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Abstract

The problem of energy shortage has become serious. it is important to study useful

methods for increasing the energy efficiency in process industries. Distillation process is

a typical unit that uses a lot of energy in chemical plants. The topics of designing proper

distillation column arrangements to utilize energy efficiently and lowering operating cost

while attaining the goal of protecting environment have become important research direc-

tions. The concept of multi-effect distillation columns has already mentioned by Robins-

son and Gilliand in 1950. They proposed that by adjusting the pressure of two columns,

the temperature difference of them would be large enough to enable heat integration. And

it can achieve the purpose of energy conservation and recovery.

Based on the Underwood’s equation and kings formula to calculate the theoretical

minimum vapor flow rate in a distillation column, the study attempts to discuss the re-

lationship between the feed conditions and the minimum vapor flow rate in three com-

ponents multi-effect distillation system. The results from three component separation

problems are extended to multi-effects distillation columns for separating four compo-

nents. The potential energy savings when compared with the conventional arrangement

are investigated. The theoretical results are also confirmed by comparing its results with

v
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those from Aspen Plus simulation.

Key words: Minimum vapor flow rate, Prefractionator, Multi-effect distillation ar-

rangements, Direct-split, Indirect-split
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F � � Q È s f g Y D É Ê � > ? � p r � s i � & ' ( H % @ G &
Ë Ì � G q �

1.2 Í Î Ï Ð Ñ Ò Ó Ô Õ Ö × Ø Ù

& ' ( � u ! � � V ? 5 � � �   � * / � ( 6 Q � Ç F � � ! 6
¸ 7 & ¥ f g � Y D � Y 
 8 z 9 : Ì ( Ä � � : � ( ; Q � � � �
< ( ; & ¥ w ° U � = > # � Y D 9 6 ¸ � 7 ? @ � ( ; A ( 6 � [
# ± V 4 � � � : � � � 1.1 K - �
Á 1.1 , w � � � & ' ( - � �

C

AB
HP

CD1

A

B
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i � & ' ( � � p � � � ° � A B � n ! 
 � s Z � & ' ( � � �
� : ; N S ( � < � � n � ( � ( ; > V � O 5 � � ( � ( 6 > V �
n o � � � > # � Y D Â s 7 F � � ? @ 8 X � 	 � D � X P ^ � W
1950 � 9 Robinson and Gilliland f # [15]� s � 1.1 � � , w � & ' ( � R
� Â S @ I � w 
 V � * @ Ì 
 � & ' ( � � � 1.2 K - � X / � � (
< � f � � n ( ; > V � O / , � ( ( 6 > V � F 8 9 Y É Ê � @ G
Y ; B � W ¾ > V ? � � C 20K s Z [?]� � e > ? E 1 � Y É Ê � Y
É Ê _ « � Û o C ¾ � 	 � @ G Y ; B � W ± P T U W � @ I � w #
S 
 V : � � Â � 	 50Y � � D � � w # S � V : � ! � � ( @ G Y
; B Â � 	 66Y � D � K n ! � ( Ü A � � 	 � � D [ w Ã f � ¢ 9
O L � S O ( < � f � � A ´ 9 � � ( Û w i � ( � [ n o Q M w p
s N + \ w p ] � �
Á 1.2 , w � Y ; B & ' ( - � �

A A

B

AB
HP

C1

LP

C2

B

Heat

exchanger
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V � � ¾ 7 f C � i � & ' ( s 
 w � A � w ^ � _ � � 2 A ` �
� � w � L � , � & ' ( � � % � ¾ 7 f # � M / � � 1.3� G 9 Y ;
B � M / f [ Q � M � � � 1.4�
Á 1.3 � w � 
 M � % � � . /

HP

CD1

HP

CD1

A B

C

ABC

InDirect Sequence

HP

CD1

HP

CD1

A A

B

ABC

C

Indirect Sequence

Á 1.4 � w � � M Y ; B � % � � . /

A B

C

ABC
HP

C1

LP

C2

Direct Forward

A B

C

ABC
LP

C1

HP

C2

Direct Backward

A A

B

ABC
HP

C1

LP

C2

C

Indirect Forward

A A

B

ABC
LP

C1

HP

C2

C

Indirect Backward
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1.3 g h i j

Multi-effect � � � £ � E 7 f # � W 1950 � Robinson A Gilliland[15]� F
x " Q 4 v ; � G H � W X F x f C S � � ( � w 
 � ( @ G Y ; B
� P ^ � I J Â s � 	 � D � ¢ 9 O L � & i � + \ w p � W � � N �
K � � � � 
 L Q M � � � � N O � C K 1980 � King[10]f # P z � �

 M �   � , Q � � R S Q & i � @ G £ ^ _ � N O � 1983 � Chiang A
Luyben[2]f # � � , w � H % � T M Y ; B M / � � Â 1.5 K - � 1985

Á 1.5 , w � H % T M Y ; B . /

L

AB

A

B

A

B

H

L

H

AB

A

A

B

L

HAB

A

B

A

L

H

AB

A

B

B

L

HAB

A

B

B

Feed-Split Light-Split-Forward Light-Split-Reverse

Heavy-Split-Forward Heavy-Split-Reverse

� Cheng and Luyben[1] f f # � � , w � H % N S # d � � V A U w @
G f 4 � W � # d � � V � � V w � U w � s Light-Split-Forward 4 ¤ �



6 s t

W ¨ w � U w 4 � � s Light-Split-Reverse 4 ¤ � W x # d � � V � � V
w � U w � � s Light-Split-Forward 4 ¤ � V w � U w x � � s Feed-Split

4 Ã � W 1 # d � � H % s Feed-Split � ¤ � 1993 � Wankat[?]f # K 23

M i � & ' ( M / � d £ ¤ . / Q � W E � G q � 9 O � w � H % W
� % Z E � n ! � � ( � � � º X � < ß Â @ G Y ; B � N Y � , w
� H % W Y ; B � L � i � � � ( � N [ ] � + \ w p � K s R S Q
� D � N O d � w � H % @ G � Z �

2001 � Emtir et al.[3]f d � w � Y ; B H % H % @ G i g � � � G 9
Y ; B E ­ Â � 	 TAC � 32%� S � � Rev et al.[14] f # � R & ¥ D Â
J � � � & ' ( ) � � � M ^ � � 2003 � Halvorsen A Skogestad[8]| !
Underwood Equations � � # & ' ( ( ; � & ¥ D , Q ^ � � 
 8 X } #
, w � A � w � � � R & ¥ D � � 
 W S � [7]f # Petlyuk � & ¥ D , Q
^ � � W 2005 � Engelien A Skogestad[4]f # � w � H % 8 9 S � ~ & ¥
D � � Q # Q @ G Y ; B A L @ G Y ; B ; Ç H % K L � & ¥ D (short-

cut method)� W 2005 � Engelien A Skogestad[5]G q T w � 8 9 � Ç & ' (
� � � 8 9 � w � & ¥ D � � 
 Ç ( 
 Ç ( � � � � Z � 
 @ G i g
f d � S � , Q @ G Forward A Backward Y ; B ^ � � O ( K L < � �
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1.4 f g h i Õ j k

W E r N O i � & ' ( H % � r � � � Chiang and Luyben[2]7 Wankant[?]7
Halvorsen A Skogestad[8][7]7 Engelien[5][4]? � s ...� t N O à d � H % �
u v x W , w � A � w � i � & ' ( � � Z � £ 2 á G C � w � i �
& ' ( w & i w � � i � & ' ( � Z � I J Q 8 9 � � ( � � T M w
� � R � G q [4]� ¢ x � 8 9 � w � � & ¥ D � � w � y G q � Ç (
� & ¥ D � S � , w � A � w � � & ' ( � � Y ; B � ( Ü � 
 � �
W � � � 	 Z ; i � � 50%� F ] � ( Ü I J Â s � 	 & i � � � � ¢

 N z B + \ w p � G � � 2 �

5 � ^ _ � 9 r � x Â s o � � i � & ' ( � N O _ � Q 
 Ç ^ �
� t � � f # & ' ( � � M / � t , f � G q @ I U w A # d � � V
d & ' ( � & ¥ D 0 1 � � X J ¬ P � @ � â N O � w � H % ~ � r
� L Q f C E � � w � @ I U w A # d � � V d & ' T U � 0 1 s N
� w � i � & ' ( � O M M / s N � R & ¥ D � G q W N S @ I # d
� � V s N U w W � � M & ' . / Â s � 	 4 i � � D � S � s   �
�   @ G � R & ¥ D i g � f 4 ± q , Q � � R & ¥ D A i g # � �
� R & ¥ D � ? 5 E �
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1.5 � � � �

p r � � � T Ç 8 � � K L �

/ � 8 � q �
G H i � & ' ( H % � s N i � & ' ( H % � � � A å U � 
 9
� � � � # J � r � K f # � i � & ' ( . / A K L � R & ¥ D
� 
 � x � � # N O � S �

/ , 8 & ' ( � R � ) ± q , Q :

� d G H � � ( � � i w � K L � R & ¥ D � ± q � � 9 � � F
� � # � � ( � � � w � H % K L � R & ¥ D �

/ � 8 � w � H % i � & ' ( � Z :

d G H ~ � r � " f # E � � w � i � & ' ( . / � 
 } # t K
L � & ¥ D � � F G q @ I d & ' ( & ¥ D � 0 1 �

/ � 8 � w � H % i � & ' ( � Z :

d f # � w � H % O M & ' ( . / 
 � # t K L � R & ¥ D � �
� G q W N S @ I W � M i � & ' ( M / [ Q 4 Ã � � � � e �

 @ G & ¥ D i g � f 4 ± q � � A   � � 3 � & ¥ D ? 5 �

/ T 8 . q A § � � � :

� p q r � Ç U . 
 G q § � Â � � � � E �



2
�   ¡ ¢ £ ¤ ¥ ¦ r § ¨

W , Q & ' ( � ) � � � � & ' ( � & ¥ � � ( 6 F � � � Y A Z
� � ° & ' K L � & ¥ D Z � � F � � L � ? @ & i � � D � # d �
( ; � � � K > # � Y D � [ ] � � K s � & ' ( Ä � � R � ) Â ! �
R & ¥ D © - � � 2 A ` n ! Kings formula[10] s N 2001 � Halvorsen K f
# � Underwood Equations[6] s N � , Q � R & ¥ D � 
 W ~ ­ � Haversen

and Skogestad � q r [4][7][8]x � | ! X , Q ^ ^ @ G � H + & ' ( � )
� N O � J ¬ s X � 
 � s ª « � á G i � & ' ( H % � N O �

2.1 Underwood Equations Õ Kings formula i j

n ! Underwood Equations � � p ¬ + �

1. O w � # d � � V � ­ ®

2. ( Æ Ü � ¯

9



10 C D E ° ± ² ³ I t ´ µ

3. � ¶ · ¸ :

4. P * & ' ( . / � V @ I ( ; A ( 6 O � V # I

± P H % � ± P ¥ F [ ¹ º » · ¼ ­ ½ (Dalton’s law)� i w � � � <
(Pi) A ¥ # ¶ · U w (yi) A U < (P ) Q J � A ± P A B � [ ¹ º ¾ ¿ À
­ ½ (Raoul’s law)� i w � � � < (Pi) [ A ° # ¶ · � � (xi) s N Á w �
Â T & 8 < (P oi ) Q J � �

pi = xip
o
i (T ) (Raoult’s law for ideal mixtures)

pi = yiP (Dalton’s law for ideal gases)

u ! ¥ # ¶ · � � (yi) s N » · ¼ ­ ½ X Ã n ! ¾ ¿ À ­ ½ � n o ¥ #
¶ · � � Â s ! ° # ¶ · � � (xi) s N i w � Â T & 8 < (P oi ) © - �

yi
Dalton’s
==
law pi

P
==

pi∑
i

pi Raoult’s
==
law xip

o
i (T )∑

i

xip
o
i (T )

K Ä Å Æ Ç È É Ê Ë (yi) Ì Í Ç È É Ê Ë (xi) . Î Ä Ï Ð Ñ Ò Ó Ô Õ Ö
× Ø Ù Ú É Û Ö × Ü K Ä Ì Ý Þ (P ) Ø Ù ß Æ à á â ã Þ (P oi ) ä å æ

Ki =
yi

xi
=

pi
P
pi
poi (T )

=
poi (T )

P

Ç ç è é ê (αij ) Å i ë Ê . K Ä Ì j ë Ê . Î Ä æ
αij =

(yi/xi)

(yj/xj)
=
Ki

Kj
=
poi (T )

poj(T )

αi = αir =
Ki

Kr
=
poi (T )

por(T )

ì í î ï ð . (yi) ñ ! " � # $
1/por
1/por

æ
yi =

xip
o
i (T )∑

i

xip
o
i (T )

× 1/por
1/por

=
αixi∑
i

αixi
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i ë Ê % n � & " ' ( . ) * + , - Ä (wi)Ï Å & " . / n � . Æ à +

, 0 1 Ç � . / n + 1 � . Í à Ï 2 3 4 5 6 È É 7 * æ
wi = Vnyi,n − Ln+1xi,n+1
= V yi,n − Lxi,n+1 ( 6 È É 7 * )

8 9 # : $ Ø 1

V

αi

(αi − φ)Ï 2 ; < 9 . ñ ! = Ö > 1æ
1

V

αi

(αi − φ) × wi = (V yi,n − Lxi,n+1)× 1
V

αi

(αi − φ)

1

V

∑
i

αiwi

(αi − φ)︸ ︷︷ ︸
=1 by choosing φ

=

∑
i

α2ixi,n

(αi − φ)∑
i

αixi,n
− L
V

∑
i

αixi,n+1

(αi − φ)

� < ñ ? � ë :

V =
Nc∑
i=1

αiwi
(αi − φ) (Definition Equation)

@ ñ > Ö A B C ñ (Definition Equation) Ï Ò Ö A B C ñ ? Ø D ð E φÏ �

� � Ü Ò Ö A B C ñ Ø Ù i ë Ê & " ' ( . ) * + , - Ä (wi) ñ ! Ï ?

Ø � 	 D � F Ì � G H I . J Æ , æ
wi = V yi,n − Lxi,n+1Ï V =

Nc∑
i=1

αiwi
(αi − φ)

� F 
 Ê . Æ à J Æ , :

� F i ë Ê & " ' ( . ) * + , - Ä (wi)Ï K Å i ë Ê � F � ) . +

, - Ä Ï L M � F . J � , $ Ø i ë Ê . � F � ) È É Ê Ë Ï L M i ë
Ê . N O * , (Fzi) $ Ø i ë Ê 
 J � � � F . Î � (ri,D)æ

wi,T = wi,D = Dxi,D = ri,DziF ≥ 0

Ð ; @ ñ P Q � F J Æ , . Ö A B C ñ (Definition Equation)æ
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VB =

Nc∑
i=1

αiwi,T
(αi − φ) =

Nc∑
i=1

αiri,DziF

(αi − φ)

Ý � ä Nc R ë Ê ? Ø � ð Nc R E (φ1 , φ2, ..., φNc)Ï 2 Ì αi ä � � . å S

æ
α1 > φ1 > α2 > φ2 > α3 > . . . > αNc > φNc

� G 
 Ê . Æ à J Æ , :

Ì � 
 Ê . Æ à * , Ç # � Ï � G i ë Ê & " ' � . ) * , - Ä (wi)
Å � F . * , 0 1 N O . * , Ï � Ä T M 0Ï N O . 
 Ê L M (Fzi)Ï �

U L M i ë Ê ) + N O (Fzi) $ Ø i ë Ê � � G . Î � (ri,B)Ï V � Ä T M

0 H Ø W � R � � æ
wi,B = wi,T − wi,F = wi,T − ziF = − ri,BziF ≤ 0

Ð ; " ñ P Q � G J Æ , Ö A B C ñ (Definition Equation)æ
VB =

Nc∑
i=1

αiwi,B

(αi − ψ) =
Nc∑
i=1

αi(−ri,B)ziF
(αi − ψ)

? Ø � ð Nc R E (ψ1 , ψ2, ..., ψNc)Ï 2 Ì αi ä � � . å S æ
ψ1 > α1 > ψ2 > α2 > ψ3 > . . . > ψNc > αNc

� � � F � G J Æ , Ö A B C ñ H D ð . E (φi , ψi) Ì Ç ç è é ê αi .
å S æ
ψ1 > α1 > φ1 > ψ2 > α2 > φ2 > ψ3 > . . . > φNc−1 > ψNc > αNc > φNc
αi > φi > ψi+1 > αi+1, i = 1, . . . , Nc − 1

� 4 Ö � � > 
 � � � � Ø Ù X T � * Î . � � � Ï φi Ì ψi U  ! "

# $ R Ä θiæ
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V → Vmin =⇒ αi > φi
increasing−−→ θi

decreasing←−− ψi+1 > αi+1

; � F J Æ , 0 1 � G . J Æ , Ï U L M N O . J Æ , Ï @ > N O B C

ñ (feed equation)Ï Y @ N O B C ñ . E K Å Underwood’s equation . E θiæ
VT − VB = VF = (1− q)F =

Nc∑
i=1

αizi

(αi − θ)F (Feed Eq.)

αi Ì θi . å S Z [ 2.1\

Á 2.1 
 � � � � � . Underwood roots

θ
αN

α N-1

α 2
α 1

1c
θ − 2θ 1θ

i i

1 i

α z
( ) (1 ) 0

α - θ

c

i

f qθ
=

= − − =∑
( )f θ

3α

α1 > θ1 > α2 > θ2 > α3 > . . . > αNc−1 > θNc−1 > αNc

V @ W D ð ] ^ Ê . j ë Ê Ø Ù j + 1 ë Ê (sharp split)(rj,D = 1, rj+1,D =

0)Ï _ ` W a Ú N O Í Ç b Ê Î (qÏ q = 1 : > á â Í à )Ï % ë Ê N

O È É Ê Ë (zi) Ø Ù Ç ç è é ê (αi)Ï Ò N O B C ñ (feed equation)Ï D ð
θi(underwood’s roots)æ Ð Ò í î D ð . θiÏ N O * , (F )Ï P Q Ö A B C

ñ (Difinition Equation)Ï ? D ð ß � H I X T J Æ , æ
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1. Compute the common root θj (αj > θj > αj+1)

(1− q) =
Nc∑
i=1

αizi

(αi − θ)
2. Compute the minimum energy

VTmin

F
=

j∑
i=1

αizi

(αi − θj) ri,D =

{
1 for i ≤ j
0 for i > j

c d e f g d h i j AB k l rA = xAD/zAF Q A g d K U p E F s t u

l αB = 1 l q = 1 v w x y Kings formila z { | u K L � :

VT,min =
rA − αArB
αA − 1 F +D

� Q x y Z � � � � (feed equation) � z { θA :

0 =
αAzA

αA − θA +
zB

1− θA (q = 1;αB = 1) ⇒ θA =
αA

αAzA + zB

� a θA b c � � � � � (Definition Equation):

Vmin

F
=
αArAzA

αA − θA +
rBzB

1− θA =
αArAzA

αA − θA −
αArBzA

αA − θA
=
(αAzA)(rA − rB)
αA − θA =

(αAzA)(rA − rB)
αA − αA

αAzA + zB

=
αAzA(rA − rB)(αAzA + zB)
α2AzA + αAzB − αA

=
αAzA(rA − rB)(αAzA + zB)
α2AzA + αA(1− zA)− αA

=
αAzA

[
rAαAzA + rAzB − rBαAzA − rBzB

]
αAzA(αA − 1)

=
rAαAzA + rA(1− zA)− rBαA(1− zB)− rBzB

αA − 1
=
rA + rAzA(αA − 1)− αArB + rBzB(αA − 1)

αA − 1
=
rA − αArB
αA − 1 + rAzA + rBzB =

rA − αArB
αA − 1 +

D

F

c AB f g d � � d e k l rA = 1l rB = 0l a w � � � b c l v w �

� � � � � :

VT,min =
1

αA − 1F +D



15

2.2 Í � � Ï Ð Ñ � � � � � �

� w � A , w � @ I A B � � & ' ( � R & ¥ D � , Q � W Halvorsen2003

[8][7]s N Engelien[4]x s Q f # � � 2.2, � 2.3�
Á 2.2 , w � & ' ( � R & ¥ D A & ' D - � �
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Á 2.3 � w � & ' ( � R & ¥ D A & ' D - � �

J ¬ s � ¬ � q r � � 
 � � � � w � � R & ¥ D � , Q : L ` ­ q,

z = [zA, zB, zC , zD], α = [αA, αB, αC , αD] ( ; & ' D A � R & ¥ D �
VTmin

F
=
∑

i=A,B,C,D

αiri,Tzi
(αi − θk) (⇒ θA, θB, θC);

D

F
=
∑

i=A,B,C,D

ri,Tzi


 Ç Ä ¸ ~ Q M � � P0 � K Q w � u W ( 6 � P1 � K Q w � u W ( ;
�

P0 [rA,T, rB,T] = [0, 0] ⇒ [D, VTmin] = [0, 0]

P1 [rA,T, rB,T] = [1, 1] ⇒ [D, VTmin] = [1, 1− q]F

PAB(Sharp split) � AB v ¶ � � � � ¶ � � A w � W ( ; � ¶ � � B W (



2.2 A   ¡ C D E ° ± ² ³ ´ µ 17

6 � � � � � PBC � PCD c J �
PAB [rA,T, rB,T] = [1, 0] ⇒ [D, VTmin] =

[
zA,

αAzA
αA−θA

]
F

PBC [rB,T, rC,T] = [1, 0] ⇒ [D, VTmin] =
[
zA + zB,

αAzA
αA−θB +

αBzB
αB−θB

]
F

PCD [rC,T, rD,T] = [1, 0] ⇒ [D, VTmin] =
[
zA + zB + zC ,

αAzA
αA−θC +

αBzB
αB−θC +

αCzC
αC−θC

]
F

PAC(Preferred split)� K L � & 8 D � Á ¢ © � 2 � Á � © - A w � ¶ �

W ( ; � CD w � ¶ � W ( 6 � B w � � £ W ( ; A ( 6 � PBD � AB

w � W ( ; � C w � � £ W ( ; A ( 6 � D w � W ( 6 � PAD � A w
� ¶ � W ( ; � D w � ¶ � W ( 6 � BC w � � £ W ( ; A ( 6 �

PAC [rA,T, rC,T] = [1, 0]⇒ [D, VTmin] =
[
zA + βBzB,

αAzA
αA−θB +

αBβBzB
αB−θB

]
F

βB = r
A/C
B,T = −αAzAαBzB

(αB−θA)(αB−θB)
(αA−θA)(αA−θB)

(
αAzA
αA−θA +

αB(βBzB)
αB−θA =

αAzA
αA−θB +

αB(βBzB)
αB−θB

)
PBD [rB,T, rD,T] = [1, 0]⇒ [D, VTmin]=

[
zA + zB + βCzC ,

αAzA
αA−θC +

αBzB
αB−θC +

αCβCzC
αC−θC

]
F

βC = r
B/D
C,T = −αAzAαCzC

(αC−θB)(αC−θC)
(αA−θB)(αA−θC) − αBzB

αCzC

(αC−θB)(αC−θC)
(αB−θB)(αB−θC)

PAD [rA,T, rD,T] = [1, 0]⇒ [D, VTmin] =
[
zA + βBDzB + βCDzC ,

αAzA
αA−θB

+ αAzA
αA−θB +

αBβBDzB
αB−θB +

αCβCDzC
αC−θB

]
F

βB � ! VTmin

F
= αAzA
αA−θ +

αBzBrB
αB−θ ° θA A θB ¤ Ì & ¥ D # ? � � rB � ® � βC

� ! VTmin

F
= αAzA
αA−θ +

αBzB
αB−θ +

αCzCrC
αC−θ ° θB A θC ¤ Ì & ¥ D # ? � � rC � ®

� ! VTmin

F
= αAzA
αA−θ +

αBzBrB
αB−θ +

αCzCrC
αC−θ ¤ Ì (θA ,θB)� (θB ,θC) o C 
 U ^  � L
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¥ è L ß Â o C βBD A βCD� βB A βC h Å :

αAzA
αA−θA +

αBzBβB
αB−θA = αAzA

αA−θB +
αBzBβB
αB−θB

⇒ βB = r
A/C
B,T = −αAzA

αBzB

(αB−θA)(αB−θB)
(αA−θA)(αA−θB)

αAzA
αA−θB +

αBzB
αB−θB +

αCzCβC
αC−θB = αAzA

αA−θC +
αBzB
αB−θC +

αCzCβC
αC−θC

αCzCβC

[
1

αC−θB − 1
αC−θC

]
= αAzA

[
1

αA−θC − 1
αA−θB

]
+ αBzB

[
1

αB−θC − 1
αB−θB

]
αCzCβC

θB−θC
(αC−θB)(αC−θC) = αAzA

θC−θB
(αA−θC)(αA−θB) + αBzB

θC−θB
(αB−θC)(αB−θB)

⇒ βC = r
B/D
C,T = −αAzA

αCzC

(αC−θB)(αC−θC)
(αA−θB)(αA−θC) − αBzB

αCzC

(αC−θB)(αC−θC)
(αB−θB)(αB−θC)

βBD A βCD h Å :

Derivation of βBD, βCD
αAzA
αA−θA +

αBzBβBD
αB−θA +

αCzCβCD
αC−θA = αAzA

αA−θC +
αBzBβBD
αB−θC +

αCzCβCD
αC−θC

αAzA
αA−θB +

αBzBβBD
αB−θB +

αCzCβCD
αC−θB = αAzA

αA−θC +
αBzBβBD
αB−θC +

αCzCβCD
αC−θC

(1) αCzCβCD
θC−θA

(αC−θC)(αC−θA) = αAzA
θA−θC

(αA−θA)(αA−θC) + αBzBβBD
θA−θC

(αB−θA)(αB−θC)

(2) αCzCβCD
θC−θB

(αC−θC)(αC−θB) = αAzA
θB−θC

(αA−θB)(αA−θC) + αBzBβBD
θB−θC

(αB−θB)(αB−θC)

¦ § ¨ (1) © � (2) ©

⇒ βBD = r
B/D
B,T = −αAzA

αBzB

(αB−θA)(αB−θB)(αB−θC)(αA−αC)
(αA−θA)(αA−θB)(αA−θC)(αB−αC)

⇒ βCD = r
B/D
C,T = −αAzA

αCzC

(αC−θA)(αC−θB)(αC−θC)(αA−αB)
(αA−θA)(αA−θB)(αA−θC)(αC−αB)

ª Â 2.4 « � ¬ P0 −PAB ­ ® ¯ � BCD � � ° � ± ¬ A � � ² ³ ´ 7
� � 8 � 9 : PCD − P1 ­ ® ¯ � ABC � � ´ 7 ° � 9 ¬ D � � ² ³ ´
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Á 2.4 � � � � � � � � � � � � � � � � �  

7 � � 8 � 9 :
P0 − PAB : rA,T = 0→ 1; rB,T = 0
VT

F
=
αArA,TzA

αA − θA ,
D

F
= rA,TzA

PCD − P1 : rC,T = 1; rD,T = 0→ 1
VT

F
=

αAzA

αA − θC +
αBzB

αB − θC +
αCzC

αC − θC +
αDrD,TzD

αD − θC ,
D

F
= zA + zB + zC + rD,TzD

PAB − PAC ­ ® ¯ � A � � ´ 7 ° � 9 ¬ B � � ² ³ 7 � � � 8 � 9 :
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PAC − PBC ­ ® ¯ � A � � ´ 7 ° � 9 ¬ B � � ² ³ ´ 7 � � 8 � 9 :
PAB − PAC : rA,T = 1; rB,T = 0→ βB; rC,T = rD,T = 0
VT

F
=

αAzA

αA − θA +
αBrB,TzB

αB − θA
D

F
= zA + rB,TzB

PAC − PBC : rA,T = 1; rB,T = βB → 1; rC,T = rD,T = 0
VT

F
=

αAzA

αA − θB +
αBrB,TzB

αB − θB
D

F
= zA + rB,TzB

PBC − PBD ­ ® ¯ � AB � � ´ 7 ° � 9 ¬ C � � ² ³ 7 � � � 8 � 9
: PBD − PCD ­ ® ¯ � AB � � ´ 7 ° � 9 ¬ C � � ² ³ ´ 7 � � 8 �

9 :
PBC − PBD : rA,T = rB,T = 1; rC,T = 0→ βC ; rD,T = 0
VT

F
=

αAzA

αA − θB +
αBzB

αB − θB +
αCrC,TzC

αC − θB
D

F
= zA + zB + rC,TzC

PBD − PCD : rA,T = rB,T = 1; rC,T = βC → 1; rD,T = 0
VT

F
=

αAzA

αA − θC +
αBzB

αB − θC +
αCrC,TzC

αC − θC
D

F
= zA + zB + rC,TzC

P0− PAC ­ ® ¯ � A � � ² ³ ´ 7 � � � 9 ¬ B � � ² ³ 7 � � � 8 �

9 : PBD −P1 ­ ® ¯ � C � � ² ³ ´ 7 � � � 9 ¬ D � � ² ³ ´ 7 � �
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8 � 9 :
P0 − PAC : [rA,T, rB,T] = [0, 0]→ [1, βB]; rC,T = rD,T = 0

VT

F
= rA,T

(
αAzA
αA−θA +

αBβBzB
αB−θA

)
;

D

F
= rA,T (zA + βBzB) rA,T : 0→ 1

PBD − P1 : rA,T = rB,T = 1; [rC,T, rD,T] = [βC , 0]→ [1, 1]
VT

F
= αAzA
αA−θC +

αBzB
αB−θC +

αCβCzC
αC−θC + rD,T

(
αC(1−βC)zC
αC−θC + αDzD

αD−θC

)
;

D

F
= zA + zB + βCzC + rD,T ((1− βC)zC + zD) rD,T : 0→ 1

P0 − PAD ­ ® ¯ � A � � ² ³ ´ 7 � � � 9 ¬ BC � � ² ³ 7 � � �

8 � 9 : PAD − P1 ­ ® ¯ � A � � ´ 7 ° � 9 ¬ BCD � � ² ³ ´ 7 �

� 8 � 9 :
P0 − PAD : [rA,T, rB,T, rC,T] = [0, 0, 0]→ [1, βBD, βCD]; rD,T = 0
VT

F
= rA,T

(
αAzA
αA−θA +

αBβBDzB
αB−θA +

αCβCDzC
αC−θA

)
D

F
= rA,T (zA + βBDzB + βCDzC) rA,T : 0→ 1

PAD − P1 : rA,T = 1; [rB,T, rC,T, rD,T] = [βBD, βCD, 0]→ [1, 1, 1]
VT

F
= αAzA

αA−θC +
αBβBDzB
αB−θC +

αCβCDzC
αC−θC

+rD,T

(
αB(1−βBD)zB
αB−θC + αC(1−βCD)zC

αC−θC + αDzD
αD−θC

)
D

F
= zA + βBDzB + βCDzC

+rD,T ((1− βBD)zB + (1− βCD)zC + zD) rD,T : 0→ 1

PAC −PAD ­ ® ¯ � A � � ´ 7 ° � 9 ¬ BC � � ² ³ 7 � � � 8 � 9 :
PAD − PBD ­ ® ¯ � A � � ´ 7 ° � 9 ¬ B � � ² ³ ´ 7 � � 8 � 9 ¬
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C � � ² ³ 7 � � � 8 � 9 :
PAC − PAD : rA,T = 0; rB,T = βB → βBD, rC,T = 0→ βCD; rD,T = 0
VT

F
= αAzA

αA−θB +
αBβBzB
αB−θB +

rC,T
βCD
((βBD − βB)zB + βCDzC)×

�
αAzA
αA−θB +

αBβBDzB
αB−θB +

αCβCDzC
αC−θB

�
−
�
αAzA
αA−θB +

αBβBzB
αB−θB

�

((βBD−βB)zB+βCDzC)

= αAzA
αA−θB +

αBβBzB
αB−θB +

rC,T
βCD

(
αB(βBD−βB)zB

αB−θB + αCβCDzC
αC−θB

)
D

F
= zA + βBzB

+
rC,T
βCD
((zA + βBDzB + βCDzC)− (zA + βBzB))

= zA + βBzB +
rC,T
βCD
((βBD − βB)zB + βCDzC)

PAD − PBD : rA,T = 0; rB,T = βBD → 1, rC,T = βCD → βC ; rD,T = 0
VT

F
= αAzA

αA−θC +
αBβBDzB
αB−θC +

αCβCDzC
αC−θC +

rB,T−βBD
1−βBD ((1− βBD)zB + (βC − βCD)zC)×

�
αAzA
αA−θC +

αBzB
αB−θC +

αCβCzC
αC−θC

�
−
�
αAzA
αA−θC +

αBβBDzB
αB−θC +

αCβCDzC
αC−θC

�

((1−βBD)zB+(βC−βCD)zC)

= αAzA
αA−θC +

αBβBDzB
αB−θC +

αCβCDzC
αC−θC

+
rB,T−βBD
1−βBD ×

(
αB(1−βBD)zB
αB−θC + αC(βC−βCD)zC

αC−θC

)
D

F
= zA + βBDzB + βCDzC

+
rB,T−βBD
1−βBD ((zA + zB + βCzC)− (zA + βBDzB + βCDzC))

= zA + βBDzB + βCDzC +
rB,T−βBD
1−βBD ((1− βBD)zB + (βC − βCD)zC)
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3. � ¯ ( Æ Ü � � R 9 : f �

23



24 A B C D E ° ± ² ³ I t ¡ G

4. & ' ( Q M W � R : D � � U �

3.2 Prefractionator � H

Prefractionator � 9 
 � ( U w � J ¬ s � w � ABC # d � � V α =

[4, 2, 1]� @ I U w z = [.20, .50, .30]� @ I ° F � � q = 0.8 � R � � � 3.1

K - � ( � (C1,Prefractionator Column) A ( , (C2,Maincolumn)� @ I (ABC)

@ Ì ( � � � w , V : : ( ; � AB w � � ( 6 � BC w � � B w � � £

W ( ; A ( 6 � £ 
 V : X Ã @ Ì ( , � ± z w A� B� C � V : � (
Á 3.1 Prefractionator - � �

LP

C1

C21

HP

C22

A A

C

ABC
B

AB

BC

� � & ¥ D � � � :

zA ≤ η � DC1
/
F ≤ zA + zB

V C1
min(θ=θA)

(η) =

(
αACzA

αAC − θA +
αBC(η − zA)
αBC − θA

)
F

V C1
min(θ=θB)

(η) =

(
αACzA

αAC − θB +
αBC(η − zA)
αBC − θB

)
F

V C1
min(η) = max

[
V C1

min(θ=θA)
(η), V C1

min(θ=θB)
(η)
]
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η © - ( � � & ' D } s @ I : D � ( , � � R & ¥ D n ! ­ � ^
 � ¤ Ì θA � � θA R O αAC � O αBC � K s αBC (η − zA)

αBC − θA [ � Z � � 

B Ã & ' D � ] � A W C � � � b � W � º D � � Â 3.2 D Z R � & D
K - � ° � Ì θB � � θB � O αBC � K s ° & ' D Z � � � K L & ¥ D
� [ Z � [ � � b � Z � º D � � Â 3.2 G Z R � & D K - � ( � K L
� � R & ¥ D � � ­ � ^  � ¤ Ì θA A θB � � � t x 4 � � ® � � E
� S Â 3.2 D Z A Â 3.2 G Z � 
 b & D B H � � t x 4 � � � � � Â
3.2 D W R � & D K - �
Á 3.2 Prefractionator ( � & ¥ D - � �
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( , ( � w 
 � � � Z I � (C21) A W I � (C22)� Z I � @ I � AB�
W I � @ I � BC� Z W I � O Â J � 
 w � H % � n ! Kings formula ,
Q � R & ¥ D �

V C21
min (η) =

(
η

αAB − 1 + zA
)
F

V C22
min (η) =

(
1− η
αBC − 1 + (1− η − zC)

)
F

Vmin,P = min
η

{
V C1

min(η) + max
[
V C21

min (η), V
C22

min (η)
] }

( , Z I � A W I � � & ¥ D � [ B Ã ( � � & ' D ηF 0 1 � η Û
i � ( , Z I � K L & ¥ D � B Ã Û i � ( , W I � K L & ¥ D � P
Ã Û 2 � � Â 3.3 D Z K PM1 − PM2 D © K - � ° ( � ( ; � � � ¶ �

� A w � (D = 0.2)� f ( , Z I � N L S A w � & ' # ( ; � K L �
& ¥ D � PM1 � � B Ã ( � & ' D Û i � ( , Z I � L � � � ¶ � � A

w � s N O � O i � B w � � X � � , ( K L � & ¥ D � Û i � ° (
� ( ; � � � ¶ � � AB w � � (D = 0.7)� ( , E L � � i � & ¥ D �
� ¶ � � AB w � � K L � & ¥ D � PM2 � � � Â 3.3 G Z K PM3 − PM4
D © K - � ( � & ' D � ¶ � � A w � � � ( , W I � L � � � ¶ �

� BC 
 w � � K L � & ¥ D � � i � Q M � � PPM3� ( � � & ' D
] � C ¶ � � AB w � � � ( , W I � N L I C w � � ( 6 : # � K L
� & ¥ D � 2 � Q M � � PM4� ( , K L � & ¥ D ß � Z I � N W I
� � & ¥ D � 4 � � ® � ß Â 3.3 D Z A G Z 
 ~ � � PM1 − PM2 D ©
A PM3 − PM4 D © B H � t 4 � ® K L � & ¥ D s D W R � V C2 D © K
- � ; Ç Prefractionator K L � � R & ¥ D � ( � � D � Z ( , � D � Â
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3.3 G W K K - �
Á 3.3 Prefractionator ( , & ¥ D - � �

3.2.1 Prefractionator T U V W A

Prefractionator @ G Y ; B Q 
 M ^ � � � Â 3.4 K - � Q Forward A
Backward 
 M ^ � � Forword � S ( � � < � : � ( , � < � : 1 W (
� ( ; � > V A ( , � ( 6 > V # ? � 20X s Z � x " 8 9 Y ; B �
@ G Y É Ê � Backword � S ( � � < � : 1 ( , � < � : � W ( � (
; � > V A ( , � ( 6 > V # ? � 20X s Z � ; Ç H % K L � & ¥ D
� ( � A ( , � x 4 � ® � � Â 3.5 K - �

Vmin,PF = Vmin,PB = min
η

{
max
[
V C1

min(η), V
C21

min(η), V
C22

min(η)
] }



28 A B C D E ° ± ² ³ I t ¡ G

Á 3.4 Prefractionator Y ; B - � �

A A

C

ABC
HP

C1 B

AB

BC

C21

LP

C22

A A

C

ABC
LP

C1

C21

HP

C22

B

AB

BC

PF PB

Á 3.5 Prefractionator Y ; B & ¥ D - � �
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3.3 \ ] a b c (Direct-split) � H

º X ~ + � H % � Â 3.6 K - � ABC � w � @ I @ Ì ( � @ G º X
(Direct-Split) � � � ( ; � � � A w � � ( 6 � � � BC w � � ( 6 � �
F @ Ì ( , @ G � � �
Á 3.6 º X ~ + � - � �

HP

CD1

HP

CD1

A B

C

ABC

, Q º X ~ + � � � R & ¥ D � Â J � Prefractionator � t x � M �
Prefractionator � ( � & ' D ηF = zAF � � # ° O º X ~ + � � ( � & ¥
D � X � Prefractionator ( , W I � K L � & ¥ D E � � � BC , w � �
& ¥ D � W � 3 Z � Q M � � PM3 � Â 3.7 K - � ; Ç H % K L & ¥ D
� Q M � PM3 � Z Q M � PAB� , Q � W _ K - �

V C1
min =

αACzA

αAC − θAF

V C2
min =

(
zB + zC
αBC − 1 + zB

)
F

V DS
min = V C1

min + V
C2

min



30 A B C D E ° ± ² ³ I t ¡ G

Á 3.7 º X ~ + � & ¥ D - � �

3.3.1 i j k l m (Direct-split) T U V W A

º X ~ + � (Direct-split) & ' ( Y ; B H % � Â 3.8 K - � Q � ; B
(Forward) A ­ ; B (Backward) 
 M ^ � � ] ± A � _ Prefractionator Y ; B
^ � � n � , Q � � W K - � & ¥ n ! D � ( � A ( , 4 � � ® � �
Q M � PAB A PM3 4 � s � � Â 3.9 K - �

V C1
min =

αACzA

αAC − θAF

V C2
min =

(
zB + zC
αBC − 1 + zB

)
F

V DS
min = max

{
V C1

min, V
C2

min

}
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Á 3.8 º X ~ + � Y ; B - � �

A B

C

ABC
HP

C1

LP

C2

Direct Fordward

A B

C

ABC
LP

C1

HP

C2

Direct Backward

Á 3.9 º X ~ + � Y ; B & ¥ D - � �
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3.4 p ] a b c (Inirect-split) � H

" X X ~ + � H % � Â 3.10 K - � ABC � w � @ I @ Ì ( � @ G "
X (Indirect-Split) � � � ( ; � � � AB w � � ( 6 � � � C w � � ( ;
� � F @ Ì / , � ( @ G � � � , Q " X ~ + � � � R & ¥ D � Â J
Á 3.10 " X ~ + � & ' ( H % - � �

HP

CD1

HP

CD1

A A

B

ABC

C

� Prefractionator � t x � M � Prefractionator ( � & ' D ηF = (zA+ zB)F �
� # ° O " X ~ + � � ( � & ¥ D � X � Prefractionator ( , Z I � K L
� & ¥ D E � � � AB , w � � & ¥ D � W � 3 Z � Q M � � PM2 � Â
3.11 K - � ; Ç H % K L & ¥ D � Q M � PM2 � Z Q M � PBC � , Q �
W _ K - �

V C1
min =

(
αACzA

αAC − θB +
αBCzB

αBC − θB

)
F

V C2
min =

(
zA + zB
αAB − 1 + zA

)
F

V IS
min = V C1

min + V
C2

min
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Á 3.11 " X ~ + � & ¥ D - � �

3.4.1 r j k l m (Indirect-split) T U V W A

" X ~ + � (Indiirect-split) & ' ( Y ; B H % � Â 3.12 K - � Q � ; B
(Forward) A ­ ; B (Backward) 
 M ^ � � t ] ± A � _ Prefractionator Y ;
B ^ � � n � t , Q � � W K - � & ¥ n ! D � ( � A ( , 4 � � ®
� � Q M � PBC A PM2 4 � s � � Â 3.13 K - �

V C1
min =

(
αACzA

αAC − θB +
αBCzB

αBC − θB

)
F

V C2
min =

(
zA + zB
αAB − 1 + zA

)
F

V IS
min = max

{
V C1

min, V
C2

min

}
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Á 3.12 " X ~ + � Y ; B H % & - � �

A A

B

ABC
HP

C1

LP

C2

C

Indirect Fordward

A A

B

ABC
LP

C1

HP

C2

C

Indirect Backward

Á 3.13 " X ~ + � Y ; B H % & ¥ D - � �
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3.5 Petlyuk � H

Petlyuk 9 
 Ç ( U w � � Â 3.14 � / � � ( � Prefractionator Column�
/ , � ( � Main column� / � � ( ( ; � � � � º X : Ì / , � ( x �
( 6 � F � � º X : Ì / , � ( x � / , � ( Z I � A W I � � * Q
� : 9 : W / � � ( ( ; A ( 6 � t . / # ° O 
 Ç ( Q @ G Y ; B
� W Halvorsen:2003b[7]x Q s t G H � t K L � � R & ¥ D � PAB A PBC
� t � ® � � Â 3.15 K - � t Q � � :

PAB = αAzA
αA−θA

PBC = αAzA
αA−θB +

αBzB
αB−θB

V Pet
min = max

{
PAB, PBC

}

Á 3.14 Petlyuk - � �

HP

CD1

HP

CD1

A A

C

ABC
B

AB

BC
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Á 3.15 Petlyuk & ¥ D - � �
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3.6 Prefractionator y z ^ _ c

° Prefractionator @ G Y ; B � � Q T M ^ � Â s @ G Y ; B � / � M
� � Â 3.16 K - � ° ( � & ¥ D � O ' , Z I � A W I � � & ¥ D �(
max [V C21

min(η), V
C22

min(η)] < V
C1

min(η)
) � ; Ç H % K L � R & ¥ D � ( � K L �

� R & ¥ D � X � - B � � � � Y ; B (Forward)� E i � Y D � � ` t
� * / � Y É Ê � w � n ( , � � � & � ± z � � e � � ­ � Y ; B
(Backward) f L W / , � ( A / � � ( ~ " i � F � � (heater) f g N È
� � D � ( , K L � ( � 4 1 �
Á 3.16 / � M Y ; B - � �

V
min,ISF/ISB

=max(P
BC
,P

M2
)

V
min,DSF/DSB

=max(P
AB
,P

M3
)

V
min,PF/PB

1
DC1/F

V
T
/F

0 0.4 0.60.2 0.8

V
min

C1

V
min

0

V
min

C22

V
min

C21

C22

C21

C1



38 A B C D E ° ± ² ³ I t ¡ G

/ , M � � Â 3.17 K - � ° ( , Z I � A W I � & ¥ D � O ( � &
¥ D � (

V C1
min(η) < V

C21
min(η) = V

C22
min(η)

) � ; Ç H % K L � R & ¥ D � / (
, Z I � K L � R & ¥ D � X � - B � � ­ � Y ; B (Backward)� E i
� Y D � � ` t � * / � Y É Ê � w � n ( � � � � & � ± z � � e
� � � � Y ; B (Forword) f L W / , � ( A / � � ( ~ " i � F � �
(heater) f g N È � � D � / � � ( K L � ( � 4 1 �
Á 3.17 / , M Y ; B - � �

V
min,ISF/ISB

=max(P
BC
,P

M2
)

V
min,DSF/DSB

=max(P
AB
,P

M3
)

V
min,PF/PB

1
DC1/F

V
T
/F

0 0.4 0.60.2 0.8

V
min

C1

V
min

0

V
min

C22

V
min

C21

C22

C21

C1
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/ � M � Â 3.18 K - � ° � b � R & ¥ D ~ O � b º D É �
(
V C1

min(η) =

V C21
min(η) = V

C22
min(η)

) � ; Ç H % K L � R & ¥ D � � � ( t x � � ( � R
& ¥ D �
Á 3.18 / � M Y ; B - � �

V
min,ISF/ISB

=max(P
BC
,P

M2
)

V
min,DSF/DSB

=max(P
AB
,P

M3
)

V
min,PF/PB

1
DC1/F

V
T
/F

0 0.4 0.60.2 0.8

V
min

C1

V
min

0

V
min

C22

V
min

C21

C22

C21

C1
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/ � M � Â 3.19 K - � ( � � R & ¥ D ? O ( , W I � � R & ¥ D
� O ( , Z I � � R & ¥ D � (V C1

min(η) = V
C22

min(η) > V
C21

min(η)
) � ; Ç H % K

L � R & ¥ D � ( � w ( , W I � � R & ¥ D � X � Â s � � � � w
� ­ � Y ; B � ( , Z I � K L ( � 4 � � ( , Z I � � � [ 7 E V
± z
Á 3.19 / � M Y ; B - � �

V
min,ISF/ISB

=max(P
BC
,P

M2
)

V
min,DSF/DSB

=max(P
AB
,P

M3
)

V
min,PF/PB

1
DC1/F

V
T
/F

0 0.4 0.60.2 0.8

V
min

C1

V
min

0

V
min

C22

V
min

C21

C22

C21

C1
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/ T M � � Â 3.20 K - � ( � � R & ¥ D ? O ( , Z I � � R & ¥
D � O ( , W I � � R & ¥ D � (V C1

min(η) = V
C21

min(η) > V
C22

min(η)
) � ; Ç H %

K L � R & ¥ D � ( � w ( , W I � � R & ¥ D � X � Â s � � � �
w � ­ � Y ; B � ( , W I � K L ( � 4 � � ( , W I � � � [ 7 E
V ± z
Á 3.20 / T M Y ; B - � �

V
min,ISF/ISB

=max(P
BC
,P

M2
)

V
min,DSF/DSB

=max(P
AB
,P

M3
)

V
min,PF/PB

1
DC1/F

V
T
/F

0 0.4 0.60.2 0.8

V
min

C1

V
min

0

V
min

C21

V
min

C22

C22

C21

C1
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3.6.1 � � � � � � � � Prefractionator T U V � m W A

Á 3.21 αAB d & ¥ D 0 1 - � �

� Â 3.21 K - � D � @ I U w � α = [4, 2, 1] ; z = [.33, .33, .33]� αAB =

2 ;αBC = 2� G � � @ I U w � α = [3, 2, 1] ; z = [.33, .33, .33]� αAB =

1.5; αBC = 2� 9 D � A G � f 4 Â � � � ° αAB W C � AB �   Û o
& � � � � � � � AB �   & ¥ D Û i � Q M � PAB [ Z � � ( , Z I
� � � AB & ¥ D Û i � V 21

min Q M D Z � � H % K L � R & ¥ D Z � �
& � � 9 ( � � & ¥ D A ( , Z I � & ¥ D ( / T M � 3 ) � ­ � S n
P P � ° αBC Z � � BC w � � � � � � Q M � PBC W C � V 22

min Q M D
W C � H % K L � R & ¥ D W C � & � � 9 ( � � & ¥ D A ( , Z I
� & ¥ D ( / T M � 3 ) � ­ �
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Á 3.22 αBC d & ¥ D 0 1 - � �

� Â 3.22 K - � D � @ I U w � α = [4, 2, 1] ; z = [.33, .33, .33]� αAB =

2 ;αBC = 2� G � � @ I U w � α = [3, 1.5, 1] ; z = [.33, .33, .33]� αAB =

2 ;αBC = 1.5� 9 D � A G � f 4 Â � � � ° αBC W C � BC �   Û o &
� � � � � � � BC �   & ¥ D Û i � Q M � PBC [ Z � � ( , W I �

� � AB & ¥ D Û i � V 22
min Q M D Z � � H % K L � R & ¥ D Z � � &

� � 9 ( � � & ¥ D A ( , W I � & ¥ D ( / � M � 3 ) � ­ � S n P
� ° αAB W C � AB w � � � � � � Q M � PAB W C � V 21

min Q M D W C
� H % K L � R & ¥ D W C � & � � 9 ( � � & ¥ D A ( , W I � &
¥ D ( / � M � 3 ) � ­ �
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3.6.2 � � � � � Prefractionator T U V � m W A

Á 3.23 zA d & ¥ D 0 1 - � �

� Â 3.23 K - � D � @ I U w � α = [4, 2, 1] ; z = [.33, .33, .33]� zA =

0.33, zB = 0.33, zC = 0.33� G � � @ I U w � α = [4, 2, 1] ; z = [.50, .25, .25]�
zA = 0.50, zB = 0.25, zC = 0.25� 9 D � A G � f 4 Â � � � ° zA Z � � @
I A w � Û i � � � � AB �   & ¥ D Û i � Q M � PAB [ Z � � ( ,
Z I � � � AB & ¥ D Û i � V 21

min Q M D Z � � H % K L � R & ¥ D Z
� � [ & � � 9 ( � � & ¥ D A ( , Z I � & ¥ D ( / T M � 3 ) � ­
� S n P � ° zC W C � Q M � PBC W C � V 22

min Q M D W C � H % K L
� R & ¥ D W C � & � � 9 ( � � & ¥ D A ( , Z I � & ¥ D ( / T M
� 3 ) � ­ �
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Á 3.24 zC d & ¥ D 0 1 - � �

� Â 3.24 K - � D � @ I U w � α = [4, 2, 1] ; z = [.33, .33, .33]� zA =

0.33, zB = 0.33, zC = 0.33� G � � @ I U w � α = [4, 2, 1] ; z = [.20, .20, .60]�
zA = 0.20, zB = 0.20, zC = 0.60� 9 D � A G � f 4 Â � � � ° zC Z � � @
I C w � Û i � © - A w � # d Û 2 � Q M � PAB W C � ( , W I � �
� BC & ¥ D Û i � V 22

min Q M D Z � � H % K L � R & ¥ D Z � � & �
� 9 ( � � & ¥ D A ( , W I � & ¥ D ( / � M � 3 ) � ­ � # Ã P �
° zA W C � Q M � PAB W C � V 21

min Q M D W C � H % K L � R & ¥ D
W C � & � � 9 ( � � & ¥ D A ( , W I � & ¥ D ( / � M � 3 ) � ­
�

� B s Z Â � � # ° AB w � � � � � BC w � ¤ � � � A w � @ I
¶ · � � � � C w � @ I ¶ · � � R � � H % Y ; B [ � / T M � 3
� # Ã P ° AB w � ¤ � � � BC w � � � � � A w � @ I ¶ · � � R
� C w � @ I ¶ · � � � � � H % Y ; B [ � / � M � 3 �
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4
� � = ; < �   ¡ � � = >

4.1 Direct-Prefractionator � H

Direct-Prefractionator . / � Â 4.1 D � K - � � w � ABCD @ Ì ( � @
G º X � � (Direct-split)� ( ; � � � A w � � ( 6 � � BCD @ Ì Prefractionator

@ G � � � / � � ( # I � B� C� D � V : � & ¥ D , Q � W K - �
V C1

min =
αADzA

αAD − θAF

V C2
min(θ=θ′B)

(η) =

(
αBDzB

αBD − θ′B
+
αCD(η − zA − zB)
αBD − θ′B

)
F

V C2
min(θ=θ′C)

(η) =

(
αBDzB

αBD − θ′C
+
αCD(η − zA − zB)
αBD − θ′C

)
F

V C2
min(η) = max

{
V C2

min(θ=θ′B)
(η), V C2

min(θ=θ′C)
(η)
}

V C31
min (η) =

(
η

αBC − 1 + zB
)
F

V C32
min (η) =

(
1− zA − η
αCD − 1 + (1− η − zC − zA)

)
F

Vmin,P = min
η

{
V C1

min(η) + V
C2

min(η) + max
[
V 31

min(η), V
32

min(η)
]}

47
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& ¥ D � � Â 4.1 G � K - � J ¬ s @ I ABCD # d � � V α = [8, 4, 2, 1]
� @ I ¶ · U w z = [.25, .25, .25, .25] � R � Q M � PAB � ( � & ¥ D �
V C2 � ( , & ¥ D � V C3 � ( � & ¥ D � ; Ç H % K L & ¥ D � � � (
U T �
Á 4.1 Direct-Prefractionator - � �

HP

CD1

HP

CD1

A

C

C

ABCD
HP

CD1

B

D

BCD

BC

CD

VC1

VC2

VC3
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4.1.1 Direct-Prefractionator T U V W A

Direct-Prefractionator Y ; B . / . / Q � M � / � M . / � Â 4.2 D �
K - � � ( � A ( , @ G Y ; B � t � � � :

Vmin,PF = min
η

{
max
[
V C1

min + V
C2

min(η)
]
+max

[
V 31

min(η), V
32

min(η)
]}

& ¥ D � Â 4.2 G � K - �
/ , M . / � Â 4.3 D � K - � � ( , A ( � @ G Y ; B � t � �

� :

Vmin,PF = V C1
min +min

η

{
max
[
V C2

min(η), V
C31

min (η), V
C31

min (η)
] }

& ¥ D � Â 4.3 G � K - �
/ � M . / � Â 4.4 D � K - � � ( � A ( , @ G Y ; B � ( , A

( � @ G Y ; B � U � @ G 
 y Y ; B � t � � � :

Vmin,PFF = min
η

{
max
[
V C1

min, V
C2

min(η), V
C31

min (η), V
C31

min (η)
] }

& ¥ D � Â 4.4 G � K - �
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Á 4.2 ( � A ( , Y ; B - � �

HP

CD1

HP

CD1

A

C

C

ABCD
HP

CD1

B

D

BCD

BC

CD

Á 4.3 ( , A ( � Y ; B - � �

HP

CD1

HP

CD1

A

C

C

ABCD
HP

CD1

B

D

BCD

BC

CD

Á 4.4 ( � A ( , � ( , A ( � Y ; B - � �

HP

CD1

HP

CD1

A

C

C

ABCD
HP

CD1

B

D

BCD

BC

CD
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4.2 Direct-Direct split � H

Direct-Direct split . / � Â 4.5 D � K - � � w � ABCD @ Ì ( � @ G
º X � � � ( ; � � � A w � � ( 6 � � BCD @ Ì ( , @ G º X � �
� � ( 6 � � � CD w � @ Ì ( � � � � ( ; � � � B w � � & ¥ D ,
Q � W K - �

V C1
min =

αADzA
αAD − θAF

V C2
min =

αBDzB

αBD − θ′B
F

V C3
min = V C32

min(η=zB)
=

(
zC + zD
α′CD − 1

+ zC

)
F

V DDS
min = V C1

min + V
C2

min + V
C3

min

& ¥ D � Â 4.5 G � K - � Q M � PAB � ( � & ¥ D � Q M � PBC � (
, & ¥ D � � V C3 � ( � & ¥ D � ; Ç H % K L & ¥ D � � � ( U T �

Á 4.5 Direct-Direct split - � �

HP

CD1

HP

CD1

A B

C

ABCD
HP

CD1

C

D

VC1

VC2

VC3
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4.2.1 Direct-Direct split T U V W A

Direct-Direct split Y ; B . / . / Q � M � / � M . / � Â 4.6 D � K
- � � ( � A ( , @ G Y ; B � t � � � :

V DDS
min = V C3

min +max
{
V C1

min, V
C2

min

}

& ¥ D � Â 4.6 G � K - �
/ , M . / � Â 4.7 D � K - � � ( , A ( � @ G Y ; B � t � �

� :

V DDS
min = V C1

min +max
{
V C2

min, V
C3

min

}

& ¥ D � Â 4.7 G � K - �
/ � M . / � Â 4.8 D � K - � � ( � A ( , @ G Y ; B � ( , A

( � @ G Y ; B � U � @ G 
 y Y ; B � t � � � :

V DDS
min = max

{
V C1

min, V
C2

min, V
C3

min

}

& ¥ D � Â 4.8 G � K - �
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Á 4.6 ( � A ( , Y ; B - � �

HP

CD1

HP

CD1

B

C

ABCD
HP

CD1

C

D

A

Á 4.7 ( , A ( � Y ; B - � �

HP

CD1

HP

CD1

A B

C

ABCD
HP

CD1

C

D

Á 4.8 ( � A ( , � ( , A ( � Y ; B - � �

HP

CD1

HP

CD1

A B

C

ABCD
HP

CD1

C

D
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4.3 Direct-Indirect split � � � H

Direct-Indirect split . / � Â 4.9 D � K - � � w � ABCD @ Ì ( � @
G º X � � � ( ; � � � A w � � ( 6 � � BCD @ Ì ( , @ G " X
(indirect-split) � � � � ( ; � � � BC w � @ Ì ( � � � � ( 6 � � � D

w � � & ¥ D , Q � W K - �
V C1

min = (
αADzA
αAD − θA )F

V C2
min = (

αBDzB

αBD − θ′C
+
αCDzC

αCD − θ′C
)F

V C3
min = =

(
zB + zC
α′BC − 1

+ zB

)
F

V DIS
min = V C1

min + V
C2

min + V
C3

min

& ¥ D � � Â 4.9 G � K - � Q M � PAB � ( � & ¥ D � Q M � PCD �
( , & ¥ D � � V C3 � ( � & ¥ D � ; Ç H % K L & ¥ D � � � ( U T
�
Á 4.9 Direct-Indirect split - � �

HP

CD1

HP

CD1

A

D

ABCD
HP

CD1

B

C

VC1
VC2

VC3
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4.3.1 Direct-Indirect split T U V W A

Direct-Indirect split Y ; B . / . / Q � M � / � M . / � Â 4.10 D �
K - � � ( � A ( , @ G Y ; B � t � � � :

V DIS
min = V C3

min +max
{
V C1

min, V
C2

min

}

& ¥ D � Â 4.10 G � K - �
/ , M . / � Â 4.11 D � K - � � ( , A ( � @ G Y ; B � t � �

� :

V DIS
min = V C1

min +max
{
V C2

min, V
C3

min

}

& ¥ D � Â 4.11 G � K - �
/ � M . / � Â 4.12 D � K - � � ( � A ( , @ G Y ; B � ( , A

( � @ G Y ; B � U � @ G 
 y Y ; B � t � � � :

V DIS
min = max

{
V C1

min, V
C2

min, V
C3

min

}

& ¥ D � Â 4.12 G � K - �
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Á 4.10 ( � A ( , Y ; B - � �
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4.4 Direct-Petlyuk � H

Direct-Petlyuk . / � Â 4.13 D � K - � � w � ABCD @ Ì ( � @ G º
X � � � ( ; � � � A w � � ( 6 � � BCD @ Ì Petlyuk � � BCD � w
� � � & ¥ D , Q � W K - �

V C1
min =

αADzA

αAD − θAF

V Pet
min = max

{ αBDzB
αBD − θ′B

,
αBDzB

αBD − θ′C
+
αCDzC

αCD − θ′C
}

V DPet
min = V C1

min + V
Pet

min

& ¥ D � � Â 4.13 G � K - � Q M � PAB � ( � & ¥ D � Q M � PCD �
Petlyuk & ¥ D � ; Ç H % K L & ¥ D � / � � � ( � Z Petlyuk � & ¥
D �
Á 4.13 Direct-Petlyuk - � �
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Direct-Petlyuk � / � � ( Â s P Petlyuk F � Y ; B � � Â 4.14 D � K
- � t K L & ¥ D � � W K - � & ¥ D � � Â 4.14 G � K - �

V DPet
min = max

{
V C1

min, V
Pet

min

}

Á 4.14 ( � A Petlyuk Y ; B - � �
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4.5 Indirect-Prefractionator � H

Indiirect-Prefractionator . / � Â 4.15 D � K - � � w � ABCD @ Ì (
� @ G " X � � (Indirect-split)� ( 6 � � � D w � � ( ; � � ABC @ Ì
Prefractionator @ G � � � ( � # I � A� B� C � V : � & ¥ D , Q � W
K - �

V C1
min = (

αADzA
αAD − θC +

αBDzB
αBD − θC +

αCDzC
αCD − θC )F

V C2
min(θ=θ′A)

(η) =

(
αACzA

αAC − θ′A
+
αBC(η − zA)
αAC − θ′A

)
F

V C2
min(θ=θ′B)

(η) =

(
αACzB

αAC − θ′B
+
αBC(η − zA)
αAC − θ′B

)
F

V C2
min(η) = max

{
V C2

min(θ=θ′A)
(η), V C2

min(θ=θ′B)
(η)
}

V C31
min (η) =

(
η

αAB − 1 + zA
)
F

V C32
min (η) =

(
1− η − zD
αBC − 1 + (1− η − zC − zD)

)
F

Vmin,P = min
η

{
V C1

min(η) + V
C2

min(η) + max
[
V 31

min(η), V
32

min(η)
]}
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& ¥ D � � Â 4.15 G � K - � Q M � PCD � ( � & ¥ D � V C2 � (
, & ¥ D � V C3 � ( � & ¥ D � ; Ç H % K L & ¥ D � � � ( U T �
Á 4.15 Direct-Prefractionator Y ; B - � �
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4.5.1 Indirect-Prefractionator T U V W A

Indirect-Prefractionator Y ; B . / . / Q � M � / � M . / � Â 4.16 D
� K - � � ( � A ( , @ G Y ; B � t � � � :

Vmin,P = min
η

{
max
[
V C1

min + V
C2

min(η)
]
+max

[
V 31

min(η), V
32

min(η)
] }

& ¥ D � Â 4.16 G � K - �
/ , M . / � Â 4.17 D � K - � � ( , A ( � @ G Y ; B � t � �

� :

Vmin,PF = V C1
min +min

η

{
max
[
V C2

min(η), V
C31

min (η), V
C31

min (η)
] }

& ¥ D � Â 4.17 G � K - �
/ � M . / � Â 4.18 D � K - � � ( � A ( , @ G Y ; B � � ( ,

A ( � ( @ G Y ; B � U � @ G 
 y Y ; B � t � � � :

Vmin,PFF = min
η

{
max
[
V C1

min, V
C2

min(η), V
C31

min (η), V
C31

min (η)
] }

& ¥ D � Â 4.18 G � K - �
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Á 4.16 ( � A ( , Y ; B - � �
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Á 4.17 ( , A ( � Y ; B - � �
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4.6 Indirect-Indirect split � H

Indirect-Indirect split . / � Â 4.19 D � K - � � w � ABCD @ Ì ( � @
G " X � � � ( 6 � � � D w � � ( ; � � ABC @ Ì ( , @ G " X �
� � � ( ; � � � AB w � @ Ì ( � � � � ( 6 � � � BC w � � & ¥
D , Q � W K - �

V C1
min = (

αADzA
αAD − θC +

αBDzB
αBD − θC +

αCDzC
αCD − θC )F

V C2
min = (

αACzA

αAC − θ′B
+
αBCzB

αBC − θ′B
)F

V C3
min = V C31

min(η=zA+zB)
=

(
zA + zB
α′AB − 1

+ zA

)
F

V IIS
min = max

{
V C1

min, V
C2

min, V
C3

min

}
& ¥ D � � Â 4.19 G � K - � Q M � PCD � ( � & ¥ D � Q M � PBC �
( , & ¥ D � � V C3 � ( � & ¥ D � ; Ç H % K L & ¥ D � � � ( U T
�
Á 4.19 Indirect-Indirect split - � �
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4.6.1 Indirect-Indirect split T U V W A

Indirect-Indirect split Y ; B . / . / Q � M � / � M . / � Â 4.20 D �
K - � � ( � A ( , @ G Y ; B � t � � � :

V IIS
min = V C3

min +max
{
V C1

min, V
C2

min

}

& ¥ D � Â 4.20 G � K - �
/ , M . / � Â 4.21 D � K - � � ( , A ( � @ G Y ; B � t � �

� :

V IIS
min = V C1

min +max
{
V C2

min, V
C3

min

}

& ¥ D � Â 4.21 G � K - �
/ � M . / � Â 4.22 D � K - � � ( � A ( , @ G Y ; B � � ( ,

A ( � @ G Y ; B � U � @ G 
 y Y ; B � t � � � :

V DDS
min = max

{
V C1

min, V
C2

min, V
C3

min

}

& ¥ D � Â 4.22 G � K - �
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Á 4.20 ( � A ( , Y ; B - � �
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Á 4.21 ( , A ( � Y ; B - � �
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4.7 Indirect-Direct split � H

Indirect-Direct split . / � Â 4.23 D � K - � � w � ABCD @ Ì ( � @ G
" X � � � ( 6 � � � D w � � ( 6 � � ABC @ Ì ( , @ G º X (direct-

split) � � � � ( 6 � � � BC w � @ Ì ( � � � � ( ; � � � A w � �
& ¥ D , Q � W K - �

V C1
min = (

αADzA
αAD − θC +

αBDzB
αBD − θC +

αCDzC
αCD − θC )F

V C2
min =

αACzA

αAC − θ′A
F

V C3
min =

(
zB + zC
α′BC − 1

+ zB

)
F

V IDS
min = V C1

min + V
C2

min + V
C3

min

& ¥ D � � Â 4.23 G � K - � Q M � PCD � ( � & ¥ D � Q M � PAB �
( , & ¥ D � � V C3 � ( � & ¥ D � ; Ç H % K L & ¥ D � � � ( U T
�
Á 4.23 Indirect-Direct split - � �
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4.7.1 Indirect-Direct split T U V W A

Indirect-Direct split Y ; B . / . / Q � M � / � M . / � Â 4.24 D �
K - � � ( � A ( , @ G Y ; B � t � � � :

V IDS
min = V C3

min +max
{
V C1

min, V
C2

min

}

& ¥ D � Â 4.24 G � K - �
/ , M . / � Â 4.25 D � K - � � ( , A ( � @ G Y ; B � t � �

� :

V IDS
min = V C1

min +max
{
V C2

min, V
C3

min

}

& ¥ D � Â 4.25 G � K - �
/ � M . / � Â 4.26 D � K - � � ( � A ( , @ G Y ; B � � ( ,

A ( � @ G Y ; B � U � @ G 
 y Y ; B � t � � � :

V DIS
min = max

{
V C1

min, V
C2

min, V
C3

min

}

& ¥ D � Â 4.26 G � K - �
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Á 4.24 ( � A ( , Y ; B - � �
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Á 4.26 ( � A ( , � ( , A ( � Y ; B - � �

HP

CD1

HP

CD1

D

A

C

ABCD
HP

CD1

B

C



69

4.8 Indirect-Petlyuk � H

Indirect-Petlyuk . / � Â 4.27 D � K - � � w � ABCD @ Ì ( � @ G "
X � � � ( 6 � � � D w � � ( ; � � ABC @ Ì Petlyuk � � ABC � w
� � � & ¥ D , Q � W K - �

V C1
min = (

αADzA

αAD − θC +
αBDzB

αBD − θC +
αCDzC

αCD − θC )F

V Pet
min = max

{ αACzA
αAC − θ′A

,
αACzA

αAC − θ′B
+
αBCzB

αBC − θ′B
}

V IPet
min = V C3

min + V
Pet

min

& ¥ D � � Â 4.27 G � K - � Q M � PCD � / � � ( & ¥ D � Q M �

PBC � Petlyuk & ¥ D � ; Ç H % K L & ¥ D � / � � � ( � Z Petlyuk�

Á 4.27 Indirect-Petlyuk - � �
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Indirect-Petlyuk � ( � Â s P Petlyuk F � Y ; B � � Â 4.28 D � K -
� t K L & ¥ D � � W K - � & ¥ D � � Â 4.28 G � K - �

V IPet
min = max

{
V C3

min, V
Pet

min

}

Á 4.28 ( � A Petlyuk Y ; B - � �
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4.9 Binary-Binary split � H

Binary-Binary split . / � Â 4.29 D � K - � � w � ABCD @ Ì ( � @ G
BC w � � � (preferred split)� ( ; � � � AB w � � @ Ì ( , @ G � � �
( 6 � � BC w � @ Ì ( � @ G � � � � & ¥ D , Q � W K - �

V C1
min = (

αADzA

αAD − θB +
αBDzB

αBD − θB )F

V C2
min = V C31

min(η=zA+zB)
=

(
zA + zB
α′AB − 1

+ zA

)
F

V C3
min = V C32

min(η=zB ) =

(
zC + zD
α′CD − 1

+ zC

)
F

V BBS
min = V C1

min + V
C2

min + V
C3

min

& ¥ D � Â 4.29 G � K - � Q M � PBC � ( � & ¥ D � Q M � V C2 �
( , & ¥ D � � V C3 � ( � & ¥ D � W X R x £ 
 Ç Q M � & ¥ D � #
S � � ; Ç H % K L & ¥ D � � � ( U T �
Á 4.29 Binary-Binary split - � �
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4.9.1 Binary-Binary split T U V W A

Binary-Binary split Y ; B . / . / Q � M � / � M . / � Â 4.30 D �
K - � � ( � A ( , @ G Y ; B � t � � � :

V BBS
min = V C3

min +max
{
V C1

min, V
C2

min

}

& ¥ D � Â 4.30 G � K - �
/ , M . / � Â 4.31 D � K - � � ( , A ( � @ G Y ; B � t � �

� :

V BBS
min = V C1

min +max
{
V C2

min, V
C3

min

}

& ¥ D � Â 4.31 G � K - �
/ � M . / � Â 4.32 D � K - � � ( � A ( , @ G Y ; B � � ( ,

A ( � @ G Y ; B � U � @ G 
 y Y ; B � t � � � :

V BBS
min = max

{
V C1

min, V
C2

min, V
C3

min

}

& ¥ D � Â 4.32 G � K - �
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Á 4.30 ( � A ( , Y ; B - � �
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4.10 Í Î Ï Ð Ñ Ö × Õ � � � � � H

W X J ¬ G q + M & ' ( . / K � 	 � � D f 4 � £ + M . / � *
� DDS7 DFDF7 DFRF7 DFP7 IIS7 IFIF7 IFRF7 IFP7 BFBF � Â 4.33 K
- �
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Á 4.33 + M & ' ( . / �
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4.10.1 � � � �   ¡ ¢ £ ¤ ¥ ¦ § ¨ © W ª

J ¬ s DDS K L � � R & ¥ D � � � � A t « . / � f 4 � Q # �
	 � � D � � f � © 4.1� © 4.2� © 4.3 K - �
Æ 4.1 s DDS � � � O . / � D � 	 � � f

Column α

arrangement 12:4 :2 :1 8 :4 :2 :1 5 :4 :2 :1 8 :3 :2 :1 8 :4 :1.5:1 12 :6 :3 :1

0.25 DDS 0.00 0.00 0.00 0.00 0.00 0.00

0.25 DFDF 61.78 65.27 39.50 51.17 53.18 61.00

0.25 DFRF 72.25 65.27 39.50 65.95 66.57 61.00

0.25 DFP 51.29 56.97 39.50 51.17 44.41 61.00

IIS -30.49 -28.00 -19.06 -23.70 -22.63 -33.32

IFIF 40.16 46.53 42.80 45.33 36.19 51.16

IFRF 40.16 46.53 59.35 51.23 36.19 51.28

IFP 40.16 46.53 40.40 45.33 36.19 51.16

BFBF 51.40 55.48 42.80 43.22 53.18 50.26

0.70 DDS 0.00 0.00 0.00 0.00 0.00 0.00

0.10 DFDF 35.98 29.18 13.70 41.06 33.11 25.34

0.10 DFRF 35.98 29.18 13.70 41.06 33.11 25.34

0.10 DFP 35.98 29.18 13.70 41.06 33.11 25.34

IIS -91.24 -80.52 -45.22 -81.81 -71.05 -84.69

IFIF 34.77 29.58 14.00 35.14 33.37 25.71

IFRF 34.77 33.94 21.96 41.41 37.52 30.32

IFP 34.77 29.29 13.78 35.14 33.21 25.41

BFBF 36.31 29.57 14.00 36.85 33.37 25.71



4.10 A B C D E K L J ² � ô � ¡ G 77

Æ 4.2 s DDS � � � O . / � D � 	 � � f
Column α

arrangement 12:4 :2 :1 8 :4 :2 :1 5 :4 :2 :1 8 :3 :2 :1 8 :4 :1.5:1 12 :6 :3 :1

0.10 DDS 0.00 0.00 0.00 0.00 0.00 0.00

0.70 DFDF 35.44 45.22 34.81 28.60 54.67 43.10

0.10 DFRF 39.69 48.83 34.81 34.50 57.15 46.75

0.10 DFP 35.44 45.22 34.81 28.60 50.00 43.10

IIS -45.69 -38.86 -20.76 -36.82 -38.02 -38.16

IFIF 30.82 40.80 36.39 25.02 45.84 38.38

IFRF 44.92 53.07 65.00 56.10 45.84 57.52

IFP 30.82 40.80 35.24 25.02 45.84 38.38

BFBF 30.58 40.60 36.39 24.78 50.15 38.28

0.10 DDS 0.00 0.00 0.00 0.00 0.00 0.00

0.10 DFDF 45.61 68.86 59.11 52.71 31.20 56.27

0.70 DFRF 69.53 71.35 66.25 74.12 62.17 75.23

0.10 DFP 40.61 44.50 55.63 52.71 27.49 51.62

IIS -3.96 -1.70 -0.76 -0.34 -3.69 -2.12

IFIF 37.21 40.79 52.36 52.47 24.32 47.41

IFRF 37.21 40.79 52.36 52.47 24.32 47.41

IFP 37.21 40.79 52.36 52.47 24.32 47.41
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Æ 4.3 s DDS � � � O . / � D � 	 � � f
Column α

arrangement 12:4 :2 :1 8 :4 :2 :1 5 :4 :2 :1 8 :3 :2 :1 8 :4 :1.5:1 12 :6 :3 :1

0.10 DDS 0.00 0.00 0.00 0.00 0.00 0.00

0.10 DFDF 45.52 49.55 57.08 54.82 32.46 60.46

0.10 DFRF 54.55 57.91 57.08 62.00 42.28 67.79

0.70 DFP 42.74 46.97 57.08 51.57 31.29 55.72

IIS 4.45 4.83 3.51 8.48 5.29 -5.19

IFIF 40.43 44.62 59.05 49.33 30.25 50.93

IFRF 40.43 44.62 59.05 49.33 30.25 50.93

IFP 40.43 44.62 59.05 49.33 30.25 50.93

BFBF 45.52 49.55 63.03 54.82 36.46 60.46

0.40 DDS 0.00 0.00 0.00 0.00 0.00 0.00

0.10 DFDF 59.96 51.92 29.08 62.75 53.33 43.31

0.10 DFRF 59.96 51.92 29.08 62.75 60.91 43.31

0.40 DFP 59.96 51.92 29.08 62.75 51.40 43.32

IIS -39.63 -38.33 -27.19 -33.70 -24.78 -52.78

IFIF 42.84 49.21 30.22 49.12 42.46 44.50

IFRF 42.84 49.21 40.07 49.12 42.46 49.94

IFP 42.84 49.21 29.75 49.12 42.46 43.91

BFBF 54.75 53.27 30.21 50.02 53.33 44.51

0.10 DDS 0.00 0.00 0.00 0.00 0.00 0.00

0.40 DFDF 52.15 57.20 47.47 41.46 52.63 53.19

0.40 DFRF 64.40 68.15 47.47 58.43 66.77 65.04

0.10 DFP 44.82 50.63 47.47 41.46 35.73 53.19

IIS -23.50 -19.96 -11.35 -17.60 -19.31 -20.84

IFIF 40.73 46.79 52.99 39.77 33.52 49.64

IFRF 40.73 46.79 65.79 54.17 33.52 47.73

IFP 40.73 46.79 47.94 39.77 33.52 49.64

BFBF 48.77 53.66 52.99 38.99 53.27 49.26
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4.10.2 � � � � � � � �   ¡ ¢ £ ¤ ¬ ­

J ¬ S £ + M . / � � ( � � � � ^ � � w º X H % (DDS� DFDF�
DFRF� DFP) A " X H % (IIS� IFIF� IFRF� IFP)� Â 4.34 � £ 
 M H +
W @ I α = [8, 4, 2, 1] ;z = [.25, .25, .25, .25] � � 3 � D � � º X H % � G �
� " X H % � W º X H % W Q M � PAB � O PCD � � DFDF � & ¥ D X
[ ? O DFRF s N DFP � & ¥ D ? O Q M � PAB � ® � ° Q � PAB R O
PCD � O PBC A PM3 � � DFDF & ¥ D [ ? O DFRF & ¥ D R O DPET &
¥ D � DPET L � 4 i & ¥ � X � DPET & ¥ D � Q M � PCD � ° PAB R
O PBC w PM3 � � DFRF & ¥ D [ R O DFDF R O DPET� n ! DFRF Â s
� 	 4 i � D �

W � 3 x � Â s ® # " X H % � Q M � PCD � O t � � � K s t K
� 	 � � D � [ f 4 2 � X � DFRF Â s � 	 � i � � D �
Á 4.34 � 2 � 3 W º X A " X H % & ¥ D �
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� Â 4.35 K - � � 3 x � ¯ D � @ I U w α = [8, 4, 2, 1] ;z = [.25, .25, .25, .25]
� � 3 � s X � å � � � � S C w � # d � � V ° � 1.5� CD w � � �
� � X � Q M � PCD [ � ± Z � � º X H % Â s � 	 4 i � � D � Q
M � PCD R O PM3 K s DFRF Â s � 	 � i � � D �
Á 4.35 CD w � � � � W º X A " X H % & ¥ D �
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� Â 4.36 K - � S A w � # d � � V ° � 5� AB w � � � � � X �
Q M � PAB [ � ± Z � � " X H % H % Â s � 	 4 i � D ´ PCD R O
PM2� IFRF Â s � 	 � i � � D �
Á 4.36 AB w � � � � W º X A " X H % & ¥ D �
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� Â 4.37 K - � � S B w � # d � � V ° � 3� BC w � � � � � X
� Q M � PBC [ � ± Z � � " X H % A º X H % K L � � & ¥ D ? N
i � W º X H % W � PAB R O PBC � W " X H % W � PCD R O PBC n !
prefractionator � . / ( O t � . / �
Á 4.37 AB w � � � � W º X A " X H % & ¥ D �
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4.10.3 � � � � �   ¡ ¢ £ ¤ ¬ ­

� Â 4.38 K - � S # d � � V ² ­ � α = [8, 4, 2, 1]� S @ I U w ° �
z = [.70, .10, .10, .10]� ° @ I A w � £ i � � ³ � Q M � PAB [ � ± Z �
� W º X H % W � � � � �   9 ( � K & ' # � K s ( , N L 2 � �
& ¥ ß Â � � ´ µ �   � " X H % Q M � PCD R O PM2� ( � N & ' #
2 � � �   � ( , L � D & ¥ � � ´ µ �   � W § @ G Y ; B W � "
X H % L � E ) C ¾ � � � D � ¢ W @ G Y ; B W IFRF Â s � 	 � i
� D �
Á 4.38 A w � 4 i � 3 W º X A " X H % & ¥ D �
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� Â 4.39 K - � ° @ I B w � £ i � � ³ � W º X H % W � � � AB

w � � Q M � [ � ± Z � � " X H % [ � 	 4 i � D � IFRF Â s � 	
� i � D �
Á 4.39 B w � 4 i � 3 W º X A " X H % & ¥ D �
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� Â 4.40 K - � ° @ I C w � £ i � � ³ � W " X H % W � Q M �

PCD � O t � � Q M � � º X H % [ � 	 4 i � D � DFRF Â s � 	 �
i � D �
Á 4.40 C w � 4 i � 3 W º X A " X H % & ¥ D �
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� Â 4.41 K - � ° @ I D w � £ i � � ³ � W º X H % W � ( � �
� # µ @ I C ¾ 2 D � A w � � ( , x L � D � & ¥ � � � � ^ � �
  � W " X H % W � ( � ß L � D � & ¥ � � D w � K s 
 M H % �
Q M � PCD N [ Û � � i � ¢ " X H % 2 D � ABC w � @ Ì ( , � �
� N L 2 D � & ¥ ) Â � � £ ¤ w � � K s Q M � � W C � W ¾ W °
Û @ I U w W � º X H % A " X H % � Q M � PCD � N [ Q � ± ° Û
� X � § @ G Y ; B W � " X H % 4 	 � � @ G Y ; B � � 9 � 3 Â
® # � º X H % � PAB 1 O PM3 K s DFRF Â s � 	 � i � D �
Á 4.41 D w � 4 i � 3 W º X A " X H % & ¥ D �
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9 s Z G q Â � � W Y ; B H % W � ° AB # d � � V � � BC A
CD # d � � V R � @ I C A D w � i � A A B w � 2 � � � - B n !
DFRF� ° AB # d � � V R � BC A CD # d � � V � � @ I C A D w �
2 � A A B w � i � � � - B n ! IFRF� ° A A D w � 4 i � � ³ � B

A C w � 4 i � � ³ � n ! º X H % A " X H % K � 	 � � D ? N i
�

9 � 	 � D © � Â � � W N @ G Y ; B W � ° AB w � 4 i � � n
! º X H % [ f " X H % � 	 & i � D � ¶ t s A w � 4 i � � 	 �
i � B w � i · d & ¥ D 0 1 f f A w � R � ° CD w � 4 i � n ! "
X H % f f º X H % 	 � � D w � 4 i � 0 1 4 i � C w � i · d &
¥ D 0 1 f f D w � R �
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4.11 Ô ¸ ¹ º Õ Aspen » ¼ Ö ½ ¾ ¿

� � � Ç � w � H % � � w � � * � À Á (Propane� α = 7.98)7 5 Â
Á (i-Butane� α = 3.99)7 % Â Á (n-Butane� α = 3.0)7 % Ã Á (n-Pantane�
α = 1.0) t ( � A @ I # d � � V � I � n ! Engelien A Skogestad W [5]K
f C � � � X X � w � ! � Ç ( � � � ( � @ G º X � � � ( ; � �
� À Á � ( , @ G " X � � � ( 6 � � � % Ã Á � ( � � � 5 Â Á A
% Â Á � s X � w � @ G Aspen Plus i g � t Y � � i � � ± P H % �
X O ( � � � � 9 : f : ; W � R K o # � � . e � Â 4.42 K - � O
( @ I U w 7 O w � # d � � V 7 @ I > V 7 F � � A � � � ) � �
© 4.4 K - �
Á 4.42 � � � w � & ' ( . / �

HP
CD1

HP
CD1

Hydro
-carbon
feed

HP
CD1

1

N=
48

2

N=
40

3

N=
92

Propane

n-pentane n-butane

i-butane

P=17 bar P=0.8 bar P=2.7 bar

T=52oC T=-10oC T=18oC

T=114oC T=30oC T=30oC
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Æ 4.4 @ I 7 � � 7 # d � � V � I
/ � � ( / , � ( / � � ( � � ¶ · � �

À Á (α = 7.98) 0.6124 3.58e− 4 4.96e− 4 0.9900

5 Â Á (α = 3.99) 0.0800 0.2015 0.2791 0.9899

% Â Á (α = 3.0) 0.1991 0.5214 0.7185 0.9938

% Ã Á (α = 1.0) 0.1056 0.2768 1.85e− 3 0.9900

@ I : � (kmol/h) 1981.02 757.41 666.30 -

> V (oC) 72.50 114.20 −60.20 -

� � � � ) (kW) −10887 −6157 −8091 -

F � � � ) (kW) 12544 2326 8865 -

F � � ) � U T (kW) 23735
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X i g # � � & ¥ D . e A n ! O w � # d � � V ± q , Q # �
� & ¥ D . e � f 4 � . e � Â 4.43 K - � S � © - ± q , Q # �
� & ¥ D � E � © - i g # � � & ¥ D � i g # � � & ¥ D ( � �
( , � ( � � * � [1.5771,0.7368,0.4950]F � A ± q , Q # � � & ¥ D �
[1.4835,0.7183,0.4249]F 9 X Â s ® # i g # � � & ¥ D A ± q , Q � &
¥ D Q ¤ Í ? Î � t Â � � ] � � & ' ( C Q M W � ¯ ( � � �   �
3 # d � � V [ B < � ° Û � � ^ � C v ¶ � � �
Á 4.43 � � � w � Y ; B & ' ( . / �
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X ( � A ( , @ G Y ; B � Â 4.44 K - � : ; ( � < � n ( ; > V
� O ( , ( 6 > V 20X � 
 n o ( , ( ; > V � O ( � ( 6 > V 20X
s @ G Y ; B � t � � � A F � � ) � � © 4.5 K - �
Á 4.44 � � � w � Y ; B & ' ( . / �

HP
CD1

HP
CD1

Hydro
-carbon
feed

HP
CD1

1

N=
48

2

N=
40

3

N=
92

Propane

n-pentane n-butane

i-butane

P=17 bar P=0.8 bar P=2.6 bar

T=52oC T=-6oC T=16oC

T=114oC T=30oC T=34oC

Æ 4.5 @ G 
 y Y ; B W � � � A F � � � )
/ � � ( / , � ( / � � (

� � � � ) (kW) −8438 − −7057
F � � � ) (kW) 12904 − 267

F � � ) � U T (kW) 13171

± q , Q Y ; B Â 0 2 43.52%� � ) � A G 9 i g # � � . e Â �
	 44.50%� � ) � ¢ � K � @ G Y ; B : ; < � C Q È � � > ? � (
� L � Z � < � C 19bar� A ( � < � L W C C 0.37bar� = w ( � < � �
� A ( � < � � 1 � � Ï � 9 O ( , ( 6 K L � ? @ � � D 4 2 � (
� ( ; K > # � � D } K Â s ` ( , ? @ � ´ µ � � D � Â ` ( � n
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! � J ¬ S & ' ( . / ° � ( � ; B ( , A / � � ( � Â 4.45 K - �
£ n ( � � < � Â 9 19bar C � 17bar� A ( � � < � f Â Z � W 2.7bar�
S � ( � ( 6 � N L � i � F � � f g � D � n o ; F � ) � F 0 2
� £ M . / � Y ; B Â � 	 � D f � W 46.14%� t � � � A F � � )
� � © 4.6 K - �
Á 4.45 ( � A ( , ( � @ G Y ; B . / �

HP
CD1

HP
CD1

Hydro
-carbon
feed

HP
CD1

1

N=
48

2

N=
40

3

N=
92

Propane

n-pentane n-butane

i-butane

P=17 bar P=0.8 bar P=2.6 bar

T=52oC T=-6oC T=16oC

T=114oC T=30oC T=34oC

Æ 4.6 ( � A ( , ( � @ G Y ; B � � � A F � � � )
/ � � ( / , � ( / � � (

� � � � ) (kW) −1285 −4980 −7791
F � � � ) (kW) 12784 − 0

F � � ) � U T (kW) 12935
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5.1 Ö ¸

~ � " Q � D J O , w � A � w � i � & ' ( � N O � p r � Ö ~
� � N O � G q � w � i � & ' ( W N S # d � � V A U w d i � &
' ( & ' ^ � � 0 1 � W Prefractionator . / W � � � W @ I V w � i A
AB �   � � � � � & ' ( � & ¥ D [ 9 ( � s N ( , Z I � � ­ � W
¨ w � i A BC �   � � � � � & ' ( & ¥ D 9 ( � s N ( , W I � �
­ � X Ã J ¬ } # � w � A B � @ Ì * � � � ( � � � � R & ¥ D �
� f # O M � w � i � & ' ( M / � � � # t , Q � � 
 G q W � M
@ I # d � � V A U w W � � M . / � � 	 � i � � D t . e � © 5.1

K - �
X Ã 8 9 � � # � � Direct-Indirect split H % � � � , Q # & ¥ D 
 A

Aspen Plus i g # � � & ¥ D @ G f 4 � � � 
 s & ¥ D I Q ¤ Í ? Î
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Æ 5.1 @ G 
 y Y ; B W � � � A F � � � )
αAB αBC αCD zA zB zC zD

large small small small small large large

- B n ! Direct-Prefractionator 
 y Y ; B . /
αAB αBC αCD zA zB zC zD

small large large large large small small

- B n ! Indirect-Prefractionator 
 y Y ; B . /

¢ � � X � � � = w t Û ? ] � Â � � �   � 3 & ' ( C ( Æ Ü � ¯
7 C v ¶ � � 7 # d � � V [ B < � A ° Û � X Ã @ G Y ; B i g �
� � ° � 2 
 y Y ; B � � 3 ( ( � d ( , � ( , d ( � ) � Y ; B 

N � ­ [ n o � ) � R � ° ( � Q E i � & ¥ D � � Â s º X d ( �
@ G Y ; B � � X � � ( � � < � E N ! F � � � ( � � < � � N !
F C 1 � � Â � C 4 i o � ) � 	 �

5.2 Ü Ý Þ ß

V � � w � & ' ( & ¥ D � � x L n ! � w � & ¥ D � � Z � w �
& ¥ D � � ® � @ G º X A " X ? ) R @ G G q � N � @ G � T � �
� Z � à � § � � Q � � w � w � & ¥ D � � i � � � X E � @ G �
w � H % L Q Prefractionator . / � G q � @ G D © � � � Z � � � I �
w � i � & ' ( � . / & � á â z �

p N O K G q � R � u � ± P H % � @ G i g K � � w � � � � �
� " M ! � R � Â J � ± P �   � w � � 
 ´ ã W < � d # d � � V
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� 0 1 � n o W ± q � Z Z Foreward A Backward Y ; B K L � & ¥ D [
# S � à � § � � N O # & ä å   � � 3 � � � � n X , Q & ¥ D �
^ ^ & � æ ç E �
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