅ ̅̅ ̅̅
𝑈𝑃 >) in 4km sub-domain size are shown in fig. 23. According to 

equation (17) in section 3.3, the sub-grid scale convection fluxes derived from ZM 

scheme (𝑤′ℎ′̅̅ ̅̅ ̅̅
𝑍𝑀) are adjusted in UP scheme by multiplying the factor (1 − 𝜎𝑈𝑃)2 

and denoted as 𝑤′ℎ′̅̅ ̅̅ ̅̅
𝑈𝑃. The distribution of 𝜎𝑈𝑃 that concentrate at lower range 

implies that the difference of < 𝑤′ℎ′̅̅ ̅̅ ̅̅
𝑈𝑃 > (short dash line) and < 𝑤′ℎ′̅̅ ̅̅ ̅̅

𝑍𝑀 > (long 

dash line) is relatively small since the averaged (1 − 𝜎𝑈𝑃)2 is near 1. The large 

difference between < 𝑤′ℎ′̅̅ ̅̅ ̅̅
𝐶𝑅𝑀 > and < 𝑤′ℎ′̅̅ ̅̅ ̅̅

𝑍𝑀 > is mainly due to the closure that 

decides the adjustment rate in ZM scheme, so the application of UP scheme can give 

little help on converging the scaling of sub-grid scale convection derived from CRM 

and ZM. The main purpose of UP scheme is to tune down the sub-grid scale 

convection if its’ corresponding 𝜎𝑈𝑃  can’t be neglected as the conventional 

parameterization do. Fig. 24 show the σ dependence of 𝑤′ℎ′̅̅ ̅̅ ̅̅
𝐶𝑅𝑀 that we derived in 

section 2, and of the 𝑤′ℎ′̅̅ ̅̅ ̅̅
𝑍𝑀 and 𝑤′ℎ′̅̅ ̅̅ ̅̅

𝑈𝑃. Noticed that the σ used in horizontal axis 
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for 𝑤′ℎ′̅̅ ̅̅ ̅̅
𝐶𝑅𝑀  (𝜎𝐶𝑅𝑀 ) and for 𝑤′ℎ′̅̅ ̅̅ ̅̅

𝑍𝑀  and 𝑤′ℎ′̅̅ ̅̅ ̅̅
𝑈𝑃  (𝜎𝑈𝑃 ) are different as the σ 

realized in CRM and ZM are derived by respective methods. Before applying UP 

scheme, 𝑤′ℎ′̅̅ ̅̅ ̅̅
𝑍𝑀 is more likely independent to the 𝜎𝑈𝑃, while after the adjustment, 

𝑤′ℎ′̅̅ ̅̅ ̅̅
𝑈𝑃 for higher 𝜎𝑈𝑃 is tuned down.  

 

Figure 23 The vertical profile of < 𝑤′ℎ′̅̅ ̅̅ ̅̅
𝐶𝑅𝑀 > (solid line), < 𝑤′ℎ′̅̅ ̅̅ ̅̅

𝑍𝑀 > (long dash line) 

and < 𝑤′ℎ′̅̅ ̅̅ ̅̅
𝑈𝑃 > (short dash line), divided by 𝐶𝑝 (m/s K), of 4km sub-domain size that 

𝜎𝐶𝑅𝑀 > 0.0 in all time steps in DYNAMO case.  
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Figure 24 < 𝑤′ℎ′̅̅ ̅̅ ̅̅
𝐶𝑅𝑀 > (green line), < 𝑤′ℎ′̅̅ ̅̅ ̅̅

𝑍𝑀 > (yellow line) and < 𝑤′ℎ′̅̅ ̅̅ ̅̅
𝑈𝑃 > (blue 

line) divided by 𝐶𝑝 (m/s K) for different σ at LCL and 4km sub-domain size.  

 

 

5. Conclusion and future work 

Arakawa and Wu (2013) regarded the convective updraft fraction (σ) dependence 

of vertical eddy MSE flux in CRM simulation as a solution of parameterizing sub-grid 

scale convection in variant-resolved GCMs, and also applied σ dependence in the 

derivation of unified parameterization closure. Instead of using GATE, whose forcing 

terms are invariant with time, as the analyzed case in AW13, we use DYNAMO case 
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that applies time-variant forcing terms in the simulation to represent different phases of 

convection development cycles. The analysis of σ dependence of convection in 

DYNAMO is similar to the convection in GATE, so this parameter is also appropriate 

for unified expression of sub-grid scale convection in variant forcing cases. We also 

compare the σ dependence of different convection strength in the simulation of 

DYNAMO case. Variables of all time steps in CRM simulation are categorized into 

four groups according to the precipitation rates. It shows that within all groups of 

convection, σ dependence are less variant than resolution dependence, thus σ 

dependence is also an appropriate parameter for various strength of convection.  

A UP closure, using the parameter σ and some variables output from the 

conventional parameterization, is derived in AW13. This closure uses σ to relax the 

full adjustment convection fluxes in conventional parameterization scheme because 

the σ in conventional parameterization is usually assumed to be much smaller than 1 

and thus can be neglected. Theoretically, when the σ become closer to 1, the 

grid-scale variables should perceive significant components of sub-grid scale 

convection, so the sub-grid scale convection shouldn’t be as large as the condition 

when σ is ignorable, or it will double-count the convection fluxes both in grid-scale 

and sub-grid scale. Numerically, the UP closure multiplies the convection fluxes by 
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(1 − σ)2, which means that if the convective updraft is close to grid-scale, the role of 

sub-grid scale convection can almost be neglected. For the GCM with the resolution 

of CRM, the function of parameterization can be smoothly “closed” when multiplying 

(1 − σ)2  because all convection fluxes in the simulation are grid scale. In our 

research, we combine a conventional cumulus convection parameterization: 

Zhang-McFarlane parameterization scheme, with the UP closure in AW13, to 

diagnose the unified convection fluxes in the simulation of DYNAMO. The average 

variables of sub-domain in DYNAMO are input to ZM scheme to parameterize 

sub-grid convection fluxes and use σ  derived from UP closure to adjust the 

convection fluxes. We use the ratio of ZM parameterized convection fluxes, and the 

multiplication of in-cloud moist static energy and the in-cloud vertical velocity 

derived from the boundary convection parameterization (VKE budget) to derive σ. 

This convection fluxes can also be recognized as the consumption rate of environment 

instability by the parameterized in-cloud convection.  

 The result shows that the distribution of σ derived from UP closure performs 

better at cloud-base (here defined as LCL) than higher layers, but still have some 

inconsistence in both scale and position with the σ derived from CRM simulation. 

This situation could be result from the triggering mechanics in conventional 
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parameterization, since it decides the CAPE and parameterized convection fluxes, and 

the coefficients and closure of in-cloud vertical velocity. The ensemble averaged 

sub-grid scale convection fluxes derived from UP scheme are similar to the ones from 

ZM scheme since 𝜎𝑈𝑃  are concentrate at lower values, making the adjustment 

parameter (1 − σ)2 close to 1, and also far from the fluxes derived from CRM. The 

main purpose of UP scheme is to put the awareness of σ into the parameterized 

convection fluxes, so the relaxation adjustment for parameterized fluxes at higher σ 

has shown the effects of UP scheme. The gap between fluxes in CRM and UP is 

mainly attributed to the closure in ZM scheme, which can relax or strengthen the 

adjustment rate by its closure. The possible progression in the future might be the 

methods to deal with tilting convection, the coefficients of in-cloud vertical velocities 

and the closure to decide the strength of cloud base mass fluxes.  
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Appendix 

The following contents are the more details about deriving the sub-grid scale 

convection fluxes of DYNAMO case from Zhang-McFarlane cumulus convection 

parameterization scheme (ZM Scheme) by offline method in this study. The variables 

that will be input into ZM scheme are first simulated in VVM, which is a CRM with 

discretized places of variables (see the figure (2) in Jung and Arakawa (2008)), so the 

horizontal interpolation of u, v and vertical interpolation of w to the point of 

temperature is necessary for place consistency. The original horizontal size of variables, 

with 256 x 256 grids in horizontal and 34 layers in vertical, is expanded to 258 x 258 

grids, in order to include the periodic boundary of domain variables u and v into the 

numerical interpolation method. The variables of first layer are excluded, except the 

layer of w, since the first layer of u, v and θ is under the ground. 

To interpret the variables in GCM-like grid cells, the profiles of temperature, 

mixing ratio and etc. are averaged in the specific sub-domains of VVM grids. Before 

inputting the variables into ZM scheme, we make two profiles that including one 

current profile, which is assumed to be equilibrium state here (see the theorem in 

section 3.3), and one imaginary profile that the cumulus convection has not yet adjust 

the profile toward current profile. The tendencies due to grid-scale advection, apparent 
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heat and humidity are removed from, and upward heat flux and moisture flux at 

surface (within planetary boundary) layer from the mean profiles at current time are 

added to the imaginary profile. In ZM scheme, the program deals with one vertical 

column in each iterative call, so it’s necessary to mapping variables from 3-dimension 

(i, k, j) to 1-dimension (k). The vertical layers of variables are also flipped so that the 

largest number of k represents the lowest layer.  

ZM scheme use CAPE of every vertical column to evaluate the strength of 

convection updraft in the vertical column. To integrate CAPE, the base and the top of 

convection should be determined first. The launching level, which is assumed to be the 

base of convection, of parcel in ZM is defined as the layer of maximum moist static 

energy under PBL top (about 470m in VVM). The original parcel properties are set to 

be the same as launching level, and additionally be added the temperature perturbation 

which we arbitrarily set equal to 0.1K to trigger convection easier. For level higher 

than launching level, we use the arithmetic average value of temperature, mixing ratio 

at level k and k+1 to represent environment variables (just as the entrainment of 

mid-level between k and k+1). ZM scheme mix up the environment and parcel entropy, 

total mixing ratio, and mass flux relative to cloud base, with specified entrainment rate 

(∂(normalized mass of parcel))/ ∂z = −1.0x10−3 /m (parcel fractional mass 
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entrainment rate), from launching level to current level, and the entropy of parcels is 

then inverted to determine temperature and saturated mixing ratio. If total mixing ratio 

is larger than saturated mixing ratio, drop part of the liquid water out (ZM assumes a 

certain amount of liquid water is hold in cloud, about 1.0x10−3) and add latent heat 

released from the water back to the profile. LCL (lifting condensation level) is also 

determined in this process, and if LCL is higher than 600 mb, no deep convection is 

permitted. Note that the added latent heat cause the increase of temperature, thus the 

saturated mixing ratio have to be re-calculated until the error is small enough.  

After adjusting vertical profile of parcel to saturated or unsaturated condition, ZM 

scheme calculate the virtual temperature of parcel and environment above launching 

level. The difference of virtual temperature between parcel and environment is used to 

evaluate the obtained buoyancy of parcel at every layer, and 0.5K is also added to the 

parcel and in-cloud properties to trigger convection. The CAPE of vertical column is 

derived from the integration of buoyancy from the launching level to the level that 

buoyancy reversal takes part. Note that buoyancy may reverse several times in a 

column, so the scheme chooses the largest CAPE to be the determined value.  

ZM scheme specify the properties of updraft and downdraft, including mass flux, 

entrainment, detrainment, and dry static energy of plumes by the equations in 
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Description of the NCAR Community Atmosphere Model (CAM 3.0). The values 

of mass flux and entrainment/detrainment are normalized by the updraft mass flux at 

cloud base. These in-cloud properties can be related to the adjustment rate of CAPE 

toward equilibrium state and thus determine the cloud base mass flux. To evaluate the 

adjustment rate of CAPE, ZM scheme regards the vertical column as several boxes, and 

use the advection of dry static energy, mixing ratio of updraft, downdraft and 

environment by updraft and downdraft mass flux to derive the change rate of 

environment temperature and mixing ratio by per unit mass flux. The change of CAPE 

equals to the integration of vertical buoyancy change due to the effect of cumulus 

convection (see equation (24)). The parcel temperature change due to the change of 

sub-cloud layer properties during convection is also included.  

 

∂A ⁄ ∂t = ∑ ∂(buoyancy) ⁄ ∂t ∗ dz
lel(convection top)

z=mx(launching level)               (24) 

Cloud base mass flux =  

max (– (CAPE − CAPEequlibrium) (time scale ∗ (∂A
∂t⁄ ))⁄ , 0)       (25) 

 

For cloud base mass flux, we use the modified closure instead of the conventional 

one in ZM scheme. The cloud base mass flux derived in conventional ZM scheme 
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(equation (25)) is replaced by an arbitrarily value for convenience, and re-calculated in 

our functions by the closure out of ZM scheme (will be shown later). After the deriving 

of cloud mass flux, dry static energy and mixing ratio of updraft, downdraft and 

environment of each layer are determined, thus we can also derive the vertical eddy 

flux of grid by the combination of dry static energy and mixing ratio with the 

updraft/downdraft mass flux, and in-cloud moist static energy by the updraft properties.  

The parameterized vertical eddy flux (dimension of density is included), in-cloud 

MSE and in-cloud w are used to derive the convective updraft coverage (σ) of UP 

scheme closure (see section 3.2). We also revise the cloud base mass flux as  

 

cloud base mass fluxrevised = (CAPEadv − CAPEnoadv) (time scale ∗ (∂A
∂t⁄ )

adv
)⁄ ,   

(26) 

 

which is from the definition of Xiao et al. (2015), so the revised vertical eddy flux is 

 

 𝑤′ℎ′̅̅ ̅̅ ̅
𝑍𝑀 = ( 𝑤′ℎ′̅̅ ̅̅ ̅

𝑍𝑀) /ρ ∗ cloud base mass fluxrevised/arbitrary defined mass flux .  

(27) 




