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Abstract

This paper uses the PCB Cointegration Model to romga the sequence

information of the price of financial commodity snthe VAR(1) type. The parameters

in the formula VAR(1) must meet the formulas instipaper. We extend Markowitz’s

mean-variance optimization approach published iB219vhich is to maximize the

return under the fixed risk, to multi-stage asdktcation, and use this new model to

discuss the one-stage method and the two-stageotheéfhe paper then compares the

net returns of the two methods when undertakingstimae risk, under the condition of

transaction cost and intercept. We will also examihe one-stage method and the

two-stage method in the special cases to determimeh one can bring the better net

expected return under the same risk.

Key Words: PCB Cointegration Model, Markowitz Medarance Optimization
Approach, Multi-stage Asset Allocation, One-stagetivbd, Two-stage
Method
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1 Introduction

1.1 Motivation and purpose

Today, in our society, accumulation of wealth cobkl a difficult task for most

people due to generally low salary structure, higmmodity price, and low interest

rate. Hence, investment turns out to be one ofeffective ways to solve this issue.

According to Brinson, Singer, and Beebower (199hg main factors affecting

investment returns are asset allocation, entryngnand stock picking, among which

asset allocation is the most influential one. Intfdhe degree of influence of asset

allocation to the return of investment can be u®1®b%. For economists or investors

who want to have satisfactory investment returrurgg, asset allocation is a very

important topic.

The main concept of traditional asset allocatiodesved from the Mean-Variance

Portfolio Model published by Markowitz in 1952. Bhmodel deals mainly with the

asset allocation problem of a single period. Howet@day, in our modern society,

Markowitz’s model has become insufficient to copathwthe rapidly changing

investment environment. In this paper, we firsteext the Mean-Variance Portfolio

Model to two-period and then combine with other gledo address the shortcoming of

the original model. Below is a brief introductiomaut the concept of the asset

allocation of single and multi-period. Asset alltbea of single period, also known as



the traditional M-V model: No matter how the invesht environment changes,

investors make investment decision only at therb@gg of the periodAsset allocation

of multi-period: In several successive investmehages, investors will adjust the

allocation strategy according to the latest infaroraafter each period. The new and

much needed strategy is to readjust allocation hteigy order to maximize the total

return of their investments or to minimize the alkerisk of the investments.

Early discussion about asset allocation involvethgigpast data as a basis for

future decision-making. However, Elam & Dixon (198®inted out that price series

data of the financial commodity are often non-stary. The price showed random

walk, which means that price series of this persodot affected by that of the previous

period, so using past data to predict future pigenot efficient. In addition, as

mentioned in the articles of Michaud (1989), Chogrdiemba (1993), Scherer (2002),

and Wolf (2006), estimation error of the mean, atace and covariance will have a

tremendous impact on the optimal portfolio. Therefoinformation for future

decision-making is considered very important.

If a variable appears as a random walk type, thedonsidered a non-stationary

variable. Granger and Newbold (1974) found thatehgould be spurious regression

phenomenon among non-stationary variables. Trawdilip in the empirical research,

people mainly use regression methods to estimatec#usal relationship between

2



variables. However, overlooking spurious regressmght lead to the misinterpretation

of the result of empirical researddence, this fact that check whether variables rare i

steady state cannot be ignored when time seriegables are used for the study.

Therefore in this paper we check whether variablesin steady state first before we

use time series variables for the empirical study.

Later studies found that many time series of ecaoa@nfinancial variables have

non-stationary characteristic. Nelson and Plosk@8Z) used a unit root test method to

study macroeconomic data collected in the U.S. &mahd that most of the

macroeconomic variables have the phenomenon oftaagt. In other words, most of

the economic variables follow non-stationary prgcek tradition, people would

difference time series; however, important infonimatmight be lost as the result of

differencing the time series. Granger (1983) prepdothe concept of cointegration

which uses cointegration vector to represent thetiomship of the long-term mobile

trend between the non-stationary time series. Wherdata appears to be cointegrated,

it means that there is some information which mayeha linear relationship. Thus the

data doesn’t need to go through the differencestodmverted into stationary time series,

which solves the problem of information loss froiffedencing the time series. Engle

and Granger (1987) proposed the cointegration yhéacording to their theory, if there

Is cointegration phenomenon in the regression ioglship between non-stationary

3



variables, then such a regression relationship $t#s economic significance.

Therefore, this paper uses the PCB Cointegratiomdédo organize the sequence

information of the price of financial commodity inthe VAR (1) type. However, the

parameters in the formula VAR(1) must meet the fdas(4)- (5) ~ (6) in this paper.

Then we solve the problem of the future decisiotkinginformation with this model.

Traditionally, transaction cost is often overlooked the discussion of asset

allocation. When examining multi-period asset alloan, one should worry about the

transaction cost becoming larger than the investmegnrn due to frequent trading. In

fact, transaction cost is always imposed when migadinancial products. In order to

model the common practice, transaction cost will ibeluded in the following

discussion.

This paper uses the above model to compare thestage- method with the

two-stage method: under the same risk, which mettamdbring a higher net return at

the end of the two periods. Net return is defined tlae total return subtracting

transaction cost. With the one-stage method, tiiesiment decision for both stages is

made at the beginning of the first stage basedhenirtformation available at time.

With the two-stage method, we make the investmentstbn for the first stage at the

beginning of the stage according to the informatwailable at time; and when the first



phase is ended, we then use the new informatioilable&ato make the best decision for

the second phase.

1.2 Framework

This article is divided into five chapters. A bradscription of the content in each

chapter is as follows:

Chapter 1 Introduction

This chapter describes the motivation, purpose,sandture of the research in this

paper.

Chapter 2 The Cointegration Model

This chapter describes the cointegration model.

Chapter 3 Research Method

This paper uses formula(3) transformed from PCBn@gration Model to

organize the sequence information of the pricehef financial commodity, and then

uses the mean-variance optimization method toheebbjective function for this paper.

We examine the one-stage method and the two-staffeoch of the dynamic portfolio

selection approach and determine which one canupeodbetter net expected return

when undertaking the same risk.

Chapter 4 Numerical Illustrations

Among the 19 sector indices in the Taiwan markes, pick 5 that are 1(1)

5



sequences then find their cointergration relatignstiNext, estimate the model
parameters and use numerical methods to comparstage method and two-stage
method.
Chapter 5 Conclusions and Recommendations

We draw conclusions from the empirical results ihamter 4 and make

recommendations of future research on this topic.
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2  TheCointegration Model
In this chapter, we will show Cointegration Modehiah will be used to organize
the sequence information of the price of the finanmommodity in this paper.

Before being engaged in each type of statisticiEré@mce of the time series, we
should first examine whether the sequence is tiostry state. When the time series is
stationary, its data follows a stochastic process,the probability distribution of this
stochastic process does not change along with titherwise, this time series is called
non-stationary time series.

Elam & Dixon (1988) pointed out that the price ssrof financial products usually
show the characteristic of non-stationary procé&ssmt means the price sequence is a
random walk type in which the price sequence ofenurperiod is not affected by the
price sequence of the previous period. If a tinreesds non-stationary, the commonly
used method to convert it to stationary is to téke difference on the variable or
eliminate the tendency item. However, the conversiould potentially eliminate the
implicit long-term message from the data, so toiGbis potential problem, we could
adopt the cointegration concept proposed by Gramgmrording to the cointegration
concept, a stable long-term balanced relation meyigt between unstable variables,

and this relation might cause synchronized tendencthe variables. Therefore, we use



formula(3) transformed from PCB Cointegration Model model price sequence of

finance commodity in this paper.

PCB Cointegration model

X, =6, +="%,, +b by, i
e 2 =120, bt:( “J~N(O,Z) 1)
Xor = 92 + Xot4 + bz,t b2,t
First, move x,, ~ X,, to the left of formula(1) as below:
(Xl,t - ETXZ,t =6, + bl,tj (2)
X2,t = 32 + X2,t—1 + b2,t

Next, rewrite Eq.(2) in vector andatrix forms.
(| -ETJ(XMJZ(Q]{O Oj[xn_l}’(bnj
0 | Xyt o, 0 I\ Xy b2,t
(2o Y@M TG a6 TR
Xt o | 6, MR 0 I N\ X5 o 1 b,
o Tlall o Tl 1)
0 1 &) (0 1 N0 I\ %) \O 1 by

0 =7\ Xy
:ﬂ+(o | ijwt
2t-1

X X

X
_ ﬂm( wa )y ©)
X2,t—1

X =B +Mx_ +u,, its form is similar to VAR(1). Its coefficient geor and matrix,

B &I, and random vectory, , are as follows:

o 7)o



(1 =TY(by )i ; S (1 =\ (1 =Y
ut—(o I](bz;j N(@O,Z") where X _(O I]Z(O I] (6)

3 Research Method

3.1 Notations
X, denotes the random vector of asset prices talgaritbm at time t. According to
formula(3), x, = B+Tx,_ +u,. Whent = 2, thex, can be rewritten as:
t-1
X =B+ {t-INB+Nx +M3 u, +u, W)
i=1
., I, =% —X,, denotes the random vector of asset return dutimg time

interval,(t —1,t) .According to formula(3):

=% =%y = B+MX U, =X, = B+T%, +U, (8)

Whent > 2 thex, can be rewritten as:

=% =X, =MNB+MNu_ +u, 9

State : Eacly, represents state t.

Stage : Stage t represents the range betwegnand x,. Stage is also called period.

w, denotes the weight of asset allocation betwegn and x,. This is the weight that
we allocate at stage t. When we know the pricessé,, we should know all the

weights that are less than or equal to that atestad. For example, when we

10



know the price of assets, we should know the price of assejs then we can
know the weightsy,andw,. In addition, positive weight represents buying of
stocks; negative weight means selling or shortrgebf stocks. Prices of financial
products do not always go up; they may go down ab. 8hort selling is the
trading option to maximize profits during down tintleus we allow short selling in
this paper. Because our assumption allows shdimgeidf stocks, the sum of the
weights in each stage does not need to be eqoakto
N\ denotes the fees charged for different tradinghods, such as buying, selling, and
short selling of stocks. It is determined basedhenweight. For the convenience of
problem solving and calculation, we represent ingis fixed ratio. And we assume
that Ais a symmetric positive definite matrix. The modéthe transaction cost in
this paper i%wT/\w. The reason we use quadratic form to present theéehof
transaction costs in this paper is to avoid thasaation costs becoming negative.
Because we allow negative weight, we must use tlagmqtic form to ensure that
transaction cost is positive.
Since we apply two-period dynamic asset allocatioa,maximum number of = 2.
3.2 Objective functions
Markowitz's mean-variance portfolio optimization tmeds provide two

approaches: (1) under fixed risk, find the maximueturn or (2) under fixed

11



remuneration, minimize the risk. The method thatolwese in this paper is the former,
which is to find maximum return under fixed risk. the special case of the following
section, we will verify that both methods give $@me return when undertaking a unit
risk.

This paper uses two-stage mean-variance portfgionization framework, and
the objective function is as follows:
fc (Wl’WZ) = rvg?v-}E<WI n+ W; r ‘ Xo> <W1 Aw, + (Wz - Wl)T /\(Wz - Wl)‘ X0> (10)

Restriction is as follow:

Var<w1T rn+wr, ‘ x0> =0;

That means we want to optimize the net expectedrrredf two-period, which is
deducting transaction cost under the constraimésiicting the variance of total return
too? at the end.

The objective function (10) and its restrictiontins case which use the Lagrange
multipliers method can be rewritten as:
fe (Wl’WZ) = rvg?v-}E<WI o+ W; > ‘ Xo> <W1 Aw, + (Wz _Wl)T /\(Wz _Wl)‘ X0>

s +w;r2\xo>—a—s] 11)

where A. is a Lagrange multiplier.

Below we will discuss one-stage method and twoestagthod respectively.

12



3.3 Dynamic portfolio selection methods
3.3.1 Onestage method
At statex,, we optimize asset allocation for two periods agdew to asset prices
at statex, .
First, the objective function sort out from (11)as follow:
foo (W) = E(Wr |x,) LAt ar(w'r|x, ) - J§]
2 2
— a7 _l T _ﬁ T _ 2
=W E(r|X,) oW A'w 5 w'Var(r |, )W -0y
A
:WTA—%WT/\DW—El[WTBW—US] (12)

The vectors anthatrices represent respectively:

W={Wl}§ r:[rl}; /\DZ[ZA _A};
W, I -N A

a=ell)=| g

E(r,[%)

o[ S]]

Cov(r,, 1| %)  Var(r,|x,)
Then to optimize the objective function, we perfahme first order differential equal to
zero on it.

A-Aw-ABw=0

W = WA where ¥ = (A" + 1,B) (13)

13



According to 3.1 (8) (9), the results are derived as follows:

E(r,[ %) = E(B+M %, +Uy|X,) = B+ X,

E(r,|%) = E(NB+M U, +u,|x,) =N

Var(r,|X,) =Var(B+ X, +u,| %) = Z"

Var(r,|x,) =Var(NB+Mu, +u,|X,) =D where D=0,=T] +="

Cov(r,, 1, | %) = Cov( B+TT X, +u;, B+ U, +U,| %)

= Cov(u,, M,u, | x,) ==}

Since weight w., (13) contains an unknown figurd,, we try to use the equation of
constraint to solve/, . In fact, in the process of finding solution, wél\see A, in the
anti-function, and there is no way to find solutidtom that function directly.
Therefore, our approach is to get a starting eséim& by using Taylor expansion first.

(The detailed derivations are in Appendix1.1.1.)

AN BN (A-07

A= 2AT INTIBIAT [BIAT [A -
Then from the formuhs(ar<wgor ‘ x0> =g}, we can sort out an identity equation.
(The detailed derivations are in Appendix1.1.2.)
ATWIA-AT W IN W A=A, 7 (15)

Next, we take the initial estimated valu®’ into the function W ™ of the left side of Eq.

(15), and then we can get a new estimated value fhe right side of the equation. We

14



then confirm if the difference between the inigstimated value and the new estimated
value is less than the estimated error of ourrggttif not, we take the new estimated
value and substitute it into the left side of tbenfula until the values of two sides are
very close, expressing convergence, then we st@o, Wwe can get an answer directly,
which results in a more accurate estimated véitue
The optimal weight of one stage method:
wo, = WA where W = (A" + A3B) (16)
Expected return after deducting transaction cosnefstage method as follows:
oT 1DTD\ND_DT 1DTDWD
E(Weo '[Xo _EWco N Weo = Weg A_EWCO N Weo
T ot Vi + ol oot
=AW DA—EA - NI [A

= oAl oy T DA—%(AT W A- A3 Dgg)

=%(AT W7 A+ wg)
3.3.2 Two-stage method

At beginning of the first period, we will allocatee weight of asset based on the
initial price. We will then re-allocate the weighftasset again based on the asset price at
beginning of the second period.

In this method, we use the backward way to solvénibther words, we get the

optimal weight of the second phase by using theatije function of the second phase.

15



Then we apply the optimal weight of the secondestagthe overall objective function
to get the optimal weight of the first phase.
In this paper, we don’t consider the transactiost aothe objective function of the

second stage. Instead, we use an undeterminedooeetffa, to adjust the change.

Sepl.

Suppose, andx, are known, the objective function of the secondsph& as
follow:

fz(wz): E<W; rz‘xo,x1> —%Var<w§ rz‘xo,x1>
= w; E(r, | X, %,) —%w;Var<r2|xo,x1>w2
We want to obtain the optimal decision of the selcetage, so we perform the first
order differential equal to zero on it.
E(r, | X0, %) —Var(r,| X, X )w, =0
W, = (\/ar<r2|xO,xl>)_lE<r2|xO,x1>
According to 3.1 (8) (9), the results are derived as follows:
E(r,| %o, %) = E(B+ T % +U,| X0, %) = B+,
Var(r,| %o, X, ) =Var B+ ,x, +U,| X, %) = ="
The deduced result is obtained:
W, =y+®x,  where y= (ZD)_l,B PP = (ZD)_ll'Il
We apply factora, then it becomes:

aw, =a,(y+ox,) (17)

16



Sep2.
Next, we must take the optimal weight of the secphdse (17), which multiplies

an undetermined coefficieat, to substitute it into the optimal objective fuoct of two

periods (11), as shown below:

for (0 12,) = E(WI 1, + 2,05"r ) =2 Bl A + (2,0 | Al - )|,
At )]
The objective function is sorted out as following:
for (V)= E<sz\x0>—%E<vch\x0>—%ﬁ/ar(VTz\xo>—o—§]
:VTE<Z|XO>—%VTE<C|XO>V —?ZB/TVar<z|xo>v -o?]
(18)

=vF-Lvihv -2 fTey - o2
2 2 f

2N -AW ]
WA wWAWS |

E(2A|x — E(Aw; | X
H = E(C|x,) = < DT' o gT Z‘D ) :
- E<W2 A\ xo> E<W2 AW, x0>
Var(r,| %,) COV<I’1,W;T r, ‘ x0>

x0> Var<w2DT r, x0>

G =Var(Z|x,) =

C0v<w;T r,r
After the first order differential, we get:

F-HV-AGV =0
17



VP=Q7F where Q=(H +A,G) (19)
According to 3.1 (8) (9), the results are derived as follows:
(The detailed derivations are in Appendix2.1.1.)
E(r| %) = E(B+M %, +u,) = B+T1,X,

*T
E<w2 r,

x0>:€ where (=L"MB+tr(g); L=(y+op); g=0"n, 3"
Var(r,|X,) =Var(B+ X, +u,| %) = Z"

*T
Var<w2 r,

x0>:k where D=M,2T7 +3°; g=0'N 3"
k=y Dy+(y" + LT Do +2tr(p?)+tr(g)+ (N0 + 2N, 0N B

*T
Cov< rLaW, I,

x0>=N where szD(nIy+l'IId>ﬁ+¢Tl'lﬁ)
E(2A\|x,) = 2\
E(AW;|%,) =AL  where L =(y+®p)

E<W2DT Aw;)

x0> = AL +tr(g,) where L=(y+®B) : ¢, = 0"A®E"

Same as one-stage method, the vesfdof two-stage method also contains unknown
figureA, and there is no way to utilize equation of constréo solved,. Hence, we
also get a starting estimatg by Taylor expansion.

(The detailed derivations are in Appendix2.1.2.)

FFH'GMHF -0’
2FT [H[GIH Y [GIH[F

A= (20)

Then from the formuMar<V 7z x0> =g, we can sort out an identity equation.

(The detailed derivations are in Appendix2.1.3.)

18



FF'F-F Q'HOF =, (21)
Next, we take the initial estimated valug into the function Q™ of the left side of
Eq.(21), so that we can get a new estimated vdldleeoright side of the equation. We
then confirm if the difference of the initial estted valuel,and the new estimated
value is less than the estimated error of ourrggttif not, we take the new estimated
value and substitute it into the left side of tbenfula until the value of two sides are
very close, expressing convergence, then we stgm, we can get an answer directly,
which would result in a more accurate estimatedes .
The two-stage method obtains a ve®tawhich is combination of the optimal weight of
the first stage and a scale factoV'= Q”'F  where Q" = (H +/1§G) (22)

Expected return of two-stage method minus tramsitmst is represented as follows:

‘

E<VADT z ‘ x0> - % E<va cv/’

=V"F - %VET HV,’

—FTm"F —%FT M HO" F

=F " [F —%(FT Q7 H -4 uvg)

=%(FT 7 [F + 43 wg)
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3.4 Special Cases

In this section, we will show four special cases.
Case #1. The first example is the typical Markowitz meanimace portfolio
optimization approach in which asset allocationislens are made at the beginning of
the investment period according to the price attittne regardless of the length of the
investment period. In other words, the asset dilogaweight will not be changed
through time. This method is also known as statethod. In this paper, we will
transform the PCB Cointegration Model to formula@hd then incorporate the new
model together with the transaction cost model theostatic method.
The objective function of the static method is@tofvs:
f (W) = maxE(w'r|x,) —EWT/\w—iB/ar<wTr‘ Xo) —aj]
w 2 2
=w' A —%WT/\W—%[WT Bsw—ag]
According to the definition of return in 3.1 (8)9), the return random vector is as
follows:
Fr=x,—%X =(% —x)+(% =% )=r,+r, =N8+Mu, +u, + S+ X, +U,
=N+ +1)B+(M + 1)y, +u, =N x, + (M +1)B8+Mu, +u, (23)
After taking the first order differential, we get:

wg = M A where M = (A +AB) (24)
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Result derived according to Eq.(23) is as follows:

E(r|%,) = E(M %, + (M +1)B3+ My, +u,|x,) =M%, +(M+1)8

Var(r|x,) =Var(M,x, + (M +1)3+Mu, +u,|x,) =NZTT +5"
Then, with the same approach used previously tonastt valuel, we get a more
accurate estimatt , thus the expected return after deducting trar@sacist of static
method is as follows:

E<w§Tr‘xo>—%w§T/\w§ :% AL M7 A, + A 2

Case #2: Given the conditiol #0; 5=0, compare the two dynamic methods to

determine which method gives higher expected retttar deducting transaction cost.

(See Appendix 1.2 2.2 for the detailed derivations)
The objective function is as follows:

fe (Wl’WZ) = rVQa2XE<WI o+ W; > ‘ Xo> _% E<W1T/\W1 + (Wz - Wl)T /\(Wz a Wl)‘ X0>

—)I7°B/ar<wlT r +w§r2‘x0> —0’5]

Expected return after deducting transaction cosinetstage method is as follows:

et o)~ o A, = (] 9 01, 445 07

Expected return after deducting transaction cosivotstage method is as follows:

E<vaz x0> = %(FOT QU R + 15 wg)

x0> - % E<VADT cv?
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Case #3: Given the conditioM =0; 5 #0, compare the two dynamic methods to
determine which method gives higher expected reafter deducting transaction cost.
(See Appendix 1.3.12.3.1 for the detailed derivations)
The objective function is as follows:
— T T A E/ T T 2]
f (lewz) - T%ZXE<W1 g +W2I’2‘XO> _E ar<W1 o+ W, I’Z‘X0> ~ 0o
Expected return of one-stage method is as follows:

E<w§T r

x0> =g, JATBIA
Expected return of two-stage method is as follows:

x0> =0,VF'G'F

E<va z

We will have further discussion on this case. levjipus discussion, we talk about
seeking maximum return while undertaking the fixesk. We want to verify if the
return per unit of risk remains the same when seefor a minimum risk for a fixed
return. We decided to use this case for discudsemause thel values are estimated
in the cases involving transaction costs, whichl¢@ifect the verification results. In
addition, if the verification results are the samethis case then the case where the
intercept item equals to zero will also have thesaesult.

(See Appendix 1.3.2 2.3.2 for the detailed derivations)

The objective function is as following:

f (Wi, w, ) = minVar (W] r, +w]r,|x,) —%[E<WI I+ Wir, | X,) —,uo]

Wy, Wy
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The minimum variance of one-stage method is:

oT

Var<wo rx

> _ M
°/ ATB'A

The minimum variance of two-stage method is:

XO>=ﬂ_é

o’
Var(v,"z A

Before comparing the minimum variance method aedthaximum return method,
we need to defin@, which denotes the return per unit of risk.
The comparison of the two methods using one-stagtbaod:

The minimum variance method:

8, =2 = [NB7A
78
ATBA

The maximum return method:

o, =—2>———=/ATB*A
UO

o,VA'BTA \/7

Above shows that the return per unit of risk remmaihe same when seeking for a

minimum risk for a fixed return using one-stage moet
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The comparison of the two methods using two-stagthad:

The minimum variance method:

3, = Ho - IFDTGu—lFD

M5
= DTGD_lF O

The maximum return method:

cT-1
50I’ = M =4/ FTG_]'F
JO

This part can not be proved by the analytical wag;can only verify it with numerical

method in the next chapter.

Case #4: Given the conditiol =0; 58 =0, compare the two dynamic methods to
determine which method can give higher expectedrmeafter deducting transaction
costs. (See Appendix 1.4 2.4 the detailed derivations)
The objective function is as following:
f(w,,w,)= er%)(E<WI I+ Wor, | %) —%E/ar<w} I+ Won | %) - JS]
Expected return of one-stage method is as follows:
x0> =0,/ A BTA,

Expected return of two-stage method is as follows:

X0> = JO V I:O-I—C;()_:LFO

E<w§T r

E<va z
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From section 3.3 and 3.4, we observe that whemsaction costs are involved, we

can only get estimatedl value whether there is intercept item or not. émtcast,

when there is no transaction cost, regardless efirttercept item,A can always be

solved. In addition, in the cafe=0;5#0, we can prove that the two methods of

Markowitz mean-variance portfolio optimization apach using one-stage method have

the sameod value. We will use the numerical methods to veifitye return per unit of

risk remains the same when seeking for a minimusk for a fixed return using

two-stage method in the next section.

4  Numerical lllustrations

The data in this paper is collected from Taiwan riecnic Journal Data Bank,

consisting 253 records of each kind of the Taiwacta index during 08/18/2009 and

08/18/2010.

4.1 Unit root test and cointegration test

The statistical analysis software Eviews is usedrtalyze the 19 sector indices,

examine if they are stationary, and find the c@raéon relation. 5 out of the 19 sector

indices from the Taiwan market are chosen for aslé@tation, including (1) Building

Construction, (2) Financial and Insurance, (3) IS@ed Iron, (4) Electronic and

Electrical, and (5) Biotech. Data of these 5 sextwe I(1) series. I(1) series, a sequence

25



that can become a stable series after the firgrdiice. Among which (1) Building

Construction and (2) Financial and Insurance irglee cointegrated; the other 3 sector

indices are not co-integrated with these 2 sectors.

4.2 Parameter estimation

The estimated values for parameteéds- 6, - = are derived using formula(1):

0.6186
0.0001 1.5033 0.0273 -0.3392
6712(?_:;23 . 8,=10.0005| ; #=]0.0001] ; ==|-0.5222 -0.6257
0.0002 0.0005 1.3721 1.6401

0.0002

With formula(1) and the estimated - = values, use Eviews to estimate the covariance

matrix for formula(1)

0.1044 0.0566 0.0020 0.0001 -0.0128
0.0566 0.1780 0.0144 0.0063 -0.0051
2 =1.0e-003*| 0.0020 0.0144 0.0298 0.0184 0.0190
0.0001 0.0063 0.0184 0.0291 0.0303
-0.0128 -0.0051 0.0190 0.0303 0.0484

With vector 6 and matrix = ~ X, the estimated values fo ~ M ~ M, ~ X” are
calculated from formula (4), (5), and (6).

From formula(4) we get:

0.6187)
1.5033
£ =|0.0001
0.0005
0.0002
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From formula(5) we get:

0 0 0.0273 -0.5222 1.3721
0 0 -0.3392 -0.6257 1.6401
Mn=0 0 1 0 0
00 0 1 0
00 0 0 1

-1 0 0.0273 -0.5222 1.3721
0 -1 -0.3392 -0.6257 1.6401

n={o o 0 0 0
0 0 0 0 0
0 0 0 0 0

From formula(6) we get:

0.1258 0.0861 0.0193 0.0270 0.0383
0.0861 0.2131 0.0239 0.0315 0.0489
$”=1.0e-003*| 0.0193 0.0239 0.0298 0.0184 0.0190
0.0270 0.0315 0.0184 0.0291 0.0303
0.0383 0.0489 0.0190 0.0303 0.0484

4.3 Transaction costs

A 0.1425% transaction fee is charged for buyind/ingeand short selling stocks,

and a trading tax of 0.3% is imposed when sellimg) short selling stocks. Lending fee

for short selling is about 0.08%. The above figutesnot include any discount. So, in

short, the cost of buying stocks is the transad@@nwhile the cost for selling stock is

the trading tax plus the transaction fee; and th&t for short selling is the sum of

transaction fee, trading tax, and lending fee. ropkfy, a fixed ratio is used as
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transaction cost for buying, selling and shortisgil

(Securities transaction tax + borrowing cost) / 2ansaction fee = 0.3325%

The transaction cost matrix is as below:

0.003325 0 0 0 0
0 0.003325 0 0 0
N= 0 0 0.003325 0 0
0 0 0 0.003325 0
0 0 0 0 0.003329

4.4 Numerical results

In this section, the real data is applied to thelehoand the values of the vectors,

matrix, and parameters of the two dynamic programgmiethods are examined.

4.4.1 Results of one-stage method

The vector and matrix of formula (12) in this papes:

Expected return matrix A

-0.0340
-0.0311
0.0001
0.0005
0.0002
0.0001
0.0001
0.0001
0.0005
0.0002
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Transaction cost matrix\”

0.00665 0 0 0 0
0 0.00665 0 0 0
0 0 0.00665 0 0
0 0 0 0.00665 0
Rl 0 0 0 0.00665
-0.003325 0 0 0 0
0  -0.003325 0 0 0
0 0  -0.003325 O 0
0 0 0  -0.003325 0
0 0 0 0  -0.00332
Covariance matrixB
B =1.0e-003*
0.1258 0.0861 0.0193 0.0270 0.0383
0.0861 0.2131 0.0239 0.0315 0.0489
0.0193 0.0239 0.0298 0.0184 0.0190
0.0270 0.0315 0.0184 0.0291 0.0303
0.0383 0.0489 0.0190 0.0303 0.0484
-0.0868 -0.0349 -0.0020 -0.0001 0.0128
-0.0467 -0.1608 -0.0144 -0.0063 0.0051
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

4.4.2 Results of two-stage method

-0.003325 0
0  -0.003325

0 0

0 0

0 0

0.003325 0

0 0.003325

0 0

0 0

5 0 0
-0.0868 -0.0467
-0.0349 -0.1608
-0.0020 -0.0144
-0.0001 -0.0063
0.0128 0.0051
0.2301 0.1427
0.1427 0.3911
0.0193 0.0239
0.0270 0.0315
0.0383 0.0489

The vector and matrix of formula (18) are:

Expected return matrix F

-0.0340
-0.0311
0.0001
0.0005
0.0002
2.1781)
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0
-0.003325

0

0

0

0
0.003325

0

0

o O O O

0.0193
0.0239
0.0298
0.0184
0.0190

0

0

0
-0.003325

0

0

0

0
0.003325

0

o O O O

0
0.0270
0.0315
0.0184
0.0291
0.0303

o O o

0
-0.00332
0
0
0
0

0.003323

o O O o

0.0383
0.0489
0.0190
0.0303
0.0484




Expected transaction cost matrix H

0.0066 0 0 0 0 -0.0055

0 0.0066 0 0 0 -0.0016

H = 0 0 0.0066 0 0 -0.0406
0 0 0 0.0066 0 0.1358

0 0 0 0 0.0066 -0.0468

-0.0055 -0.0016 -0.0406 0.1358 -0.0468 105.5870

Covariance matrix G

0.1258 0.0861 0.0193 0.0270 0.0383 0.3296
0.0861 0.2131 0.0239 0.0315 0.0489 0.2676
0.0193 0.0239 0.0298 0.0184 0.0190 0.0204
0.0270 0.0315 0.0184 0.0291 0.0303 0.0063
0.0383 0.0489 0.0190 0.0303 0.0484 -0.0469
0.3296 0.2673 0.0204 0.0063 -0.0469 68693291

G =1.0e-003*

4.5 Methods Comparison
In order to compare the one-stage method with the-stage method and

determine which method can give higher expectadmainder the same risk, we apply
the estimated parameters and the actual assetdatiae to the formula of the expected
return and transaction cost derived in this paper.

For the empirical research, we found that the sizewill affect the comparison
results. We first examine the results by usingedéhts values. We will sum the
covariance matrix estimated by the 5 sector indiaed that the identity matrix

multiplied with different coefficients, respectiyelAnd then we observe the changes
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under the two cases: (A)£0; 5#0(2)A =0; 3 # 0. We only discuss these two cases
because the information used in this paper hastarcept item.

According to the first table, the net expected nregwof the two-stage method are
much better than those of the one-stage method.eMenvthe expected returns of the
one-stage method are more sensitive to the chdrthe covariance matrix. So with the
reduction of the diagonal covariance matrix, the ex@ected returns of the two-stage

method will be closer to that of the one-stage meth

Table 1. Comparison of expected net return

EXxpect net return

N£0,6%£0

N=0,%0

> +5* identity

(0.0014, 0.0408)

0.0015, 0.0408)

> +1* identity

(0.0032, 0.0409)

0.0033, 0.0409)

> +0.5* identity

(0.0045, 0.0409)

0.0046, 0.0410)

> +0.1* identity

(0.0097, 0.0414)

0.0103, 0.0415)

> +0.05* identity

(0.0133, 0.0419)

0.0146, 0.0421)

> +0.01* identity

(0.0265, 0.0454)

0.0323, 0.0468)

> +0.005* identity

(0.0345, 0.0483)

0.0453, 0.0519)

> +0.001* identity

(0.0575, 0.0583)

0.0575, 0.0583)

Note 1. The results of this table is undgr 0.05.
Note 2. The numbers in the table are in the foltmndrder: one-stage method, two-stage

method.

The second table shows that when the diagonal wdrance matrix is smaller
than10“, the one-stage method performs better than thestage method. The

covariance matrix of this paper is abb0f, so obtained numerical result of the

one-stage method is better than that of the twgestaethod. In addition, we also
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observe that when the diagonal of covariance marnirduced td0“from10°, the net

expected returns of the above two cases incregsgisantly.

Table 2. Comparison of expected net return
Expect net return Nz0,8%£0 N=0,%0

5 +0.0001* identity | (0.1017, 0.0858) | 0.1940, 0.1432)

b2 (0.1630, 0.1249) 0.2637, 0.1916)

Note 1. The results of this table is undgr= 0.05.
Note 2. The numbers in the table are in the follmndrder: one-stage method, two-stage

method.

From the above two tables, we observe that theatgganet returns increase with

the reduction of the covariance matrix. Relativalye expected net return of the

one-stage method is more sensitive to the changéeotovariance matrix than the

expected net return of the two-stage method. Ahslaghange to a small covariance

matrix can cause significant changes in expectddretarns. In addition, when the

return rate is lower, there is almost no differentehe expected net returns whether

transaction cost is taken into account. When tlermerate is higher, the difference

between the case of transaction cost and that afamsaction cost is relatively large.

However, that won't affect the comparison resuftthe two methods.

Now we understand the impact of the change of tvartance matrix, let us look

at the comparison of two dynamic methods undeefit standard deviations.
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Table 3 shows that the expected net return of tleesbage method is still better

than that of the two-stage method under a diffestaridard deviation.

Table 3. Comparison of expected net return
Expect net return 0,=00¢ g,=01 g,=01¢
N£0G %0 (0.1630, 0.1249) | (0.2404, 0.1765) | (0.2832, 0.1816)

AN=0,8%#0 (0.2637, 0.1916) | (0.5274, 0.3833) (0.7911, 0.5749)
Note. The numbers in the table are in the followander: one-stage method, two-stage method.

In addition, we can see from Table 4 that highsk gives higher return, but the

return per risk unit degrades.

Table 4. Comparison of net return and thereturn per risk unit under

ANz0;8%0
gy =005 g,=01 g,=01F
Expect net return | (0.1630, 0.1249) | (0.2404, 0.1765) | (0.2832, 0.1816)
Delta (3.26, 2.498) (2.404, 1.916) (1.888, 1.211)

Note: Delta represents the return per risk unit.

Finally, we used the numerical method and veritieat the return per unit of risk

remains the same when seeking for a minimum risl fixed return using two-stage.

5 Conclusonsand Recommendations

In the past, many studies conducted in Taiwan éwdaa had confirmed the

importance of asset allocation. The topic of aaletation has attracted great attention

from investors. Today, with the availability of myamvestment products, investors can
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use portfolio to diversify investment risk and appésearch results to maximize the

return profits.

The shortcomings of the approach of traditionattiaiocation are: regardless of

the length of the investment, asset allocationgi@ciis made at the beginning of the

investment period using the price at that time. &Hecation weight will not change

over the period of time. The approach of traditlcasset allocation does not consider

the transaction costs, which is not realistic, &@cast future asset price using past

information. In this paper, we extend Markowitz'sam-variance portfolio optimization

method to two stages, take into account the traiosacosts and then forecast asset

price using PCB Cointegration Model. We comparedekpected net returns of the two

dynamic methods.

Investors will adjust the weight based on latestgs and information using the

two-stage method; theoretically it should yield ettér expected return. However,

according to numerical results from Chapter |V, éxpected return of the one-stage

method is always better than that of the two-stagghod. The reason is that the

covariance matrix of the data we chose is very sitidhe covariance is very small, the

randomness becomes lower, thus the advantage tiithstage method diminishes.

So it is not unreasonable that the expected retlithe one-stage method is better than

that of the two-stage method.
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In this paper, we extended Markowitz mean-variapoetfolio optimization
method to a two-period setting. If we adjust tHeadtion weight in half a year, we can
only see the effect of asset allocation about a leay. We recommend future studies
on this topic to extend to more periods in ordefdailitate long-term investors and

frequent traders, and compare the difference \ghtwo-period asset allocation.
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Appendix
Appendix 1. One-stage method
Appendix1.1- AZ0; %0
Appendix1.1.1 - Obtained theinitial estimate A, by Taylor expansion
Suppose functionh(),) is as follows:
h(A,) =Var (Wit |%,) -0 = A" W™ (BW™ [A-0;
= AT A"+ 1,B) " B{A"+ A,B) " [A- 07

where W™ is a function of 4, W*(A,)=(A"+1,B)".

We have h(0)= AT I\ BI\"" [A- 0?7

Thm1. Suppose t is a variable in the matrix A ameeise matrix A™ exists, then the

-1
first derivative of the inverse matri@A™ is dg‘t =-A? G(ZT’;“ Al
-1 a
Proof: A*[A=1; d'; A+AL BZ—? =0; = dgt =-A? BC;—'?A‘l

By the Thm1, we have:
h'(A,)=—2A" A"+ A,B)  BBH{A"+ A,B)  BOA”+AB)" A
h'(0)=—2AT (N7 B B A
Obtain the following estimated formula by Taylompaxsion
h(A7)=h(0)+ Ath'(0)  wherel is the solution ofh(4, ) = Var (wlor)- o = 0.

0=A" I\ B A-0 -2’ I\ B B A
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Then we get the initial estimadg:

1 1
o AT\ B\ [A-0¢
2AT INTHIBIAT IBIAT (A

Appendix1.1.2 - Theidentical equation sort out from the formulavar(wi,r|x,) = o3
Var (W1 | %,) = 05
AT A+ A,B) " BOA + A,B)" (A= 02
AT A+ A,B) " I AT+ A, B-AY)dA + A,B) A= 07
AT W W - AY) W A= A, 07
ATWTA-AT WIIN W A=A, b7
Appendix1.2- AZ0; =0
Objective function for this case is as follows:
foo (W) = E(W'r|x,) —%WT/\DW—A—Z?’ ar (w'r|x, ) —aj]
=w'A —%WT/\DW—%[WT Bw—aj]

The vectors andhatrices represent respectively:
W, r ZZANE A\
v el w2
W, r, -N A
A =elrl)=|

Var(r, | %) Cov(rl,r2|xo>}

owwmin) gl el
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To optimize the objective functiome do the first order differential equal to zeroibn
A, -N'w-A,Bw=0
Weo =WTA,  where W=(A"+4,B)
According to Eq.8 and EQ.9 in section 3.1, thewstiresults are as follows:
E(r,[%o) = E(M %, +Uy | X,) =M%
E(r,|%,) = E(Mu, +u,|%,) =0
Var(r,|X,) =Var(I x, +u,|x,) = Z"
Var(r,|x,) =Var(Mu, +u,|x,) =D where D =M, z"N7 +3"
Cov(r, 1, | %) = Cow(M X, +U;, MU, +U, | X, )
= Cov(uy, M,u, | x,) = 1]
According to the derived results, we understand thahis case, only the matrix of the
expected return will be changed to matix Then following the same approach as
before, we get the expected return after dedudtangsaction cost of one-stage method
as follows:

ke o)~ oo A, = (] 0 O, A5 03] where w0+ 258)

Appendix1.3- A=0; %0
Appendix1.3.1 - One-stage method of the maximum return method

Objective function for this case is as follows:
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fo (W)= E(W'r|x,) —/]—Z‘r’ﬁ/ar<wTr %) —aj]
= WTA—/]—ZS[WT Bw—aé]

The vectors anchatrices represent respectively:

o MRS HEECIER sk

Var(r, | %,) Cov(rl,r2|xo>}

owwmiin) gl el

To optimize objective function, we do the first erdlifferential equal to zero on it.

A-A,Bw=0
A - Ve
AS

The vector A and the matrix B here are the sandeasribed earlier in this paper.

Use the formula\{ar<wgr ‘ x0> =0Z, to solvel,.

ol :Var<wgr ‘ x0> = W(T)Var<r | X0>Wo :)I_leT B'BBA= /‘_12
5 5

A'BA

[ AT -1

A = A BTA
Oo

o

VATBA

The optimum weight is: wg = B"A

The expected return is: E<W§Tr

x0> =% _mpBiA=0g JABA

A'B*A
Next we will switch the method from maximizing theturn to minimizing the

variance of mean-variance portfolio optimizatiopagach and discuss the performance
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of the one-stage method.
Appendix1.3.2 - One-stage method of the minimum variance method

The objective function can be easily written dowrf@lows:

%] |
— T _ 1 T _
fo (W) =Var(w'r |x,) > E(Wr|%,) ~ 4o
=w' BW-A—ZVl[WTA—,uO]
Do the first order differential equal to zero on it
2Bw - Aa A=0
2
Ag oo
WO = 71 B lA
Here the vector A and the matrix B are the sanseasribed earlier in the paper.
Use the formuIaE(w(T)r) = U, to solvel,, .
Uo = E(ngr): "—ZV ATBA

_ A
Y ATB'A

The optimum weight is: w2 =—~° __[BA
P g ° A'B?A

2

Ho
A'B™A

. . . . T
The minimum variance is: Var<w§ r

x0> = WSTVar<r | %o )Wo =

Appendix1.4- A=0;4=0
Objective function for this case is as follows:

fo (W) = E(W'r|x,) —%B/ar<wTr %) = J§]
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=w'A, —%[WT Bw—aj]

The vectors anchatrices represent respectively:

RS RS K}

Var(r, | %,) Cov(rl,r2|xo>}

owwmiin) gl el

Do the first order differential equal to zero on it
1.4
w, =—B

Here the vectof, and the matrix B are the same as described earlibe paper.
Then solvel, and get the expected return as follows:

X) = 0o A BA

E<w§T r

Appendix 2. Two-stage method
Appendix2.1- AZ0; %0

Appendix2.1.1- Deriving the vector of expected return and the matrices of variance
and expected transaction cost
Before discussing the expected return of the sepbrede, let take a look at two

theorems first.

Thm2. x is a random vector of dimensiorxl,x ~ N(x,Z)and A is a symmetric

matrix, then E(x" Ax) = trace(AZ).
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Thm3.®™N, is a symmetric matrix.

-1 =T . [-1 0
Proof: We know 1, = -1 = ;M =] _

0O O = 0

a &
T

s
Suppose(ZD) = {az

} is @ symmetric matrix. (where a; =a,)

—a =T
Then ®'M, = I'II(ZD)_ll'I1 :[ a} _31;} is a symmetric matrix.
——a =a=
By Thm2. and Thm3, the expected return of the sestege is:

")

= E<(yT + xleJT)r2 ‘x0>

:
E<w2D r,

E<yTr2 +x @, ‘x0>

E<yT(|'|ﬁ’+|'|1u1+u2)+([j’T +xInT +u1T)d>T(|‘|,8+I'|1u1+u2)‘xo>
=y NB+L o NS +tr(g)
=¢ where/=L"NB+tr(g) ; L=(y+dp8): ¢=0"N3"
Before discussing the variance of the second phasefirst take a look at the two
theorems.
Thm4. x is a random vector of dimensiorx1,x ~ N(y,Z), and A is a symmetric

matrix, then Var(x" Ax) = 2tr(ASAS).
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Thmb. Var(ulTGDTuz):tf(q’T”lZD)
Proof: Var(ulTCDTuz)
= efur oy, F|-[Elreru, )

= oy, | = Elur ou, w0y, | = Elu o7y, il ou,]

= Elu E(0Tu, m®|u,)u, | = E( o ="0u, ) = Eftr ([ 0= 0u, )
= Eltr(®"="ou,u] )|=tr(e™n,s")
By Thm4. and Thmb5, the variance of the second stage

)

= Var<(VT + XquDT)(rI:B"' My, + uz)‘ Xo>

*T
Var<w2 r,

=Var(y"(NB+1,u, +u,)| %) (A-1)
+Var(x ®T(MB+Mu, +u,)|x,) (A-2)
+ 2yTCov<(I'I U U)X OT(MB+Mu, + uz)‘ x0> (A-3)
=k

where D=N3T] +3%; g=0'N3"; L=(y+dp);
k=y Dy+(y +L7 DB+ 2tr(p?)+tr(g)+ (8N @+ 2N, F'0™N B
Detail in each part, respectively:
(A-1) : Var<yT (I_I,B'*' Mu, + uz)‘ Xo>
— O/ T O
=y (M= ] +5%)y

=y'Dy
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(A-2) : Var(x/ o™ (MNB+Nu, +u2)‘x0>
= Var<(,3T XN+l JoT(NB+Mu, + U )| %)
=g o (M,zN] +:%)0p+ A N Oz D NA+2tr (0N, M,57)
+tr(®™N ")+ 2870 TN s TN
= BT DOS+2tr(p?)+tr(g)+ (BTN D +2870™N, 0N A
(A-3) = 2y Cov((Myu, +u, ) ] T (MB+M U, +u,)[x,)
=2y"Cov(N U (BT + XN Ul JoT (N, + U, )| %)
+ 2yTCov<u2,(BT XN +u] JoT(MB+Mu, + U )| %)
=2y N5 ®B+2) N P NB+2) 5°DS
=2y (N,=N] +2%)0p+2y N,z N
=2y'DOB+2y Nz N
The covariance of two stages:

")

= Cov{ B+ M ,% +uy, (7 +X] @B+ Mu, +u,)|x,)

*T
C0v< rLaW, I,

:CoV<U1’VT(ﬂ,8+I'I1U1 +u2)+(:8T +X(‘)F|—|T +UI)¢T(HIB+H1U1+UZ)‘ X0>
:C0V<u1,yTr|1U1+ﬂTcDTr|1U1+UICDTI_IIB‘XO>
=N where N =35y +N{ o4 +oMNp)

Let us take a look at another theorem before waudstransaction cost of two stages.
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Thm6. ®"AP is a symmetric matrix.

_ a VAV
Proof: Suppos@:u) ' = {ai 2} andA :{ : 2} are symmetric matrices.
a2 a3 /\2 /\3

Then(ZD)_I/\(Z )_1 is a symmetric matrix.
By Thm3.®'A® = I'II(Z‘ll\Z‘l)I'I1 is a symmetric matrix.
Transaction cost of two stages:
E(2A|%,) = 2\
E(AW; %)
= NE(y +®x | %,)
= AE(y+0(B+Mx, +u, )| x,)
=AL  where L =(y+®p)

Y

=E((y + 0" A (y+ x| x,)

E<W2DT Aw;)

= E<[yT + (ﬁT +x 07 +u/ )CDT]/\[y+ CD(ﬂ+ Mx, +u, )]‘x0>
=Y Ay +y AOB+ BT Ay + BT OTADS + E(u] OTADU, | %,)
=U'AL +tr(g,) where L=(y+®B);: ¢, =d AdE"
Appendix 2.1.2 - Obtained theinitial estimate A, by Taylor expansion
Suppose functionh()lz) is as follows:

{2, )=Var(v'z

2
Xo>_ao

a7



=F Q' GQ*F -0
=F H +1,6)" G dH + 1,6)" [F - 07
where Q7 is a function of A,, Q*(1,)=(H +1,6)".
We have h(0)=F" [H ™ [GH " [F - o7
By Thm1, we knowh'(4,)= —2F " fH + 1,G) " G {H + A,G)" G H + 1,6) F
h'(0)=-2F" H ' [GH™[GMHF
We can obtain the following estimated formula byl®aexpansion:
h(A7)=h(0)+ A2n'(0) whereA] is the solution ofh(4,) :Var(\/DTr)— o2 =0.
O=F MH'GMH'F-0-2F' [H'[GIH'[GMH™"F

Then we get the initial estimate:

FFHAGHF -0

A=
> 2FT IH ¥ @iH 56 H 21 F
Appendix2.1.3 - Theidentical equation sort out from theformuIaVar<VDTz Xo> =gt
T
Var<vD z x0> = g?

F fH +A,6) G OH + A,6)" F=o?

FTOfH +A,G)" O fH + A,G - H)d{H + ,G) ' (F = 07
FTQ™Q-H)@™F =), (&2

FFQ'F-F Q7'HQ*'F =1,

So far we observe that under the assumption inpdyeer, the optimum weight of

the second phase is not relevant to the transactish If A changes, it will not affect
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its results; ifBchanges, it will. Wheg # 0, as described in the papet,= y+ ®x,
Wherey:(ZD)_l,B,dJ:(ZD)_ll'Il, and if you give a coefficiers,, then it becomes
aw, = a,(y+ ®x,);whens = Othenw, = ®x, whered = (ZD)_ll'Il, and if you give a
coefficient,a, then it becomesw, = a,®x, . In the following verification, we will use
this result directly.
Appendix2.2- AZ0; =0

When x,,x, are knew, the weight of the second stage wis= ®x,
Where(ZD)_ll'Il =®. While given a coefficiens,, it becomesa,w, =a,®x,. Then
apply the optimal weight of the second phase toogptemal objective function of two
periods, as shown below:

for (V)= E<sz\x0>—%E<vch\x0>—%B/ar(VTz\xO>—o—§]
=V'F, —%VTHOV —A—Z“NTGOV -]

The vectors andhatrices represent respectively:

r 2N\ - Aw,)
vl z= A N O] o WZD ;
a W, I, -w, A w, Aw,

E(2A|x - E(AW,| X
womeiyo] ) e
- E<W2 N x0> E<W2 AW, xo>

49



Var(r, | X,) COV<I’1,W;TI’2‘XO>

S =VariZlx) = X0> Var<WDTr
2 2

Cov<w;T r,r, X, >

After taking the first order differential, we get
F,—HV -A,GV =0
VP=Q,'F, where Q,=(H, +1,G,)
According to Eq.8 and Eq.9 in section 3.1, thewastiresults are as follows:
E(r,)= E(M,x, +u,)=M,x,

:
E<w2D r,

x0> =E( @, |x) =tr(¢)  wherep=®T,3"
Var(r,|x,) =Var(I X, +u,|x,) = "

Var<w;Tr2 x0> =Var(x ®r, | %) = 2tr(p?)+tr(4) wherep = ®1,3"

*T
C0v< LW, I,

x0> = Cov<|'11x0 +u,,x ®T(Mu, + uz)‘ x0> =0
E(2A|%,) = 2\
E</\W2']‘x0> =0

E<W2DT Aw;)

x0> =tr(g,) wherep, = DTADS
From the derived results, we learn that, in thsecéhe matrices of the expected return,

variance, and transaction cost will be changed madrixF, -+ H, - G respectively.
Then following the same approach as before, we getnthe expected return after

deducting transaction cost of two-stage metho@kmis:

1

(V) 2]} -5 BV eV o) = 5 [Fs 0™ o, + 25 w2) where 03 = (H + )
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Appendix2.3- A=0; %0
Appendix2.3.1 - Two-stage method of the maximum return method

When x,,x, are knew, the weight of the second stagewijs= y+dx,

where (ZD)_l,B=y; (ZD)_ll'I1 =® . While given a coefficienta, , it becomes
aWw, = 31(V+ d)xl). Then apply the optimal weight of the second plasthe optimal
objective function of the two-stage method as shbelow:

f. (V)= E<sz\x0>—/]—26B/ar<sz\xo>—a§]

=V'F —A—;b/Tev—o—g]

The vectors anthatrices represent respectively:

_|w . AR e | 1 B E(r,[%o) ,
SIS PO Eld'r, |x,)|
Var(r,| x,) Cov< [,W, T, ‘ X,

")

G =var(z]x,) = Cov<w*Tr r
2 '2171

ar
x0> Var<w2 r,

After taking the first order differential, we get

F-AGV =0
vi=tlgF
AG

Here the vector F and the matrix G are the santiessibed earlier in the paper.

Use the formula\(ar<v IjTZ‘x0> =0Z, to solvel;.

1

=7 F'G'GG'F==F'G'F
6

0% =Var (V72| ) =V Var(Z|x, V" L
6
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JVFTG™F

A =
6 O_O
The vectow, that represents the combination of the optimal tuedg the first stage and

an optimal factor of the second stage:

vi=—_ %0 G

VF'G™F

The expected return of two-stage method as follows:

EQGJZ

g
x>=———£L—4ITG*F=cr¢FTG*F
I JFTGF °

Next we will switch the method from maximizing theturn to minimizing the
variance of mean-variance portfolio optimizatiopagach and discuss the performance

of the two-stage method.
Appendix2.3.2 - Two-stage method of the minimum variance method

Suppose, andx, are known. Then the objective function of the secphase is as
follows:
1
fz(wz):Var<WZr2‘x0,x1>—EE<w;r2‘x0,x1>
1
= w,Var(r, [ Xy, X )W, —Ew; E(r,] %o, %)
To obtain the optimal decision of the second stage,do the first order differential
equal to zero on it.
1 _
Var (I, | X, X, )W, 5 E(r,[%,%)=0

*

1 )
W, :Z(\/ar<r2|x0,x1>) 1E<r2|x0,x1>
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According to Eq.8 and Eq.9 in section 3.1, theastiresults as follows:
E(r, %, %) = E(B+T1,% +Uy| %, %) = B+ %,
Var (I, | %y, %) =Var {8+ x +u,|X,, %) = ="
The derived result is:
W, :%(y+ ox)  where =8 : o=z,
Give a factor a, then becomes:
aw; =2 (y+ ox,)

Next, take the optimal weight of the second phaskjch multiplies an
undetermined coefficiemt, into the optimal objective function of two-stageethod as
shown below:

f.(v) =Var<VTZ‘x0>—A—;[E<VTZ‘XO>—,UO]
=VTGY —A—;NTFD—/JO]
The vectors andhatrices represent respectively:
v :{\gﬂ Lz :{Wzmr%rj L OFU=E(Z]%,) =
Var(r,| %,) COV<I’1,W;T r, ‘ x0>

")

To optimize the objective function, we do the fiostier differential equal to zero on it.

G"=Var(Z|x,) = .
Cov<w2 r,r

ar
x0> Var<w2 r,

ZGE\/—/]—;F%O

VD:/]T;:ZGD‘lFD
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According to Eq.8 and Eq.9 in section 3.1, thewastiresults are as follows:
E(rl) = E(ﬁ+ I_|1X0 + ul) = ﬁ+ rllxo

E(W;Trz): ¢ where (=L"NB+tr(g) ; L=(y+®8); g=0'Nz"

NP

Var(r,|X,) =Var(B+ X, +u,| %) = Z"

*T
Var<w2 r,

x0>=1—16k where D=MsNT +5%; ¢=0'N3";
k=y Dy+(y" +LT Do +2tr(p?)+tr(g)+ (N0 + 2N, froTN B

Cov<r1,w;Tr2 x0> :%N where N = ZD(I'IIy+ |‘|I<Dﬂ+q>TI'Iﬁ)

Use the formuIaE<V Tz

x0> = U, to solvel,, .
— ar _Av i
,uO—E<V z‘x0>_7|: GT'F

Ay
/]v2 = T 1

F ] GD_ F O
The vectoW, that represents the combination of the optimal ttedg the first stage and

an optimal factor of the second stage is:

o_ Ho ol-o
YR

The variance of the two-stage method as follows:

2
xo>:(—y° j F7GTGGTF"

or
var(v;"z R

_ M
FIGTE"
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Appendix24 - A=0;4=0

When x,,x, are knew, the weight of the second stage wis= ®x,
WheredJ:(ZD)_ll‘ll. While given a coefficieng,, it becomesaw, =a,®x,. Then
apply the optimal weight of the second phase ineodptimal objective function of the

two-stage method as shown below:

The vectors anthatrices represent respectively:

E(r. )
W & r ; fs 2 1170 .
o] % F°‘E<Z'X°>{E<w?rz x0>} |

Var(r, | X,) Cov<rl,W;Tr2‘xo>

x0> Var<WZDTr2 x0>

Go =Var(Z|x,) = Cov<w*Tr r
2 S

After taking the first order differential equalzero, we get:

V© :)Iics(;llzO
8

Here the vectodf, and the matrix, are the same as described earlier in the paper.
Then solve fod, and get the expected return as follows:

X0> = JO V I:O-I—C;()_:LFO

E<va z
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