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Abstract

Low-rank approximation plays an important role in big data analysis. In-
tegrated Singular Value Decomposition (iSVD) is an algorithm for computing
low-rank approximate singular value decomposition of large size matrices.
The 1SVD integrates different low-rank SVDs obtained by multiple random
subspace sketches and achieve higher accuracy and better stability. While
1SVD takes higher computational costs due to multiple random sketches and
the integration process, these operations can be parallelized to save compu-
tational time. We parallelize iSVD for multicore clusters, and modify the
algorithms and data structures to increase the scalability and reduce commu-
nication. With parallelization, iSVD can find the approximate SVD of ma-
trices with huge size, and achieve near-linear scalability with respect to the
matrix size and the number of machines, and gained further 4X faster tim-
ing performance on sketching by using GPU. We implement the algorithms
in C++, with several techniques for high maintainability, extensibility, and
usability. The iSVD is applied on some huge size application using hybrid

CPU-GPU supercomputer systems.

Keywords. Singular value decomposition, Parallel algorithms, Distributed
algorithms, Randomized algorithms, Graphics processing units, Big data anal-

ysis
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Chapter 1

Introduction

Big data analysis is one of the important fields in nowadays. We often use low-rank ap-
proximation for feature selection and dimension reduction. Singular value decomposition
(SVD) is one of an essential tool for finding low-rank approximations. In this article, we

consider the rank-k singular value decomposition
A=UZV ~UZ V], (1.1)

where U XV T is the full SVD and U, X, VkT is the truncated rank-k SVD. However, tradi-
tional algorithms may take about 12nm? flops (assuming m < n) for computing the SVD
of an m X n matrix A, which lack scalability and leads to a computational problem when
the matrix size is large. Randomized singular value decomposition (rSVD) [, 2] reduces
the computational cost to 4nmk flops. Furthermore, Chen et al. proposed an efficient algo-
rithm, integrated singular value decomposition (iISVD) (Algorithm 1) [3], which integrates
the results from multiple rSVDs and achieve higher accuracy.

In this article, we focus on the implementation and the application of iISVD on large-
scale clusters. The development of supercomputer allows us to handle huge scale prob-
lems. Multithread and multicore parallelization can speed up the computations. The com-
putation is also benefited from GPU acceleration on hybrid CPU-GPU architecture. In

these machine structures, data communication becomes an essential problem.
We modify the iISVD algorithms that reuse the matrices to reduce the computational

1
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cost. For large-scale clusters, we propose new data structure for parallel algorithms to
reduce data communication so that the communication cost is independent of the size of
the problem. These algorithms are balanced and weak scalable. We compare the compu-
tational and communication complexity of each algorithm, and recommend the suitable
choice for different shapes of the input matrix. The iSVD is implemented in C++ with
several techniques for high maintainability, extensibility, and usability. We test our im-
plementation on the Reedbush supercomputer system of the University of Tokyo with use

up to 128 nodes and apply it to some huge size applications.

This article is organized as follows. The algorithms are introduced in Chapter 2. The
improvements of the algorithms and the parallelism ideas are discussed in Chapters 3 to 5.
Chapter 6 describes the techniques of the implementation. Several numerical results are
provided in Chapter 7. The article ends with a discussion in Chapter 8. The details of some
formula are derived in Appendix A. The tables of the complexity of all the algorithms are

listed in Appendix B.

For the notations, we use italic letters (e.g. m, f, N) for scalars, bold italic upper-
case letters (e.g. A, Q) for matrices, italic sans serif uppercase letters (e.g. G, X) for
row/column-block submatrices, bold fraktur uppercase letters (e.g. B, Q) for the matrices
that keep unchanged in the iteration, under-script bracketed numbers (e.g. Q;, ¥;;)) for
the matrices of the i-th sketches, super-script parenthesized numbers (e.g. UY ), QY)Y for
the j-th block-row in the j-th processor, super-script angled numbers (e.g. AU >) for the
Jj-th block-column in the j-th processor, under-script ¢ (e.g. Q,, X,) for the matrices of
the current iteration, and under-script plus sign (e.g. B, , D) for the matrices of the next

iteration. Table 1.1 lists the notations and the formulas used in this article.

d0i:10.6342/NTU201702960



m, n Row and column dimensions of a matrix A with the assumption m < n.
Desired rank of approximate SVD.

p Oversampling parameter.

/ Dimension of randomized sketches, i.c., [ = (k + p) < m.

N Number of random sketches.

P Number of processors.

mpy, ny Row/column dimensions of a row/column-block, i.e., m, = %, ny = %.

A=UZXZV'  Anmxnmatrix and its SVD.

A~U,Z.V,] Rank-k SVD defined in eq. (1.1).

A~ ﬁkfkf}k-r Rank-k SVD computed by Algorithm 1 (iISVD).

Q; The i-th Gaussian random projection matrix.

Y The i-th sketched matrix.

O The ith orthonormal basis of the sketched subspace.

P The average of Q[i]QE] defined in eq. (3.2) (stored implicitly).

0 The integrated orthonormal basis of the sketched subspace.

aopt The Q of the optimization problem defined in eq. (3.2).

ahr The Q of hierarchical reduction integration defined in Algorithm III-3.

o]l 7 The Frobenius norm. [|Allp = 1/Y; X, a;; = 1/tr(AT A).

orth(e) Computes an orthonormal basis of given matrix using QR or SVD.

qr(e) Computes the QR decomposition.

eig(e) Computes the eigenvalue decomposition.

svd(e) Computes the singular value decomposition.

Table 1.1: Notations Used in This Article
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Chapter 2

Algorithms

In this chapter, we briefly describe the Integrated Singular Value Decomposition algo-

rithm, and the algorithms of each stage.

2.1 Integrated Singular Value Decomposition

Integrated Singular Value Decomposition (iISVD, Algorithm 1) [3] finds an approximate
rank-k SVD
AU V] 2.1)

In the algorithm, we set A as the matrix with size mXn, k as the desired rank of approximate
SVD, p as the oversampling parameter, / = k + p as the dimension of the sketched column

space, and N as the number of random sketches. We split iSVD into four stages.

+ Stage I: Sketching. Sketches N rank-/ column subspaces of the input matrix A. In
other words, computes m X | matrices Y[;; whose columns spans a column subspace

of A. A naive way is multiplying A by a random generated matrix ;.

+ Stage II: Orthogonalization. Computes an approximate basis for the range of the

input matrix A from those Y5 that is, find orthogonal matrices Q[i] with

~ T
A= Q0 A.
5
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With ¥|;, one may directly orthogonalize them to obtain Qy;;.

» Stage III: Integration. Integrates 0 « {Q[i]};\il; that is, find an orthonormal

basis 6 that best represent the Q.

» Stage IV: Postprocessing. Computes a rank-k approximate SVD ﬁk, fk, f}k of A
in the range of Q; i.e., find the SVD of

00 A=U3V

and extract the largest k singular-pairs ﬁk, fk, I/}k

Algorithm 1 Integrated Singular Value Decomposition [3]

Require: A (real m X n matrix), k (desired rank of approximate SVD), p (oversampling
parameter), / = k+p (dimension of the sketched column space), N (number of random
sketches).

Ensure: Approximate rank-k SVD of A ~ ﬁk fk f}kT.

1: (Sketching.) Compute m X [ matrices ¥;; whose columns spans a column subspace
of Afori=1,...,N.

2: (Orthogonalization.) Compute Q;; whose columns are an orthonormal basis of ¥},
fori=1,...,N.

3: (Integration.) Integrate Q « {Q[i]};\il.

4: (Postprocessing.) Compute a rank-k approximate SVD ﬁk fk I7kT of A in the range
of Q.

2.2 Stage I: Sketching

We use the same sketching algorithm as rSVD. Algorithm I-1 (Gaussian Projection Sketch-

ing) multiples A by some random matrices using Gaussian normal distribution.

6
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Algorithm I-1 Gaussian Projection Sketching

Require: A (real m X n matrix), / (dimension of the sketched column space), g (exponent
of the power method), N (number of random sketches).
Ensure: Y, (real m X | matrices) whose columns spans a column subspace of A for
i=1,...,N.
1: Generate n X [ random matrices €;; using Gaussian normal distribution.
2. Assign ¥, < (AAT)"AQy.

According to Halko et al. [1], while using this algorithm with ¢ > 0, multiplying A
and AT many times will cause rounding errors. They suggest orthogonalizing the columns
between each multiplication of A and AT . In this article, we focus on the cases with g = 0

so that there is no need to be concerned about this situation.

2.3 Stage II: Orthogonalization

In general, we can simply find the orthonormal basis using canonical QR or SVD of Y},
(Algorithm II-1). Additional, we may also compute the orthonormal basis using eigen-

value decomposition of Y[EYU] — the Gramian of Y;; (Algorithm II-2).

Algorithm II-1 Canonical Orthogonalization

Require: Y (real m X [ matrices).
Ensure: Q; (real m X I matrices) whose columns are an orthonormal basis of ¥{;;.

1: Compute Q;; whose columns are an orthonormal basis of ¥};; using QR or SVD.

In Canonical Orthogonalization, we can use both QR (¥;; = Q;;R};) or SVD (Y;; =
01S [i]I'V[g). Although these two Q(;; might not be exactly the same, they both span the

same space; that is, the product Q[i]QE] are exactly equal in both decompositions.

Algorithm II-2 Gramian Orthogonalization

Require: Y}, (real m X [ matrices).
Ensure: Q; (real m X I matrices) whose columns are an orthonormal basis of Y{;;.
2 wT - T
1: Compute Wiy S, W,;, < elg<Y Y[,-]).

L]
. ; -1
2: Assign Q) < Yy WS,

d0i:10.6342/NTU201702960



Instead of computing the QR decomposition of a m X [ matrices ¥};; (Step 1 in Al-
gorithm II-1), the Gramian Orthogonalization (Algorithm II-2) compute the eigenvalue
decomposition of the / X [ matrices Y[EY[,] Denoting the SVD as Y};; = QmSmI'Vl;, the

eigenvalue decomposition of the Gramian matrix Y[E ¥Y|; can be written as

T _ T T _ 2 T
Y Y = WinStin Q@ QunStaWiy = WinSiaWiyy- (2.2)

Note that QE;]Q[,-] is an identity matrix since Qp;; is orthonormal. With the eigenvalue

decomposition, we can form the orthonormal basis by solving the equation
!
O = Y[i](S[i]u/[i]> : (23)

Since W};; is orthogonal and S|;; is diagonal, the inverse can be computed by multiplying

the W};; and dividing the columns by the diagonal elements of S;;; that is,

_ -1
Qi = YgWi Sy, - (2.4)

As shown in Chapter 5, the Gramain algorithm is faster.

2.4 Stage III: Integration

In the integration stage, we solve the optimization problem (see Section 3.1 for detail)

Qo =argmax f(Q)  with  f(Q)= %tr(QTFQ>. 2.5)
o70=I

There are two algorithms for this optimization problem. Algorithm III-1 uses the Kolmogorov-
Nagumo-type average [4] and Algorithm III-2 uses the line search proposed by Wen and
Yin [5].
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Algorithm III-1 Kolmogorov-Nagumo Integration [4]

Require: Qy;, Qs ---» Qn (real m X [ orthogonal matrices), Q;;, (initial guess).

Ensure: Integrated orthogonal basis Q.
1: Initialize the current iterate Q, < Q-
2: while (not convergent) do

3:  Assign X, « (I - QCQI)FQC.

4. Compute C « <§ + <£ - XCTXC) > .

5:  Update Q, « Q.C + X.C~".
6: end while
7: Output aopt < Q..

In Kolmogorov-Nagumo Integration, we stop the iteration if (I - QIQC)is small
enough. This condition measures the similarity of @, and Q.. In the implementation,

we use an equivalent condition ||C||, < e for some tolerance €.

9
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Algorithm III-2 Wen-Yin Integration [5]
Require: Qy}, Qs --. » Qnq (real mx[ orthogonal matrices), Q;y;, (initial guess), 7, > 0

(initial step size), f € (0, 1) (scaling parameter for step size searching), ¢ € (0, 1)
(parameter for step size searching), n € (0, 1) (parameter for next step searching),

T

max> Tmin (Maximum and minimum predicting step size).

Ensure: Integrated orthogonal basis Q.

I: Initialize Q. < Oy, g < 70, & < 1, ¢ « f(Qc).

2: while (not convergent) do

3:  Assign G, « PQ,.

4: Letr= Tgﬁ’ . Find the smallest integer ¢ > 0 satisfying the inequality

7 1 2
$>d+rol M2

where § = £(0,).0, = (1 _ §M>‘1 (1+:M)0. and M =G.0]-0.G!.

5:  Update ¢p « %:1‘5 and then { « n{ + 1.
6:  Compute the differences A, = O, — Q. and 4, = X — X, where

Xc = (I - QCQI) FQc
X, = (I - Q+QI) FQ+

7. Update 7, < max (min (Tguess, Tmax)  Tmin )» Where
tr(A]4,) |tr(A] 4,)]
Tguess = 777 O T
|tr(4A] 4,)] tr(4,4,)

8: AssignQ, < Q,.
9: end while
10: Output aopt < Q..

In Wen-Yin Integration, we stop the iteration if X, small enough [5]. In the imple-
mentation, we use an equivalent condition || X .|| < € for some tolerance €. Note that
||Xc||2F = %llMll%, which is already computed in Step 4.

Instead of solving the optimization problem, Chang proposed a divide and conquer
algorithm (Algorithm III-3) [6]. It integrates every two Qy;; recursively (see Appendix A.1

for detail).

10
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Algorithm III-3 Hierarchical Reduction Integration [6]

Require: Q[l], Q[Z]’ s Q[ N] (real m x I orthogonal matrices).
Ensure: Integrated orthogonal basis ahr.

I: Set N « N.

2: while N > 1 do

3: Seth « lﬁJ

2
4. fort=1to hdo
5: Compute W ST « svd(Qg]Q[,-Jrh]).

6:  Update Q) < (QyW + QpumT) QU + S) ™2,
7. end for N
8:  Update N < [%]
9: end while
10: Output ahr < Q-

As shown in Chapter 5, the Hierarchical Reduction Integration much faster than solv-
ing the optimization problem. It costs O(Nmi?) only, which is roughly the same the
complexity of a single iteration in Kolmogorov-Nagumo Iteration and the Wen-Yin It-
eration. However, according to Chang [0], the result is less accurate but still better than
any one Qy;;. He suggests using this algorithm as a preprocessing of finding Q;;, of the
Kolmogorov-Nagumo Iteration and the Wen-Yin Iteration to reduce the number of itera-

tion.

2.5 Stage IV: Postprocessing

There are several methods for postprocessing. Algorithm IV-1, the canonical method,
—T

forms the decomposition using SVD of Q A. Similar to the Gramian Orthogonalization

T —

(Algorithm II-2), Algorithm IV-2 compute the eigenvalue decomposition of @ AATQ

(the Gramian of ATE) instead of computing SVD.

11
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Algorithm I'V-1 Canonical Postprocessing

Require: A (real m X n matrix), 0 (real m X I orthogonal matrix), k (desired rank of
approximate SVD).
Ensure: Approximate rank-k SVD of A ~ ﬁkfkf}kT.
1: Compute ﬁ\fl f, I/}IT « svd(ETA>.
2: Extract the largest k singular pairs from W, fl, I?, to obtain I'/I>k, fk, I?k.
3: Assign ﬁk « aﬁ\’k

——T
Since the size of the projected matrix Q Q A is equal to the input matrix A, computing
——T
the SVD of Q QO A isunwise. Canonical Postprocessing computes the SVD of the smaller
—T —T
matrix Q A in order to reduce the computing complexity. Denoting the SVDas Q A =

A~ A A — T
W, %, VIT, the SVD of Q Q A can be written as

00 A=0(W, 5V)=(0W,)5 0 =0,5V. (2.6)

Note that the product ﬁl is a orthogonal matrix since 0 and I'/I7l are orthogonal.

Algorithm I'V-2 Gramian Postprocessing

Require: A (real m X n matrix), 0 (real m x I orthogonal matrix), k (desired rank of
approximate SVD).
Ensure: Approximate rank-k SVD of A ~ ﬁkfkf}kT.
1: Assignof Z < ATQ.
2: Compute W, £2 W, « eig(Z27 Z).
3: Extract the largest k eigen-pairs from ﬁ\/, f, to obtain ﬁ\fk, fk.
4: Assign ﬁk — aﬁ\/k
5: Assign I7k “« Zﬁ\/kf,:l.

For symmetric A, Halko, Martinsson and Tropp proposed an elegant algorithm [1]
(Algorithm I'V-3) for this situation. The algorithm is much faster than the canonical method

and keeps the symmetry of the result, with about twice error than the canonical algorithm.

12
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Algorithm I'V-3 Symmetric Postprocessing [ ]

Require: A (real symmetric m X m matrix), O (real mx [ orthogonal matrix), k (desired
rank of approximate SVD).
Ensure: Approximate rank-k eigenvalue decomposition of A = ﬁk fk lAIkT g
1: Compute ﬁ\fl f, I'/I7ZT « eig(éTAa).
2: Extract the largest k eigen-pairs from I'/I7,, f, to obtain I'/I7k, fk.
3: Assign ﬁk « aﬁ\’k

13
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Chapter 3

Improvements of Integration

In this chapter, we optimize the Kolmogorov-Nagumo Integration (Algorithm III-1) and
the Wen-Yin Integration (Algorithm III-2) for better performance, and propose algorithms
based on the Gramian idea target for the case with many iterations. Table 3.1 lists the
notations and the formulas used in this chapter. Here, we use bold italic uppercase letters
(e.g. A, Q) for matrices, bold fraktur uppercase letters (e.g. B, Q) for the matrices that
keep unchanged in the iteration. Under-script ¢ (e.g. Q.. X ) are used for the matrices of
the current iteration, and under-script plus sign (e.g. B, D, ) are used for the matrices of
the next iteration. Moreover, we use matrices with super-script g for the G, terms. For
example, in the updating of Q ., F, is the coefficient of Q, and F¥ is the coefficient of

G

c*

3.1 Optimization Problem

The integration stage finds an orthogonal matrix O that best represent the orthonormal

basis Q(}, Qpap» --- » Q- Here, we define such best aopt as

N
5 - . T THZ
= — 0T — . 3.1
Oone = ot N;HQ[HQM 00|, G-
15
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Q=0 Op - O]
B=Q'Q
Y 1
Q_PQ_NQ%
Xc = (I - QCQ;I—) PQc = Gc - Qch
BC = Q’TQC’
Bf =Q7G. = BB,
D,=0Q]PQ.=0/G. =G0, =+B!B,

—2
C  defined in Step 4 of Algorithm III-1
-1 -1
Cl_ll’ gl_zl defined in Eq. (3.19)
21> 22

C-D.C -1 in Kolmogorov-Nagumo Integration

< {I - CZ_Z1 D, - Cz_ll in Wen-Yin Integration

Fe c! in Kolmogorov-Nagumo Integration
‘- C1_21 D, - Cl_l1 in Wen-Yin Integration
1
E. =B F

Q+ = Qch+Gchg = QCFC+QEC
B, = B,F.+ BSF’ = B_F. + BE,

O
F, = F.F,
E.=E,F.+E,

Table 3.1: Notations and Formulas Used in Optimization Integrations

The optimization problem is equivalent to a maximization problem

N
1 - =1
Qo 1= argmax 2 tr<QTPQ> with P i=— Z‘f 0,0 ()
_ £

Here, we define

1@ =3u(Q"P0) (33)

as the objective function.

16
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3.2 Improvements of Kolmogorov-Nagumo Integration

In the implementation, instead of explicitly forming m X m matrices such as Q CQCT (with

2m?1 flops), we compute / X [ matrices such as QE';]QC (with 2mi? flops) to reduce com-

putational cost and memory usage. For example, Step 3 in Algorithm III-1 (Kolmogorov-

Nagumo Integration) can be rewritten as

X.=(1-0.0])PQ, = (I-0.0) Z 010/, | Q.
e
-
=~ 2, (1-0.07) 0,00
i=1
| N
= 2 Qu0iC. Z 0.010,07,0. G4
1:
s P
- = Z 0, (2. ) - vo. ; (o0 ) (of,0.)
1t P
_ T
=~ 2 QuBi — Q. 2 BB
i=1 i=1
where Bj;; = QE]Q . are [ X] matrices. Moreover, those matrix products can be accelerated
by combining the matrices
STt
_ I
N2y + R 2y + - + Ry 3w = [Nm Ny N[m] 3-5)
vl
Therefore, eq. (3.4) can be rewritten as
X.=G,.-0.D,, (3.6)
here G, = ~QB,, D, = ~B] B
where c N c? c N ¢ c?
- [Q[l] Qpy Q[N]] and B, = [B[l] By, B[N]] .37
17
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Note that we may compute B, as B, = QTQC. Hence, the updating of Q, (Step 5 in

Algorithm III-1 Kolmogorov-Nagumo Integration) can be written as
Q+ = QCC + ch_l = QcC + GCC_1 - QCDCC_I = Qch + Gchg’ (38)

where

F.=C-D.C™!', Ff=C". (3.9)

Similarly, we can update B, = QTQ+ as
B, =70, =Q'Q.F. + Q"G.Ff = BF, + BSF¢, (3.10)

where B = Q" G,. Furthermore, instead of forming X,, we may compute = = X, X,

directly as

E= XCTXC = <G2— - DCQCT) (Gc - Qch)
= G;I—Gc - GZQCDC - DCQ;[_GC + DCQ;[_QCDC
(.11)
=G/G.-D,D,- D.D,.+ D_D,

= D — D,

where Df = G! G, = B Bf. Note that 0/ G, = G]Q, = D, and 0] Q, = I.

18
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Algorithm I1I-4 Kolmogorov-Nagumo Integration (Optimized)

Require: Qy;, Qs ---» Qn (real m X [ orthogonal matrices), Q;;, (initial guess).

Ensure: Integrated orthogonal basis Q.

2: Initialize the current iterate Q, < Q-

3: Assign B, <« Q7Q,.

4: while (not convergent) do

5:  Assign G, < 1B ,BS - Q'G.,D. «~ LB'B., DS — LBTB®
Cc N co c c? Cc N 4 c? c N 4 C:*

6: Compute C < 5+<Z_‘:> , where & = D; — D;.

7. Assign F, « C— D,C~'and F} « C7!.

8  Update Q. « Q_F. + G.F® and B, < B.F, + BSF?.

9: end while

10: Output aopt < Q..

3.3 Improvements of Wen-Yin Integration

Similar to the Optimized Kolmogorov-Nagumo Integration (Algorithm I11-4), we combine

the matrices Q = [Q[l] Q[z] Q[N]] and define

G.=PQ,=~2B,.
B =70,
B =27G,, (3.12)
D,=Q/PQ, =Q/G, =G/Q, = B!B.
Df=Q/P'Q,=G/G, = LB]B

We observed that f(Q,) in Step 4 of Algorithm III-2 (Wen-Yin Integration) can be com-

puted by
f(0.) = 1u(0IPo, ) = dir( BB ) = 2 ||B.|I7. (3.13)

19
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Moreover, ||M ||% can be written as

IMII7 =te(MTM) = tr((Q.G - G.Q) (GOl -0.G/))
=r(Q.G!G.0] +G]0[0.G] -0,G]0.G] -G.0[G.Q]) = (.14

=2u(G!G,) - 2tr(Q]G,0]G,) = 2tr(D§) - 2|| D, | ;.-

To compute Q_, instead of explicitly forming m X m matrix M = GCQCT — QCGCT, we

construct two low-rank matrices [5]
L=lg, | ad R=|o, -G (3.15)
with M = LR. Using Woodbury matrix identity, the inverse can be rewritten as
z - 1T\ T 20\ pT
<I—§M> :<I—§LR> :I—L(R L—;I) R".  (3.16)

Therefore,

QT
c ¢ c _GT c
_1 | I
= Qc - [GC QC] C 2
__Dc
where
-
c=lpip_ly_1| [G 0 ] ey
2 T _GT ¢ ¢

(3.18)

2\-6¢76, -GTo,| * 2| -p® -D,-21
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is a 2/ X 2/ matrix, which is much smaller than M. Denoting

-1 -1
Cc- = ¢, ¢
1 |
G, ¢,
eq. (3.17) becomes
cl ¢l 1
Q. =0~ [GC QC] 1_11 1—21
G Cull-D.

— -1 -1 -1 -1
=Q0.,-G.C;! +G.C;}'D, - 0.C;!' +0,C' D,
=0Q,(C;) D, - C;!+1)+G, (C,' D, - ;)

=Q.F, +G_Ff,
where
F,=C;'D,—C;'+1, Ff=Cy'D.-Cj.

12 ¢ 11

Therefore, we can update B, = QTQ+ as

B, =970, =Q7Q.F. + Q"G .F’ = B,F, + BSF¢.

21

(3.19)

(3.20)

(3.21)

(3.22)
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Algorithm III-5 Wen-Yin Integration (Optimized)
Require: Qy}, Qs --. » Qnq (real mx[ orthogonal matrices), Q;y;, (initial guess), 7, > 0

(initial step size), f € (0, 1) (scaling parameter for step size searching), ¢ € (0, 1)
(parameter for step size searching), n € (0, 1) (parameter for next step searching),
Trin (Maximum and minimum predicting step size).

Ensure: Integrated orthogonal basis Q.

I: Combine Q = [Q; Qp - Q[N]]'
2: Initialize the current iterate Q, < Q-
Assign B, <« Q'Q,, D, « %BCTBC, G, < %QBC: X, <G.—-0.D,.

Tmax ’

[98)

Initialize T, < 70,6 < 1,9 « ﬁ ||Bc||i:
while (not convergent) do
Assign B <« Q'G,, Df < %BCTBf.
Compute p < tr(D$) — || D[
repeat forr =0,1,... do

$ 2 RS>0 R

Letz = Tgﬂ’. Compute C by eq. (3.18) and find its inverse.
10: Compute F, and F¥ by eq. (3.21).

11: Assign B, < B.F, + BSFf.

12: AssiNgn ¢~ % ||B+||2F

13: untilgp > p+ 70

14:  Update ¢p < @ and then { « n{ + 1.

ne
15 Assign D, « ~B[B,,Q, <« Q.F,+G,Ff,G, « ~QB,. X, « G,-0,D,.

16:  Compute the differences 4| =Q, —Q.and 4, = X, — X_..

17:  Update 7, < max (min (Tguess, Tinax ) » Tmin )» Where

o tr(A]4)) o |tr(4] 4,)]
(47 4,)| tr(4]4;)

18:  UpdateQ, <~ Q,,G,. <« G_, X, < X, ,B,. <~ B, , D, < D,.
19: end while
20: Output aopt < Q..

3.4 Integration Using the Gramian of

The complexity of the optimized algorithms are O(mN [2-#lter) flops, whereas computing

B = Q' Q cost mN 21 flops (see Chapter 5 for detail). For the cases with many iteration,

22
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explicitly forming #B is worthwhile. Although we need to compute an extra NI/ X N/
matrix B = Q'Q (with 2mN?I? flops), since B does not change in the iteration, we
only need to do it once at the beginning. With #B, we are able to compute aopt without
explicitly forming any m x [ matrices such as Q., G, and X,. We found that B can be

computed without Q, and G..
Bf =Q7G. = .Q"QB,. = BB,. (3.23)

However, we still need to compute Q_ when the algorithm converges. The updating of

Q. can be rewritten as
Q, =Q,F.+G.Ff =Q.F,++QBFf = QF, +QE,, (3.24)
where E = %BCFCg . Assuming
Q, = Oy F, + QE,. (3.25)
the updating of Q. becomes
Q,=0.F.+QE, =0, F.F, +Q (EF + E) . (3.26)

Note that ﬁc = I and Ec = O at the beginning. Hence, we get the recurrence relations

l

F+ c

(3.27)

l

FC
F,+E

sl
Il

Cc C

with Q, = Qinitf 4+ QEF +. With 8B, we propose the Gramian Kolmogorov-Nagumo

Integration (Algorithm I11-6) without forming any m X / matrices in the iteration.

23
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Algorithm III-6 Kolmogorov-Nagumo Integration (Gramian)

Require: Qy;, Qs ---» Qn (real m X [ orthogonal matrices), Q;;, (initial guess).

Ensure: Integrated orthogonal basis Q.

2: Compute B = Q' Q.
3: Initialize B, <« Q"Q;;., F < 1, E Onixi-
4: while (not convergent) do
. 1 1 1
5. Assign BS = BB, D, NBCTBC, Df « NBCTB({".
6: Compute C < <§ + <£ - E) > , where & = Df — D?.
7. Assign F, « C-D,C™", Ff « C"\,E, « B F;.
8:  Update F < ﬁFC and E < EFC + E..
9: Update B, < B,.F.+ BSF?.
10: end while
11: Output aopt — Q.. F + QE.

Similarly, we also propose the Gramian Wen-Yin Integration (Algorithm III-7). In
the same way, we do not need to compute Q and X in Step 6 in Algorithm III-2. We

parameterize A, and 4, as

4,=0,-0,=0.9, +Y,,

(3.28)
4, =X, - X, =0.9)+ Y,
where
b, =F, -1, Y, =E,
(3.29)
1
®,=D.~FD,, Y,=~(B,-B,)-ED,.
Hence we may compute Step 7 in Algorithm I1I-2 using
tr(A[A)) =tr(®]®)) +2tr(D] B]Y,) +tr (Y] BY),
T _ T TpT T 3.30
tr(A)4;) = tr(®, ®,) +2tr(®, B'Y,) + tr (Y, BY;), (3.30)

tr(A]4y) = tr(®]®,) +tr (@[ BY,) +tr(®) Bl Y|) + tr (Y, BY;)

without explicitly forming Q and X.
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Algorithm III-7 Wen-Yin Integration (Gramian)

Require: Qy}, Qs --. » Qnq (real mx[ orthogonal matrices), Q;y;, (initial guess), 7, > 0

(initial step size), f € (0, 1) (scaling parameter for step size searching), ¢ € (0, 1)
(parameter for step size searching), n € (0, 1) (parameter for next step searching),

T

max> Tmin (Maximum and minimum predicting step size).

Ensure: Integrated orthogonal basis Q.

1:

e e e
2D =22

[
W

—
A

18:
19:
20:

A A A

Compute B = Q' Q.

e g ~ ~ 1 2
Initialize B, « Q' Qi F < I, E < Oy, T, 10,6 < L 55 ||BC||F.
Assign D, < %BCTBC.
while (not convergent) do

Assign BS = %BBC and D¥ < %BCTBCg.

Compute y « tr(Df) — ||DC||§,

repeat forr =0,1,... do

Letz = Tgﬂ’. Compute C by eq. (3.18) and find its inverse.
Compute F, and F¥ by eq. (3.21).
Assign B, < B_F, + BEFS.
. ~ 1 2
Assign ¢ « N ||B+||F.
until > ¢+ tou
. 1 1

Assign D < ﬁB~IB+ and E, < EBCFCg.

Update ¢p « ’fg’—:l"s and then & « ¢ + 1.

Update F «— FF,and E < EF, + E,.

Update 7, < max (min (Zyyeqs> Tmax) » Tmin) USing eq. (3.30), where

u(AIAl) |u(AIA2ﬂ
=— o —.
e T (aTay)] C w(4lay)

Update B, <~ B, and D, < D,.
end while
Output aopt — 0, F+QE.
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Chapter 4

Parallelism

In this chapter, we use P as the number of processors, and assume that N = P for sim-
plicity. For N > P, one may just handle more matrices in a processor. Note that in
the Block-Row/Column Parallelism, N and P are independent so that one may use more

Processors.

We propose three parallelism ideas — Naive Parallelism, Block-Row Parallelism,
and Block-Column Parallelism. The Block-Row/Column Parallelism split the matrix into
row/column-blocks. These data structures are similar to the one-dimensional block row/column
distribution in ScaLAPACK [7]. These block parallelism ideas are proposed to reduce
communication cost. Precisely, the Block-Row Parallelism is targeted to the problems
with near-square or square A, and the Block-Column Parallelism is specialized for short
and fat A. All of the block-row/column algorithms are balanced, so that the parallel over-

heads are limited.

4.1 Naive Parallelism

Sketching and orthogonalization can be easily parallelized by using N processors —
computes €3, Yj;;, Qy; in the i-th processor — without any communication. Also, the
Kolmogorov-Nagumo Integration (Algorithm III-1) can also be easily parallelized using

the same idea.
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Algorithm ITI-8 Kolmogorov-Nagumo Integration (Naive Parallelism)
Requil'e: Q[l]’ Q[z], cee s Q[N]’ Qinit'

Ensure: Integrated orthogonal basis Q.

1: Initialize the current iterate Q. < Qjy;;-
2: while (not convergent) do

3:  Assign By, « QE]QC in processor i.

4: Assign Xy < % (Q[i]B[i] - QCBE';]B[,.]> in processor i.
5 Sum X « Zf\il X ;) to all processors (MPI_Allreduce).

6: ComputeC<—<§+<£—XTX> > .

7. Update Q. « Q,C + XC L.
8: end while

9: Output Q< Q...

Similarly, the Hierarchical Reduction Integration (Algorithm III-3) can be implemented

as follow. However, the algorithm is unbalanced due to the reduction structure.

Algorithm III-9 Hierarchical Reduction Integration (Naive Parallelism)

Require: Qy}, Qpyys ..., Qnj (real m X [ orthogonal matrices).
Ensure: Integrated orthogonal basis ahr.
1: Set N « N.
2: while N > 1do
3 Scth « [%J
4. Transfer Qy;, ) from processor i + h to processor i (MPI_Send and MPI_Receive).
5. if the processor ID i < h then
6 Compute W ST « svd(QEE]Q[Hh]) in processor i.
7: Update Qy;; < (Q[i]W + Q[i+h]T) QI + 8))~"2 in processor i.
8: endif N
9: Updateﬁ « [%w
10: end while
11: Output ahr < Q) in processor 1.

4.2 Block-Row Parallelism for Integration

We proposed block-row algorithms for lower communication cost. The Naive Parallelism

(Algorithm II1-8) requires an mx [ data communication (Step 5) in each iteration. It will be
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very slow when m is huge. Therefore, we propose a new algorithm base on the following

idea ) )
)

2@
[N(l) R® ... x® = XRDD 4 @9 4 ... § RPIFP) 4.1)

D(P)

In Algorithm III-10 (Block-Row Parallelism of the Optimized Kolmogorov-Nagumo
Integration, Algorithm II1-4), we split the matrices into m,, X I row-blocks (m;, = m/P) and

host them in different processors.

L . o
QW . GV
Q(z) C(2) G£2)

Q= , Q, = , G, = . (4.2)
P P)
Q) o] g

Therefore, B, and Bf can be computed as

.
C
2) P
BC=QTQC=[Q“>T QT ... Q(P)T] =Y a0
j=1
(P)
- (4.3)
G '
C
2) P
G o
Bf:QTGC=[Q(1)T Qo7 .. Q(P)T] =Y Q0’6
=1
G|
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Algorithm III-10 Kolmogorov-Nagumo Integration (Block-Row Parallelism)

Require: Oy, Qs -+ » QN> Qinit (real m X I orthogonal matrices), P (number of pro-
CESsSors).

Ensure: Integrated orthogonal basis Q.

1: Rearrange Qy; to QY in processor j (MPI_Alltoall).
Initialize the current iterate C(’ ) i(rfi)t in processors j.

ST ;
Sum B, « Zle QY Qc(j) to all processors (MPI_Allreduce).

while (not convergent) do

Assign GY) « LQUB_in roCessor j.
g C N C p

T ;
6:  Sum B « Zf;l QW GC(J) to all processors (MPI_Allreduce).
7. Assign D, < B/ B, and D{ < —B] B:.
12
1 (1 =\"? - g n2
8:  Compute C « §+<Z_‘=> , where & < D. — D;.

9: Assign F, « C— D,C™'and F} « C7.
10.  Update Q¥ « QY'F, + GY'F¥ and B, < B,F, + BSF¥ in processor j.
11: end while

.
T T
12: Gather Opt(_[ c(l)T @5 .. oW ] (MPI_Gather).

C

Similarly, we propose Algorithm III-11 (Block-Row Parallelism of the Optimized

Wen-Yin Integration, Algorithm III-5) using the block-row idea by splitting the following

matrices. ) . ) . )
Xc(l) A(ll) A(l D
Xc(z) A(12) A(12)
XC = 5 Al = 5 Al = . (44)
X" 4" 457
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Algorithm III-11 Wen-Yin Integration (Block-Row Parallelism)
Require: Qy}, Qs --. » Qnq (real mx[ orthogonal matrices), Q;y;, (initial guess), 7, > 0

(initial step size), f € (0, 1) (scaling parameter for step size searching), ¢ € (0, 1)
(parameter for step size searching), n € (0, 1) (parameter for next step searching),

Trax> Tmin (Maximum and minimum predicting step size), P (number of processors).

max?

Ensure: Integrated orthogonal basis Q.

1: Rearrange Qy; to QY in processor j (MPI_Alltoall).

Initialize the current iterate QC(] ) i(r{i)t
T ;

Sum B, « Zle QW) Qéj) to all processors (MPI_Allreduce).

Assign D, « %BCTBC, Gc(j) “« %Q(j)Bc, and Xc(j) « Gc(j) - C(j)Dc in processor j.

in processors j.

S

e . 1 2
Initialize T, < 70,6 < 1,9« N ||Bc||F.
while (not convergent) do
T ;
Sum BS « Zle QW Gc(j) to all processors (MPI_Allreduce).
Assign D « %BZB?.
2

Compute y « tr(D7) — || D, ||

10: repeatfortr=0,1,... do

[C IS e Y

2

11: Let7 = Tgﬂ’. Compute C by eq. (3.18) and find its inverse.
12: Compute F, and F? by eq. (3.21).
13: Assign B, < B.F, + BEF?.
. ~ 1 2
14: Assign ¢p « N ||B+||F.

15 until > ¢+ rou

16:  Update ¢p « ’ff—:fﬁ and then { « n{ + 1.

17:  Assign D, « %BIBJF, J(rj) « Qc(j)Fc + Gc(j)FCg, GJ(rj) « %Q(")BJF, XJ(rj) “—
Gfrj) - J(rj)DJr in processor j.

18:  Compute the differences A(lj ) = J(rj) - c(j ) and Aéj ) = XJ(rj - Xc(j Vin processor ;.

19:  Sum t;; <« Z;;] tr<A(1j)TA(1j)), t, < ZJI.;] tr(A(lj)TA(zj)>, and ty,, <«
Zle tr (A(ZJ)TA(ZJ)) to all processors (MPI_Allreduce).

20:  Update 7, « max (min (Tguess, rmax) , Tmin>, where

a8 2
— or —.
5p) 5%)

21:  Update c(j) “— J(rj), Gc(j) « Gfrj), Xc(j) — XJ(rj), B, < B, D, < D_ in processor

J.
22: end while N
— T T T
23: Gather Q, < [Qc(l) C(z) QC(P) ] (MPI_Gather).
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Algorithm I1I-12 (Block-Row Parallelism of the Hierarchical Reduction Integration,
Algorithm III-3) also use the block-row idea. Unlike the Naive Parallelism (Algorithm III-

9), this algorithm is balanced.

Algorithm III-12 Hierarchical Reduction Integration (Block-Row Parallelism)

Require: Qyy, Qs --- » Q@ (real mX [ orthogonal matrices), P (number of processors).
Ensure: Integrated orthogonal basis ahr.
1: Rearrange Qy; to QW) in processor j (MPI_Alltoall).

2: Set N « N.

3: while N > 1 do

4 Sethe ||

5. fort=1tohdo

6: Sum By, ;15 < Zle Q[%)TQ[(QM to all processors (MPI_Allreduce).
7 Compute W ST « svd(B[i’,.Jrh]).

8: Update Q[(ig) « <Q[(£)W + Q[(ij:h]T> I+ S ))_1/ % in processor j.
9:  end for

10: Updateﬁ — [%w
11: end while

— T T ul
12: Output Qy,, « [ [(11]) Q[(lz]) Q[(ll? ] (MPI_Gather).

4.3 Block-Row Parallelism for Gramian Integration

With the improvement on the Gramian integration (Algorithm III-6 and Algorithm III-
7), we only need to handle tiny matrices (with size / or N/) in the iteration, which cost
O(N?13) - #lter flops only. Since [ is extremely small, the iteration does not need paral-
lelism. Therefore, we focus computing B = Q' Q. To reduce data communication, we

use the block-row idea. Define

Qb
Q@
Q= (4.5)
QP
and compute B using
P
B=) Q0 Q) (4.6)
j=1
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We proposed several subroutines by splitting

[ (D] [—(D ]
Qinit Qopt
2) —(2)
Q i — Qopt
O = . Qopt = . (4.7)
(P) —(P)
_Qinit i opt |

Subroutines S-1 to S-3 are used before the iteration, and Subroutines S-4 to S-5 are used
after the iteration. Furthermore, if we pick the Qy;; as the initial guess (i.e. Qjpi; = Qyy));

we can skip Subroutine S-3 and copy B, from the first column-block of .

Subroutine S-1 Matrices Rearrangement (Block-Row Parallelism)

Require: Q(;;, Qjyi, P (number of processors).
Ensure: QU, Qi(lfi)t.

1: Split the Qy;; into P row-blocks and send Q[(I.j])
2: Combine QV) = [Q[({]) Q[(;]) Q[(]j\;]] in processor j.

3: Split the Q;,; into P row-blocks and send Q.U) to processor j (MPI_Scatter).

init

to processor j (MPI_Alltoall).

Subroutine S-2 Computing B = Q" Q (Block-Row Parallelism)
Require: Q).
Ensure: B.

1: SumB « Zle QOTQV (o all processors (MPI_Allreduce).

Subroutine S-3 Computing B, = Q'Q,,;, (Block-Row Parallelism)
Require: QV, Q-(j)

init

Ensure: B,.

ST ;
1: Sum B, « Zle Qv i(;i)t to all processors (MPI_Allreduce).

Subroutine S-4 Computing aopt = Qinitﬁ + QE (Block-Row Parallelism)

Require: QV, Q(j)

init”
Ensure: onpt'
DF+QUE.

init

.=
1: Assign Qgpt «
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Subroutine S-5 Matrices Gathering (Block-Row Parallelism)

Require: 5(J)

_<opt
Ensure: Q.
-
: 0 -7 =T —)7
I: Gather Qg < [Qopt Qupt Qopt (MPI_Gather or MPI_Allgather).

4.4 Block-Row Parallelism for Sketching, Orthogonaliza-

tion, and Postprocessing

The block-row idea can be also used on sketching, orthogonalization, and postprocessing.
With the idea, the rearrangement (Subroutine S-1) and the gathering (Subroutine S-5) are
unnecessary. Also, splitting the input matrix A can reduce memory usage so that we can

handle larger problems. We split The following matrices into m, X n and m; X! row-blocks

[ 4D | [ ()] [ (D] [ 5]
A Vi Qi Q
A® v o®| _ |a”
A= , Y= i, O = ", 0= (4.8)
(P) (P) (P) —(P)
AT R | Qi Q|

For sketching, we split A to row-blocks AY) and computes Y[%) in the j-th processors.

The only communication is sending the random seed to all processors (with g = 0).
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Algorithm I-2 Gaussian Projection Sketching (Block-Row Parallelism)

Require: AY) (real m pXn matrix, row-block), / (dimension of the sketched column space),
q (exponent of the power method), N (number of random sketches), P (number of
processors).

Ensure: Y[(l.{) (real m;, X | matrices, row-blocks), where columns of ¥[;; spans a column
subspace of A fori=1,..., N.

1: Broadcast the random seed to all processors (MPI_Bcast).

2: Generate n X [ random matrices €2;; using Gaussian normal distribution in all proces-
SOrS.

3: Assign Y[%) — AV Q; in processor j.

4: loop ¢ times do

5. Sum Y < Z}D:l AV Y[%) to all processors (MPI_Allreduce).
6:  Update Y[%) — A(j)?[i] in processor j.
7: end loop

We also use the block-row idea on Gramian orthogonalization (Algorithm II-2). Here

we only need to communicate / X [ matrices.

Algorithm II-3 Gramian Orthogonalization (Block-Row Parallelism)

Require: Y[%) (real m,, x | matrices, row-blocks), P (number of processors).

Ensure: Q[(I.Ji) (real myxI matrices, row-blocks), where columns of Q[i] are an orthonormal

basis of ¥[;).

1: Sum M;;; < ZP Y(j)T Y to all processors (MPI_Allreduce)
: [i] j=1 i T p _ .
) 2w T .

2: Compute Wy Spy Wy < eig(M;).

: (0] (0] -1 ,
3: Assign Q) < Y I/V[,.]S[l.]1 in processor j.

To parallel the Gramian Postprocessing (Algorithm IV-2) and the symmetric postpro-

cessing (Algorithm IV-3), we split Z = ATQ into ny, X | row-blocks

_Z(l)_

Z(2)
Z= (4.9)

Z(P)

with an extra communication using MPI_Reduce_scatter_block.
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Algorithm I'V-4 Gramian Postprocessing (Block-Row Parallelism)

Require: AY) (real m;, X n matrix, row-block), 5(j) (real my, X I orthogonal matrix, row-
block), k (desired rank of approximate SVD), P (number of processors).
Ensure: Approximate rank-k SVD of A = ﬁk fk f/\kT.
1: Compute AY )Ta(j) in each processor and sum the j-th row-blocks to Z in processor
J (MPI_Reduce_scatter_block).

2: Sum M « Zle Z0T 70 10 all processors (MPI_Allreduce).
3: Compute ﬁ\’l 212 I'/I71T «— eig(M).

4: Extract the largest k eigen-pairs from w, f, to obtain ﬁ7k, fk.
5: Assign LA/]ij) « 5(1)@.

6: Assign V,Ej) — Z(j)I'/kak_l.

7: Gather U, < [US)T UIEZ)T UIEP)T]T (MPI_Gather).

8: Gatherf}k «— [Vk(l)-r VIEZ)T VIEP)T]T (MPI_Gather).

Algorithm I'V-5 Symmetric Postprocessing (Block-Row Parallelism)

Require: AY) (real my X m matrix, row-block), 50) (real mj, X I orthogonal matrix, row-
block), k (desired rank of approximate SVD), P (number of processors).
Ensure: Approximate rank-k SVD of A ~ ﬁkfkﬁkT .

1: Compute AY )Ta(j) in each processor and sum the j-th row-blocks to ZY in processor
Jj (MPI_Reduce_scatter‘_blpck).

Sum M « Zle Z(j)Ta(J) to all processors (MPI_Allreduce).

Compute I'/I7l f, I'/I>IT <« eig(M).

Extract the largest k eigen-pairs from I'/I},, 21 to obtain P/I7k, fk.

.o~ =D
Assign U]ij)<—QjI'Vk.

A /\(l)T /\(Z)T /\(P)T T
6: Gather U;, « [Uk U, - U (MPI_Gather).

Demmel et al. proposed Block-Row Parallelism based Tall Skinny QR (TSQR) [¥]
for computing QR decomposition (see Appendix A.2 for detail). Algorithm II-4 is the

orthogonalization using TSQR.
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Table 4.1: Communication Tree of Tall Skinny QR

Level
1| 1&2 | 3&4 | 5&6 | 7&8
2 1 1&3 | 2&4 | 5&7 | 6&8
3 1&5 | 2&6 | 3&7 | 4&8

Algorithm II-4 TSQR [&] Orthogonalization (Block-Row Parallelism)

Require: Y[(lﬂ) (real m,, X | matrix, row-block), P (number of processors).

Ensure: Q[(l.ji)
basis of ¥[;}.

1: Denote H = [log, P].

2: Compute Q(j) RY  qr( YY), where QU) e R™¥ and RY) e R!¥

: PULe &ino N0 = A "y ) [11.0 [0 :

3: fort=1to H do

4.  if processor j has neighbor at level 7 then

(real m, X[ matrices, row-blocks), where columns of Q;; are an orthonormal

5: Combine Y[%Jt) from R[(I.G) ,_, and R[(I.G) 1> Where J denote the neighbor processor
see lable 4.1). (MPI_Sendrecv).
Table 4.1
) G plUh) GJ) GJ) 2IxI GJ) IxI
6: Compute Q[l.]’t Ri: < qr< Yl ), where Q[m € R“"" and R € R™
7: Assign Q[(lj])t as the correspond row-block of Q[(IJ]j t) (upper/lower block if j is
smaller/larger than ])
. ) Un
8: Denote R[i],t « R[l.]’z.
9: else
10: Assign R[(I.J])t « R[(I.J])t_1 and Q;;, < I, (the latter is stored implicitly).
11:  endif
12: end for
. (0] 0 AW (0]
13: Output Q[l.] « [i],OQ[i],l Q[l.]’H.

Also, we can compute the SVD of Z = ATQ by applying in TSQR and computing

the small SVD of the upper triangular part. Using the idea, we propose Algorithm IV-6.
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Algorithm I'V-6 TSQR [&] Postprocessing (Block-Row Parallelism)

Require: AY) (real m;, X n matrix, row-block), 5(1) (real my, X I orthogonal matrix, row-

block), k (desired rank of approximate SVD), P (number of processors).

Ensure: Approximate rank-k SVD of A = ﬁk fk f/\kT.

1:

Denote H = [log, P].

NT—=0) . 52
2: Compute AY) Q" in each processor and sum the j-th row-blocks to ZY) in processor

A

10:
11:
12:
13:
14:
15:
16:

17:

18:

Jj (MPI_Reduce_scatter_block).
Compute Véj)Réj) —qr(ZY), where Vo(j) e R™*! and R(()j) e R™.
fort=1to H do
if processor j has neighbor at level ¢ then
Combine Z, from Rt(i )1 and Rt(‘z)],
Table 4.1). (MPI_Sendrecv).
Compute V,R, « qr(Z), where V. € R?* and R, € R,

where j denote the neighbor processor (see

Assign V,(j ) as the correspond row-block of \7, (upper/lower block if j is

smaller/larger than J).
else
Assign R, < R,_; and V, « I, (the latter is stored implicitly).
end if
end for
Compute W, £, T, « svd(R},).
Extract the largest k singular-pairs from w, f,, IA"[ to obtain I'/I7k, fk, fk.
Assign (/J\,ij) « 5(1)171\’,(.
Assign Vlfj) « Véj) Vl(j) Vg)fk.

Gather U, « [U/ED U,Ez) U/EP ) ] (MPI_Gather).
A A A A~ T
Gather V), « [Vk(l)T \/k(z)T Vk(P)T] (MPI_Gather).

4.5 Block-Column Parallelism

The Block-Column Parallelism is applied only on the input matrix A since it is the only

short and fat matrix in the algorithm. Therefore, we only apply Block-Column Parallelism

on sketching and postprocessing since A is only used in this two stages.

For the cases with extremely large n, Step 1 in Algorithm V-4 (Block-Row Parallelism

of'the Gramian Postprocessing) cost nl words communication. For m < n (more precisely,
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Nm < n), we choose to parallelize the input matrix A into column blocks

A=|a0 4@ . a»], (4.10)

and use MPI_Reduce_scatter_block to convert the result into row-blocks. Here Step 2 in

Algorithm I-3 only cost Nm/ words. (See Chapter 5 for more detail.)

Algorithm I-3 Gaussian Projection Sketching (Block-Column Parallelism)

Require: AY) (real m x n,, matrix, column-block), / (dimension of the sketched column
space), N (number of random sketches), P (number of processors).
Ensure: Y[(l.? (real m;, X | matrices, row-blocks), where columns of ¥|;; spans a column
subspace of A fori =1,..., N.
1: Generate n, X [ random matrices QE{]) using Gaussian normal distribution in all pro-
cessors (with different random seed).
2: Compute AU >Qg]) in each processor and sum the j-th row-blocks to Y[%) in processor
J (MPI_Reduce_scatter_block).

With column blocks AY?, Step 2 in Algorithm IV-7 can be done without communica-
tion. Through we need to gather 0 (using Subroutine S-5, require ml/ words communica-
tion) before postprocessing, the communication is still reduced since m < n. Furthermore,
with column blocks, if one only needs left singular vectors ﬁk, iSVD can be done without

any commutation related to n.

Algorithm I'V-7 Gramian Postprocessing (Block-Column Parallelism)

Require: AY) (real my, X n matrix, column-block), 50) (real my, X I orthogonal matrix,
row-block), k (desired rank of approximate SVD), P (number of processors).

Ensure: Approximate rank-k SVD of A ~ ﬁkfkf}k-r.

I: Gather Q < 6(1)T 5(2)T 5(P)T]T to all processors (MPI_Allgather).

2: Assign ZV) « ANTQ in Pprocessor j.

3: Sum M « Zle Zz0OT 7z 10 all processors (MPI_Allreduce).

4: Compute I'/I7l 212 I//I71T «— eig(M).

5: Extract the largest k eigen-pairs from 7/17,, 21 to obtain P/I7k, fk.

6: Assign ﬁk « 6@

7: Assign \7,5]) — ZU)@E\;I.

8: Gather V, « [vk“) Vk(z) vk(P) (MPI_Gather).
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The TSQR Postprocessing (Algorithm I'V-8) can also use column block AYY in the

same way as Algorithm IV-7.

Algorithm I'V-8 TSQR [&] Postprocessing (Block-Column Parallelism)

Require: AY) (real my, X n matrix, column-block), 6(‘]) (real my, X | orthogonal matrix,
row-block), k (desired rank of approximate SVD), P (number of processors).
Ensure: Approximate rank-k SVD of A ~ ﬁkfkf}kT.
1: Denote H = [log, P].
=0T =T =TT
2: Gather Q « [Q o w Q ] to all processors (MPI_Allgather).

. ; AT .

3: Assign ZU) « AV Qin processor ;.

4: Compute VO(J)Ré’) —qr(ZY), where VO(J) e R™*! and Réj) e R,
5: fort=1to H do

6:  if processor j has neighbor at level # then

7

Combine Z, from Rt(i )1 and RV

1> Where J denote the neighbor processor (see

Table 4.1). (MPI_Sendrecv).

8: Compute V,R, « qr(Z), where V., € R?* and R, € R,

9: Assign Vt(j) as the correspond row-block of \7, (upper/lower block if j is
smaller/larger than ).

10:  else

11: Assign R, < R,_; and V, « I, (the latter is stored implicitly).

12:  endif

13: end for

14: Compute I'/I7l f, f"lT « svd(RIE).

15: Extract the largest k singular-pairs from w, f,, IA"Z to obtain ﬁ\’k, fk, fk.
16: Assign ﬁk — aﬁ\’k

17: Assign V/Ej) « Véj) VIU) Vg)fk.

Eg A A A T
18: GatherVk<—[\/I§1)T V,EZ)T V,EP)T] (MPI_Gather).

We also propose the block-column version of the Symmetric Postprocessing (Algo-
rithm IV-3). Although the matrix A is not short and fat (due to the symmetry of A), since
A is symmetric, we can use Block-Row Parallelism in sketching and Block-Column Par-

allelism in forming to minimize the communication.
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Algorithm I'V-9 Symmetric Postprocessing (Block-Column Parallelism)

Require: AY) (real my, X m matrix, column-block), 5(1) (real my, X I orthogonal matrix,
row-block), k (desired rank of approximate SVD), P (number of processors).
Ensure: Approximate rank-k SVD of A = ﬁk fk ﬁkT .

1: Gather Q « 6(1)T 6(2)T a(P)T]T to all processors (MPI_Allgather).
2: Assign ZU) « ANTQ in processor ;.

3: Sum M « Zle ZU)TGU) to all processors (MPI_Allreduce).

4. Compute ﬁ\/l 21 I'/I7IT «— eig(M).

5: Extract the largest k eigen-pairs from w, f, to obtain 1/117,(, fk.

6: Assign ﬁk «— aﬁ\/k

4.6 GPU Acceleration

Sketching and postprocessing stages are the only algorithms using the huge input matrix
A, and cost square to the input size (O(mnl) flops). Fortunately, all the operations require
A are matrix-matrix multiplication, which can be highly accelerated using GPU [9].

We use GPU to compute Y};; < A€; in sketching and Z « ATQ in postprocessing
stages. For A with extremely large sizes that exceed the GPU memory limit, we split the

matrices into column/row blocks and compute the multiplication successively.

41

d0i:10.6342/NTU201702960



42

d0i:10.6342/NTU201702960



Chapter 5

Comparison of Algorithms

In this chapter, we denote I as the number of iteration, and I as the total number of
iteration in finding step size (I, > I). Here we assume m > NI, | = k, and ¢ =
0. The following tables only show the leading terms.! In the table, we abbreviate the
Kolmogorov-Nagumo Iteration, the Wen-Yin Iteration, and the Hierarchical Reduction
Integration as KN, WY, and HR respectively.

Tables 5.1 to 5.3 summarize the computational and communication complexity of all
the algorithms. For integration, we obtain that the optimized algorithms indeed reduce the
computational complexity. We do not recommend the Gramian algorithms, unless one
expects the number of iteration to be larger than %. For orthogonalization and postpro-
cessing, we recommend the Gramian algorithms, which are fast and well-parallelized.

By comparing the parallelisms, we obtain that the block-row postprocessing requires
an extra nl communication, and the block-column sketching requires an extra Nml/ com-
munication. Therefore we recommend using Block-Column Parallelisms on sketching and

postprocessing if and only if the input matrix A is short and fat enough (that is, Nm < n).

'See Appendix B for detail.
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Table 5.1: The Complexity of Sequential Algorithms

Stage Name #tlops
Sketching Algorithm I-1 Gaussian Projection 2Nnml
o Algorithm II-1 Canonical QR 4N mil?
h 1
Orthogonalization Algorithm II-2 Gramian 3Nmi*
Algorithm ITI-1 KN (Original) (4N + 10)ymi*1
Algorithm ITI-4 KN (Optimized) (4N + 4)mi*T
Algorithm IT1-6 KN (Gramian) (N2 +2N +2)ml?
Integration Algorithm 1112 WY (Original) (2N + 8)miI, + 4N + &)ymi*T
Algorithm I1I-5 WY (Optimized) (4N + 6)mi*T
Algorithm III-7 WY (Gramian) (N2 +2N +2)ml?
Algorithm III-3 HR 6N mi?
Algorithm IV-1 SVD with QR 2nml + 6nl? + 2mi?
Postprocessing Algorithm IV-2 Gramian 2nml + 3nl? + 2ml?
Algorithm IV-3 Symmetric 2m?l + 3ml?
Table 5.2: The Complexity of Block-Row Algorithms
Stage Name #tlops #words
Sketching Algorithm I-2 Gaussian Projection Z%nml -
- ) N 12 2
Orthogonalization Algor%thm 11-4 TSQR 4 R ml2 (log P)N 12
Algorithm II-3 Gramian 3?ml (log P)N1
Algorithm I1I-10 KN AN +4mi*1 (log P)NI2I
Algorithm III-6 KN (Gramian) %(N 242N + 2)ml2 (log P)N 212
Integration n
Algorithm III-11 WY ;(4N + 6)mlzl (log P)N12[
Algorithm I1I-7 WY (Gramian) S(N*+2N +2)m*  (log P)N*I?
Algorithm I1I-12 HR 6% mi’ (log P)NI?
Algorithm V-6 TSQR %(2nml +4nl® +2mi*)  2nl +ml
Postprocessing Algorithm V-4 Gramian 5 (2nml +3nl® + 2ml 2) 2nl + ml
Algorithm IV-5 Symmetric %(Zmzl +3mi*) 2ml
Table 5.3: The Complexity of Block-Column Algorithms
Stage Name #flops #words
Sketching Algorithm [-3 Gaussian Projection Z%nml Nml
Algorithm IV-8 TSQR %(anl +4nl?) +2mi*  nl +ml
Postprocessing  Algorithm IV-7 Gramian = (2nml +3n1?) +2mI*>  nl + ml
1
P

Algorithm I'V-9 Symmetric (Zmzl + mlz) + 2mi? ml
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Chapter 6

Implementation

The 1SVD algorithm is implemented in C++ with more than 20000 lines of codes. The
package provides multinode, multithread, and GPU support. We also use some tools for

automatic installation and correctness test.

6.1 C++ Implementation

We design and implement iSVD package in C++ with objective oriented programming
model. It is paralleled using MPI for multicore clusters. Intel Math Kernel Library [10]
is used for BLAS/LAPACK [11] routines. The package is highly benefited from adopt-
ing object-oriented programming, C++11 standard [ 1 2], and template meta-programming.
We also wrap the BLAS/LAPACK routines that delegate the selection of the correct type
of routines to the compiler. With these techniques, the package can be easily used with
different types of input matrix and different iSVD algorithms without modifying exist

codes.

6.1.1 Object Oriented Programming

Object-oriented programming (OOP) is a programming paradigm based on objects, which
combines data and functions. The benefit to adopt OOP is huge in our implementation.
With OOP, we warp data structures into object, and design linear algebra routines based

on these object instead of using raw data directly. This technique makes programming
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easier and less fallible. The iSVD algorithms are also implemented with OOP. The user

can use them easily without dealing with parameter transfer and memory control.

6.1.2 C++11 Standard

Our implementation benefited plenty from C++11 standard [12]. This new standard is a
great improvement from C++03, with many new features such as right value reference
helps developer manipulate temporary objects generated by some syntax and avoid per-
formance traps, constexpr specifier allows the compiler to do more compile-time de-
cision and gain better optimization. The standard library of C++11 provided a smart
pointer classes such as shared_ptr with features such as automatic memory management
or bounds checking. All of the data in our package are controlled by smart pointers. One

no need to concerned about the dynamic memory allocations.

6.1.3 Template Meta-Programming

Template, one of an important feature of C++, allows function and classes to operate with
generic types. In iISVD Package, almost all the codes, such as storage structures, linear
algebra functions, and iSVD drivers, are implemented with template. With template usage,
we can combine write a single code for all data types and storage layout instead of having
multiple similar codes.

The implementation only contains header files. One can easily use it without any
binary library to link to, and any configured header file. Our package is a pure template

library defined in the headers.

6.1.4 Curiously Recurring Template Pattern

The curiously recurring template pattern (CRTP) was formalized in the 1980s as “F-
bounded quantification” [13], and was named by Jim Coplien [14] in 1995. CRTP is an
idiom in C++ in which a class X derives from a class template instantiation using X itself as
template argument [15]. With CRTP, we implement interfaces without virtual functions

to reduce run-time overheads.
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6.1.5 Data Storage and Linear Algebra Wrappers

We implement the matrix structures using OOP, and implement methods so that one may
use it similar to the usage of MATLAB matrices. The expressions such as transpose, sub-
matrix access, and data type changes are done in compile time. We also warp BLAS/LAPACK
routines with our data structures using template to decide the correct type of routines in
compile-time. These wrappers are written in intuitive interfaces. With above these tech-
nique, one does not need to concern for the complicated matrix memory structure and

BLAS/LAPACK routines.

6.2 Parallelism

6.2.1 MPI

The support of MPI allows iSVD package to access more computing resources. In Chap-
ter 4, we discussed the parallelism using multiple computing nodes. Like BLAS/LAPACK,

MPI routines are also wrapped using template for convenience.

6.2.2 OpenMP

The Intel Math Kernel Library [10] provided multi-threaded BLAS/LAPACK libraries
based on OpenMP threading. However, since the vector statistics library of MKL does
not support multi-threading, we use OpenMP [16] to parallel the random generating and

gain near-linear acceleration.

6.2.3 GPU

The support of GPU accelerates the BLAS-3 matrix-matrix multiplication of the input
huge matrix A. The MAGMA library [9] provides efficient linear algebra routines imple-
mented on GPU. Our implementation benefited plenty from MAGMA library and gains

further 4X faster timing performance.
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Figure 6.1: The Table of Implemented Algorithms

6.3 Tools

6.3.1 CMake

CMake is a cross-platform tool to build and test package. It allows the user to install the
package without modifying any configuration codes. It can automatically determine the
compile flags for linking libraries. With CMake, one can use a simple GUI to choose the

library, and switch the options in our package.

6.3.2 Google Test

1ISVD uses Google Test, a unit testing library for C++, to test the correctness of the pack-
age. We also combine it with CMake’s test system. It allows us to make sure that each
modification of our code does not harm existing features, and allows the user to check if

his/her system is compatible with our code.
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6.4 Package Structure

Figure 6.1 lists the algorithms implemented in iSVD package. The red blocks are the
sketching algorithms, the orange ones are the orthogonalization algorithms, the yellow
ones are the integration algorithms, and the green ones are the postprocessing algorithms.
The light blue stickers represent that the algorithm is implemented with Naive Parallelism,
the dark blue ones represent the Block-Row Parallelism, and the purple ones represent the
Block-Column Parallelism. The NVIDIA logos represent that the algorithm has GPU
support. The translucent items are not finished yet but planned to be done in the future
updates. We also provide some routines for converting data between naive storage, block-
row storage, and block-column storage.

The Canonical Orthogonalization and the Canonical Postprocessing are implemented
in neither Block-Row Parallelism nor Block-Column Parallelism since the canonical QR
and SVD are difficult to be paralleled. Instead, we provide Tall-Skinny QR as the block-
row/column version. The Block-Column Parallelism is only available in the sketching and
postprocessing stages since they are the only stages that contain the short and fat matrix

A. (See Section 4.5 for detail)
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Chapter 7

Numerical Results

We use two computer systems to test our program. The single node tests use a computer
with two Intel Xeon E5-2650 v4 CPU (Broadwell-EP 2.20GHz, 12cores, 30MB L3-cache)
and 512GB RAM (DDR4-2400, 153.6 GB/sec). We also use the Reedbush supercomputer
system of the University of Tokyo. Each node of the Reedbush-U has two Intel Xeon
E5-2695 v4 CPU (Broadwell-EP 2.10GHz, 18cores, 45SMB L3-cache) with 256GB RAM
(DDR4-2400, 153.6 GB/sec). The connection between nodes uses InfiniBand EDR 4x
(100 Gbps/node). The Reedbush-H is an extension of the Reedbush-U. It contains two
NVIDIA Tesla P100 GPU (16 GB Memory) per node.

In this chapter, we first (in Section 7.1) compare the Naive Parallelism and the Block-
Row Parallelism to show that the advantage of the Block-Row Parallelism. In Section 7.2,
we show the scalability of the integration algorithms. Last, we display out implementation

and apply it on two real big data application in Section 7.3.

7.1 Comparison of Parallelisms

In this section, we compare the Naive Parallelism (Algorithm III-8) and the Block-Row
Parallelism (Algorithm ITI-10) on the Reedbush-U supercomputer system'. Here we use

Kolmogorov-Nagumo Integration as an example since the algorithm structure of the in-

"Each node contains Intel Xeon E5-2695 v4 CPU x2 (Broadwell-EP 2.10GHz, 18cores, 45SMB L3-
cache), 256GB RAM (DDR4-2400, 153.6 GB/sec), InfiniBand EDR 4x (100 Gbps/node).
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Figure 7.1: Comparison of Naive and Block-Row Parallelism

tegration algorithms are similar. For the parameters, we set m = 10°, / = 100, N = 8,
randomly generate the orthogonal matrices Q|;; and force the algorithm to run 16 itera-

tions. Here we use 1,2, 4, 8 processors. Figure 7.1 shows the average time of 10 repeats.

Figure 7.1a are the costs of each part of Kolmogorov-Nagumo Integration, and Fig-
ure 7.1b are the computing and communication costs of the iteration part. We find that the
Naive Parallelism has bad scalability. From Figure 7.1a, we find that most of the execu-
tion time is used in the iteration. Therefore, we focus on the behavior of the iteration. In
Figure 7.1b, we conclude that the bottleneck of the naive version is the communication.
The Naive Parallelism with two processors is even slower than using single processor
since the extra communication waste too much time. It is shown that both computing and

communication costs are reduced in Block-Row Parallelism.
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Figure 7.2: Scalability of Integration Algorithms
7.2 Scalability of Integration Algorithms

We test the scalability on the Reedbush-U supercomputer system. Here, we compare the
Naive Parallelism (Kolmogorov-Nagumo Integration Algorithm III-8) and the Block-Row
Parallelism (Block-Row Kolmogorov-Nagumo Integration Algorithm III-10, Block-Row
Wen-Yin Integration Algorithm III-11). We also test the scalability of the Gramian algo-
rithms with Block-Row Parallelism (Block-Row Gramian Kolmogorov-Nagumo Integra-
tion Algorithm III-6 and Block-Row Gramian Wen-Yin Integration Algorithm III-7).
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Figure 7.3: Scalability of Integration Algorithms (Conti.)

For each algorithm, we test the strong scalability — increase P and fix the problem
size — and the week scalability — scale both P and the problem size [!7]. The meaning
of strong scalability is to minimize the time-to-solution for a fixed size problem, and the
meaning of weak scalability is to achieve constant time-to-solution for a large problem.

In the strong scalability test, we set P = 16, 32,64, 128 with fixing N = 128, m =
10°. We have two tests for week scalability. First we test for P = 16,32,64,128 and
m=1-10%2-10°%4 1058 - 10° with fixing N = 128. In the second test, we set
P =16,32,64,128 and N = 16, 32,64, 128 with fixingm = 8 - 10°. In all of the tests,
we set / = 100, randomly generate the orthogonal matrices Q;; and force the algorithm
to run 16 iterations. Here we ignore the rearrangement (Subroutine S-1) and the gathering
(Subroutine S-5) since these subroutines do not appear in in the implementation. (See
Section 4.4 for detail)

Figures 7.2 to 7.3 are the scalability test results. The x-axis is the number of processors
(P), and the y-axis is the relative time. The first and second columns are the tests for strong

scalability, and the third and the fourth columns are the weak scalability ones. In the strong
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scalability, we expect the total execution time is inversely proportional to the number of
processor P. Therefore, in the second column, we show the summation of the execution
time of all the processors (i.e. the product of P and the execution time). The algorithms

are scalable if the lines are flat in the second, the third, and the fourth columns.

From Figure 7.2a, we find that the Naive Parallelism is only scalable while increasing
N. However, this parallelism is not recommended since the communication cost is too
expensive (almost 4x than the computational cost) . Figure 7.2b and Figure 7.2c are the
results of the Block-Row Parallelisms. We find that both of the algorithms are weak scal-
able. Is the shown from Figure 7.3d and Figure 7.3¢ that the Gramian algorithms are weak
scalable while increasing m. However, they are not scalable with N increasing since the

complexity is O(N>mi?/ P), which increases too rapidly with N increasing.

All of the Block-Row Parallelisms are not strong scalable since the computational
cost decreased too rapidly with more processors, while the communication cost is almost
unchanged. Therefore the communication cost becomes a bottleneck while using many

processors.

7.3 Implementation and Big Data Applications

We use iSVD to find the first 20 principal components of two huge size dataset, Face-
book 100k and 1000 Genomes Project. We test these dataset using MATLAB and C++ on
the single node computer” by MATLAB and C++. The multinode tests are tested on the
Reedbush-H supercomputer system®. For computational resources, we use 4 node, with
8 GPUs. In each node, we use two MPI ranks. Each MPI rank handles a GPU. We use
1SVD to find the first 20 principal components of two huge size dataset, Facebook 100k

and 1000 Genomes Project.

’Intel Xeon E5-2650 v4 CPU x2 (Broadwell-EP 2.20GHz, 12cores, 30MB L3-cache), 512GB RAM
(DDR4-2400, 153.6 GB/sec).

3Each node contains Intel Xeon E5-2695 v4 CPU x2 (Broadwell-EP 2.10GHz, 18cores, 45SMB L3-
cache), 256GB RAM (DDR4-2400, 153.6 GB/sec), InfiniBand EDR 4x (100 Gbps/node), NVIDIA Tesla
P100 GPU x2 (15GB Memory).
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7.3.1 Comparison with MATLAB

We compare our program with MATLAB using the Facebook 100k dataset (see Sec-
tion 7.3.2 for detail). From Section 7.3.1, we find that our C++ program is 3X faster
than the MATLAB code. With more computing resources, the program can be 10X faster

using 8 CPUs, and 19X faster with using extra 8 GPUs.

7.3.2 Facebook 100k

Facebook 100k” is a dataset of social network connection. The contains the information

of 108,585 fan pages. The (i, j) element of the symmetric matrix A stores the common

“Provided by Shih-En Chou.
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fans of i-th and the j-th fan pages.

We use block-row iSVD on this dataset. Here we use the Block-Row Gaussian Pro-
jection Sketching (Algorithm I-2, ¢ = 0), the Block-Row Gramian Orthogonalization
(Algorithm II-3), the Block-Row Wen-Yin Integration (Algorithm III-11), and the Block-
Row Gramian Postprocessing (Algorithm 1V-4). We use GPU in sketching stage. The
parameters are set as k = 20,p = 12, N = 256,¢ = 1073, Both cases converges in 49
iterations in the integration stage.

As shown in Figure 7.5a, the sketching stage with GPU is about 4X faster than pure
CPU version (from 43 to 10 seconds). The total time is reduced from 78 to 42 seconds.

The acceleration of GPU saves almost half of the execution time.

7.3.3 1000 Genomes Project

1000 Genomes Project [ 18] is a dataset of people’s genotype. Here we use the Phase 1
dataset, which contains 36,781,560 variants of 1,092 individuals. All the data are stored
in a 1,092 x 36,781,560 matrix A. Due to the size of the problem, the original MATLAB
code require more than an hour (3769.141745 seconds).

We use block-column iSVD on this dataset. Here we use the Block-Column Gaussian
Projection Sketching (Algorithm I-3, g = 0), the Block-Row Gramian Orthogonalization
(Algorithm II-3), the Block-Row Wen-Yin Integration (Algorithm III-11), and the Block-
Column Gramian Postprocessing (Algorithm I'V-7). We use GPU in sketching stage. The
parameters are set as k = 20,p = 12, N = 64, ¢ = 1073, The CPU version converges in
86 iterations in the integration stage, and the hybrid CPU-GPU version converges in 96
iterations.

As shown in Figure 7.5b, the sketching stage with GPU is about 3X faster than pure
CPU version (from 67 to 23 seconds). The total time is reduced from 88 to 43 seconds.
The acceleration of GPU saves almost half of the execution time. Compare to the original

MATLAB code, our GPU version achieve about 88X faster timing performance.’

SHowever, we do not recommend to use iSVD on such short matrix. The total dimension of sketching N/
is 2048, which is larger than the number of rows in A. In this case, computing the eigenvalue decomposition
AAT directly is faster and more accurate.
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Chapter 8

Conclusion

Integrated Singular Value Decomposition is an algorithm that finds low-rank SVD effi-
ciently with good accuracy. It integrates different low-rank SVDs obtained by multiple
random subspace sketches. While iSVD takes higher computational costs due to multi-
ple random sketches and the integration process, these operations can be parallelized to
save computational time. Due to the size of the problem, data communication becomes a
bottleneck.

We optimize the Kolmogorov-Nagumo Integration and Wen-Yin Integration for bet-
ter performance. The optimized algorithms reuse some matrices and explicitly generate
fewer matrices than the original matrices to reduce the computational cost. We also pro-
pose algorithms of these two algorithms based on the Gramian idea, which is faster if the
number of iteration is larger than the quarter of the number of random sketches.

In order to use high performance computer for acceleration, we propose the Block-
Row Parallelism and the Block-Column Parallelism. The block-row algorithms are aimed
to the problems with near-square or square input matrix, and the block-column algorithms
are recommended if the input matrix is short and fat. We also use GPU acceleration and
achieve about 4X faster timing performance on the sketching stage. With these parallelism
schemes, these algorithms are balanced, and the communication cost is reduced to a small
number which is independent of the size of the problem.

The iSVD algorithm is carefully designed and implemented in C++. We use sev-

eral techniques for high maintainability, extensibility, and usability. The package is de-
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signed with multinode, multithread, and GPU support. CMake and Google Test are used
for automatic installation and correctness test. Our package is 3X faster than the MAT-
LAB version. From our numerical results, the Block-Row Parallelism of the Optimized
Kolmogorov-Nagumo Integration and the Optimized Wen-Yin Integration are shown to
be weak scalable respect to the size of the problem and the number of random sketches
on the Reedbush supercomputer system of the University of Tokyo with up to 128 nodes.
The iSVD package is applied on two kinds of huge size applications, and compute the
result within a minutes using 4 computing nodes with 8 GPUs.

Low-rank approximation plays an important role in big data analysis. With our im-
plementation, Integrated Singular Value Decomposition solves huge size applications on

hybrid CPU-GPU supercomputer systems efficiently and scalably.
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Appendix A

Derivations

A.1 Derivation of Hierarchical Reduction Integration

Hierarchical Reduction Integration (Algorithm II1-3) computes the integrated orthonormal
basis using divide and conquer. Here we describe the algorithm using an example with

N = 4. First, we compute the orthonormal basis of {Q[l], Q[Z]} and {QB]’ Oy }; that is,

6[12] = 0rth1< [Q[l] Q[2]]> and 6[34] = 0rth,< [Q[3] Q[4J]> . (A.1)

Next, we compute the orthonormal basis of these basis

6[1234] = 0rth1<[§[12] 6[34]] ) (A.2)

and set ahr = 6[ 1234) as the output.

We found that the orthonormal basis of M = [Q[i] Q[j]] can be compute analytically

using the SVD of QE]QU]. Denote the SVDs as LERT = M and W ST = QE]QU].
65

d0i:10.6342/NTU201702960



Therefore, the eigenvalue decomposition of M T M is

[ T T
| Tehen| | 1 wsT
0/, 0, I TSW'T I
T (A3)
vl M1+ vl
V2|lw —w 1-s|\vV2|lw —w

Since Q[i] and Q[ ;] are orthogonal matrices, the singular values of QE]Q[ ;] are less than
1. Therefore, I — 8 is positive, and all the diagonal elements in I + S are greater than
those in I — S, which implies that the leading / eigenvalues of M " M are I + S. Hence,

T
E =(I+8)" R ="\ [TT WT] , and

L =MRE " =(Q;W +0QyT) I +S) " (A4)

A.2 Derivation of Tall Skinny QR

Tall Skinny QR (TSQR) [¢] is a block-row algorithm for computing the QR decomposi-

tion. Eq. (A.5) shows an example with P = 4.
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Therefore,
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Note that R = R[i] 5 »and the orthonormal basis is
[ AD] [ AD i
Qi Qo ]
2 2 (12)

0. = Qi | _ Qito Qi 0129
g 3) o® o [11.2
Qi [i1,0 i [i1.1

@) 0))
Qal L Qo
(1 1 A ]
Qiro Qi1
) ) (1)
— Q[i],O Q[i],l Q[i],2 (A7)
3) 3) 3)
Qo Qi1 L2
) )
| Q[i],O_ | Q[i],l_
[ (D A A1) ]
Q091902
2) A2 A2
_ Q1091912
3) A3 A3 |
Q10911912
@) AD A~
| Q0 Qin1 Qi
where
) 3)
012 _ @Y _ Qi1 0 — o) _ Qi1
LLL 7 <ELL L o) |7 L1~ <6 T @y |
[i1.1 | Qi
_ (A.8)
(1) )
001239 _ 913 _ g0 _ o _ o) _ Q2| |92
(12 7 <02 7 X2 TR T X2 T @y [T A
izl [ Qe
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Appendix B

Complexity

In this chapter, denote ) = [Y[l] Yo o Yl I as the number of iteration, and I
as the total number of iteration in finding step size (I, > I). Here we assume m > N/
and / = k. Note that the following tables only show the leading terms. The complexity of
BLAS/LAPACK routines are referred from LAPACK Working Note 41 [19]. In the tables,
we use #flops for the number of floating-point operations, #words for the number of data

communication, and #messages for the number of MPI calls during communication.
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B.1 Canonical Methods

Table B.1: Complexity of Canonical Methods

Name | Routine | #flops
Full SVD 12nm? +54m°
GEBRD 4nm? = 2m®
U LaE
ORGBR A
T 14 2nm?* = 2m®
UZVT < svd(A) 3
U om’
BDSQR
14 6nm*
Full SVD with QR (m < n) 6nm® + 16m*
GELQF 2nm? — Zmd
LQ < qr(A) 3
ORGLQ 2nm® — <m’
GEBRD Em?
UZWT < svd(L) | ORGBR U&w imd o+ 2
BDSQR U&W 6m’> + 6m>
V-wQT GEMM 2nm®
Randomized SVD (Sketch / Columns) 4nml + 1201 + 6mi* + Rnl + 41°
Algorithm I-1 Gaussian Projection (¢ = 0, / columns) 2nml + Rnl
GEQRF 2mi? — 2P
Q < orth(Y) g
ORGQR 2mil? — 513
Algorithm IV-1 Canonical SVD 2nml + 12n1% + 2mi% + 5%13
_ N +2nmi + 12n1* + (4N? + 2N +2)ml*
Randomized SVD (Sketch N/ Columns) ) .
+RNnl + (8§N3 + 53)13
Algorithm I-1 Gaussian Projection (¢ = 0, N/ columns) 2Nnml + RNnl
Q < orth,(9) SVD with QR (see Appendix B.1.1) AN?mI® + 2Nmi? + 8§N313
Algorithm IV-1 Canonical SVD 2nml + 12n1% + 2mi® + 5%13
70

d0i:10.6342/NTU201702960



B.1.1 %) Orthogonalization

Table B.2: Complexity of ¥) Orthogonalization

’ Name | Routine | #flops
Canonical SVD 12N2mi* - 3N33
GEBRD 4N2ml? - §N313
Q < orthy,y (D) ORGBR 2Nmi? - 2N?P
BDSQR 6NZmi?
SVD with QR AN?mi® + 2Nmi* + 82 N*P3
~ GEQRF ANZmi? - 2N?P
QR < qr(9) T 533
ORGQR AN?mi* - NP
GEBRD §N313
U < orthy4(R) ORGBR INP
BDSQR 6N3P
0 < QU, GEMM 2Nmi?
Gramian NZmi? +2Nmi* + 9§N13
M<9'9 SYRK NZmi?
SYTRD ‘3-‘N313
WSWT < eig(M) | ORGTR % N33
STEQR TN3P
., DIASM -
0« 2)“’,5[
GEMM 2Nmi?
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B.2 Sequential Algorithms

B.2.1 Stage I: Sketching

Table B.3: Complexity of Sketching

’ Name | Routine | #flops

Algorithm I-1 Gaussian Projection (49 + 2)Nnml

T

Y, < (AAT)'AQy, { GEMM  x(2q+ DN | (4 +2)Nnml

B.2.2 Stage II: Orthogonalization

Table B.4: Complexity of Orthogonalization

’ Name | Routine | #flops ‘

Algorithm II-1 Canonical QR 4Nm® - ‘§‘N13

GEQRF  xN | 2Nmi® - iNP

Qy;) < orthy ()
' e ORGQR XN | 2Nmi> - 2NP

Algorithm II-1 Canonical SVD 12Nmi> = 2NP?

GEBRD xN 41\/»112—§N13

Q) < orthyy(Yy) QRGBR XN | 2Nml* - NP
BDSQR XN 6N mi?
Algorithm I1I-1 SVD with QR 6Nmi® + 82N
~ GEQRF XN | 2Nmi? - §N13
O Ry;y < ar () 7 2o
ORGQR XN | 2Nmi® - 2NI
GEBRD XN ENE
R} < orthyq(Ryy) ORGBR XN INP
BDSQR XN 6NI?
0 < O Ry GEMM XN 2Nmi*
Algorithm 1I-2 Gramian 3Nmi* + 9§N B
T 2
My < YY) SYRK XN Nml
SYTRD XN INE
Wiy S5 W, < cig(M;;) | ORGTR  xN INP
STEQR XN TN
O Y WS DIASM XN -
w GEMM  xN ANmI?
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B.2.3 Stage III: Integration

Table B.5: Complexity of Integration

Name

| Routine

#flops

Algorithm II1-4 Kolmogorov-Nagumo

4N + 4mi*I + 2Nmi?
n (7N n 15%)131

B, «Q'0. GEMM 2Nmi?
G. — +QB, GEMM 2Nmi?
B} < Q7G, GEMM 2Nml?
D, < BB, GEMM 2NP
D¢ « B B! GEMMT NP
— E « Df - D? SYRK &
—
% SYTRD P
o eig(&) ORGTR ip
) 3
f STEQR 73
= Compute C GEMM 213
Compute C~! SYRK I
F, «C-D,C! SYMM 213
Q, < O.F.+G_F} GEMM  x2 4ml?
B, < B.F, + BSF} GEMM  x2 4NP
. ) (AN +6)ml>T + (4N + 2)mi*
Algorithm III-5 Wen-Yin
+@N +20)P1, +4NPT + 2N
B. 70, GEMM 2Nmi?
D, < BB, GEMM NP
G. — +QB, GEMM 2NmI?
X. <G, -Q.D, GEMM 2mi*
B! « Q'G, GEMM 2Nmi?
D¢ — B] B¢ GEMM 2N
] GETRF 518
Compute C~ 32
5 GETRI 1037
S Z -
3 3 F, <« C;'D, - C;' +1 | GEMM 213
g —1 —1 3
g | F<Cyp -C GEMM 21
5 B, < B,F, + BF¢ GEMM  x2 ANP
X D, < BB, GEMM 2N
Q, < Q.F. +G.F§ GEMM  x2 4ml?
G, — +QB, GEMM 2Nmi?
X, <G, -0,D, GEMM 2mi?
MINUS ~ x2 -
tr(A7 A;) and tr(A] 4;)
DOT X2 -
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Table B.6: Complexity of Integration (Conti.)

Name

Routine

| #tlops ‘

Algorithm III-3 Hierarchical Reduction 6Nmi* + 17%N &
B < O Qi GEMM 2mi?
GEBRD &
= 3
S | WSTT < svd(By;,p) ORGBR X2 &
la~]
é BDSQR 123
Q< OyW + QT | GEMM X2 4mi*
0 < 02U +8)™2 | DIASM -
i ) (N? +2N +2)mi?
Algorithm III-6 Kolmogorov-Nagumo (Gramian) )
+ <2N2 +1IN + 175)131
By QAQ SYRK N2mi?
B, « Z/}‘):I QTQinil* COPY -
B! — BB, SYMM 2N
D, < B! B. GEMM ONP
D¢ — B B¢ GEMMT NP
E « D! -D? SYRK P
SYTRD i
5 | eig® ORGTR 43
3
g STEQR 7
% Compute C GEMM 213
X | Compute C™! SYRK B
F, «C-D,C™! SYMM 213
E < +B.F! GEMM 2NP
F<FF, GEMM 213
E — EF. +E, GEMM 2NP
B, < B_F, + BSF} GEMM x2 4N
— o~ GEMM 2mi®
0« 0, F+E >
GEMM 2Nml

"Requires 2N mi?* flops using GEMM if Q, ., # O
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Table B.7: Complexity of Integration (Conti.)

’ | Name Routine | #flops
(N?+2N +2) mi®
Algorithm I1I-7 Wen-Yin (Gramian) + (4 N2 4+11N + 4)13 T
+@N +20)P1, + 2N
By Q9 SYRK N2mi?
B, « Z/‘;l QTQinitT COPY -
D, B!B, GEMM 2N
1
B — BB, SYMM 2N2P
Df « B! B! GEMMT NP
, GETRF 518
Compute C~ 32 .
— =
5 GETRI 1031
S| Fecyp —C5l+1 GEMM 2
X
g —1 —1 3
=~ | Ff <« C;'D, - Cy, GEMM 21
B, <« B_F, + BSF GEMM  x2 4N
= g gt 5
o2 E.— ~B.F GEMM 2NI
= F < FF, GEMM 213
S —=
z E < EF, +E, GEMM ONP
X
= &, — D, - F.D, GEMM 213
Y, < + (B, - B.)-E.D, | GEMM NP
Compute B]Y; and B} Y, GEMM X2 4NDP
Compute BY, or BY, SYMM 2N23
DOT x5 -
P P
Y1 AlA and YL, AT A,
DOT x2 -
; . GEMM 2mi?
—) ) = N\
QL F+QYE
Q i GEMM 2Nmi?

TRequires 2N mi? flops using GEMM if Q, ., # O
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B.2.4 Stage IV: Postprocessing

Table B.8: Complexity of Postprocessing

Name | Routine | #flops
Algorithm IV-1 Canonical SVD 2nml + 12n1% + 2mi® + 5%13
0'A GEMM 2nml

GEBRD 4ni® - §13
w ip
ORGBR 3
WZVT < svd(QTA) Vv 2ni? - %13
w 6
BDSQR
14 6ni*
U < QW GEMM 2mi?
Algorithm IV-1 SVD with QR 2nml + 6nl* + 2mi* + 1613
Z<ATQ GEMM 2nml
~ GEQRF 2n? - 2P
OR « qr(Z) g
ORGQR 20l - 3P
GEBRD 8p
WV «svd(RT) | ORGBR W&V P+ 2P
ORGBR W &V 6/% +61°
U~ QW GEMM 2mi?
V <oV GEMM 2ni?
Algorithm IV-2 Gramian 2nml + 3% + 2ml* + 921
Z<A"Q GEMM 2nml
M<~Z'7 SYRK nl?
SYTRD i
WZWT —eig(M) | ORGTR e
STEQR 713
U < QW GEMM 2mi?
. DIASM ?
V<« ZWZ3"
GEMM 2nl?
Algorithm IV-3 Symmetric 2m?1+ 3ml? + 931
Z—ATQ GEMM 2m?l
M<Z'Q GEMMT mi?
SYTRD ‘3‘13
WEWT —cig(M) | ORGTR e
STEQR 73
U~ QW GEMM 2mi?
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B.3 Parallel Algorithms

For parallel algorithms, instead of compute the total complexity, the results only show the

complexity of each processor. The rearrangements between stages are ignored.

B.3.1 Stage I: Sketching (Parallelism)

Table B.9: Complexity of Sketching (Naive Parallelism)

’ Name

Routine

| #flops

| #words | #messages ‘

Algorithm I-1 Gaussian Projection

(49 +2) % nml

N
Yy < (AAT)'AQy | GEMM  x@q+ DY

(4q + 2)%nml

Table B.10: Complexity of Sketching (Block-Row Parallelism)

’ Name | Routine | #flops | #words | #messages ‘
Algorithm I-2 Gaussian Projection (4q9 + 2)%nml q(log P) %ml q+1
Random seed Bcast - 1 1
Y — AV, GEMM xN 2% nmi - -

P

N
17[[] _ ZF_I AU)T o) GEMM XNgq Zanml - -
= AllReduce xq - gq(log P) %ml q
Y9 — ADY, GEMM xNg | 2q%nml - -

Table B.11: Complexity of Sketching (Block-Column Parallelism)

’ Name | Routine

| #flops | #words | #messages ‘

Algorithm I-3 Gaussian Projection (¢ = 0) Z%nml Nml log P
ANQY GEMM 2% nmi - -
Y[(lj) - (A_QM)U) ReduceScatterBlock - Nml log P
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B.3.2 Stage II: Orthogonalization (Parallelism)

Table B.12: Complexity of Orthogonalization (Naive Parallelism)

’ Name

| Routine

| #flops

| #words | #messages J

Algorithm II-1 Canonical QR

aZm? - 12p -

3 P
GEQRF xX | 2Xp2_28p - -
Q= oty (Hy) (o X PR DA
ORGQR XF szl - 3?1 - -
Algorithm II-1 Canonical SVD IZ%ml2 - 2%13 - -
N N 2 4 N3
GEBRD ~ xZX | 4fm? - 2% - -
N N 2N
Qy < orthyy(¥y) | QRGBR x| 28m? - 227 - -
N N 2
BDSQR X% 6% mi - -
Algorithm II-1 SVD with QR 62 mi? +82 217 . .
~ GEQRF x& | 2&p2_28p - -
O R < ar(Yy) RGOR x 21{3 2 3513
ORGQR x5 | 25m —3% - -
N 8§ N ;3
GEBRD XF 5 $l - -
D N 4 N
Ry;) < orthyy(R) | ORGBR  x% 2Zp - -
N N ;3
BDSQR ~ x% 621 - -
A D N N 2
0y < 0,k GEMM  x% 28 mi - -

Table B.13: Complexity of Orthogonalization (Block-Row Parallelism)

’ Name | Routine | #flops | #words | #messages ‘
Algorithm I1-3 Gramian 3 %mlz + 9§N13 (log P)NI? log P
N _ 2
“ P 0T 0 SYRK XN Zml - -
< Zj= Vi Y 2
AllReduce - (log P)N1 log P
SYTRD XN AN - -
Wi ST W, < eig(M;) | ORGTR xN INP - -
STEQR XN INDP - -
o v W s SCAL XNI - - -
o Y 28T
- T GEMM XN 2N mp? - ;
. 4 2 2
Algorithm I1I-4 TSQR ) P . (log P)N! log P
+73(og NI =5 NI
0 pU) ) N 2 2a73
QUoRYy < ar(vy)) | cEQRF XN 2Mmi? — NI - -
5‘ Combine )7[,-]’,_1 Sendrecv XN log P - (log P)N1? log P
S| QR < ar (Vi) | GEQRF XN log P 3Log NP - }
ORGQR XN ANDP - §N13 . -
Q[%) - Q[(/J)O Q[,(’]) H ORMQR  xN(log P — 1) 4(log P - YN - -
ORMQR XN 28mi? - -
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B.3.3 Stage III: Integration (Parallelism)

Table B.14: Complexity of Integration (Naive Parallelism)

’ Name | Routine | #flops | #words , #messagesJ
, (6ﬁ +(log )Y +4)m121 %
Algorithm I11-8 Kolmogorov-Nagumo p P (log P)=mlI | (logP)I
N 2\ 3 P
+ (— + 11-)1 I
P 3
N N
B < 0,0, GEMM  x% 25 ml’ - -
T N N3
B! By SYRK xZ 1 - -
X ] (Q B _0B'B ) GEMM  xZ 25 mi? - -
o = — . q o— ) . .
e e IV YT 2X 2 ] ;
,_]
E X <3N X, AllReduce - (log P) X mi log P
g E<X"X SYRK mi? - -
z SYTRD i - -
X 3
T | eig® ORGTR i ] R
STEQR 73 - -
Compute C and C™! SYRK X2 213 - -
Q. «<0Q.C+XxcC™! SYMM x2 4mi? - -
Algorithm ITI-3 Hierarchical Reduction 6(log N)mi* + 17%(log NP3 (log N)ml N*
T Send & Receive - ml 1
B[i.i+h] - Q[,~1Q[i+h] 2
_ GEMM 2ml - -
@) 8.3
3 GEBRD 21 - _
'° T 8,3
X | WST" < svd(Bysn) ORGBR  x2 & - -
= ;
v; BDSQR 1213 - -
0 < Oy W + QT GEMM  x2 4mi? - -
0 < 0 U +8)™'2 DIASM - - -

*Each 0, (except Qyy)) should be transfered.
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Table B.15: Complexity of Integration (Block-Row Parallelism)

Name Routine | #tlops | #words | #messages
A (45 +41)mzzf+21mz2
Algorithm I11-10 Kolmogorov-Nagumo P P P (log PYNIX(I +1) | (log PY(I+1)
+ <7N + 15%)/31
. GEMM 2N 2 - ’
NT
B, « z;;l Q) QC(J) P
AllReduce - (log P)NI? log P
GY « +QYB, GEMM 25 mi? - -
T GEMM 28 2 - -
B 2,1;1 QTG P
AllReduce - (log P)NI? log P
D, < BB, GEMM ONP - -
Df < B! B} GEMMT NP - -
5| < Di-D? SYRK ? - -
~ 43
> SYTRD 31 - -
o) io( 5 43
S | cig® ORGTR 21 - -
X STEQR 713 - -
Compute C GEMM 213 - -
Compute C™! SYRK & - -
F, <~ C-D,C™! SYMM 23 - -
QY < QVF, + GPFf | GEMM  x2 4Lmi? - -
B, < B.F, + B¥Ff GEMM  x2 AN - -
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Table B.16: Complexity of Integration (Block-Row Parallelism) (Conti.)

| Name Routine | #flops | #words | #messages ‘
N 1 2
N1\ 2
Algorithm ITI-11 Wen-Yin + (4 P +2 P) ml (log PYNIX(I +1) | (log P)2I + 1)
+ (4N +20)P1,
+4NPI4+2NP
T GEMM 28 2 - -
B, < Z';l QU)TQL(-/) L
/ AllReduce - (log P)N 2 log P
D, < B! B. GEMM ONP - -
G « LQU'B, GEMM 28mi? - -
x < 26" -Q'p, GEMM 25 mi? - -
N o2 i, R
Bf - Z};l Q(j)TGC(j) GEMM 2 Pml
/ AllReduce - (log P)NI? log P
D¢ — B B! GEMM 2NP3 - -
. GETRF 518 - -
Compute C~ 32
5 GETRI 1030° - -
5 S| F<C)p-Cl+1 | GEMM 2 - -
X
E =~ | Ff < cp'p, -C; GEMM 2r - -
> B, < B.F, + BSF} GEMM  x2 4N - -
X
= D, < BB, GEMM 2NP - -
QY « QV'F, + GV'F# GEMM  x2 amL 2 - -
() 1 j N 2
G/« +QVB, GEMM 25 ml - -
xV < 6¥-Yp, GEMM 2mi? - -
AT G MINUS  x2 - - -
Zle tr(A(l/) A(lj)) and
P ( ~>T ) DOT X2 - - -
Yjatr (Alj 4) )
AllReduce - 2log P log P
Algorithm I1I-12 Hierarchical Reduction 62mi? + 171N (log P)N I? (log P)N
T GEMM 24 mp? - -
B, <YV Q(/) Q(_/) P
e < 2=t Qi Qi [k educe - (log P)I2 log P
GEBRD 83 - -
= 3
8 WSTT « svd(By 1) ORGBR  x2 &3 - -
o~
é BDSQR 123 - -
1
Qu < QuW + QunT GEMM  x2 4L mi? - i
Q< QU +85)™" DIASM - - -
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Table B.17: Complexity of Integration (Block-Row Parallelism) (Conti.)

Name

Routine

#tlops

| #words | #messagesJ

N? N 1 2
(? +2F +2;>ml

Algorithm II1-6 Kolmogorov-Nagumo (Gramian) (log P)N21? log P
+ 1(21\12 +1IN + 17§>/3
By QU TQW) SYRK Fm i 5 -
AllReduce - (log P)N“I log P
B. ¥, Q(j)TQi(nji)t§ cory - § §
Bf — BB, SYMM N2 - -
D, < BB, GEMM 2NP - -
D¢ — B B¢ GEMMT NP - -
E « D¢ - D? SYRK & - -
SYTRD %‘13 - .
E eig() ORGTR : lj ] ]
> STEQR 7P - -
g Compute C GEMM 213 - -
X | Compute C~! SYRK & - -
F, «C-D,C™! SYMM 213 - -
E < +B.F} GEMM 2NP - -
F < FF, GEMM 23 - -
E < EF, +E, GEMM NP - -
B, < B,F, + BSF¢ GEMM X2 4NDP - -
. . GEMM 2L m? - -
Q- OmF +aVE GEMM 2§m12 - -

SRequires Z%ml2 flops without communication using GEMM and (log P)NI? flops, (log P)N[*> words,

and log P messages using AllReduce if Q;; # Q|-
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Table B.18: Complexity of Integration (Block-Row Parallelism) (Conti.)

’ | Name Routine | #tlops | #words | #messages ‘

N? N 1 2
(T + 2? + 2?) ml
Algorithm I11-7 Wen-Yin (Gramian) +(4N2+ 11N +4)PP1 | (log P)N?[% | log P(I + 1)
+@N +20)P1, + 2N
NP2 i .
B yP Qg SYRK 7
= AllReduce - (log P)N21? log P
P T W)Y
B, < Zj:l Qv Qinit ‘ COPY - - -
D, < BB, GEMM 2N? - -
BS %BBC SYMM 2N2P - -
D¢ « B! B¢ GEMMT NP - -
. GETRF 51 - -
Compute C~ 32 ;
5 GETRI 1037 - -
S| Fec)p -Cl+1 GEMM 2P - -
X
g -1 -1 3
-~ | Ff <« C;'p, - Cj, GEMM 21 - -
B, « B_.F, + BSF? GEMM  x2 4N - -
= g gt 5
o2 E, — < B.F GEMM 2NI - -
= F < FF, GEMM 213 - -
S —=
z E < EF, +E, GEMM 2NP - -
X
= &, — D.-F,D, GEMM 213 - -
Y, < ~ (B, - B.) - E.D, | GEMM ANP - -
Compute B]Y; and B Y, GEMM  x2 4NP - -
Compute BY; or BY, SYMM 2N2P - -
DOT X5 - - -
Zf:] tr(A[4,) and
" . DOT X2 - - -
Yioitr(4[4,)
AllReduce - 2log P log P
; . GEMM 2L mp? - -
=9 DFLaDF P
< QI F+QYE
Q O GEMM 25 mi? - -

TRequires Z%ml2 flops without communication using GEMM and (log P)NI? flops, (log P)N[*> words,
and log P messages using AllReduce if Q;; # Q|-
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B.3.4 Stage IV: Postprocessing (Parallelism)

Table B.19: Complexity of Postprocessing (Block-Row Parallelism)

’ Name | Routine | #flops | #words | #messages I
. . 2 umi + 3102 4+ 2L mi2 2nl + ml
Algorithm IV-4 Gramian p p 5 p 4log P
+ 9313 + (log P)I?
ADTg” GEMM 2L nmi - -
] —\ )
ZW (ATQ) ReduceScatterBlock - nl log P
MG — ZU)TZO) SYRK %nl2 - -
M ~ Zf:l mY AllReduce - (log P)I* log P
SYTRD i - -
W Z2WT « eig(M) | ORGTR ip - -
STEQR 713 - -
v < o"w GEMM 2L mi? - -
. : DIASM - - -
v « ZzOw x-1
GEMM 24ni? - -
Gather U Gather - ml log P
Gather V' Gather - nl log P
_ _ 24 m2 4342 2mi
Algorithm IV-5 Symmetric P ) P 3log P
+927° + (log P)I?
ADTg” GEMM 2Ln ] -
R —\
ZW < (ATQ ReduceScatterBlock - ml log P
MO — 70 5” GEMMT Lmi? ; -
M3 MO AllReduce - (log P)I? log P
SYTRD i3 - -
WZWT « eig(M) | ORGTR 43 - -
STEQR 713 - -
v < o"w GEMM 2L mi? ; -
Gather U Gather - ml log P
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Table B.20: Complexity of Postprocessing (Block-Row Parallelism) (Conti.)

| Name Routine | #tlops #words | #messages }
. 2 mmi +4Ln? 421 m? 2nl + ml
Algorithm IV-6 TSQR P . P P 4log P
+7z(log P)I’ + 161 + (log P)I?
ANTQ” GEMM 2L nmi - I
; —\ )
zZ0 « (ATQ) ReduceScatterBlock - nl log P
) p() j 1 2
V'R —ar(z”) | GEQRF 2L - 21 - -
8 Combine Zt(i)l Sendrecv  xlog P - (log P)I? log P
S| VORY qr(ij)] ) GEQRF  xlog P 3L (og PP - -
GEBRD e - -
WXETT < svd(R};) | ORGBR W &T LS - -
BDSQR W &T 123 - -
v < "w GEMM 2L mi? - -
3 - -
Vo) V) O ORMQR  XlogP 4(log P)I
0 " ORMQR 25 ni? y .
Gather U Gather - ml log P
Gather V' Gather - nl log P

&5
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Table B.21: Complexity of Postprocessing (Block-Column Parallelism)

’ Name Routine #flops | #words #messages J
. . 2L pmi +3Ln2 nl + ml
Algorithm IV-7 Gramian P Pz 3log P
+2ml> 49283 + (log P)I?
3
Gather 6 AllGather - ml log P
z0 « ANTQ GEMM 2Lnmi ; ;
MO« ZzOT 7O SYRK Lnl? - ;
M <3P, mP AllReduce - (log P)I? log P
SYTRD i - i
WZWT < eig(M) | ORGTR §13 - -
STEQR 713 - -
U < oW GEMM 2mi> - -
v « ZzOw x-1 DIASM - N N
GEMM 24ni? - -
Gather V' Gather - nl log P
_ _ 2lm21+(2+ l)mz2 ml
Algorithm IV-9 Symmetric P P 2log P
+92P° + (log P)12
Gather Q AllGather - ml log P
z0 — ANTg GEMM 2Lmll - -
MO — z0TQ” GEMMT Lmi - -
M ~ Z;;l MmUY AllReduce - (log P)I? log P
SYTRD i - -
W WT < eig(M) | ORGTR P - -
STEQR 713 - -
U < QW GEMM 2mi> - -
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Table B.22: Complexity of Postprocessing (Block-Column Parallelism) (Conti.)

|

Name Routine | #tlops #words | #messages ‘
. 2 nmi + 4Ln? + 2mi? nl + ml
Algorithm IV-8 TSQR P . P 3log P
+7z(log P)I’ + 161 + (log P)I?
Gather Q AllGather - ml log P
Z0 — A0TQ GEMM 2L nmi - -
VIRY qr(Z,(j)) GEQRF 2L - 2P - -
5 Combine ZY; Sendrecv X log P - (log P)I? log P
S =i —
S| VORY qr(zfj)l ) GEQRF  xlog P 31 (log P)P? - -
GEBRD P - -
WZXT" < svd(R);) | ORGBR W &T 8 - -
BDSQR W &T 1213 - -
U~ Qow GEMM 2mi? - -
3
O YO O ORMQR  xlog P 4(log P)! - -
0 H [
ORMQR 2—Pnl - -
Gather V Gather - nl log P
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