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Abstract

In this dissertation, we study a series of problems on sequences. These problems are broadly
categorized into four types: Optimization, enumeration, selection, and ordering. Problems of
the first three types are generally called the searching problems. In the optimization problem,
we seek for the best feasible solution. In the enumeration problem, we have to enumerate the k
best feasible solutions. In the selection problem, we pick out the k™ best feasible solution. In
the ordering problem, we are required to reorder a sequence subject to some constraints. All
problems considered in this dissertation are already known to be polynomial-time solvable, so

we aim at giving efficient exact algorithms for them.
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Chapter 1

Introduction

Optimization, enumeration, selection, and ordering are four basic types of algorithmic problems.
In the optimization problem, the goal is to find the best feasible solution. In the enumeration
problem, it is no longer satisfactory if only the best feasible solution is found, and we are
required to enumerate the k best feasible solutions. In the selection problem, we are interested
in finding the k' best feasible solution instead of the best feasible solution. In the ordering
problem, we have to reorder a sequence subject to some constraints. Problems of the first three
types are generally called the searching problems. In this dissertation, we study a series of

searching and ordering problems on sequences and provide efficient algorithms for them.

1.1 Preliminaries

When analyzing the running time, we adopt the real RAM model of computation in which each
simple instruction (e.g., +, —, X, =+, V> or <) takes unit time.

Given a sequence A = (ay, as, ..., a,) of n real numbers, define the length, sum, and density
of a segment Ali,j] = (ai,...,a;) to be length(i,j) = j —i+ 1, sum(i,j) = S 1_. an, and

sum(z,])

d(i,j) = Tengih (> Tespectively. Under the real RAM model, it is clear that length(i,j) = j—i+1
can be evaluated in constant time. To evaluate sum(i,j) = i:i ap in constant time, we have
to construct the prefix-sum array of sequence A first. An array P,[0..n] is said to be the
prefix-sum array of sequence A if and only if P,[i] = a; + as + -+ + a; for each i > 0 and

P,[0] = 0. The prefix-sum array P,[0..n] can be computed in linear time by setting P,[0] to 0



and P,[i] to P,[i — 1] + a; for i from 1 to n. After constructing the prefix-sum array P,[0..n],

evaluation of sum(i,j) can be done in constant time as sum(i,j) = (P,[j] — Pa[i — 1]). Since

d(i,j) = ZSZ;ZISZ(ZJ;)’ it follows that evaluation of d(i,j) can also be done in constant time after
we construct B,[0,...,n].
More generally, given a sequence D = ((s1,¢1), (s2,%2), ..., (Sn, ¢n)) of number pairs, where

¢; > 0 for all i, we define the sum, length, and density of a segment D[i, j| = ((s;, ), ..., (54, ¢;))

sum(iyj)
length(i,j)’

to be sumf(i,j) = S7_ s, length(i,j) = 3>7_. ¢,, and d(i, j) =

=1

respectively. In ad-
dition, we define the sum, length, and density of an index interval [i,j] = {¢,i + 1,...,j}

with respect to sequence D in the same way. Let P;[0..n| be the prefix-sum array of se-

quence (s1,S2,...,5,) and P[0..n] be the prefix-sum array of sequence ({1,%s,...,¢,). Note
that sum(i, j) = Pu[i] = P.[j — 1], length(i, j) = Pili} = Po[j — 1], and d(i, j) = ;rmid. There-

fore, by constructing P; and P first, evaluation of sumi(i, j), length(i, j), or d(i, j) can be done

n constant time.

1.2 Problem Formulation and Contribution

In the following, we give formulation of problems;studied in this dissertation and state our

contribution toward these problems. The results are summarized in Figure 1.1.

e Optimization Problems:

— DISJOINT SEGMENTS WITH MAXIMUM SUM OF DENSITIES. Given a sequence of n
real numbers A = (a1, as, ..., a,) and two positive integers [ and k, where £ < 7, the
problem is to locate k disjoint segments of A, each of length at least [, such that the
sum of their densities is maximized. For the case where k = 1, this problem was well
studied in biomolecular sequence analysis [15, 25, 41, 44, 48, 53] and can be solved
in linear time [15, 25, 41]. For general k, Chen et al. [22] proposed an O(nkl)-time
algorithm and an improved O(nl + k%[%)-time algorithm was given by Bergkvist and
Damaschke [14]. In this dissertation, give an O(n + k?llogl)-time algorithm for this

problem.

— LENGTH-CONSTRAINED MAX-ECCENTRICITY SEGMENTS. Given a sequence of



n real numbers A = (ay,aq,...,a,) and an integer L, define the eccentricity of
sum(,7) .
length(i,j)

Ali, ] maximizing ecc(i, j) subject to length(i, 7) > L. We give an algorithm which

T(LLll//;)) time, where T'(n') is the time required to solve the all-pairs

a segment Ali, j] to be ecc(i,j) = The problem is to find a segment

runs in O(n

shortest paths problem on a graph of n’ nodes. By the latest result of Chan [19],

nlL (loglog L)3 )

T(n') = O(n’3M), so our algorithm runs in subquadratic time O( Qo L2

(logn’)?
To the best of our knowledge, it is the first subquadratic result for this problem.
Lipson et al. [56] studied a more restricted case where there is no length constraint,
i.e., L = 1. They proposed an efficient approximation scheme for this case; however,
their algorithm needs quadratic time if exact solutions are required. Since the length

lower bound L for the case considered by Lipson et al. is a constant, our algorithm

solves it in O(n) time.

— SUuM-CONSTRAINED MAX-DENSITY INTERVALS.

Given a sequence D = ((s1, (1), (52:02) . .., (Sn, £)) of number pairs, where ¢; > 0
for all 7, and a number L, the problem is to find an index interval [z, j] maximizing
d(i, 7) subject to sum(i, j) > L. In this dissertation, we give an O(n)-time algorithm

for this problem.

— DENsITY FINDING. Given a sequence D = ((s1,41),(S2,02) ..., (Sn,{,)) of number
pairs, where ¢; > 0 for i = 1,2,...,n, two positive numbers L,U with L. < U, and
a real number ¢, the DENSITY FINDING PROBLEM is to compute the density of the
index interval [, j] which minimizes |d(i,j) — d| subject to L < length(i,j) < U.
Lee et al. [51] proved that the DENSITY FINDING PROBLEM has a lower bound of
Q(nlogn) in the algebraic decision tree model and provided an O(n log® m) algorithm
for it, where m = mm(L%J,n) and £, = minj<g<, fx. In this dissertation, we

give an O(nlogn)-time algorithm for the DENSITY FINDING PROBLEM.
e Enumeration Problems:

— LENGTH-CONSTRAINED £ MAX-SUM SEGMENTS. Given a sequence of n real num-
bers A = (ay,as,...,a,), two integers L and U with 1 < L < U < n, and a positive

integer k, the problem is to find the £ max-sum segments among all segments with



lengths between L and U. For the case where k is fixed to 1, this problem is studied
in [31, 53] and can be solved in linear time [31]. For the case where L is fixed to 1
and U is fixed to n, this problem was well studied in [5, 6, 11, 18, 23, 30, 54] and can
be solved in O(n+ k) time [18, 30]. Recently, Lin and Lee [55] proposed an expected
O(nlog(U — L+ 1) + k)-time algorithm for the general case. In this dissertation, we

give an optimal O(n + k)-time algorithm for the general case.

— WEIGHT-CONSTRAINED k LONGEST PATHS. Given a tree T' = (V, E) with a length
function ¢ : E — R and a weight function w : F — R, a positive integer k, and an
interval [L, U], the problem is to find the k& longest paths among all paths in T with
weights in the interval [L,U]. For the case where there are no weight constraints,
i.e., L = —00 and U = oo, Megiddo et al. [61] proposed an O(|V|log?|V| + k)-time
algorithm and Frederickson and Johnson [36] proposed an O(|V|log|V| + k)-time
algorithm. Wu et al. [74] gave an O(|V|log” |V])-time algorithm for the case where
L = —oo0 and k£ = 1. Kim [49] gave an O(|V|log |V |)-time algorithm for the case
where L =0, U = o0, k =1, l(¢) =1 Ve € E, and T has a constant degree. In this
dissertation, we give an O(|V/|log |V| 4 k)-time algorithm for the general case. In
addition, we prove that this problem has a lower bound of 2(|V|log |V| + k) in the

algebraic computation tree model.
e Selection Problems:

— LENGTH-CONSTRAINED SUM SELECTION. Given a sequence A = (aq,as,...,a,)
of n > 2 real numbers and two positive integers L, U with 1 < L < U < n, the
LENGTH-CONSTRAINED SUM SELECTION problem, for a given k, is to find the k™
largest sum among all sums of segments of A with lengths in [L,U]. When there
are no length constraints, i.e., L = 1 and U = n, the LENGTH-CONSTRAINED
SUM SELECTION problem becomes the SUM SELECTION PROBLEM. Bengtsson and
Chen [11] first studied the SUM SELECTION PROBLEM and gave an O(n log® n)-time
algorithm for it. Lin and Lee provided an O(nlogn)-time algorithm [54] for the Sum
SELECTION PROBLEM and an expected O(nlog(U — L + 1))-time randomized algo-

rithm [55] for the LENGTH-CONSTRAINED SUM SELECTION problem. We give an



O(nlog(U — L + 1))-time algorithm for the LENGTH-CONSTRAINED SUM SELEC-
TION problem. In addition, we prove that the SUM SELECTION PROBLEM has an

(nlogn) lower bound in terms of n.
e Ordering Problems:

— ONLINE TOPOLOGICAL ORDERING. A topological order ord of a directed acyclic
graph (DAG) G = (V, E) is a linear order of its vertices such that if G contains
an edge (u,v), then ord(u) < ord(v). We study an online variant of the topologi-
cal ordering problem in which the edges of the DAG are given one at a time and
we have to update the order ord each time an edge is added. A naive algorithm
for this problem is to compute a new topological order from scratch with the of-
fline algorithm whenever an edge is inserted. Since the offline algorithm runs in
linear time, this naive algorithm takes O(m? + mn) time for inserting m edges.
Marchetti-Spaccamela et al. [60] made the first breakthrough by giving an O(mn)-
time algorithm for m edge insertions. 'Alpern et al. [4] proposed an algorithm but did
not analyze the time complexity of their.algorithm for a sequence of edge insertions.
Katriel and Bodlaender [47] proposed a slight/ variation of Alpern et al.’s algorithm,
which is referred to as the Katriel-Bodlaender algorithm in this dissertation, and
showed that their variation has an O (min{m?*?logn, m3/? +n%logn}) upper bound
on running time for m edge insertions. This is the best result for sparse graphs

so far. On the other hand, Ajwani et al. [2] proposed an O(n?*7™)

-time algorithm,
independent of the number of edges inserted. This is the best result for dense graphs
so far. The only non-trivial lower bound is due to Ramalingam and Reps [68], who
showed that any algorithm needs ©2(nlogn) time while inserting n — 1 edges in the
worst case if all labels are maintained explicitly. For sparse graphs, we improve the
time upper bound from O(min{m??logn, m3?+n2?logn}) to O(m3?+mn'/?logn)
through a tighter analysis of the Katriel-Bodlaender algorithm. For dense graphs,

we obtain an improved O(n*°)-time algorithm.!

IThe symbol O means O with log factors ignored. Depending on the implementation, the running time may

vary from O(n?%log®n) to O(n?®logn).



Figure 1.1: Results on problems studied in this dissertation.

Problem Previous best result Our result

DISJOINT SEGMENTS WITH

O(nl + k21?) [14] O(n + k*llogl)
MAXIMUM SUM OF DENSITIES
LENGTH-CONSTRAINED los log L3
O(n2)* O(TLL%)
MAX-ECCENTRICITY SEGMENTS &
SUM-CONSTRAINED
O(nlogn) [15] O(n)

MAX-DENSITY INTERVALS
DENSITY FINDING O(nlog®n) [51] O(nlogn)

LENGTH-CONSTRAINED k
Expected O(nlog(U — L'+ 1)+ k) [55] O(n+ k)

MAX-SUM SEGMENTS
WEIGHT-CONSTRAINED k 4
o(|V ) O(|V]log [V| + k)
LONGEST PATHS
LENGTH-CONSTRAINED SUM
Expected O(nlog(U — L+ 1)) [55] O(nlog(U —L+1))
SELECTION
O(min{m?®?logn, m*? + n?logn}) [47] | O(m?*? + mn'/?logn)
ONLINE TOPOLOGICAL ORDERING R
O(n2.75) [2] O(n2'5)

* Formerly only naive algorithms were known for the general case.




1.3 Motivation

In this section, we describe the origins and applications of problems studied in this dissertation.

Searching Problems

First, let us introduce two more problems: the LENGTH-CONSTRAINED MAX-DENSITY SEG-
MENTS problem and the LENGTH-CONSTRAINED MAX-SUM SEGMENTS problem. All search-
ing problems studied in this dissertation are either generalizations or variations of these two
problems. The relation is depicted in Figure 1.2. Given a sequence of real numbers and a length
lower bound, the LENGTH-CONSTRAINED MAX-DENSITY SEGMENTS problem is to locate a
segment that maximizes the density subject to the length lower bound; and the LENGTH-
CONSTRAINED MAX-SUM SEGMENTS problem is to locate a segment that maximizes the sum
subject to the length lower bound.

Both of the two problems are first formulated by Huang [44] and motivated by their use in
finding GC-enriched regions of a DNA sequence. After that, many generalizations are formu-
lated one after another to fulfill more requirementé. The DISJOINT SEGMENTS WITH MAXI-
MUM SUM OF DENSITIES problem and the DENSITY FINDING problem are two generalizations
of the LENGTH-CONSTRAINED MAX-DENSITY SEGMENTS problem and first formulated by
Chen, Lu, and Tang [22] and Lee, Lin, and Lu [51], respectively. The LENGTH-CONSTRAINED
SUM SELECTION problem and the LENGTH-CONSTRAINED k MAX-SUM SEGMENTS problem
are two generalizations of the LENGTH-CONSTRAINED MAX-SUM SEGMENTS problem and
first formulated by Lin and Lee [55]. In this dissertation, we further generalize the LENGTH-
CONSTRAINED k£ MAX-SUM SEGMENTS problem to the WEIGHT-CONSTRAINED k& LONGEST
PATHS problem.

On the other hand, more and more variations are found in other applications. The LENGTH-
CONSTRAINED MAX-DENSITY SEGMENTS problem and its variation, the SUM-CONSTRAINED
MAX-DENSITY SEGMENTS problem, are found in mining association rules for numerical at-
tributes [39]. The LENGTH-CONSTRAINED MAX-ECCENTRICITY SEGMENTS problem, which
can be regarded as a variation of the LENGTH-CONSTRAINED MAX-SUM SEGMENTS problem,

is applied to detecting DNA copy number variations [56].



Association Rules for CG-Enriched Copy Number

Numerical Attributes Regions Variations
application application application application
Sum-Constrained Length-Constrained Length-Constrained Length-Constrained

Max-Density Segments| |Max-Density Segments| | Max-Sum Segments | | Max-Eccentricity Segments

variation variation

generalization generalization generalization generalization

Disjoint Segments
with Maximum Sum
of Densities

Density Length-Constrained Length-Constrained
Finding Sum Selection k Max-Sum Segments

generalization

Weight-Constrained
k Longest Paths

Figure 1.2: Relation between searching problems.

Ordering Problems

Now, let us look at the ONLINE TOPOLOGICAL ORDERING problem. When dealing with
DAGs, the topological order of vertices often provides very crucial information for further
algorithm development. Thus online topological ordering is of interests because it is very likely
to be required when one has to develop online algorithms en DAGs. For example, the online

topological ordering has appeared in the following contexts.

Incremental Evaluation of Computational Circuits [4].

Incremental Compilation [59, 63], where dependencies between modules are maintained

to reduce the amount of recompilation performed when an update occurs.
- Online Computation of Strongly Connected Components [64].

- Online Cycle Detection [47, 64, 66]. Currently the best online cycle detection algorithm
for sparse directed graphs is built upon the Katriel-Bodlaender algorithm and has the
same complexity as the Katriel-Bodlaender algorithm. Thus our analysis improves the

32 £ mn'/?logn).

upper bound of the online cycle detection problem to O(m
- Source Code Analysis [64, 66], where the aim is to determine the target set for all pointer

variables in a program, without executing it.
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Optimization Problems



Chapter 2

Disjoint Segments with Maximum Sum

of Densities

Given a sequence A = (ay, ag, ..., a,) of n real numbers and two positive integers | and k, where
k <%, the DISJOINT SEGMENTS WITH MAXIMUM SUM OF DENSITIES (DSMSD) problem is
to find & disjoint segments {sy, so, ..., sx} of A, each of length at least [, such that },_,_, d(si)
is maximized.

For k = 1, the DSMSD problem was well studied in biomolecular sequence analysis [15, 25,
41, 44, 48, 53] and data mining [39].  For general k, Chen et al. [22] proposed an O(nkl)-time
algorithm and an improved O(nl + k?I?)-time algorithm was given by Bergkvist and Damaschke
[14]. In this chapter, we propose an O(n + k*llog)-time algorithm.

Lin et al. [52] formulated a related problem: Given a sequence A of n real numbers and
two positive integers [ and k, where k& < 7, find a sequence I' = (v1,72,...,%) of k dis-
joint segments of A such that for all ¢, v; is either a maximum-density segment of length
between [ and 2/ — 1 not overlapping any of the first ¢ — 1 segments of I" or NIL if all seg-
ments of length between [ and 2] — 1 overlap some of the first ¢ — 1 segments of I'. For
example, let A = (1,2,2,5,5,5,3,3,2), [ = 2, and k& = 4. Then there are three solutions:
(A[4,6], A[7,8], A[2, 3], NIL), (A[4, 5], A[6, 7], A[8,9], A[2, 3]), and (A5, 6], A[3,4], A[7,8], A[1, 2]).
We call this related problem the DISJOINT MAXIMUM-DENSITY SEGMENTS (DMDS) problem.
For the DMDS problem, Lin et al. [52] proposed an algorithm which runs in O(nlog k) time in

some particular situations but needs Q(nk) time in the worst case. In this chapter, an optimal

10



O(n + klog k)-time algorithm for the DMDS problem is given.

The rest of this chapter is organized as follows. In Section 2, we introduce some preliminary
knowledge. In Section 3, we propose an optimal algorithm for the DMDS problem. In Section 4,
we show how to reduce the length of the input sequence of the DSMSD problem by using the
algorithm developed in Section 3. In Section 5, we give our main algorithm for the DSMSD

problem. Section 6 gives some concluding remarks.

2.1 Preliminaries
The following lemma was proved in [22].

Lemma 2.1: Let ' = {s],s),...,s,} be aset of k disjoint segments of length at least [ such
that D, ,, d(s}) is maximized. There exists a set S = {s1, 82,...,s;} of k disjoint segments

of length between [ and 2/ — 1 such that 3, d(si) = > ., d(s7).

Lemma 2.1 states that there exists a solution to the DSMSD problem instance (A,k, )
composed of segments of length between [ and 20 — 1. It allows us to reformulate the DSMSD
problem as follows: Given a sequence A =|(a,as,. .. a,) of n real numbers and two positive
integers [ and k, where k < %, find k disjoint segments {si,s3,...,s:} of A, each of length
between [ and 20 — 1, such that 7, _,, d(s;) is maximized. From now on, we adopt this

problem formulation.

2.2 The DMDS Problem

Given a sequence A of n real numbers and two positive integers [ and k, where k < 7,
the DISJOINT MAXIMUM-DENSITY SEGMENTS (DMDS) problem is to find a sequence I' =
(71,72, - - -, 7k) of k disjoint segments of A such that for all 7, 7; is either a maximum-density
segment of length between [ and 2I — 1 not overlapping any of the first ¢ — 1 segments of I" or
NIL if all segments of length between [ and 2] — 1 overlap some of the first i — 1 segments of I".

In this section, we give an optimal O(n + klog k) algorithm for the DMDS problem, which

appears to be a digression at first. Later, in Section 2.3, it turn out that the algorithm developed
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here can be used to compress an input sequence of the DSMSD problem of length n into a
sequence of length O(kl).
The algorithm for the DMDS problem is given in Figure 2.1. For simplicity, we assume

that 41 divides n. Otherwise let @ = max{|a1|, |az], ..., |a,|} + 1 and E = —4l - a. We append
(4[5 1-n)

m to the end of the sequence A and run the algorithm on the extended sequence.
Note that a segment (with length between [ and 2] — 1) of the extended sequence has density
greater than or equal to —a if and only if it contains only elements from A. After the algorithm
stops, we check the output answer I' = (y1,72,...,7) and reset 7; to NIL if 7, has density

lower than —a for all : =1,2,... k.

Lemma 2.2: Let B, = A[2pl +1,2pl + 41] for p = 0,..., 5 — 2. After the it" iteration of
line 8 of Algorithm SolveDMDS, for all p, either N,.seg is a maximum-density segment of length
between [ and 2! — 1 in B, not overlapping any segment in {71,792, ...,7} or N,.seg is NIL if

all segments of length between [ and 2] — 1 in B, overlap some segment in {y1,72,...,7:}-

Proof: It is clear that the claim is true if we replace line 12 of our algorithm by “for p < 0
to 5- —2 do.” Note that Nj.seg can not overlap N,.seq if [p ~ | > 1. Thus, we only have to
update N;_;.seq, N;.seq and Nji.seq.after 7; is assigned Nj.seq. Ll

Theorem 2.1: Algorithm SOLVEDMDS correctly solves the DMDS problem in O(n + klog k)

time.

Proof: Let B, = A[2pl +1,2pl + 4] for p = 0,..., 5 — 2. Because any segment of length
between [ and 2! — 1 must be a subsegment of some B,, Lemma 2.2 ensures the correctness.
Now let us look at the time complexity. By using the linear time algorithm stated in [25],
each execution of line 3 can be done in O(l) time. Since all elements in v; Uy U -+ Uy
have been marked as “deleted” before the execution of line 14 in the i*" iteration of line 8, the
execution of line 14 can be done in O(l) time by running the linear time algorithm stated in
[25] on A[2pl + 1, 2pl 4 4]] and taking each deleted element in A[2pl + 1, 2pl 4 41] as —oo. Since
line 3 is executed at most 3; — 1 times and line 14 is executed at most 3k times, the time spent

on line 3 and line 14 is at most O(n) + O(kl) = O(n). It is well known that an n-element
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Algorithm SOLVEDMDS

Input: A sequence A of n real numbers and two positive integers k and [.
Output: A sequence I' = (71, ..., 7).

1 Create 5; — 1 nodes No, Ny, ..., Nz _s.

2 fori—0tog —2do

3 Nj.seg «— maximum-density segment of length between [ and 2/ — 1
in A[2il + 1, 2il + 41].

Nj;.value < density of NV,.seg.

4

5

6 end for
7 Build a binary max-heap H consisting of No, Ny,..., No_o.
8 for i — 1to k do

9  Reset the value of variable j such that N; = H.max().
10 v «+ Nj.seg.

11 Mark each element in ~; as being deleted.

12 forp<—j—1toj+1do

13 H Delete(N,).

14 N, .seg «+— maximum-density segment of length between [ and 2/ — 1

15 in A2pl + 1,2pl + 4l] not overlapping any segment in {7y,...,7:}.

16 N,.value < density of N,.seg; /*Set N,.value to —oo if N,.seg = NIL.*/
17 H Insert(N,).

18  end for

19 end for

Figure 2.1: The O(n + klog k)-time algorithm for the DMDS problem.

binary max-heap can be built in O(n) time, so the execution of line 7 takes O(%}) time. Each
execution of lines 9, 13 and 17 takes only O(logn) time because the size of H is at most 3 — 1.

The time spent on lines 9, 13 and 17 is O(klogn) since each of them is executed at most 3k
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times. Thus, the total time we need is O(n + klogn). Note that

2n = O(n + klogk) if k< oo

n+ klogn <

n+ klog(klogn) = O(n + klogk?) = O(n + klogk) if k> 2

logn*

It follows that n + klogn = O(n + klog k), so our algorithm runs in O(n + klogk) time. [J

The theorem below states that the DMDS problem has a lower bound of Q(n + klogk).
Thus, Algorithm SOLVEDMDS is optimal.

Theorem 2.2: Any algorithm needs Q(n + klog k) time to solve the DMDS problem.

Proof: Let T'(n,l,k) be the time complexity of an algorithm for the DMDS problem. It
is clear that any algorithm for the DMDS problem has to see the input sequence once, so
we only have to show T'(n,l,k) = Q(klogk). We define the SDMDS (Simplified DMDS)

problem as follows. The input of the SDMDS problem is composed of a sequence A =
! ! ! n—kl

A A\ N

(V1,01 .., U1, D9, Vg o oo, U2,y o, Uk, Uk« oo, Uk Uk 1, Ukt - + -, Uk+1) Of'm real numbers and two posi-

tive numbers k and [ with kl < n, where v; #|v; if i # jland vi4q < v;foralle =1,2,... k. The
goal of the SDMDS problem is to sort the & segments {A[1,1], A[l+1,21],..., Al[(k—1)l+1,kl]}
into decreasing order of density. Let 7"(n,l, k) be the time complexity of an algorithm for the
SDMDS problem. Then 7"(n,l, k) is (klog k).

Let (1,72 ---,7) and (74,75, .-, 7%) be a SDMDS solution and a DMDS solution to the
same instance (A,[, k), respectively. We prove that (v1,72, ..., %) = (V7% ---»7%)- 1t fol-
lows that any algorithm for the DMDS problem is an algorithm for the SDMDS problem, so
T(n,l, k) is Q(klog k). Suppose for contradiction that 7 is the smallest index such that ~; # .
By specification of the DMDS problem, 7/ is the maximum-density segment of length between [
and 2] — 1 not overlapping any of {1, 72,...,7—1}. Since ; is of length | and does not overlap
any of {~v1,72,...,%-1}, it follows that d(v;) < d(v}). Because v; # 7/ and 7, cannot contain
any element in | J;_; 7;, some elements of 7] must be from (J;.,; v;. Since all elements in {J,.,7;

are smaller than elements in ;, it follows that d(v;) > d(~}), a contradiction. U
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2.3 Preprocessing

In this section, we show how to compress an input sequence A of the DSMSD problem of
length n > 10kl into a sequence A’ of length O(kl) in O(n + klogk) time. First we run
SOLVEDMDS(A, 3k, 1) to find a sequence I' = (71,72, . . ., ¥3x) of 3k disjoint segments of length
between [ and 2] — 1 such that for all ¢, v; is either a maximum-density segment of length
between [ and 2/ — 1 not overlapping any of the first ¢ — 1 segments in I' or NIL if all segments
of length between [ and 2] — 1 overlap some of the first ¢« — 1 segments of I'. Since n > 10kl, we
have ~; # NIL for each ¢ = 1,...,3k. Let 7; = A[p;, ¢;] for all i. We extend each segment 7; to
get v; = Alpj, ¢i], where

pi— 20+ 1 if p; > 2L, G+20—1 ifg<n—2+1,

pi = and ¢} =

1 if p; <21, n if g >n—20+1.

We say that Alp,q| is a segment consisting of only elements in Uf’il ~} if and only if for
each index j € [p,q|, there exists a v/ = A[p}, ¢!] such that 7 € [p},q¢}]. A segment Alp, |
consisting of only elements in Uf’il v/ is maximal if and only if A[p, ¢ is not a subsegment of
any other segment consisting of only elements in Uf’il ~f. Note that any two different maximal

3k /

segments consisting of only elements in | J;~, 7.

! must be disjoint according to our definition. Let

R = (r1,72,...,7r|) be all of the maximal segments, in left-to-right order, consisting of only

elements in U?kl 7. We set A" to 71 - (=00) -1y - (=00) - 13-+ (—00) - 1|5|, Where the symbol “.”
means concatenation. Since Y7y, opi [7i| < 321 cica Vil < D1<i<n 61 = 18kl, A is of length

The correctness follows from the next lemma which ensures that it is safe to delete elements

not in any segments of R.

Lemma 2.3: There exists a solution S = {si, s2,..., s} to the DSMSD problem instance

(A, k,1) such that each segment in S is a subsegment of some segment of R.

Proof: First we show that there exists a solution S = {s1, s9, ..., sx} to the DSMSD problem in-
stance (A, k, ) such that s; overlaps some segment of I fori = 1,... k. Let 8" = {s},s,,...,5},}
be a solution with fewest segments in it not overlapping any segments of I'. Let s be a segment

not overlapping any segment of I'. Since each segment in S’ has length shorter than 2/ and
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each segment of I' has length at least [, each segment in S’ can overlap at most three segments
of I'. Tt follows that at most 3(k — 1) segments of I' are overlapped with some segment in 5.
Since I' is composed of 3k segments, there exists some «; not overlapping any segment in S’
By the specification of I', we know d(v;) > d(s}). Thus, (5"/{s;}) U {~,} is a solution with
fewer segments in it not overlapping any segment of I', a contradiction.

It remains to prove that each segment in S is a subsegment of some segment of R. Let s;
be overlapped with v;, for i = 1,2,..., k. Since each s; is of length shorter than 2[, s; must be
a subsegment of 77 for i = 1,2,... k. Since each s; is a subsegment of v} and each v; is a

subsegment of some segment of R, each s; is a subsegment of some segment of R. Ll
Now we analyze the time complexity of our preprocessing.

Lemma 2.4: It takes O(n + klogk) time to compute A’'.

Proof: By Theorem 2.1, I" can be computed in O(n + klogk) time. Let IV = (7,...,75). It
is clear that I can be computed in O(kl) time and 'R can be computed in O(n) time. Since
D or<icir ITil < 2icicar Vil < Xi<icar 605 18K, A is of length O(kl) and can be computed in
O(kl) time. The total complexity is therefore O(n + kl + klog k) = O(n + klogk) time. [

The next theorem summarizes the results of this section.

Theorem 2.3: Given a DSMSD problem instance (A[l...n], k,{) with n > 10kl, we can reduce
it to a new DSMSD problem instance (A, k, 1) in O(n + klog k) time, where A’ is of length less
than 21kl.

Proof: Immediate from Lemmas 2.3 and 2.4. L]

2.4 The Main Algorithm

In the following, we describe an O(nk logl)-time algorithm for finding a solution to the DSMSD
problem instance (A[l...n|, k,1).
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Algorithm MAIN(A[l...n], k,1)

1 for j «— 1to k do

2 Compute D;[il], Seg;|il], and Pos;[il] for all i € {1,2,...,7}.

3 Run DC(, (t + 1)1, j, Pos,[tl], Pos;[(t + 1)I]) for all 0 <t < % — 1.

4 end for

5 Compute the solution with the help of U?Zl{Segj[l ...n]} and Ule{Posj[l ...n]}

Figure 2.2: A sketch of the main algorithm for the DSMSD problem.

Definition 2.1: Let Sol; ; be a solution to the DSMSD problem instance (A[1...1],7,1) such
that the position of the leftmost element, of the rightmost segment in Sol; ; is maximized. Define
D;li] to be the sum of densities of segments in Sol; ;, Seg;[i] to be the rightmost segment in

Sol; j, and Pos;i] to be the position of the leftmost element of Seg;|i].

Let DC(p, q,j, Pos;[p], Posjlq]) be a procedure for computing D;[i], Seg;[i], and Pos;[i]
foralli € {p+1,p+2,...,¢ — 1}, where ¢ = p <'l. A sketch of our main algorithm is

given in Figure 2.2. For simplicity, we assume that n is a multiple of [. Otherwise let a =
@[71-n)

max{|ai],|as|,...,|an|} +1 and E' = —4kl - a. We then append (E', E’,..., E’) to the end of

the sequence A. Note that for all £ disjoint segments (with lengths between [ and 2] — 1) of the
extended sequence, their sum of densities is greater than or equal to —k - a if and only if the k
disjoint segments are composed of only elements from A. It follows that the solution doesn’t
change with the extension.

We now explain the algorithm in detail.

Lemma 2.5: After Seg;[1...n| and Pos;[1...n] are known for j =1,...,k, a solution to the

DSMSD problem instance (A[l...n|, k1) can be found in O(k) time.

Proof: Suppose now Seg; and Pos; are known for j = 1,..., k. We describe an O(k)-time

procedure for finding a solution to the DSMSD problem instance (A[l...n],k,[) as follows.
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1. Initiate ¢ with n and Y with {}.
2. for j — kto1do
(a) Y «— Y U{Seg,[i]}.
(b) @ « Pos;[i] — 1.
end for

3. return Y.

By Lemma 2.5, the challenge now lies in computing D;, Seg;, and Pos; for all j in [1, k]
in O(nklogl) time. The computation consists of k iterations. In the j™ iteration, D;, Seg;,
and Pos; are computed in O(nlogl) time. In the following, we describe how to compute Dj,
Seg;, and Pos; in O(nlogl) time for each j by utilizing Lemma 2.6 below and the Chung-Lu
algorithm [25]. Note that given g < h, Definition 1 does not eliminate the possibilities where
Seg;lg] is a proper subsegment of Seg;[h]. Therefore, Lemma 2.6 is not a trivial consequence

of Definition 1.
Lemma 2.6: Pos;[1] < Pos;[2] <--- < Pos;[n—=1] < Pos;[n] for j =1,... k.

Proof: Suppose not. Let p < ¢ and Pos;[p] > Posj[q]. Let Sol,; = {s1,52,...,5;} be a
solution to the DSMSD problem instance (A[l,p],J,(), in left-to-right order, such that the
position of the leftmost element of s; is Pos;[p|. Let Sol,; = {s},55,...,5;} be a solution
to the DSMSD problem instance (A[l,ql,7,1), in left-to-right order, such that the position of
the leftmost element of s’ is Pos;[g]. We choose Sol, ; so that the position of the rightmost
element of s} is minimized. Let s; = Ally, ] and s = Alla, 5. Tt follows that rq is less than ro;
otherwise, we can either improve D;[p] (in case D,[q] > D;[p]) or increase the value of Pos;|q]
from I to Iy (in case D;[p] > D,[q]), where both lead to contradiction to the optimality of
Sol, ; or maximality of Pos;[q]. Let L = A[ly,l; —1] and R = A[r1+1,75]. By 1 < ra, we have
d(R) > d(L U s;); otherwise, we can replace s with A[ly, 7] and obtain an alternative solution
for Sol, ;, but it contradicts that the position of the rightmost element of s/ is minimized.
Suppose for contradiction that d(L) < d(s;). By d(R) > d(L U s;), we have d(R) >
d(L U s;j) > d(L). Tt follows that d(s; U R) > d(L), so d(s; UR) > d(LUs; UR) = d(s}), a
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contradiction. Thus, we have d(L) > d(s;). By d(R) > d(L U s;) and d(L) > d(s;), we have

d(R) > d(LUsj) > d(s;). Let Ay =d((LUs;) UR) —d(LUs;) and Ay = d(s; UR) — d(s;).

|R|-(d(R)—d(LUs;)) _ BRI (d(R)—d(s;))
LUs,UR] and Ay = S UR

d(R) > d(LUs;) >d(s;) and [LUs; UR| > |s; UR], it follows that A; must be less than A,,

Since

By simple algebra, we can see that A; =

d(s}) —d(L U s;) < d(s; UR) — d(s;). (2.1)

Since Sol,, ; is a solution to the DSMSD problem instance (A[1,p],7,1) and {s}, ... LuUs;}

7]17

is a set of j disjoint segments of A[1, p| of length between [ and 2] — 1, we have

Y d(s)+d(LUsy) < > d(sy) (2.2)

1<i<j—1 1<i<j
By (1) and (2), we have > ;. d(s;) + d(s}) < > 1cc; 1 d(si) +d(s; U R). It follows that
Sol, ; is not a solution to the DSMSD problem instance (A[1,¢], j,[), a contradiction. ]

The Chung-Lu Algorithm [25]. Given a sequence A of n number pairs (v;, w;) with w; > 0
and two positive numbers | < w, the Chung-Lu algorithm can find a mazimum-density segment
of A with length between | and u in an online manner in O(n) time. An algorithm is said to
run 1 an online manner if and only if it can processlits input piece-by-piece and maintain a

solution for the pieces processed so far.

Note that the data structures used by the Chung-Lu algorithm [25] are simple and concise,
and can be implemented in a reasonable amount of efforts. As a matter of fact, Chung and
Lu [25] solved a generalized version of the maximum-density problem considered previously
by [53]. For this generalized version, the only rival is the algorithm proposed in [41]. We
believe that the Chung-Lu algorithm would speed up in practice.

For technical reasons, we define D;[i], Seg;[i], and Pos;[i] to be —oo, NIL, and 0, respectively
if i < jl. We first compute D;tl], Seg;[tl], and Pos;tl] for all t € {1,2,..., 7%} and then for
all intermediate positions i € Uogtg%q{tl +1,tl+2,...,(t+ 1)l — 1}. The reason for this is
that for all intermediate positions ¢ with ¢l < i < (¢t 4+ 1)I, according to Lemma 2.6, we have
Pos;[tl] < Pos;i] < Pos;[(t + 1)l]. Therefore, if we first compute Pos;[tl] and Pos;[(t + 1)I],
then the following computation of Pos;i] for i € {t{+1,t1+2,...,(t+ 1)l — 1} becomes faster

because values lower than Pos;[tl] or greater than Pos;[(t + 1){] are not considered.
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Lemma 2.7: If we already know D;_;[1...n], Seg;j_1[l...n|, and Pos;_1[1...n|, then com-

puting D;lil], Seg;[il], and Pos;lil] for all i € {1,2,..., %} can be done in O(n) time.

Proof: The pseudo code is given in Figure 2.3. The procedure consists of 7 iterations. In the
it" iteration, we compute D;[il], Seg;|il], and Pos;[il]. We prove that each iteration takes at
most O(l) time, so the total time is O(n). For each i € {1,2,...,5 — 1}, the i** iteration can
be done in O(1) time by setting D;[il], Seg;[il], and Pos;[il] to —oo, NIL, and 0, respectively.
The j* iteration can also be completed in O(1) time by setting D;[jl], Seg;[jl], and Pos;[jl] to
D; 1[(7 -1l +d(A[(j — DI+ 1,41]), A[(j — 1){+1,4l], and (j — 1) + 1, respectively. Suppose
now we are in the i‘" iteration, where i > j. We first find the maximum-density segments s; of
A[t,il] with length between [ and 2l — 1 for all t € {(s — 1)l =2l +1,(¢: — 1)l = 21+ 2,...,il}
in O(l) time by taking A[t] as a number pair (A[¢],1) and using the Chung-Lu algorithm to
process A from position il to position (¢ — 1)i — 21 + 1.

Let ¢ be the largest t such that D; [t — 1]4+d(s;) is maximized. Then there are two cases
to consider. Case 1: Pos;[i] < (i — 1)l = 2[; In this case, it is clear that D,[il], Seg;[il],
and Pos;[il] are equal to D;[(i — 1)l], Seg;[(i = 1)l], and Pos;[(¢ — 1)I], respectively. Case 2:
Posjli] > (i — 1)l — 21+ 1. In this case, D;[il], Seg;[il], and Pos;[il] are set to D;_1[t' — 1]+sy,
sy, and ', respectively. We distinguish between Case 1 and Case 2 by comparing D;[(i — 1)I]
with D;_[t'—1]+sy. If D;[(1—1)l] > Dj_4[t'—1]+sy, then it is Case 1; otherwise it is Case 2. [J

Now we begin to describe how to compute D;[i], Seg;[i], and Pos;[i] for all i € Uogtg%—1{tl+
Ltl+2,...,(t+ 1)l =1} in O(nlogl) time.

Lemma 2.8: If the procedure DC(p,q,j, Pos;[p], Pos;[q]) can be implemented to run in
O((m' + n')logn’) time, where n’ = ¢ — p+ 1 and m' = Posj[q] — Pos;[p| + 1, then D;[i],
Seg;li], and Pos;[i] for all i € Uogtg%—f{tl + 1,tl+2,...,(t+ 1)l — 1} can be computed in
O(nlogl) time.

Proof: Let m; = Posj[(t + 1)I] — Pos;[tl] + 1 for t = 0,1,...,F — L. Zogtg%—lmt =
ZOStS%_l(POS‘j[(t‘{’ 1)l] — Pos;[tl] + 1) = Pos;j[n] — Pos;[0] 4+ % = O(n). Since (t+1)l —tl =1,
D;li], Segjli], and Pos;[i] for all ¢ € {t{ + 1,tl +2,...,(t + 1)l — 1} can be computed in
O((my +1)logl) time by calling DC(tl, (t 4 1)I, j, Pos;[tl], Pos;[(t + 1)l]). The total complexity
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for computing D;[i], Seg;[i], and Pos;|i] for all i € Uogtg%—1{tl + 1Lt 4+2,...,(t+1)—1}is
therefore O(Zogtg%—l(mt + 1) logl) = O(nlogl). O

Procedure PREPARATION

Input: j.

Goal: Compute D;lil], Seg;|il], and Pos;[il] for all i € {1,2,...,

~I3
—

(* D;_1[1...n], Seg;—1[1...n], and Pos;_1[1...n| are known. *)

1 fori<—1to%do

2 if i <j then

3 D;il] « —o0, Seg;[il] < NIL, and Pos,[il] < 0.

4 else if i = j then

5 Dyt « Dyl — DI+ d(ALG — 1)1+ 1,71,

6 Seglil] — Al — 1)l + 1,41

7 Pos;[jl] «— (j — 1)l + 1.

8 else

9 Find the maximum-density segments s; of A[t,il] with length between [ and 2] — 1
10 forallt € {(i — 1)l — 20+ 1, (z.— 1)1 — 2L+ 2,5, , 4l }

11 t' « the largest ¢ such that D;_;[t — 1]+d(s;) is maximized.

12 if D;[(¢ —1)l] > Dj_4[t' — 1] + sy then

13 D;[il] < D;[(i — 1)l], Seg;[il] < Seg;[(i — 1)], and Pos;[il] < Pos;[(i — 1)l].
14 else

15 D;lil] «— Dj_1[t' — 1] + sy, Seg;[il] < sy, and Pos;[il] « .

16 end for

Figure 2.3: Computing D;[il], Seg;[il], and Pos;[il] for all i € {1,2,...,7}.

Lemma 2.9: If we already know D;_4[1...n|, Seg;_1[1...n], and Pos;_1[1...n], then the

procedure DC(p, q, j, Posj[p], Pos;[q]) can be implemented to run in O((m' + n’)logn’) time,

where ' = ¢ — p+ 1 and m’ = Pos;[q] — Pos;[p|] + 1.
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Proof: The pseudo code is given in Figure 2.4. Let ¢ = |(p + ¢)/2]. We first compute
Djlc], Seg;lc], and Pos;[c] in O(n' + m') time (to be proved below) and then recursively call
DC(p, ¢, j, Pos;[p|, Posjc]) and DC(c, q, j, Pos;|c], Posj[q]). Let T'(n’,m’) be the running time
of DC(p, q, j, Pos;[p], Pos;[q]). Since Posj|c| is between Pos;[p] and Pos;[q] by Lemma 2.6, we
have T'(n',m') < T(|%] —1,2) +T([%] — 1,m' — 2+ 1) for some integer z in [1,m/]. It follows
that T'(n/,m’) = O((m' + n') logn').

It remains to explain how to compute D;[c|, Seg;|c|, and Posj[c] in O(n’ +m’) time. Note
that since ¢ — p <[, we have Pos;[q] < p+ 1. If ¢ < jl, then we directly set D;[c|, Seg;|c], and
Pos;[c] to —oo, NIL, and 0, respectively. Otherwise, we do the following. First we compute
the maximum-density segments s, of A[t, ¢| of length between [ and 2 — 1 with the position of
the rightmost element not in (Pos;[q],p + 1) for all ¢t € {Pos,[p|, Pos;j[p] + 1,..., Pos;[q]} in
O(n' + m') time by taking A[i] as a number pair (A[é], 1) for ¢ not in [Pos;[¢] + 1,p + 1] and
the whole segment A[Pos;[q] + 1, p+ 1] as'a number pair (3_p,, (11<i<p+1 Alil, 0 — Pos;lg] +1)
and using the Chung-Lu algorithm to process A[Pos;[p|, c|] from right to left.

Let ¢’ be the largest ¢ such that D;_1[t — 1] +d(s;) is maximized. Then there are two cases
to consider. Case 1: Dj[p] > D;_1[t' — 1] + d(sw) or' both D;[p| = D,;_4[t' — 1] + d(sy) and
t' = Pos;[p|]. In this case, Djlc|, Seg;l¢], and Posj|c] are set to D;[p|, Seg;[p], and Pos;[p],
respectively. Case 2: Dj[p] < D;_1[t" — 1] + d(sy) or both D;[p| = D;_4[t' — 1] + d(sy) and
t' > Pos;[p|. In this case, D,[c], Seg;[c], and Pos,[c] are set to D;_1[t' — 1] 4+ d(sy), sy, and ¥/,

respectively. L]

The next theorem summarizes the results of this section.

Theorem 2.4: Given a DSMSD problem instance (A[l...n],k,[), we can find a solution in
O(nklogl) time.

Proof: By Lemmas 2.7, 2.8, and 2.9, computing D;, Seg;, and Pos; can be done in O(nlog!)
time in the j™ iteration for j = 1,..., k. Thus, computing D;, Seg;, and Pos; for all j in [1, k]
can be done in O(nklogl) time. After Seg; and Pos; are found for j = 1,...,k, a solution to

the DSMSD problem instance (A[l...n],n, k) can be found in O(k) time by Lemma 2.5.  [J
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Procedure DC

Input: p,q,j, Pos;[p|, and Pos,|q], where ¢ —p <.

Goal: Compute D;,[i], Seg;[i], and Pos;|i] for alli e {p+1,p+2,...,9—1}.
(*D;_1[1...n], Seg;_1[1...n], and Pos;_4[1...n| are known*)
Le—[lp+a)/2]

2 if ¢ < jl then

3 Djc] <« —o0, Segjlc|] < NIL, and Pos;[c] < 0.

4 else

5 Find the maximum-density segments s; of A[t,c| of length between [ and 2] — 1
6 with the position of the rightmost element not in (Pos;[q],p + 1)

7 for all t € {Pos;[p|, Pos;[p] + 1,..., Pos;[q]}.

8  t' « the largest ¢ such that D;_ [t — 1]+ d(s;) is maximized.

12 if Dj[p] > D,;_4[t' — 1] + d(sy) then
13 D;lc] < Dj|p], Seg,[c] < Seg;[p], and Pos;|c| < Pos;[p].
14 else if Djp] = D;_1[t' — 1] + d(s#) and t' = Pos,[p] then

16 Djlc] < Dj[p], Segjlc] <+ Seg;[p], land Pos;[c| «— Pos;[p].
17 else
18 Djlc] < D;j_1[t' — 1] +d(sv), Segjlc] < sv, and Pos;[c] — t'.

19 if ¢ — p > 2 then
20  Call DC(p, ¢, j, Pos;[p], Pos;]c]).
21 if ¢ — c > 2 then
22 Call DC(c, q, j, Posj|c], Pos;[q])-

23 return

Figure 2.4: Computing D;[il], Seg;[il], and Pos;[il] for alli € {p+ 1,p+2,...,q¢—1}.
2.5 The Complete Algorithm

We now explain how to find a solution to the DSMSD problem instance (A[l...n]|,k,l) in
O(n + K*llogl) time. If n < 10kl, by Theorem 2.4, we can find a solution in O(nklogl) =
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O(10k*l1ogl) = O(n + k*llogl) time. Otherwise, by Theorem 2.3, we can first reduce the
original DSMSD problem instance (A[l...n|,k,1) to a new DSMSD problem instance (A’, k, 1)
in O(n + klogk) time, where A’ is of length less than 21k{. Then, by Theorem 2.4, a solution
to the problem instance (A4, k,l) can be found in O(21k*/logl) = O(k?*llog!) time. The total
time is O(n + klogk + k*llogl) = O(n + k*llog1).

Theorem 2.5: Given a DSMSD problem instance (A[l...n], k,[), we can find a solution in
O(n + k?*llogl) time.

2.6 Notes

In this chapter we study the problem of finding & disjoint segments, each of length at least [,
such that the sum of their densities is maximized and give an O(n + k*/logl)-time algorithm
for it. To the best of our knowledge, there is no nontrivial lower bound proved so far for this
problem. Thus there is still a large gap between the trivial lower bound of O(n) and the upper
bound of O(n + k*llogl). Bridging this gap remains an open problem. Moreover, it is also
interesting to see whether our techniques could accelerate the algorithms for the other problems
considered in [14]. Finally, none of the methods for this problem, including ours, has yet been
implemented. It might just as well carry out some empirical study for comparing those available

methods in practice.
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Chapter 3

Length-Constrained Max-Eccentricity

Segments

Given a sequence of n real numbers A = (ay, as, . . ., a,) and an integers L, define the eccentricity

of a segment Ali, j] to be ecc(i, j) = % The problem is to find a segment Ali, j|
ength(i,j

maximizing the eccentricity ece(i, j) subject to length(i,j) > L. For the case where there is no
length constraint, i.e. L = 1, Lipson et al. [56] proposed an approximation scheme. Given any
¢ € (0,1/5], their approximation scheme runs in O(ne ?) time and outputs a segment A[i, j]
such that ecc(i, j) is at least Opt/af(e), where Opt is the maximum possible eccentricity and
ale) = (1 — y/2¢(2 +¢€))~!. There was no known subquadratic time exact algorithm before
even for the case where there is no length constraint. In this chapter, we propose an exact

algorithm which copes with the general case and runs in O(nT(LLll/;)) time, where T'(n’) is the

time required to solve the all-pairs shortest paths problem on a graph of n’ nodes. By the
latest result of Chan [19], T'(n') = O(n’?’%), so our algorithm runs in subquadratic time

O(nL(hzigj—i)Lf). It should be noted that our result immediately implies an O(n)-time exact

algorithm for the case where there is no length constraint.

3.1 Preliminaries

In the following, we review some definitions and theorems. For more details, readers can refer

to [15, 16, 31].
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Definition 3.1: A function f : Rt x R — R is said to be quasiconver if and only if for all

points u,v € R* x R and all A € [0,1], we have f(A-u+ (1 —X\)-v) <max{f(u), f(v)}.
Lemma 3.1: [16] Define f : RT x R by letting

if s > 0;

Y

fles) =< V"
0 otherwise.

Then f is quasiconvex.

Theorem 3.1: [15] Given a sequence of n numbers A = (ay,as, ..., a,), a length lower bound
L, and a quasiconvex score function f : RT x R — R, there exists an algorithm, denoted by
MSS(A, L, f), which can find a segment Ali, j] that maximizes f(length(i, j), sum(i, 7)) subject
to length(i,j) > L in O(n) time.

By the fact f(¢,s) = s is quasiconvex and Theorem 3.1, we have the following corollary,

which was also proved in [31, 53].

Corollary 3.1: There exists an O(n)-time algorithm for finding a segment A7, j| maximizing

sum(i, j) subject to length(i,j) > L.

We next prove that if all segments with lengths > L have negative sums, then the optimal

solution must have length less than 2L.

Lemma 3.2: If sum(p,q) < 0 holds for each segment A[p,q| of length at least L, then

length(p*.¢*) < 2L. wh * g*) = .
ength(p*, ¢*) , where (p*,¢*) = arg g AX ecc(p, q)

Proof: Let (p*, ¢*) = arg. rg(ax»L ecc(p, q). Suppose for contradiction that length(p*,¢*) >
ength(p,q) >

2L. Let ¢ = | (p*+q¢*)/2] and c3 = ¢;+1. Then we have length(p*, ¢1) > L and length(cy, ¢*) >

. sum(p*,q*) _ sum(p*,c1)+sum(ca,q*)
L. Since 7onsmtera) = Tongh(p o) Hlength(ear)? WO DAV
% * * % *
sum(p*, q") sum(p*, c1) sum(p*, q*) sum(ca, q*)

length(p*,q*) — length(p*,c1) — length(p*,q*) ~ length(cs,q*)

sum(p*,q*) sum(p*,c1)
length(p*,q*) — length(p*,c1)

sum(p*,q*) sum(p*,c1)
length(p*,q*) — length(p*,c1

0 and +/length(p*, q*) > \/length(p*, c1), we have
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length(p*, ¢*) - sum(p*, q*) _ length(p*, cy) - sum(p*, c1)

length(p*, q*) length(p*, c1)
sum(p*, q*) sum(p*, c1)
length(p*, q*) length(p*, c1)

& ece(p, qx) < ecc(p®, cq).

It contradicts (p*,¢*) = ar max  ecc . L]
(p*,q%) 8 o RAX (p,q)

3.2 Subroutine

In the following we give a new algorithm for the MIN-PLUS CONVOLUTION PROBLEM, which
serves as a subroutine in our algorithm for the LENGTH-CONSTRAINED MAX-ECCENTRICITY
SEGMENTS problem. The min-plus convolution of two vectors x = (xg, 21, ...,2,_1) and
Y = (Yo, Y1,---,Yn_1) is a vector z = (20,5154, 2n-1) such that zp = min®_ {z; + yx_;} for
k=0,1,...,n — 1. Given two vectors x = (:co,a:.l, AL xn) and y = (Yo, Y1, .-, Yn—1), the
MIiIN-PLUS CONVOLUTION PROBLEM is to compute the min-plus convolution z of x and y.
In the following, we give an O(n!/?T(n'/?))-time algorithm for the MIN-PLUS CONVOLUTION
PROBLEM, where T'(n) is the time required to solve the all-pairs shortest paths problem on

a graph of n nodes. To date, the best algorithm for computing the all-pairs shortest paths

3 (loglogn)?
(logn)?

)-time algorithm for the min-plus convolution problem.

problem on a graph of n nodes runs in O(n ) time [19]. Thus, our work implies an

(loglogn)3
O(n* gny

Definition 3.2: The min-plus product BC' of a d x n’ matrix B = [b; ;] and an n’ x d matrix

C =[] is a d x d matrix D = [d; ;] where d; ; = min} ' {b; + cx,}-

Note that the notion of “min-plus product” is different from the notion of “min-plus con-
volution”. Tt is well known [1] that the time complexity of computing the min-plus product of
two n’ x n’ matrices is asymptotically equal to that of computing all pairs shortest paths for a
graph with n’ vertices. The next lemma was proved by Takaoka in [72]. The proof of the next

lemma was also given in [72], and we include it here for completeness.

27



Lemma 3.3: [72] Given a T'(n')-time algorithm for computing the min-plus product of any
two n/ x n/ matrices, the computation of the min-plus product of B and C', where B is a d x n/

matrix and C' is an n’ X d matrix, can be done in O(%T(d)) time if d < n/.

Proof: For simplicity we assume that d divides n. We first split B into n’/d matrices
B, ..., Byq of dimension d x d and C into n'/d matrices Ci,...,Cp/q of dimension d x d.
Then we can compute {B,Cy, BoCy, ..., By aCuq} in O(dT(n'/d)) time by the given algo-
rithm. The (4, 7)-th entry of the min-plus product of B and C' is minzlz/f {the (i, 7)-th entry of
BiCr}. O

Our new algorithm for the MIN-PLUS CONVOLUTION PROBLEM is as follows.

Algorithm MINPLUSCONVOLUTION

Input: x = (g, 21, ..., 1) and Yy = (Yo, Y1, - Yn_1)-

Output: z = (20, 21,...,2,_1) such that z = min% j{z; +yp s} for k=0,1,...,n— 1.
1: Construct an [n'/2] x (2n — 1) matrix B = [b;;] such that the i row of B

ix[nt/2]

is equal to (0o, ..., 00, Lo, L1, .. T, 00, ..., 00) fori=0,1,..., [n'/?] — 1.

2: Construct a (2n — 1) x [n'/2] matrix C = [¢; ;] such that the transpose

j
of the 7 column of C' is equal to (50, .., 00, Un-_1, Yn-2,- - -, Yo, 0O, - . . , OO)

for j =0,1,...,[n"/?] — 1.
3: Let D = [d; ;] be the min-plus product of B and C.
4: for k —0ton—1do
Find 4, j such that k =i x [n!/?] 4 j, where 0 < j < [n'/?].
Set z;, to d; ;.
end for

5: return z = (20,21, .-+, Zn_1)-

The following lemma ensures the correctness.
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. iX[n

Lemma 3.4: In MINPLUSCONVOLUTION, d;; = min, UQHj{xt + Yispurrzgjey if 0 <

ix [nY?]4+j<n—1.

Proof:
Qn.—l
dij = min{bi; +ci;}
n—2—ix[nl/2] ntj—1

2n—1
= mln{ rtn:%l {b@t + Ct,j}, t:nflr?z‘iil[nl/ﬂ{bi’t + CtJ’}, tI:ILi_’I_Ij{biyt + CtJ}}

n—2—ix[nl/2] ntj—1 2n—1
= min{ min {co+c,}, min {bi++ c;}, min {b;; + oo}}
t=0 t=n—1—ix[nl/2] t=n+j

n+j'71 {b }
= min it + Cei
t=n—1—ix[n1/2] ! b
= min{zo + Yix /21451 L1 1 Yix[nt/2145=1. 1 F Tixn/2145 T Yo}
ix[n'/2]+j
= it {Te + yx ]—n1/2]+j—t}

We now analyze the time complexity. Let 7'(n) denote the time required to compute the
min-plus product of two n x n matrices. Steps 1 and 2 take O(n?/?) time, and by Lemma 3.3,
Step 3 takes O(Z7 T ([n'/?])) = O(n!2T(n'/?)) time. Steps 4 and 5 take O(n) time. Therefore,
the total running time is O(n'/2T(n'/?) +n3?2). Since T(n) = Q(n?), we have O(n'/?T(n'/?) +

n3/%) = O(n'/?T(n'/?)). Theorem 3.2 summarizes our results for the MIN-PLUS CONVOLUTION

PROBLEM.

Theorem 3.2: The running time of Algorithm MINPLUSCONVOLUTION is O(n'/2T(n'/?)),

where T'(n) is the time required to compute the min-plus product of two n x n matrices.

The next Lemma was proved by Bergkvist and Damaschke in [14].

Lemma 3.5: [14] Given a sequence A = (ay,as,. .., a,), the MAXIMUM CONSECUTIVE SUMS
PROBLEM is to compute a sequence (wy, wy, ..., w,) where w; = max{zg:p aj : length(p,q) =
i} for each i =1,2,...,n. The MAXIMUM CONSECUTIVE SUMS PROBLEM can be reduced to

the MIN-PLUS CONVOLUTION PROBLEM in linear time.
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Corollary 3.2: Given a sequence A = (ay,as,...,a,), we can compute in O(n'/2T(n'/?))
time a sequence (wy,ws,...,w,) such that w; = max{zgzp a; : length(p,q) = i} for each
i = 1,2,...,n by making use of the Alogirthm MINPLUSCONVOLUTION, where T'(n) is the

time required to compute the min-plus product of two n x n matrices.

Proof: Immediately from Theorem 3.2 and Lemma 3.5. L]

3.3 Algorithm

We next show how to solve the LENGTH-CONSTRAINED MAX-ECCENTRICITY SEGMENTS
problem in O(nT(LLl—l/;)) time, where T'(n') is the time required to compute the min-plus product
of two n’ x n’ matrices. To avoid notational overload, we assume that 4L divides n. By
Corollary 3.1, we can find a segment A[i, j] maximizing sum(i,j) subject to length(i,j) > L
in linear time. Then there are three cases to consider: (1) sum(i, j) = 0; (2) sum(i,j) > 0; (3)
sum(i,j) < 0. If it is Case 1, then A[i, j] must be an optimal solution, and we are done. If

it is Case 2, then we know there is at least one segment satisfying the length constraint with

positive sum. Define f(¢, s) by

if s > 0;

~

OB,
0  otherwise,

By Lemma 3.1, f is quasiconvex, so we can call MSS(A, L, f) to find the segment A[i', j'|
maximizing f(¢', j') subject to length(i’,j') > L in linear time. Clearly, A[i’, j/] is an optimal
solution, and we are done. If it is Case 3, i.e., all segments satisfying the length constraint have
negative sums, we do the following. First, by letting A; be the segment A[2kL + 1,2kL + 4L]
for each k = 0,1,..., 57 — 2, we can divide the whole sequence A[l,n] into 5 — 1 segments,
each of length 4L. See Figure 3.1 for illustration. By making use of Corollary 3.2, we are
able to compute the segment Aliy, jx] C Ay maximizing the eccentricity subject to the length
constraint in O(L'Y/?T(L'?)) time for each k = 0,1,..., 2+ —2. According to Lemma 3.2, some

Alig, ji] must be the optimal solution. The detailed algorithm is given below.
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n
AO A2 ................... A(H/ZL)-4 A(n/2L)-2
2L Al A3 ................... A(H/ZL)-3
>
4L

Figure 3.1: Mlustration of A;,7=0,1,2,..., 57 — 2.

Algorithm CoMPUTEMES

Input: A sequence A of n numbers and a length lower bound L with 1 < L < n.
Output: A segment A[i, j] maximizing ecc(i, j) subject to length(i,j) > L.

1: (i, .
(4,7) < arg g sum(p, q)

2: if sum(i, j) = 0 then return A[i, j].
3: if sum(i,j) > 0 then
1: Define f: RT x R by letting f(¢, s) = \/iz if s > 0'and 0, otherwise.
2: return MSS(A, L, f).
4: for k < 0 to 57 —2 do
1. Compute (wy, ..., wsr), where w; = max{sum(p, q)| length(p,q) = j and 2kL+1 <
p<q<2kL+4L} foreach j =1,...,4L.
2. Compute ecc; = % foreach j =L, L+1,...,2L — 1.

2L—-1

3. Jk < argmax;_ " ecc;.

- 2k L+AL—j+1 S
4. i < argmax;_q,; | ecc(i, i+ jp — 1).

5: return the max-eccentricity segment in {A[io, jo], Ali1, ji],. .., Alin 5,jn ]}
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Theorem 3.3: Algorithm CoMPUTEMES solves the LENGTH-CONSTRAINED MAX-ECCENTRICITY

T(L'/?)

SEGMENTS problem in O(n W

) time, where T'(n’) is the time required to compute the min-

plus product of two n’ x n’ matrices.

Proof: We begin by considering the correctness. Let (i,j) = arg r}}(ax) Lsum(p, q) and
ength(p,q)=

(i*,7%) = arg g AX ecc(p, q).

In the case where sum(i,j) = 0, we have ecc(p,q) = %Z’(q)) < 0 for all (p,q) with
ength(p.q

length(p,q) > L. It follows that 0 > ecc(i*, j*) > ecc(i, j) = 0, so A[i, j] is an optimal solution.

In the case where sum(i,j) > 0, we have ecc(i*, j*) > ecc(i,j) > 0. Let f(¢,s) = /i
if s > 0 and 0, otherwise. By Lemma 3.1, f is quasiconvex, so the call to MSS(A, L, f)
returns a segment A[i’, '] maximizing f(7', j') subject to length(i’, ') > L. We next prove that
ecc(i', j') > ecc(i*, j*), so A, j'] is an optimal solution. Note that for any segment Alp, |,
we have f(p,q) = ecc(p,q) as long as ecc(pyq) > 0 or f(p,q) > 0. Since ecc(i*, j*) > 0, we
have ecc(i*, j*) = f(i*,j*) > 0. It follows that f(¢,j") = f(i*,7*) > 0, which implies that
ecc(i’,j') = f(i',j"). Therefore, ecc(i’, ') = f(i', 7)) = f(i*, 7%) = ecc(i*, j*).

In the case where sum(i, j) < 0, we have|length(i*, j*) < 2IL by Lemma 3.2. It follows that
Ali*, j*] must be contained in A[2kL + 1,2kL + 4L] for some k € {0,1,..., 57 — 2} and thus
the segment returned at Step 5 must be an optimal solution.

We next analyze the running time. By Corollary 3.1, Step 1 takes O(n) time. Step 2 takes
constant time. By Theorem 3.1, Step 3 takes O(n) time. By Corollary 3.2, each iteration of
the loop at Step 4 takes O(LY?T(L'?) + L) time. Thus Step 4 takes O(%LY*T(L'/?) + n) =
O(nT(LLll/;)) time. Step 5 takes O(n/L) time. Therefore the total running time is O(n LLll/f) ). O

3.4 Notes

To the best of our knowledge, there is not any non-trivial lower bound for the LENGTH-

CONSTRAINED MAX-ECCENTRICITY SEGMENTS problem proved so far. Thus, there is still

I (loglog L)3 )

a large gap between the trivial lower bound of O(n) and the upper bound of O(n o L7

for the LENGTH-CONSTRAINED MAX-ECCENTRICITY SEGMENTS problem. Bridging this gap

remains an open problem.
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Chapter 4

Sum-Constrained Max-Density

Intervals

Given a sequence D = ((s1,01), (82,2) ..., (Sn, £n)) of number pairs, where ¢; > 0 for all i, de-

fine the aberrance of an index interval I = [i;5] = {é,7+1,...,7} to be aberr(i,j) = \Zij;szl
k=i*k

Consider the following problems arising in association rule mining [39, 40], computational bi-

ology [3, 15, 20, 24, 25, 31, 41, 44, 48, 51, 53, 73], and statistics [28].

e SUM-CONSTRAINED MAX-DENSITY INTERVAL (SDI) PROBLEM: Given a sequence D =
((s1,01), (s2,02),...,(sn,£,)) of number pairs, where ¢; > 0 for all i, and a sum lower
bound L, an index interval I = [i, j] is said to be endorsed if and only if sum(i, j) > L.
The problem is to find an endorsed interval I = [i,j] maximizing the density d(, j).
Bernholt et al. [15]’s results imply an O(nlogn)-time algorithm for this problem, and we

give an O(n)-time algorithm in this chapter.

e DENSITY-CONSTRAINED MAX-SUM INTERVAL (DSI) PROBLEM: Given a sequence D =
((s1,01),(s2,02),...,(Sn,Ln)) of number pairs, where ¢; > 0 for all 7, and a density lower
bound L, find an index interval I = [i, j] maximizing the sum sum(i, j) subject to d(i, j) >
L. Bernholt et al. [15]’s results imply an O(nlogn)-time algorithm for this problem, and
recently, Cheng et al. [24] obtained an O(n)-time algorithm.

e LENGTH-CONSTRAINED MAX-DENSITY INTERVAL (LDI) PROBLEM: Given a sequence

D = ((s1,01), (s2,02),...,(Sn,¢,)) of number pairs, where ¢; > 0 for all i, and a length
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lower bound L, find an index interval I = [i, j] maximizing the density d(i,j) subject to
length(i,5) > L. This problem was studied in [15, 25, 39, 41, 44, 48, 51, 53] and can be
solved in O(n) time [15, 25, 39, 41, 51].

e DENSITY-CONSTRAINED MAX-LENGTH INTERVAL (DLI) PROBLEM: Given a sequence
D = ((s1,01),(s2,02),...,(Sn,{,)) of number pairs, where ¢; > 0 for all 4, and a density
lower bound L, find an index interval I = [i, j] maximizing the length length(i, j) subject
to d(i,7) > L. This problem was studied in [3, 15, 20, 39, 73] and can be solved in O(n)
time [39].

e LENGTH-CONSTRAINED MAX-ABERRANCE INTERVAL (LAI) PROBLEM: Given a se-
quence D = ((s1,01),(s2,02),...,(Sn, {,)) of number pairs, where ¢; > 0 for all 7, a length
lower bound L, and a length upper bound U, find an index interval I = [i, j| maximizing
the aberrance aberr(i,j) subject to L < length(i,j) < U. Bernholt et al. [15] proposed

an O(n)-time for this problem.

e LENGTH-CONSTRAINED MAX-SUM INTERVAL (LSI) PROBLEM: Given a sequence D =
((s1,01),(s2,02),...,(Sn,Ly)) of number pairs, where ¢; > 0 for all ¢, and a length lower
bound L, find an index interval I = [i,j| maximizing the sum sum(i,j) subject to

length(i,j) > L. This problem was solvable in O(n) time by algorithms in [15, 31, 53].

4.1 Preliminaries

For ease of exposition, we assume the sum lower bound L > 0 in subsequent discussion. The
restriction can be overcame as follows. If L < 0 and s; > 0 for some 4, then it is safe to reset
L to 0. Otherwise, if L < 0 and s; < 0 for all 4, let D' = ((s},0)), (s5,05),...,(sh, L)) =

(01, —s1), (3, —52), ..., ({n,—s,)) and U = —L. The problem is then reduced to finding an

J / .
index interval I = [i, j| that maximizes Z’;;’Zf subject to Y 7_. ¢, < U, which is solvable in
k=i"k

O(n) time in an online manner by Chung and Lu’s algorithm [25].

Let S = (s1,82,...,8,) and Pg[0..n] be the prefix-sum array of S, where Ps[0] = 0 and
Pgli] = Pgli—1]+s; for each i = 1,2,...,n. Let £ = (1, 0s,...,¢,) and P¢[0..n] be the prefix-
sum array of £, where P¢[0] = 0 and P,[i] = Pgli—1]+¢; for each i = 1,2,...,n. Both Ps and
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P, can be computed in O(n) time in an online manner. Note that sum(i, j) = Ps[i] — Ps[j — 1],
length(i,j) = Pgli] — Pelj — 1], and d(i,7) = %. Therefore, by keeping Ps and Py,
each computation of the sum, length, or density of an index interval can be done in constant
time. We next introduce the notion of partners. For technical reasons, we define sum(0,p) = L

and d(0,p) = —oo for all indices p.

Definition 4.1: Given an index ¢, an nonnegative integer p is said to be a partner of ¢ if and

only if sum(p,q) > L.

Definition 4.2: Given an index ¢, an integer p is said to be the best partner m, of ¢ if and

only if p is the largest partner of ¢ such that d(p,q) = max{d(i,q) : i is a partner of ¢}.

Definition 4.3: Denote by 7, the right most partner (i.e., the largest partner) of index g.

Define the ideal right most partner of index g as 7, = uax .
<p<q

Definition 4.4: An index ¢ is said to be a good indez if and only if 7, = ;.

Let ¢* be an index that maximizes d(mg, ¢*). If 7« = 0, then there is no endorsed interval;
otherwise, index interval |7+, ¢*] is a maximum-density endorsed interval. Therefore, to solve
the SDI problem, it suffices to find index ¢*. The next lemma enable us to eliminate bad indices

from consideration.

Lemma 4.1: If ¢ is a bad index, then index interval [r,, ¢] is not a maximum-density endorsed

interval.

Proof: If ¢ is a bad index, then there exist p < ¢ such that r, < 7, = r,. Since sum(p,7,) > L
and sum(q,7,) < L, we have s, > s,. It follows that if index interval [r,,¢| is an endorsed
interval, then index interval [m,, p] is an endorsed interval and d(m,, p) > d(m,, q). Thus, index

interval [m,, ¢ is impossible to be a maximum-density endorsed interval. ]
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4.2 Subroutine

We next give a subroutine to compute r, for all good indices ¢ in O(n) time. The pseudocode is
given below, where the goal is to fill in an array R[1..n], initialized with -1’s, such that R[i] = r;

for all good indices ¢ and R[i] = —1 for all bad indices i at the end.

Subroutine RMP
1: Create an array R[l..n| initialized with -1’s.
2: R 0.
3: Create an empty list C;

4: for 7 < 1 ton do
5. while C is not empty and sum/(C.lastElement() + 1,i) < 0 do

6: Delete from C' its last element.

7. end while

8:  Insert ¢ at the end of C.

9:  if sum(R,i) > L or sum(C.firstElement(),i) > L then
10: while C is not empty and sum/(C.first Element(),7) > L do
11: R — C.firstElement(),

12: Delete from C' its first element.
13: end while

14: R[i] — R.

15:  end if

16: end for

17: return R[1..n].

The Subroutine RMP consists of n iterations, in the i*" iteration, R[i] is reset to r; if ¢ is
an good index. To accomplish this task efficiently, we maintain a list C' and a variable R such

that at the end of the ' iteration the following conditions hold.
1. For each two adjacent elements p < ¢ in C, sum(p +1,q) > 0.
2. For any index ¢ > i, if 7, € [R, i], then r, € C'U {R}.
3. R=1i
It is clear that R[1] = r; = 0 and the three conditions hold at the end of the first iteration

of the for-loop. Suppose that the three conditions hold at the end of the (i — 1) iteration

of the for-loop. We prove that R[i] is reset to r; in the " iteration of the for-loop if and
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only if 7 is a good index and the three conditions hold at the end of the i iteration of the
for-loop. Consider the moment immediately before the execution of line 9 in the i iteration
of the for-loop. It is clear that condition 1 still holds at this moment. We next prove that
condition 2 also holds at this moment. Suppose for contradiction that some r,, where g > 4, is
removed from C during the execution of the while-loop of lines 4 ~ 7. A necessary condition
for r, to be deleted is sum(r,+1,i) < 0. It follows that sum(i, q) > sum(r,,q) > L, so r, is not
the right most partner of ¢, a contradiction. Therefore, we have conditions 1 and 2 hold and
R =ty just before the execution of line 9. We next examine the execution of lines 9 ~ 15.
Consider the following three cases.

Case 1: r; & C' U{R} just before the execution of line 9. By condition 2, we have r; < 1,
so index ¢ is not good and 7;_; = 7;. Thus, condition 3 holds just before the execution of line 9.
In this case we fail the test condition in line 9 so lines 10 ~ 14 are not executed. Therefore,
RJ[i] is not reset, and conditions 1 ~ 3 hold at the end of the i*" iteration of the for-loop.

Case 2: r; = R just before the execution of line 9. It follows that index 4 is good and
7;_1 = r; = 7;. Thus, condition 3 holds just beforfa the execution of line 9. The body of the
while-loop of lines 10 ~ 13 is not executed in this case. Therefore, R[] is reset to R = r; in
line 14, and conditions 1 ~ 3 hold at the end of the i*? iteration of the for-loop.

Case 3: r; € C just before the execution of line 9. It follows that r; > 7;_1, so 7; = r; and
index 7 is good. By conditions 1, for all ¢'€ C before r;, sum(c,1) > sum(r;,i) > L. Moreover,
since r; is the right most partner of i and indices in C' are in increasing order, for all ¢ € C
after r;, sum(c,i) < L. Therefore, we have R = r; holds after the execution of the while-loop
of lines 10 ~ 13. It follows that condition 3 holds at the end of the i iteration of the for-loop
since r; = 7;. It is clear that deleting from C' a prefix has no harm to condition 1, so it remains
to prove that condition 2 still holds. Suppose for contradiction that condition 2 does not hold
at the end of the i" iteration of the for-loop. It follows that some r, with r; < r, < i is
removed from C'; which leads to a contradiction because r; is the largest index removed from
C' in the while-loop of lines 10 ~ 13.

We next analyze the running time. In each iteration of the while-loop of lines 5 ~ 7 and the
while-loop of lines 10 ~ 13, there is one index in C' removed. Since each index is inserted into

C' at most once, the time spent on these two while-loops is bounded by O(n). To summarize,
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we have the following lemma.

Lemma 4.2: Subroutine RMP computes in O(n) time an array R[1..n| such that R[i] is the

right most partner of ¢ if 7 is a good index and R[i] = —1 if i is a bad index.

Denote by ¢(x,y) the largest z in [x, y] that minimizes d(z, z). We next describe a subroutine
which finds the largest p € [[,u] that maximizes d(p, q) given 0 < [ < u < g. The pseudocode
is given below, where we initialize a variable p with value [ and then repeatedly resetting p to
é(p,u — 1) + 1 until p = u or the lowest density interval starting from p and ending before u
has the same density as interval [p, q]. The pseudocode is given below.

Subroutine BEST(I,u, q)
1: p« L

2: while p < uw and d(p, ¢(p,u — 1)) < d(p,q) do
3 peopu—1)+1
4: end while
5: return p.

Lemma 4.3: [25] The call to BEST(/, u, q) returns the largest p € [l, u] that maximizes d(p, q)

if0<i<u<yq.

Lemma 4.4: Let p be the return value of the call to BEST(l,r,,q). Then p = n, if m, € [I, 7]

and 0 <[ <r,.

Proof: Suppose that p is not a partner of ¢, i.e., sum(p,q) < L < sum(ry, q). It follows that
d(p,q) < d(rq,q), which contradicts Lemma 4.3. Thus, p must be a partner of ¢. Suppose for
contradiction that p # m,. Since p is a partner of ¢, by the definition of best partners, we have

either (d(p, q) < d(my,q)) or (d(p,q) = d(my,q) and p < 7,), which contradicts Lemma 4.3. [J

Chung and Lu [25] also gave efficient implementations of Subroutine BEST in their paper,

which directly implies the next lemma.

Lemma 4.5: [25] A sequence of consecutive calls to Subroutine BEST, say BEST(l1, u1, q1),
BEST(ls, uz, q2),. . ., BEST (lg, ux, qx), can be completed in total O(uy + k) time provided that
li =0,1; =BEST(l;_1,u;_1,q;—1) for each i = 2,3, ...k, ug < up < -+ < wy, and u; < ¢; for
eachi=1,2,... k.
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4.3 Algorithm

Our algorithm for the SDI problem is as follows. First, we initialize a variable [ with value 0
and call Subroutine RMP to compute an array R[1..n] such that R[i] = r; if i is a good index
and R[i] = —1 if 7 is a bad index. Then, for each good index ¢, taken in increasing order, call
BEST(I, R[q],q) to compute the largest [, € [[, R[¢]] that maximizes d(l,,q) and reset variable
[ to l,. Finally, the index interval [l,, ¢] that maximizes d({,, ¢) is returned. The pseudocode is

given below.

Algorithm ComMpUTEHCI
Input: A sequence D = ((s1,41),(s2,02),...,(8n,¥,)) of number pairs, where ¢; > 0 for all i,
and a sum lower bound L.
Output: An index interval I = [i, j| maximizing d(i, j) subject to sum(i,j) > L.
1: [« 0.
R « call Subroutine RMP.
Crnaz < —00.
(a, 8) = (0,0);
for ¢ — 1 ton do
if R[g] # —1 then
I — BEST(l, R[q], q).
if d(l,q) > Cnae then
Cmaz < d(1, q).
10: (a, B) — (I, q).
11: end if
12:  end if

13: end for
14: return [a, (].

Theorem 4.1: Algorithm CoMPUTEHCI solves the SDI problem in O(n) time.

Proof: We first prove the correctness. Let Q@ = {q1,¢o,-..,qx} be the set of good indices,
where ¢; < ¢2--- < ¢qx and k = |Q|. Let [, = 0 and [,, be the return value of the call to
Subroutine BEST in the ¢!* iteration of the for-loop, i = 1,2, ..., k. Note that [, is the largest

integer in [l ,,7,] that maximizes d(l,,q) for all ¢ with 1 < i < k. Let ¢ be the good
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index that maximizes d(7,.,¢>). By Lemma 4.1, it suffices to prove that 7 ., = [,.. To prove
Tg» = lg,., by Lemma 4.4, it suffices to prove that 7, € [lg.. ,,7q.], i.e., T > ;. . Suppose

for contradiction that m,, < Let ¢ < gi+—1 be the first good index such that m,, <.

Qix—1°
Then we have 7. € [l;,_,,7q] and by Lemma 4.3, [, is the largest index in [l ,,74,] that

maximizes d(l,,,q). It follows that

d(ﬂ-%‘*’l% - 1) < d(lqtv Qt) (41)
Since d(ly,,q:) > d(rg,q) > m > 0 and length(ly,q) > length(rg,,q:), we have

sum(ly,, q:) > sum(ry, q:) > L. Therefore, [, is a partner of ¢, and we have

d(ly,s qt) < d(mg,, ) (4.2)

Following from inequality (1), we have d(l,,q) < d(q: + 1,¢;-) for otherwise d(m,,,q) <

d(mg., ¢i+) < d(lg,, q:), which contradicts inequality (2). Combining inequality (1) with d({,,,¢:) <
d(q + 1, q»), we have d(my.., lg, = 1) < d(lg,,q) < d(gi+ 1, ¢+ ). It follows that

d(ﬂ-%’* ) Qi*> = d(lqw ql*) (43)
By inequality (3), 0 < m < d(Tq., g+ ), and d(r,..,qi) < d(m,,.,qi»), we have
0< d('f’qi* ) ql*) = d<lqw QZ*) (44)

Since Iy, < 1y < 1g. < i+, we have length(r,,., q+) < length(ly,, ¢+). By inequality (4) and

length(ry,. ,q»~) < length(l,,, ¢i+), we have
L < sum(rq,.,qr~) < sum(ly,, gi+). (4.5)

By inequalities (3) and (5), l,, is a partner of ¢;+ and d(m.., ¢+) < d(ly,, gi-), which contradicts
the definition of best partners.

We now analyze the time complexity. By Lemma 4.2, the call to RMP takes O(n) time.
By the definition of good indices, we have R[q] < Rlg] < --- < R[qi]. Because we also
have l,, = BEST(l,, ,, R[¢:]. ¢:) for each i = 1,2,... k, by Lemma 4.5, the calls to Subrou-
tine BEST, i.e., BEST({,,, R[], ¢1), BEST(l,,, R[q2], @2),- - -, and BEST(l,, ., R[qk], qx), totally
take O(R[qx] + k) = O(n) time. O
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Finally, we modify Algorithm ComputeHCR such that it runs in an online manner. The
modified version is given below, where we maintain an integer pair («,/3) such that after
processing the ¢! number pair in D at the ¢ iteration of the for-loop, the integer interval
[a, £] is a maximum-density endorsed interval for the subsequence ((s1, 1), (S2,2), ..., (s, 44)),
if any. The correctness is easy to verify by noting that r = R[q] holds at the end of the ¢

iteration of the for-loop for each ¢ =1,2,... n.

Theorem 4.2: Algorithm ONLINECOMPUTEHCR solves the SDI problem in O(n) time in

an online manner.
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Algorithm ONLINECOMPUTEHCI

Input: A sequence D = ((s1,41),(s2,02),...,(Sn,¥n)) of number pairs, where ¢; > 0 for all i,
and a sum lower bound L.

Goal: Maintaining an integer pair («, 3) such that after processing the ¢'* number pair in D at
the ¢'" iteration of the for-loop, the integer interval [a, 3] is a maximum-density endorsed
interval for the subsequence ((s1,¢1), (s2,%a), ..., (84, 4y)), if any.

Ll—0;r«— —1; 7 0; gz — —00; (a, B) < (0,0).
2: Create an empty list C'.

3: for ¢ — 1 ton do

4: r«— —1.

5. while C is not empty and sum/(C.lastElement() +1,q) <0 do
6: Delete from C' its last element.

7 end while

8:  Insert ¢ at the end of C.

9: if sum(7,q) > L or sum(C. firstElement(),q) > L then

10: while C is not empty and sum/(C!firstElement(),q) > L do
11: 7« C.firstElement().

12: Delete from C' its first element.

13: end while

14: T T

15:  end if

16: if r # —1 then
17: [ — BEST(l,r,q).

18: if d(l,q) > Cpmar then
19: Crmaz — d(1,q).

0 (@) — (ha)

21: end if

22:  end if

23: end for
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Chapter 5
Density Finding

Given a sequence of number pairs D = ((s1,41), (52,42), ..., (Sn,¥y)) where ¢; > 0 for i =
1,2,...,n, two positive numbers L,U with L < U, and a real number 9, define the sum,

I s, length(i,j) = S _. ¢

h=1 r=t¢ T

length, and density of an index interval [z, j] to be sum(i, j) =

and d(i,j) = l;‘;?&fz), respectively. . An index interval [i, j] is said to be feasible if and only
if L <length(i,j) < U. The DENSITY FINDING PROBLEM is to compute the density of the
feasible index interval [i, j| which minimizes |d(7, j)—d|. Lee et al. [51] proved that the DENSITY
FINDING PROBLEM has a lower bound lof 2(nlogn) in the algebraic decision tree model and
provided an O(nlog®m) algorithm for it; where m = mm(L%J,n) and i = ming<,<p, 4.

In this chapter, we show how to solve the DENSITY FINDING PROBLEM problem in optimal

O(nlogn) time.

5.1 Reduction to the Slope Finding Problem

Let P, C R? be two n-point multisets and Ar > b be a set of \ inequalities on = and y, where

A e R r = 1[I, and b € R} Define the constrained Minkowski sum (P & Q)a,>p as the

multiset

{(p+q):pePqgeQ Alp+q) > b}

Given P, ), Ar > b, and a real number 4, the SLOPE FINDING PROBLEM is to com-

*

pute the value of L where (z*,y*) = arg min {|2 — 4|}. The DENsITY FINDING
* (z.9)E€(POQ) arsy  *

PROBLEM can be reduced to the SLOPE FINDING PROBLEM in linear time as follows. Let
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length(1,0) = 0 and sum(1,0) = 0. Compute in O(n) time the following two point sets:
P = {(length(1,i), sum(1,i)) : 0 < i < n} and Q = {(—length(1,i), —sum(1,7)) : 0 < i <
n)}. Note that each feasible index interval [i, j] of S corresponds to a point (length(1,7) —
length(1,i—1), sum(1,j)—sum(l,i—1)) in (P®Q)r<s<v. Thus, the DENSITY FINDING PROB-

LEM is equivalent to computing the value of L where (z*,y*) = arg min {|%¢ =4}
v (z.9)€(POQ)L<a<y

Theorem 5.1: The DENSITY FINDING PROBLEM is linear time reducible to the SLOPE FIND-

ING PROBLEM with two linear constraints.

5.2 The Algorithm for the Slope Finding Problem

In this section, we give an O(Alog A + A - nlogn)-time algorithm for the SLOPE FINDING
PROBLEM. By Theorem 5.1, it follows that the DENSITY FINDING PROBLEM is solvable in
O(nlogn) time. For simplicity, we assume § = 0. Otherwise, we can first perform the following

transformation and then reset 4 to 0.

1. Transform the point set P = {(x11,91h), (1.2, ¥1.2)s -, (T1ns Y1)} Into {(z11, —0x11 +
Y11), (T12, —0T12+Y12)s -5 (Tnay —0%n1 + Yn1)}

2. Transform the point set @ = {(z21;¥2.1); (T22,Y22), .+, (Zan, y2.n)} into {(x12, =212 +
Y12), (T22, —0T22 + Y22), - -, (Tna, —0Tno +Yn2)}.

3. Transform the " constraint L; : a;z + by > ¢; into (a; + 6b;)x + by > ¢; for each
i=1,2,.. .\

A function f : D — (RUoo) defined on a convex subset D of R? is quasiconcave if whenever

vy, vy € D and vy € [0, 1] then

f(y-vr+ (1 =7) - v2) > min{ f(va), f(va)}-

For technical reasons, we define £ = co if # = 0 and y € R. Let Dy = {(z,y) € R* : & >
0,y > 0}, Dy = {(z,y) € R* : 2 < 0,y > 0}, Dy = {(z,y) € R : v < 0,y < 0}, and
Dy ={(z,y) € R*: 2z > 0,y < 0}. We next prove that the function f : R*> — (R U oo) defined

by letting f(z,y) = |%| is quasiconcave when we restrict its domain to some D;.
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Lemma 5.1: Let D; = {(z,y) € R* : > 0,y > 0}, Dy = {(z,y) € R* : = < 0,y > 0},
Dy = {(z,y) e R? : x < 0,y <0}, and Dy = {(z,y) € R* : * > 0,y < 0}. Define function

fi + D; — R by letting fi(z,y) = \§| for each ¢ = 1,2,3,4. Then we have function f; is

quasiconcave for each ¢ = 1,2, 3,4.

Proof: We only prove that f; is quasiconcave. The proofs for f5, f5, and f; can be derived
in a similar way. Let v; = (z1,y1) € D1, va = (x2,y2) € Dy, and x; > xo. Without loss of

generality we may assume x; > 0 and v, ¢ {v;, vo}. Consider the following two cases.

/

Case 1: &£ < 2. et o' = (2/,y') be the point which satisfies &£ = % and 2’ = z, =
1 €2 x1 x

Z2

o1+ (1 —y)z2. By 21 > 0, 22 > 0, and &£ < £, we have y» > Zy;. It follows that

y = o+ 0 =ye)l =+ 0= <+ 0=y =y, By 0 <2’ =z, and

T

’ Yv| _ Yy v _ oy |y ] Y| |Y2
0 <y <y, wehave | 2] =2 > % = 2 = [&| > min{|%|, | 2]}
. . . 2z
Case 2: % > z—z Let v" = (2",y") be the point which satisfies z—z = % and 2" =

z1

zy = yr1 + (1 — ¥)ze. By 23 > 0 and :Z—i > £, we have y; > Hyp. It follows that

T2’

y' = (yrr+ (1 =M2)2 =2+ 1+ Dy <+ 1=y =y, By 0 <" =ua,

2

and 0 < y” < y,, we have |L| = & > 47 — &2 = [B) > min{|£ |2}, O

The next theorem was proved by Bernholt et al. [15].

Theorem 5.2: Given a set of A linear inequalities Ar > b and two n-point multisets P, Q C R?,

one can compute the vertices of the convex hull of (P ® Q)a,>p in O(Alog A+ A - nlogn) time.

Let R; be the vertices of the convex hull of (P ® Q) a,>, N D; for each i = 1,2,3,4. It should
be noted that

ZYUyrZ U
Z UL SUhY

Z UL U >

\ \ T v/Aarze s e An e w /JArZ0 L ZUY S

Thus, by Theorem 5.2, each R; is computable in O((A + 2)log(A +2) + (A +2) - nlogn) =
O(Alog A+A-nlogn) time. Let sol; = min{|¥| : (z,y) € (P@®Q)ar>sND;} for eachi =1,2,3,4.

By Lemma 5.1, we have sol; = min{|%| : (z,y) € R;} for each i. Note that the size of each R; is
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bounded above by O(A+n). Therefore, each sol; is computable in O(A+n) time by examining

all points in R;. Finally, we have the solution is min}_, sol;.
Theorem 5.3: The SLOPE FINDING PROBLEM is solvable in O(Alog A + A - nlogn) time.
Corollary 5.1: The DENSITY FINDING PROBLEM is solvable in O(nlogn) time.

Proof: Immediately from Theorem 5.1 and Theorem 5.3. Ll
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Part 11

Enumeration Problems
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Chapter 6

Length-Constrained £ Max-Sum

Segments

Given a sequence A = (aq,as,...,a,) of numbers, a positive integer k, and an interval [L, U],
the LENGTH-CONSTRAINED k& MAX-SUM SEGMENTS PROBLEM is to find the k£ max-sum
segments among all segments of A with lengths in the interval [L, U].

For the case where k is fixed to 1, this problem is studied in [31, 53] and can be solved in
linear time [31]. For the case where L is fixed to 1 and U is fixed to n, this problem is well
studied in [5, 6, 11, 18, 23, 30, 54, 55] and can be solved in O(n + k) time [18, 30].

In this chapter we give an O(n+k)-time algorithm for the LENGTH-CONSTRAINED k MAX-
SuM SEGMENTS PROBLEM. In addition, we show that our algorithms can be used as a basis
for delivering more efficient algorithms for some related problems such as finding & length-
constrained segments satisfying a density lower bound and finding area-constrained k£ max-sum

subarrays.

6.1 Preliminaries

To achieve the time bound of O(n + k), we make use of the range max-sum query (RMSQ) [21]
and Frederickson’s [34] algorithm for finding the maximum k& elements in a heap-ordered tree.
In the RANGE MAX-SUM SEGMENT QUERY (RMSQ) problem, a sequence A = (ay, as, ..., a,)

of n numbers is given to be preprocessed such that any range max-sum segment query can be
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answered quickly. A range max-sum segment query specifies two intervals [i, j| and [k, ], and

the goal is to find a pair of indices (z,y) with i < x < j and k < y < ¢ that maximizes S|z, y].

Theorem 6.1: [Chen and Chao [21]] The RMSQ problem can be solved in O(n) preprocessing
time and O(1) time per query.

For our purposes, a D-heap is a rooted degree-D tree in which each node contains a field
value, satisfying the restriction that the value of any node is larger than or equal to the values
of its children. Note that we do not require the tree to be balanced. Frederickson [34] proposed
an algorithm for finding the k largest elements in a D-heap in O(k) time. When Frederickson’s
algorithm traverses the heap to find the k largest nodes, it does not access a node unless it
has ever accessed the node’s parent. This property makes it possible to run the Frederickson’s
algorithm without first explicitly building the entire heap in the memory as long as we have a

way to obtain the information of a node given the information of its parent.

Theorem 6.2: [Frederickson [34]] For any constant D, we can find the k largest nodes in any

D-heap, in O(k) time.

6.2 An O(n+ k)-Time Algorithm

First we preprocess the input sequence A[1..n] so that given any two intervals [i, j] and [k, ], we
can find the pair (z,y), denoted RMSQ(i, j, k, 1), with i < x < j and k < y < £ that maximizes
S[z,y]. By Theorem 6.1, this preprocessing can be done in O(n) time. In the following, we
say a segment A7, j] is legal if and only if L < j—i+1 < U. Set p; = max{i — U + 1,1} and
¢ =1—L+1foralli=1,...,n. For simplicity, we assume p; < ¢; for all = 1,...,n. Then
Ui {A[h,t] : h € [pi,qi]} is the set of all legal segments. Our task is to find the & max-sum
segments in this set.

We now turn to define some data structures used in our algorithm. For each index ¢, define
H (i) to be a rooted ordered binary tree in which each node contains three fields pair, value,
and interval, satisfying the following properties: (1) There are total ¢; — p; + 1 nodes in H (i)
and the interval of the root of H (i) is [p;, ¢;], (2) for each node u of H(i), if p < k then u’s left
child has interval [p, k — 1], and if k& < ¢ then u’s right child has interval [k + 1, |, where [p, ¢|
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= w.anterval and (k,i) =RMSQ(p, ¢, i,1), and (3) for each node u of H (i), if u.interval = [p, q|
then w.pair = (k,i) and w.value = S|k, 1], where (k,i)=RMSQ(p, q,1,1).

Let us now return to describe our algorithm. Let V(H(i)) denote the set of nodes in H (7).
It is clear that the & largest value nodes in |J;_, V(H (7)) correspond to the k max-sum legal
segments. Thus the remaining work is to find the & largest value nodes in |J_, V' (H(4)). Notice
that given any node u of H(7), we can always construct u’s children in O(1) time since we have
done the RMSQ preprocessing on A[l..n]. Thus we only construct the root of H (i) in the first
instance and expand the tree as needed. Since we have known p; and ¢; for each index ¢ and
done the RMSQ preprocessing on A[1..n], we can construct, in total O(n) time, the root of H (i)
for each index . Then we place these roots into a balanced 2-heap by the heapify operation
[26] in O(n) time. Note that each H(7) is a 2-heap, so we have conceptually built a 4-heap
for the set |J;_, V(H(i)). Now by Theorem 7.3, we can apply Frederickson’s algorithm [34] to
find the k largest value nodes in that 4-heap in O(k) time. -As before, except the roots of all
H (i), all the nodes in that 4-heap are not physically created until they are needed in running

Frederickson’s [34] algorithm. We summarize this section by the following theorem.

Theorem 6.3: Given a sequence A = (ay,...,a,) of numbers, a positive integer k, and an
interval [L, U], we can find, in O(n +.k) time, the & max-sum segments of A with lengths in

[L,U].
We prove the following stronger theorem by slightly modifying the above algorithm.

Theorem 6.4: Given a sequence of pairs of numbers A = ((ay,41),. .., (an, £,)), where £; > 0
for i = 1,...,n, a positive integer k, and an interval [L, U], we can find, in O(n + k) time, the

k max-sum segments of A with lengths in [L, U].

Proof: We show how to modify the above algorithm to achieve this theorem. In fact, we
only need to change the settings of p;’s and ¢;’s. The remaining parts are the same. For all
i=1,...,n, we redefine p; to be the minimum index 1 < h < ¢ such that £[h,i] < U and ¢; to
be the maximum index 1 < A’ < i such that £]h/,i] > L. For simplicity, we assume p; and g¢;
exist for all i = 1,...,n. Since ¢; is positive for all i = 1,...,n, the sequences (p1,...,p,) and
(q1,- -+, @qn) must be nondecreasing. Thus we can compute p; and ¢; for all i = 1,...,n by the

following procedure in O(n) time.
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1. Set p=1and ¢ =1.

2. for i — 1 ton do

(a) while(£[p,i] > U and p <i) dop«— p+ 1.
(b) while(£[g+1,i] > L and ¢+ 1<i) do g+ g+ 1.

(¢c) pi < pand g < q.

3. return (p1,...,p,) and (q1, ..., qn)-

6.3 Applications

6.3.1 Finding k£ Length-Constrained Maximum-Density Segments
Satisfying a Density Lower Bound

Given a sequence of pairs of numbers A = ((ai, ¢1),.. ., (an,{,)), where ¢; > Oforalli =1,... n,
a positive integer k, an interval [L, U], and a number 0, let. k,,; = min{k, ns}, where ns is the
total number of segments of A with lengths in [L, U] and densities > 6. We show how to find
kouwt segments of A with lengths in [L, U] and densities > 0 in O(n + ky,;) time. A segment
Ali, j] is called a legal segment if and only if the length of Ai, j] is in [L, U]. Let 0pmqx be the
density of the legal segment which has the maximum density among all legal segments. The
LENGTH-CONSTRAINED MAXIMUM-DENSITY SEGMENT PROBLEM is to find a legal segment
with density equal to 0,,,,. The LENGTH-CONSTRAINED MAXIMUM-DENSITY SEGMENT
PROBLEM is well studied in [25, 41, 44, 48, 53] and can be solved in linear time by [25, 41]. Let
ns, .. be the total number of legal segments with density equal to d,,4,. If we are not satisfied by
finding only one legal segments with density equal to 42, then by first computing d,,,4. by O(n)-

time algorithms in [25, 41] and setting § to 4., our algorithm can list ko, = min{k,ns,,,.}

legal segments with density equal to 0,0, in O(n + koye) time.

o1



Theorem 6.5: Given a sequence of pairs of numbers A = ((ay, 1), .., (an, £,)), where £; > 0
foralli =1,...,n, apositive integer k, an interval [L, U], and a number 9, let ky,; = min{k, ns},
where ng is the total number of segments of A with lengths in [L, U] and densities > §. Then

we can find, in O(n + kyy) time, kyy,; segments of A with lengths in [L, U] and densities > 4.

Proof: In the following, a segment is called a legal segment if and only if its length is in [L, U].

Let A" = ((ay — £16,01), (ay — €30,05), ..., (an — £,0,£,)). Since Afi,j] has density ‘ijjjj;;j >0

if and only if A’[i,j] has sum »_,,;(an — £r6) > 0, it suffices to show how to find k., legal

segments of A’ with sums > 0 in O(n + ko) time. As in the proof of Theorems 6.3 and 6.4, we
first implicitly construct a heap for all legal segments of A’ in O(n) time. Let 2071 < k < 2.
We then execute the following procedure to find k,,; legal segments of A" with sums > 0 in

O(kou + 1) time, so the total time is O(n + koui)-
1. for i« 0tot do

(a) S « the 2" max-sum legal segments of A’.

(b) if some segment in .S has sum less than'0'then stop the loop.

2. if S contains more than k& segments with sums: > () then return any £ of them; otherwise,

return all segments in S with sums > 0.

We now prove that the procedure runs in O(kyy; +1) time. By Theorem 7.3, the i iteration
of the loop in Step 1 can be done in O(2¢) time. If ns = 0, then it is clear that this procedure
returns in constant time; otherwise, there are two cases to consider.

Case 1: ns > k. In this case, the loop continues until the ¢ iteration, so the total time
spent on Step 1is O(1 +2+4+ ... +2") = O(2'") = O(k) = O(min{k,ns}) = O(kou). After
the loop stops, the size of S is at most 2!, so Step 2 can also be done in O(2') = O(k) =
O(min{k,ns}) = O(koy) time.

Case 2: ng < k. Let 207! < ng < 2t In this case, the loop continues until the " it-
eration, so the total time spent on Step 1is O(1 + 2 + 4 4 ... + 20) = O(21) = O(ny) =
O(min{k,ns}) = O(kou). After the loop stops, the size of S is at most 2¢ 50 Step 2 can also
be done in O(2) = O(ns) = O(min{k, ns}) = O(kou) time. O
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6.3.2 Finding the Area-Constrained £ Max-Sum Subarrays

Given an n x n array A[l..n|[l..n], define the sum and area of a subarray A[k..[][i..j] to be
Zi;:k Zg:i Alpllq] and (I—k+1)(j—i41) respectively. The k MAX-SUM SUBARRYS PROBLEM
is well studied in [5, 6, 7, 11, 18, 23, 54, 55] and can be solved in O(n® + k) time by Brodal
and Jorgensen [18] and O(n® - l"ﬁ)l% + klogn) time by Bae and Takaoka [7].

In the following, we prove that the AREA-CONSTRAINED k£ MAX-SUM SUBARRAYS PROB-

LEM can be solved in O(n? + k) time by applying Theorem 6.4.

Theorem 6.6: Given an n x n array A[l..n][l..n] and an interval [L,U], we can find, in

O(n® + k) time, the k¥ max-sum subarrays with areas in [L, U].

Proof: First we have to construct strips Si; = (3 ;<<; AR J—i+1), (O icne; AlR[2],5 -
i+ 1), XCicne; AP0, — i+ 1)) for all 1 <4 < j < nin O(n’) time. Then we con-
struct a sequence S by concatenating these strips with pairs (0,U + 1). It is not hard to
see that each segment of S with length in [L, U] corresponds to a subarray of A with area in
[L,U], and vice versa. Thus we can first apply Theorem 6.4 to find £ max-sum segments of S

with lengths in [L, U] in O(n®+ k) time and then output their corresponding subarrays of A. []
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Chapter 7

Weight-Constrained k£ Longest Paths

Let T'= (V, E) be a tree with a length function ¢ : £ — R and a weight function w : £ — R.
Define the length and weight of a path P = (vy,vs,...,v,) in T to be >, ;. £(¥viy7) and
Z1§z‘§n—1 w(v;v;11) respectively. Given T', a positive integer k and two numbers L, U with
L < U, the WEIGHT-CONSTRAINED k LONGEST PATHS PROBLEM is to find the k longest
paths among all paths in 7" with weights in the interval [L, U].

For the case where there are no weight constraints, i.e., L = —oco and U = oo, Megiddo
et al. [61] proposed an O(|V|log? [V'|)-time algorithm for finding the & longest path, and then
Frederickson and Johnson [36] proposed an O(|V|log |V ])-time algorithm for the same problem.
Their algorithms can be easily modified to find the k longest paths in O(|V|log® |V| + k) and
O(|V|log [V | + k) time respectively. Wu et al. [74] gave an O(|V|log? |V|)-time algorithm for
the case L = —oo and k = 1. Kim [49] gave an O(|V]log|V|)-time algorithm for the case where
L=0,U=00,k=1,/¢e) =1Ve € E, and T has a constant degree.

In this chapter we give an O(|V|log |V |+ k)-time algorithm for the WEIGHT-CONSTRAINED
k LONGEST PATHS PROBLEM and prove the WEIGHT-CONSTRAINED k& LONGEST PATHS

PROBLEM has a lower bound Q(|V|log |V| + k) in the algebraic computation tree model.

7.1 Preliminaries

To achieve the time bound of O(|V|log |V |+ k), we make use of Frederickson and Johnson’s [36]

representation of intervertex distances of a tree, range maxima query (RMQ) [10, 33, 43], and

o4



Frederickson’s [34] algorithm for finding the maximum k elements in a heap-ordered tree. In

the following, we briefly review these data structures and algorithms.

Definition 7.1: Let 7' = (V, E) be a tree. A node v € V is said to be the centroid of T" if and
only if after removing v from T, each resulting connected component contains at most |V|/2

nodes.

Definition 7.2: Let T'= (V, E) be a tree. A triplet (¢, T} = (Vi, Ey), Ty = (Va, E»)) is called
a centroid decomposition of T if it satisfies the following properties: (1) ¢ is a centroid of T'; (2)

T, and T, are two subtrees of T" such that V; NV, = ¢, |V§r2 <V < %, and £, ULy = F.

Notation 7.1: Let T" = (V, E) be a tree with a length function ¢ : £ — R and a weight
function w : £ — R. We slightly overload the notation by letting ¢(u,v) and w(u,v) also

denote the length and weight of the path from w to v if there is no edge from u to v.

Definition 7.3: Let 7" = (V, E) be a tree with a length function ¢ : F — R and a weight
function w : E — R. A rooted ordered binary tree 7" = (V’, E’,r) in which each node
contains fields cent, list; and listy is called a centroid decomposition tree of T if it satisfies
the following recursive properties: (1) If |[V| = 1, then |V’| = 1, r.cent = the only vertex in
V', and r.list; = r.listo=NIL; (2) if |V| = 2, then |[V’| = 1, r.cent = one of the vertex in V,
rlist; = ((v, l(r.cent,v),w(r.cent,v)), and r.listy = ((r.cent,0,0)), where v € V\{r.cent}; (3)
if |[V| > 2, then 3 centroid decomposition (¢, Ty = (Vi, E1), Ty = (Va, Ey)) of T such that the
left subtree and right subtree of r are centroid decomposition trees of 77 and T, respectively,
r.cent = ¢, and r.list;, j € {1,2}, is a list of triplets ((v;, £(c,v;), w(c,v;))|v; € V; — {c}) sorted

on w(c, v;).

As an illustration, a tree T and its centroid decomposition tree 7" are shown in Figure 7.1

and Figure 7.2 respectively.

Theorem 7.1: [Frederickson and Johnson [36]] Given a tree T'(V, E) with a length function
¢: E — R and a weight function w : F — R, we can construct a centroid decomposition tree

of T'in O(|V|log|V]) time.
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Now we describe the RANGE MAXIMA QUERY (RMQ) problem. In the RMQ problem,
a list A = (ay,as,...,a,) of n real numbers is given to be preprocessed such that any range
maxima query can be answered quickly. A range maxima query specifies an interval [i, j] and
the goal is to find the index k with ¢+ < k < j such that a; achieves maximum.

We first describe a simple algorithm for solving the RMQ problem in O(nlogn) preprocess-
ing time and O(1) time per query. For each 1 <i < mn and each 1 < j < |logn|, we precompute

-----

This can be done in O(nlogn) time by using dynamic programming because

Mli]lj —1] if A[MIi][j — 1] > A[M[i+ 27~ = 1][j — 1]];
M) -
M[i+ 271 —1][j — 1] otherwise.
Given a query interval [i, j], let k = |[log(j —4)]. Because both [i,i +2F — 1] and [j — 2% + 1, J]
are subintervals of [i,j] and [i,i +2¥ —1]U [j — 2% + 1,4] = [i, 4], the index of the maximum
element in A[f, j] is arg maxyeaypijisor 1), mpj=2k+1; 3 AAK] }-

We now sketch an algorithm for solving the RMQ problem in O(n) preprocessing time and
O(1) time per query. This algorithm was given by Bender and Farach-Coltongiven [10], and
they showed that the RMQ problem is linearly equivalent to the RMQ=+1 problem which is the
same as the RMQ problem except that the adjacent elements of the input list differ by exactly
one. Thus, in the following we focus on the RMQ=+1 problem. Let A = (aq,as,...,a,) be an
instance to the RMQ=1 problem.! The algorithm starts by dividing the list A into 2n/logn
shorter sublists A[l, 10%],14[10% + 1,logn],..., A[n — 10% + 1,n], each of length 10%. Each
sublist A[(i_l)% + 1, “0%] is represented by the maximum element r; in it. They then run

the simple RMQ algorithm described in the beginning on these O(n/logn) representatives in

O(2-log(%-)) = O(n) preprocessing time. By the property that adjacent elements in the

logn logn

list A differs by exactly one, they use a table-lookup technique to precompute the indices of the

maximum elements in all sublists of A with lengths < % in O(n) time. Given a query interval

[i, 7], let ¢ = (102;”1 and j' = LngjnJ. Let rj, be the maximum of {71742, ...,7y_1}, a; be the

i’ logn
2

7' logn
2

maximum element in A, ], and a;j« be the maximum element in A] ,j]. Because we

have run the simple RMQ algorithm on (74,79, ...,7 2n ), k can be found in constant time given
ogmn

IFor simplicity, we assume n is a power of two.
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[i" +1, 5" — 1]. Because both Ali, “O%] and A[ﬂ%,j} have lengths < %, we can also find a;-
and a;- in constant time. Note that the maximum of {7, @, a;.} is also the maximum element
in A[i, j|. Thus, if a;+ is the maximum of {ry, a;., a;.}, then we can directly return ¢*. Similarly,

if a;« is the maximum of {ry, a;., a;.}, then return j*. Otherwise, if r; is the the maximum of

{"k, @i, a; }, then find and return the index of the maximum element in A[% +1, MO%]

w +1, kk’%] has length equal to %.

b

which can be done in constant time because A]

Theorem 7.2: [RMQ [10, 33, 43]] The RMQ problem can be solved in O(n) preprocessing
time and O(1) time per query.

For our purposes, a D-heap is a rooted degree-D tree in which each node contains a field
value, satisfying the restriction that the value of any node is larger than or equal to the values
of its children. Note that we do not require the tree to be balanced. Frederickson [34] proposed
an algorithm for finding the k largest elements in a D-heap in O(k) time. When Frederickson’s
algorithm traverses the heap to find the k largest nodes, it. does not access a node unless it
has ever accessed the node’s parent. This property makes it possible to run the Frederickson’s
algorithm without first explicitly building the entire heap in the memory as long as we have a
way to obtain the information of a node given the information of its parent.

We sketch an O(kloglog k)-time algorithm [34] for enumerating the k largest value nodes
in a heap as follows. For simplicity, we assume all nodes in the heap have different values. A
node is said to be of rank 7 if it is the i largest node. The algorithm runs by first finding
a node v in the heap in O(kloglogk) time such that the rank of u is between k and ck for
some constant c¢. Then the algorithm identifies all nodes in the heap not smaller than u in
O(ck) = O(k) time and returns the k largest nodes among them. To find u, we form at
most 2[k/|log k]| + 1 groups of nodes, called clans. Each clan is of size at most |logk]| and
represented by the smallest node in it; representatives are managed in an auxiliary heap. We
form the first clan C; in O(log kloglog k) time by grouping the largest |logk| nodes in the
original heap and initialize the auxiliary heap with the representative of C. Set the offspring
0s(C) of C to the set of nodes in the original heap which are children of C} but not in Cj,
and set the poor relations pr(Cy) of Cy to the empty set. Then for ¢ from 1 to |log k], do the

following. Extract the largest element in the auxiliary heap and let C; be the clan represented
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Figure 7.1: A tree T associated with a edge length function ¢ and a edge weight function w.

by the element extracted. If 0s(C}) is not empty, then form a new clan C;1; in O(log klog log k)
time by grouping the |log k| largest nodes from the subheaps rooted at 0s(C}) in the original
heap. Insert the representative of Cjy; into the auxiliary heap. Set 0s(C;y1) to the group of
nodes in the original heap which are children of Cj¢q but not in Cj, 1, and set pr(Cj,1) to the
group of nodes which are members of 0s(C};) but not included in C;44. If pr(C;) is not empty,
then form a new clan C; o in O(log kloglog k) time by grouping the [k/[logk|] largest nodes
from the subheaps rooted at pr(C;) in the original heap. Insert the representative of C; o into
the auxiliary heap. Set 0s(Cj11) to the group of nodes in the original heap which are children of
Cit2 but not in Cj49, and set pr(Cjy2) to the group of nodes which are members of pr(C;) but
not included in C;,5. When the loop terminates, set u to the last element extracted from the
auxiliary heap. Since at most 2[k/|logk|] + 1 clans are formed and each clan can be formed
in O(log kloglog k) time, the total time is O(kloglog k).

By applying the above approach recursively, plus some speed-up techniques, Frederick-

son [34] obtained an O(k)-time algorithm.

Theorem 7.3: [Frederickson [34]] For any constant D, we can find the k largest nodes in any

D-heap, in O(k) time.
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T/
A

cent =a
listy= ((d.5,-2).(8,13,0),(0,2.2),(h,12.3))
list, = ((c,1,7),(e,4.8).(f2,15))

b — ¢

cent = ¢
list;= ((e,3,1),(a,1,7))
listy = ((f,1,8))

F/\G

cent =d
list;=((g,8,2),(h,7,5))
listy = ((b,3,-4),(a,5,-2))

D/\F

cent =d
list;=((8.8,2))
listy = ((h,7,5))

cent=b
list;= ((a,2,2))
listy = ((d,3,-4))

cent =c¢
list,;= ((a,1,7))
list, = ((e,3,1))

cent =c¢
list;= ((£.1,8))
list, = ((,0,0))

ZON!

cent = ¢
list;= ((a,1,7))
list, = ((¢,0,0))

H/\I

cent =d
list,= ((h,7,5))
list, = ((d,0,0))

J/\K

cent =b
list,= ((a,2,2))
list, = ((b,0,0))

cent =c¢
list,= ((e,3,1))
list, = ((¢,0,0))

cent = b
list,= ((d,3,-4))
listy = ((0,0,0))

cent =d
list,= ((,8,2))
list, = ((d,0,0))

Figure 7.2: A centroid decompbsition tree! T" of the tree in Figure 7.1.
7.2 An O(|V]log|V| + k)-Time Algorithm

For simplicity, we only consider paths with at least two vertices, and we don’t distinguish
between the path from u to v and the path from v to u, i.e., the path from u to v and the path
from v to u are considered the same. Thus each path is uniquely determined by the unordered
pair of its end vertices. We define the length and weight of an unordered pair {u,v} to be the
length and weight of the path from w to v respectively. We say an unordered pair {u,v} of
vertices is legal if and only if its weight is in the interval [L,U]. So our task becomes to find
the k longest legal unordered pairs of vertices in 7.

We sketch the main idea of our algorithm before describing the details. We find all legal
unordered pairs of vertices in 1" by dividing T into two subtrees T} and T, of roughly the
same size and uniting all the legal unordered pairs of vertices {u, v} satisfying u € V(7T}) and
v € V(T5,) with those recursively computed legal unordered pairs of vertices in T} and T5. After
finishing this recursive process, we have all legal unordered pairs of vertices in 7. We then build

a heap consisting of all legal unordered pairs of vertices in 7" and find the k longest unordered
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pairs in this heap by applying the Frederickson’s algorithm [34]. The major difficulty is that
the number of legal unordered pairs of vertices in 7" may be much larger than |V |log |V + k.
Thus we have to represent the set of all legal unordered pairs of vertices in T" in a succinct way
such that we are still able to build an implicit representation of the heap stated above and run
the Frederickson’s algorithm [34] on this implicitly-represented heap without loss of efficiency.

We now describe our algorithm in details. First, we construct a centroid decomposition tree
T = (V',E',r) of T in O(|V|log|V|) time by Theorem 7.1. For each v € V' and i € {1,2},
let (v;, £(v.cent,v; ), w(v.cent,v; ;)) be the j% element of v.list; if it exists. Note that since
Y oveve([vlisty] +|v.listy] + 1) = O(|V]log [V]), we can find £(v.cent,v; ;) and w(v.cent, v; ;) for
allv e V') i € {1,2} and 1 < j < |v.list;| in total O(]V|log|V|) time. By the next lemma,
in total O(|V|log|V]) time, for each v € V' and 1 < i < |v.list;| we can find an interval
[pY, q?] such that w(v.cent, vy ;) + w(v.cent, vy ;) = w(v14,v2;) € [L,U] for all j € [p},q}] and
w(vyi,ve,;) & [L,U] for all j & [p},q}]. Note that the set of all legal unordered pairs of vertices

in T is equal to the set |, US4 ({ori, o} 1 5 € 02, ¢k

Lemma 7.1: Let 7" = (V', E',r) be a centroid decomposition tree of 7" = (V, E). In total
O(|V]log|V|) time, for all v € V' and 1 < < |v.list;|, we can find an interval [pY, ] such
that w(vy;,va;) € [L, U] for all j € [pf, ¢] and w(vy 4, vay) & [Ly U] for all j & [p?, ¢7].

Proof: Since ) .. (Jv.list;| + |v.listy| + 1) = O(|V|log|V]), we only have to show that for
cach v € V', we can compute [pY, ¢¢] for all 1 < i < |v.list,] in total O(|v.list,| + |v.lists| 4 1)
time. Given v € V', we claim the following procedure computes [p}, ¢¢] for all 1 < i < |v.list,]

in total O(|v.listy| + |v.listy| + 1) time.
1. Let n = |v.list;| and m = |v.lists|.
2. If n =0 or m = 0 then stop.
3. Set p and g to m.
4. For 1 < 1 ton do

(a) While(w(vl,i,vz,p,ﬁ > L and p— 1> 1) do p—Dp— L.

(b) While(w(vy,va,4) > U and ¢ > p) do q « ¢ — 1.
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(c) p¥ « pand ¢/ < q.

It is not hard to see the running time of this procedure is O(|v.listy| + |v.listy| + 1) since
both the values of p and ¢ are nonincreasing. To verify the correctness, it suffices to note that
since the list v.list;, © € {1,2}, is sorted on w(v.cent,v; ;), the sequence (pj, ... ,pfyihstl') and

the sequence (g7, . .. 4y list1|) must be nonincreasing. ]

Then for each v € V', we preprocess v.listy so that given any interval [i, j|, we can find the
index k, denoted RMQ(v.lists, i, 7), in [z, j] such that ¢(v.cent, vy ) achieves maximum in O(1)
time. By Theorem 7.2, this preprocessing can be done in O(>_ . |v.lists]) = O(|V]log|V|)
time.

We next turn to define some data structures first. For each v € V' and 1 < i < |v.listy],
define H (v ;) to be a rooted ordered binary tree in which each node contains three fields pair,
value, and interval, satisfying the following properties: (1) There are total |v.list;| nodes
in H(vy,;) and the interval of the root of H (v ;) is [p!,q}]; (2) for each node u of H(vy,),
if p < k then w’s left child has interval [p,k — 1]; and if k& < ¢ then w’s right child has
interval [k + 1, q], where [p, ¢| = w.interval and k =RMQ(v.lists, p,q), and (3) for each node
u of H(vy;), if winterval = [p,q] then w.pair = {v1;,vox} and wwalue = £(vy;,v2y), where
kE =RMQ(v.lists, p,q).

Let us now return to describe our algorithm. Let V(H(vy;)) denote the set of nodes
in H(v1;). Since the set of all legal unordered pairs of vertices in 7' is equal to the set
Users U8 oy} € (00021} = Users UL {upairlu € V/(H(v:))}, the remaining
work becomes to find the k largest value nodes in | J,.- Uﬁlfsm V(H(v1,)). Clearly, we can
not afford to construct H(vy;) explicitly for each v;,;. But notice that given any node u of
H(vy;), we can always construct u’s children in O(1) time since we have done the RMQ prepro-
cessing on the list v.lists. Thus we only construct the root of H(vy;) in the first instance and
expand the tree as needed. Since we have known p? and ¢! for each v € V' and 1 < i < |v.listy]
and done the RMQ preprocessing on the list v.listy for each v € V', we can construct, in total
O(|V|log|V|) time, the root of H(v;,;) for each vy ;. Then we place these roots into a balanced
2-heap by the heapify operation [26] in linear time, i.e., in O(|V|log|V]) time. Note that each
H(v1;) is a 2-heap, so we have conceptually built a 4-heap for the set (J, .- Uﬁlfsm V(H (v14)).
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Now by Theorem 7.3, we can apply Frederickson’s algorithm [34] to find the k largest value
nodes in that 4-heap in O(k) time. Of course, except the roots of all H(v;;), all the nodes
in that 4-heap are not physically created until they are needed in running Frederickson’s [34]

algorithm. We summarize this section by the following theorem.

Theorem 7.4: Let T = (V,F) be a tree with a length function ¢ : £ — R and a weight
function w : E — R. Given T, a positive integer k and two numbers L, U with L < U,
we can find the k longest paths among all paths in 7" with weights in the interval [L, U] in
O(|V|log |V |+ k) time.

7.3 An Q(|V]log|V|+ k) Lower Bound

We prove that the WEIGHT-CONSTRAINED LONGEST PATH PROBLEM has an Q(|V|log |V])
bound in the algebraic computation tree model. It follows that the WEIGHT-CONSTRAINED £k
LONGEST PATHS PROBLEM has an (|V|log |V.|+ k) lower bound in the algebraic computation

tree model since extra (k) time is necessary for outputting the answer.

Definition 7.4: [Set Intersection Problem] Given two sets {x1, 2, ..., z,} and {y1,v2, ..., Yn},

the SET INTERSECTION PROBLEM asks whether there exist indices 7 and j such that x; = y;.

Lemma 7.2: [Ben-Or [13]] The SET INTERSECTION PROBLEM has an §2(nlogn) lower bound

in the algebraic computation tree model.

Theorem 7.5: The WEIGHT-CONSTRAINED LONGEST PATH PROBLEM has an Q(|V|log |V])

lower bound in the algebraic computation tree model.

Proof: We reduce the SET INTERSECTION PROBLEM to the WEIGHT-CONSTRAINED LONGEST
PAaTH PROBLEM. Given two sets {z1,za,...,2,} and {y1,v2,...,yn}, we construct, in O(n)
time, a problem instance of the WEIGHT-CONSTRAINED LONGEST PATH PROBLEM as fol-

lows. We first construct a tree T' = (V, E), where V = {z,..., 2.} U{y},...,y.} U{c1, 2}

and E = {x)c1, ..., 2hcrf U{yica, ...,y ca} U{Gc}. Define the length function ¢ : E — R by
letting £(e) = 1 for all e € E. Define the weight function w : E — R by letting w(z}c;) =

and w(yicy) = —y; for all i = 1,...,n, and w(ciz) = 0. Set both the weight lower bound
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L and the weight upper bound U of paths to 0. It can be verified that the longest path in
T with weight = 0 has length 3 if and only if there exist indices ¢ and j such that z; = y;.
Since in this reduction we have |V| = 2n + 2 and the SET INTERSECTION PROBLEM has
an (nlogn) in the algebraic computation tree model by Lemma 7.2, we conclude that the
WEIGHT-CONSTRAINED LONGEST PATH PROBLEM has an Q(|V|log|V|) lower bound in the

algebraic computation tree model. Ll

Corollary 7.1: The WEIGHT-CONSTRAINED k LONGEST PATHS PROBLEM has an Q(|V|log |V|+

k) lower bound in the algebraic computation tree model.

7.4 An Application of Finding the Sum-Constrained k&
Longest Segments

In biological sequence analysis, several researchers have devoted to the problem of finding the
longest segment whose sum is not less than a specified lower bound L [3, 20, 73]. Allison [3]
gave an algorithm which runs in linear time if the input sequence is a 0-1 sequence and L is a
rational number. For real number sequences'and real number lower bound, Wang and Xu [73]
provided the first linear time algorithm, and Chen and Chao [20] gave an alternative linear
time algorithm which runs in an online manner. We consider a more general problem in which
both the lower bound L and the upper bound U of the sums of the segments are given and we
want to find the & longest segments whose sums satisfy both the lower bound condition and

the upper bound condition.

Theorem 7.6: Given a sequence A = (ay,as,...,a,) of real numbers and an interval [L, U],

we can find, in O(nlogn+k) time, the k longest segments whose sums are in the interval [L, U].

Proof: Directly from Theorem 7.4. L]
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Part 111

Selection Problems
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Chapter 8

Length-Constrained Sum Selection

Given a sequence A = (ay,as,...,a,) of n > 1 real numbers, and two positive integers L, U
with 1 < L < U < n, a segment Ali, j| is said to be feasible if and only if its length is in
[L,U]. The LENGTH-CONSTRAINED SUM SELECTION PROBLEM, for a given k, is to find the
k" largest sum among all sums of feasible segments of A.

When there are no length constraints, i.e., L =1 and U = n, the LENGTH-CONSTRAINED
SUM SELECTION PROBLEM becomes the SUM SELECTION PROBLEM. Bengtsson and Chen [11]
first studied the SUM SELECTION PROBLEM and gave an O(nlog? n)-time algorithm for it.
Recently, Lin and Lee provided an O(nlogn)-time algorithm [54] for the SUM SELECTION
PROBLEM and an expected O(nlog(U—L+1))-time randomized algorithm [55] for the LENGTH-
CONSTRAINED SUM SELECTION PROBLEM.

In this chapter, we study the LENGTH-CONSTRAINED SUM SELECTION PROBLEM and
provide an O(nlog(U — L 4 1))-time algorithm for it. In addition, we prove that the Sum
SELECTION PROBLEM has an Q(nlogn) lower bound in terms of n, which answers the question

raised by Lin and Lee [54].

8.1 Preliminaries

A matrix X € R™™ is said to be sorted if the values of each row and each column are in
nondecreasing order. From the results of Frederickson and Johnson [37], we have the following

theorem.
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Theorem 8.1: The selection problem in a collection of sorted matrices is given a rank k and
a collection of sorted matrices {X,..., Xx} in which X; has dimensions n; x m;, n; > m;,
to find the k™ largest element among all elements of sorted matrices in {Xj,..., Xy}. This

problem can be solved in O(Z;.V:l m;log(2n;/m;)) time.

8.2 Subroutine

Let P,Q C R? be two n-point multisets and Ar > b be a set of \ inequalities on = and y, where
A e RY? r =[] and b € R* Define the constrained Minkowski sum (P & Q)arzp as the

multiset
{p+q)lpePge @ Alp+q) > b}.

Given P, @), and a linear inequality L : & > ¢, we next describe a divide-and-conquer
approach to store the y-coordinates of (P®Q).>. as a collection of sorted matrices in O(nlogn)
time. For ease of exposition, we assume that no two points in P and ) have the same z-
coordinate and n is a power of two. The algorithm proceeds as follows. Assume P and @) have
been presorted into P, and @, (P, and @y, respectively) in nondecreasing order of z-coordinates
(y-coordinates, respectively). Let P, = ((x1,y1), .- \(Zns¥n))s Qs = ((Z1,71)s- -, (Tn, Un)),
P, = ((},9}),...,(x,,vy,)), and Qy = ((Z},41), -, (2}, 9,)). First, we divide P, into two
halves of equal size: A = ((x1,%1),--., (Tnj2: Yny2)) and B = ((Tn/2+1, Ynj2+1)s - -5 (T, Yn))-
Next, we find a point (7, §;) of @, such that Tpso +T; < c and t is maximized and divide @,
into two halves: C' = ((Z1,91),-..,(Zt,4)) and D = ((Z441,Y4+1), - - -5 (T, Un))- The point set
(P ® Q)z>c is the union of (A® C)y>e, (A® D)yse, (B® C)y>e, and (B @ D),>.. Because 7,
is the largest z-coordinate among all z-coordinates of points in @, such that z,, + 7; < ¢,
we know that the points in A @ C' cannot satisfy the constraint z > ¢. Hence, we only need
to consider points in A @ D, B® C, and B @& D. Because P, and (), are in nondecreasing
order of z-coordinates, it is guaranteed that all points in B & D satisfy the constraint L, i.e.,
B® D = (B® D);>.. Construct in linear time row_-vector = (r1,72,...,ry/2) which is the
y-coordinates in the subsequence of P, resulting from removing points with z-coordinates no
greater than z,,/» from P,. Construct in linear time column_vector = (c1,cs, ..., cn—y) which is

the y-coordinates in the subsequence of (), resulting from removing points with z-coordinates
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no greater than z; from ),. Note row_vector is the same as the result of sorting B into non-
decreasing order of y-coordinates, and column_vector is the same as the result of sorting D
into non-decreasing order of y-coordinates. Thus, we have {y : (z,y) € (B® D),>.} = {y :
(z,y) € B& D} ={ri+¢; : 1 < i < |rowwector|,1 < j < |column_vector|}. Therefore,
we can store the y-coordinates of B @& D = (B & D),>. as a sorted matrix X of dimensions
|row_vector| x |column_vector| where the (i, j)-th element of X is r;+¢;. Observe that it is not
necessary to explicitly construct the sorted matrix X, which needs 2(n?) time. Because the
(¢, 7)-th element of X can be obtained by summing up r; and ¢;, we only need to keep row_vector
and column_vector. The rest is to construct the sorted matrices for the y-coordinates of points
in (A® D),>. and (B & C'),>.. It is accomplished by applying the above approach recursively.

The pseudocode is shown in Figure 8.1. We now analyze the time complexity.

Lemma 8.1: Given a matrix X € R™™ we define the side length of X to be M +9M. Letting
T(n',m') be the time complexity of running ConstructMatrices(Py, Q., Py, @y, L), where n' =
|P,| = |P,| and m’ = |Q.| = |Q,], we have T'(n',m') = O((n" + m’)log(n’ + 1)). Similarly,
letting M (n/,m’) be the sum of the' side lengths of all sorted matrices created by running

ConstructMatrices(Py, Qu, Py, @y, L), we have M(n',m’) = O((n' + m’) log(n' + 1)).

Proof: It suffices to prove that T'(n/,m’)-= O((n’ +m') log(n"+ 1)). By Algorithm Construct-
Matrices in Figure 8.1, we have T'(n’,m’) < maxoc;<m{c (0’ +m') +T(n'/2,i) + T(n'/2,m’ —
i)} for some constant . Then by induction on n/; it is easy to prove that T'(n',m’) is O((n’ +

m’)log(n' + 1)). O

8.3 An O(nlog(U — L+ 1))-Time Algorithm

Let P = {po,p1,.-.,pn} and Q@ = {qo,q_1,...,q_n}, where p; = (z;,y;) = (z’,Zizl a;) and
qi = (T0,7;) = (—i,— >1_,a;) for all i = 0,1,...,n. A point (z,y) in P ® Q is said to be a
feasible point if and only if L < 2 < U. Note that each feasible segment Al j] corresponds to a
feasible point (z,y) = p; + ¢1—; in P& Q. Thus, the LENGTH-CONSTRAINED SUM SELECTION

PROBLEM is equivalent to finding the k' largest y-coordinate among all y-coordinates of feasible
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points in P @ (). We next show how to do this in O(nlog(U — L + 1)) time. For simplicity, we
assume n is a multiple of U — L.
1. Let iy = (U — L) and jy = L — (U — L) for t = 0,1,..., 52,

2. for t < 0 to 7 do

(a) Let P={pp, € P iy — (U —L) < h <4} and Q; = Q¢1 U Qr2, where Q11 = {qn €
Q:jr<h<ji+U-L)}and Qo={gn€Q:j:+{U—L)<h<ji+2U—L)}.

(b) Store the y-coordinates of points in (P, @ Q11).>1 as a set Ny of sorted matrices
such that the sum of side lengths of the sorted matrices in N;; is no greater than
¢ ((|1P] + |Q¢a]) log(|P| + |Q¢1] + 1)) for some constant c.

(c) Store the y-coordinates of points in (P, & Qt2).<v as a set Nyo of sorted matrices
such that the sum of side lengths of the sorted matrices in NV;o is no greater than

¢ ((|P] + |Qt2]) log(| | + |@i2| +1)) for some constant c.
3. return the k' largest of the elements of sorted matrices in [J;%y" (N1 U Nya).

The following lemma ensures the correctness.

n

Lemma 8.2: (P& Q)r<.<v = U0 (P Qt1)i<e V(P D Qp1)z<v)-

—
=

Proof: We prove that (P @ Q)p<.<v 2 t(:UO%L)(Pt ® Q)r<z<v < @(Pt © Qt)r<e<v =
t(:Uo%L)((Pt © Qu1)r<e<v U (P ® Qr2)1<a<v) = t(:Uo%L)((Pt ® Q1)< U (P @ Qr2)a<u). It is
clear that equations (1) and (3) are true, so only equations (2) and (4) remain to be proved.
We first prove equation (2) by showing that (P, & Q)r<.<v = (P @ Q1) L<z<v. Suppose for
contradiction that there exist p;, € P, and ¢; & @, such that L < z;, +7; =i+ j < U. By
pi € Py, we have (t — 1)(U — L) <i <t(U — L); by ¢; € Q:, we have either j < L —t(U — L)
or j > L—(t—2)(U—L). It follows that i 4+ j is either less than L or larger than U, a
contradiction. To prove equation (4), it suffices to prove that all points in (P; @ @ 1) must have
z-coordinates less than U and all points in (P; @ (;2) must have z-coordinates larger than L.
Let p; € P, ¢; € Q1 and ¢y € Qio. It follows that (¢t — 1)(U — L) < z; = ¢ < t(U — L),
L—t(U-L)<Tj=j<L—(t—1)(U—-L),and L—(t—1)(U—L) <Ty =35 < L—(t—2)(U—-L).
Thus, we have 2; +7; =i+ j<Uand L < z; +Tj =i+ j'. O
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Since | Py, |Qr1], and |Q2] are no greater than (U — L) for all ¢, each execution of Step 2.b
and Step 2.c can be done in O((U — L)log(U — L + 1)) time by Lemma 8.1. There are total
-7 + 1 iterations of the for-loop in Step 2, so the total time spent on Step 2.b and Step 2.c
is O(nlog(U — L + 1)). The sum of side lengths of sorted matrices in (J,75" (N1 U Nia)
s 0SS $2,(P) + 1Qulos(1P] + |Quil + 1)) = O(SEF (U — L)log(U — L + 1)) =
O(nlog(U — L + 1)). Therefore, by Theorem 8.1, Step 3 can be done in O(nlog(U — L + 2))
time. Putting everything together, we have that the total running time is O(nlog(U — L+ 1)).

The next theorem summarizes the results of this subsection.

Theorem 8.2: The LENGTH-CONSTRAINED SUM SELECTION PROBLEM can be solved in

O(nlog(U — L + 1)) time.

8.4 An Lower Bound for Sum Selection

Let X and Y be two sets of real numbers. Define the Cartesian sum of X and Y, denoted by
X +Y, to be the multiset {xr +y:2 € X and y € Y}.

Lemma 8.3: [Johnson and Kashdan [45]] Let X = {xy,2s,...,2,} and Y = {y1,y2,...,Yn}

be two sets of real numbers. It has an Q(nlogn) lower bound to find the median of X + Y.

Theorem 8.3: The SuM SELECTION PROBLEM has an 2(nlogn) lower bound in terms of

n, where n is length of the input sequence.

Proof: Let X = {z1,...,2z,} and Y = {y1,...,yn} be two sets of real numbers. We reduce

the problem of finding the median of X + Y to the Sum SELECTION PROBLEM. Without loss

of generality we can assume z; and y; are positive for all i = 1,...,n. Let m = —(max!", z; +
max!_, y;). Construct a sequence A = (—1,%1,. ., —Tpn, T, My Y1, —Y1s - -+ s Yn, —Yn). 1t 1S
easy to verify that x; + y; is the median of X + Y if and only if (—x;,2;,..., —2p, p, m

Y1 = Y1, - - -5 Yj, —Y;) is the (”—;)“‘ smallest-sum segment of A. Since |A| = 4n+1, by Lemma 8.3,

the SUM SELECTION PROBLEM must have an 2(nlogn) lower bound. U
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Subroutine ConstructMatrices(Py, Qy, Py, Qy, L : x > ¢)

Input: P, and P, are the results of sorting the multiset P C R? in nondecreasing order of

x-coordinates and y-coordinates, respectively. ), and ), are the results of sorting the
multiset Q C R? in nondecreasing order of z-coordinates and y-coordinates, respectively.

A linear constraint L: = > c.

Goal: Store the y-coordinates of points in (P @ Q),>. as a collection of sorted matrices.

1
2

n'— [Pply m' — | Q).
Let Pw = ((x17y1)7 R ('r'n/Jyn/))J QIE = ((1_317?/_1)7 ceey (j;mlagm'))a
Py = ((:Ell7y/1)7 R (:L‘In’?y;u))a and Qy = ((jllag,l)v SR (flm”gqln’»

3 Tog «— —o00.

4 if n’ <0orm <0 then

5 return

6 if ' =1 or m’ =1 then

7 Scan points in P, @ @), to find all points satisfying L and construct the sorted matrix for

y-coordinates of these points.

8 return

9 for t « m’ downto 0 do

10 if 2,2 +7; < c then

11 row_vector « subsequence of P, resulting from removing points with z-coordinates < x,,/,.
12 column_vector < subsequence of (), resulting from removing points with z-coordinates < z;.
13 A, — P[1,n/2]. By « Pyn'/2+1,7n]. Cp — Q.[1,t]. D, — Q.[t +1,m/].

14 A, « subsequence of P, resulting from removing points with z-coordinates > x,,/,.

15 B, « subsequence of P, resulting from removing points with z-coordinates < /5.

16 (), « subsequence of ), resulting from removing points with z-coordinates > z;.

17 D, « subsequence of @), resulting from removing points with z-coordinates < z;.

18 ConstructMatrices(A,, D,, A,, Dy, L: * > ¢).

19 ConstructMatrices(B,, Cy, By, Cy, L: © > c¢).
20 return
21 end for

Figure 8.1: Storing y-coordinates of (P & Q).>. as a collection of sorted matrices.
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Ordering Problems

71



Chapter 9

A Tight Analysis of the
Katriel-Bodlaender Algorithm

A topological order ord of a directed acyclic graph (DAG) G = (V, E) is a linear order of all its
vertices such that if G contains an edge (u,v), then ord(u) < ord(v). In this chapter we study
an online variant of the topological ordering problem in which the edges of the DAG are given
one at a time and we have to update the order ord each time an edge is added.

Alpern et al. [4] give an algorithm which/takes O(][d]|log||d]|) time for each edge insertion,
where ||d|| measures the number of edges and nodes of a minimal subgraph that needs to be
updated. (For a formal definition of ||d]|, please see [4, 65, 68].) Pearce and Kelly [65] propose
a different algorithm which needs slightly more time to process an edge insertion in the worst
case than the algorithm given by Alpern et al. [4], but show experimentally their algorithm
perform well on sparse graphs.

Marchetti-Spaccamela et al. [60] give an algorithm which takes O(mn) time for inserting m
edges. Katriel [46] shows that the analysis is tight. Recently, Katriel and Bodlaender [47] modify
the algorithm proposed by Alpern et al. [4], which is referred to as the Katriel-Bodlaender
algorithm in this chapter. They prove that their algorithm has both an O(min{m??logn, m3/?+
n?logn}) upper bound and an Q(m?/?) lower bound on the running time for m edge insertions.
This is the best amortized result for sparse graphs so far. They also analyze the complexity of
their algorithm on structured graphs. They show that it runs in time O(mklog® n) where k is

the treewidth of the underlying undirected graph and can be implemented to run in O(nlogn)
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2.75)_time algorithm,

time on trees. On the other hand, Ajwani et al. [2] proposed an O(n
independent of the number of edges inserted. This is the best amortized result for dense graphs
so far.

The only non-trivial lower bound is due to Ramalingam and Reps [68], who show that any

algorithm needs €2(nlogn) time while inserting n — 1 edges in the worst case if all labels are

maintained explicitly.

3/2 1/2

In this chapter, we prove that the Katriel-Bodlaender algorithm takes ©(m?/*+mn'/*logn)
time for inserting m edges. By combining this with Ajwani et al.’s result [2], we get an upper
bound of O(min{m?*?+mn'/?logn,n*™}) for online topological ordering. It is an improvement
over the previous best upper bound of O(min{m?*?logn, m*? + n?logn,n>7}).

The rest of this chapter is organized as follows. In Section 2, we describe how the Katriel-
Bodlaender algorithm works, define notation and introduce some theorems proved in [47]. Sec-
tion 3 proves that the Katriel-Bodlaender algorithm runs in O(m3/? + mn'/?logn) time, and

3/2

Section 4 shows it needs Q(m3/2 4+ mn'/2logn) time. Since the upper bound matches the lower

bound, our analysis is tight. Section 5 summarizes our results.

9.1 The Katriel-Bodlaender Algorithm

The pseudo code of the Katriel-Bodlaender algorithm is given in Figure 9.1. The algorithm
works as follows. The topological order of nodes is maintained by an order data structure ORD,

which can maintain a total order and support the following operations in constant time [29, 9]:

InsertAfter(z,y) (InsertBefore(x,y)): Inserts z immediately after (before) y in the
total order.

Delete(z): Removes  from the total order.

>,rq (7,y): Returns true if and only if x follows y in the total order.

Next(z) (Prev(z)): Returns the element that appears immediately after (before) x in

the total order.

Initially the nodes are inserted into ORD in an arbitrary order. Each time a new edge

(Source, Target) arrives, AddEdge(Source, T'arget) is called to insert the edge (Source, T'arget)

73



Function AddEdge(Source, Target)
1 ToS «[]. FromT « [].
2 ToSNeighbors < []. FromT Neighbors « [|.
3 ToSIndegree < 0. FromTOutdegree < 0.
4 s« Source. t <+ Target.
5 while s >4 t and s # nil and t # nil do
6 ms < ToSIndegree. {5 — Indegree[s].
7 my «— FromTOutdegree. {; «— Outdegreelt].
8 if mg+ 4y < my + ¢ then
9 ToS.Push(s).
10 foreach (w,s) € E do ToSNeighbors.Insert(w).
11 ToSIndegree < ToSIndegree + Indegreels].
12 s « ToSNeighbors.ExtractMazx.
13  end if
14  if mgs+ 45 > my + £; then
15 FromT.Push(t).
16 foreach (t,w) € E do FromT Neighbors.Insert(w).
17 FromTOutdegree < FromTOutdegree + Outdegree]t].
18 t «— FromT Neighbors.ExtractMin.
19  end if
20 end while
21 if s = nil then s — ORD.Prev(Target).
22 if ¢t = nil then t — ORD.Next(Source).
23 while T'oS.NotEmpty do
24 s« ToS.Pop.
25 ORD.Delete(s'). ORD.InsertAfter(s'ys). s — ¢
26 end while
27 while FromT.NotEmpty do
28 ' « FromT.Pop.
29  ORD.Delete(t'). ORD.InsertBefore(t',t). t — t'.
30 end while

31 E «— E U (Source, Target). Outdegeree[Source|++. Indegree[Target]++.

Figure 9.1: The Katriel-Bodlaender algorithm for online topological ordering.

into the graph and update the total order maintained by ORD to a valid topological order for

the modified graph.

It remains to describe how AddEdge(Source, Target) operates. In each iteration of the

first while loop, there is one node s which is a candidate for insertion into stack ToS (the
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node with maximal rank in the current topological order which reaches a node in T0S but
is not in 7T0S) and one node ¢t which is a candidate for insertion into stack FromT (the
node with minimal rank in the current topological order which can be reached from a node
in FromT but is not in FromT). The algorithm always adds at least one of them into
the relevant set. The way in which it decides which candidate(s) to add aims to balanced
the number of edges outgoing from nodes in FromT and the number of edges entering into
nodes in ToS. That is, the algorithm always chooses a candidate so that the increase of
max{) , r.s Indegreev], > p. . Outdegree[v]} is fewer after adding the candidate into
its relevant set. If a tie occurs, then both s and ¢ are added into their relevant sets. If s
is added to its relevant set T'0S, all nodes which can reach s by one edge are inserted into
ToSNeighbors and then s is reset to the max element in T0oSNeighbors. ToSNeighbors is
a priority queue maintaining all nodes which can reach nodes in T'0S by one edges but is
not in ToS. ToSNeighbors is implemented by Fibonaeci heaps [38] which can support in-
sertions and extractions in O(1) and O(logn) amortized time respectively. ToSNeighbors
determine the ranks of its elements according to 1§he total order maintained by ORD. Sim-
ilarly, if ¢ is added to FromT, then all nodes which are reachable from ¢ by one edge are
inserted into FromT Neighbors and then t is reset to the min element in FromT Neighbors.
FromT Neitghbors is a priority queue maintaining all nodes which can be reached from nodes in
FromT by one edge but is not in FromT'. FromT Neighbors is also implemented by Fibonacci
heaps and determine the ranks of its elements according to the total order maintained by ORD.
The first while loop stops when t >,,.4 s or any one of T'oSNeighbors and FromT Neighbors is
empty. If ToSNeighbors (FromT Neighbors) is empty when the first while loop stops then s
(t) is reset to ORD.Prev(Target) (ORD.Next(Source)) before we update ORD. The update
of ORD is carried out by fulfilling the following two tasks. First, delete all nodes in T0S
from ORD and then insert them, in the same relative order among themselves, immediately
after s. Secondly, delete all nodes in FromT from ORD and then insert them, in the same
relative order among themselves, immediately before t. After the update of ORD), the edge
(Source, Target) is inserted into the graph.

In the following, we define some notation. Let n and m be the number of nodes and edges

in the DAG G = (V, E) respectively. Let G; = (V, E;) be the graph after the i edge insertion.
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Let Indegree;[v] (Outdegree;[v]) be the indegree (outdegree) of v in G;. Let FromT; (T0S;)
denote the set of nodes in the stack FromT (ToS) at the end of the first while loop upon the
insertion of the i* edge. Let s; (t;) denote the value of the variable s (¢) at the end of the

first while loop upon the insertion of the i edge. Let T; = Y Outdegree;_,[v] and

veEFromT;
Si =Y eros, Indegree; 1[v]. Let z; denote max{T;, S;} and y; denote max{|ToS;|, |[FromT;|}.
Let >,.4, be the total order maintained by ORD after the it" edge insertion. The following

three theorems are proved in [47].

Theorem 9.1: The Katriel-Bodlaender algorithm needs O(m?/? + > i<i<m Yilogn) time to

insert m edges into an initially empty n-node graph.

Theorem 9.2: The Katriel-Bodlaender algorithm needs Q(m?3/?) time to insert m edges into

an initially empty n-node graph.

Theorem 9.3: Indegree; 1[s;] + S; > x; and Outegree; 1[t;] +T; > x;, for all i in [1, m].

9.2 An O(m*?+mn'?logn) Upper Bound

In this section, we prove that the algorithm runs in time O(m?*? + mn'/?logn). By Theo-
rem 9.1, we know the algorithm runs in time O(m>*?2 + Y i<i<m Yilogn), so we only have to
show > )i, ¥i = O(mn'/?). For simplicity, we assume that x; > y; for all 4 in [1,m], although
it should be z; > y; — 1 for all 7 in [1,m].

An edge e = (u,v) is called to be in front of (behind) a node w in G; if and only if there is
a path from v (w) to w (u) in G;. A pair (e,w) € E x V is called to be ordered in G; if and
only if e is either in front of or behind w in G;. In the following proofs, we adopt one of the
potential functions defined in [47]: The number of ordered pairs in F x V. Let ®; denote the
set {(e,w) € E x V : (e,w) is ordered in G;}, ¢; denote |®;| and A¢; denote ¢; — ;1.

Lemma 9.1: For all edges e incoming into T0S; in G;_; and for all nodes w in FromT;, e is

not in front of w in G,_;.

Proof: Let e = (u,v). Suppose for the contradiction that there is a path from v to w in

G;—1. It implies that w >,.4,_, v. There are three cases to consider. Case 1: The iteration
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in which variable s was assigned v is before the iteration in which variable ¢ was assigned w
in the i call of AddEdge. Since the nodes were assigned to variable s in decreasing order,

we had t >,.4,_, s after variable ¢t was assigned w and then left the loop. It contradicts to

1—1
the assumption that w is in F'romT;. Case 2: The iteration in which variable ¢ was assigned
w is before the iteration in which variable s was assigned v in the i’ call of AddEdge. Since

the nodes were assigned to variable ¢ in increasing order, we had t >,.4, , s after the variable

1—1
s was assigned v and then left the loop. It contradicts to the assumption that v is in T0S;.
Case 3: Variable s and variable ¢ was assigned v and w respectively at the same iteration in
the " call of AddEdge. Since w >ord;_, U, We had t >4, s after variable ¢t was assigned w

and then left the loop. It contradicts to the assumption that w is in FromT; and v is in T'0S;. [

Lemma 9.1 states that all the S; edges incoming into T0S; are not in front of FromT; in
Gi_1. Because all these S; edges became in front of FromT; after the i*" edge insertion, we
know A¢; > S; x |FromT;|. To pave the way for proving Lemma 9.5, we have to show y? < Ag;
when y; = |FromT;|. If S; was always larger, than or equal to y; when y; = |FromT;|, then we
could jump to prove Lemma 9.5 directly. Since it is not the case, we need more lemmas. There

are two cases to consider: First, w <,.4, ., §; for all w in FromT;, i.e., s; is after FromT; in the

1—=1
total order <,,4,_,. Second, some nodes in FromT; are after s; in the total order <,.q4, ,. The

following lemma deals with the first case.
Lemma 9.2: If w <,.q, , s; for all w in FromT; and y; = |FromT;|, then y? < Ad.

Proof: Since w <4, , s; for all w in FromT;, we can deduce that all edges incident to s;
in G;_1 are not in front of w in G,_; for all w in FromT;. By combining this result with
Lemma 9.1, we know there are at least Indegree; 1[s;| + S; edges not in front of w in G;_; for
all w in FromT;. Because all these Indegree;_1[s;]+ S; edges are in front of w in G; for all w in
FromT; and y; = |FromT;|, we can deduce that (Indegree;_1[s;] +5;) X y; < A¢;. By Theo-

rem 9.3 and the assumption y; < x;, we have y? < x; xy; < (Indegree;_1[s;]+S;) xy; < Ng;. [

The following lemma is used in the proof of Lemma 9.4 which deals with the second case.
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Lemma 9.3: If there exists w in FromT; such that w >4, , s;, then, in the it" call of
AddFEdge, the iteration in which variable ¢ was assigned t; is not after the iteration in which

variable s was assigned s;.

Proof: Suppose for the contradiction that the iteration in which variable s was assigned s;
is before the iteration in which variable ¢ was assigned ;. Let ¢ be the last element pushed
into FromT;. Consider the iteration in which variable ¢t was assigned t;. At the beginning,

the value of variable s was s; and the value of variable t was f. Since t >4, S;, we failed

i—1

in the test condition and left the loop. Thus, ¢ was not pushed into FromT;, a contradiction. [

Lemma 9.4: If there exists w in FromT; such that w >,.4_, s; and y; = |FromT;|, then

yi2 < Ag;.

Proof: Consider the iteration in which variable ¢ was assigned value t; in the " call of
AddFEdge. The value of m; + ¢, was equal to T;. By Lemma 9.3, we know the value of variable
s was not s; when line 6 was executed, so ms + £y </ S;. Since variable ¢ was selected to be
assigned a new value, we know my + ¢y < mg + £;. By combining the results above, we get
T; < S;. It implies that S; = x;. By Lemma 9.1, we know there are at least .S; = x; edges not
in front of w in G;_; for all w in FromT;. Because all these x; edges are in front of w in G;
for all w in FromT; and y; = |FromT;|, we can deduce that z;y; < A¢;. By the assumption
T; > y;, we have y? < Ag;. O

Lemma 9.5: Zyi:|F'romTi| y; < mn.

Proof: By Lemma 9.2 and Lemma 9.4, we know y? < Ag; if y; = |FromT;|. Since ¢y = 0,
Om < mn, A¢; > 0, and y7 < A¢; if y; = |FromT;|, we can deduce that Yy, —promr| Y7 <

Yo i<i<mA¢; < mn. 0

The following lemma can be proved by an argument similar to the one for proving Lemma 9.5.

Lemma 9.6: >, _iros,| 7 < mn.
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Theorem 9.4: Z 1<i<m Yi is O(mn1/2)

IN

Proof: By Lemma 9.5 and Lemma 9.6, we know 3 1<icm 7 < 2mn. Since Y., /2 Ui

IN

mn!/2, we only have to show Y, =12 y; is O(mn'/?). Since n'/2Y" S 12 yi <30, spire 2

]

S 1<icm Y2 < 2mn, we have Zyiznl/Q y; < 2mn'/? = O(mn'/?).

Theorem 9.5: The Katriel-Bodlaender algorithm needs O(m?®2 4+ mn'/?logn) time to insert

m edges into an initially empty n-node graph.

Proof: Theorem 9.1 states that the Katriel-Bodlaender algorithm needs O (m?3/ 2+21§i§m y; logn)
time to insert m edges into an initially empty n-node graph. Theorem 9.4 states that >, <i<m Yi
is O(mn'/?). By combining these two results, we know that the Katriel-Bodlaender algorithm

needs O(m3/? + mn'/?logn) time to insert m edges into an initially empty n-node graph. [

9.3 An Q(m?*? + mn'/?logn) Lower Bound
In this section, we prove that the algorithm runs in time Q(m?*?2 + mn'/?logn).

Theorem 9.6: The Katriel-Bodlaender algorithm needs Q(m??2 + mn'/?logn) time to insert

m edges into an initially empty n-node graph.

3/2 1/2

Proof: It is equivalent to showing that the algorithm needs Q(max{m"? + mn'/?logn}) time
to insert m edges into an initially empty n-node graph. Theorem 9.2 states that the algo-
rithm needs Q(m??) time to insert m edges into an initially empty n-node graph. Since
m3/2 > mn'/?logn if and only if m > nlog®n, we only have to show that the algorithm needs
Q(mn'/?logn) time if m < nlog?n. Without loss of generality we assume that m > n. In
the following, we describe an input which takes the algorithm Q(mn'/2logn) time to process if
n < m < nlog®n. For simplicity, we assume that both n and m are exact powers of 16.

Let {vg, vg, ..., v,_1} be the nodes of the DAG sorted by the order maintained by ORD be-

fore edge insertions. Let u; = vny;fori =0,..., %”—1. Define P; to be (v ;_yy,1/2,0 ;1,172 IIRERERNUYE _1),
4 4 4
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fori=1,...,n'2. Define Q; to be (U(i—yn1/as Ug—1ynt/agts - - Uigr/a_y), for i =1,... 515 Let
Source; = U,1/a_q, 1.e., the last node of Q;, for i = 1,..., 75, Let Target; = v )12, e,
the first node of P;, for i =1,...,n"/2
The input is composed of four parts.
Part 1. Construct n'/? identical subgraphs as in Figure 2(a) by inserting the edge (V_ayntrz, Vi 1>n1/2+ )
J

1/2

forall i =1,...,n"?and j = 1,...,2%~ — 1. There are n/4 — l/2<n/4<m/4 edge

insertions in this part.

Part 2. Construct 575 identical subgraphs as in Figure 2(b) by inserting the edge (w(;_1),1/4., ux)
for all i € [1,5%%], j € [0,n/* — 2] and k € ((i — 1)n** + j,in"/*). There are

m nl/2_pl/4 . . . .
sz X 3 < m/4 edge insertions in this part.

Part 3. This part is composed of n!/? rounds and there are 517z edge insertions in each round.
In the i"" round, the following edges are inserted in their listed order: {(Source;, Target;)

, (Sources, Target;),. . .(

:)}. There are m/2 edge insertions in this
part. Figure 2(c) illustrates how the total order maintained by ORD changes when Part

3 arrives.
Part 4. Insert edges without causing cycles until there are m edges in the DAG.

Upon the insertion of edge (Source;, Target;) in Part 3 for all i and j, all nodes in P,
are inserted into FromT Neighbors at the same iteration and then extracted. Since there are
n1/2 /4 nodes in P; for all j, each edge insertion in Part 3 takes the algorithm Q(n'/?logn) time

to process. Because there are m/2 edges in Part 3, the total complexity is Q(mn'/?logn). [
Theorem 9.7: The Katriel-Bodlaender algorithm needs ©(m?®?2 + mn'/?logn) time to insert

m edges into an initially empty n-node graph..

Proof: It follows directly from Theorem 9.5 and Theorem 9.6. L
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1/2 1/2 1/2 1/2
n

— nodesandn— —ledges. T nodesand™— —ledges.
4 4 4 4

S— I
———

Construct n*'? identicad subgraphs.

(b)

1/2 1/4 1/2 1/4
edges. n"*nodesand

——
Construct another 2—”3,2 idertical subgraphs.
n

Round1

1/2

Figure 9.2: An input which requires Q(mn'/?logn) time if n < m < nlog®n.
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Chapter 10

An O(n?*?)-Time Algorithm for Online

Topological Ordering

In this chapter we present an O(n2'5)-time algorithm for maintaining the topological order of
a directed acyclic graph with n vertices while inserting m edges.. This is an improvement over

the previous result of O(n?™) by Ajwani, Friedrich, and Meyer.

10.1 Algorithm

We keep the current topological order as a bijective function 7' : V' — [1..n]. Let d(u,v) denote
|T(v) — T(u)|, u — v express that there is an edge from u to v, u ~> v express that there is a
path from u to v and u < v be a short form of T(u) < T'(v). Let n%® <ty <t; <ty < --- <
tp—1 < t, < tpr1 = n, where p = O(logn) is a nonnegative integer. In Section 10.5, we show
how to determine the values of these parameters.

Figur 10.1 gives the pseudo code of our algorithm. 7' is initialized with the topological
order of the starting graph. Whenever an edge (u,v) is inserted into the graph, INSERT(u, v)
is called. If u < v, then INSERT(u,v) does not change 7" and simply insert the edge into the
graph. If u > v, then INSERT(u,v) calls REORDER(v, u, 0,0) to update T such that T is still
a valid topological order and T'(u) < T'(v). After the call to REORDER(v, u,0,0), INSERT(u, v)
can safely insert the edge into the graph.

It remains to explain how the procedure REORDER(u,v, fi, fo) works. The duty of the
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procedure REORDER(u, v, f1, f2) is to update T" such that T is still a valid topological order
and T(u) > T'(v). The flag f; = 1 indicates that the set A" = {w : v — w and w < v} has
been known to be empty. The flag fo = 1 indicates that the set B’ = {w : w — v and w > u}
has been known to be empty. If T'(u) > T'(v), then we directly exit. Otherwise, there are two

cases to consider:

I: t; < d(u,v) < t; for some ¢ = 0,...,p. In this case, we first have to compute A =
{fw: u— w, du,w) <t;, and w < v} and B; = {w : w — v, dw,v) <t;, and w > u}.
If A, = 0 and f, = 0, then we still have to compute A, ; = {w: v — w, dlu,w) <
tit1, and w < v} and set A = /L»H; otherwise, we directly set A = /L Similarly, if Ez =0
and f, = 0, then we still have to compute B;,; = {w: u—w, du,w) <tq, and w < v}

and set B = Bi+l; otherwise, we directly set B = B;.

2: d(u,v) < tg. In this case we directly set A = Ay = {w v — w, du,w) <ty and w < v}

and B = By = {w : w — v, dw,v) < ty, and w > u}.

If both A and B are empty, then we directly swap w and v and exit the procedure. Otherwise,
let Torigians be the topological order at the start of the'execution of the procedure. For each
v € {u} U A, considered in order of. decreasing Ty iginai(u’); we do the following. For each
voe {v v € BU{v} and Thrigina (V') > Torginai(u')}, considered in order of increasing
Toriginal(v"), recursively call REORDER(w/, V', f1, f3). The first flag f] is set to 1 if and only if

' =w and A =), and the second flag f5 is set to 1 if and only if v = v and B = ().

The idea behind the algorithm. Our algorithm broadly follows the algorithm by Ajwani et al. [2].
The main difference is that Ajwani et al. always set A to Ai-{—l and B to Bi—f—l during the ex-
ecution of REORDER but we set A to fliﬂ only if A; = 0 and B to l%iﬂ only if B; = 0. We
prove that the total number of calls to REORDER doesn’t increase (bounded above by O(n?))
by introducing this modification. Thus intuitively, our algorithm should run faster because in

each call to REORDER we might only need to compute A; and B; instead of Ai+1 and B¢+1-
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10.2 Data Structures

10.2.1 Main Data Structures

In the following, we describe the main data structures used in our algorithm.

The current topological order T' and its inverse T~ ! are stored as arrays. Thus finding 7'(7)
and T~!(u) can be done in constant time.

The DAG G = (V, E) is stored as an array of vertices. For each vertex u we maintain two
adjacency lists InList(u) and OutList(u). The backward adjacency list InList[u] contains all
vertices v with (v,u) € E. The forward adjacency list OutList(u) contains all vertices v with
(u,v) € E. Adjacency lists are implemented by using n-bit arrays and support the following

operations.

1. LisT-INSERT: Given a vertex and a list, add the vertex to the list.
2. LisT-SEARCH: Given a vertex and a list, determine if the vertex is in the list. If yes,

return 1. Else, return 0.

Since the adjacency lists are implemented by using n-bit arrays, it takes O(1) time per LIST-

INSERT or LIST-SEARCH operation.

10.2.2 Auxiliary Data Structures

In the following we describe some auxiliary data structures which are used in our algorithm to

improve the time complexity. For each vertex u, we maintain two arrays of pails: InPails(u)[0. ..

1] and OutPails(u)[0...d + 1]. InPails(u)[i] contains all vertices v with 0 < d(v,u) < t; and
(v,u) € E. OutPails(u)[i] contains all vertices v with 0 < d(u,v) < t; and (u,v) € E. A vertex
v in a pail is stored with its vertex index (and not T'(v)) as its key. Pails are implemented by
using balanced binary search trees and support the following operations data structure should

support the following three operations.

1. PAIL-INSERT: Given a vertex and a pail, add the vertex to the pail.
2. PAIL-DELETE: Given a vertex and a pail, delete the vertex from the pail.

3. PAIL-CoLLECT-ALL: Given a pail, report all vertices in the pail.
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It takes O(logn) time per PAIL-INSERT or PAIL-DELETE and O(1 + ) time per PAIL-

COLLECT-ALL, where v is the number of vertices in the pail.

10.2.3 Instructions for Data Structures

Given a DAG G with a valid topological order and two vertices u and v with u v v, define

sorted vertex sets A; and Bi, i=20,...,p+ 1, as follows:

A; = {w: v — w and d(u,w) <t; and w < v} sorted by the topological order.
B; ={w: w— v and d(u,w) <t; and w > u} sorted by the topological order.

In the following we discuss how to insert an edge, compute vertex sets fli, and B;, and swap

two vertices in terms of the above five basic operations.

a. Inserting an edge (u,v): This means inserting vertex v to the forward adjacency list of
u and u to the backward adjacency list of v. This requires two LIST-INSERT operations
and at most 2(p + 2) PAIL-INSERT operations. Thus inserting an edge (u,v) can be done
in O(plogn) = O(1) time.

b. Computing A; and B;: A; can be computed By sorting the vertices in OutPail(u)[i] and
choosing all w with w < ». This can be done by first calling PAIL-COLLECT-ALL to
collect all the vertices in OutPail(u)[i] in O(t;) time. Note that for all these vertices w,
we have 0 < T'(w) —T'(u) < t;. Thus we can sort these vertices in O(t;) time by counting
sort and then choose all w with w < v in O(|4;| 4+ 1) time. The total time required to
compute A; is O(t; + |A;]) = O(t;). Similarly, the time required to compute B; is O(t;).

c. Computing A; and B; when t; < d(u,v) < tigq: A; can be computed by sorting the
vertices in OutPail(u)[i]. This can be done by first calling PAIL-COLLECT-ALL to collect
all the vertices in OutPail(u)[i] in O(|A;] + 1) time, and then sorting these vertices in
O((|A;| + 1)logn) time. Thus the total time required to compute A; is O(|4;| + 1).
Similarly, the time required to compute B; is O(|B;| + 1).

d. Swapping u and v: Without loss of generality assume v < v. When swapping u and
v, we need to update the pails, T, and T~!. We now show how to update the pails.
For all vertices w with T'(u) — t; < T'(w) < min{T'(u), T(u) — t; + d(u,v)}, we delete w
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from InPail(u)[i] and delete u from OutPail(w)[i]. For all vertices w with max{T'(v) +
ti — d(u,v),T(v)} < T(w) < T(v)+t;}, we delete w from OutPail(v)[i] and delete v
from InPail(w)i]. It requires total O(d(u,v)) PAIL-DELETE operations for each 4. For
all w with max{T(v),T'(u) + t;} < T'(w) < T(u) +t; + d(u,v), if w is in the forward
adjacency list of w, then insert w into OutPail(u)[i] and insert u into InPail(w)]i].
For all w with T'(v) — t; — d(u,v) < T(w) < min{7T(u), T(v) — t; + d(u,v)}, if w is
in the backward adjacency list of v, then insert w into InPail(v)[i] and insert v into
Out Pail(w)[i]. It requires total O(d(u,v)) L1IST-SEARCH and PAIL-INSERT operations for
each 7. In total, we need O(p - d(u,v)) LIST-SEARCH, PAIL-INSERT, and PAIL-DELETE
operations. Updating T' and T~ ! is trivial and can be done in constant time. Thus the

total time is O(p - d(u,v)logn) = O(d(u,v)).

10.3 Correctness

In this section, we argue that our algorithm is correct. We say a call of a recursive procedure
leads to an operation “by itself” if and only if this oberation is executed during the execution of
this call and not during the execution of subsequent recursive calls. Given a DAG G with a valid
topological order T" and two vertices w, v of G with u' < v, let A’ = {w : v — w and w < v}
and B' ={w : w — v and w > u}. We say the flag f; of the call to REORDER(u, v, f1, f2) is
correctly set only if (f; = (A’ =0)) = 1. That is, if f =1, then A’ is empty. We say the flag
f2 of the call to REORDER(u, v, f1, f2) is correctly set only if f, = (B’ = ()) = 1. That is, if

fo =1, then B’ is empty.

Lemma 10.1: Given a DAG G with a valid topological order and two vertices u, v of G with
u<wlet A ={w:u— wand w < v} and B' = {w: w — v and w > u}. If the flags are
correctly set, then in the call of REORDER(u, v, f1, f2), A := 0 if and only if A" = (). Similarly,
if the flags are correctly set, then in the call of REORDER(u, v, f1, f2), B := 0 if and only if
B =10.

Proof: We only prove that A := () if and only if A’ = (). It can be proved in a similar way that

B := () if and only if B’ = (). There are two cases to consider.
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Case 1: t; < d(u,v) < t;41 for some ¢ with 0 < ¢ < p. By the algorithm, A := () if and only
if

A

A;={w: v — w and d(u,w) < t; and w < v} = () and
(Aiy1 = {w : v — w and d(u,w) <ty and w < v} =0V f; = 1).
By t; < d(u,v) < t;11, we have A, C fliﬂ = A'. From 4, C AZ-H =Aand (fi = (A =0)) =1,
we conclude that A := () if and only if A" = 0.
Case 2: d(u,v) < tg. By the algorithm, A := () if and only if

Ay ={w: u— w and d(u,w) <ty and w < v} = 0.

By d(u,v) < to, we have Ag = A'. From Ag = A’, we conclude that A := () if and only if A’ = 0.
L]

Lemma 10.2: Given a DAG G with a valid topological order and two vertices u,v of G with
u<wv,let A ={w:u— wandw < v} and B’ = {w: w — wvand w > u}. If the flags
are correctly set, then REORDER(u, v, f1, f2) leads to a swap by itself if and only if A’ = () and

B = 1.

Proof: By the algorithm, the call to REORDER(u, v, fi, f2) leads to a swap by itself if and only
if in this call A := 0 and B := (). By Lemma 10.1, A := () and B := () if and only if A’ = () and
B’ = 1. O

Given a DAG G with a valid topological order, REORDER(u, v, f1, f2) is said to be local
if and only if the execution of REORDER(u,v) does not affect T'(w) for all w with w > v or

w < U.

Lemma 10.3: Given a DAG G with a valid topological order and two vertices u, v with u + v,
if the flags are correctly set, then REORDER(u, v, f1, f2) maintains a valid topological order and

stop with v < v and is local.

Proof: We prove the lemma by induction on T'(v) — T'(u). When T'(u) —T'(v) < 0, the lemma

is trivially correct.
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Assume the lemma to be true when T'(v) — T(u) < k, where k > 0. We prove that
the lemma is true when T'(v) — T(u) = k. If A = {w:u — wandw < v} = 0 and
B ={w:w — wvand w > u} = (), then by Lemma 10.2, line 13 is executed. Thus, RE-
ORDER(u, v, f1, fo) maintains a valid topological order, stops with v < u, and only T'(u) and
T'(v) are updated, so the lemma follows. If A" # () or B’ # (), by Lemma 10.2, the for-loops are
executed. Let 7" be the initial topological order. By our induction hypothesis and Lemma 10.1,

the following loop invariants hold:

1. T is a valid topological order.
2. At the start of the execution of line 19, T'(v') — T'(v') < k and T"(u) < T'(u') < T'(v") < T"(v).
3. At the start of the execution of line 19, u’ + v'.

4. The flags are correctly set for the recursive call.

By the loop invariants and our induction hypothesis, each recursive call REORDER(v/, V', f1, f5)
in the for-loops stops with v' < u" and is lgcal.; Since the last recursive call is REORDER(u, v),
the entire procedure stops with ¥ < w. Since each recursive call REORDER(u/,v’) is local
and starts with 7"(u) < T'(u") < T(v") < T'(v), the topological order of vertices w with
T'(w) > T"(v) or T'(w) < T'(u) is not affected. Thus the entire procedure maintains a valid

topological order, stops with v < u, and is local. L]

Theorem 10.1: Given a DAG G with a valid topological order and two vertices u, v of G with
u +~ v, the call to INSERT(u,v) adds an edge (u,v) to G and maintains a valid topological

order.

Proof: Because u v v, we know that u and v are two different vertices and either v < v or
u > v. If u < v then the theorem is trivially correct. Assume that v > u. By Lemma 10.3,
REORDER(v, u, 0,0) stops with u < v and maintain a valid topological order. Thus when line
2 of INSERT is ready to be executed, we have a valid topological order and v < v, and add an

edge (u,v) to G doesn’t affect the validness of the topological order. Ll
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In addition to the correctness of the algorithm, we also want to prove that the flags are

always correctly set.

Lemma 10.4: Given a DAG G with a valid topological order and two vertices u, v of G with
u < v, consider a call to REORDER(u, v, f1, f2). If the flags fi and f; are correctly set, then

while executing this call, all subsequent calls to REORDER also own correct flags.

Proof: We prove the lemma by induction on the depth of the recursion tree. By Lemma 10.3,
the call to REORDER(u, v, f1, f2) would stop, so the depth of the recursion tree is finite. If the
depth is zero, then no recursive calls are made and the lemma follows.

Assume the lemma to be true when the depth of the recursion tree is less than k, where
k > 0. We prove that the lemma is true when the depth of the recursion tree is k. Since
k > 0, there is at least one recursive call. Thus the for-loops are executed. By Lemma 10.1

and Lemma 10.2, the following loop invariants hold:
1. T is a valid topological order.
2. At the start of the execution of line 19, T'(u') < T'(v').

3. At the start of the execution of line 19, u' » v'.

4. The flags are correctly set for the recursive call.

By the loop invariants and our induction hypothesis, each recursive call to REORDER(w, v/, f1, f5)
in the for-loops, together with all subsequent calls to REORDER in it, own correct flags, and

the lemma follows. Ll

Theorem 10.2: Given a DAG G with a valid topological order and two vertices u, v of G with

u +~ v, while executing INSERT(u, v), the flags are correctly set for all calls to REORDER.

Proof: If u < v then there are no calls to REORDER made while executing INSERT(u, v), and
the lemma follows. If u > v then INSERT(u,v) calls REORDER(v, u,0,0). By Lemma 10.4, the
call to REORDER(v, u, 0,0), together with all subsequent calls to REORDER in it, own correct

flags, and the lemma follows. L]
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10.4 Running Time

In this section, we analyze the time required to insert a sequence of edges. By Theorem 10.2, the
flags are always correctly set. To avoid unnecessary discussion, each lemma, theorem, corollary,
and proof in this section is state under the assumption that the flags are correctly set. To avoid

notational overload, sometimes we just write REORDER (u, v) and ignore the flags.

10.4.1 Properties

Lemma 10.5: Given a DAG G with a valid topological order and two vertices v and v with
u < v, then during the execution of REORDER(u, v), we have that (1) T'(x) is nondecreasing if

u ~> x; (2) T(y) is nonincreasing if y ~» v; and (3) T'(z) doesn’t change if u ¥+ z and z ¥ v.

Proof: We prove the lemma by induction on the depth of the recursion tree. By Lemma 10.3,
the call to REORDER(u, v) would stop, so the depth of the recursion tree is finite. If the depth
is zero, then no recursive calls are made. /It follows that line 13 is executed, so the lemma
follows.

Assume the lemma to be true when the depth of the recursion tree is less than k, where
k > 0. We prove that the lemma is true when the depth of the recursion tree is k. Since
k > 0, there is at least one recursive call. Thus the for-loops are executed. By Lemma 10.1

and Lemma 10.2, the following loop invariants hold:

1. T is a valid topological order.

2. At the start of the execution of line 19, T'(u’) < T'(v').

3. At the start of the execution of line 19, u’ + v'.

4. The flags are correctly set for the recursive call.
Note that for each recursive call REORDER(w, v') in the for-loops, we have u ~» «’ and v/ ~ v.
Let u ~» x. Then we have either ' ~~ z or (v’ % x and x + v'). By the induction hypothesis,
T'(x) is nondecreasing or doesn’t change during the execution of the recursive call. Thus T'(x)

is nondecreasing if u ~» z. Let y ~» v. Then we have either y ~» v/ or (¢' /~ y and y + v'). By

the induction hypothesis, 7'(y) is nonincreasing or doesn’t change during the execution of the
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recursive call. Thus T'(y) is nonincreasing if y ~ v. Let u v z and z % v. Then v’ + z and
z + v'. By the induction hypothesis, T'(z) doesn’t change during the execution of the recursive

call. Thus T'(z) doesn’t change if u v z and z ¥ v. O

Lemma 10.6: Given a DAG G with a valid topological order and two vertices v and v with

u < v, for all x and y, REORDER(u, v) leads to at most one swap of x and y.

Proof: Suppose that REORDER(u,v) leads to at least one swap of x and y. Without loss of
generality we assume that z < y before the first swap occurs. Then the first swap of x and y
leads to increase of T'(z) and decrease of T'(y). Thus by Lemma 10.5, T'(z) is nondecreasing
and T'(y) is nonincreasing during the execution of REORDER(u,v). After the first swap, we
have z > y. Since T'(z) is nondecreasing and T'(y) is nonincreasing, we know there are no more

swaps. L]

Theorem 10.3: While we insert-a sequence of edges, ffor all vertices x and y, after the first

swap of x and y, the relative order of x and y doesn’t change.

Proof: Suppose that the vertex pair (z,y) is swapped at least once while inserting a sequence
of edges. By Lemma 10.6 and the algorithm INSERT, each edge insertion leads to at most one
swap of x and y. Let (u,v) be the first edge whose insertion leads to a swap of z and y. Without
loss of generality we assume that x < y before the first swap occurs. We prove that x > y holds
after the first swap of x and y. Consider the execution process of INSERT(u,v). The first swap
occurs during the execution of REORDER(v,u). By Lemma 10.5, we have v ~ x and y ~ u.
Since T'(z) is nondecreasing and T'(y) is nonincreasing, after the first swap of x and y, z > y
holds until REORDER(v, u) returns. After REORDER (v, u) returns, the edge (u,v) is added to
the graph. Thus we have y ~ x and = > y just after INSERT(u,v) returns. By Lemma 10.3,

calls to REORDER maintain a valid topological order, so x > y holds hereafter. Ll

Corollary 10.1: While we insert a sequence of edges, for all vertices  and y, there is at most

one swap of x and y.
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Lemma 10.7: Given a DAG G with a valid topological order and two vertices v and v with

u < v, REORDER(u, v) leads to a swap of u and v.

Proof: We prove the lemma by induction on the depth of the recursion tree. By Lemma 10.3,
the call to REORDER(u, v) would stop, so the depth of the recursion tree is finite. If the depth
is zero, then no recursive calls are made. It follows that line 13 is executed, so the lemma
follows.

Assume the lemma to be true when the depth of the recursion tree is less than k, where
k > 0. We prove that the lemma is true when the depth of the recursion tree is k. Since
k > 0, there is at least one recursive call. Thus the for-loops are executed. By Lemma 10.1

and Lemma 10.2, the following loop invariants hold:

1. T is a valid topological order.
2. At the start of the execution of line 19, T'(u’) < T'(v').
3. At the start of the execution of line 19, u’ +~ v'.

4. The flags are correctly [set for the recursive call.

Note that when executing the last recursive call REORDER(w';v’) in the for-loops, we have
v’ = u and v' = v. By our induction hypothesis and the loop invariants, the last recursive call

leads to a swap of u and v, and the lemma follows. Ll

Theorem 10.4: While we insert a sequence of edges, the summation of |A| + |B| over all calls

of REORDER is O(n?).

Proof: Consider arbitrary vertices u and ©. We prove that v € B occurs at most once over all
calls of REORDER(u, -). This proves that the summation of |B| over all calls of REORDER(u, -)
is less than or equal to n. Therefore the summation of |B| over all calls of REORDER(,-) is
less than or equal to n?.

Consider the execution process of the first call of REORDER(u, -) for which v € B. By the
algorithm, a recursive call to REORDER(u, 0) is made in the for-loops. Before the recursive

call to REORDER(u,?) in the for-loops, at the start of the execution of each recursive call to
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REORDER(v/,v') in the for-loops, we have v < ¥ and (u < v’ < v’ or u = v’ < v’ < v). This
follows from the order in which we make the recursive calls and the local property (Lemma 10.3).
Since u < 0 and (u < v < v or u = u' < v < 0), by the local property, u < v holds during
the execution of the call to REORDER(w/,v’). Thus before the recursive call to REORDER(u, )
in the for-loops, all recursive calls to REORDER(v,v’) in the for-loops don’t lead to a call to
REORDER(u, -) for which ¢ € B; otherwise, the call to REORDER(u, -) for which ¢ € B leads to a
call to REORDER(u, v) which further leads to © > u by Lemma 10.3, leading to a contradiction.
Suppose for the contradiction that the recursive call to REORDER(u, v) in the for-loops leads
to a call to REORDER(u, v”) for which v € B. By the order in which we make the recursive calls
and the local property, at the start of the execution of the recursive call to REORDER(u, 0) in
the for-loops, we have u < 0. Since 0 ~» v”, at the start of the execution of the recursive call
to REORDER(u, 0) in the for-loops, we have u < © < ”. Thus by the local property, v" > u
holds during the execution of the recursive call to REORDER(u, ©) in the for-loops. However,
by Lemma 10.3, REORDER(u, v") stops with'v” < u, which is a contradiction. After the recurve
call to REORDER(u, 0) in the for-loops, we have ¢ < w by Lemma 10.3. Since © > u before
the recurve call to REORDER(u, v) in the for-loops, by Lemma 10.7, this recursive call leads
to a swap of u and 9. Thus after the recurve call to REORDER(w, 0) in the for-loops, we have
v < u and, by Lemma 10.3, the relative order of v and © doesn’t change hereafter. Since v < u
holds hereafter, there are no more calls of REORDER(w, -) for which © € B. Putting all things
together, it follows that © € B occurs at most once over all calls of REORDER(u, -).

Similarly, we can prove that for arbitrary vertices @ and v, 4 € A occurs at most once over
all calls of REORDER(+,v). It follows that the summation of |A| over all calls of REORDER(-, -)

is less than or equal to n?. Ll

Corollary 10.2: While we insert a sequence of edges, REORDER is called O(n?) times.

Proof: By the algorithm, a call to REORDER for which |A| + |B| = 0 leads to a swap by
itself. By Corollary 10.1, there are at most n? swaps. Thus there are at most n? calls to
REORDER for which |A| + |B| = 0. By Theorem 10.4, there are O(n?) calls to REORDER for
which |A| + |B| > 0. Therefore, there are O(n?) calls to REORDER in total. O
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Let S = {(u,v) : there is a swap of v and v such that v < v while we insert the edges}.

Define

the value of d(u,v) while swapping u and v V(u,v) € S;
D(u,v) =

0 V(u,v) & S.
Since by Corollary 10.1 each vertex pair is swapped at most once, D(u,v) is well defined.

Let k£ be a number with 1 < k <n. Define

D(u,v) if D(u,v) <k;
Duuny = | D) DG

k otherwise.

The following theorem is the key to our running time analysis.
Theorem 10.5: For all k € [1,n] with &> n%®, we have 32 Dy (u,v) = O(n? - Vk).

Proof: Let k = n". Let T* denote the final topological order. Define x(T*(u), T*(v)) = D(u,v)
and z(T*(u), T*(v)) = Dg(u,v) for all vertices u and v. The|following linear inequalities are

proved to be true by Ajwani et al. [2].

(1) z(i,5) <Oforall 1l <i<nand 1 <j <.
(2) z(i,j) <nforall 1<i<nandi<j<n.

(3) Z]>ZZL‘(Z,]) - Zj<7, (], ) < n for all 1 < 7 < n.

It is easy to derive the following linear inequalities from the definitions of z(7, j) and z(i, ).

4) z(i,j) <n" forall 1 <i,j <n.

(

(5) 2(4,7) < x(i,j) for all 1 < 4,5 < n.

(6) 0<z2(i,j) forall 1 <i<mand 1 <j<mn.
(

7)0<uz(i,j) foralll1 <i<mnand 1<j<n.

We aim to estimate an upper bound on the objective values of the following linear program.

max . z(i,7) such that

1<ij<n
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(1) z(i,j) <Oforall 1 <i<nand 1 <j<i

(2) z(i,j) <nforalll<i<nandi<j<n

(3) > (i, ) = D w(di) <nforal 1 <i<n
(4) 2(i,j) <n"forall 1 <i,j <n

(5) z(4,j) < x(i,j) forall 1 <i,j <n

(6) 0 < z(i,j) forall1<i<nmnand1<j<n
(7)0<z(i,j) forall 1 <i<mand 1 < j <n.

In order to prove the upper bound on the objective values of the above linear program, we

consider its dual problem.

min o n-Yipy; + DT n@¥l £ 6y Ziny; | such that

0<i<j<n 0<i<n 0<i,j<n

(1) Yipsj — Wing; 2 0forall0 <i<mand 0.<j<i

(2) Yintj — Wingj + Yooy = Y2y 20 forall 0<i<nandj>i
(3) Zintj +Wingj=1forall 0 <ié<nand 0 <j<n
(4)Y;>0forall 0 <i<n?4n

(5) Z; > 0 for all 0 < i < n?

(6) W; >0 for all 0 <4 < n?

Let ¢ be a large enough constant, e.g. 120, such that (i + ¢ -n"/2)"/2 > (i"/2 4 1) for any

1 <i < n. The following is a feasible solution to the dual problem.
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(}/;'.n_i_j:]. forall0<i<nand 0 <5 <1
Zinyj =0 forall0<i<nand 0<j <1
Wing; =1 forall0 <i1<nand 0 <5 <1
Yint; =0 forall0 <i<mnandi<j<i+c-n/?
Zimij =1 forall0 <i<mnandi<j<i4c-n'/?
Wine; =0 fora110§i<nandz'<j§i+c-n’”/2
Yint; =0 forall0<i<nandi+c-n/?<j<n
Zinyj =0 forall0<i<mnandi+c-n/?<j<n
Wing; =1 fora110§i<nandi—|—c-n’"/2<j<n
Yiori=(nm—4)/% forall0<i<n

\
This feasible solution to the dual problem has an objective value of O(n Y"1 | i"/?>+n-n"-cn"/?) =
O(n>t7/2 4 ! +7+7/2) = O(n?+"/2) = O(n? - Vk), which by the primal-dual theorem is an upper

bound on the objective values of the original linear program. Ll

Lemma 10.8: Given a DAG G with a valid topological order and two vertices v and v with
u < v, consider a call to REORDER(u,v). If A’ = {w: u — w and w < v} = (), then when

executing this call, we have the first flag f; = 1 for all subsequent calls to REORDER(u, -).

Proof: We prove the lemma by induction on the depth of the recursion tree. By Lemma 10.3,
the call to REORDER(u, v) would stop, so the depth of the recursion tree is finite. If the depth
is zero, then no subsequent recursive calls are made, so the lemma follows.

Assume the lemma to be true when the depth of the recursion tree is less than £, where
k > 0. We prove that the lemma is true when the depth of the recursion tree is k. Since k > 0,
there is at least one recursive call. Thus the for-loops are executed. By Lemma 10.1, A = 0.
By the local property (Lemma 10.2) and the order in which we make the recursive calls, any
subsequent call to REORDER(«, -) must occur during the execution of last iteration of the outer

for-loop. Consider any first level recursive call REORDER(v/, ', f1, f3) in the last iteration of
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the outer for-loop. Note that we have v/ = u < v and {w : v > wand w < v’ <v} C A =0
when this call is ready to be executed. Since ' = u and A = (), we also have f; = 1. By the
induction hypothesis, we also have the first flag f; = 1 for all subsequent calls to REORDER(u, -)

while executing this call. It completes the proof. Ll

Lemma 10.9: Given a DAG G with a valid topological order and two vertices v and v with
u<wv,let A/ ={w:u— wandw < v} =0. Then a call to REORDER(u, v) stops with u at
the initial position of v. That is, letting Tjcfore be the topological order just before the call to

REORDER(u, v), then the call to REORDER(u, v) returns a topological order T, ., such that

Tafter (U) - Tbefore(v) .

Proof: We prove the lemma by induction on the depth of the recursion tree. By Lemma 10.3,
the call to REORDER(u, v) would stop, so the depth of the recursion tree is finite. If the depth
is zero, then no recursive calls are made. Tt follows that line 13 is executed, so the lemma
follows.

Assume the lemma to be true when the depth of the recursion tree is less than £, where
k > 0. We prove that the lemma is true when the depth of the recursion tree is k. Since k > 0,
there is at least one recursive call. Thus the for-loops are executed. Let Tierore be the initial
topological order. By Lemma 10.1, Lemma 10.2; and the induction hypothesis, the following

loop invariants hold:

1. T is a valid topological order.

2. At the start of the execution of line 19, T'(u) = T'(v') < T(v") = Thefore (V).
3. At the start of the execution of line 19, u’ + v'.

4. After the execution of line 19, T'(u) = Thefore(V').

5. The flags are correctly set for the recursive call.

Note that for the last recursive call REORDER(w/,v’) in the for-loops, we have v" = v. Thus

by the loop invariants, we have T'(u) = Thefore(v) after the last recursive call in the for-loops. [J
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Lemma 10.10: Given a DAG G with a valid topological order and two vertices v and v with
u < v, when executing a call of REORDER(u,v) in which both A; and fliﬂ are computed, u is

moved right with distance at least ¢;.

Proof: Since both A; and Ai—l—l are computed, by the algorithm, we have t; < d(u,v) < t;4
and /Alz = (). There are two cases to consider.

Case 1: A,y = 0. Tt follows that A’ = {w : u — w and w < v} = . By Lemma 10.9, u
is moved right to the initial position of v. Since initially d(u,v) > ¢;, u is moved right with
distance at least ;.

Case 2: fliﬂ # (). By the algorithm, the for-loops are executed. Let @ be the vertex with
lowest topological order in /L-H. Let Tjniti be the initial topological order. Since /211 = 0,
we have initially d(u, @) > t;, i.e., Tiitia(@) — Tinitiar(v) > t;. By Lemma 10.3 and the order
in which we make the recursive calls, before the last iteration of the outer for-loop, T'(v) >
Tinitiar(0) holds. Consider the execution of the last iteration of the outer for-loop. Let Tyya
be the topological order at the start of this iteration.  Then we have Tyt (v) — Tinitiar(u) >

Tinitiat(0) — Tinitiar(w) > t;. By Lemma 10.3 and Lemma 10.9, the following loop invariants hold.

1. T is a valid topological order.

2. At the start of the execution of line 19, T'(u) = T'(v') < T'(v') = Tstart(V').
3. At the start of the execution of line 19, u’ + v'.

4. At the start of the execution of line 19, {w : v — w and w < v' < v} =0.
5. After the execution of line 19, T'(u) = Tyare (V).

6. The flags are correctly set for the recursive call.

Thus after this iteration, we have T'(u) = Tsart(v) > Tinitiar(w) + t;, and the lemma follows. [J

calls of

Theorem 10.6: While we insert a sequence of edges, there are at most O("Q— Vtt“)

REORDER for which both flz and Ai—H are computed. Similarly, there are at most O("2— ”tt’“)

calls of REORDER for which both R and Bi—i—l are computed.
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Proof: We only prove that there are at most O("Q‘{—zﬁ) calls of REORDER for which both A;
and A;,; are computed. It can be proved in a similar way that there are at most O("Q‘{—m)
calls of REORDER for which both Bl and Biﬂ are computed.

Let C(u,v), Ca(u,v), . .., Cruw) (4, v) be the calls to REORDER(u, v) for which both A; and
A; 1 are computed for all vertices u and v. Let S;(u,v) = {w : C;(u,v) leads to a swap of u
and w} for i = 1,...,m(u,v). We prove that >_ Some) D owesi ) P, w) = O(n?\/Tiq).
By Lemma 10.10, 32, cs. ()
follows that 3, | Some) g — O("Q‘/—m)

ti

D(u,w) > t; for all vertices u and v and ¢« = 1,... m(u,v). It

In a call to REORDER(u,v), A; and A@'H are both computed only if ¢; < d(u,v) < t;4.
Thus by the local property (Lemma 10.3), we have D(u,w) < t;4 for all w € S;(u,v), i =
L,...,m(u,v). By Theorem 10.5, we have 3 . Di(u,v) = O(n®\/T;11). Thus it suffices to show
that in the summation o) D wes;uwy P(u,w), D(u,w) is counted at most twice for
each vertex pair (u,w).

To show that in the summation ), Z?f__(f’v) Y D(u,w), D(u,w) is counted at most

weSi(u,v)
twice for each vertex pair (u,v), we only have to prove that S;(u,v) N Sj(u,v’) N Sk(u,v") = 0
if Ci(u,v), C;(u,v"), and Cy(u,v"”) are three different calls.

Suppose for the contradiction that w € S;(u,v) M S;(u, v')N Sk(w,v”) and C;(u,v), C;(u,v),
and Cy(u,v") are three different calls. Without loss of generality, we assume C;(u,v) occurs
before C;(u,v") and Cj(u,v") occurs before Cy(u,v”). By Corollary 10.1, there is only one swap
of w and w, so C}(u,v’) must be a subsequent recursive call which occurs during the execution
of C;(u,v) and Cy(u,v"”) must be a subsequent recursive call which occurs during the execution
of C;(u,v"). Consider the execution of C;(u,v). By Lemma 10.3 and the order in which we
make the recursive calls in the for-loops, Cj(u,v’) must occur during the last iteration of the
outer for-loop. Note that by Lemma 10.3, before the last iteration of the outer for-loop begins,
all vertices in Ay = {w: u — w, d(u,w) < tiyy and w < v} = {w: v — wand w < v}
are moved to the right of v. Thus when the last iteration of the outer for-loop begins, there
are not any vertices w between v and v with v — w. Therefore, by the local property of
REORDER, during the last iteration of the outer for-loop, for each call to REORDER(u,v’), we
have {w : u — w and w < v' <wv} = 0. By Lemma 10.8, we have the first flag f; = 1 for each

subsequent call to REORDER(u, ) during the execution of Cj(u,v’). It follows that the first
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flag f1 of the call Cy(u,v”) is 1. Thus by the algorithm, we don’t compute A;41 in the call

Cr(u,v"), which is a contradiction. O

10.4.2 Running Time Analysis

Lemma 10.11: While we insert a sequence of edges, the total time spent on executing line 2

of INSERT is O(n?).

Proof: As discussed in Section 10.2.3, each execution of line 2 of INSERT can be done in O(1)

time. Since there are at most n(n — 1)/2 edge insertions, the lemma follows. O

Lemma 10.12: While we insert a sequence of edges, the total time spent on computing A,

and B;, i = 1,...,p, over all calls of REORDER (u,v) with #; < d(u,v) < ti41 is O(n?).

Proof: As discussed in Section 10.2.3, it needs O(JA;| 4 |B;| + 1) time to compute 4; and B;
in a call of REORDER(u,v) if d(u,v) < t;41. By Theorem 10.4, the summation of |A;] + |B;,
i=1,...,p, over all calls of REORDER is O(n?). By Corollary 10.2, REORDER is called O(n?)
times. Thus the summation of (|A;|+ |B;| 4 1) over all calls of REORDER is O(n?), and the

lemma follows. 0

Lemma 10.13: For each ¢ with 1 < 7 < p + 1, while we insert a sequence of edges, the

total time spent on computing A; and B;, over all calls of REORDER(u,v) with d(u,v) < t; is
th?/z

O(4—).

Proof: If d(u,v) < t;, then by the algorithm, 1211' is computed only if Ai,l is also computed and
nZt;/2
ti—1

is empty. Thus by Theorem 10.6, there are at most O( ) such calls. As discussed in Sec-

tion 10.2.3, it needs O(t;) time to compute A; in each of such calls. Thus the total time spent on
N 3/2
computing A; over all calls of REORDER(u,v) with d(u,v) < t; is O(njti

). Similarly, the to-

~ 243/2
tal time spent on computing B; over all calls of REORDER(u, v) with d(u,v) <t is O(”tvtj1 ). O

100



Lemma 10.14: While we insert a sequence of edges, the total time spent on computing Ay

and B, over all calls of REORDER is O(n? - t).

Proof: As discussed in Section 10.2.3, it needs O(ty) time to compute AO and B% in a call of

REORDER. By Corollary 10.2, REORDER is called O(n?) times, and the lemma follows. ]

Lemma 10.15: While we insert a sequence of edges, the total time spent on swapping vertices

is O(n*?).

Proof: As discussed in Section 10.2.3, each swap of vertices u and v with d(u,v) < ¢ can
be done in O(d(u,v)) time. By Theorem 10.5, 3" D,,(u,v) = O(n*%). Thus the total time is
O(n*?). U

p+1 n2t3/2

Theorem 10.7: While we insert a sequence of edges, the total time required is O( i1 Tt
n2 . to)

Proof: It follows directly from the above lemmas. L]
10.5 Further Discussion

Let n%5 <ty <ty < - - <t, <ty1 =nand p= O(logn). We have known that the running

time is O(3 74 " ik + n? - t). In this section, we show how to determine the values of these

i—

parameters. By letting

N t, tp,l tp,g to ’
we have
45/
b=t =L foralli=2,....p+1.
£

Let t; =ty fori=0,...,p+ 1. we have

OTi—1 2%

xg= 1,21 =4/3, and x; = 5

foralli=2,...,p+ 1.
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By solving this linear second order recurrence relation, we get z; = 2 — (2/3)" for all ¢ =

—(2/3)(+1)

0,1,2,...,p+ 1. It follows that ?,,1 = t?) . Since t,41 = n, we have t) = n/®) where

+1
f(p) = (2317-%1;—_2114-1)

Corollary 10.3: While we insert a sequence of edges, the total time required is Cj(n2+f () if

3p+1

to =n/® and t; = tg_@/g)i foralli=1,...,p+ 1, where f(p) = Iy

Note that f(p) = % =05+ W. By lettlng E(p) = (2.3;#%—17_21,7%), we have
e(p) < 351 < (3/2)7%. By letting p = loggyn, we have 1 < n® < n'/" < 2 when n > 2.
Thus O(n*t/®)) = O(n>5+<)) = O(n9) if we choose p = [log/,n]. The following theorem

summarizes our discussion.

Theorem 10.8: There exists an O(n2'5)—time algorithm for online topological ordering.

10.6 Notes

In this chapter, we propose an é(n2'5)-time algorithm for maintaining the topological order of
a DAG with n vertices while we insert m edges. Precisely, our algorithm runs in O(n??® log® n)
time. Choosing a better implementation for the pails, like data structures discussed in Section 5

of [2], can further improve the time bound to O(n*®logn).
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INSERT(u, v)

(* Insert edge (u,v) and calculate new topological ordering *)

1 if v < u then REORDER(v,u, 0, 0).

2 Insert edge (u,v) into graph.

REORDER(u, v, f1, f2)

(* Reorder vertices between u and v such that v < u *)

1 if v < u then exit.

2 if t; < d(u, U) < tiv1

3

© o0 N O Ot

10
11
12
13
14
15
16
17
18
19

then
A ={w: u—w, du,w) <t;, and w < v}.

B = {w: w— v, dw,v) <t],and w > u}.

A= A, if A, # () or fi = 1; otherwise, A := fliﬂ ={w: u—w, du,w) <t and w < v}.
B := B, if B; # () or fy = 1; otherwise, B := BZ-H ={w: w—v, dw,v) <t, and w > u}.

else
A=Ay :={w: u—w,du,w) <ty and w < v}.

B:=By:={w: w— v, dw,v) <ty and w> u};

if A=0and B=10

then
swap u and v.
else
for ' € {u} U A in decreasing topological order
for v € BU{v} Av' > ¢/ in increasing topological order
fi:=11if (u=1 and A = 0); otherwise, f] :=0.
f5:=11if (v="1v"and B = 0); otherwise, f;} := 0.

REORDER (v, V', f1, f3).

Figure 10.1: The improved online topological ordering algorithm for dense graphs.
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Part V

Ending
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Chapter 11

Conclusions

In this chapter, we summarize the results and discuss our future work regarding the problems

presented in this dissertation.

11.1 Summary

In this dissertation, we study a series of problems arising from sequence analysis. In Chapter 2,
we study the DISJOINT SEGMENTS WITH MAXIMUM SUM OF DENSITIES problem and give an
improved algorithm. In Chapter 3, we study the LENGTH-CONSTRAINED MAX-ECCENTRICITY
SEGMENTS Problem and obtain the first subquadratic time algorithm. In Chapter 4, we give
a linear time algorithm for the SUM-CONSTRAINED MAX-DENSITY INTERVALS problem. In
Chapter 5, we propose an optimal time algorithm for the DENSITY FINDING problem. In Chap-
ters 6 and 7, we propose optimal algorithms for the LENGTH-CONSTRAINED k MAX-SUM SEG-
MENTS problem and the WEIGHT-CONSTRAINED k& LONGEST PATHS problem, respectively.
In Chapter 8, we study the LENGTH-CONSTRAINED SUM SELECTION problem and propose an
improved algorithm. In Chaper 9, we give a tight analysis of the Katriel-Bodlaender algorithm
for online topological ordering. Finally, in Chapter 10, we propose an improved algorithm for

online topological ordering on dense graphs.
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11.2 Future Work

Min-Plus Convolution

The min-plus convolution of two vectors x = (g, 21, ..., Zp—1) and y = (Yo, Y1, -, Yn_1) IS a
vector z = (20, 21, .., 2,_1) such that z; = min?_ {z; + yr_;} for k = 0,1,...,n — 1. Given
two vectors x = (29,21, ...,2p-1) and ¥y = (Yo, Y1, --,Yn—1), the MIN-PLUS CONVOLUTION

PROBLEM is to compute the min-plus convolution z of x and y. This problem has appeared

W

in the literature with various names such as “minimum convolution,” “epigraphical sum,” “inf-
convolution,” and “lowest midpoint” [8, 14, 32, 58, 62, 69, 71]. Although it is easy to obtain
an O(n?)-time algorithm, no subquadratic algorithm was known until recently Bremner et al.

[17] proposed an O(n?/logn)-time algorithm. In Section 3.2, we give an slightly improved

O(n2 (loglogn)®

oz )2 )-time algorithm. To the best of our knowledge, there is not any non-trivial lower

bound proved so far. Thus, there is still a large gap between the trivial lower bound of O(n)

log log n)?

and the upper bound of O(nz( (ogn)? ). Bridging this gap remains an open problem.

Minkowski Sum Selection

In the MINKOWSKI SUM SELECTION PROBLEM, we are given two n-point multisets P, QQ C R?,
a set of \ inequalities Ar > b, a linear objective function f : R* — R, and a positive integer
k. The goal is to find the k" largest objective value among all objective values of points in
the multiset {(p+¢) : p € P,q € Q,A(p+ q) > b}. Many known selection problems, like the
SUM SELECTION PROBLEM |11, 54|, the LENGTH-CONSTRAINED SUM SELECTION PROB-
LEM [55], and the CARTESIAN SUM SELECTION PROBLEM [45], are linear time reducible to
the MINKOWSKI SUM SELECTION PROBLEM. It was proved in [45] that the MINKOWSKI SUM
SELECTION PROBLEM has an 2(nlogn) lower bound even if A = 0. Recently, Luo et al. [57]
proposed an optimal O(nlogn)-time algorithm for the case A < 1, and it is of greatest interest

whether one can prove an upper bound of O(nlogn) for any fixed A > 1.
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