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Abstract 

 

This paper uses the PCB Cointegration Model to organize the sequence 

information of the price of financial commodity into the VAR(1) type. The parameters 

in the formula VAR(1) must meet the formulas in this paper. We extend Markowitz’s 

mean-variance optimization approach published in 1952, which is to maximize the 

return under the fixed risk, to multi-stage asset allocation, and use this new model to 

discuss the one-stage method and the two-stage method. The paper then compares the 

net returns of the two methods when undertaking the same risk, under the condition of 

transaction cost and intercept. We will also examine the one-stage method and the 

two-stage method in the special cases to determine which one can bring the better net 

expected return under the same risk. 
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1   Introduction 

1.1 Motivation and purpose 

 Today, in our society, accumulation of wealth could be a difficult task for most 

people due to generally low salary structure, high commodity price, and low interest 

rate. Hence, investment turns out to be one of the effective ways to solve this issue. 

According to Brinson, Singer, and Beebower (1991), the main factors affecting 

investment returns are asset allocation, entry timing, and stock picking, among which 

asset allocation is the most influential one. In fact, the degree of influence of asset 

allocation to the return of investment can be up to 91.5%. For economists or investors 

who want to have satisfactory investment return figures, asset allocation is a very 

important topic. 

The main concept of traditional asset allocation is derived from the Mean-Variance 

Portfolio Model published by Markowitz in 1952. This model deals mainly with the 

asset allocation problem of a single period. However, today, in our modern society, 

Markowitz’s model has become insufficient to cope with the rapidly changing 

investment environment. In this paper, we first extend the Mean-Variance Portfolio 

Model to two-period and then combine with other models to address the shortcoming of 

the original model. Below is a brief introduction about the concept of the asset 

allocation of single and multi-period. Asset allocation of single period, also known as 
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the traditional M-V model: No matter how the investment environment changes, 

investors make investment decision only at the beginning of the period. Asset allocation 

of multi-period: In several successive investment phases, investors will adjust the 

allocation strategy according to the latest information after each period. The new and 

much needed strategy is to readjust allocation weight in order to maximize the total 

return of their investments or to minimize the overall risk of the investments. 

Early discussion about asset allocation involved using past data as a basis for 

future decision-making. However, Elam & Dixon (1988) pointed out that price series 

data of the financial commodity are often non-stationary. The price showed random 

walk, which means that price series of this period is not affected by that of the previous 

period, so using past data to predict future price is not efficient. In addition, as 

mentioned in the articles of Michaud (1989), Chopra & Ziemba (1993), Scherer (2002), 

and Wolf (2006), estimation error of the mean, variance and covariance will have a 

tremendous impact on the optimal portfolio. Therefore, information for future 

decision-making is considered very important. 

If a variable appears as a random walk type, then it is considered a non-stationary 

variable. Granger and Newbold (1974) found that there would be spurious regression 

phenomenon among non-stationary variables. Traditionally in the empirical research, 

people mainly use regression methods to estimate the causal relationship between 
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variables. However, overlooking spurious regression might lead to the misinterpretation 

of the result of empirical research. Hence, this fact that check whether variables are in 

steady state cannot be ignored when time series variables are used for the study. 

Therefore in this paper we check whether variables are in steady state first before we 

use time series variables for the empirical study.  

Later studies found that many time series of economic or financial variables have 

non-stationary characteristic. Nelson and Plosser (1982) used a unit root test method to 

study macroeconomic data collected in the U.S. and found that most of the 

macroeconomic variables have the phenomenon of a unit root. In other words, most of 

the economic variables follow non-stationary process. In tradition, people would 

difference time series; however, important information might be lost as the result of 

differencing the time series. Granger (1983) proposed the concept of cointegration 

which uses cointegration vector to represent the relationship of the long-term mobile 

trend between the non-stationary time series. When the data appears to be cointegrated, 

it means that there is some information which may have a linear relationship. Thus the 

data doesn’t need to go through the difference to be converted into stationary time series, 

which solves the problem of information loss from differencing the time series. Engle 

and Granger (1987) proposed the cointegration theory. According to their theory, if there 

is cointegration phenomenon in the regression relationship between non-stationary 
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variables, then such a regression relationship still has economic significance.  

Therefore, this paper uses the PCB Cointegration Model to organize the sequence 

information of the price of financial commodity into the VAR (1) type. However, the 

parameters in the formula VAR(1) must meet the formulas(4)ǵ(5)ǵ(6) in this paper. 

Then we solve the problem of the future decision-making information with this model. 

Traditionally, transaction cost is often overlooked in the discussion of asset 

allocation. When examining multi-period asset allocation, one should worry about the 

transaction cost becoming larger than the investment return due to frequent trading. In 

fact, transaction cost is always imposed when trading financial products. In order to 

model the common practice, transaction cost will be included in the following 

discussion.  

This paper uses the above model to compare the one-stage method with the 

two-stage method: under the same risk, which method can bring a higher net return at 

the end of the two periods. Net return is defined as the total return subtracting 

transaction cost. With the one-stage method, the investment decision for both stages is 

made at the beginning of the first stage based on the information available at time.  

With the two-stage method, we make the investment decision for the first stage at the 

beginning of the stage according to the information available at time; and when the first 
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phase is ended, we then use the new information available to make the best decision for 

the second phase. 

1.2 Framework 

This article is divided into five chapters. A brief description of the content in each 

chapter is as follows: 

Chapter 1 Introduction 

This chapter describes the motivation, purpose, and structure of the research in this 

paper. 

Chapter 2 The Cointegration Model  

This chapter describes the cointegration model. 

Chapter 3 Research Method 

This paper uses formula(3) transformed from PCB Cointegration Model to 

organize the sequence information of the price of the financial commodity, and then 

uses the mean-variance optimization method to set the objective function for this paper. 

We examine the one-stage method and the two-stage method of the dynamic portfolio 

selection approach and determine which one can produce better net expected return 

when undertaking the same risk. 

Chapter 4 Numerical Illustrations 

 Among the 19 sector indices in the Taiwan market, we pick 5 that are I(1) 
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sequences then find their cointergration relationship. Next, estimate the model 

parameters and use numerical methods to compare one-stage method and two-stage 

method.           

Chapter 5 Conclusions and Recommendations 

We draw conclusions from the empirical results in chapter 4 and make 

recommendations of future research on this topic. 
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Figure 1. Framework 

  

Motivation and Purpose 

The Cointegration Model 

Research Method 

One-stage method: 

Complete the optimal asset 

allocation for both phases at 

the beginning of the first phase 

based on the initial price. 

Two-stage method: 

Complete the optimal asset 

allocation for each phase at the 

beginning of each phase based 

on prices at that time. 

Discuss dynamic asset allocation using the 

mean-variance optimization method. 

 

Comparison of Two Methods 

Numerical Illustrations 

Conclusions and Recommendations 

Forecast asset price using PCB Cointegration Model. 
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2   The Cointegration Model 

In this chapter, we will show Cointegration Model which will be used to organize 

the sequence information of the price of the financial commodity in this paper.  

Before being engaged in each type of statistical inference of the time series, we 

should first examine whether the sequence is in stationary state. When the time series is 

stationary, its data follows a stochastic process, but the probability distribution of this 

stochastic process does not change along with time; otherwise, this time series is called 

non-stationary time series. 

Elam & Dixon (1988) pointed out that the price series of financial products usually 

show the characteristic of non-stationary process. That means the price sequence is a 

random walk type in which the price sequence of current period is not affected by the 

price sequence of the previous period. If a time series is non-stationary, the commonly 

used method to convert it to stationary is to take the difference on the variable or 

eliminate the tendency item. However, the conversion could potentially eliminate the 

implicit long-term message from the data, so to avoid this potential problem, we could 

adopt the cointegration concept proposed by Granger. According to the cointegration 

concept, a stable long-term balanced relation might exist between unstable variables, 

and this relation might cause synchronized tendency on the variables. Therefore, we use 
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formula(3) transformed from PCB Cointegration Model to model price sequence of 

finance commodity in this paper. 

PCB Cointegration model 
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3   Research Method 

3.1 Notations 

tx  denotes the random vector of asset prices taken logarithm at time t. According to 

formula(3), ttt uxx +Π+= −1β . When 2≥t , the tx can be rewritten as: 

( ) t

t

i
it uuxtx +Π+Π+Π−+= ∑

−

=

1

1
01 ββ                              (7) 

tr , 1−−= ttt xxr , denotes the random vector of asset return during the time 

interval,( )tt ,1− .According to formula(3): 

tttttttt uxxuxxxr +Π+=−+Π+=−= −−−− 11111 ββ                   (8) 

When 2≥t , the tx can be rewritten as: 

ttttt uuxxr +Π+Π=−= −− 111 β                                   (9) 

State : Eachtx  represents state t. 

Stage : Stage t represents the range between 1−tx  and tx . Stage is also called period. 

tw  denotes the weight of asset allocation between 1−tx  and tx . This is the weight that 

we allocate at stage t. When we know the price of assets tx , we should know all the 

weights that are less than or equal to that at stage 1+t . For example, when we 
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know the price of assets1x , we should know the price of assets0x , then we can 

know the weights 1w and 2w . In addition, positive weight represents buying of 

stocks; negative weight means selling or short selling of stocks. Prices of financial 

products do not always go up; they may go down as well. Short selling is the 

trading option to maximize profits during down time, thus we allow short selling in 

this paper. Because our assumption allows short selling of stocks, the sum of the 

weights in each stage does not need to be equal to one. 

Λ  denotes the fees charged for different trading methods, such as buying, selling, and 

short selling of stocks. It is determined based on the weight. For the convenience of 

problem solving and calculation, we represent it using a fixed ratio. And we assume 

that Λ is a symmetric positive definite matrix. The model of the transaction cost in 

this paper is wwT Λ
2

1
. The reason we use quadratic form to present the model of 

transaction costs in this paper is to avoid the transaction costs becoming negative. 

Because we allow negative weight, we must use the quadratic form to ensure that 

transaction cost is positive. 

Since we apply two-period dynamic asset allocation, the maximum number of 2=t . 

3.2 Objective functions 

Markowitz's mean-variance portfolio optimization methods provide two 

approaches: (1) under fixed risk, find the maximum return or (2) under fixed 
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remuneration, minimize the risk. The method that we chose in this paper is the former, 

which is to find maximum return under fixed risk. In the special case of the following 

section, we will verify that both methods give the same return when undertaking a unit 

risk. 

This paper uses two-stage mean-variance portfolio optimization framework, and 

the objective function is as follows: 

( ) ( ) ( ) 012121102211
,

21 2

1
max,

21

xwwwwwwExrwrwEwwf TTTT

ww
C −Λ−+Λ−+= (10) 

Restriction is as follow:                                                

                
2
002211 σ=+ xrwrwVar TT  

That means we want to optimize the net expected return of two-period, which is 

deducting transaction cost under the constraint of restricting the variance of total return 

to 2
0σ at the end. 

The objective function (10) and its restriction in this case which use the Lagrange 

multipliers method can be rewritten as: 

( ) ( ) ( ) 012121102211
,

21 2

1
max,

21

xwwwwwwExrwrwEwwf TTTT

ww
C −Λ−+Λ−+=

 

[ ]2
0022112

σλ
−+− xrwrwVar TTC                          (11) 

where Cλ  is a Lagrange multiplier.                                       

Below we will discuss one-stage method and two-stage method respectively. 
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3.3 Dynamic portfolio selection methods 

3.3.1  One-stage method 

At state 0x , we optimize asset allocation for two periods according to asset prices 

at state 0x . 

First, the objective function sort out from (11) is as follow: 

( ) [ ]2
00

1
0 22

1 σλ
−−Λ−= ∗ xrwVarwwxrwEwf TTT

CO  

[ ]2
00

1
0 22

1 σλ
−−Λ−= ∗ wxrVarwwwxrEw TTT

 

[ ]2
0

1

22

1 σλ
−−Λ−= ∗ BwwwwAw TTT

                   (12) 

The vectors and matrices represent respectively: 

            







=

2

1

w

w
w ； 








=

2

1

r

r
r ； 









ΛΛ−
Λ−Λ

=Λ∗ 2
； 

               







==

02

01
0 xrE

xrE
xrEA ；   









==

02012

02101
0 ,

,

xrVarxrrCov

xrrCovxrVar
xrVarB  

Then to optimize the objective function, we perform the first order differential equal to 

zero on it.            

01 =−Λ− ∗ BwwA λ  

     AwCO
1−Ψ=        where ( )B1λ+Λ=Ψ ∗               (13) 
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According to 3.1 (8)、(9), the results are derived as follows: 

01010101 xxuxExrE Π+=+Π+= ββ                          

ββ Π=+Π+Π= 021102 xuuExrE                            

∗Σ=+Π+= 010101 xuxVarxrVar β                            

DxuuVarxrVar =+Π+Π= 021102 β  where ∗∗ Σ+ΠΣΠ= TD 11    

0211101021 ,, xuuuxCovxrrCov +Π+Π+Π+= ββ  

                    
TxuuCov 10111, ΠΣ=Π= ∗

 

Since weight COw (13) contains an unknown figure 1λ , we try to use the equation of 

constraint to solve 1λ . In fact, in the process of finding solution, we will see 1λ  in the 

anti-function, and there is no way to find solution from that function directly.  

Therefore, our approach is to get a starting estimate ∗
1λ  by using Taylor expansion first. 

(The detailed derivations are in Appendix1.1.1.) 

ABBA

ABA
T

T

⋅Λ⋅⋅Λ⋅⋅Λ⋅

−⋅Λ⋅⋅Λ⋅
≈ −∗−∗−∗

−∗−∗
∗

111

2
0

11

1
2

σλ                      (14) 

Then from the formula 2
0 O

T
CO xrwVar σ= , we can sort out an identity equation. 

(The detailed derivations are in Appendix1.1.2.) 

2
01

111 σλ ⋅=⋅Ψ⋅Λ⋅Ψ⋅−⋅Ψ⋅ −∗−− AAAA TT                (15) 

Next, we take the initial estimated value ∗
1λ  into the function 1−Ψ of the left side of Eq. 

(15), and then we can get a new estimated value from the right side of the equation. We 
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then confirm if the difference between the initial estimated value and the new estimated 

value is less than the estimated error of our setting. If not, we take the new estimated 

value and substitute it into the left side of the formula until the values of two sides are 

very close, expressing convergence, then we stop. If so, we can get an answer directly, 

which results in a more accurate estimated valueS
1λ . 

The optimal weight of one stage method: 

               AwCO

1−∗∗ Ψ=     where ( )BS
1λ+Λ=Ψ ∗∗                (16) 

Expected return after deducting transaction cost of one-stage method as follows: 

    ∗∗∗∗∗∗∗∗ Λ−=Λ− CO

T

CO

T

COCO

T

CO

T

CO wwAwwwxrwE
2

1

2

1
0  

                            AAAA TT ⋅Ψ⋅Λ⋅Ψ⋅−⋅Ψ⋅= −∗∗−∗−∗ 111

2

1
 

              ( )2
01

11

2

1 σλ ⋅−⋅Ψ⋅−⋅Ψ⋅= −∗−∗ STT AAAA  

                            ( )2
01

1

2

1 σλ ⋅+⋅Ψ⋅= −∗ ST AA    

3.3.2 Two-stage method 

At beginning of the first period, we will allocate the weight of asset based on the 

initial price. We will then re-allocate the weight of asset again based on the asset price at 

beginning of the second period.  

In this method, we use the backward way to solve it. In other words, we get the 

optimal weight of the second phase by using the objective function of the second phase. 
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Then we apply the optimal weight of the second stage to the overall objective function 

to get the optimal weight of the first phase. 

In this paper, we don’t consider the transaction cost in the objective function of the 

second stage. Instead, we use an undetermined coefficient 1a  to adjust the change. 

Step1. 

Suppose 0x and 1x are known, the objective function of the second phase is as 

follow: 

( ) 1022102222 ,
2

1
, xxrwVarxxrwEwf TT −=

 

210221022 ,
2

1
, wxxrVarwxxrEw TT −=  

We want to obtain the optimal decision of the second stage, so we perform the first 

order differential equal to zero on it. 

0,, 2102102 =− wxxrVarxxrE  

( ) 102

1

102
*
2 ,, xxrExxrVarw

−=  

According to 3.1 (8)、(9), the results are derived as follows: 

1110211102 ,,r xxxuxExxE Π+=+Π+= ββ
              

                             

∗Σ=+Π+= 10211102 ,,r xxuxVarxxVar β
 

The deduced result is obtained: 

1
*
2 xw Φ+= γ    where ( ) βγ 1−∗Σ= ； ( ) 1

1ΠΣ=Φ −∗  

We apply factor 1a  then it becomes: 

( )11
*
21 xawa Φ+= γ                                  (17) 
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Step2. 

Next, we must take the optimal weight of the second phase (17), which multiplies 

an undetermined coefficient1a , to substitute it into the optimal objective function of two 

periods (11), as shown below: 

( ) ( ) ( ) 01211211102211111 2

1
, xwwawwawwExrwarwEawf

TTTT
CT −Λ−+Λ−+= ∗∗∗  

             



 −+− ∗ 2

0022111
2

2
σλ

xrwarwVar
TT  

The objective function is sorted out as following: 

( ) [ ]2
00

2
00 22

1 σλ
−−−= xZVVarxCVVExZVEVf TTT

CT  

        [ ]2
00

2
00 22

1 σλ
−−−= VxZVarVVxCEVxZEV TTT  

               [ ]2
0

2

22

1 σλ
−−−= GVVHVVFV TTT                       (18) 

The vectors and matrices represent respectively: 









=

1

1

a

w
V ； 








= ∗

22

1

rw

r
Z T ； 









ΛΛ−
Λ−Λ

= ∗∗∗

∗

222

22

www

w
C TT ； 














== ∗

022

01

0 xrwE

xrE
xZEF T ；  















ΛΛ−

Λ−Λ
== ∗∗∗

∗

02202

020

0

2

xwwExwE

xwExE
xCEH TT  ;  

















==
∗

022012
*
2

02
*
2101

0
,

,

xrwVarxrrwCov

xrwrCovxrVar
xZVarG

TT

T

 

After the first order differential, we get: 

02 =−− GVHVF λ  
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FV 1−∗ Ω=   where ( )GH 2λ+=Ω                        (19) 

According to 3.1 (8)、(9), the results are derived as follows: 

(The detailed derivations are in Appendix2.1.1.) 

( ) 0110101 xuxExrE Π+=+Π+= ββ                                  

l=02
*
2 xrwE

T
  where  ( )ϕβ trLT +Π=l ; ( )βγ Φ+=L ; ∗ΣΠΦ= 1

Tϕ    

∗Σ=+Π+= 010101 xuxVarxrVar β                                  

kxrwVar
T =02

*
2   where ∗∗ Σ+ΠΣΠ= TD 11 ； ∗ΣΠΦ= 1

Tϕ               

( ) ( ) ( ) ( ) ββϕϕβγγγ ΠΦΣΠ+ΦΠ+++Φ++= ∗ T
1

2T 22 TTTTT LtrtrDLDk       

NxrwrCov
T =02

*
21,   where ( )ββγ ΠΦ+ΦΠ+ΠΣ= ∗ T

11
TTN     

Λ=Λ 22 0xE                                                      

LxwE Λ=Λ ∗
02   where ( )βγ Φ+=L                                 

( )1022 ϕtrLLxwwE TT +Λ=Λ ∗∗  where ( )βγ Φ+=L ； ∗ΛΦΣΦ= T
1ϕ    

Same as one-stage method, the vector ∗V of two-stage method also contains unknown 

figure 2λ  and there is no way to utilize equation of constraint to solve 2λ . Hence, we 

also get a starting estimate∗2λ  by Taylor expansion. 

(The detailed derivations are in Appendix2.1.2.) 

FHGHGHF

FHGHF
T

T

⋅⋅⋅⋅⋅⋅
−⋅⋅⋅⋅

≈ −−−

−−
∗

111

2
0

11

2 2

σλ                      (20) 

Then from the formula 2
00 σ=∗ xZVVar

T
, we can sort out an identity equation. 

(The detailed derivations are in Appendix2.1.3.) 
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2
02

111 σλ ⋅=⋅Ω⋅⋅Ω⋅−⋅Ω⋅ −−− FHFFF TT                (21) 

Next, we take the initial estimated value ∗
2λ  into the function 1−Ω of the left side of 

Eq.(21), so that we can get a new estimated value of the right side of the equation. We 

then confirm if the difference of the initial estimated value ∗
2λ and the new estimated 

value is less than the estimated error of our setting. If not, we take the new estimated 

value and substitute it into the left side of the formula until the value of two sides are 

very close, expressing convergence, then we stop; If so, we can get an answer directly, 

which would result in a more accurate estimated value S
2λ . 

The two-stage method obtains a vector∗
λV which is combination of the optimal weight of 

the first stage and a scale factor.  FV
1−∗∗ Ω=λ   where ( )GH S

2λ+=Ω∗         (22) 

Expected return of two-stage method minus transition cost is represented as follows: 

00 2

1
xCVVExZVE

TT ∗∗∗ − λλλ  

∗∗∗ −= λλλ HVVFV
TT

2

1
 

    FHFFF TT ⋅Ω⋅⋅Ω⋅−⋅Ω⋅= −∗−∗−∗ 111

2

1
 

        ( )2
02

11

2

1 σλ ⋅−⋅Ω⋅−⋅Ω⋅= −∗−∗ STT HFFF  

    ( )2
02

1

2

1 σλ ⋅+⋅Ω⋅= −∗ ST FF  
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3.4 Special Cases 

In this section, we will show four special cases. 

Case #1: The first example is the typical Markowitz mean-variance portfolio 

optimization approach in which asset allocation decisions are made at the beginning of 

the investment period according to the price at the time regardless of the length of the 

investment period. In other words, the asset allocation weight will not be changed 

through time. This method is also known as static method. In this paper, we will 

transform the PCB Cointegration Model to formula(3), and then incorporate the new 

model together with the transaction cost model into the static method.  

The objective function of the static method is as follows: 

        ( ) [ ]2
000C 22

1
max σλ −−Λ−= xrwVarwwxrwEwf TTT

w
 

        [ ]2
022

1 σλ −−Λ−= wBwwwAw S
TT

S
T                         

According to the definition of return in 3.1 (8)、(9), the return random vector is as 

follows: 

( ) ( ) 10121112011202 uxuurrxxxxxxr +Π+++Π+Π=+=−+−=−= ββ  

   ( ) ( ) ( ) 210121101 uuIxuuIIx +Π++Π+Π=++Π++Π+Π= ββ            (23) 

After taking the first order differential, we get: 

SS Aw 1−Μ=       where ( )SBλ+Λ=Μ               (24) 
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Result derived according to Eq.(23) is as follows: 

( ) ( )ββ IxxuuIxExrE +Π+Π=+Π++Π+Π= 01021010             

    ( ) ∗∗ Σ+ΠΠΣ=+Π++Π+Π= T
021010 xuuIxVarxrVar β             

Then, with the same approach used previously to estimate valueλ , we get a more 

accurate estimateSλ , thus the expected return after deducting transaction cost of static 

method is as follows: 

    ( )2
0

1

0 2

1

2

1 σλ ⋅+⋅Μ⋅=Λ− −∗∗∗∗
SS

T
SS

T

S

T

S AAwwxrwE  

 

Case #2: Given the condition 0;0 =≠Λ β , compare the two dynamic methods to 

determine which method gives higher expected return after deducting transaction cost.   

(See Appendix 1.2、2.2 for the detailed derivations) 

The objective function is as follows: 

( ) ( ) ( ) 012121102211
,

21 2

1
max,

21

xwwwwwwExrwrwEwwf TTTT

ww
C −Λ−+Λ−+=  

                           [ ]2
002211

C

2
σλ

−+− xrwrwVar TT     

Expected return after deducting transaction cost of one-stage method is as follows: 

     ( )2
030

1

00 2

1

2

1 σλ ⋅+⋅Ψ⋅=Λ−
−∗∗∗∗∗ ST

CO

T

CO

T

CO AAwwxrwE                

Expected return after deducting transaction cost of two-stage method is as follows: 

   ( )2
040

1

0000 2

1

2

1 σλλλλ ⋅+⋅Ω⋅=−
−∗∗∗∗ STTTT

FFxCVVExZVE  
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Case #3: Given the condition 0;0 ≠=Λ β , compare the two dynamic methods to 

determine which method gives higher expected return after deducting transaction cost. 

(See Appendix 1.3.1、2.3.1 for the detailed derivations) 

The objective function is as follows: 

       ( ) [ ]2
00221102211

,
21 2

max,
21

σλ −+−+= xrwrwVarxrwrwEwwf TTTT

ww     

Expected return of one-stage method is as follows:                                  

      ABAxrwE T
O

T

O
1

0
−∗ = σ                                       

Expected return of two-stage method is as follows: 

   FGFxZVE T
O

T 1
0

−∗ = σλ                                       

We will have further discussion on this case. In previous discussion, we talk about 

seeking maximum return while undertaking the fixed risk. We want to verify if the 

return per unit of risk remains the same when seeking for a minimum risk for a fixed 

return. We decided to use this case for discussion because the λ  values are estimated 

in the cases involving transaction costs, which could affect the verification results. In 

addition, if the verification results are the same in this case then the case where the 

intercept item equals to zero will also have the same result. 

(See Appendix 1.3.2、2.3.2 for the detailed derivations) 

The objective function is as following: 

( ) [ ]O
TTTT

ww
xrwrwExrwrwVarwwf µλ −+−+= 0221102211

,
21 2

min,
21                               
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The minimum variance of one-stage method is: 

      
ABA

xrwVar
T

O
O 1

2

0

T

−
∗ =

µ
                                     

The minimum variance of two-stage method is: 

      
∗−∗∗

∗ =
FGF

xZVVar
T

OT

1

2

0

µ
λ                                   

Before comparing the minimum variance method and the maximum return method, 

we need to defineδ , which denotes the return per unit of risk.  

The comparison of the two methods using one-stage method: 

The minimum variance method: 

ABA

ABA

T

T
O

O
ov

1

1

2

−

−

==
µ

µδ                                             

The maximum return method: 

ABA
ABA T

O

T
O

or
1

1
−

−

==
σ

σδ                                           

Above shows that the return per unit of risk remains the same when seeking for a 

minimum risk for a fixed return using one-stage method. 
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The comparison of the two methods using two-stage method: 

The minimum variance method: 

∗−∗∗

∗−∗∗

== FGF

FGF

T

T
O

O
tv

1

1

2µ
µδ                                        

The maximum return method: 

FGF
FGF T

O

T
O

or
1

1
−

−

==
σ

σδ                                          

This part can not be proved by the analytical way; we can only verify it with numerical 

method in the next chapter. 

 

Case #4: Given the condition 0;0 ==Λ β , compare the two dynamic methods to 

determine which method can give higher expected return after deducting transaction 

costs. (See Appendix 1.4 、2.4 the detailed derivations) 

The objective function is as following: 

        ( ) [ ]2
00221102211

,
21 2

max,
21

σλ −+−+= xrwrwVarxrwrwEwwf TTTT

ww    

Expected return of one-stage method is as follows: 

        0
1

00 ABAxrwE T
O

T

O
−∗ = σ                                     

Expected return of two-stage method is as follows: 

     0
1

000 FGFxZVE T
O

T −∗ = σλ                                        



 

25 

 

From section 3.3 and 3.4, we observe that when transaction costs are involved, we 

can only get estimated λ  value whether there is intercept item or not. In contrast, 

when there is no transaction cost, regardless of the intercept item, λ  can always be 

solved. In addition, in the case 0;0 ≠=Λ β , we can prove that the two methods of 

Markowitz mean-variance portfolio optimization approach using one-stage method have 

the same δ  value. We will use the numerical methods to verify if the return per unit of 

risk remains the same when seeking for a minimum risk for a fixed return using 

two-stage method in the next section.  

 

4   Numerical Illustrations 

The data in this paper is collected from Taiwan Economic Journal Data Bank, 

consisting 253 records of each kind of the Taiwan sector index during 08/18/2009 and 

08/18/2010. 

4.1 Unit root test and cointegration test 

The statistical analysis software Eviews is used to analyze the 19 sector indices, 

examine if they are stationary, and find the cointegration relation. 5 out of the 19 sector 

indices from the Taiwan market are chosen for asset allocation, including (1) Building 

Construction, (2) Financial and Insurance, (3) Steel and Iron, (4) Electronic and 

Electrical, and (5) Biotech. Data of these 5 sectors are I(1) series. I(1) series, a sequence 
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that can become a stable series after the first difference. Among which (1) Building 

Construction and (2) Financial and Insurance indices are cointegrated; the other 3 sector 

indices are not co-integrated with these 2 sectors. 

4.2 Parameter estimation 

The estimated values for parameters 1θ 、 2θ 、 Ξ  are derived using formula(1): 

     







=

1.5033

0.6186
1θ ；

















=
0.0002

0.0005

0.0001

2θ ；























=

0.0002

0.0005

0.0001

1.5033

0.6186

θ ；
















=Ξ
1.6401 1.3721

0.6257-0.5222-

0.3392-0.0273

    

With formula(1) and the estimated θ、Ξ  values, use Eviews to estimate the covariance 

matrix for formula(1) 

      























=Σ

0.0484  0.03030.0190 0.0051-0.0128-

0.0303  0.02910.01840.0063  0.0001   

0.0190  0.01840.02980.0144 0.0020  

0.0051-0.00630.01440.1780 0.0566  

0.0128-0.00010.0020 0.0566   0.1044   

 * 003-1.0e  

With vector θ  and matrix Ξ 、∑ , the estimated values for β 、 Π 、 1Π 、 ∗∑   are 

calculated from formula (4), (5), and (6).  

From formula(4) we get:     

 

   

 

0.0002

0.0005

0.0001

1.5033

0.6187























=β  
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From formula(5) we get: 

                























=Π

10000

01000

00100

1.64010.6257-  0.3392- 00

1.3721 0.5222-0.027300

 

 

 

                























−
−

=Π

00000

00000

00000

1.64010.6257-  0.3392- 10

1.3721 0.5222-0.027301

1  

From formula(6) we get: 

        

      























=Σ∗

0.04840.0303 0.01900.04890.0383

0.03030.02910.01840.03150.0270

0.01900.01840.02980.02390.0193

0.04890.03150.02390.21310.0861

0.03830.02700.01930.08610.1258

* 003-1.0e

 

    

4.3 Transaction costs  

A 0.1425% transaction fee is charged for buying, selling and short selling stocks, 

and a trading tax of 0.3% is imposed when selling and short selling stocks. Lending fee 

for short selling is about 0.08%. The above figures do not include any discount. So, in 

short, the cost of buying stocks is the transaction fee while the cost for selling stock is 

the trading tax plus the transaction fee; and the cost for short selling is the sum of 

transaction fee, trading tax, and lending fee. To simplify, a fixed ratio is used as 
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transaction cost for buying, selling and short selling: 

(Securities transaction tax + borrowing cost) / 2 + transaction fee = 0.3325% 

The transaction cost matrix is as below: 

       























=Λ

0.0033250000

00.003325000

000.00332500

0000.0033250

00000.003325

 

4.4 Numerical results 

In this section, the real data is applied to the model, and the values of the vectors, 

matrix, and parameters of the two dynamic programming methods are examined. 

4.4.1 Results of one-stage method 

 The vector and matrix of formula (12) in this paper are: 

Expected return matrix A         

  

0.0002   

0.0005   

0.0001   

0.0001   

0.0001   

0.0002   

0.0005   

0.0001   

0.0311- 

0.0340- 







































=A
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Transaction cost matrix ∗Λ  







































=Λ∗

0.00332500000.003325-0000

00.00332500000.003325-000

000.00332500000.003325-00

0000.00332500000.003325-0

00000.00332500000.003325-

0.003325-00000.006650000

00.003325-00000.00665000

000.003325-00000.0066500

0000.003325-00000.006650

00000.003325-00000.00665

 

 

Covariance matrix B  

        

 

             

0.0484 0.0303  0.0190 0.0489  0.0383  00000

0.0303  0.0291  0.0184 0.0315  0.0270  00000

0.0190 0.0184   0.0298   0.0239   0.0193  00000

0.0489 0.03150.0239 0.3911  0.1427   0.0051  0.0063- 0.0144-  0.1608-0.0467-

0.0383 0.02700.0193  0.1427   0.2301  0.0128  0.0001- 0.0020- 0.0349- 0.0868- 

000 0.0051   0.0128   0.0484 0.0303 0.0190 0.0489 0.0383 

0000.0063-0.0001-0.03030.02910.0184 0.0315 0.0270 

0000.0144-0.0020-0.01900.0184 0.0298 0.0239  0.0193  

0000.1608-0.0349- 0.0489 0.03150.0239 0.2131 0.0861 

0000.0467-0.0868-0.03830.02700.0193 0.0861 0.1258 

   * 003-1.0e







































=B

  

4.4.2 Results of two-stage method 

The vector and matrix of formula (18) are: 

Expected return matrix F      

   

2.1781  

0.0002  

0.0005  

0.0001  

0.0311-

0.0340-



























=F

 
 



 

30 

 

Expected transaction cost matrix H 

     

105.58700.0468- 0.13580.0406-0.0016-0.0055- 

0.0468-   0.0066    0000

0.1358   0  0.0066 000

0.0406- 00  0.0066  00

0.0016- 000  0.0066  0

0.0055- 00000.0066



























=H  

Covariance matrix G 

          

3291.68690469.0-0063.00204.02673.00.3296 

0469.0-0.0484  0.0303 0.01900.0489 0.0383 

0063.00.0303 0.02910.01840.0315 0.0270 

0204.00.0190 0.0184 0.02980.0239  .0193 0   

2676.0 0.0489 0.03150.02390.21310.0861 

3296.00.0383 0.02700.01930.08610.1258 

   * 003-1.0e



























=G  

 

4.5 Methods Comparison 

 In order to compare the one-stage method with the two-stage method and 

determine which method can give higher expected return under the same risk, we apply 

the estimated parameters and the actual asset price data 0x to the formula of the expected 

return and transaction cost derived in this paper. 

For the empirical research, we found that the size of Σ will affect the comparison 

results. We first examine the results by using differentΣ values. We will sum the 

covariance matrix estimated by the 5 sector indices and that the identity matrix 

multiplied with different coefficients, respectively. And then we observe the changes 
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under the two cases: (1) 0;0 ≠≠Λ β (2) 0;0 ≠=Λ β . We only discuss these two cases 

because the information used in this paper has an intercept item. 

According to the first table, the net expected returns of the two-stage method are 

much better than those of the one-stage method. However, the expected returns of the 

one-stage method are more sensitive to the change of the covariance matrix. So with the 

reduction of the diagonal covariance matrix, the net expected returns of the two-stage 

method will be closer to that of the one-stage method. 

 

Table 1. Comparison of expected net return 

Expect net return 0;0 ≠≠Λ β  0;0 ≠=Λ β  

Σ +5* identity (0.0014, 0.0408) (0.0015, 0.0408) 

Σ +1* identity (0.0032, 0.0409) (0.0033, 0.0409) 

Σ +0.5* identity (0.0045, 0.0409) (0.0046, 0.0410) 

Σ +0.1* identity (0.0097, 0.0414) (0.0103, 0.0415) 

Σ +0.05* identity (0.0133, 0.0419) (0.0146, 0.0421) 

Σ +0.01* identity (0.0265, 0.0454) (0.0323, 0.0468) 

Σ +0.005* identity (0.0345, 0.0483) (0.0453, 0.0519) 

Σ +0.001* identity (0.0575, 0.0583) (0.0575, 0.0583) 
Note 1. The results of this table is under 0.05=σ .  

Note 2. The numbers in the table are in the following order: one-stage method, two-stage 

method.  

The second table shows that when the diagonal of covariance matrix is smaller 

than -410 , the one-stage method performs better than the two-stage method. The 

covariance matrix of this paper is about-410 , so obtained numerical result of the 

one-stage method is better than that of the two-stage method. In addition, we also 
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observe that when the diagonal of covariance matrix is reduced to -410 from -310 , the net 

expected returns of the above two cases increase significantly. 

 

Table 2. Comparison of expected net return 

Expect net return 0;0 ≠≠Λ β  0;0 ≠=Λ β  

Σ +0.0001* identity (0.1017, 0.0858) (0.1940, 0.1432) 

Σ  (0.1630, 0.1249) (0.2637, 0.1916) 

Note 1. The results of this table is under 0.05=σ .  

Note 2. The numbers in the table are in the following order: one-stage method, two-stage 

method.  

 

From the above two tables, we observe that the expected net returns increase with 

the reduction of the covariance matrix. Relatively, the expected net return of the 

one-stage method is more sensitive to the change of the covariance matrix than the 

expected net return of the two-stage method. A slight change to a small covariance 

matrix can cause significant changes in expected net returns. In addition, when the 

return rate is lower, there is almost no difference in the expected net returns whether 

transaction cost is taken into account. When the return rate is higher, the difference 

between the case of transaction cost and that of no transaction cost is relatively large. 

However, that won’t affect the comparison results of the two methods. 

Now we understand the impact of the change of the covariance matrix, let us look 

at the comparison of two dynamic methods under different standard deviations. 
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Table 3 shows that the expected net return of the one-stage method is still better 

than that of the two-stage method under a different standard deviation. 

 

Table 3. Comparison of expected net return 

Expect net return 05.00 =σ  1.00 =σ  15.00 =σ  

0;0 ≠≠Λ β
 

0;0 ≠=Λ β
 

(0.1630, 0.1249) 

(0.2637, 0.1916)
 

(0.2404, 0.1765) 

(0.5274, 0.3833)
 

(0.2832, 0.1816)
 

(0.7911, 0.5749)
 

Note. The numbers in the table are in the following order: one-stage method, two-stage method. 
 

In addition, we can see from Table 4 that higher risk gives higher return, but the 

return per risk unit degrades. 

 
Table 4. Comparison of net return and the return per risk unit under 

0;0 ≠≠Λ β
 

 05.00 =σ  1.00 =σ  15.00 =σ  

Expect net return  

Delta
 

(0.1630, 0.1249) 

(3.26, 2.498)
 

(0.2404, 0.1765) 

(2.404, 1.916)
 

(0.2832, 0.1816) 

(1.888, 1.211)
 

Note: Delta represents the return per risk unit. 
          

Finally, we used the numerical method and verified that the return per unit of risk 

remains the same when seeking for a minimum risk for a fixed return using two-stage. 

 

5   Conclusions and Recommendations 

In the past, many studies conducted in Taiwan and abroad had confirmed the 

importance of asset allocation. The topic of asset allocation has attracted great attention 

from investors. Today, with the availability of many investment products, investors can 
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use portfolio to diversify investment risk and apply research results to maximize the 

return profits.
 

The shortcomings of the approach of traditional asset allocation are: regardless of 

the length of the investment, asset allocation decision is made at the beginning of the 

investment period using the price at that time. The allocation weight will not change 

over the period of time. The approach of traditional asset allocation does not consider 

the transaction costs, which is not realistic, and forecast future asset price using past 

information. In this paper, we extend Markowitz’s mean-variance portfolio optimization 

method to two stages, take into account the transaction costs and then forecast asset 

price using PCB Cointegration Model. We compared the expected net returns of the two 

dynamic methods. 

Investors will adjust the weight based on latest prices and information using the 

two-stage method; theoretically it should yield a better expected return. However, 

according to numerical results from Chapter IV, the expected return of the one-stage 

method is always better than that of the two-stage method. The reason is that the 

covariance matrix of the data we chose is very small. If the covariance is very small, the 

randomness becomes lower, thus the advantage of the two-stage method diminishes. 

So it is not unreasonable that the expected return of the one-stage method is better than 

that of the two-stage method. 
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In this paper, we extended Markowitz mean-variance portfolio optimization 

method to a two-period setting. If we adjust the allocation weight in half a year, we can 

only see the effect of asset allocation about a year long. We recommend future studies 

on this topic to extend to more periods in order to facilitate long-term investors and 

frequent traders, and compare the difference with the two-period asset allocation. 
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Appendix 

Appendix 1. One-stage method  

Appendix1.1ǷǷǷǷ 0;0 ≠≠Λ β  

Appendix1.1.1ǷǷǷǷObtained the initial estimate ∗
1λ  by Taylor expansion 

Suppose function ( )1λh  is as follows: 

      ( ) 2
0

112
01 σσλ −⋅Ψ⋅⋅Ψ⋅=−= −− ABAxrwVarh T

O
T
CO                 

           ( ) ( ) 2
0

1

1

1

1 σλλ −⋅+Λ⋅⋅+Λ⋅= −∗−∗ ABBBAT                      

where 1−Ψ  is a function of 1λ , ( ) ( ) 1

11
1 −∗− +Λ=Ψ Bλλ . 

We have ( ) 2
0

11
0 σ−⋅Λ⋅⋅Λ⋅= −∗−∗ ABAh T   

Thm1. Suppose t is a variable in the matrix A and inverse matrix -1A  exists, then the 

first derivative of the inverse matrix -1A  is 1-1-
-1

A
dt

dA
-A

dt

dA ⋅=  .                              

Proof： IAA -1 =⋅ ;  0
dt

dA
AA

dt

dA 1-
-1

=⋅+⋅ ;  1-1-
-1

A
dt

dA
-A

dt

dA ⋅=⇒      

By the Thm1, we have: 

( ) ( ) ( ) ( ) ABBBBBAh T ⋅+Λ⋅⋅+Λ⋅⋅+Λ⋅−= −∗−∗−∗ 1

1

1

1

1

11
' 2 λλλλ            

      ( ) ABBAh T ⋅Λ⋅⋅Λ⋅⋅Λ⋅−= −∗−∗−∗ 111' 20                               

Obtain the following estimated formula by Taylor expansion 

( ) ( ) ( )00 '
11 hhh ∗∗ +≈ λλ    where ∗

1λ  is the solution of ( ) ( ) 02
01 =−= σλ rwVarh T

CO . 

ABBAABA TT ⋅Λ⋅⋅Λ⋅⋅Λ⋅⋅−−⋅Λ⋅⋅Λ⋅≈ −∗−∗−∗∗−∗−∗ 111

1
2
0

11
20 λσ          
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Then we get the initial estimate∗1λ : 

ABBA

ABA
T

T

⋅Λ⋅⋅Λ⋅⋅Λ⋅

−⋅Λ⋅⋅Λ⋅
≈ −∗−∗−∗

−∗−∗
∗

111

2
0

11

1
2

σλ                        

Appendix1.1.2ǷǷǷǷThe identical equation sort out from the formula 2
0 O

T
CO xrwVar σ=  

    2
0 O

T
CO xrwVar σ=    

( ) ( ) 2
0

1

1

1

1 σλλ =⋅+Λ⋅⋅+Λ⋅ −∗−∗ ABBBAT  

( ) ( ) ( ) 2
0

1

11
1

1

1

1 σλλλλ =⋅+Λ⋅Λ−+Λ⋅⋅+Λ⋅ −∗∗∗−−∗ ABBBAT  

( ) 2
01

11 σλ ⋅=⋅Ψ⋅Λ−Ψ⋅Ψ⋅ −∗− AAT  

2
01

111 σλ ⋅=⋅Ψ⋅Λ⋅Ψ⋅−⋅Ψ⋅ −∗−− AAAA TT  

Appendix1.2ǷǷǷǷ 0;0 =≠Λ β  

Objective function for this case is as follows: 

( ) [ ]2
00

3
0 22

1 σλ
−−Λ−= ∗ xrwVarwwxrwEwf TTT

CO  

                
[ ]2

0
3

0 22

1 σλ
−−Λ−= ∗ BwwwwAw TTT

 

The vectors and matrices represent respectively: 

            







=

2

1

w

w
w ； 








=

2

1

r

r
r ； 









ΛΛ−
Λ−Λ

=Λ∗ 2
 

               







==

02

01
00 xrE

xrE
xrEA ；   









==

02012

02101
0 ,

,

xrVarxrrCov

xrrCovxrVar
xrVarB  
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To optimize the objective function, we do the first order differential equal to zero on it.                

                030 =−Λ− ∗ BwwA λ  

     0
1AwCO

−Ψ=    where ( )B3λ+Λ=Ψ ∗

 

According to Eq.8 and Eq.9 in section 3.1, the derived results are as follows: 

01010101 xxuxExrE Π=+Π=  

0021102 =+Π= xuuExrE  

∗Σ=+Π= 010101 xuxVarxrVar  

DxuuVarxrVar =+Π= 021102     where ∗∗ Σ+ΠΣΠ= TD 11  

0211101021 ,, xuuuxCovxrrCov +Π+Π=  

                    
TxuuCov 10111, ΠΣ=Π= ∗

 

According to the derived results, we understand that, in this case, only the matrix of the 

expected return will be changed to matrix0A . Then following the same approach as 

before, we get the expected return after deducting transaction cost of one-stage method 

as follows: 

( )2
030

1

00 2

1

2

1 σλ ⋅+⋅Ψ⋅=Λ− −∗∗∗∗∗ ST
CO

T

CO

T

CO AAwwxrwE    where ( )BS
3λ+Λ=Ψ ∗∗  

 

Appendix1.3ǷǷǷǷ 0;0 ≠=Λ β   

Appendix1.3.1ǷǷǷǷOne-stage method of the maximum return method 

Objective function for this case is as follows: 
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( ) [ ]2
00

5
0 2

σλ
−−= xrwVarxrwEwf TT

O  

                   
[ ]2

0
5

2
σλ

−−= BwwAw TT

 

The vectors and matrices represent respectively: 

         







=

2

1

w

w
w ； 








=

2

1

r

r
r ； 








==

02

01
0 xrE

xrE
xrEA ；   









==

02012

02101
0 ,

,

xrVarxrrCov

xrrCovxrVar
xrVarB  

To optimize objective function, we do the first order differential equal to zero on it. 

              05 =− BwA λ  

                 ABwO
1

5

1 −=
λ   

The vector A and the matrix B here are the same as described earlier in this paper. 

Use the formula, 2
0 O

T
O xrwVar σ= , to solve 5λ .  

       ABAABBBAwxrVarwxrwVar TT
O

T
O

T
OO

1
2
5

11
2
5

00
2 11 −−− ====

λλ
σ  

   
O

T ABA

σ
λ

1

5

−

=  

The optimum weight is: AB
ABA

w
T

O
O

1

1

−

−

∗ =
σ

 

The expected return is:   ABAABA
ABA

xrwE T
O

T

T

OT

O
11

10
−−

−

∗ =⋅= σσ
 

Next we will switch the method from maximizing the return to minimizing the 

variance of mean-variance portfolio optimization approach and discuss the performance 
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of the one-stage method. 

Appendix1.3.2ǷǷǷǷOne-stage method of the minimum variance method 

The objective function can be easily written down as follows: 

      ( ) [ ]O
TvT

O xrwExrwVarwf µλ
−−= 0

1
0 2  

              [ ]O
TvT AwBww µλ

−−=
2

1

 

Do the first order differential equal to zero on it. 

            0
2

2 1 =− ABw vλ
 

            ABw v
O

11

4
−=

λ
 

Here the vector A and the matrix B are the same as described earlier in the paper. 

Use the formula, ( ) O
T
O rwE µ= , to solve v1λ .  

       ( ) ABArwE Tv
OO

11T

4
−∗ ==

λµ  

                
ABAT

O
v 11

4
−=

µλ  

The optimum weight is:  AB
ABA

w
T

O
O

1
1

−
−

∗ ⋅=
µ

 

The minimum variance is:   
ABA

wxrVarwxrwVar
T

O
OOO 1

2

0

T

0

T

−
∗∗∗ ==

µ
 

Appendix1.4ǷǷǷǷ 0;0 ==Λ β  

Objective function for this case is as follows: 

              ( ) [ ]2
00

7
0 2

σλ
−−= xrwVarxrwEwf TT

O  
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[ ]2

0
7

0 2
σλ

−−= BwwAw TT

 

The vectors and matrices represent respectively: 

       







=

2

1

w

w
w ； 








=

2

1

r

r
r ； 








==

02

01
00 xrE

xrE
xrEA ；   









==

02012

02101
0 ,

,

xrVarxrrCov

xrrCovxrVar
xrVarB  

Do the first order differential equal to zero on it. 

0
1

7

1
ABwO

−=
λ

      

Here the vector 0A and the matrix B are the same as described earlier in the paper. 

Then solve 7λ  and get the expected return as follows: 

            0
1

00 ABAxrwE T
O

T

O
−∗ = σ  

 

Appendix 2. Two-stage method 

Appendix2.1ǷǷǷǷ 0;0 ≠≠Λ β  

Appendix2.1.1ǷǷǷǷDeriving the vector of expected return and the matrices of variance  

and expected transaction cost 

Before discussing the expected return of the second phase, let take a look at two 

theorems first. 

Thm2. x is a random vector of dimension 1×n , ),(~ ΣµNx and A is a symmetric 

matrix, then ( ) ( )Σ= AtraceAxxE T . 
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Thm3. 1
TΠΦ  is a symmetric matrix.  

Proof: We know 






 Ξ−
=−Π=Π

00
1

TI
I ;  









Ξ
−

=Π
0

0
1

IT  

   Suppose ( ) 







=Σ −∗

32

211

aa

aa
T  is a symmetric matrix. (where 11 aaT = ) 

Then ( ) 








ΞΞΞ−
Ξ−

=ΠΣΠ=ΠΦ −∗
T

T

aa

aa

11

11
1

1T
11

T  is a symmetric matrix. 

By Thm2. and Thm3, the expected return of the second stage is: 

022 xrwE
T∗    

 ( ) 02
T

1 xrxE TT Φ+= γ  

 02
T

12 xrxrE TT Φ+= γ   

     ( ) ( ) ( ) 0211
T

10211 xuuuxuuE TTTTT +Π+ΠΦ+Π+++Π+Π= βββγ  

( )ϕβββγ trTT +ΠΦ+Π= T  

l=   where ( )ϕβ trLT +Π=l ； ( )βγ Φ+=L ； ∗ΣΠΦ= 1
Tϕ  

Before discussing the variance of the second phase, we first take a look at the two 

theorems. 

Thm4. x is a random vector of dimension 1×n , ),(~ ΣµNx , and A is a symmetric 

matrix, then ( ) ( )ΣΣ= AAtrAxxVar T 2 . 
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Thm5. ( ) ( )∗ΣΠΦ=Φ 1
T

2
T

1V truuar T     

Proof:  ( )2
T

1V uuar T Φ  

        ( )[ ] ( )[ ]2

2
T

1

2

2
T

1 uuEuuE TT Φ−Φ=  

        ( )[ ] [ ] [ ]122
T

12
T

12
T

1

2

2
T

1 uuuuEuuuuEuuE TTTTT Φ⋅Φ=Φ⋅Φ=Φ=  

        [ ] ( ) ( )[ ]1
T

11
T

11122
T

1 uutrEuuEuuuuEuE TTTT ΦΣΦ=ΦΣΦ=Φ⋅Φ= ∗∗  

        ( )[ ] ( )∗∗ ΣΠΦ=ΦΣΦ= 1
T

11
T truutrE T    

By Thm4. and Thm5, the variance of the second stage is: 

 02
*
2 xrwVar

T
 

( )( ) 0211
T

1V xuuxar TT +Π+ΠΦ+= βγ  

( ) 0211V xuuar T +Π+Π= βγ                                     (A-1) 

   ( ) 0211
T

1V xuuxar T +Π+ΠΦ+ β                                (A-2) 

( ) ( ) 0211
T

1211 ,Cov2 xuuxuu TT +Π+ΠΦ+Π+ βγ                  (A-3) 

k=     

where ∗∗ Σ+ΠΣΠ= TD 11 ； ∗ΣΠΦ= 1
Tϕ ；  ( )βγ Φ+=L ； 

( ) ( ) ( ) ( ) ββϕϕβγγγ ΠΦΣΠ+ΦΠ+++Φ++= ∗ T
1

2T 22 TTTTT LtrtrDLDk

Detail in each part, respectively: 

(A-1)： ( ) 0211V xuuar T +Π+Πβγ  

  ( )γγ ∗∗ Σ+ΠΣΠ= TT
11  

  γγ DT=     
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(A-2)： ( ) 0211
T

1V xuuxar T +Π+ΠΦ β  

  ( ) ( ) 0211
T

10V xuuuxar TTTT +Π+ΠΦ+Π+= ββ  

  ( ) ( )∗∗∗∗∗ ΣΠΦΣΠΦ+ΠΦΦΣΠ+ΦΣ+ΠΣΠΦ= 1
T

1
TT

11
T 2trTTTT ββββ  

                                      ( ) ββ ΠΦΣΠΦ+ΣΠΦ+ ∗∗ T
1

T
1

T 2 Ttr  

  ( ) ( ) ( ) βββϕϕββ ΠΦΣΠΦ+ΦΠ+++ΦΦ= ∗ T
1

T2T 22 TTTT trtrD     

(A-3)： ( ) ( ) 0211
T

1211 ,Cov2 xuuxuu TT +Π+ΠΦ+Π βγ  

   ( ) ( ) 0211
T

1011 ,Cov2 xuuuxu TTTTT +Π+ΠΦ+Π+Π= ββγ  

( ) ( ) 0211
T

102 ,Cov2 xuuuxu TTTTT +Π+ΠΦ+Π++ ββγ  

   βγβγβγ ΦΣ+ΠΦΣΠ+ΦΠΣΠ= ∗∗∗ TTTT 222 T
111  

   ( ) βγβγ ΠΦΣΠ+ΦΣ+ΠΣΠ= ∗∗∗ T
111 22 TTT  

   βγβγ ΠΦΣΠ+Φ= ∗ T
122 TT D  

The covariance of two stages: 

02
*
21, xrwrCov

T
 

( )( ) 0211
T

1101 , xuuxuxCov TT +Π+ΠΦ++Π+= βγβ  

( ) ( ) ( ) 0211
T

102111, xuuuxuuuCov TTTTT +Π+ΠΦ+Π+++Π+Π= βββγ  

0
T

111
T

111, xuuuuCov TTT ββγ ΠΦ+ΠΦ+Π=     

N=       where ( )ββγ ΠΦ+ΦΠ+ΠΣ= ∗ T
11
TTN   

Let us take a look at another theorem before we discuss transaction cost of two stages. 
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Thm6. ΛΦΦT  is a symmetric matrix. 

Proof:  Suppose( ) 







=Σ −∗

32

211

aa

aa
T and 









ΛΛ
ΛΛ

=Λ
32

21
T are symmetric matrices. 

Then( ) ( ) 11 −∗−∗ ΣΛΣ  is a symmetric matrix. 

By Thm3. ( ) 1
11T

1
T ΠΛΣΣΠ=ΛΦΦ −−  is a symmetric matrix.   

Transaction cost of two stages: 

Λ=Λ 22 0xE  

02 xwE ∗Λ  

01 xxE Φ+Λ= γ  

( ) 010 xuxE +Π+Φ+Λ= βγ  

        LΛ=   where ( )βγ Φ+=L  

022 xwwE
T ∗∗ Λ  

( ) ( ) 01
T

1 xxxE TT Φ+ΛΦ+= γγ  

( )[ ] ( )[ ] 010
T

10 xuxuxE TTTTT +Π+Φ+ΛΦ+Π++= βγβγ  

01
T

1
TT xuuE TTTTT ΛΦΦ+ΛΦΦ+ΛΦ+ΛΦ+Λ= ββγββγγγ  

        ( )1ϕtrLLT +Λ=   where ( )βγ Φ+=L ； ∗ΛΦΣΦ= T
1ϕ   

Appendix 2.1.2ǷǷǷǷObtained the initial estimate ∗
2λ  by Taylor expansion 

Suppose function ( )2λh  is as follows: 

( ) 2
002 σλ −= ∗ xZVVarh

T
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2
0

11 σ−⋅Ω⋅⋅Ω⋅= −− FGF T     

( ) ( ) 2
0

1

2

1

2 σλλ −⋅+⋅⋅+⋅= −−
FGHGGHF T  

where 1−Ω  is a function of 2λ , ( ) ( ) 1

22
1 −− +=Ω GH λλ . 

We have ( ) 2
0

110 σ−⋅⋅⋅⋅= −− FHGHFh T  

By Thm1, we know ( ) ( ) ( ) ( ) FGHGGHGGHFh T ⋅+⋅⋅+⋅⋅+⋅−= −−− 1

2

1

2

1

22
' 2 λλλλ    

                 ( ) FHGHGHFh T ⋅⋅⋅⋅⋅⋅−= −−− 111' 20                 

We can obtain the following estimated formula by Taylor expansion: 

( ) ( ) ( )00 '
22 hhh ∗∗ +≈ λλ   where ∗

2λ  is the solution of ( ) ( ) 02
02 =−= ∗ σλ rVVarh

T
. 

FHGHGHFFHGHF TT ⋅⋅⋅⋅⋅⋅⋅−−⋅⋅⋅⋅≈ −−−∗−− 111
2

2
0

11 20 λσ  

Then we get the initial estimate∗2λ : 

FHGHGHF

FHGHF
T

T

⋅⋅⋅⋅⋅⋅
−⋅⋅⋅⋅

≈ −−−

−−
∗

111

2
0

11

2 2

σλ  

Appendix2.1.3ǷǷǷǷThe identical equation sort out from the formula 2
00 σ=∗ xZVVar

T

 

2
00 σ=∗ xZVVar

T
   

( ) ( ) 2
0

1

2

1

2 σλλ =⋅+⋅⋅+⋅ −−
FGHGGHF T  

( ) ( ) ( ) 2
0

1

22
1

2

1

2 σλλλλ =⋅+⋅−+⋅⋅+⋅ −−−
FGHHGHGHF T  

( ) 2
02

11 σλ ⋅=⋅Ω⋅−Ω⋅Ω⋅ −− FHF T  

2
02

111 σλ ⋅=⋅Ω⋅⋅Ω⋅−⋅Ω⋅ −−− FHFFF TT             

So far we observe that under the assumption in this paper, the optimum weight of 

the second phase is not relevant to the transaction cost. If Λ  changes, it will not affect 



 

49 

 

its results; ifβ changes, it will. When 0≠β , as described in the paper, 1
*
2 xw Φ+= γ  

where ( ) βγ 1−∗Σ= , ( ) 1

1ΠΣ=Φ −∗ , and if you give a coefficient,1a , then it becomes 

( )11
*
21 xawa Φ+= γ ;when 0=β ,then 1

*
2 xw Φ=  where ( ) 1

1ΠΣ=Φ −∗ , and if you give a 

coefficient, 1a , then it becomes 11
*
21 xawa Φ= . In the following verification, we will use 

this result directly. 

Appendix2.2ǷǷǷǷ 0;0 =≠Λ β  

When 10, xx are knew, the weight of the second stage is 1
*
2 xw Φ=  

where( ) Φ=ΠΣ −∗
1

1
. While given a coefficient,1a , it becomes 11

*
21 xawa Φ= . Then 

apply the optimal weight of the second phase to the optimal objective function of two 

periods, as shown below: 

( ) [ ]2
00

4
00 22

1 σλ
−−−= xZVVarxCVVExZVEVf TTT

CT  

           [ ]2
00

4
00 22

1 σλ
−−−= VGVVHVFV TTT  

The vectors and matrices represent respectively: 









=

1

1

a

w
V ； 








= ∗

22

1

rw

r
Z T ； 









ΛΛ−
Λ−Λ

= ∗∗∗

∗

222

22

www

w
C TT ； 














== ∗

022

01

00 xrwE

xrE
xZEF T ；  















ΛΛ−

Λ−Λ
== ∗∗∗

∗

02202

020

00

2

xwwExwE

xwExE
xCEH TT  
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















==
∗

022012
*
2

02
*
2101

00
,

,

xrwVarxrrwCov

xrwrCovxrVar
xZVarG

TT

T

  

After taking the first order differential, we get 

      00400 =−− VGVHF λ  

0
1

0 FV −∗ Ω=   where ( )0400 GH λ+=Ω  

According to Eq.8 and Eq.9 in section 3.1, the derived results are as follows: 

( ) ( ) 011011 xuxErE Π=+Π=  

    ( )ϕtrxrxExrwE TT =Φ=∗
02

T
1022   where ∗ΣΠΦ= 1

Tϕ     

∗Σ=+Π= 010101 xuxVarxrVar  

( ) ( )ϕϕ trtrxrxVarxrwVar TT +=Φ= 2
02

T
102

*
2 2  where ∗ΣΠΦ= 1

Tϕ  

        ( ) 0,, 0211
T

110102
*
21 =+ΠΦ+Π= xuuxuxCovxrwrCov TT

    

Λ=Λ 22 0xE  

002 =Λ ∗ xwE      

( )1022 ϕtrxwwE
T =Λ ∗∗   where ∗ΛΦΣΦ= T

1ϕ  

From the derived results, we learn that, in this case, the matrices of the expected return, 

variance, and transaction cost will be changed into matrix 0F 、 0H 、 0G respectively.  

Then following the same approach as before, we can get the expected return after 

deducting transaction cost of two-stage method as follows: 

( )2
040

1

0000 2

1

2

1 σλλλλ ⋅+⋅Ω⋅=− −∗∗∗∗ STTT
FFxCVVExZVE  where ( )GH S

40 λ+=Ω∗  
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Appendix2.3ǷǷǷǷ 0;0 ≠=Λ β  

Appendix2.3.1ǷǷǷǷTwo-stage method of the maximum return method 

When 10, xx are knew, the weight of the second stage is 1
*
2 xw Φ+= γ  

where ( ) γβ =Σ −∗ 1
; ( ) Φ=ΠΣ −∗

1

1
. While given a coefficient, 1a , it becomes 

( )11
*
21 xawa Φ+= γ . Then apply the optimal weight of the second phase to the optimal 

objective function of the two-stage method as shown below: 

     ( ) [ ]2
00

6
0 2

σλ
−−= xZVVarxZVEVf TT

T  

              [ ]2
0

6

2
σλ

−−= GVVFV TT  

The vectors and matrices represent respectively: 









=

1

1

a

w
V ； 








= ∗

22

1

rw

r
Z T ； 














== ∗

022

01

0 xrwE

xrE
xZEF T ；  

















==
∗

022012
*
2

02
*
2101

0
,

,

xrwVarxrrwCov

xrwrCovxrVar
xZVarG

TT

T

 

After taking the first order differential, we get 

                          06 =− GVF λ  

                     FGV 1

6

1 −∗ =
λ

  

Here the vector F and the matrix G are the same as described earlier in the paper. 

Use the formula, 2
0 O

T
xZVVar σ=∗ , to solve 6λ .  

       FGFFGGGFVxZVarVxZVVar TTTT

O
1

2
6

11
2
6

00
2 11 −−−∗∗∗ ====

λλ
σ  
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O

T FGF

σ
λ

1

6

−

=  

The vector ∗
λV that represents the combination of the optimal weight of the first stage and 

an optimal factor of the second stage: 

FG
FGF

V
T

O 1

1

−

−

∗ =
σ

λ     

The expected return of two-stage method as follows: 

       FGFFGF
FGF

xZVE T
O

T

T

OT 11

10
−−

−

∗ =⋅= σσ
λ    

Next we will switch the method from maximizing the return to minimizing the 

variance of mean-variance portfolio optimization approach and discuss the performance 

of the two-stage method. 

Appendix2.3.2ǷǷǷǷTwo-stage method of the minimum variance method 

Suppose 0x and 1x are known. Then the objective function of the second phase is as 

follows: 

( ) 1022102222 ,
2

1
, xxrwExxrwVarwf TT −=

 

102221022 ,
2

1
, xxrEwwxxrVarw TT −=  

To obtain the optimal decision of the second stage, we do the first order differential 

equal to zero on it. 

           0,
2

1
,2 1022102 =− xxrEwxxrVar  

( ) 102

1

102
*
2 ,,

4

1
xxrExxrVarw

−=          
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According to Eq.8 and Eq.9 in section 3.1, the derived results as follows: 

1110211102 ,,r xxxuxExxE Π+=+Π+= ββ  

∗Σ=+Π+= 10211102 ,,r xxuxVarxxVar β  

The derived result is: 

          ( )1
*
2 4

1
xw Φ+= γ    where ( ) βγ 1−∗Σ= ； ( ) 1

1ΠΣ=Φ −∗  

Give a factor 1a  then becomes: 

                  ( )11
*
21 4

1
xawa Φ+= γ  

Next, take the optimal weight of the second phase, which multiplies an 

undetermined coefficient1a , into the optimal objective function of two-stage method as 

shown below: 

   ( ) [ ]O
TvT

T xZVExZVVarVf µλ
−−= 0

2
0 2

 

         [ ]O
TvT FVVGV µλ

−−= ∗∗

2
2                

The vectors and matrices represent respectively: 









=

1

1

a

w
V ； 








= ∗

22

1

rw

r
Z T ； 














== ∗

∗

022

01

0 xrwE

xrE
xZEF T ；  

















==
∗

∗

022012
*
2

02
*
2101

0
,

,

xrwVarxrrwCov

xrwrCovxrVar
xZVarG

TT

T

 

To optimize the objective function, we do the first order differential equal to zero on it. 

                      0
2

2 2 =− ∗∗ FVG vλ
 

                 
∗−∗∗ = FGV v 12

4

λ
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According to Eq.8 and Eq.9 in section 3.1, the derived results are as follows: 

( ) ( ) 011011 xuxErE Π+=+Π+= ββ  

( ) l
4

1
2

*
2 =rwE

T
  where ( )ϕβ trLT +Π=l ； ( )βγ Φ+=L ； ∗ΣΠΦ= 1

Tϕ      

∗Σ=+Π+= 010101 xuxVarxrVar β  

kxrwVar
T

16

1
02

*
2 =   where ∗∗ Σ+ΠΣΠ= TD 11 ； ∗ΣΠΦ= 1

Tϕ ； 

( ) ( ) ( ) ( ) ββϕϕβγγγ ΠΦΣΠ+ΦΠ+++Φ++= ∗ T
1

2T 22 TTTTT LtrtrDLDk  

 NxrwrCov
T

4

1
, 02

*
21 =     where ( )ββγ ΠΦ+ΦΠ+ΠΣ= ∗ T

11
TTN  

Use the formula, O

T
xZVE µ=∗

0 , to solve v2λ . 

∗−∗∗∗ == FGFxZVE
TvT

O

12
0 4

λµ  

               
∗−∗∗

=
FGF

T
O

v 12

4µλ  

The vector ∗
λV that represents the combination of the optimal weight of the first stage and 

an optimal factor of the second stage is: 

  ∗−∗

∗−∗∗

∗ ⋅= FG
FGF

V
T

O 1

1

µ
λ     

The variance of the two-stage method as follows: 

              ∗−∗∗−∗∗

∗−∗∗

∗ ⋅













= FGGGF

FGF
xZVVar

T

T
OT 11

2

10

µ
λ  

                          
∗−∗∗

=
FGF

T
O

1

2µ
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Appendix2.4ǷǷǷǷ 0;0 ==Λ β  

When 10, xx are knew, the weight of the second stage is 1
*
2 xw Φ=  

where ( ) 1

1ΠΣ=Φ −∗ . While given a coefficient,1a , it becomes 11
*
21 xawa Φ= . Then 

apply the optimal weight of the second phase into the optimal objective function of the 

two-stage method as shown below: 

( ) [ ]2
00

8
0 2

σλ
−−= xZVVarxZVEVf TT

T  

         [ ]2
00

8
0 2

σλ
−−= VGVFV TT  

The vectors and matrices represent respectively: 









=

1

1

a

w
V ； 








= ∗

22

1

rw

r
Z T ； 














== ∗

022

01

00 xrwE

xrE
xZEF T ；  

















==
∗

022012
*
2

02
*
2101

00
,

,

xrwVarxrrwCov

xrwrCovxrVar
xZVarG

TT

T

  

After taking the first order differential equal to zero, we get: 

0
1

0
8

1
FGV −∗ =

λ
   

Here the vector0F and the matrix 0G are the same as described earlier in the paper. 

Then solve for 8λ  and get the expected return as follows: 

               0
1

000 FGFxZVE T
O

T −∗ = σλ  


