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摘要 

    在此研究中我們對於批次結晶程序做了整體性的分析及探討。首先我們探討

了給予長晶速率限制條件對程序的影響。對於特定操作條件我們發現增加限制條

件對於產品品質沒有顯著影響。接著我們探討晶種負載率的影響。我們發現提高

晶種負載率能更有效率壓制成核以及成核速率。另外此研究中我們透過電腦模擬

針對兩個結晶系統以及無因次系統做了晶種分析圖。對於臨界晶種負載率我們導

出無因次的關係式，研究發現此關係式對於預測模擬結果有很高的準確度。我們

探討了臨界晶種總表面積以及臨界晶種總長度，然而這兩個變數不建議做為設計

變數。此研究中我們也探討了總反應時間以及淨結晶產量對於批次結晶程序的影

響，結果可用做設計結晶程序的簡單方針。 

 

關鍵字：長晶速率限制;臨界晶種負載率;總反應時間;淨結晶產量。 
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Abstract 

    In this work we investigate the development of recipes for seeded batch 

crystallization processes. First we investigate the effect of growth rate constraint. For 

a particular case we find that such a constraint does not have a significant influence 

on product quality. Then we investigate the effect of seed loading. We find that the 

seed mass has a large influence on decreasing the final nuclei mass and efficiently 

suppressed the nucleation rate. In this work seed charts for two dimensional systems 

and the dimensionless system are produced and used to determine critical seed 

loading ratio by computer simulation. An analytical expression for the critical seed 

loading is derived and simulation results show high accuracy for predicting critical 

seed loading ratio versus dimensionless seed mean size using constant growth rate 

trajectory. We investigate two critical values which are critical seed surface area and 

critical seed total length. However these two critical values are not recommended to 

use as the design variables. In this work we also investigate the effect of total batch 

time and the net crystal yield on the batch process, and the results can be used as the 

design guideline. 

Keywords: growth rate constraint, critical seed loading ratio, total batch time, the net 

crystal yield. 
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1 Introduction 

1.1 Overview 

Crystallization is an important unit operation in industry, due to its ability to 

provide high purity separations. While large-scale processes operate with continuous 

crystallizers, the majority of crystallization processes are operated in batch-wise. 

Batch crystallization processes are usually operated with seed charged at the 

beginning to improve the performance, so the process is called seeded batch 

crystallization. The driving force of crystallization is the supersaturation of the 

solution. This driving force drives the growth of crystals and also causes the 

formation of new small crystals called nuclei. This process is called nucleation. 

Supersaturation can be induced by cooling, solvent evaporation, introduction of 

anti-solvent or by other methods. In crystallization processes, crystal size distribution 

(CSD) is a critically important factor to measure the quality of products, and also 

affects the efficiency of downstream process.  

    In batch cooling crystallization an important consideration is how the 

supersaturation (or temperature) should change with time. There are several ways to 

determine the trajectory of temperature versus batch time for the whole process. The 

following Figure shows different temperature trajectories, which are linear cooling, 



controlled cooling and natural cooling. Here the controlled cooling is defined as 
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Figure 1-1 Cooling curve for different temperature trajectories 

In our research we use linear cooling of temperature or linear concentration to 

the corresponding temperature trajectory as the temperature trajectories since in many 

published papers researchers conducted the experiments by using uncontrolled 

cooling (natural cooling) as the temperature trajectory, and the fact that natural 

cooling performs worse than linear cooling. There is a limitation in operating batch 

crystallization process: the concentration of the crystal is not allowed to exceed the 

metasTable limit because it would cause the spontaneous nucleation (primary 
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nucleation), which is undesired. 

 

Figure 1-2 Solubility-supersolubility diagram for batch cooling crystallization 

    There is another important issue in operating the seeded batch crystallization, 

which is the effect of the seed properties on the whole process. Several authors 

published results in which they stated that optimizing seed properties can improve the 

performance and may be more important than optimizing the supersaturation 

trajectory. In this study, we focus research on the effect of seed properties. 

1.2 Seeding policy 

The seed distribution used in this study is the parabolic distribution since its 
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simplicity to implement. There are three parameters of seed properties generally used 

for describing parabolic distribution: seed number mean size, seed mass and seed 

width. Seeding policy is to generally give seeding conditions to guarantee a good 

result of batch crystallization process. 

Determine seeding condition such as seed mean size or seed mass of batch 

crystallization process is called seeding policy. Seeding policy is getting more 

attention until recent years compared to the cooling policy. In last decade research 

papers dealing with the seeding effects were few, and those were published by 

Jagadesh et al. [1, 2], Kubota and coworkers et al. [3-10], Lung-Somarriba et al. [11], 

Hojjati and Rohani [12], Chung et al. [13] and so on. The most important result of 

these papers is that if the seed loading is greater than a specific value called “critical 

seed loading”, then secondary nucleation in the process is efficiently suppressed, i.e., 

seed crystals grow essentially without generation of nuclei (fine particles). Another 

important issue is that the product crystal size distribution (CSD) is strongly 

influenced by the seed. Kubota and coworkers proposed an equation which describes 

the ideal-growth line and is derived analytically, and seed charts were plotted using 

experimental data. In this study, we reproduce the seed charts of different crystal 

systems by simulation, and also determine the empirical Equation. 
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1.3 Literature survey 

Mullin and Nyvlt [14] in 1971 proposed a programmed cooling by a simple 

mathematical description to improve the performance of batch crystallization 

processes, and they also conducted a experiment which demonstrated the potential of 

using programmed cooling to give a large improvement compared to uncontrolled 

cooling.  

    Chung et al. were the first researches to use seed parameters as variables for 

optimization of a batch crystallization process, and they concluded that optimizing the 

seed properties has a larger effect on product CSD than optimizing the supersaturation 

profile. They also analyzed how seed properties such as mean size of seed crystals, 

seed mass, and the width of the seed distribution affect product CSD.  

Kubota and coworkers published several papers about producing seed charts and 

the effect of seed loading ratio Cs, which is the seed mass divided by crystal yield. 

The definition of crystal yield is the theoretical amount we can get from a single batch 

process. They found that if the seed loading ratio Cs is greater than a critical value Cs*, 

unimodal grown seeds can be obtained, and the impact of the cooling mode 

(temperature trajectory) becomes relatively small. Kubota and Doki in 2001 stated 

that different cooling modes have no influence if the seed loading is high enough. 
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Another important issue Kubota and Doki concluded is that from the seed chart for a 

particular crystal system, one can easily determine an empirical Equation which 

describes the relationship between critical seed loading ratio Cs
* and seed volume 

mean size Ls. This Equation can be used to design the batch process without other 

information such as kinetic parameters.  

Hojjati and Rohani in 2005 had similar results as Kubota and coworkers. They 

concluded that increasing the seed loading would decrease the peak of supersaturation, 

reduce the nucleation rate and increase the growth rate for all different cooling modes 

(temperature trajectories). The difference is that they concluded that although cooling 

modes have no influence on the process when the seed loading ratio is higher than the 

critical ratio, using a controlled cooling policy rather than linear or natural cooling can 

produce a larger product mean size and decrease Cs
* observed from experimental 

results. 

Lung-Somarriba et al. proposed a different variable to be controlled rather than 

critical seed loading ratio. They proposed a specific value called critical seed surface 

area Sc which suppresses nucleation if the seed surface area exceeds Sc. But there is a 

limitation: the seed size must be small enough to achieve a good result even though 

the seed surface area reaches Sc.  

http://www.sciencedirect.com/science?_ob=RedirectURL&_method=outwardLink&_partnerName=27983&_origin=article&_zone=art_page&_linkType=scopusAuthorDocuments&_targetURL=http%3A%2F%2Fwww.scopus.com%2Fscopus%2Finward%2Fauthor.url%3FpartnerID%3D10%26rel%3D3.0.0%26sortField%3Dcited%26sortOrder%3Dasc%26author%3DHojjati,%2520Hossein%26authorID%3D15519390400%26md5%3D05ec296f58a7de7843a083dcc939f06b&_acct=C000051951&_version=1&_userid=7760848&md5=c8796506c9ee902f2f8dd8a054d6a52c
http://www.sciencedirect.com/science?_ob=RedirectURL&_method=outwardLink&_partnerName=27983&_origin=article&_zone=art_page&_linkType=scopusAuthorDocuments&_targetURL=http%3A%2F%2Fwww.scopus.com%2Fscopus%2Finward%2Fauthor.url%3FpartnerID%3D10%26rel%3D3.0.0%26sortField%3Dcited%26sortOrder%3Dasc%26author%3DRohani,%2520Sohrab%26authorID%3D7005960523%26md5%3Df569918c1875417192f021cdbcf32fd4&_acct=C000051951&_version=1&_userid=7760848&md5=9da57f7197d37824b546c7a57cf1ddb0
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Ward et al [15] proposed a generalized dimensionless model of a seeded batch 

crystallization process to analyze the crystallization systems independent of system 

parameters. Here we summarize two concluding remarks from the study: The 

Mullin-Nyvlt trajectory can be implemented without kinetic data and gives a good 

result if seed properties are also favorable. Another point is optimizing seed properties 

is more important than the supersaturation trajectory. 

1.4 Thesis Organization 

     In this thesis the subjects can be separated into six main parts:  First part is to 

investigating the effect of growth rate constraint. Second part is to do some case study 

systems. Third part is to reproduce seed chart and then determine empirical Equation 

for both real crystal systems and dimensionless system. Fourth part is the analytical 

expressions of critical seed loading ratio. Fifth part is the discussion of critical surface 

area. Sixth part is to combine all the information and conclusions from several 

research papers to analyze the effect of seed properties on the batch crystallization 

process and then give a general guideline to design or predict the seeded batch 

crystallization process.  

 

 



2 Modeling of crystallization systems 

This section presents a brief summary of the model generally used for modeling 

the batch crystallization. The method of moments is originally from Hulbert and Katz 

[16]. Other background information needed is in reference texts [17-21].  

In the absence of agglomeration and breakage of crystals, a general expression 

for population balance for a well-mixed batch crystallization system is: 

 ( , ) ( ( , ) ( , ) 0f L t G L t f L t
t L

∂ ∂
+ =

∂ ∂
 (2-1) 

Where f (L,t) is the crystal size distribution (CSD) function and G is crystal 

growth rate (m/s). Equation 2-1 is subject to an initial condition based on the 

properties of seeds at the beginning of the batch, and to a left boundary condition: 

 

( ( , ), )(0, )
(0, )

B f L t tf t
G t

=

 
(2-2)

 
B is nucleation rate (#/m3s). Definition of supersaturation, which is the driving 

force for both nucleation rate and crystal growth is: 

 
satS C C= −

 
(2-3)

 
And common expressions for crystal growth rate and secondary nucleation are: 
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g
gG k S=

 
(2-4)

 

 
3bB k Gγ μ=
 

(2-5) 

where kg, g, kb, and γ   are empirically determined kinetic parameters, and μ3 is the 

third moment of crystal size distribution. The definition of the moment is: 

  
(2-6)

 0

( )   0,1, 2...i
i L f L dL iμ

∞

= =∫

and expressions for the time evolution of the moments (if crystal growth is 

independent of crystal size) are: 

 

0d B
dt
μ

=
 

(2-7)
 

 
1  1, 2,...i

i
d iG i
dt
μ μ −= =

 
(2-8)

 
An expression for a mass balance on the solute is 

 
23 c v

dC k
dt

ρ μ= −
 

(2-9)
 

    For the seed-grown crystals (subscript s) and nuclei-grown crystals (subscript s), 

the expressions are: 

 

,0 0sd
dt
μ

=
 

(2-10)
 

 

,
, 1  1, 2,...s i

s i

d
iG i

dt
μ

μ −= =
 

(2-11)
 

 
 

,0nd
B

dt
μ

=
 

(2-12)
 

 

,
, 1  1, 2,...n i

n i

d
iG i

dt
μ

μ −= =
 

(2-13)
 

Note that for each moment, the total crystal value equals the seed-grown value 
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plus nuclei-grown value: 
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,

 
, ,T i n i S iμ μ μ= +

 
(2-14)

 

    In this work, in order to generalize the analysis, we use the dimensionless model 

derived by Ward et al. (2011) in our simulation. Start by defining all concentrations 

relative to the concentration at the end of the batch like following 

 

†
fC C C= −
 

(2-15) 

 0

f

f

C C
C

C C
−

′ =
−

 
(2-16) 

So the dimensionless concentration decreases from 1 to 0 during the process. 

Then define dimensionless time, 

 
ft t t′ =

 
(2-17) 

And a reference variable for the third moment 

 

( )†
00

3
f

c v c v

C CC
k k

μ
ρ ρ

−
= =

 
(2-18) 

so the dimensionless third moment is expressed as 

 

3
3

3

μμ
μ

′ =
 

(2-19) 

    The reference variable for growth rate and dimensionless growth rate are 



 
( )

1
4 3

b fG k t γ
−
+=

 
(2-20) 

 

GG
G

′ =
 

(2-21) 

    Then define reference variable for nucleation rate 

 
( )4 3

3b b fB k k t
γ

γμ
−
+=

 
(2-22) 

 ( )4 3
3b b f

B BB
B k k t

γ
γμ
−
+

′ = =
 

(2-23) 

    We further define reference variables for the moments: 

 
0 fBtμ =

 
(2-24) 

 

2
1 fBGtμ =

 
(2-25) 

 

2 3
2 fBG tμ =

 
(2-26) 

 

3 4
3 fBG tμ =

 
(2-27) 

    Here we check the consistency of the definitions by substituting Equation 2-20 

and 2-22 into Equation 2-27: 

 
( ) ( )

3
3 4 4 4 43 3

3f b b f b f fBG t k k t k t t
γ

γ γ
3μ μ

− −
+ += =

 
(2-28) 

    With these definitions, the differential Equations for the time evolution of the 

moments of the crystal size distribution become: 
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( )0

3
d B G
dt

γμ μ
′

′ ′ ′= =
′

 
(2-29) 

 

1
0

d G
dt
μ μ
′

′ ′=
′

 
(2-30) 

 

2
12d G

dt
μ μ
′

′ ′=
′

 
(2-31) 

 

3
23d G

dt
μ μ
′

′ ′=
′

 
(2-32) 

    The same derivation can also be applied to ,s iμ and ,n iμ respectively. The 

following Table shows definitions of all reference variables and dimensionless 

variables. 

Table 2-1 Definitions of reference variables and dimensionless variables 

reference variables dimensionless variables 

( )
1

4 3
b fG k t γ

−
+= ft t t′ =  ( )0s s fm m C C′ = −  

( ) ( )3 0 f c vC C kμ ρ= − B B B′ =  ( )0 0 fx x Gt′ =  

( )4 3
3b b fB k k t

γ
γμ
−
+= G G G′ =  ( )fL L Gt′ =  

1 0,1,2i i
i fBG t iμ += = ( ) ( )0f fC C C C C′ = − − f Gf B′ =  

 i i iμ μ μ′ =  ( )fw w Gt′ =  

    In our simulation, the seed crystal size distribution is parabolic as shown in 

Figure 2-1. 
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 Figure 2-1 Seed crystal size distribution. 

We consider the case where the initial seed crystal size distribution function 

( )f L  is parabolic with a width at the base equal to 02w x< , as shown in Figure 2-1. 

We also desire that the total mass of the seeds will be equal to ms. Then the function 

( )f L  is given by: 

 
( )

0

0 0 0 0

0

0 2

2 2
2 2

0 2

L x w

w w
0f L a L x L x x w L x w

L x w

< −⎧
⎪

⎛ ⎞⎛ ⎞⎪ ⎛ ⎞ ⎛ ⎞= − − − − + − ≤ ≤ +⎨ ⎜ ⎟ ⎜ ⎟⎜ ⎟⎜ ⎟⎝ ⎠ ⎝ ⎠⎝ ⎠⎝ ⎠⎪
⎪ > +⎩

 
(2-33) 

    Where a can be determined from the following relation: 

 
( ) ( )

0 2
3 3

0 0
0 2

x w

0

s

vx w

mL f L L f L
kρ

+∞

−

= =∫ ∫
 

(2-34) 

    Solving for a gives: 

 

1
3 3 5
0 0

1 1
6 40

s

c v

ma x w x
kρ

w
−

⎛ ⎞= +⎜ ⎟
⎝ ⎠  

(2-35) 

    And substituting Equation 2-35 into Equation 2-33 gives: 
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1
3 3 5

0 0 0 0
1 1
6 40 2 2

s

c v

m w wf L x w x w L x L x
kρ

− ⎛ ⎞⎛⎛ ⎞ ⎛ ⎞ ⎛= − + − − − +⎜ ⎟ ⎜ ⎟ ⎜⎜ ⎟⎜⎝ ⎠ ⎝ ⎠ ⎝⎝ ⎠⎝
0

⎞⎞
⎟⎟⎠⎠  

(2-36) 

for 0 02 2x w L x w− ≤ ≤ + . Define: 

 f

ww
Gt

′ =
 

(2-37) 

Then further define: 

 
( ) ( ),

,
Gf L t

f L t
B

′ =
 

(2-38) 

Substituting the definitions of the dimensionless variables into Equation 2-36 

gives: 

 
( )

1
3 3 5

0 0 0 0 0
1 1
6 40 2 2s

w wf L m x w x w L x L x
− ′ ′⎛ ⎞ ⎛⎛ ⎞ ⎛ ⎞ ⎛′ ′ ′ ′ ′ ′ ′ ′ ′ ′ ′= − + − − − +⎜ ⎟ ⎜ ⎟ ⎜⎜ ⎟ ⎜⎝ ⎠ ⎝ ⎠ ⎝⎝ ⎠ ⎝

⎞⎞
⎟⎟⎠⎠  

(2-39) 

    The dimensionless moments of the initial seed crystal size distribution are: 

 
( ) ( ),0 2 2
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s
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m
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(2-40) 

 
( ) ( ),1 2 2
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200
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s
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m
x w
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(2-41) 

 
( ) ( )

( )
2 2

0 0
,2 2 2

0

20
0

20 3
s

s

m x x w

x w
μ

′ ′ ′ ′+
′ =

′ ′+
 

(2-42) 

 
( ),3 0s smμ′ ′=

 
(2-43) 

It is known that nucleation is not only related to the supersaturation, but also the 

crystals in the batch crystallizer. Ward et al. only consider the situation where the 

power on the third moment in Equation 2-5 is equal to one. In this section, we discuss 

the situation that the different magnitude of effect for the nucleation due to the crystal 
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in the batch crystallizer by adding a variable jj to the Equation 2-5. The Equation will 

be like this: 

 3
ii jj

bB k G μ=  (2-44) 

Since the form of B changes, the units of  also change. bk

 
3

3 3

#[ ]
jjii

b
m m crystalsk

m s s m solution

−− ⎛⎛ ⎞= ⎜⎜ ⎟
⎝ ⎠ ⎝ ⎠

⎞
⎟  (2-45) 

The dimensionless third moment remains the same: 

 ( )†
00

3
f

c v c v

C CC
k k

μ
ρ ρ

−
= =

 
(2-46) 

Recall the definitions 

 0 fBtμ =  (2-47) 

 2
1 fBGtμ =  (2-48) 

 2 3
2 fBG tμ =  (2-49) 

 3 4
3 fBG tμ =  (2-50) 

We want the dimensionless moment ODE set to be like this: 

 ( )0
3

jjd B G
dt
μ μ
′

′ ′= = ′  (2-51) 

 1
0

d G
dt
μ μ
′

′ ′=  (2-52) 

 2
12d G

dt
μ μ
′

′ ′=  (2-53) 

 3
23d G

dt
μ μ
′

′ ′=  (2-54) 
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Therefore, we define 

 ( )1

3

1
34jj ii

b fG k tμ
−

− +=  (2-55) 

 ( )4 3
3

jj
ii

ii
b b fB k k tμ

−
+=  (2-56) 

The dimensionless crystal birth and crystal growth becomes 

 
( )4 3

3
jj

ii
ii

b b f

B BB
B k k tμ

−
+

′ = =  (2-57) 

 

( )3

1
341jj ii

b f

G GG
G

k tμ
−

−
+

′ = =  (2-58) 

Note that 

 ( ) ( )
3

3 4 1 4 1 4 43 3
3 3 3

i
j j ji i

f b b f b f fBG t k k t k t t 3μ μ μ
− −

− −+ += = μ  (2-59) 

Define 

 ( ) ( )Gf L
f L

B
′ =  (2-60) 

The dimensionless initial seed crystal size distribution becomes: 

( )
( )

1
3 3 5

0 0 0 04
1 1
6 40 2 2
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Gm w wf L x w x w L x L x
B Gt kρ

− ′ ′⎛ ⎞⎛⎛ ⎞ ⎛ ⎞ ⎛′ ′ ′ ′ ′ ′ ′ ′=− + − − − +⎜ ⎟ ⎜ ⎟ ⎜⎜ ⎟⎜⎝ ⎠ ⎝ ⎠ ⎝⎝ ⎠⎝

⎞⎞′ ⎟⎟⎠⎠
 (2-61) 

Apply Equation 2-56 and Equation 2-55 we have: 

( )
1

3 3 5
0 0 0 0

3

1 1
6 40 2 2

s

v

m wf L x w x w L x L x
kμ ρ

− w′ ′⎛ ⎞⎛⎛ ⎞ ⎛ ⎞ ⎛′ ′ ′ ′ ′ ′ ′ ′= − + − − − +⎜ ⎟ ⎜ ⎟ ⎜⎜ ⎟⎜⎝ ⎠ ⎝ ⎠ ⎝⎝ ⎠⎝

⎞⎞′ ⎟⎟⎠⎠
 (2-62) 

with Equation 2-46, the Equation becomes: 

( )
1

3 3 5
0 0 0 0

1 1
6 40 2 2s

w wf L m x w x w L x L x
− ′ ′⎛ ⎞⎛⎛ ⎞ ⎛ ⎞ ⎛′ ′ ′ ′ ′ ′ ′ ′ ′ ′= − + − − − +⎜ ⎟ ⎜ ⎟ ⎜⎜ ⎟⎜⎝ ⎠ ⎝ ⎠ ⎝⎝ ⎠⎝

⎞⎞
⎟⎟⎠⎠

 (2-63) 
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Where the parameter of seed distribution function are defined as: 

 †
0

s
s

mm
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′ =  (2-64) 

 0
0

f

xx
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f
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3 Case study systems 

3.1 Case Study 

Before discussing the meaning of seed charts, in this section we investigate the 

effect of seed loading ratio for the region Cs<Cs
*. Here we use two groups of 

parameters for potassium nitrate-water system (Chung et al) and potassium 

sulphate-water system (Sarkar et al) given in Table 5-1 and Table 5-2. 

The following figure shows the comparison of different seed loading, which are 

1kg 5kg 10kg seed crystals respectively using Chung’s kinetic parameters. Here the 

temperature trajectory T(t) is linear cooling of temperature, and the seed number mean 

size L0 is set to 100μm and the seed CSD is parabolic distribution with width W equal 

to 20μm. As the seed loading is increased, the peak of supersaturation is lower due to 

the larger amount of seed crystals. When there are more seed crystals the capacity for 

growth is larger, and that causes the decrease in supersaturation, and so the peaks of 

growth rate and nucleation rate are both decreased. Figure 3-1 shows the 

concentration versus time at the very beginning of the process. It shows that for 

different seed loading ratio, the concentration for larger seed loading ratio case 

decreases faster than smaller seed loading ratio one. Figure 3-5 shows crystal mass 

versus time. Dash line is for nuclei crystal and solid line is for seed crystal. Since the 
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nuclei are undesired, Figure 3-5 shows that the process with higher seed loading has 

better performance. Based on this observation, we want to determine the relationship 

between seed loading and the performance of the process. From the work of Kubota 

and coworkers there is an ideal-growth line to determine “ideal growth”. In the next 

part we want to produce seed charts for both real system and our dimensionless 

system to see the features of seed charts. The process seeding conditions for both 

cases are presented in Table 3-1. 

Table 3-1 Process parameters used in case study using  
Chung’s parameters. 

Variable Value 
L0 100μm 
Mseed 1kg  5kg  10kg 
W 20μm 

f(L) 
a(110-L0)( L0-90) 
where a is determined by Mseed 
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Figure 3-1 Concentration versus time. 
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Figure 3-2 Supersaturation versus time. 
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Figure 3-3 Linear growth rate G versus time. 
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Figure 3-4 Nucleation rate B versus time. 
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Figure 3-5 Crystal mass versus time 

    First we observe the effect of seed loading on product crystal size distribution 

using the dimensionless system. The dimensionless seed mean size x0′ is 0.5, 1.0 and 

1.5; Seed mass ms′ is 0.05 and 0.25 respectively, and temperature trajectory is using 

linear concentration and width w′ is 0.5. Figure 3-6 shows the result of different seed 

loading with different seed mean size x0′. In Figure 3-6 the product crystal size 

distribution and volume size distribution have two peaks for both two seed loading ms
’, 

which are a nucleation peak at the left and seed peak at right. Figure 3-6 gives the 

following conclusions: Larger seed loading reduces the number and mass of nuclei. 

Product CSD is much better with small seed mean size which is shown in panel (a), 

but the product mean size of ms′ =0.25 (green line) is smaller compared with ms′=0.05 
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(blue line). So we can conclude that seed loading in each case must have a desired 

value to give a good result without reducing the product mean size too much. Later in 

this section this desired seed loading is defined as the critical seed loading.  
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Figure 3-6 Effect of seed loading on product CSD and product VSD. (a) x0
’=0.5 

(b) x0
’=1.0 (c) x0

’=1.5. Green line: ms
’=0.25. Blue line: ms

’=0.05. 

6

3.2 Growth rate constraint 

    In this section we consider a constraint on the growth rate G. If there is a 

constraint for a maximum value of the growth rate Gmax, then the result of optimizing 

the temperature trajectory would be different. The following Figure shows the effect 

of two different constraints for growth rate using optimal trajectory, and the objective 

function is to minimize the third moment of nuclei in the end of process. Seeding 
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conditions are: ms
’=0.05, x0

’=1.0 and w’=0.1. The two constraints are 1.5 times the 

constant growth rate and 2.0 times constant growth rate, where constant growth rate is 

defined as a constant value of G that would achieve the desired production rate in the 

given batch time. Comparing the three cases in Figure 3-7 we find that the growth rate 

trajectory does not change until the very end of the process. For this particular 

objective function, which is to minimize nuclei mass in the end, it is still suggested 

that growth rate peak should be at the very end of process. 
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    Figure 3-7 Adding a constraint for growth rate. Right hand side Figure  
is the zoom-in for left hand side Figure.  
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Figure 3-8 The moments plots for adding G constraint. 

    Figure 3-8 shows the moment plots for the cases with a constraint and the case 

with no constraint. From upper-left corner Figure we observe that total number of 

nuclei in the end of process are different compared to three different conditions of G. 

With the added constraint total number of nuclei in the end is decreasing due to the 

decrease of growth peak in the end. However, both 1.5 times and 2.0 times Gconst have 

almost the same product crystal size distribution and product volume size distribution, 

indicating that these two constraint do not have significant influences on the product 

quality.  
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     Figure 3-9 Product crystal size distribution 
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Figure 3-10 Product volume size distribution 
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4 Analytical expressions of critical seed loading ratio 

4.1 Overview 

    In this chapter we want to predict the nuclei fraction in the endξ , which is 

defined as: 

 

3,

3,

( )
( )

n f

T f

t
t

μ
ξ

μ
=

 
(4-1)

 

    Ant further we want to determine the relationship between Cs
* and x0

’analytically. 

Mullin and Nyvlt in 1971 published a concentration trajectory for seeded batch 

crystallization. Here we briefly repeat their derivation. They made the assumption that 

nucleation does not affect the material balance and the growth rate is a constant 

independent of time and crystal size, so that gives the expression for monodisperse 

seeds as a function of time: 

 
( ) 0x t x Gt= +

 
(4-2)

 
    And by the assumption that G is constant 

  
(4-3)

 
( ) ( )3

3 0 0t n x Gtμ = +

where  is the number of seed crystals per unit volume of suspension. At the 

beginning of the batch, 

0n
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( ) 3

3 00s c v c vm k k nρ μ ρ= = 0x
 

(4-4)
 

Then 

 
0 3
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c v

mn
k xρ

=
 

(4-5)
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ρ

= +Gt
 

(4-6)
 

Finally the concentration at the end of the batch: 

 

3

0
0

1 1f
f s

Gt
C C m

x

⎛ ⎞⎛ ⎞
⎜ ⎟− = + −⎜ ⎟⎜ ⎟⎝ ⎠⎝ ⎠  

(4-7)
 

We can use above results to approximately determine the nucleated mass if the 

nucleated mass is small. Suppose that only seed crystals contribute to the material 

balance. Then we can solve for the growth rate G as a function of the average seed 

size and total seed mass: 
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(4-8)

 

Where 
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(4-9)

 

Recall the definition of nucleation rate B: 

 

j
BB k G γ μ=

 
(4-10)

 
  Here we discuss two values of j. If j=0 and G is a constant, we can simplify 
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the ODE set from Equation 2-13 to get the following expression: 
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f
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(4-11)

 

    From the definition of ξ   in Equation 4-1 we can get the expression for the third 

moment of nuclei in the end of process. 
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Combine with Equation 4-9 and 4-10, 
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(4-14)
 

    Once given seed mass and seed size ms and x0, initial and final concentration C0 

and Cf, and batch time tf with known ρc and kv we can calculate the third moment of 

nuclei in the end 3, ( )n ftμ   along with nuclei fraction in the endξ .   

    If j=1: 

 

3 3( )3 0 0B BB k G k G n x Gtγ γμ= = +

 
(4-15) 

Then the third moment of nuclei in the end can be calculated, 
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(4-16)
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And integrate Equation 4-16 one get: 
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    Substitute the relation of n0 from Equation 4-5 into Equation 4-17: 
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(4-18)

 

If given needed parameters, we can calculate 3, ( )n ftμ  and ξ . Next we change 

the above relations into dimensionless expressions: 
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So G becomes: 
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The expression for G’ is derived: 
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Substitute Equation 4-20 into Equation 4-13 (note that in this case j=0). 
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(4-22)
 

    Further rearrange the left hand side of Equation 4-22: 
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Then combine with Equation 4-22 and 4-23 it becomes: 
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    Where a is also derived with dimensionless groups and a is a function of ms

’. 
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    Here derive again with j=1. Start from Equation 4-18 we get: 
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    Where η  is: 
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    Derivation results are summarized in Table 4-1. 

Table 4-1 Summary of derivations for different values of j 
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4.2 Simulation result 

Figures show the resulting critical seed loading values using the analytical 

expression and simulation for different j values using dimensionless system. In Figure 

4-1 kinetic parameters are: γ=3.0 & j=1. From Figure 4-1 the simulation result using 

the optimal trajectory has a slightly smaller seed loading ratio Cs
* than the analytical 

result throughout the whole range of x0′. However, in Figure 4-2 the analytical 

expression fits very well with constant growth rate trajectory. This is also not 

surprising because they are based on the same assumption, namely that the growth 

rate is constant. As seed loading ratio is larger, the nucleation rate B is suppressed so 

as the seed loading ratio reaches the critical value, B is suppressed to almost zero. 

Considering with these two above assumptions, constant growth rate trajectory with 

critical seed loading ratio may be the best fitting for analytical expression. As for 

Figure 4-3 and 4-4 (where j=0), the analytical expression also fits well with constant 

G trajectory, and the chart for the optimal growth rate has a has slightly smaller seed 

loading than analytical one. Table 4-6 gives the correlation results of dimensionless 

growth rate G’ versus time t′. For small seed mean size (which is 0.5 and red lines 

here) the deviation is relatively large, but as large seed size (1.0 and 1.5), the 

correlations are good from Figure 4-6. In conclusion, the analytical expressions for 



γ=3.0 with both j=1 and j=0 cases are good, and the correlation for growth rate G’ is 

also good. In Figure 4-5 we also find out for the range of x0′ from 0.1 to about 2.0, the 

two lines for j=0 and j=1 gradually approach each other and overlap at about x0′=2.0, 

i.e., the differences of critical seed loading ratio for j=0 and j=1 are large at small seed 

mean size but small at large seed mean size. 
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Figure 4-1 Comparison between analytical and simulation result with γ=3 & j=1. 
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Figure 4-2 Comparison between analytical and simulation results with γ=3 & j=1. 
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Figure 4-3 Comparison between analytical and simulation with γ=3 & j=0. 
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Figure 4-4 Comparison between analytical and simulation with γ=3 & j=0. 
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  Figure 4-5 Comparison of different j between analytical and simulation result 
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Table 4-2 Comparison between analytical growth rate and simulation growth rate 
x0′ ms′ a G′(analytical) G′(simulation)
0.5 0.0601 1.6031 0.8015 0.8483 
1.0 0.2492 0.7114 0.7114 0.7192 
1.5 0.4905 0.4484 0.6726 0.6717 

 



5 Seed Charts 

5.1 Overview 

    A typical seed chart is plotted to see the trends of normalized product volume 

mean size Lp/Ls versus seed loading ratio Cs, and also can be used to determine the 

critical seed loading ratio Cs
*. Subscripts p and s of L represent for product and seed 

crystal. The main purpose of the normalized product volume mean size is to show 

product quality. When Lp/Ls is larger this means that the product size is also larger. 

Seed loading ratio and volume mean size are defined by 

 

s
S

th

WC
W

=
 

(5-1) 
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(5-2)
 

Where Ws is mass of seed (kg) and Wth is theoretical crystal yield (kg). The value 

of Wth can be calculated or determined by its definition 

 
( )th i fW w C C= −

 
(5-3)

 

Here w is mass of solvent water (kg). Ci and Cf are the initial solution 

concentration (kg solute/ kg solvent water) and final concentration (kg solute/ kg 

solvent water) in the crystallizer respectively. 

Note that Equation 5-2 assume a discrete crystal size distribution function N is 
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the total number of discrete lengths and n is the total amount of each discrete length 

crystal. Equation 5-2 is used to correlate experimental data. In our simulation we 

simply use the following relation of L since L is the volume mean size. 

 

4

3

L μ
μ

=
 

(5-4)
 

5.2 Seed chart and empirical Equation 

In several publications about batch seeded crystallization mentioned in the 

introduction section, the authors plotted seed charts using experimental data for 

different systems. For real crystal systems, we use kinetic parameters in two papers, 

published by Chung et al. (potassium nitrite from water) and one by Sarkar et al. 

(potassium sulfate from water) to produce seed charts, which are shown below. Notice 

that the expression for nucleation rate here for the potassium nitrate system is slightly 

different from definition in Chapter 2, 

 
3

b
bB k S μ=

 
(5-5) 

    Definition for supersaturation is: 

 

sat

sat

C CS
C
−

=
 

(5-6) 

And definition of growth rate is the same: 

 

b
gG k S=

 
(5-7) 
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Table 5-1 Kinetic parameters from Chung et al. 
Variable Name Value Units 
msolv mass of solvent 7.57×103 kg 
ρc density of crystal 2.11×103 kg/m3 
kv volumetric shape factor 1 dimensionless
kb nucleation parameter 4.6401×1011 #/m3 s 
b nucleation parameter 1.78 dimensionless
kg growth parameter 1.1612×10-4 m/s 
g growth parameter 1.32 dimensionless

    For the system of Sarkar et al, the expressions for nucleation and growth rate are 

as follows. 

 
3

bE RT b
bB k e S μ−=

 
(5-8) 

 

gE RT b
gG k e S−=

 
(5-9) 

    Here the definition of supersaturation is the same for Chung’s process. 

Table 5-2 Kinetic parameters by Sarkar’s. 
Variable Name Value Units 
msolv mass of solvent 3000 kg 
ρc density of crystal 2.66×10-12 g/μm3 
kv volumetric shape factor 1.5 dimensionless
kb nucleation parameter 285 #/μm3 s 
b nucleation parameter 2.25 dimensionless
kg growth parameter 1.44×108 μm/s 
g growth parameter 1.5 dimensionless

Eg/R 
growth rate activation energy 
divided by gas constant 

4859 K 

Eb/R 
nucleation rate activation energy 
divided by gas constant 

7517 K 
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 Figure 5-1 Seed Chart using Chung’s kinetic parameters. 

The seed chart for Chung’s case is shown in Figure 5-7. The product volume 

mean size versus the seed loading ratio is plotted for six different seed sizes. The blue 

solid line in the Figure is called the ideal-growth line, and the assumptions for this 

line are as follows: No change in the number of crystals, no generation of new crystals 

and no change in crystal shape. Note that in Figure 5-7 the line for seed volume mean 

size of 5μm overlaps the ideal growth line because critical seed loading ratio Cs
* for 

5μm is smaller than 10-5. With those assumptions and a mass balance one can derive 

an analytical expression for the ideal-growth line. Because of the assumption that 
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there is no nucleation, all the crystals in the solution are grown from the seeds, and 

from the assumptions crystal shape is the same, we can substitute product volume 

mean size Lp for seed volume mean size Ls and add a term for the theoretical crystal 

yield Wth on seed mass Ws in the following expression, 

 
3 3

s s t

c S c P

W W W
L Lαρ αρ

h+
=

 
(5-10) 

Then through rearrangement of the above Equation we get, 

 
 

(1/3)
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(5-11)
 

    Equation 5-11 is the “ideal-growth” line. When Cs is smaller than about 0.1, 

 
1 1SC+ ≈

 
(5-12)

 
    And the Equation 5-11 for ideal-growth line becomes, 

 

(1/3)P
S
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L C
L

−=
 

(5-13)
 

So the slope of ideal-growth line in seed chart is about -1/3 on logarithmic paper. 

The seed chart for Sarkar’s case is shown in Figure 5-8. 
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   Figure 5-2 Seed Chart using Sarkar’s kinetic parameters. 

There is a phenomenon that the lines for different seed sizes in both the KNO3 

and K2SO4 process are almost flat before Cs reaches critical Cs*. The reason may be a 

tradeoff between number of seed crystals and seed size. As the number of seed 

crystals increases, more solute from solution grows on seed crystals (and less on 

nucleated crystal), however more seeds means less amount of solute for each single 

crystal to grow, so at the end of process the products are smaller, so Lp/Ls is smaller. 

The chart for determining empirical Equation is plotted as below.  
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    Figure 5-3 Comparison of different crystal system. 

Figure 5-9 shows that the simulation results (red circles and green stars in the 

Figure) for both Chung’s and Sarkar’s case are close to the empirical correlation of 

Kubota et al. For Kubota’s case, the empirical correlation is: 
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2

  
(5-14)

 

* 62.17 10S SC L−= ×

And the units of Ls in Equation 5-14 are μm. But minor deviations from their 

prediction may occur on the parameters of each system, the parameters are different 

from case to case. Thus we conclude that the parameters of empirical Equation for 

different kinds of crystal system should be a range of values depending on different 

kinetic parameters of crystal systems, and we can further analyze such processes 



using the dimensionless system. 

    For both KNO3 case and K2SO4 case we use MATLAB built-in curve-fitting 

toolbox to determine an empirical Equation. For KNO3 case: 
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1.728

  
(5-15)

 

* 51.98 10S SC L−= ×

    For K2SO4 case: 

  
(5-16)

 

* 5 1.6186.24 10S SC L−= ×

    For the dimensionless system (γ=1.5 and j=1): 

  
(5-17)

 

*' ' 1.61
00.2808SC x= ×
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  Figure 5-4 Correlation of different real crystal system 

Figure 5-10 shows the correlation results of three different real crystal systems. 

For the dimensionless system, we set the value of γ, which is nucleation parameter b 



over growth parameter g, to be 1.5, which is very close to value of K2SO4 system 

(1.45). The exponent on the average seed size for both dimensionless and K2SO4 case 

is similar. 

Other information about the curve fitting is provided in Tables 5-3 to 5-5. For 

those Tables the expressions for the empirical equation is defined as: 

  
(5-18)

 

* b
S SC aL=

Table 5-3 Fitting results for Chung’s case. 
Description Remark 
95 % confidence bounds of a (8.16e-007, 3.886e-005) 
95 % confidence bounds of b (1.565, 1.892) 
Adjusted R-square 0.9985 
RMSE 0.009791 

 

Table 5-4 Fitting results for Sarkar’s case. 
Description Remark 
95 % confidence bounds of a (-2.172e-005, 0.0001465) 
95 % confidence bounds of b (1.388, 1.848) 
Adjusted R-square 0.9965 
RMSE 0.02417 
 
Table 5-5 Fitting results for dimensionless system with γ=1.5. 
Description Remark 
95 % confidence bounds of a (0.2413,0.3203) 
95 % confidence bounds of b (1.376, 1.846) 
Adjusted R-square 0.9973 
RMSE 0.0180 

There is an important issue should be discussed: in our simulation we make the 

arbitrary choice that the criteria of achieving “ideal-growth” is that the nucleated mass 
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is only  1% of the total at the end of the process. The following two Figures show the 

effect of choosing a different criterion, using Chung’s kinetic parameters. Figure 5-11 

shows that the line for 0.01% of nuclei is higher than 1% of nuclei. If we specify a 

stricter criterion, critical seed loading ratio is larger. Another point is that from Figure 

5-12 the influence of different criteria for the product size is much more significant. 

Table 5-7 is the values of product size over seed size Lp/Ls using two different criteria 

for different seed size Ls. For the case of Ls equals to 100μm, the product size is 

153μm for 0.01% of nuclei and 292μm for 1% of nuclei respectively. The reason is 

that to achieve the stricter criteria a higher seed loading is required, so each seed 

commonly grow to a smaller size. Note that the dashed line in Figure 5-11 is the 

empirical Equation determined by Kubota et al. Finally, we decided to use 1% 

nucleated mass of nuclei as our criteria to determine the ideal growth line because in 

Figure 5-11 the data for 1% nucleated mass is close to Kubota’s correlation and it also 

seems to be a reasonable choice. 
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Table 5-6 Lp/Ls of two different criterion given different seed size Ls. 
Lp/Ls Ls=20μm Ls=50μm Ls=100μm Ls=150μm Ls=200μm

0.01% of nuclei 4.82 2.23 1.53 1.33 1.24 
1% of nuclei 13.47 5.48 2.92 2.16 1.81 

    The following Figures are seed chart for dimensionless system and Figure for 

determining empirical Equation.  
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Figure 5-7 Seed chart for cooling crystallization of dimensionless system 
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Figure 5-8 Cs* vs. x0’ for dimensionless system (γ=1.5). 

Recall that γ is the ratio of nucleation parameter b over growth parameter g. For 

dimensionless system, we compare four different temperature trajectories in order to 

see the effect of varying temperature trajectory, which are linear concentration, 

optimal, Mullin-Nyvlt and constant growth rate trajectories. The results are shown in 

Figure 5-14. The assumptions of the Mullin-Nyvlt trajectory are: no nucleation and 

growth rate is constant. Through some derivation (Mullin and Nyvlt, 1971; Ward et al., 

2011) the dimensionless mathematical expression of Mullin-Nyvlt trajectory is 

shown: 
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(5-19) 

where a is given by, 
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All four lines in Figure 5-14 are very close, suggesting that as seed loading is 

increased to the critical value Cs*, the influence of different cooling mode is almost 

negligible, i.e., the performances are almost the same for four temperature trajectories 

when seed loading reaches Cs*. As before, with a smaller seed size, a smaller value of 

Cs* is needed and vice versa. 

    However, when the figure is reproduced for different values of γ, there is a 

significant difference. As γ is increases, the difference between the four trajectories 

becomes larger. For example, when γ is about 1.5 (this value is close to the K2SO4 

system) the differences among four trajectories are small. But when γ is 3.0 as in 

Figure 5-15, there is a greater difference among the four trajectories. Recall from 

definitions of the kinetic Equations, 

 

g
gG k S=

 
(5-21)

 

 
3

b
bB k S μ=

 
(5-22) 

As the value of γ is larger, the value of b is larger or g is smaller. The value of 
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supersaturation is smaller than 1.0. So larger b leads to smaller nucleation rate, and 

smaller g leads to larger crystal growth rate. Generally, if γ is large, the difference 

between B and G is amplified. From Figure 5-15 we can conclude that large value of γ 

would amplify the efficiencies of the trajectories. 
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   Figure 5-9 Cs* vs. x0’ for dimensionless system (γ=3.0). 

Ward et al. in previous publication pointed out among the four trajectories, 

optimal, constant growth rate, Mullin-Nyvlt and linear concentration, the linear 

concentration is much worse than the other three, while the constant growth rate and 

Mullin-Nyvlt are almost as good as the optimal one. Also note that in Figure 5-15 the 
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trend is the same as reported by Ward et al., i.e., the linear concentration trajectory is 

worse than the other three. 

5.3 Critical seed loading ratio with different kinetic parameters 

   In this section we want to further find out the influences of kinetic Equation on the 

critical seed loading ratio. The definition of nucleation rate in dimensionless system 

is: 

 
3

j
bB k Gγ μ=

 
(5-23) 

    Figure 5-16 gives the critical seed loading ratio as a function of seed mean size 

x0
’ for γ=3.0 and j=0. Compared with Figure 5-15 where j=1, when x0′ is small, the 

critical seed loading ratio is larger when j=0. But when x0′ is large, the critical seed 

loading ratio Cs
* is almost the same for all j values and all trajectories, indicating that 

Cs
* is not affected by trajectory and kinetic exponent parameters when seed size x0′ is 

large enough. For all different j values, the value of Cs
* is much larger for linear 

concentration trajectory than the others at small x0
’, and slightly higher at middle and 

large x0
’, which means that linear concentration gives a worse result than the other 

three trajectories. In Figure 5-17 when j=2, Cs
* is slightly larger than the one in Figure 

5-15 where j=1. In overall comparison from j=0 to j=2, when x0
’ is small (around 0.1) 

there is a difference in Cs
* value, but when x0′ is larger, Cs

* are almost the same. 
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     Figure 5-10 Cs* vs. x0’ for dimensionless system (γ=3.0 and j=0). 
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    Figure 5-11 Cs* vs. x0’ for dimensionless system (γ=3.0 and j=2). 
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6 Notion of critical seed surface area 

    Lung-Somarriba et al. proposed a variable called critical surface area Sc to 

determine seeding policy. They concluded that the concept of critical surface area Sc 

can be used to design seeding for small seed size. They further stated that large size of 

seed would lead to attrition of crystals and reduction of growth rate. In other words, 

the concept of critical surface area Sc can be used only for small seed size. 

    Here we want to investigate the idea of using the critical surface area to design 

seeding policy. Note that in this chapter all Figures are plotted for the dimensionless 

system. Figure 6-1 shows contour of different moments of seed crystals at that 

achieve the criteria of 1% of nuclei and 5% of nuclei with γ=3.0 and j=1. In Figure 

6-1 we plot for sufficiently large range of seed properties (seed size and seed mass) 

and fix seed width to be the value of 0.1, using the linear concentration trajectory. In 

Figure 6-1 there is a critical value for the first moment of seed crystal μ1, which is 

about 0.36 for 1% of nuclei. Green dash line is the critical value.  

As seed number mean size L0 is large, μ0 should be small in order to keep μ1 the 

same. In other words, if L0 is small, μ0 should be large. Although seed properties can 

be specified using above relations, in many cases this will result in far more seeds 

than necessary. As the points A and B in upper-left corner subFigure in Figure 6-1, 
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two points are both far away from 1% of nuclei if we specify 1% of nuclei as the 

criteria, which causes waste in seed crystals and also reduces the final product size as 

discussed in previous chapter. Another note is that in Figure 6-1 we also find out a 

critical value for μ2, and the relationship between Sc and L0 is analogous to Cs
* vs. Ls. 

Although critical values of μ1 and μ2 may exist, it is not efficient to use this variable as 

design variable for seeding policy. Note that the average surface area or average mass 

of seed crystal as a function of seed mean size cannot be used as the variables for 

seeding policy because here we fix seed CSD to be parabolic distribution, once we 

decide the seed mean size, the seed average mass and surface area is fixed, as shown 

in Figure 6-13. 

Figure 6-1 to Figure 6-6 are the moments plot for different values of γ and j. The 

critical values of μ1 and μ2 are different from different values of γ and j. And the total 

crystal surface area versus seed number mean size are plotted in Figure 6-7 to Figure 

6-12. Results for the moments contour plots are summarized in Table 6-1. When γ is 

fixed at 3.0, the value of μ1,c is largest for j=0, and smallest when j=2 while the value 

of μ2,c is largest when j=2 and smallest when j=0. The same trend for different j can be 

observed when γ is equal to 1.5. For three particular cases the critical values are very 

large (see Table 6-1), and we do not decide the exact values of them since the seed 



number mean size 1 0μ μ should be increased to a very large value to get the exact 

value.  

From Figure 6-7 to Figure 6-12, the critical value of total surface area 2μ   is 

reached until 1 0μ μ is larger than 2.0. 

In conclusion, it is not recommended to use only critical μ1 or μ2 as design 

variable, instead we keep using two variables, which are seed size and seed mass (or 

loading ratio) to determine seed condition. 
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Figure 6-1 Moments contour plot using linear concentration trajectory for  
dimensionless system γ=3.0 and j=1. Blue dash line is for 5% of nuclei,  
red solid line is for 1% of nuclei. 
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Figure 6-2 Moments contour plot using linear concentration trajectory for  
dimensionless system γ=3.0 and j=0. Blue dash line is for 5% of nuclei,  
red solid line is for 1% of nuclei. 
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Figure 6-4 Moments contour plot using linear concentration trajectory for  
dimensionless system γ=1.5 and j=1. Blue dash line is for 5% of nuclei,  
red solid line is for 1% of nuclei. 
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Figure 6-5 Moments contour plot using linear concentration trajectory for  
dimensionless system γ=1.5 and j=0. Blue dash line is for 5% of nuclei, 
red solid line is for 1% of nuclei. 
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Figure 6-6 Moments contour plot using linear concentration trajectory for  
dimensionless system γ=1.5 and j=2. Blue dash line is for 5% of nuclei, 
red solid line is for 1% of nuclei. 
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Figure 6-7 crystal total surface area versus seed number  
mean size L0 with γ=3.0 and j=1. 
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Figure 6-8 crystal total surface area versus seed  
number mean size L0 with γ=3.0 and j=0. 

 
Figure 6-9 crystal total surface area versus seed 
number mean size L0 with γ=3.0 and j=2. 
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Figure 6-10 crystal total surface area versus seed 

number mean size L0 with γ=1.5 and j=2. 
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Figure 6-11 crystal total surface area versus seed 

number mean size L0 with γ=1.5 and j=1. 
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Figure 6-12 crystal total surface area versus seed 

number mean size L0 with γ=1.5 and j=0. 
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Figure 6-13 (a) Seed average surface area 2 0μ μ versus seed mean  
size 1 0μ μ . (b) Seed average mass 3 0μ μ versus seed mean  
size 1 0μ μ . 
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Table 6-1 Summary of critical value of μi from the  
moments contour plots of different γ and j. 

Kinetic parameters Critical value of μi,c 
γ j μ1,c μ2,c 

3.0 1 0.35 0.52 
3.0 0 >1.00 0.42 
3.0 2 0.22 0.70 
1.5 1 0.33 0.60 
1.5 0 0.78 0.43 
1.5 2 0.24 1.10 
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7 Relationship between batch time, seed loading, and net crystal 

yield 

7.1 Effect of batch time tf 

This section discusses the effect of two process variables in batch crystallization: 

total batch time and difference between initial solution concentration and final 

solution concentration. In this section the target is to get a better understanding on 

how total batch time affects the process. First we show the effect of varying total 

batch time with different seed properties and use linear cooling of temperature as our 

temperature trajectory. In Figure 7-1 the y-axis are normalized moments, which are 

defined as: 
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    Where i is the index of the moment and j stands for nuclei n or seed s. And x-axis 

is the normalized batch time, defined as: 
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Through the definitions above, the moments for seed crystal equal to one at the 

beginning of process: 

65 

 



 

,'
,

,

(0)
ˆ ( 0)

(0)
i s

i s
i s

t 1
μ

μ
μ

= = =
 

(7-3)
 

And for nuclei: 
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    With these definitions we plot Figure 7-1 for seed mass is 50 kg and seed size is 

100μm and seed crystal size distribution is parabolic with width equals to 20μm. 

About total batch time, we set to 4000s (red line), 7000s (green line) and 10000s (blue 

line). 
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Figure 7-1 The moments plots using linear cooling temperature. 

As shown in Figure 7-1 the profiles of the moments for the seed crystals (which 

are the figure in the second row) are similar, but as total batch time is increasing, the 

moments of nuclei crystal are significantly different (first row Figures). The moments 

indicate that the performance for large batch time is better (less nucleation) and the 
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reason may be the decrease of supersaturation peak as shown in Figure 7-2. Note that 

for three different total batch time the moments of seed crystals are almost the same.  
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Figure 7-2 Supersaturation versus time using temperature trajectory 

 

    Next we consider another temperature trajectory called controlled cooling policy 

as the following definition. Note that the time dependency is cubic. 
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Figure 7-3 and Figure 7-4 show the results of using controlled cooling policy for 

the same seed properties as in Figures 7-1 and 7-2. Note that in Figure 7-4 the 
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maximum value of supersaturation is about 0.0035, which is smaller than linear 

cooling case (0.0065). And compared with the performance (here use 3,nμ as the 

standard) shown in Figure 7-1 and 7-3, controlled cooling policy is better ( 3,n 0.25μ ≤ ) 

than linear cooling (
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3, 0.30nμ ≤ ). For both trajectories, the influence of total batch 

time is somehow relatively larger on nuclei crystals than on seed crystals since the  

Figure 7-3 The moments plots using controlled cooling. 
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Figure 7-4 Supersaturation versus time using temperature trajectory. 

nucleation rate is small so the effect on nucleation is more noticeable. 

We would like to understand how total batch time tf and seed mean size L0 

influence the critical seed loading ratio Cs
*. Figure 7-5 gives the simulation result for 

relationship between critical seed loading ratio Cs
* and total batch time tf using KNO3 

system. There is significant difference in Cs
* for different batch time when seed 

number mean size L0 is larger. As total batch time increases, the slopes for all three 

lines in Figure are smaller, giving the conclusion that Cs
* is insensitive to total batch 

time when total batch time is larger than 7000 sec. 
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Figure 7-5 Critical seed loading ratio versus total batch time with  
different seed mean size. 

In section 3.3 an empirical equation for Cs
* as a function of Ls was given, 

however it does not give information about how total batch time tf influences Cs
*. 

Here we want to quantitatively determine the relationship between seed number mean 

size and total batch time. Recall from dimensionless variables defined by Ward et al., 

for dimensionless seed number mean size x0
’, 

 ( )
0

0
f

xx
Gt

′ =
 

(7-6) 

And the definition of reference variable for growth rate, 
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Where tf is total batch time and x0 is seed mean size, γ is ratio of b and g. We vary 

total batch time to see the effect of changing batch time. If the total batch time is 

adjusted by a factor α, i.e. 

 

ˆ
f ft tα=

 
(7-8) 

Where ˆ
ft  is new value of tf . We desire to find the value of another parameter δ 

defined by 

 
0 0x̂ xδ= ×

 
(7-9) 

Such that if the batch time is changed to ˆ
ft , then the average seed size must be 

changed to 0x̂  to maintain the same critical seed loading. Substitution of the above 

relationship into x0′ gives, 
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Then through some derivation, 

 

4( 1)
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(7-11) 

    In order to keep dimensionless seed mean size x0
’ the same when varying to 

different total batch time, we have to change original seed mean size x0 to a 

corresponding value by multiplying the parameter δ in Equation 7-10. Here we define 

71 

 



72 

 

the new x0 as “effective seed size”. 

The following Tables are the simulation results of varying total batch time using 

Chung’s kinetic parameters. Here we do three groups of simulation tests. For three 

group tests seed number mean size are set to 10, 50 and 200μm respectively and α set 

to 1.2 and 5, then adjusting to the corresponding value of effective seed size 

determined by Equation 7-9 as mentioned previously. And the trajectories used are 

linear cooling of temperature and controlled cooling policy as mentioned before. 
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Table 7-1 Effect of varying total batch time tf. Temperature trajectory  
is linear cooling. 

α(-) 
Batch Time tf 

(sec) 
δ(-) Seed size x

0 
(μm) Critical seed 

loading(-) 

1.0 1000 1.0 10 9.112×10-5 
1.2 1200 1.015 10.15 9.072×10-5 
5.0 5000 1.121 11.21 9.099×10-5 
1.0 1000 1.0 50 0.01033 
1.2 1200 1.015 50.74 0.01030 
5.0 5000 1.121 56.06 0.01041 
1.0 1000 1.0 200 0.2789 
1.2 1200 1.015 202.94 0.2803 
5.0 5000 1.121 224.23 0.2816 

       
Table 7-2 Effect of varying total batch time tf. Temperature  
trajectory is controlled cooling. 

α(-) 
Batch Time tf 

(sec) 
δ(-) Seed size x

0 
(μm) Critical seed 

loading(-) 

1.0 1000 1.0 10 8.117×10-5 
1.2 1200 1.015 10.15 8.146×10-5 
5.0 5000 1.121 11.21 7.880×10-5 
1.0 1000 1.0 50 0.00936 
1.2 1200 1.015 50.74 0.00934 
5.0 5000 1.121 56.06 0.00923 
1.0 1000 1.0 200 0.2633 
1.2 1200 1.015 202.94 0.2654 
5.0 5000 1.121 224.23 0.2653 

From Tables 7-1 and 7-2, for both two trajectories the critical seed loading are 

almost the same (relative error is less than 1%) if the seed size is adjusted as our 

analysis suggested, and this result confirms our derivation. That verifies our 

derivation and it can be used with different temperature trajectories. However, it’s also 

seen from the Table that the effect of total batch time on the batch crystallization is 



relatively small. Note that there would be significant amount of solute left in the 

solution if the batch time is too short so that there is a high supersaturation value at 

the end of the batch. The three lines in Figure 7-6 are the results of three case studies 

(5kg, 25kg and 125kg of seed mass and seed number mean size are 100μm). Figure 

7-6 shows that when the total batch time is smaller than about 7000 sec, concentration 

in the end of process is still high compared with total batch time larger than 7000 sec. 

The blue dash line in Figure 7-6 is the theoretical concentration in the end of process 

(Cf) if the supersaturation is zero. 
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Figure 7-6 Solution concentration in the end of process 
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7.2 Effect of net crystal yield 

    This section discuss the influence of solution concentration difference C0−Cf 

(which we call it solute load) on the batch process. Again recall from dimensionless 

variables of seed mass and the third moment, 

 ( )0
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f

mm
C C
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−  

(7-12) 
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    From definition, if C0-Cf is changing, 3μ  is also changed. However we cannot 

change only one moment and fix all other moments, because it violates the physical 

meaning of the moments. The definition of x0
’ is independent of C0-Cf, so changing 

concentration difference will not affect dimensionless seed size. But in order to keep 

critical seed loading the same, the seed mass should be increased to a corresponding 

value. Table 7-3 shows the simulation result. We do three tests of varying 

concentration difference by varying the difference between initial and final 

temperature. As concentration difference is changing, the critical seed loading ratio 

does not have significant change, but critical seed mass is changed to keep the critical 

seed loading ratio the same. Note that product size is not affected by the solute load. 

Another issue is that we also set batch time large enough (here is 20000 sec) to avoid 
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the phenomena that there is large value of supersaturation in the end of process, i.e., 

the production rate is much lower than our specification. From Table it also shows 

that the scale-up (by varying theoretical crystal yield Wth) of a batch crystallization 

process is just proportional to seed mass charged in crystallizer and we can get almost 

the same performance. However, scale-up may also lead to difficulty of operating the 

batch crystallizer. 

Table 7-3 Seed size = 50 (μm) & Batch time=20000 (sec) for Chung’s System. 

T
0
-T

f
 Theoretical crystal 

yield (kg) 
Critical seed 

mass (kg) 
Critical seed 

loading(-) 
Product size 

(μm) 
5 607.11 3.1385 0.00517 244.20 
15 1625.3 8.8064 0.00542 243.18 
25 2383.0 12.9911 0.00545 242.89 

7.3 Design guideline 

    From sections 7.1 and 7.2 we combine all the information and give a simple 

suggestion for designing batch crystallization processes and adjusting solute load 

C0−Cf. If we want to increase the net crystal yield (C0−Cf), then from the above 

conclusion the critical seed loading Cs* is the same. But if we want to keep the seed 

mass the same, then we will have a get a new Cs*, and finally from the correlation for 

Cs* as a function of Ls we get the seed size Ls. If we want to change the batch time but 

keep seed size the same, then we should find new Cs* by the Figure of Cs* vs. Ls 

again, then we can determine the seed mass. 
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8 Conclusions 

    In this work, we produce seed chart successfully for two different crystal systems 

by computer simulation, and also produce seed chart in the dimensionless system. We 

also analyze the effect of process variables, for example the kinetic parameter γ. 

When γ is large, the critical seed loading ratio is larger for a bad trajectory such as 

linear concentration. Another issue is the effect of varying total batch time and 

concentration difference between process beginning and process end. Through some 

derivation in dimensionless system and simulation in real crystal system (here is 

Chung’s kinetic parameter), we confirmed our thought. Total batch time has less effect 

on changing into corresponding seed mean size, while changing concentration 

difference does not affect critical seed loading ratio Cs
* and product size. This result 

can be used to design a simple guideline for seeded batch crystallization process.  

When a growth rate constraint is considered (chapter 3) for the dimensionless 

system for a particular case, results of product volume mean size VSD and crystal size 

distribution CSD seem to be very similar with another without the constraint. In the 

chapter 5 we determine empirical Equation of Cs
* versus x0′. by simulation, and in 

chapter 6 we derive an analytical Equation for determining Cs
* versus x0′ with j=0 and 

j=1 and for all γ cases. The simulation result shows that our derivation and assumption 
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has high accuracy for predicting Cs
* versus x0′ of constant G trajectory. In the future 

we will verify with real crystal systems and these results may also work well for 

dimensional crystal systems. 

In chapter 7, a critical seed surface area Sc, and critical value of the first moment 

of crystal is also observed, but generally these two variables are not recommended to 

be used as the design variables since the low efficiency as discussed in chapter 7. 

However, we can get a preliminary idea about the critical value of μ1 and μ2 for 

different kinetic exponent γ and j. 
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