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Abstract

The famous van der Waals equation is the equation of state for a box of weakly
interacting gas particles under certain limits (high temperature and low density).
Traditional derivations of the van der Waals equation typically use standard recipes
involving ensemble averages of statistical mechanics. In this work, we study a box of
weakly interacting gas particles in one-dimension from a purely mechanical point of
view. Thus, trajectories, number of particle-particle interactions, and effect of each
particle-particle interaction are at the heart of the present approach. This has the merit
that it not only reproduces the van der Waals equation but also tells us some extra
interesting physics not immediately clear from a pure statistical mechanical approach.
For example, we find that the traditional handwaving interpretation of the van der
Waals equation adopting mean field approximation is actually incorrect. In this
investigation of one-dimensional interacting gas, we demonstrate the possibility
taking a mechanical point of view and having deeper understanding for the physics of
leading order effect of particle-particle interaction, for weakly interacting N-body
systems that are usually studied in the framework of statistical mechanics or kinetic
theory.
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1 Introduction

Statistical mechanics and kinetic theory are two main frameworks one adopts when
studying a system containing a huge number of degrees of freedom. Researches in this
field study hard sphere systems [2, 12, 14, 15, 16, 17, 19, 20|, hard ellipse systems [4],
hard needle systems [6, 7], van der Waals theory [8], granular particle systems [1, 5, 11],
etc. There are also researches concerning fundamental issues [9, 10].

Statistical mechanics and kinetic theory are powerful and systematic, but it often
amounts to meaning that one has to pay the price of losing certain detailed dynam-
ical information about the interparticular interactions. In order to study a weakly
interacting N-body system, besides statistical mechanics, kinetic theory and numerical
simulation, do we have other choice? At first glance, the idea of particle trajectory is
useful only for systems containing small degrees of freedom. However, we can actually
bring in the idea of trajectory for a N-body system if the effect of particle-particle
interaction is weak. In this work, we study a weakly interacting one-dimensional gas
to see how a direct approach investigating the detailed mechanical interaction between
particles might shed some light on its merits as opposed to the traditional approach.

Before describing our mechanical approach, we first give a brief review of how one
understands a weakly interacting one-dimensional gas in statistical mechanics. For a
one-dimensional classical gas in the box, the equation of state at thermal equilibrium
can be calculated by standard recipes in statistical mechanics. Specifically, one can
start with a given Hamiltonian of the gas system and computes its partition function,

then following through the standard recipes [3, 13] to arrive at the following equation

of state
o iG]
F = p(kgT) — p2(/€BT)/ dr [e FeT — 1] + O(p?), (1)
0
where F' is the force exerted on each side of the confining box, p = % is the linear

number density (N and L are the particle number and the size of the one-dimensional
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Figure 1: Particle-particle interaction consisting of a hard core (at r = d;) and an
interaction tail. U(r) is the potential describing the interaction between two particles.
box, respectively), kg is Boltzmann’s constant, 7" is the temperature of the system, and
U(r) is the potential between two gas particles with r being their separation. In the
above, one has assumed a low density limit so that a Taylor expansion in p is possible.
We will specialize to the case when the potential representing particle-particle in-
teraction is consisted of a hard core and an interaction tail, as shown in Fig. 1.

By Eq.1, the equation of state for such a potential is given by

F = p(kgT) + p*(kgT)d, — p*(kgT) / h dr le BT _ 1} + O(p?). (2)

di

Consider only the low density limit and keep up to the second order in the number

density, and further assume the high temperature limit and weakly interacting limit.

Approximate Eq.2 to first order of % under these limits, and the equation of state
B

becomes

F = o)+ kuT)s =" | OO dr [=U(r)] = p(ksT) (1 pti=p [ °° dr [—IZ <T>}
(3)
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After rearrangement, the equation of state is given by

(F + (%)2 /doo dr [—U(r)]) (L —dyN) = NkgT, (4)

1

which is the van der Waals equation in one-dimension.

This is the statistical mechanics approach to the van der Waals equation, the equa-
tion of state for interacting gas under the conditions of low density, high temperature
and weak interaction. The derivation provided by statistical mechanics is simple, and
in one scoop it easily relates the force with the temperature, the density and the po-
tential describing particle-particle interaction. On the other hand, one also loses track
of exactly what has happened to the dynamical behavior of the constituent particles.
For example, if we “turn on” the interparticular interactions of an otherwise ideal gas,
will that make the gas particle move faster or slower? And, does the answer depend
on the original velocity of a particle? Statistical mechanics by itself doesn’t provide
such information. In this regard, the physics contained in an equation of state is quite
limited.

In this work, we adopt an approach different from statistical mechanics. We take
a mechanical point of view, considering the detailed mechanics of the gas particles.
In order to deal with a system of an essentially infinite number of degrees of freedom,
statistical mechanics hides the complexity in its fundamental principles and assumptions
(such as the notion of partition function), so that we can focus on things like the
equation of state that can be more readily measured. In our mechanical approach, in
order to deal with the complex one-dimensional interacting gas system, we still need
to put in by hand some basic assumptions. We are not pretending that we are going
to derive the equation of state for a one-dimensional interacting gas from scratch and
nothing else. However, we will do our best making assumptions that seem at least
reasonable. Besides rebuilding the equation of state, we will have some physics that

standard statistical mechanics doesn’t tell us. For example, we will try to answer the
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two previous questions in our mechanical approach.

The thesis is organized as follows. In Chapter 2, we discuss the foundation of our
mechanical point of view. In Chapter 3, we consider a special case of square well
particle-particle interaction and show how the mechanical model is built. In Chapter
4, we generalize the previous results to generic interacting gas, with the help of physics
insight we developed in Chapter 3. Finally, we summarize the result and give some

possible implications in Chapter 5.
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2 Mechanical picture for one-dimensional interact-
ing gas

Consider a bunch of particles flying in a one-dimensional box, as shown in Fig. 2. As
a particle hits the wall of the box, the wall experiences a force. The collision between
the particle and the wall is assumed to be perfectly elastic. Because our description
is a bit unorthodox, we first describe how we view the momentum transferred to the
right-hand wall by the right-most particle in a one-dimensional box.

Physically we know the right-most particle is the only particle that is constantly
bombarding the wall. But the momentum it transfers to the wall after each collision
varies in time, because, prior to the collision, this particle gets its momentum from a
collision with the particle immediate to its left. But where does that neighboring particle
pick up that particular momentum? Clearly, It gets it through an even earlier collision
with the immediate neighbor to its left. In this sense, we see that we may assign an
arrow to the momentum carried by each particle, and think of each collision happening
between two particles as a mechanism of exchanging the arrows of momentum. In other
words, an arrow gets pushed to its right after each collision, all the way until it hits the
right-hand wall.

In the picture described above, we see that the total force felt by the wall is the

summation of the contributions of all particles in the box, namely

(momentum transferred); 2mu;
; / ; (flying time period); T; (5)

J
where j is the index of particle, Tj is the time period it takes for an arrow to complete
one round trip (between the two walls), and v; is the velocity of a particle when it hits
the wall, called collision velocity. By the lower index j, we actually label the velocity

arrow, but not the particle itself, since a particle cannot pass through another particle in
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interaction

process
time

Figure 3: Interaction between particle A and particle B. Particle A is always on the left
hand side of particle B, while the velocity arrow v; can penetrate.
one-dimensional space. When two particles collide, the velocity arrows will penetrate,
but the left particle stays always on the left and the right particle stays always on the
right, as shown in Fig. 3. A particle is just a mediator of a velocity arrow.

For a box of ideal gas, that is, the particles have no size and there is no particle-

particle interaction, the particles are free, and the force is given by

2ma! 2mv? 2 1
F=) = =2 =72 m ) ©)
i Y 5 i

J v;

Here the upper index of 0 stands for free particle. The notion of temperature is intro-

duced via Maxwell’s velocity distribution
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where a = 22T, Summation over j is given by
m

}::N@AﬁWﬂ@>:%%Oima@f (8)

J
The factor of two comes from the fact that we consider the force felt by the right wall.
Since particle hits the right wall only if its velocity is positive, we consider the right half
part (positive velocity) of Maxwell’s velocity distribution and then multiply a factor of
two to recover the true particle number. Plugging Eq.8 into Eq.6, the force for an ideal
gas is

dve” @ —mu

NG 0 2 L

which is the one-dimensional version for PV = NkgT', the equation of state for an

292N [® .21, NkgT

ideal gas. Note that Maxwell’s velocity distribution is put in by hand at the last stage
just so that the population of particles with a specific velocity can be connected with
temperature, provided that thermal equilibrium is reached.

What happens when particle-particle interaction is turned on? In order to study
the force felt by the wall, which is equivalent to the equation of state, there are three
elements: summation over all particles (3_;), flying time period (7}), and momentum
transferred (2mwv;). For the summation over all the particles, we will make the explicit
assumption that Maxwell’s velocity distribution is valid for our system. When particle-
particle interaction is turned on, a particle interacts with other particles and hence its
velocity is no longer a constant but influenced by particle-particle interactions. There-
fore, we expect that the travel time period will be modified. For momentum transferred,
due to particle-particle interaction, the velocity of a particle at the moment hitting the
wall (collision velocity) may differ from its free particle velocity, and hence the mo-
mentum collected by the wall should be modified in the presence of particle-particle
interaction. The question we want to ask is, when there is particle-particle interaction,

how do flying time period (physics in the bulk) and momentum transferred (physics on
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the boundary) change, and hence lead to the modification of the equation of state? And
if we stick with our mechanical approach (but with a set of extra assumptions), how far
can we go? Note that standard statistical mechanics cannot tell us “what happens in
the bulk” and “what happens on the boundary.” It just gives us the equation of state,
the total result after combining “physics in the bulk” and “physics on the boundary.”
If the system has a high density or a long range interaction, many particles in
the box are simultaneously coupled together. This makes things rather hard to track.
In order to have a working mechanical approach, we therefore consider the case of
low density and particle-particle interaction being short-ranged and weak. Of course,

particle-particle interaction by itself has a dimension, and we will see later that a more

U(r)
kT’

appropriate statement is that we consider a dimensionless quantity, to be small.

This requirement corresponds to assuming a weak particle-particle interaction and high
temperature. Since $kpT stands for average kinetic energy, O <%> < O (1) means
that average kinetic energy is much larger than potential energy describing particle-
particle interaction. So we consider one-dimensional interacting gas systems under the
limits of low density (dilute gas), short-ranged and weak particle-particle interaction
(weakly interacting) and high temperature. Note that these conditions are also required
by the van der Waals equation. In this sense, then, we are not imposing more conditions
than the standard statistical mechanics approaches require. Since the interaction is
small in some sense, we treat the effect of particle-particle interaction as a perturbation,
and a particle is a free particle like ideal gas most of the time.

Compared with ideal gas, namely F' = pkgT, the correction due to particle-particle
interaction in van der Waals equation of state is kept to order one, which can be seen
in Eq.3. Therefore, in order to construct an equation of state from a mechanical model
that can be compared with the van der Waals equation, we only need to retain the

accuracy up to the first order in the particle-particle interaction. In other words, we

consider the physics perturbed around the ideal gas (free particle) regime and need only
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retain the perturbation up to the first order correction.
To be more concrete, our goal is to study the equation of state, which is equivalent

to the force felt by the wall, and is given by

2mu; 2m( v + Av )
= Z = Z To—l—ATO (10)

where 00 is the free particle velocity, v; = v) + Av? is the collision velocity, T = 2

J
is the flying time period without interaction, and T; = T} + AT} is the flying time
period in the presence of interaction. Expanding things out to first order in the small

corrections, we see that Eq.10 becomes

2ma? 2moY ATY 2mAv?
_ j j =2 j
F= Z 77 N Z 0 1Y T Z T0 (11)
j j j

What we are going to do is trying to study the three terms in Eq.11 with the notion of
particle trajectories. The first term corresponds to ideal gas, namely the unperturbed
part. The second term arises from the modification of flying time period (physics in
the bulk). The third term comes from the modification of collision velocity (physics on
the boundary). The strategy is tracking a particle label by j (which means that its free
particle velocity is v?), called the main particle, and find out the influence of the other
particles, called the background particles, on the main particle. Apparently, the main
particle is not special but just a notion for bookkeeping.

Here we want to mention that the idea of temperature is actually a subtle concept.
When there is particle-particle interaction, the velocity of a particle is no longer a
constant, but fluctuates as the particle interacts with other particles. How do we
introduce the idea of Maxwell’s velocity distribution, and hence the temperature of the
system, in this situation? The idea is, the velocity distribution of v? (the unperturbed
part) is described by Maxwell’s velocity distribution with temperature 7. That is, we

identify the first term of the right hand side of Eq.11 with pkgT', since the picture in

9 doi:10.6342/NTU201700695



mind is that we are doing perturbation and things should go back to ideal gas when
there is no particle-particle interaction. But is this T equal to “the real temperature of
the box of interacting gas?” We don’t know. At this stage, the relation between “I”
and “the real temperature of the box of interacting gas” is unclear in our mechanical
model. Later (Section 3.3) we will find out what is the real temperature of the box of
interacting gas. At this stage, T' is just a parameter appears in | ; (Eq.8), and we don’t
know how to deal with the real temperature of the system. However, we want to point
out that temperature is a thermodynamic concept instead of a mechanical concept,
and hence calculations of the effect of particle-particle interaction can be done in our
mechanical approach, without dealing with the thermodynamic issue of “What is the
real temperature of the system?”

To avoid possible confusion, we should emphasize that we are talking about the
real temperature of the system when taking standard statistical mechanics. Therefore,
although we don’t know how to introduce the idea of temperature in our mechanical
approach (the real temperature of the system may be larger or smaller than 7" in our
mechanical approach), the symbol 7" in Eq.1 to Eq.4 is the real temperature of the

system. Later we will use T}y for the real temperature of the system in our mechanical

0
approach. Note that if we have T # T,.,, then we have Zj 27;;)3' # pkpT,eq, which
J
0
means that it is too naive to identify » i 27;—0% (our mechanical approach) with the ideal
J

gas part in Eq.1 to Eq.4 (standard statistical mechanics). Of course, T is close to T eql
even if T' # T,.q, since the effect of particle-particle interaction is weak.

At the end of this chapter, we want to point out that interacting gas is different
from ideal gas due to particle-particle interaction. Therefore, it is not surprising that
“how many particle-particle interactions are there” and “what is the influence of a
particle-particle interaction” are at the heart of our mechanical approach when studying
interacting gas. We will see how to understand the behavior of a box of interacting gas

by these two central ideas.
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Figure 4: Square well potential.

3 One-dimensional interacting gas with square well
potential

In this chapter, we consider one-dimensional non-ideal gas with square well interpar-
ticular potential, as shown in Fig. 4. We work out the details in the mechanical model
for this specific particle-particle interaction. The advantage of square well potential is
that when two particles come close enough and interact, the motion is easy to analyze,
since the two particles are actually two free particles inside the potential well (namely,
they are free particles for d; < r < dy). Interaction is nonvanishing only at r = dy
and » = d;. This is why we choose square well potential. In the next chapter, a more
general potential is considered.

By the recipe in standard statistical mechanics (Eq.3), equation of state for square
well potential is

F = 1% (l{?BT) + ,02 (k’BT) d1 — p2 (dg — d1> €. (12)

Eq.12 is what we are going to compare with when obtaining an equation of state by

our mechanical approach.
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3.1 Mechanics of interaction between two particles

Consider the interaction between two particles described by a generic potential with
the only condition that the interaction has a finite range ry. Since there is no in-
teraction for r > ry, we consider the physics with the initial state being the start of
the interaction (r = rg)(incoming) and the final state being the end of the interaction
(r = ro)(outgoing), as shown in Fig. 5. Suppose the interaction takes time interval
of Atinteraction, Which is a function of the two input velocities and the form of the po-
tential. Now we want to ask, what are the displacements of the two particles during
Atinteraction! In center-of-mass frame, the left particle takes a displacement of rq and
the right particle takes a displacement of —ry. We want to emphasize again that by
particle we actually mean the velocity arrow, but not the particle itself. In the lab

frame (of the confining box), the displacements are given by
displacement of left particle = rg + voar Atinteraction (13)

displacement of right particle = —r¢ + voyrAtinteraction (14)

where vy is the center-of-mass velocity.
What is this At;pieraction! Consider a potential having a hard core shown in Fig. 1.

By conservation of energy, the speed of the two particles in their center-of-mass frame

m

is given by

where m is the mass of the particle, r is the separation of the two particles. So

Atinteruction (Ul7 Uz) is given by

(16)

70 d
Atinteraction (Ula U2) = /
d1 \/(v1;v2)2_m
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In lab frame :

. e V; VvV,
initial state =~ @— > o>
< ”
V) Vy
final state o> ©O—>
< 7 >

In center-of-mass frame :

(v,;-v))/2 -(v;-v,)/2
1nitial state ©O—> <@
h r

-(v;-v,)/2 (v;-v))/2
final state «—@ o—>

>

Figure 5: A particle with velocity vy interacts with a particle with velocity ve. The
interaction range is denoted as rq. The upper half part shows the situation in the lab
frame. The lower half part shows the situation in center-of-mass frame.
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where we have used the condition of U(ry) = 0.

For particle-particle interaction that is repulsive, At;pteraction 18 more complicated
in the sense that the lower bound of d; of the integral in Eq.16 should be replaced by
a function of v; and vy. For example, when the two particles are not energetic enough
in the center-of-mass frame (that is, v; — vy is small), they don’t have enough kinetic
energy to overcome the potential barrier and reach r = d;. Particle-particle repulsion

will be studied later when we study generic particle-particle interaction (Section 4.3).

3.2 Flying time period

Without loss of generality, we may track a main “particle” (in fact, a velocity arrow)
which flies from the left wall to the right wall. When particle-particle interactions are
taken into account, the main particle changes its velocity along the trip from the left
wall to the right wall, and hence its flying time period is changed. Since low density
limit (dilute gas) is considered, it is a free particle moving with its free particle velocity
v) for most of the time.

How is the flying time period modified by particle-particle interaction? Well, we
may separate the effect into two parts, that is, how many collisions there are in total,
and what is the effect of each collision. So there are two steps. First, we find out how
many collisions there are for the main particle to fly from the left wall to the right wall
during the trip (Section 3.2.1 to Section 3.2.2). This number turns out not to have
anything to do with the form of the particle-particle interaction, as we will show in the
following. The details of the particle-particle interaction comes in only when we are
dealing with the effect of each collision (Section 3.2.3).

We separate the flying time period into free particle part and interaction part. The

14 doi:10.6342/NTU201700695



flying time period is the sum of the two parts, which is given by

1 L — total displacement of U? in interaction

T = + Z AIfinter‘action (/U;')a Uk)
k

277 Y

J
L

total displacement of ’U? in interaction

Y

0
= W + E Atinteraction (vj 5 vk) -
) - ;

J

where the background particles are labeled by k, and vy, is the velocity of the background

particle when colliding with the main particle.

Particle-particle interactions can be classified as forward collision and backward

collision. By forward collision, we mean the background particle collides with the main

particle from the right. By backward collision, we mean the background particle collides

with the main particle from the left. The number of forward collisions and backward

collisions are denoted as # g (R stands for right) and #, (L stands for left), respectively.

For forward collision, by Eq.13, we have

displacement of v? in interaction

0
Atinteraction(vj ) Uk) - 0
Yj
'U(-)—i—vk
0
0 To + JTAtinteraction (Uj 3 Uk)
- Atinteraction (Uj ’ Uk) - 0
Yj
To UQ — Vg
_ J 0
) + 0 Atinteraction (Uj 3 Uk)
v; 211]-

Similarly, for backward collision, by Eq.14, we have

displacement of U? in interaction

0
Atinteraction (Uj 9 Uk:) — UO
J
v04ug
0
0 —Tp + - B} Atinteraction(”j ) Uk)
= Atinteracti(m (Uj y Uk) - 0
Yj
To UQ — Vg
_ J 0
) 0 Atinteraction (Uj 3 Uk)
v; QUj

15

(18)

(19)
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Plug Eq.18 and Eq.19 into Eq.17, and so AT} is given by

1 L

5 j—g(Tj—Tjo)ZgTj—@
J

0
To Vj — Uk 0
= #R (__0 + 2UO Atinteraction (Ujvvk)
J J

7"0 vj Uk- 0
- —Atm eraction j 20
e (54 e M) 20)

J
So we need to find out #pg, #1, v and Atmtemcmn(v?, vg). Now we are going to build

a mechanical model to find out #px and #y.

3.2.1 The idea of “mirror diagram”

In order to proceed, we now introduce the idea of “mirror diagram” as a useful graphical
tool we will use frequently in later analysis. The idea is quite simple. Mirror diagram is
a diagram helping us visualize the trajectory of a particle in the one-dimensional box.
Consider the case of an ideal gas, namely a box of free particles. For a particle flying in
the box, it changes its direction when it hits the walls (the left wall and the right wall)
due to the reflection provided by the walls. For a particle having a positive velocity at
t = 0, as time goes on, the velocity will change from positive to negative, and negative
to positive, and then positive to negative, so on and so forth. To visualize the motion
of a particle, a common way is drawing its x — ¢ diagram. Mirror diagram is an idea
built on ordinary x — ¢ diagram. An example of mirror diagram is presented in Fig. 6.
It turns out that such diagram is quite helpful in dealing with one-dimensional particle

system.

3.2.2 Counting the number of collisions

Back to the issue of computing #r and #j. Consider the case of an ideal gas. How
many collisions does the main particle experience in the whole trip flying from the left
wall to the right wall? For a background particle with high speed, it can hit the main
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x=0 t
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Figure 6: An example of mirror diagram. The lower diagram is an ordinary x — ¢
diagram. The upper diagram is the mirror diagram of the lower diagram. To construct
a mirror diagram, we just reflect line segments in ordinary x — ¢ diagram with z = 0
and x = L, as they are two mirrors.

particle several times. On the contrary, for a background particle with low speed, it
may hit the main particle only once. For a background particle with specified velocity
and initial position, the numbers of forward collisions and backward collisions provided
by the background particle are completely determined, as schematically shown in Fig.
7.

So much for the case of an ideal gas. But what about interacting gas particles?
Because we are only computing corrections correct to the first order of particle-particle
interaction, it turns out that the counting of the number of particle collisions can be
essentially done by assuming that the particles behave just like ideal gas particles! To
be more precise, let’s look at Fig. 8.

Fig. 8 is the mirror diagram of the main particle and a background particle, in
time interval ¢t = %T]Q. The trajectory of the main particle in the bottom block is the
real trajectory, and the other above trajectories are its mirror images. We also draw
two kinds of trajectory for the background particle: one being the trajectory of a free

particle (ideal gas trajectory) and the other being the trajectory when particle-particle
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Figure 7: The x —t diagram for a typical motion of the main particle (solid line) and a
background particle (dash line) in the time interval that the main particle flying from
the left wall to the right wall. There are two forward collisions and one backward
collision in this figure.

interaction is turned on (real trajectory). Due to particle-particle interaction, the real
background particle trajectory is different from its ideal gas trajectory. With the help
of Fig. 8, we can see two things.

The first thing is: The number of collisions for the case when the background
particle trajectory is that for an ideal gas is essentially the same as that for the case
when the weak and short-ranged interaction is turned on. Their difference is expected
to be of first order of particle-particle interaction. Referring back to Eq.(11), we see
that this difference does not need to be explicitly included while performing the various
summations, which themselves are already of first order in accuracy. For instance, to
compute AT]Q, which in itself is already a first order correction, we can use ideal gas
particles as the background for the main “particle.” Reprise: One can safely use the
free particle model in counting the number of forward collisions and the number of

backward collisions in our theory.
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X  —— main particle and its mirror images
A - — — > background particle as free particle
> background particle as interacting particle
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Figure 8: An example of mirror diagram containing the main particle and a background
particle. For the background particle, we consider two kinds of trajectory: one is the
trajectory being a free particle (ideal gas trajectory) and the other is the trajectory
when particle-particle interaction is turned on (real trajectory). The initial position of

the background particle is denoted as x}.

0
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Mathematically speaking, consider a function A(0) = B(J)C(0), where ¢ is small.
Expand A(J) with §

A(6) = (Bo + 0By + O(62)) (Co + 6Cy + O(5%)) (21)

If By =0 and A(9) is kept to O (9), we have

A(0) = (6B1) Co (22)

Since B(0) contributes at least one order of ¢, it is sufficient to preserve C(d) to the
zeroth order of §.

Total effect of particle-particle interaction, effect of each collision, number of colli-
sions and strength of particle-particle interaction play the role of A(J), B(4), C(d) and
0 in Eq.21 and Eq.22, respectively. When the effect of particle-particle interaction is
kept to order one, in order to count the number of collisions, the free particle model
(ideal gas) is sufficient.

The second thing is: Based on the above, we see that, in order to count the number
of collisions, we can just resort to the mirror diagram and count the numbers of crossing
between the straight line of Fig. 8 (corresponding to the background particle) and the
mirror-reflected arrows of the main particle of Fig. 8. To do the actual counting, we
proceed as follows.

The number of collisions provided by a background particle depends on its ve-
locity and initial position, that is, #r = #r (v?,v,g,xg) = #p <% x%) and #; =
#1 (0,00, 2) = #1 <Z—§,x0>. With the help of mirror diagrams and some elemen-
tary counting of the intersection points of some straight lines (for example, there are

two forward collisions and one backward collision in Fig. 8), ¢ fOL dafd#p (09, 0p, 2f) is
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adjacent flat parts are straight lines with slopes being +1.

calculated and the result is shown in Fig. 9. For #5, we have

1 [* I
7| bt ) =1 1 [ ot (0. o) (23)

Let’s see what Fig. 9 and Eq.23 mean. Without loss of generality, the main particle
is set to start from x = 0 flying to x = L in our construction. At ¢t = 0, all background
particles are between the right wall (z = L) and the initial position of the main particle
(x = 0). Therefore, in the trip of the main particle flying from the left wall to the
right wall, all background particles collide with the main particle at least one time,
being forward collision of the main particle. To have a backward collision with the
main particle, a background particle needs to fly fast enough to catch up with the main
particle again, which can be seen from %fOL daf#p (09, vp, 2f) = 0 for —1 < % < 2in
Fig. 9. Furthermore, a backward collision implies that the background particle hits the
main particle from the left side and then passes through the main particle to its right

side. Since now the background particle is between the main particle and the right wall,

there will be a forward collision before the main particle arrives at the right wall. In
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Figure 10: Velocity of a background particle when colliding with the main particle. It
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other words, a backward collision is always followed by a forward collision, due to the
construction that the end of the trip of the main particle is hitting the right wall, which
implies that no one can exist between the main particle and the right wall at the end
of the trip. Comparing the initial situation at ¢ = 0 and the final situation at t = %TJQ,
all the background particles change from sitting at the right side of the main particle
to its left side, and hence the number of forward collisions is larger than the number of
backward collisions by one.

Now we have #r and #,. In view of Eq.20, the next thing to study is vy, the
velocity of a background particle when colliding with the main particle.

A background particle is specified by its initial position and free particle velocity,
namely labeled by (22,v?). For a given (z9,v?), what is the velocity of the background
particle when it collides with the main particle? For example, consider a background
particle with vf = 10?. If 2 ~ 0, forward collision occurs when the velocity of the
background particle is v2. On the other hand, if 29 ~ L, that is, the background particle

takes an initial position near the right wall, forward collision occurs when the velocity

of the background particle is —v?. The minus sign comes from the reflection provided
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by the right wall. The velocity of the background particle when it collides with the
main particle depends on both z) and v). With the help of mirror diagram, we can
easily find out the result shown in Fig. 10.

With Fig. 10, we define

0 vp L Th
—v, for 5+ F>1
H(v)) = pot (24)
0 0
vp  for S+ FE <1
J
For forward collision, vy, = H (v?). For backward collision, vy = —H (vY).

Substituting the position distribution, the velocity distribution, and H (v{) into

Eq.20, we have

1 — H (v}
§A,-T]0 / dxk/ dvk Nf Uk)) |:#R < U (Uk) Atinteraction (U;‘)7 H (%2)))

20

'+ H (v
+#1L <T0 ’U]Q—NAtintemction (U?’ —H Oﬁg)))l (25)
v; J

Since the dependence of ¥ appears only in #x and #,, we may rearrange the integral

as

a1t = N aront [ [ e 40
2J_U;)_OOUI<:%LO% R L
v — H (v)
+#R 2 92 ( k)Atinteraction (U?;H(Ug))
v+ H (v)
+#LJT(I€)Atinteraction (U?, _H (U](g])):| (26)

With #g, #1 and H (v)) in hand, the remaining task is putting them together and

calculating 2AT O The calculation is done in Appendix A. The result is

1 N N 1 o vofv? 2 v0+v§-) 2
§Aj}0 = _T0_0+5—(())2/ dU;g [6( : a ) — 67( : a ) (%3)2 Atintercu:tion (071)2)
U; varm (v; 0
(27)

23 doi:10.6342/NTU201700695



3.2.3 Correction of the flying time period

Next we include the effect of the square well potential. For square well potential, in

view of Eq.16, we see that Atineraction (0,v7) is given by

d2 dr T dr dy — dy ro — doy
Atzn eraction s N = T -
eraction (0,4 /d )2 e+/dz )2 AREY
(%) += (%) &)+ 12

Plugging Fq.28 into Eq.27, we have

1 N N 1 o0 1)0—1)2 2 U0+v? 2
SATY = o5+ = 2/ ! 6_(ka ) —6_(ka)
2 v; 2 Jar (v?) 0

To expand a physical quantity, we should take something dimensionless as our per-

turbation parameter. Thus, we define the dimensionless velocity u to be

2
kT [25T  \/a

In passing, we would like to emphasize that the introduction of this dimensionless

u

0
7

velocity is quite helpful when dealing with the population in velocity distribution. With
this dimensionless velocity, there is no parameter like temperature in Maxwell’s velocity
distribution, and the Boltzmann factor just reads e™*. We will see the advantage of
this dimensionless velocity later when we need to figure out the order of magnitude of

some populations.
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With this dimensionless velocity, Eq.29 can be written as

oo 2 2 0)2
EATO _ _Nd2+N (d2 - dl) \/a duo [e—(ug—u?) o 6(u2+u§)) ] (U’k) (31)
2 VY \/_( 0)2 k 0N2 | 2

J 7T UJ 0 (uk) S kgT

€
k5T

Expand the integrand in and keep up to order O (,@%), we have

00 2 2 0)2
/ dug [ef(ugfu?) o e(u2+u9) ] (uk)
0

2
()" + 77

- /0 " [ () — ot {(ug) - (ui%) kBLT]
]

2 o0 e_(ug_“(;)Q — e(u2+ug)2 €
uf) — / dul)
0 Ug kBT

2
=/l — me—(49) erﬁ(u?)kET
B

Y I S O ) I
_ﬁvj me ™ erfi(—L) (32)

Nd1 N (dg — dl) \/ am _(vg)z 'U? €

I o
ZATO — _ o erfi(—=
2ATJ e er (\/_>k

. : (33)
Y (v9)

This is the flying time correction due to a square well potential in the particle-particle
interaction.

Let’s try to figure out what Eq.33 is telling us. The first term is the effect of the
hard core, whose meaning is as expected. The effect of the hard core is decreasing
the space that a particle can move. The length of the box, namely L, is replaced by

L — Ndy, and the corresponding flying time correction is %ATJQ = —%. The second
J

term is the effect of the attraction potential, which can be seen from the feature that
there are dy — d; and kBLT in this term. The second term is always negative for any ’U?

(recall that U? > 0 by construction). It means that the effect of the attraction tail in
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the square well potential is decreasing the flying time period and thus increasing the
average velocity (average velocity is larger than free particle velocity), for all particles
in the box. But why?

Consider what happens when two particles interact. A negative potential means
there is an attractive force between the two particles. When the two particles interact,
the left particle is attracted by the right particle and hence gets a positive acceleration;
the right particle is attracted by the left particle and hence gets a negative acceleration.
In the language of forward collision and backward collision, when the main particle
has a forward collision, the background particle increases the velocity of the main
particle by providing an attraction from the front. And when the main particle has a
backward collision, the background particle decreases the velocity of the main particle
by providing an attraction from the back. By Eq.23, the number of forward collisions is
one more than that of backward collisions. Combining the numbers of forward collisions
and backward collisions and their effects on the main particle, we now understand why
a particle is sped up when particle-particle attraction is turned on.

We can analyze the effect with the help of average velocity. For square well potential,

by Eq.33, the average velocity is given by

2(L — Nd 2L AT? AT
Vj |average = g = (1 — pdy) (1 T ) = U? (1 — pdy — — )

0 0 70 0 0
ATy T, T T
2 0
0 \/7_Tp<d2—d1) _(U;}) U; €
=v; [ 1+ Te @ erﬁ(%) T (34)
va
where k;T is kept up to first order. In dimensionless form, the effect of attraction tail

in square well potential is

Vj |average _UQ 2
U |average —U? = % =p (d2 - dl) ‘ (\/Eei(u?) erﬁ(“g)) (35)
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as shown in Fig. 11. The y-axis in Fig. 11 is
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uj | average —u

P (d2 - dl) k;T

= e () erfi(u?) (36)

The profile of (uj | average —u?) in Fig. 11 can be understood if we decompose the
profile into two main trends, namely an increasing trend and a decreasing trend. First
we note that Maxwell’s velocity distribution decays exponentially, which means that
the population of fast particles is quite small.

By Eq.23 and Fig. 9, the number of collisions provided by a background particle

(with position distribution having been averaged by % fOL dzf) can be written as
1 forward collision 4+ n (forward collision, backward collision) pair (37)

_ 1L ;0 0,0 ..0 0 ; f
where n = ¢ fo dz,#1, (vj s U Sl]k,) For any vy, there is always one forward collision, but

the number of (forward collision, backward collision) pairs depends on the value of v}.
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For a background particle with a high speed, there are many (forward collision, back-
ward collision) pairs. What is the effect of a (forward collision, backward collision) pair?
Increasing the velocity of the main particle or decreasing the velocity of the main parti-
cle? The effect of particle-particle interaction is significant when the relative velocity of
two particles is small. If the relative velocity is large, the two particles almost neglect the
potential and behave as two free particles. For a background particle, compared with
its forward collision, the relative velocity of the background particle (v;) and the main
particle (U?) is smaller in its backward collision. Therefore, for a background particle,
the effect of its backward collision (velocity decreasing) is stronger than its forward col-
lision (velocity increasing), and so the effect of a (forward collision, backward collision)
pair is decreasing the velocity of the main particle. For a background particle hav-
ing slow speed of —U? <) < 27}?, there is no (forward collision, backward collision)
pair and just one forward collision, and the effect provided by such background par-
ticle is velocity increasing. As the background particle moves faster, the number of
(forward collision, backward collision) pairs increases, and this brings velocity decreas-
ing.

When the velocity of the main particle (v) increases, the domain of —v < v)) < 27
also increases. Population of background particles that have one forward collision plus
zero backward collision increases; population of background particles that have nonzero
(forward collision, backward collision) pairs decreases. The increasing trend in Fig. 11
is due to population decreasing for (forward collision, backward collision) pair.

Since the effect of particle-particle interaction is significant when the relative velocity
is small, the velocity domain of background particles that has significant contribution
is a small neighborhood around the velocity of the main particle. When the velocity
of the main particle increases, the velocity of this small neighborhood also increases,
and hence the population in this domain decreases, due to the exponential decay of

Maxwell’s velocity distribution. This is the reason for the decreasing trend.
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In conclusion, the profile of the correction of average velocity due to particle-particle
attraction shown in Fig. 11 can be understood by the product of two trends, an in-
creasing trend and a decreasing trend. The increasing trend comes from the population
increasing of {(1 forward collision, 0 backward collision)} and the population decreas-
ing of (forward collision, backward collision) pairs. The decreasing trend comes from
the suppression of exponential decay from Maxwell’s velocity distribution.

In the traditional picture of an interacting gas, particle-particle interaction disap-
pears for the bulk part under mean field approximation [18]. With our mechanical
approach, now we know that such mean field approximation is not quite correct. Back-
ground particles are uniform, but the effect is not zero, since the main particle flies
to a certain direction and thus breaks left-right symmetry. The effect of forward colli-
sions and the effect of backward collisions don’t cancel out. A particle is sped up when

particle-particle attraction is turned on.

3.2.4 Correction of flying time period in equation of state

In the last part of this chapter dealing with flying time period, we calculate the effect

of this flying time correction in the equation of state. The effect of AT]Q appears in the
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equation of state with the form of — ). i TO

. By Eq.33, we have

2mv0 AT; 0
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:_ZL2 j

) ATO
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2 2
2\ (:) [E (Uoﬂ _Ndi  N(dy—di) Var (3 (+9) erfi( L 9 )€
var Jo L2 vf (10)? Va'kgT
J
2p°md; [ () 02 9 e [ 72@)2 VY
= ) a ) 2 — ) o erfi(—=)°
N dvje (v9)" + 2p°m (dy — dy) /fBT/o dvse er (\/a)v]
2 2 d o] 2 o'} 2
= % i du?e_(ug) (u2)2 +2p*m (dy — dy) kBT / du?e_z(“?) erﬁ(ug)ug
1y 1,
= 5P mdya + 5P m (dy — dy) kBT
=p* (kpT)di + p* (do — dy) € (38)
The equation of state is
I QmU? 2mv0 ATO ZmAv
R G

2mAv

—pkBT—i-p (/{ZBT)d1+p <d2 d1 6"‘2

3.3 Temperature modification

In Section 3.2, we see that when particle-particle attraction is turned on, the average
velocity of each particle in the box increases due to the attraction tail in the square
well potential. An increase in velocity implies an increase in kinetic energy, and so the
temperature of the box of gas should also increase. For example, for v;) described by
Maxwell’s velocity distribution of 300K, the real temperature of the box of interacting
gas may be 305K. In our previous calculations, we introduced 7" via Maxwell’s velocity

distribution on free particle velocity U?. It turns out that T' is not the real temperature
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of the system, since we now know that the temperature is affected by particle-particle
interaction. The real temperature of the system should not be decided before con-
sidering particle-particle interaction. The real temperature should be a function of
particle-particle interaction. So how do we fix this “mistake?”

This goes back to the same old question: How do we introduce the idea of temper-
ature, which is a thermodynamic concept but not a mechanical concept? We introduce
temperature as a parameter in the velocity distribution of a system at thermal equilib-

rium. When dealing with equation of state, what we actually need to calculate is

2ma? 2 1 o 2N
DT =g ) = KR (40)
1

where (K.E.) stands for average kinetic energy. We require (K.E.) = 5kgT and obtain

2mo?
2. 7o = PhsT (41)
j J

To modify the temperature of the system due to particle-particle interaction, we use
the notion of average kinetic energy. The idea is, when replacing v? with v; |average and
calculating the kinetic energy, we should get N (K.E.) = %kBTreal. Here we denoted
the modified temperature by T,.,;. The real temperature of the box of interacting gas

should be introduced by

1 N
Z §m ('Uj ‘average)Z == gijTreal (42)

J

Now we want to figure out the relation between T,., and T. Before we calculate,
we should mention that the effect of particle-particle interaction will only be kept to

first order in the following calculations. We will no longer stress this point. As particle-
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particle interaction is considered, the average velocity is

L — Nd,; 0 AT]Q 0 ATJQ
Uy ’average % (T,JO T AT’]O) U; ( pdl) ( j}o U; pa1 1}0 ( )

By Eq.42, the total kinetic energy is given by

N 1 2
EkBTTeal == ; §m (Uj ’average)

1 ATON N\ ?
= §m(”3 (1_pd1‘ TQ]))
1 J

OAT?
_ 3 L 2 (1 20y — 2o )

3 70
j
N o ATY
= S kuT (1= 2pdy) - > m (v)) — (44)
j j
Rearrange Eq.44, and we have
2 N 0 2 ATO
kgT = N (1+ 2pdy) (Ek:BTreal + Z m (vj) T]O]
AT 0
- k'BTreal (1 + 2pd1 N Z m 2 (45)
And pkgT is given by
2 2 AT}
pkpT = pkpTyea + 20" (kpTrea) di + 7 Z m (v5) Toj
j j
QmUO ATO
- pkBTreal + 20 (kBTreal dl +2 Z TO TO (46)
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By Eq.46, the equation of state is modified to

2ma? 2mu) AT) 2mAv}
F:Z TJOJ _Z TO TO +Z TO
J J
2mv ATO 2mv ATO QmAv
pkBTreal + 2/0 (kBTreal dl +2 Z TO TO TQ TO TO
2mv0 ATO ZmAv
- pkBTreal + 2/) (kBTreal dl + Z TO TO + Z TQ (47)
In summary, the equation of state is given by
2m(v] 4+ Avf)
F=
Z ST+ AT
2mv 2mv AT; 0 QmAv
- Z TO TO TO TO
2mvo ATO QmAv
:pkBT—; T +Z 7
2mu? AT? 2mAv?
= pkBTreq 2% (k Treat) d ! ! ’ 48
pkpTrea + 2p” (kg l)1+zj:TJQ T]Q‘i'zj: TJQ (48)

Since the temperature is modified, we may worry about the validity of previous cal-
culations based on Maxwell’s velocity distribution with 7", but not the real temperature
T,eq- Fortunately, our previous calculations are still correct even if T is not the real
temperature of the system. This is, again, because we were already dealing with the

. . va AT 2mAv
first order corrections when computing » TO T0 and » . :

In the above we had argued that the actual temperature should be slightly higher
than that of its ideal gas part because of the attraction in the particle-particle attrac-
tion. Here we provide yet another point of view without concerning ourselves with the
detail of the particle-particle interaction. In this point of view, the idea of temperature
correction is discussed with the idea of total energy of the box of gas.

So, what is the total energy of the box of an interacting gas? On the one hand,
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the total energy is given by total kinetic energy when all particles fly with their free
particle velocities, since potential energy plays no role in the situation of “free particle”
by construction. In other words, by our construction of the mechanical model, the total
energy is given by
total energy = Z 1m (UQ)2 = EkBT (49)
- 2 J 2
On the other hand, when a particle flies in the box, it does experience interactions

occasionally, and not always as a free particle. The total energy is the summation of

average kinetic energy and average potential energy, and is given by

N
total energy = N ((K.E.) + (U)) = EkBTreal + N (U) (50)

Compare the two forms of total energy, and we have
kpTrea = kT — 2 (U) (51)

Therefore, for particle-particle attraction, which corresponds to negative potential
energy, the real temperature 7,.,; is higher than the unperturbed temperature 7. Fur-
thermore, we can see that their difference is average potential energy, which is of the
same order of accuracy that is required in our calculations. In other words, the effect
of temperature correction is not negligible.

We want to point out that, temperature correction from the point of view of total
energy of the system presented here doesn’t require any consideration of the detailed
dynamics. In Section 3.2, we counted the number of collisions and dealt with the effect
of each collision, and finally summed over all the effects to get the correction of the
flying time period. But here we just considered the energy of the system, and it is
enough to allow us to see the increase of the temperature.

Note that we can see that traditional interpretation of the van der Waals equation
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adopting mean field approximation is incorrect simply by > ; %m (v; \avemge)Q—{—N (U) =
> ; %m (v?)Z, without doing detailed calculations. When particle-particle attraction is
turned on, potential energy is negative and hence particles move faster.

So here we are facing the ambiguous notations of T and 7,...,;. When taking standard

statistical mechanics, we always work with the real temperature of the system, so 7" in

Eq.1 to Eq.4 and Eq.12 should always be treated as meaning 7;..q;.

3.4 Momentum transferred

During its entire trip, the main particle experiences lots of collisions with the N — 1
background particles, and the consequences are the correction of the flying time period
and the correction of the temperature. But to compute the force experienced by the
wall, only the state of the main particle at the end of its trip is relevant, but not what
it experiences en route.

When the main particle hits the wall with velocity v, the wall absorbs a momentum
of 2mwv. When particle-particle interaction is considered, the main particle may hit the
wall when it is still coupled with another particle. In this case, the main particle hits
the wall with a velocity different from its free particle velocity v?, and the corresponding
momentum collected by the wall is different from QmU?. For the main particle with free
particle velocity of v?, the collision velocity can be equal to, bigger than or smaller
than v?, depending on its behavior around the wall. If the main particle hits the wall

as a free particle, the collision velocity is equal to v9. If the main particle hits the

;-
wall during a forward collision, the collision velocity is bigger than v;-), since forward
collision increases its velocity. If the main particle hits the wall during a backward
collision, the collision velocity is smaller than v?, since backward collision decreases its
velocity. Hitting the wall as a free particle gives no correction to collision velocity. To

have a non-trivial collision velocity, namely nonvanishing AU?, the main particle must

hit the wall while still coupled to another particle (still in interaction).
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Actually, the above consideration is not complete. If particle-wall collision is simul-
taneously happening when two particles are interacting, nonvanishing Av;’ appears, no
matter which particle is hitting the wall. That is, nonvanishing Av? appears once the
wall comes into play during the interaction of the main particle and the background
particle, and thus interrupts their otherwise “normal” interaction. This complication
can cause non-trivial effect. Things will become clear in the following when we ana-
lyze this situation (Classes 2 and 3 in Section 3.4.3 when dealing with the backward
collision).

In order to investigate the effect of Av}) arising from particle-particle interaction, we
collect the cases having nonvanishing Av?. The basic idea is that Av? is determined by
the situation at ¢ = % = 3T?. (The reason that we can use 377 instead of § (77 4+ AT?)
is that free particle model is sufficient.) Let’s focus on the last particle-particle collision
in the whole trip of the main particle. The namesake of “the last collision of the main
particle” implies that nothing can happen between “the last collision” and “hitting the
wall,” that is, the last collision is the last event of the main particle before hitting
the right wall and ending its trip. Therefore, with the information of the last particle-
particle interaction of the main particle, the situation of the main particle at the moment
hitting the wall (t = % = %Tjo) can be determined, by the very idea of “the last
collision.”

In dealing with flying time period, the total effect can be decomposed into the
number of collisions and the effect of each collision. Here we have a similar strategy.

To understand the effect of Av?

7, we may decompose it into two parts. The first part

is about the probability of a given situation of the last collision (Section 3.4.2). The
second part is about the effect associated with the last collision (Section 3.4.3). The
total effect is the product of the two parts (Section 3.4.4). This is what we are going
to do.

Before studying Av? for the interacting gas, we first describe a toy model in Section
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3.4.1. This is because, though the calculations for A"U? will be complicated, the picture
one uses is basically the same as that in the much simpler toy model. It is a good thing
having a clear picture for what we are calculating, especially when we have a lot of

calculations to do.

3.4.1 Toy bean model

Before attacking interacting gases, here we study a toy model which involves putting
some beans in a one-dimensional box. The toy bean model is as follows.

Consider a one-dimensional box of length L and some beans having no size. We
put N beans in the box in a totally random manner. That is, the position distribution
is homogeneous inside the box for each bean. A bean is labeled by its position. Now
we are interested in the question, what is the probability that the right-most bean is
sitting inside (z,z + Ax)? Here Az is an infinitesimal spacing.

If the right-most bean is at x, it means that all the other N — 1 beans are in the
region (0,x). Since the beans are put randomly, the probability of a bean sitting in

(0,z) is just 7. The probability that the right-most bean sits inside (z,z 4 Az) is given

po - (3) (5)" s () 2

where p = % is the number density. The factor of N is from the permutation of the N

by

beans. The reasoning leading to the above formula is simple: The probability for the
right-most bean to be in that small region is simply %, and then one has to place all
the remaining N — 1 beans to its left (these beans can only sit in (0,2)). This then

gives rise to the above formula. As a check, we find
L L L
\N-1 2\ N-1
Z P(z) = ;pAm <Z> = /0 pdx <E> =1 (53)

=0

From Eq.52, we can see that P(x) is quite small if 7 ~ 1. This is intuitively obvious.
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If the right-most bean is far from the right wall, the remaining N — 1 beans simply
don’t have enough “leg room.” When there are many beans in the box, the probability
of finding all beans concentrating in the left side is extremely small. We are quite sure
we can find at least one bean near the right wall. Therefore, when N is large, we only
need to consider the cases of x ~ L for nonvanishing probability.

Now let’s consider the limits that N — oo, L — oo, while p = % is fixed. We
consider such limit because it is the thermodynamic limit that is usually of interest.
Consider a point at © = L — £ %, where £ is fixed when we take the limit. It means a
point standing from the right wall with spacing ££. In this case, Az = — (A¢) £ and
is fixed when we take the limit. Notice that % is the average spacing for each bean in

the box, and it is fixed when the limit is considered. Taking the limit for such z, by

Eq.52, we have

N-1
L L—¢k
limy oo Plx = L — SN) = limy_,opAx ( EN)

L
N
= (pAx) limy_00 (1 - %)
= (pAx)e*
= (pAz) e (54)

which decays exponentially as x departs from z = L.

At this stage, we only put in the beans and find the corresponding probabilities
specified by the position of the right-most bean. Now let’s go one step further. First
we consider some function g(z) of the position of the right-most bean. The function
is nonvanishing only for # € (L —d, L). We consider d to be small in the sense that
d < %, namely pd < 1. That is, d is much smaller than the average spacing between

two nearby beans. The average value of g(z) weighted by the probability given by Eq.54
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is
L L
/ drpe """ g(z) = p / dre """ g(x)
0 L

—d

= o[ degla) (1= p(L =)+ O (1) (53)

—d

The average value of g(z), correct to first order of p, is

p [ dnga)= [ (ol |oos] ) glo), (56)

—d —d

which means that we can just replace the exponential decay probability with a constant
equal to the value at z = L. Around x = L, the probability decays exponentially in the

form e—P(L—%)

. For = having a change of O (d), the probability changes by a factor of
e 4~ (1 — pd) ~ 1. In other words, since g(x) is nonvanishing only for x € (L —d, L),
and d is much smaller than the decay rate of the probability, the probability is almost
a constant in the domain when g(z) is nonvanishing.

Here we summarize what we have learned in this toy bean model. Firstly, for putting
N beans in the box, we may put the right-most bean first and then put the remaining
N — 1 beans with the constraint established by the right-most bean we just put in.
Secondly, if thermodynamic limit is considered, the probability associated with the
position of the right-most bean decays exponentially as the position of the right-most
bean goes away from the right wall at x = L. Thirdly, if there is a function of the
position of the right-most bean that has nonvanishing value only for x € (L —d, L),
and d is small in the sense that pd < 1, then the average value of the function weighted
by the probability is necessarily of first order in p, and the probability distribution can

be approximated as being essentially the same as that right at x = L.
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3.4.2 Probability of the last collision

Equipped with lessons learned from the toy bean model, now let’s deal with our inter-
acting gas system.

The setting of the start of the last collision is that the main particle is at L — dj
and the background particle that causes the last collision hits the main particle with
v). We now put the N particles in the one-dimensional box one by one, like what
we did in the toy bean model. The first step is putting the main particle, which is
trivial. By construction, the main particle starts with (z,¢) = (0,0) and ends with
(x,t) = (L, %) Now let’s put in the first background particle. The main particle has
its last particle-particle interaction with a background particle, and we may call it the
first background particle, since we put it in the box before all the other N —2 background
particles. This first background particle plays the role of being the provider of the last
particle-particle interaction of the main particle before it hits the right wall. To have
non-trivial collision velocity (nonvanishing AU?), the position of the last collision needs
to be close to the right wall so that the right wall can come into play during the last
particle-particle interaction of the main particle. As the first background particle is
put in, it establishes a constraint for the remaining N — 2 background particles. The
constraint is that, the remaining N — 2 background particles should be put in the box
in the manner that their collisions with the main particle are forbidden if the collision
occurs after the main particle has its last collision with the first background particle,
or else the collision with the first background particle is not “the last collision” of
the main particle. In other words, the existence of the last collision provided by the
first background particle establishes a constraint on the admissible way of putting the
remaining N — 2 background particles. Notice that the information of the last collision
is equivalent to the information of (z9,v?) of the first background particle.

Firstly, probability is associated with the last collision, which is equivalent to the

state of the first background particle. Secondly, we have a function of the state of the
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first background particle, that is, the value of Av? is determined by the state of the first
background particle. Thirdly, the state of the first background particle determines the
room for the remaining N —2 background particles. It is clear that the first background
particle here is the counterpart of the right-most bean in the toy bean model.

In the toy bean model, as the right-most bean is put in the box at x, the admissible

zone for the remaining N — 1 beans is (0, ), and the corresponding probability for

each left bean is thus 7. For the interacting gas, what is the admissible zone for the

remaining N — 2 background particles and the corresponding probability? The answer
is shown in Fig. 12. In Fig. 12, the lower half part is the mirror image of the upper
half part.

The remaining N — 2 background particles are put in at the moment that the main

particle starts its last collision with the first background particle, namely t = v% — j—g.
J J

The position of one of the remaining N — 2 background particles with free particle

velocity v) at this moment (¢ = 1% — g—%) is defined as ;. In order to avoid the collisions

J J

between the remaining N — 2 background particles and the main particle in % <t <
J
U—LQ, there are some constraints for the position and the velocity of the remaining N — 2
J

background particles. The requirement for x; is that
O0<z;<L—ds (57)

The admissible velocity is a function of z;, as shown in Fig. 12. With the help of Fig.

12, we can see that the admissible velocity has the range of

L+‘{El 0 0 L_:’I’V‘l 0

In order to get the probability, we introduce the assumptions that spatial distri-
bution is homogeneous and velocity distribution is Maxwell velocity distribution. The

probability of one of the remaining N —2 background particles with free particle velocity
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Figure 12: Admissible zone for the remaining N — 2 background particles under the
constraint established by the last collision provided by the first background particle.
The idea is that the remaining N — 2 background particles cannot touch the main

_ d3

particle (solid line) for ¢ > v% %, where L — d3 is the position of the main particle

at the beginning of the last collision. The position of one of the remaining N — 2
background particles with free particle velocity v) at ¢ = U% — % is denoted as x;. The
J

J

lower half part is the mirror image of the upper half part.
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v in the admissible zone is given by

probability of a single background particle

~ L-z o 2
Leds gz (~am o1 ()
= - ~ Ul e a
0 L _L;rzzvo \/ aT
3 J

1 [Ed 1 L—27 1 L+7
= — da; (erf (— UQ> —erf (— VY

2L 0 a ds J \/E ds J
= (pr = agfert (2 [PE ] - et (2
“op \PEo bt (a1 1) i \Va

1 Vva 7(U2)2 2Ly : _(UL)Q
—|—ﬁ<\/_TU?d3<e [3 ] —e e )) (59)

Since the increasing of d3 means that the admissible zone of the remaining N — 2

background particles becomes smaller, we expect that the probability of a single back-
ground particle will decrease as d3 increases. In the toy bean model, when considering
N beans and taking thermodynamic limit, the probability associated with the position
of the right-most bean decays exponentially. Do we have similar feature here? The

answer is yes and the derivation is in Appendix B. The result is

rert( va *(U?)2 d
+erf| —= +\/ﬂ§)e a pas
(60)

2
probability of (N — 2) background particles = e (

Compare Eq.60 with Eq.54. When thermodynamic limit is implemented, the prob-
ability decays exponentially with the distance from the right wall (x = L) for both
the toy bean model and the interacting gas system. In the toy bean model, a bean
is labeled by one single parameter, the position. For the gas system, a gas particle
is labeled by two parameters, the position and the velocity. In putting the remaining
N — 2 background particles, the admissible velocity couples to the admissible position
(Eq.58), due to the constraint established by the first background particle. This is the

reason that the gas system is more complicated than the toy bean model and why there
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0
is a coefficient consists of & in the exponential function.

Eq.60 corresponds to (%)N_l in Eq.52. To get the complete probability, we need
to put in the part of the first background particle, which corresponds to % in Eq.52.
A particle with initial condition {position € (29,2} + Az?) , velocity € (v),v2 + Av))}
has the probability of (ATI’(;> (f (v9) Av?). For the probability of the first background
particle, is it given by (%) (f (v)) AvD)? The answer is no. There is an additional
factor, which can be seen by Fig. 13.

In Fig. 13, L; is the main particle, Ly is the first background particle with z9 = 0,

and L3 is the first background particle with =% = Az?. So the equations are

lex:v?t

Ly :x = vpt

Lz : x = vt + Azl (61)
And we have
LinLy=(0,0) (62)
Ax? Ax?
- () =
v) — o) T —
So Ads corresponding to Az is
o Azy v 0
Ad?’_vjvg—vg —0= U?_UgAxk (64)
And hence
Az? v\ Ads
et A (. A ) 65
L ( v?) L (65)

Here we draw Fig. 13 with 0 < v} < v). A careful analysis for all v)) (just draw more
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‘ 4

Figure 13: = — t diagram for the main particle and the first background particle. L,
is the main particle, Ly and L3 are the first background particle with different initial
positions.

diagrams like Fig. 13), namely considering the cases for v{ < 0 and v} > v , shows
e I (66)
The probability of the first background particle is given by

(11251552 0 () a) (o7

J

Finally, the complete probability of the last collision is the product of Eq.60 and

Eq.67 and the permutation factor N

Ady ( |:1+erf<v\/§;>+\/‘éi?e (UE)QDpds
N(|1——| ) () A (68)

It is the counterpart of Eq.54 for the toy bean model.

This is how we construct the probability for a given situation of the main particle
colliding with the first background particle around the right wall. Having probability
in hand, now it’s time to analyze possible situations around the wall and their cor-

responding effects (nonvanishing Av?), which plays the role of the counterpart of the
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function ¢g(z) in Eq.55 in the toy bean model.

3.4.3 Situation around the wall

Let’s consider non-trivial situations (nonvanishing AU?) of the main particle around
the wall. For square well potential, the force between two interacting particles exists
only at r = dy and r = d;. In other words, when two particles interact, they are
actually two free particles inside the potential for d; < r < dy. This feature of square
well potential simplifies our analysis that follows. Fig. 14 shows the motions of two
particles interacting via square well potential, as viewed in the center-of-mass frame.
The relation between v;, and v,y (Vi and v,y are defined in the center-of-mass frame)

is

_ 2, €
Vin = (Uout) + m

=/ (w)” = (69)
Vout = Uin m

Particle-particle interaction is easy to analyze in the center-of-mass frame. However,
to investigate the role played by the wall, lab frame is a better choice. Therefore, in the
following analysis, we will switch between center-of-mass frame and lab frame. Note
that collision velocity is defined in the lab frame. In the following analysis, we separate
the situations of the last collision into forward collision part and backward collision

part.

Forward collision part

The situation for the beginning of the forward collision is shown in Fig. 15. The
velocity of the first background particle is not arbitrary, though. Firstly, the occurrence
of forward collision implies vy < vf. Secondly, from Fig. 14, we see that, in the center-
of-mass frame, when compared with the beginning of the interaction, the two arrows of
momentum just exchange their positions when the interaction ends. Switching to the
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Vin : velocity inside the potential
Vour : Velocity outside the potential

Figure 14: The motions of two particles interacting via square well potential, in center-

of-mass frame. Velocity changes only at the beginning (r = dy) and the ending (r = d3)
of the interaction.
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Figure 15: The initial state of the last collision being a forward collision.

0 0

lab frame, we can see that, if the center-of-mass velocity voy = -2 2”’“

is not positive,
then the two particles don’t hit the wall until their interaction is over. Combining the

two considerations, the condition for v is
0_,0_,0
—v; < vy <. (70)

If there is no wall, the main particle will have a displacement to the right, as shown
in Eq.13, when the forward collision ends. For the main particle to hit the wall when
it is still in the potential well, d3 should be shorter than the displacement of the main

particle in the whole interaction process. That is, by Eq.13, the condition for d3 is

dy — dy J‘2

:d2+ (d2 —dl)

V; 0_,0\ 2 .
n v —vp €
2 m

d2 < d3 < d2 + UCMAtinteraction = d2 + vom

0_,0
UJ- Uk
2

Here we have used vy, = and Eq.69. If the main particle hits the wall when it is

in the potential well, by Eq.69, the collision velocity is

v + ) W —0\? €
U?—I—AU?:UCM‘I'UWZ J k4 (J k) + —. (72)

2 2 m

But is this the whole story to the forward collision part? Actually, we need to check
one more thing. The idea is as follows. During the process of an interaction, if there
is a particle-wall collision and hence the particle hitting the wall reverses its velocity

(in the lab frame), the relative velocity of the two particles will change abruptly, and
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smaller than d,

Figure 16: The first background particle hits the wall and reverses its velocity, while
the main particle is moving to the right wall. The two particles are still in interaction
and their separation is smaller than ds. The speed of the main particle is larger than
the speed of the first background particle.

so the effect of particle-particle interaction on the two particles also changes. This is
how the wall interrupts the otherwise smooth particle-particle interaction. The result
is, after the interaction is over and the two particles become two free particles again,
their velocities differ from their original free particle velocities before they interact. In
the presence of the wall, we can have nonvanishing Av;-) even if the main particle hits
the wall as a free particle. This is the non-trivial effect provided by the wall.

Let’s check whether there is such situation in the forward collision part. For such
situation to happen, the first background particle hits the wall before the main particle
passes it. In other words, the first background particle hits the wall in the upper half
part in Fig. 14. As the first background particle hits the wall, its velocity (in the lab
frame) is reversed, and starts flying to the left. The thing to be checked is if there is
any chance that the two particles will decouple before the main particle hits the wall.
The answer is no, and here is the argument.

By Eq.70, the speed of the first background particle is smaller than the speed of the
main particle. Since it is the forward collision that is being considered and particle-
particle interaction is attractive, the speed of the first background particle is still smaller
than the speed of the main particle inside the potential. The reflection provided by the
wall only changes the sign of the velocity of the first background particle, but not its

speed. At the moment when the first background particle hits the wall, the distance
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Figure 17: Nonvanishing Av{ in forward collision part. Nonvanishing Av? appears in
region-0. Detailed information is given by Eq.73 and Eq.74.
between the main particle and the wall, namely the distance between the main particle
and the first background particle, is smaller than dy. The situation is shown in Fig. 16.
In Fig. 16, since the speed of the first background particle is smaller than the speed
of the main particle, and their separation is smaller than dy, as the main particle hits
the wall, their separation is still smaller than d, and hence the two particles are still
coupled when the main particle hits the wall. Therefore, the possibility that the main
particle hits the wall as a free particle while the collision velocity is not ’U? doesn’t exist.
Finally, by Eq.70, Eq.71 and Eq.72, the nonvanishing Av? in forward collision part

is summarized in Fig. 17. With

Y1 dy = dy
v?+v2
722d3:d2+(d2—d1) . Z 5 (73)
()
0 0 0 0\ 2
0 - —; + vy, vj — U €
Avj ’regionfo— T + \/( 2 > + E (74)
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Figure 18: The initial state of the last collision being a backward collision.

Backward collision part
The situation for the beginning of the backward collision is shown in Fig. 18. The

occurrence of backward collision implies
vp >0 (75)

In order to have non-trivial situations, at least one particle hits the wall before the
particle-particle interaction ends. That is, d3 should be short enough. By Eq.13, the

necessary condition for dz that guarantees the above situations is

vQ-‘rvO
do — d L
(do + ds) < dy + verr Minteraction = da + Ven— ' L =dy+ (dy — dy) 2 - :
Uzn (1}?—1}2) + B
2 m
(76)
So the basic constraint for ds is
v;-)Jrvg
0< dg < <d2 — dl) 2 . (77)

2
A
2 m

Eq.75 and Eq.77 are necessary conditions to have nonvanishing Av?. Under the two
necessary conditions, what is the situation of the main particle hitting the wall? As
we are going to see in the following analysis, the situations can be classified into three
classes (Class 1, Class 2 and Class 3) by different forms of collision velocities. Note

that we have only one class for forward collision part (one form of collision velocity, as
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shown in Eq.74). Backward collision part is more complicated than forward collision
part, in the sense that there are three classes instead of just one.

The critical situation separating the three classes is shown in Fig. 19. In Fig. 19
(in the lab frame), step-1 starts with the beginning of backward collision and ends with
the event that the first background particle hits the wall; step-2 starts with the end of
step-1 and ends at the moment when the two particles are going to decouple. In the
whole process of step-1 and step-2, the speed of the first background particle is always
larger than the main particle.

In Fig. 19, we can see that

total time spent by the main particle
= time for step — 1 spent by the first background particle

+ time for step — 2 spent by the first background particle (78)

and so we have

d critica d +d critica —d dy —d d critica dy —d
3|tl:2 3|tll+21:3|tl+221 (79)

VoM — Vin VoM + Vin VoM + Vin VoM + Vi VoM + Vin

The critical value of d3 in Fig. 19 is given by

v?—&—vg
v — Vin
d3 |c7‘itical: (d2 - dl) WU— = <d2 - dl) > i 2 —1 (80)
(%) +4

Class 1:
In Class 1, d3 < d3 |eriticar- In this class, the main particle hits the wall when it is in
the potential well. The situation is the same as that in the forward collision part. The

only difference is that the main particle is the right particle but not the left one. The
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Figure 19: Critical situation that separates the three classes (Class 1, Class 2 and Class
3) for the last collision being a backward collision. The figure shows the motion of the
main particle and the first background particle in the lab frame. The value of d3 in this
critical situation is denoted as d3 |critical-
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collision velocity is

2
0 0 vy + i v — v
v; + Av; = von — Vi = 5~ +

Class 2:

In Class 2, d3 > d3 |eriticar- In this class, the main particle hits the wall after it decouples
with the first background particle and becomes a free particle again. However, the
velocity of the main particle being a free particle is no longer v?, since the wall comes
into play and alters particle-particle interaction due to particle-wall collision of the first
background particle at the end of step-1. To calculate the new free particle velocity of
the main particle, we use Eq.69. Before the two particles decouple and become two free
particles again, their velocities are voy — vy and — (vepr + vi). The center-of-mass
velocity now is

o = (vem — vin) + ;_ (e +vin)) _ —Vjn (82)

And v;, now becomes

By Eq.69 and Eq.83, v,,; now is
— 2 2
out — in - = - 84
T = ) = = = (o) - = (59

By Eq.82 and Eq.84, the collision velocity (in the lab frame), namely the free particle
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velocity of the main particle in such situation, is given by

0 0 S —
v; +Av; = Uowm + Vou

€
= —vm+ 4/ (ven)’ - ooy

2 2
N et Y Uk S (85)
2 m 2 m

Class 3:
Class 1 and Class 2 do not exhaust all the possibilities, as explained below. In Fig.
19, we actually already assume that the main particle always has a positive velocity.
But this is not always guaranteed. When the relative velocity of two particles is small,
the effect of particle-particle interaction e is relatively strong, so much so that it might
change the direction of the velocities. If the main particle has a negative velocity,
it cannot hit the wall, and the collision velocity in such case is zero. There are two
situations when no collision happens between the main particle and the wall.

The first situation is that the velocity of the main particle is negative at the moment

right after the collision starts. That is,

VoM — Vin < 07 (86)

and it means

9 + 0 0 — 0\ ¢

J k J k

< —. 87
2 < 2 ) +m ( )

(88)

In this case, v? is given by

vy <

u.dolg [

The second situation is that the velocity of the main particle is negative after they
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decouple. That is, the new free particle velocity in FEq.85 is negative. The condition is

00 4+ 00\ 2 00 — 0\ ?
JEE (258 &

In this case, vy is given by

2£
0 m
vy < _v? : (90)

€

Notice that for # < V) < 27?’2&, the velocity of the main particle is always positive in
step-1 and step-2 in Fig. 19. In the second situation and for in Class 3 to happen,
d3 > d3 |eriticar 18 Tequired.

In Class 1, the main particle hits the wall during its interaction with the first
background particle. In Class 2, the main particle hits the wall when it becomes a
free particle after it decouples with the first background particle. In Class 3, the main

particle simply cannot hit the wall.

The nonvanishing Av? in the backward collision part is summarized in Fig. 20.

With
U?-}—Ug
Y3 ¢ (dy — dy) 2 -1
vj v} 2 €
(%) +
v?-‘,—vg
Ya i (dy — dy) 2 (91)

0 0 0 o~ 2
—V; + v vy — €
Class 1 : Av] |region—1= gk \/( J k) i
2 m

0 0y 2 0 0y 2
NI __,0 v; € Uj — g €
Class 22 A0 |region—2= —0ff + \/< > ) Tm VU2 ) T

C A0 _ .0
Class 3 : Av; |region—3= —v;

(92)
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Figure 20: Nonvanishing Av? in backward collision part. Region-1,2,3 correspond to
Class 1,2,3, respectively. In addition, region for v < v? is forbidden. Detailed infor-
mation is given by Eq.91 and Eq.92.

Note that v, comes from Eq.77. Of course, we also have the condition
vy > v? (93)

and hence the region that v < v} is forbidden.

By Eq.93 and Fig. 20, since v} > v}, Class 3 vanishes for v} ﬁ. That is, there
is no chance for Class 3 to happen if
2€
v) > —. (94)

3.4.4 Correction to the collision velocity

Having considered all the factors, we are now in a position to actually calculate the

combined result for AU?. What we need to do now is quite straightforward. The task
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we are going to do is putting Eq.68 (probability), Eq.74 (Av? for forward collision part)
and Eq.92 (Av? for backward collision part) together and then integrate over the four

regions shown in Fig. 17 and Fig. 20. That is, we are going to deal with the integral

0
Avj

0 0 0 0
= (/ AU]‘ |region—0 +/A/Uj |region—1 +/Avj |region—2 +/A/Uj |region—3>

00 (”9)2
1 J Va_ —
0 d —(2 {1+erf<ﬁ>+ﬁv?6 a pds
N (| 1-— —UO —3) (f (v) Avp) e

o |
v; L
0 2
00 (”j)
0 (% [1+erf<\/%>+\/g?e a pds
11— =% e

J

— / d(ds) / dv)f (vy)

(AU? ‘T@giOTL*O +A’U§) ‘regionfl +A’U§) ‘region72 +AU§) ‘regionfS) (95)

Although we have used some arguments to simplify our calculations (Appendix B),
evaluating Fq.95 is still quite a formidable task. Therefore, let’s stop and think whether
it can be simplified further.

Recall that in the toy bean model, in Eq.55, we introduced a function g(x) of the
position z of the right-most bean. In Eq.56, we see that if the accuracy of the average
value of g(z) is kept to the first order of p, g(z) in the integral can be replaced by
a constant of g (r = L). The reason is that the nonvanishing domain of g(x) is much
shorter than the decay rate of the exponential function in probability distribution. The
function g(x) in the toy bean model is the counterpart of Av? |region—0s A’U? |region—1
,Av? |region—2, Av? |region—3. Inspired by the toy bean model, we might make the guess
that maybe it is all right to replace the exponential decay part in the probability
distribution by unity. As it turns out, this is indeed the case, due to the feature that
the probability decays slowly. The argument is presented in Appendix C. So, Eq.95 can

be simplified to
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0

B = p [ d) [angs(uf) |15 |

J
X (A'UE) ‘Tegionf[) +A'U§) ‘regionfl —|—AU? ‘region72 +AU§) ‘region—S) . (96)

Now let’s take a look at Av? |region—3- By Eq.94, Class 3 in backward collision part

occurs only for small ug satisfying

0 [ €
uj < T (97)

Since AU? |region—3 occurs only for small velocity, its contribution is negligible when we
sum over all velocities to get the particle-particle interaction correction in momentum

transferred. The argument is presented in Appendix D. And so Eq.96 is now simplified

to
0
v
AU? = p/d(dg) /dvgf (Ug) | 1— U—IS | (AU? |7’egion—0 ‘l’AU? |region—1 —I—AU? |region—2) .

J

(98)
We would like to point out that, despite our arguing that the effect of Class 3 in
backward collision gives negligible contribution to the equation of state, in no way does
it immediately imply that we can just throw away the effect of Class 3 in the backward

collision when dealing with Av?. If the effect of Class 3 in the backward collision were

thrown away in Eq.98, we would lose the information for u? < /77 altogether. That
B

is, the result of Av? we are going to calculate is valid only for u? > ./ k;T. Fortunately,

we do not have to worry about including u? < ,/kBLT, since k;T is extremely small
by our construction. In other words, though we do lose the contribution to Av? for
particles with extremely slow velocity, the final correction to the equation of state is

still correct up to the accuracy we want to preserve.

Time for calculating AU? via Eq.98.
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Contribution from Av{ |.egion—o :

0
AU]- ’ from—region—0

00 0 0 0 0 0\ 2
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p/ ka(vk) ( 09 2 + 2 +m
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v —v 00 -0\ 2
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p(dy—dy)v/a [ 0 —(u0) (,0_ 0 uj + Uy ]erk -
7Tuj _0 ul—uf 2
J k 1 €
\/ ("5%) + a7
Expand Av? | from—region—o to the first order of ,CBLT, and we have
dg—dl)\/a u? _ 02UO+U2 €
A 0 rom—region—0— p(— d (uk> J . 100
U] |f g 0 ( 2ﬁu? 0 U’ke u? _Ug ]CBT ( )
J

Contribution from Av? |region—1
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0
AU]- ’ from—region—1

e 0 0 0 0y 2
0s 0,0\ [ Yk —U; U v; — Uy €
= p/vQ dka(vk)(v—]o—l) 5 _\/< 9 E
J
R
X (d2 — dl) 2 —1
T A
(%5%) +3
00 2 v0+vg UO—’Ug
p(dy — dy) 07 (0N (0 _ .0 0 vy — € PR
— —v;’ ; dvpf (vp) (v) —0}) | v — 5 ot —
J ( J2 k) + %
dy — dy) 2
= Pl 2 ! \/_/ dule” () (u? —ug)
0 0N 2 ug—l—u% ug—ug
0 Uj — Uy 1 e 2 2
_ - 101
« [ \/( ) *mr (101)
(552) +ier
Expand Av | from—region—1 to the first order of — T <, and we have
p(dz—dl)\/ﬁ/“’ _(u0)2 UJ +Uk €
A 0 rom—region—1— | = &5 —. 0 d k 1 102
v s gron—1 < 2/muf w0 Y€ uf — kT (102)
J

Contribution from Av? |region—2
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0
Avj ’ from—region—2

0 0 Ulg
= P/O dka(“k) E_l
vy J

J

00+ 00\ W —0\? €
X —v;-)—k \/(j2 k) —%—\/(32 k) +E [(d2 — d)]

(d2 d1 \/_/

dufe” (k) (ug—ug)

2 o~ 2
o Sy e e —w
i 2 2kpT 2

Expand Av | from—region—2 to the first order of —

1 €
2kgT

(103)

T <, and we have

p(dy — dy)/a (p)? (W €
AU? | from—region—2= (— duge 0 Ué e —1 g (104)

Collecting Eq.100, Eq.102 and Eq.104, we finally have

00 0 0 00 0 0
Ao — P (dy — dy) v/a duke’(“g)Q uj + uy, N dule ()2 U] —Up | €
J 2¢/mul _ 0 —up S u; + uy
J J

u? uj - uk

whose dimensionless form is

; o 2 o0 279 — 0
Auf = ool g </ dule (%) ué + +/ dule (%) Y M) 6
—u? "

N 2/mul) uf) — ug) 0 u) +uy | kT
(106)

kpT"
The result is shown in Fig. 21. The upper curve is the correction of the average

velocity given by Eq.36

<o

Uj |average —u

plde—di) o5

= e () exfi(u?). (107)
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The lower curve is the correction of collision velocity given by

Aul oo 04,0 o0 0 || =0
Y _ ! (/ duke_(“2>2u7+uk +/ duge—(uﬁ)m% %

pldz—di) g 2v/muj \Jous uj =y Jus u + uf
(108)

0

Note that Au? changes from negative to positive as u; increases. The profile of Aug

in Fig. 21 can be understood as we decompose the profile into two main trends, an
increasing trend and a decreasing trend. From Eq.70 and Eq.75, as ug-) increases, the
probability of forward collision leading to nonvanishing Au? increases and the probabil-
ity of backward collision leading to nonvanishing Au? decreases. Since forward collision

contributes positive Aug and backward collision contributes negative Au?, it is clear

0
j

that Aug increases as u; increases. This is the reason for the increasing trend. As for the
decreasing trend, the physics is the same as the decreasing trend for (uj | average —u?).
Suppression of the effect of particle-particle interaction by exponential decay in the
Maxwellian velocity distribution is responsible for the decreasing trend. The analysis
is like what we do for the profile of (uj | average —ug-)) in Fig. 11. This is why Aug and
() |average —u?) have similar profiles in Fig. 21.

We can see that average velocity is always larger than collision velocity, for any u?.
We will come back to the physical meaning of this feature later when studying generic
particle-particle interaction.

At the end of this section, we would like to discuss a technical detail, namely, the
divergences in Eq.100 and Eq.102. Eq.100 has a % divergence as u) — u? from the left,
whereas Eq.102 has a % divergence as u — u? from the right. And the two divergences
cancel out exactly so that the final result in Eq.105 has no divergence. Why so?

Let’s check the physical meaning of the two divergences. What happens when

0

up — ug? For the relative velocity of two particles being quite small, the effect of

particle-particle interaction reaches its maximum. When expanding the effect related

0

to particle-particle interaction around u) = u;, we pick up a divergence. So we have a
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Figure 21: Correction of average velocity and correction of collision velocity due to
particle-particle attraction for square well potential. The x-axis is u . The upper curve

is the correction of average velocity given by

] |averaqe

v in Eq.107. The lower curve is
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Figure 22: Particle-particle interaction with relative velocity (.
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divergence in forward collision and a divergence in Class 1 backward collision. For the
main particle hitting the wall when it is still in the potential, from Eq.74 and Eq.92,

the particle-particle interaction e appears through the form

—09 4+ 0 — 0\ ¢
J k J k

) k4 — 109
2 \/( 2 ) T (109)

where the plus sign is for Eq.74 (forward collision) and the minus sign is for Eq.92

(Class 1 backward collision). So the effect of € reaches its maximum when U;-] =),
But why do they cancel exactly? Let’s check what happens for v} ~ v. Define ¢
to be ¢ =| v) — v} |. For v) =~ v}, ¢ — 0, the situation is shown in Fig. 22. In the
center-of-mass frame, for both forward collision and backward collision, the situation is
the collision between %C and —% . Therefore, the effects of particle-particle interaction
in forward collision and backward collision in Fig. 21 are exactly the same. And for the
population, f (U? — C) ~ f (v? + C) for ( — 0. Since the magnitudes of the effect of
particle-particle interaction and the population of v{ are all the same, the magnitude of

the effect of forward collision for v? ~ v} is the same as the effect of backward collision

for v & v, and hence the two divergences cancel out.

3.4.5 Correction of momentum transferred in equation of state

Now the last mile to a full description of the correction to the equation of state: the

computation of the corrected momentum transferred to the wall. The effect of AU?
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appears in the equation of state with the form of i

2mAvY . .
—o+ and is given by
J

Z 2mAv}
0
- T
IN [ (9)" 2m
— divle a2 A0
Jar . v;e i—% v;
J
2om [ (49)°
— dvle” " 2 AY
Jar . v;e v; Av;
2pma [ 042
= dule™ )"0 Au?. (110)
J /0 j 3=
Plugging FEq.106 into Eq.110, we have
Z 2mAv)
0
- T
2pma [ w0y op (de —dy)
— dule~(u7)7 0372 1)
NZ A 2/mu
o0 0,0 0 0_ .0
(4O 2uj+uk 0 —(u0)?U; — Ug €
) (/uoduke = ud — uf) +/o duje~t) u) +up | kpT
j U
2 ] 00 0 0
_ Wldmdie (/ dule <u9>2/ dude ()" T Y
T 0 a0 uy — uy
0o 00 UO _ UO
+/ dug?e<“9>2/ dude () =2 ’5’) . (111)
0 uf u; + uy
Introducing a change of variables by
uf + uy
x = ,
V2
—u? + u
— J k
= 112
Y 7 (112)
we have
00 oo 29 + 9 o0 * —y? In2
/ du?e(ug)z/ du%ef(ug) 0 lg— —/ da:e_”gx/ dye— = i, (113)
0 —u? Uj; — U, 0 )
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o0 0o 29 — 0 oo —z x n2
/ duoe(“g)Q/ duZef(“@ z ’g = —/ dz s / dye ¥y = " 4 (114)
0 ! u? uj + up 0 T Jo 4

Putting Eq.113 and Eq.114 into Eq.111, we get

QmAU?

> 7 =0. (115)

J

. A9 . .
In order to obtain »_ ; 2mT—QUj, we built up a mechanical model and went through all the
J

calculations from Eq.52 to Eq.115, and yet the final result is just zero! What’s going
on?

It will be unsatisfactory regarding Eq.115 as just a coincidence. It is hard to believe
that such simple result doesn’t have any simple explanation. For obtaining such simple
result after a long calculation, we had better give a story. So here is the story.

2mAvY QWAU?

Note that what we have is ), —5+ = 0 but not —
J J

= 0. A summation giving
zero often relates to conservation law. This is the first hint for the physics behind
Eq.115.

In order to figure out the physics behind ) i %, we should ask, what exactly is
this Av?? In our construction, v? + Av? is the collision velocity that a particle hits the
wall. But we can take another point of view. What is the role of the wall? A particle
reverses its velocity when hitting the wall due to the reflection provided by the wall.
A different point of view is that, the wall provides some momentum to the box of gas
every time a particle hits the wall. That is, the wall is a momentum provider. This is
the central idea to understanding Eq.115.

With the idea of the wall being the momentum provider, a natural step is checking
the momentum of the box of gas. By our very assumption, the total momentum of the
system is zero, so that the box of gas just sits there without “drifting” away. Since
total momentum gives us nothing, let’s check the positive momentum of the system,

that is, the total momentum of particles with positive velocity. When the box of gas
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is at thermal equilibrium, it is a steady state. For steady state, the total positive
momentum is time-independent. We are going to utilize the basic assumption from
steady state.

total positive momentum is time — independent (116)

After the system evolves for At, what is the total positive momentum now? A
particle with free particle velocity v? > 0 may hit the right wall and reverse its velocity,
if it starts with a position near the right wall. To be more precise, for a particle with
free particle velocity "U? > 0 having initial position in (L - U?At, L), its velocity will
be negative at ¢ = At. When counting the total positive momentum at ¢ = At, such
particle has no contribution since it has a negative velocity at ¢ = At and hence no longer
belongs to the class of particles having positive momentum. The particle disappears
from the class of particles having positive momentum. Due to the basic assumption

that position distribution is homogeneous, such particles have the population of

0
ual lﬂfo. (117)
L 3T

When counting the total positive momentum at ¢ = At¢, momentum loss due to the

effect that a particle can change its direction is given by

— — (—m°
momentum loss = zj: Iy ( mv]) . (118)
On the other hand, we also have momentum gain, since a particle with negative
velocity at t = 0 may have positive velocity at t = At, due to the reflection provided
by the left wall. When regarding the wall as the momentum provider, the momentum
gain can be seen as provided by the wall, since momentum gain comes from particles
that reverse their velocities basing on the mechanism that the wall gives them the

momentum. For each collision, the left wall provides a momentum of m (’U;-) + Av?) to
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r<<ry

Figure 23: Two particles in the box. The two particles are free particles in the upper
situation and are coupled in the lower situation.

the total positive momentum of the system. That is, the momentum gain of the total

positive momentum of the system provided by the left wall during time interval of At

is given by
momentum gain = Z % (m (v? + Av;-))) (119)
j 273

Since the total positive momentum of the system at ¢ = At should be the same as

the one at ¢t = 0, by Eq.118 and Eq.119, we have

At
Z 1T0 mv —I—Z 1T0 v 0+ AvY )) =0 (120)

J

and hence we get
2mAv?

> 7 1-0 (121)

J

But why should we use —mv? instead of —muv; |aperage in Eq.118 for the momentum
loss? The answer is hidden in what is meant by the total positive momentum of the
system, which we did not state clearly in the above argument. Consider the very simple
case when there are just two interacting particles in the box, as shown in Fig. 23. What
is the total positive momentum of the system, muv; or mv}? In Fig. 23, compared with

the upper situation that the two particles are decoupled, the two particles are coupled
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and hence their momenta (one positive and one negative) are also coupled in the lower
situation. For a box of N particles, if total positive momentum couples to total negative
momentum, negative momentum gain from the right wall and negative momentum
loss should be taken into account when dealing with total positive momentum. In
order to have an idea of total positive momentum that is separate from total negative
momentum, the appropriate definition should be constructed in the way that all coupled
particle pairs are pull apart as free particles. That is, we take a snapshot for the box
of gas and pull apart all particle pairs, and then define total positive momentum and
total negative momentum by these N decoupled particles. It is in this sense of total
positive momentum that we should use —mv? but not —mv; |average in Eq.118, and this
is also why the negative momentum gain provided by the right wall and the negative
momentum loss play no role when dealing with total positive momentum.

Notice that we don’t use any information of particle-particle interaction in the above
argument. It is a result of steady state assumption. To be more precise, it is a result of
the requirement that the total positive momentum of the system is time-independent.
Since it has nothing to do with the form of particle-particle interaction, the result is
general and valid for generic particle-particle interactions.

By requiring that the total positive momentum of the system to be time-independent,

. . . 2mAv?
we can get the correction of momentum transferred in equation of state (namely ) | j mTQUJ )
J

which is the total effect of Av? for all v;-). However, the total effect exhibited in the
equation of state cannot tell apart the behavior of AU?, namely the U? — dependence of

Av?, since we have summed over all U? and thus lost such information. Such informa-

2mAvY

tion can be figured out only if we study individual Av? instead of > ;—7o~. This is
J

one merit of the mechanical model for calculating Av) (Eq.105 and Fig. 21).
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3.5 Equation of state

Now we are ready to write down the equation of state for a one-dimensional gas with

square well interparticular potential. Putting Eq.121 into Eq.48, we have

2mu? AT?
F = pkpTyear + 29 (kgTrea) d J— 122
PkBTrca + 2p” (kB z)1+;TJQ Tjo (122)
Then putting Eq.38 into Eq.122; we have
F= pkBTreal + 2p2 (kBTreal) d1 - p2 (kﬁBT) d1 - p2 (dg - dl) €. (123)

Keeping up to the lowest order of particle-particle interaction, we see that Eq.123
becomes

F = pkBTreal + ,02 (kBTreal) d1 — p2 (dg — dl) €. (124)

This is the final result of our mechanical approach to the equation of state for one-
dimensional interacting gas with square well potential. Equation of state in our me-
chanical approach (Eq.124) gives the same answer as equation of state by the recipe of
standard statistical mechanics (Eq.12). As a reminder, do recall that 7" in Eq.12 should
be T}ear-

The physical meaning behind Eq.124 is a little subtle. Putting Eq.121 into Eq.39,

we have the equation of state of form

F = pkgT + p* (kgT) dy + p* (dy — dy) €. (125)

As a limiting case, let us neglect hard core and consider the effect of particle-particle

attraction. By Eq.124 and Eq.125, we have

pk’BT < F < pkBTreal~ (126)
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Thus, if we ask “When particle-particle attraction is turned on, is the force increased or
decreased?”, the answer is that the force is increased. “Force is decreased by particle-
particle attraction.” makes sense if we compare the force with pkgT,.q, namely a box

of ideal gas of the actual, modified temperature.
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4 One-dimensional interacting gas with generic part-
icle-particle interaction

With the lessons learnt from one-dimensional interacting gas with square well potential,
we can generalize the mechanical model to generic one-dimensional interacting gas. By
generic particle-particle interaction, we mean the potential is consisted of a hard core
and an interaction tail. In the following, we first study potentials with an attraction

tail, and then study potentials with a repulsion tail.

4.1 Particle-particle attraction

In this section, we deal with potentials consisting of a hard core and an attraction tail,

as shown in Fig. 1. Starting with Eq.48, we have

2mv? ATY 2mAVY
F = )OkBTreal + 2)02 (kBTTeal> dl + Z TQ] T—Qj + Z TO 2 : (127)
j J J j J
By Eq.121, we have
0 0
2mu; ATj

F = pkpTyea +20” (kpTrea) di + Y (128)
J

I

On the one hand, the contribution of Av? to the equation of state is zero by Eq.121.
On the other hand, the idea of T} is introduced by Eq.44. The relation of T" and T;..q;
and the information of its dependence on particle-particle interaction is hidden in ATJQ.
Therefore, in order to get the equation of state, the only thing to be considered is ATJQ,
the correction of flying time period due to particle-particle interaction. Notice that by
Eq.46 and Eq.47, for equation of state, the effect of replacing T' by T}. is to double
the effect of ATjO itself, but with an extra minus sign. For particle-particle attraction,

we then have an increased velocity, shortened flying time period, a higher temperature,
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and a negative contribution to F', after we have replaced T' with T}.,;, whose net effect

is a decreased force.

To deal with AT}, we first deal with Atinseraction- By Eq.16, we have

o dr
Atinteracti(m (07 'U]g) = / 5 .
h /(_) RG]
2 m

Putting Eq.129 into Eq.27, we have

(129)

1
ZATO
2 J

N N 1 %0 f=9)” f09)’ o d
TN [ )
v; 2 Jaw (v?) 0 d

N

Expanding out to first order in the small parameter (kj(TT), we have
B

2 —d) 2)3 /dO o {—U(T)} , (131)

0
U(r) Ug (up
knT

N |—=

e
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And so we have

/Oo du? [e—(ug—ugf _ 6—(u2+u3)2] (ug)z /”’ dr
0 d

=2 (7‘0 — dl)/ duz [e*(ug*ugﬂ B e*(u2+u§?)2] ug
0

-2 (/7”0 dr l:_M‘|) /OO dug |:€_(u2_u?)2 B 6_(u2+u9)2] iﬂ
dy kgT 0 ”

= 2/7 (1o — di) u) — 2me™ ) erfi(u?) (/do dr {— gg} ) . (132)

Putting Eq.132 into Eq.130, we then have

%ATJQ _ _]\;;ll _ Tﬁe—@erﬁ(%) (/dlo dr {— ZSD . (133)

J

Eq.133 is just Eq.33, with (ds — dy) 77 replaced by ( drlo dr [ U(T)D. Therefore,

" kT

the physics is all the same. The analysis and physical picture in Section 3.2 are all valid

for the generic potential here.

ZmU? AT

0
For . =t =, we can just take Eq.38 and replace (dz — d) o with (f;lo dr [— g;TT)} ) )

We get

5 Q%SJ?AT_? __ <p2 (kgT) dy + p* (/d dr [—U(r)])) (134)

J

Putting Eq.134 into Eq.128, we have
o
F = pkpTrear + 20 (kpTrear) di — p* (kgT) dy — p? ( / dr [—U(r)]) : (135)
dy
Equation of state, correct to the first order in the particle-particle interaction is
To
F = pkBT’real + p2 (kBTreal) d1 — pQ (/ dr [—U(T)]) . (136)
dy

This is exactly the equation of state derived using standard statistical mechanics, as we
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show in Eq.3. The equation of state in our mechanical approach matches traditional

result provided by statistical mechanics.

4.2 Meaning and interpretation

As particle-particle attraction is turned on, there are several effects.

On the average, a particle is sped up by its interaction with other particles. Forward
collisions increase velocity and backward collisions decrease velocity. For a backward
collision to happen, the background particle needs to move fast enough in order to
hit the main particle from the back. For a forward collision, there is no such velocity
constraint. Forward collisions occur more often than backward collisions. This is why
the velocity of particle is enhanced when particle-particle attraction is turned on. The
effect associated with velocity enhancement is that the temperature of the system is
also enhanced, since temperature is a measurement of kinetic energy.

When a particle hits the wall, due to particle-particle interaction, the collision ve-
locity can differ from its free particle velocity. By our very assumption that the box of
gas is a steady state, the total effect of correction of collision velocity to the equation
of state is zero. That is, while some particles hit the wall with velocities enhanced and
some particles hit the wall with velocities suppressed, the two effects just cancel out.

For the equation of state, the correction to the collision velocity near the wall simply
contributes nothing to the force. However, the change in the flying time period does give
a positive contribution to the force. As to the contribution due to a modification of the
temperature, since the temperature becomes higher when particle-particle attraction is
turned on, when the ideal gas part pkgT is (correctly) replaced by the new temperature
Treat 8 pkpTreaq, the residual part pkp (T — Tpeq) gives a negative contribution. The
competition between the flying time period correction and temperature correction turns
out to be a net negative contribution, and the force felt by the wall decreases. This is

the physics behind the equation of state (Eq.136).
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Now we want to analyze the physics from another point of view base on the idea
of average velocity. When particle-particle interaction is turned on, the velocity of

a particle fluctuates. After averaging, we can come up with the idea of an average

. . . . 0 . .
velocity v; |average, Which is different from vj. The average velocity v; laverage 18 the

modified velocity for v;-), which is the average velocity when there is no particle-particle
interaction. If we work with the idea of average velocity directly but not the free particle

velocity, there is no “velocity enhancement” or “correction of flying time period” by the

L—Ndq
HGESA)

and hence 3T = § (1Y + AT?) = £=24 The issue of “what happens when a particle

vy ‘average

very construction of this average velocity, which is defined as v; |aerage=

flies in the middle of the box” doesn’t exist in this point of view, or we can say that it
is embedded in the idea of average velocity. The issue of temperature modification also
disappears, since temperature relates to velocities of the particles. The only effect is
what happens when a particle hits the wall. When a particle hits the wall, the collision
velocity may be different from its average velocity. Such effect gives correction to the
equation of state.

We can rewrite the equation of state using the average velocity v; |sperage and col-

lision velocity (v? + Av?). Again, keeping up to the first order in the particle-particle
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interaction, we have

2m(v) + Av)
b= Z T°+AT0

2 1
= L——M Z §m (Uj |avemge) (U? + AU?)
J

2 1
= —L — Ndl Z ém ('Uj |cwerage) |:'Uj |average + ((U? + AU;)) —; ’average)}
J

2

1 1
= I~ Nd, {zj: Em (’Uj |average)2 + zj: §m ('Uj |average) (('U;) + A?J;)) — U |avemge) }
2 N 2 1
L Ndl ( ]’CBTreal) + L—— Ndl ZJ: §m ('U] |average) (('U? + A?};)) — U |av€7”age)

T+ 7 (Tt 1+ 22 37 (05 oare) (6 ) =05 avrge)  (137)
J

In Eq.137, the first term is ideal gas part and the second term is hard core effect as
usual. The effect of particle-particle interaction appears in the third term. Compared
with Eq.136, for particle-particle interaction being attractive, the third term in Eq.137
should be negative. But can we see why?

For v |averages 1t is positive. So we are going to deal with (v? + Av9) — v} |average-

Compared with v; |gperage, the collision velocity (UJO- + Av?) should be faster or slower?

0

The basic idea is, both ('U? + Av?) and v; |qperage are close to ;. Their departures

0

from v; arise from particle-particle interaction. Therefore, our strategy is comparing

[+ A2) 28] and [t osrage —5].

Let’s consider comparing the average velocity and collision velocity with v?. For
Vj |average, Particle-particle interaction enters in the trip of a particle flying from one side
to another side. We have forward collisions and backward collisions. For (’U? + Av;)),
particle-particle interaction enters when a particle hits the wall. Here we also have

forward collisions and backward collisions. However, for a forward collision around the

04,0
wall, if voy = 5 ;v’“ is not positive, the forward collision loses its effect before the
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main particle hits the wall. The velocity domain of forward collisions for v; |gverage 15
vp < v). The velocity domain of forward collisions for (v? + AU;-]) is —v) QR 0]
In other words, compared with collision velocity, average velocity has more forward
collisions. Since forward collisions increase the velocity, we have [vj | o Vg —vﬂ >

[(v9 + AvY) — 9], and hence
(v] + AV)) = V) |average< 0 (138)
And so we have

% Z (Uj |average) ((U;] + AU?) — vj |ave7«age) <0 (139)
J

The feature that (v;-) + AU?) — U |average<< 0 can be seen in Fig. 21. So now we
understand that it is caused by the fact that the two kinds of velocities have different
numbers of forward collisions.

In summary, when analyzing the physics with average velocity v; |average and collision
velocity (v? + Av?), the only effect to be considered in this approach is the relation
between average velocity v; |aperage and collision velocity (U? + AU?). Collision velocities
has less forward collisions than average velocity has, and so collision velocity is slower
than average velocity. Due to such effect, the force is decreased.

In a naive description trying to explain the form of the van der Waals equation
[18], one is tempted to claim that a particle hitting the wall is slowed down due to the
attraction of other gas particles from the back, and hence the force felt by the wall
is decreased. Put differently, this seemingly plausible theory claims that the velocity
hitting the wall (collision velocity) is smaller than the velocity in the bulk (average
velocity), which also holds true in our detailed mechanical approach.

However, we must quickly point out that, as particle-particle attraction is turned

on, velocity in the bulk is different from the free particle velocity and particles in the
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box do fly faster. Positive contribution from forward collisions (velocity increasing) and
negative contribution from backward collisions (velocity decreasing) don’t cancel out.
Furthermore, compared with v?, which is the collision velocity when there is no particle-
particle attraction, the collision velocity in the presence of particle-particle attraction
is not always smaller. For a slow particle, the collision velocity is smaller than its free
particle velocity (A’U? < 0). For a fast particle, the collision velocity is larger than its
free particle velocity (Av) > 0).

The reason that we don’t need to consider average velocity correction (which is
equivalent to flying time correction and leads to temperature correction) in the con-
ventional description of the van der Waals equation is not because forward collisions
and backward collisions cancel out exactly (they don’t), but lies in the fact that they
are all lumped into the idea of v; |qperage. When taking v; |aperage but not v?, the is-
sue of “what happens when a particle flies in the middle of the box” disappears, by
the very construction of v; |syerage- Now it is clear that traditional picture of van der
Waals equation actually uses v; |qperage but not U? in the argument. For physics of the
bulk, it just takes the net result (v; |qperage) and then bypasses all the issues related to
“what happens when a particle flies in the middle of the box”, including temperature

modification. It is in this sense that traditional picture makes sense.

4.3 Particle-particle repulsion

We haven’t deal with particle-particle repulsion yet, except for the hard core at r = d,
which stands for the nonzero size of a particle. For a potential consisting of a hard
core and a repulsion tail, the physics is just the same as we do for attraction tail,
except that particle-particle attraction is now replaced by particle-particle repulsion
and hence many effects pick up minus signs. For particle-particle repulsion, we have
a decreased velocity, lengthened flying time period, lower temperature, which causes a

positive contribution to F' if we replace T" by T}.n. The net effect is that we have an
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Figure 24: Particle-particle interaction consisting of a hard core and a repulsion tail.

increased force.

However, one feature does stand out that is characteristic to particle-particle repul-
sion alone. Consider a potential consisting of a hard core and a repulsion tail, as shown
in Fig. 24. When the relative velocity of two interacting particles is small, they don’t
have enough kinetic energy to overcome the potential barrier and reach » = d;. In the
center-of-mass frame, their speeds are decreased by repulsion and they will stop before
reaching r = d;. Suppose the minimum distance between the two particles is d,,;, (Av),
with d; < dpin (Av) < 19, where Av > 0 is the relative velocity of the two particles
when they are free particles. In what situation do we have d,,;, (Av) > d;, which means
that the particle pair cannot probe the whole potential? The critical relative velocity

is determined by energy conservation

1 AU ‘critical 2 1 AU |critical 2
2o [ 2V leritical S [ E8eriticd Yy 140
2" ( 2 Tam 2 (140)

where Uy, is the maximum of the potential energy for r > dy. So Av |eriticar 1S given

by
Umaa:

m

Av |critical =2

(141)
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and the dimensionless form is

A critica 2Umax
Au ‘critical: M - (142>

Va kT

With Eq.142; we can see that in order to have d,;, (Av) > d;, the dimensionless
relative velocity should be smaller than QkUB%, which is quite small by our construc-
tion. In most situations, Au > Au |eritica= ’/216[]3% and hence d,;,, (Av) = d;. In other
words, there are particle pairs that their separations cannot reach r = d; due to the
potential barrier. But since particle-particle interaction is weak by our construction,
the population of such particle pairs is quite small. In most situations, particle pairs
have enough kinetic energy to overcome the potential barrier and reach r = dy, just
like the case of particle-particle attraction.

Is the equation of state modified by the presence of the cases having d,,i,, (Av) > d;?
That is, since there is a small population having d,,;, (Av) > d; for particle-particle
repulsion, we may worry whether Eq.136 is valid or not. The answer is that Eq.136
holds for both particle-particle attraction and particle-particle repulsion, provided that
particle-particle interaction is weak. The argument is left for Appendix E.

Another issue related to particle-particle repulsion is soft core, which we haven’t
discussed yet. For a soft core, discontinuous infinite repulsion at r = d; (hard core) is
replaced by continuous repulsion that is strong enough to stop particle pairs with any
relative velocity. An example for such a soft core is Lennard-Jones potential, which
has a r~!2 repulsive term. Can we capture the physics of soft core in our mechanical
model? The answer is a sadly no. The physics of soft core is beyond the scope of our
weakly interacting model. Soft core aims to stop two colliding particles, and this goal

needs particle-particle interaction that is strong enough. As attempting to expand with

U(r) U(r)
kT’ kpT

needs to be small. For potential having a hard core, gas particles probe the
region of r > d;, where the interaction is weak, and hence perturbation scheme can
be implemented. For potential having a soft core, gas particles are stopped by a very

]2 doi:10.6342/NTU201700695



strong repulsion and hence probe the region with strong particle-particle interaction
that cannot be treated as a perturbation. Nonperturbative approach is needed for

studying soft cores.
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5 Conclusion

In this work, we have taken a mechanical approach to a one-dimensional interacting
gas with particle-particle interaction made up of a hard core and an interaction tail.
Perturbations around ideal gas are considered and the physics is computed correct up
to O <kBLT> Equation of state given by our mechanical approach matches the result
given by statistical mechanics. Assumptions and conditions we put in by hand include
(1) the homogeneity assumption on the spatial distribution, (2) velocity distribution
being Maxwellian, (3) the system being in steady state, (4) short range and weak
interparticular interaction, (5) low density, and (6) high temperature, all of which are

common assumed in traditional statistical mechanics.

5.1 Summary

Besides having been able to reproduce the equation of state, we do obtain some physics
insight that traditional statistical mechanics doesn’t readily tell us. In the following, we
take particle-particle attraction as an example. The effect of particle-particle repulsion
just reverses the effect of particle-particle attraction. We list six points for the effects of
particle-particle attraction. Almost all the physics in the mechanical model is hidden
in Fig. 21.

The first point is about the sign of the correction to the average velocity. Due to
the fact that the number of forward collisions is larger than the number of backward
collisions, on the average, all particles move faster in the presence of particle-particle
attraction (Eq.35).

The second point is about the temperature. Since particles move faster as particle-
particle attraction is turned on, the temperature of the system increases (Eq.44). An-
other point of view without concerning mechanics is considering total energy of the

system (Eq.51).
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The third point is about the correction to the collision velocity. For a slow particle,
Av? < 0. For a fast particle, AU;J > 0. The increase and decrease of collision velocity
necessarily cancel out due to our very assumption that the system is a steady state.

The fourth point is about the trends for average velocity correction and collision
velocity correction. They have similar trends since the physics are similar. When the
main particle moves fast, the effect of forward collisions dominates. Velocity increasing
due to forward collision is responsible for the increasing trend. The velocity domain of
background particles that have significant contributions is a small neighborhood around
the velocity of the main particle. Suppression of the effect of particle-particle interaction
by the exponential decay in the Maxwellian velocity distribution is responsible for the
decreasing trend.

The fifth point is about the difference between average velocity correction and col-
lision velocity correction. Compared with collision velocity, average velocity has more
forward collisions. Since forward collisions increase velocity, average velocity is bigger
than collision velocity (Eq.138).

The sixth point is about the force. Compared with pkgT, the force is increased.

But compared with pkgT,cq, the force is decreased (Eq.126).

5.2 Meaning and implication

Unlike most researches studying N-body systems in the framework of statistical me-
chanics or kinetic theory, we take a mechanical approach to a one-dimensional weakly
interacting gas in thermal equilibrium. With the help from a detailed analysis of how
gas particles interact, we have successfully gained some more interesting physics that
the traditional approach doesn’t readily tell us. Our work is an example demonstrating
the possibility to study weakly interacting N-body systems from a mechanical viewpoint
working with particle trajectory.

Though the derivation here is focused on the equation of state, the spirit of this
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mechanical model is investigating the physics of particle-particle interaction and trying
to have a deeper understanding of a seemingly simple system. The equation of state
is just a part of physics that the mechanical model can tell us. With this mechanical
model, we obtain some understanding for issues other than the equation of state.

Our mechanical model consists of three elements: (1) A mechanical picture of an
unperturbed system (in which there is no particle-particle interaction), (2) plausible
assumptions concerning things such as the velocity distribution and homogeneity of the
system that we put in by hand, and (3) assumed form of (weak) particle-particle in-
teraction. For one-dimensional interacting gas at thermal equilibrium, the mechanical
picture for the unperturbed system is just a bunch of particles doing constant veloc-
ity motions and reversing their velocities when hitting the walls. Building mechanical
model on this picture, and then put in the effect of particle-particle interaction, we
capture some interesting physics. The essence of such mechanical approach lies in
the fact that the effect of particle-particle interaction is weak (O (pro) < O (1) and
(@] (lmLT) < O (1)), and so we can focus on two-body interaction and build on the idea
of particle trajectories. To study the influence of background particles on the main
particle, instead of regarding background particles as a bunch of neighbor particles
surrounding the main particle, we introduce the idea of particle trajectory. For a sys-
tem different from one-dimensional interacting gas (some colloidal systems or granular
systems, for example), if we can figure out its free particle model and then put in
particle-particle interaction, maybe we can have some interesting physics. We think it
is possible to extend the idea to other systems usually studied in a statistical mechanics
or kinetic theory point of view.

Statistical mechanics works with partition function. Traditional kinetic theory
adopting Boltzmann equation considers a particle interacting with its neighbor par-
ticles. But our mechanical approach works with a slightly more detailed analysis of

the particle trajectory, the number of collisions and the effect of each collision. Here
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we had restricted ourselves to the first-order calculations only, hoping that future work
might extend our result. The merit of this mechanical approach is that it does provide

us with more physics insight about how the individual effect affects the final answer.
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Appendix A: Calculation of %AT]Q (without putting square well
potential)

In this appendix, we calculate $ATY starting with Eq.26. Plugging Eq.23, T fOL dzt)

#1 (09,07, 27)) shown in Fig. 9 and Eq.24 into Eq.26, we have

1 N [* 1 [E v) — H (v})
QAJEO = F / dvgf(vlg) {_TO + Z\/(; dxg [#R%Atintwaction (U?, H (/U](g)))
j J—o0

v;) + H (v))

+H#1L 5

Atinteraction (’U?, —H (,Ulg))‘| } (143)

1 N N1 L v? — H (v))
PAL) = ruig + oy [ aikrp) [ [#TN (5. H (17))
J

v+ H (v))
"‘#L%Atintﬂaction (U;'); —-H (U]g)):|
N
= —7Tn—
OU?
0
N1 (L (1= v — o)
+ _0_/ di[)g ( ) dvl(c)f(vlg)]—kAtinteraction (U;J7 Ug)
v; L Jy 0 2
N1 [F vy ) + 1)2
+ U_?E/O dl’g 40 (1,ﬁ) dka( )]TAtmte'raction (U;-], _U]g)
J L

O ooy (Lo 0 0 oy) Y Uk 0,0
+ ) dka(vk) (E/O dl’k#R (Uj,Uk, QJk)) 2 9 Atinteraction (Ujavk)
j J—o00
o0 1 [ v + vd
+ F /0 dvl(f) (v2> (z /0 dmk#R Uj ) Uka xk ) Atznteractzon (’U?, _UIE;))
J Yy
0 L
1 v +vk
-+ ) / dv,g (’Ug) (Z/O dl’k#[, U] > Uk, ajk > Atinteraction (’U;-), _Ug)
j J—o0
o0 1 [F v — vy
+ —0/ dv,g (Ug) (Z / dmk#L ’U] , Uk, xk ) kAtznteractwn (U?a U}?)
Ui Jo 0

(144)
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Combining the second term and the third term, we have

1 N N
0 __
§ATj = —TOUO + 20 dka(vk)
J JjJ0
0N 4.0 _ 0 0
) vy — U + 0?9
k j k U k 0 0
X -0 —Atznteractwn (UJ ) vk) 0 ——At binteraction (vj7 _Uk)
(0 2 2
J J

N 0 0 0 1 L
+ W dka(“k) ), dry#tr (v], 03, 77)

—/0 e,

J

0
Atmteractz(m (UJ ) Uk)

L

vy +vk

0 0
Atznteractzon (vja _vk)

+
1 v + v)
dl’k#R U] s Uk:? xk ) k mteractzon (U?7 _U]?:)

1
_/ dvp f(v]) (L da:k#L v],vk,xk

0,0
Atznteractzon (U] ) Uk)

1
_/ dv f(vl) L dzk#L v],vk,ask

(145)

Using the following properties

= 1 [t 1 [ oo 0
/ dvy {z/ day#r (0], 00, 27) + Z/ da#tr (v), —v,ﬁ,x%)} :/ o) (1 i ”_15>
G 0 0 o0 v

(146)

[e'e) 1 L 1 L e UO
[t} ffotmtsotrd [ ot sa) - [ at(+2)
0 0 0 U? Uj

(147)

and the symmetry of velocity distribution, namely f(v) = f(—v), we get

00 UO 2
+ — dv,g (’U]g) (1 + U_’S) Atinteraction (1}?7 _'U]g)

J
N o) UO 2
- — dv,g (Ug) (1 - U_’S) Atinter‘action (U;)> ’02) (148)
J

To simplify the equation further, we utilize the feature that the interaction time is

a function of the relative velocity, but not the magnitudes of the two velocities (Eq.16).
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That is,

Atinteraction (Uh U2) = Atinteraction (| V1 — U2 |) (149)

Equipped with this feature and some change of variables for Eq.148, finally, we obtain

1 N N [ 0\’
EAZTJO = —Tom + 3 dv,g [f (’Ug - ’U;)) - f (Ug + U;))} (%) Atinteraction (07 Ulg) .
P 0 J

(150)

Let’s stop and think about what we have done. In order to calculate ATJQ, we
need to calculate the number of collisions and the effect of each collision. For the
effect of each collision, the effect of particle-particle interaction enters through spatial
displacement and time interval during the process that the main particle interacts
with a background particle (Eq.17). In Section 3.1, we see that the information of
displacement can be translated into the information of interaction time (Eq.13 and
Eq.14), with the help of center-of-mass velocity. In other words, the effect of each
particle-particle interaction is all embedded in At;pieraction. All the information of the
form of particle-particle interaction is hidden in At;uteraction. As for the number of
collisions, which is an idea independent of the form of particle-particle interaction,
we attack this part by introducing free particle model, and the problem reduces to
the counting of line-crossings of trajectories of a bunch of free particles. The validity
of such free particle model relies on the fact that we are considering particle-particle
interaction effect only to order one.

In deriving the above equation of AT]Q (Eq.150), we have used the symmetry of
velocity distribution, the assumption of spatial distribution being homogeneous, the
feature that At;pieraction Only depends on the absolute value of the relative velocity.
Notice that we haven’t put in Maxwell’s velocity distribution (so there is still f(v)) and
the information of particle-particle interaction (so there is still At;ieraction). In other

words, Eq.150 is valid for any potential that vanishes for r > rg.
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Putting in Maxwell’s velocity distribution (Eq.7), we derive

Lo N N 1 <ol - j _\wety) 02 a
#Tj—"%‘ﬁ?W/o o [ T e | () Atineroction (0:17).

(151)
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Appendix B: Probability of N — 2 background particles under
thermodynamic limit

In this appendix, we calculate the probability of N — 2 background particles under
thermodynamic limit. We start with the probability of a single background particle in

Eq.59. Defining £ = pd3 and changing ds to & (%), we note that Eq.59 becomes

probability of a single background particle
ll G D

We rewrite Eq.152 with the spirit of 2 =1 — (1 —2) =1 — & (N — Nz) as

probability of a single background particle

b () ()

Eort () L6 v (D O
+3 f(\/a> 2\/%?( , (153)

and then rewrite Eq.153 as

probability of a single background particle

o))

ek GEE-D)
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When taking the thermodynamic limit that N — oo and L — oo while % is fixed, and
the condition that ¢ is fixed (that is, d3 = ¢ (%) is fixed under the thermodynamic

limit), we have

_§ﬁv?e

iy (1=t (7 ERE (156)

T (7 ERIBIEC (157)

The part dealing with the probability of the remaining N — 2 background particles is

th%o< ¢ va L) W—lf) _ (155)

probability of (N — 2) background particles

— (probability of a single background particle)™ 2. (158)

Combining Eq.154, Eq.155, Eq.156 Eq.157 and Eq.158, and taking the thermodynamic
limit with £ being fixed, the remaining N —2 background particles part of the probability

under thermodynamic limit is given by

limy_,+ (probability of a single background particle)™ >

0)2
Y (vj>
N
,g |:1+erf<Ja>+ﬁU?e a

(159)
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Appendix C: Simplification of the exponential decay probability

distribution

In this appendix, we argue that the exponential decay probability distribution in Eq.95

0
can be replaced by unity. The basic idea is trying to show that exp (—% [1 + erf (\U/—%)

w0)?
+ ‘ﬁo e_( i) pds | decays with ds in a slow manner so that it can be replaced by
J

unity. To deal with the idea of “decays in a slow manner”, we define the “decay depth”

()£ T])

as

1
d depth = | = —e
ecay dep (2 Ja + \/7?0?6

That is, the decay depth is defined by

== (161)

d3=decay depth

=l

S

To simplify the decay depth, we consider its order of magnitude. Using 1 < [1 + erf ( ° )}

< 2, the order of the decay depth is given by

1+ \/gge @ ] p) (162)

O (decay depth) = O (

0
Switching to the representation by dimensionless velocity u? = \U/—% and dropping the

numerical factor of /7, we get

O (decay depth) = O <([1 4 ie-(“?)g} p) _1> (163)

J

This is the order of magnitude of the decay depth of the probability distribution.

How about the range of ds for non-trivial interaction we are interested in? From Fig.

94 doi:10.6342/NTU201700695



17 and Fig. 20, the maximum of relevant ds to be considered is

’U?-‘r’ug
maximum of relevant d3 = dy + (dy — dy) 2 -
’UO—’UO .
(54) +5
u?—i—ug
= dy+ (dy — dy) 2 , (164)

so we have

maximum of relevant ds
O
decay depth

1 u?—i—ug
= 0 |:1+m€_<u9) :| 1% d2+(d2—d1> 22
1 ud—u? €
! VD e
1 2 9+
- olp {1 + e () } dy + (dy — dy) ——2 22 (165)
J

2 €
(a)” + %pT

where a = § (uf —u9).

What is the order of magnitude of this O (maxjmc‘fm of relevant d3)? If we can argue
ecay depth

that O <maXim§£a§fdﬁfﬁam d3> < O (1), then we are safe. But things are not so straight-

forward. There are v} that O (ma’dméfcla;f d‘giﬁam d3> is not small. For example, if v —v?
is quite small, that is, the velocities of the two particles are almost the same, the inter-
action time will be very long and hence d3 is large in this case. This kind of v do exist,
but their population is quite small. They exist only in a small neighborhood around

UO

;» and so their population and hence their contribution to Av? is small. This is the

basic idea behind the calculation and argument we will show in the following.

Now let’s check O maximum of relevant ds with Eq165 If O maximum of relevant ds is
decay depth decay depth

not smaller than unity, then we are in trouble. Fortunately, we will see these trouble
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makers actually have negligible contributions. First, we rewrite Eq.165 as

maximum of relevant ds
@)
decay depth

— 0| pds {1 + %e—(“?f] +p(ds — dy) {1 + %e—(“?f} (ugi (166)

J J

a)” + Qk;T

The first term in Eq.166 is not a function of a, that is, it is independent of v?. Does

the first term cause trouble? For the first term, troubles happen if

1 2
pds {1 + —e (%) } > 1, (167)
U
that is, we have troubles if
1 2 1
1+ e (4) > — (168)
Uy pa2

Since pdy is small, Eq.168 means

u) < pdy, (169)

and hence

O (population (uf)) < O (pdy), (170)

2 . . . .
¥" in its dimensionless

in view of the fact that Maxwell’s velocity distribution is \%due*
form. Since the order of the population is negligible compared with the order we are
willing to keep, the troubles in the first term of Eq.166 give negligible contributions.

Now let’s deal with the second term, that is

maximum of relevant ds 1 _(,0)2 u? +
O — 0 | pldy—dy) |1+ —e 4 | ————
( decay depth ) p(d 1) { * uQe }

To deal with this guy, we separate the situations to Case 1 and Case 2 by the order of

Q.

96 doi:10.6342/NTU201700695



kT

Casel:O(a)Z(?( E)

In this case, Eq.171 can be simplified as

maximum of relevant ds 1 /02 u?
O =0 dy —dy) |14+ =e (@) | (142
( decay depth ) (p( 2= ) { * u?e } ( il

Troubles happen if

p(dz — di) [1 + %e‘(“ﬁ} <1 + u—?) > 1.

j (07

Case 1-1: If O (u?) < O (a), by Eq.173, troubles happen if

1 0)2
dy—dy) |14+ = ()| >1
p (da 1){+UQ€ }_,

J

that is, we have troubles if
1ot
+ uQe
Since p (dy — dy) is small, Eq.175 means
u) < p(dy —dy),
which means

@) (population (u?)) < O(p(dy—dy)).

So the trouble makers do give negligible contributions.
Case 1-2: If O (u?) > O («), by Eq.173, troubles happen if

0
J

1 0\2| U
dy—di) |14+ —e (W) > 1.
p(2 1)[ +uqe 1 fl

j (0%
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(173)

(174)

(175)

(176)

(177)

(178)
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That is, we have troubles if
0 4 o)’
a < pldy—dy) [uj+e ; ] (179)

Since o = £ (uf) — u9), dov = Ldu), Eq.179 implies

O (population (u, uy)) < O (p (dy — dy) /du‘;e_(“?) [u? + e‘(“?)j) =0 (p(dy —dy)).
(180)

So the potential troubles still give negligible contributions.

Case 2: O(a) < (9( k;T>
In this case, Eq.171 can be simplified as

maximum of relevant ds o] ud +
— 0| plda—dy) |14+ = () | = (181
( decay depth ) pldz =) [ e } (181)

Here we drop the factor of two in ShoT- Troubles happen if

1 2] u? + «
p(dg — dl) |:]. + —06_(u?> :| J Z 1 (182)
Y kT
By O(a) <O (1 /kBLT), we have
1 1
> 1
~ > (183)
kpT
and hence
u? ud + «a
L +1>- (184)
(6 €
kT
By Eq.184 and Eq.182, the necessary condition for Case 2 to have troubles is
L (w)? uj
w; Q@

J
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But Eq.185 is just the same condition as Eq.173 for Case 1, which we have already

checked that all the troubles give negligible contributions. So we are done.

0

In summary, there are some (uj, ug) that don’t respect

(maximum of relevant ds

decay depth ) <o), (186)

However, the violations happen for small u? (Eq.169 and Eq.176) or the case that

0

: 0
uy, is very close to u

3 (Eq.179). The result is, the contributions given by these trouble
makers are negligible in the order being considered, due to the fact that their population

is small.
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Appendix D: Contribution of AU? | region—3

In this appendix, we argue that the contribution of Av? |region—3 1s negligible when we
sum over all velocities to get the correction in momentum transferred. In view of the

equation of state (Eq.11), Av? appears with the form as

2mAV)  oN e (9) Wl 2mp [, (9)
Z = dvje” C 2m—+Av) = P dvje” C v Av)  (187)
- 1] var Jo 2L var Jo
For uf < o7, we have AV |egion—3= —Vj. So we get
2mAv]
Z 7o
J J u? < k};T ,Class3
2mp [ (+9)° 2 % o
B - 0 0 ()0 k
= ~Var /. dvle” o (1)) p/d(dg)/voj dka(vk)|1_v_?|
! ug-)< k;T
4 V k keTﬁ 0
= ——p*kpT / 7 duje_<“?> (ug)Q/ o du%e_(“k) ( _u_,g) /d(dg)]
0 u9 uj
J

(188)

What is the order of magnitude of this guy? Our strategy is to bound this guy and show
that its order of magnitude is smaller compared with the accuracy we are retaining.

By Eq.91 and Fig. 20, the integral of d3 is bounded by

04,0
vj+v,c

/d(dg) < (d2 — dl) 2

0_,0\ 2
i SN
2 m

100

04 ,0
uj + uy,

= (dy — dy)

(189)

V(W =)+ 2.5
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And so we have

< € 1
k k w0 2 0
P kT / ’ d“j‘f—(ug) (“9)2/ 7 e () (1—u_§> /d(dg)}
0 0 U;
< pkpT (dy — dy)
€ € i 0 O
2 k 20 2 U"‘U
X / vt duje_(“;)) u?/ BT v duge (u9) (u] _ug) j 2k
/o uf \/(ug—ug) —|—2kBLT_
= p*kpT (dy — dy)
R T o ww
X / duje_(uj) ug) / J duke (uk) (U] + Uk)
- g /(05— )" + 2557 |

0
[ VT 2 5T 20 2
= kaBT (dz — dl) /0 i d’LL?@ (u?) (u2)2/03 J dug@ (uk)
T 2 keTl%O
+p*kpT (dy — dy) [/0 7 duge_(“g) u) /OB 7 dufe (k) uk] (190)
. f 2 2 g 2 3
Since fu;BT ?duge_(ug) < Iz duge_(ug) = O (1)and [V "#" du?e‘(“?’) (u?)2 < (, /,@%)

15
= <k;T) , the first term in the final form of Eq.190 is bounded by (p* (dy — d1) €) T

and thus is negligible. The term needed to be checked is

VisT 2 T 0
p’kpT (dy — dy) [/0 i duge_(“?) u?/ B

2
i duge_(ug) u%]
i

Using the property that e~z < 1 for z > 0, we have

101

€

(191)

(192)
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Put Eq.192 into Eq.191, and we get
ﬁ@T@-@%Ak%m%ﬁW@A@“%@5Wﬂ4
< p*kpT (dy — dy) [/0 T duge_(“?)2u? (k;Tui? — u?)]
=p*(dy —dy) e [/0\/}%7 duje_(“:(f?)Z)]
— p?kpT (dy — dy) [/0 T duje_(ug)2 (ug)Ql

zoﬁf@—mﬁ}k;)+00ﬁ@—mﬁ]k;), (193)

and so we are done. When putting the effect of Av? in the correction of equation of
state, the contribution of Av;-) |region—3 1s negligible, due to the fact that A’U? |region—3

appears only for small v;) and thus the population is small.
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Appendix E: Particle-particle repulsion

In this appendix, we argue that particle pairs that their separations cannot reach r =

dy due to the potential barrier give negligible correction, due to the fact that their

. . . . . 0 ATO
population is quite small. By Eq.128, all we need to consider is > i ?—U%T—T;J By
J J
Eq.129, for Au < Au |eriticar= 1 /QkUB%, the interaction time is given by
ro dr
Atinteraction (Oa ’Ulg) = / (194)
dpin (v)) <§)2 U
2 m

where d; is replaced by dy, (v)), and this is the only difference. By Eq.130, Eq.131,
Eq.132 and Eq.194, the effect of replacing d; with d,;, (v)) for Au < AU |eriticar 0
1 .
EAJEO 1S

1
0
QACTJ |correction for Au<Aulcritical

ST [ b d'min u
2 0)2 k k
v (Uj) " - ) 4 wW\? 1)
2 ) 7 2kpT

[ (,,0_,,0)2 (20 10,032 ] 2
duk e (uj uj) —e (uk+u3) (Ug)

min ug —d; dmin () T _U/(r
(e [ e )

0 0

du) [6_(“k‘“1)2 — e_(“2+u?)1 2uy, (dmin (up) — dr)

N7 dmin UO
Moo / VR et _ et / 0, {_w)
? a0
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0)2 0)?
[e—(ug—ug)Q o e—(u2+u?)2:| — e—(uk) 6_(uj) <€2ugu2 o e—2u?u2>

— () = (%) (4ugu2 + higher order of uj) (196)

By Eq.196, [e_(ug_“? P e )2] contributes one order of uY when u} is small. There-

3 15
fore, the order of the first term in Eq.195 is (w / 253%) = (wﬂ> and the order of

kgT

L5
the second term in Eq.195 is , /258% ([_ki(:/t)}) =0 ((%) ) Hence the effect of

replacing dy with dp, (v)) for Au < At |eriticar in %AT]Q is negligible, and so the effect

is negligible in equation of state, due to the fact that the population is too small to

cause relevant effect.
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