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摘      要 
 

在這份論文中，我們將探討一系列有關序列分析的計

算問題。這些問題依據其性質，可分為以下四類：最

佳化、列舉、挑選、排序。其中最佳化、列舉、挑選

這三類問題性質較為接近，所以又統稱為搜尋問題。

在最佳化問題中，我們的目標是找出最佳解；在列舉

問題中，我們希望能將前 k 好的解都列舉出來；在挑

選問題中，我們希望能挑選出第 k 好的解；在排序問

題中，我們必須重新排序一個序列，使得這個序列滿

足給定的限制。本論文中所討論的問題都已知能在多

項式時間內解決，所以我們的目標將鎖定在設計能更

快找出精確解的演算法。 



Abstract

In this dissertation, we study a series of problems on sequences. These problems are broadly

categorized into four types: Optimization, enumeration, selection, and ordering. Problems of

the first three types are generally called the searching problems. In the optimization problem,

we seek for the best feasible solution. In the enumeration problem, we have to enumerate the k

best feasible solutions. In the selection problem, we pick out the kth best feasible solution. In

the ordering problem, we are required to reorder a sequence subject to some constraints. All

problems considered in this dissertation are already known to be polynomial-time solvable, so

we aim at giving efficient exact algorithms for them.
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Chapter 1

Introduction

Optimization, enumeration, selection, and ordering are four basic types of algorithmic problems.

In the optimization problem, the goal is to find the best feasible solution. In the enumeration

problem, it is no longer satisfactory if only the best feasible solution is found, and we are

required to enumerate the k best feasible solutions. In the selection problem, we are interested

in finding the kth best feasible solution instead of the best feasible solution. In the ordering

problem, we have to reorder a sequence subject to some constraints. Problems of the first three

types are generally called the searching problems. In this dissertation, we study a series of

searching and ordering problems on sequences and provide efficient algorithms for them.

1.1 Preliminaries

When analyzing the running time, we adopt the real RAM model of computation in which each

simple instruction (e.g., +,−,×,÷,
√

, or ≤) takes unit time.

Given a sequence A = (a1, a2, . . . , an) of n real numbers, define the length, sum, and density

of a segment A[i, j] = (ai, . . . , aj) to be length(i, j) = j − i + 1, sum(i, j) =
∑j

h=i ah, and

d(i, j) = sum(i,j)
length(i,j)

, respectively. Under the real RAM model, it is clear that length(i, j) = j−i+1

can be evaluated in constant time. To evaluate sum(i, j) =
∑j

h=i ah in constant time, we have

to construct the prefix-sum array of sequence A first. An array Pa[0..n] is said to be the

prefix-sum array of sequence A if and only if Pa[i] = a1 + a2 + · · · + ai for each i > 0 and

Pa[0] = 0. The prefix-sum array Pa[0..n] can be computed in linear time by setting Pa[0] to 0
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and Pa[i] to Pa[i − 1] + ai for i from 1 to n. After constructing the prefix-sum array Pa[0..n],

evaluation of sum(i, j) can be done in constant time as sum(i, j) = (Pa[j] − Pa[i − 1]). Since

d(i, j) = sum(i,j)
length(i,j)

, it follows that evaluation of d(i, j) can also be done in constant time after

we construct Pa[0, . . . , n].

More generally, given a sequence D = ((s1, `1), (s2, `2), . . . , (sn, `n)) of number pairs, where

`i > 0 for all i, we define the sum, length, and density of a segment D[i, j] = ((si, `i), . . . , (sj, `j))

to be sum(i, j) =
∑j

r=i sr, length(i, j) =
∑j

r=i `r, and d(i, j) = sum(i,j)
length(i,j)

, respectively. In ad-

dition, we define the sum, length, and density of an index interval [i, j] = {i, i + 1, . . . , j}
with respect to sequence D in the same way. Let Ps[0..n] be the prefix-sum array of se-

quence (s1, s2, . . . , sn) and P`[0..n] be the prefix-sum array of sequence (`1, `2, . . . , `n). Note

that sum(i, j) = Ps[i]−Ps[j− 1], length(i, j) = P`[i]−P`[j− 1], and d(i, j) = sum(i,j)
length(i,j)

. There-

fore, by constructing Ps and P` first, evaluation of sum(i, j), length(i, j), or d(i, j) can be done

in constant time.

1.2 Problem Formulation and Contribution

In the following, we give formulation of problems studied in this dissertation and state our

contribution toward these problems. The results are summarized in Figure 1.1.

• Optimization Problems:

– Disjoint Segments with Maximum Sum of Densities. Given a sequence of n

real numbers A = (a1, a2, . . . , an) and two positive integers l and k, where k ≤ n
l
, the

problem is to locate k disjoint segments of A, each of length at least l, such that the

sum of their densities is maximized. For the case where k = 1, this problem was well

studied in biomolecular sequence analysis [15, 25, 41, 44, 48, 53] and can be solved

in linear time [15, 25, 41]. For general k, Chen et al. [22] proposed an O(nkl)-time

algorithm and an improved O(nl + k2l2)-time algorithm was given by Bergkvist and

Damaschke [14]. In this dissertation, give an O(n + k2l log l)-time algorithm for this

problem.

– Length-Constrained Max-Eccentricity Segments. Given a sequence of
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n real numbers A = (a1, a2, . . . , an) and an integer L, define the eccentricity of

a segment A[i, j] to be ecc(i, j) = sum(i,j)√
length(i,j)

. The problem is to find a segment

A[i, j] maximizing ecc(i, j) subject to length(i, j) ≥ L. We give an algorithm which

runs in O(nT (L1/2)

L1/2 ) time, where T (n′) is the time required to solve the all-pairs

shortest paths problem on a graph of n′ nodes. By the latest result of Chan [19],

T (n′) = O(n′3 (log log n′)3
(log n′)2 ), so our algorithm runs in subquadratic time O(nL (log log L)3

(log L)2
).

To the best of our knowledge, it is the first subquadratic result for this problem.

Lipson et al. [56] studied a more restricted case where there is no length constraint,

i.e., L = 1. They proposed an efficient approximation scheme for this case; however,

their algorithm needs quadratic time if exact solutions are required. Since the length

lower bound L for the case considered by Lipson et al. is a constant, our algorithm

solves it in O(n) time.

– Sum-Constrained Max-Density Intervals.

Given a sequence D = ((s1, `1), (s2, `2) . . . , (sn, `n)) of number pairs, where `i > 0

for all i, and a number L, the problem is to find an index interval [i, j] maximizing

d(i, j) subject to sum(i, j) ≥ L. In this dissertation, we give an O(n)-time algorithm

for this problem.

– Density Finding. Given a sequence D = ((s1, `1), (s2, `2) . . . , (sn, `n)) of number

pairs, where `i > 0 for i = 1, 2, . . . , n, two positive numbers L,U with L < U , and

a real number δ, the Density Finding Problem is to compute the density of the

index interval [i, j] which minimizes |d(i, j) − δ| subject to L ≤ length(i, j) ≤ U .

Lee et al. [51] proved that the Density Finding Problem has a lower bound of

Ω(n log n) in the algebraic decision tree model and provided an O(n log2 m) algorithm

for it, where m = min(bU−L
`min

c, n) and `min = min1≤k≤n `k. In this dissertation, we

give an O(n log n)-time algorithm for the Density Finding Problem.

• Enumeration Problems:

– Length-Constrained k Max-Sum Segments. Given a sequence of n real num-

bers A = (a1, a2, . . . , an), two integers L and U with 1 ≤ L ≤ U ≤ n, and a positive

integer k, the problem is to find the k max-sum segments among all segments with

3



lengths between L and U . For the case where k is fixed to 1, this problem is studied

in [31, 53] and can be solved in linear time [31]. For the case where L is fixed to 1

and U is fixed to n, this problem was well studied in [5, 6, 11, 18, 23, 30, 54] and can

be solved in O(n+k) time [18, 30]. Recently, Lin and Lee [55] proposed an expected

O(n log(U −L + 1) + k)-time algorithm for the general case. In this dissertation, we

give an optimal O(n + k)-time algorithm for the general case.

– Weight-Constrained k Longest Paths. Given a tree T = (V, E) with a length

function ` : E → R and a weight function w : E → R, a positive integer k, and an

interval [L,U ], the problem is to find the k longest paths among all paths in T with

weights in the interval [L,U ]. For the case where there are no weight constraints,

i.e., L = −∞ and U = ∞, Megiddo et al. [61] proposed an O(|V | log2 |V |+ k)-time

algorithm and Frederickson and Johnson [36] proposed an O(|V | log |V | + k)-time

algorithm. Wu et al. [74] gave an O(|V | log2 |V |)-time algorithm for the case where

L = −∞ and k = 1. Kim [49] gave an O(|V | log |V |)-time algorithm for the case

where L = 0, U = ∞, k = 1, `(e) = 1 ∀e ∈ E, and T has a constant degree. In this

dissertation, we give an O(|V | log |V | + k)-time algorithm for the general case. In

addition, we prove that this problem has a lower bound of Ω(|V | log |V |+ k) in the

algebraic computation tree model.

• Selection Problems:

– Length-Constrained Sum Selection. Given a sequence A = (a1, a2, . . . , an)

of n ≥ 2 real numbers and two positive integers L, U with 1 ≤ L < U ≤ n, the

Length-Constrained Sum Selection problem, for a given k, is to find the kth

largest sum among all sums of segments of A with lengths in [L,U ]. When there

are no length constraints, i.e., L = 1 and U = n, the Length-Constrained

Sum Selection problem becomes the Sum Selection Problem. Bengtsson and

Chen [11] first studied the Sum Selection Problem and gave an O(n log2 n)-time

algorithm for it. Lin and Lee provided an O(n log n)-time algorithm [54] for the Sum

Selection Problem and an expected O(n log(U −L + 1))-time randomized algo-

rithm [55] for the Length-Constrained Sum Selection problem. We give an

4



O(n log(U − L + 1))-time algorithm for the Length-Constrained Sum Selec-

tion problem. In addition, we prove that the Sum Selection Problem has an

Ω(n log n) lower bound in terms of n.

• Ordering Problems:

– Online Topological Ordering. A topological order ord of a directed acyclic

graph (DAG) G = (V,E) is a linear order of its vertices such that if G contains

an edge (u, v), then ord(u) < ord(v). We study an online variant of the topologi-

cal ordering problem in which the edges of the DAG are given one at a time and

we have to update the order ord each time an edge is added. A näıve algorithm

for this problem is to compute a new topological order from scratch with the of-

fline algorithm whenever an edge is inserted. Since the offline algorithm runs in

linear time, this näıve algorithm takes O(m2 + mn) time for inserting m edges.

Marchetti-Spaccamela et al. [60] made the first breakthrough by giving an O(mn)-

time algorithm for m edge insertions. Alpern et al. [4] proposed an algorithm but did

not analyze the time complexity of their algorithm for a sequence of edge insertions.

Katriel and Bodlaender [47] proposed a slight variation of Alpern et al.’s algorithm,

which is referred to as the Katriel-Bodlaender algorithm in this dissertation, and

showed that their variation has an O(min{m3/2 log n,m3/2 + n2 log n}) upper bound

on running time for m edge insertions. This is the best result for sparse graphs

so far. On the other hand, Ajwani et al. [2] proposed an O(n2.75)-time algorithm,

independent of the number of edges inserted. This is the best result for dense graphs

so far. The only non-trivial lower bound is due to Ramalingam and Reps [68], who

showed that any algorithm needs Ω(n log n) time while inserting n− 1 edges in the

worst case if all labels are maintained explicitly. For sparse graphs, we improve the

time upper bound from O(min{m3/2 log n,m3/2 +n2 log n}) to O(m3/2 +mn1/2 log n)

through a tighter analysis of the Katriel-Bodlaender algorithm. For dense graphs,

we obtain an improved Õ(n2.5)-time algorithm.1

1The symbol Õ means O with log factors ignored. Depending on the implementation, the running time may

vary from O(n2.5 log2 n) to O(n2.5 log n).
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Figure 1.1: Results on problems studied in this dissertation.

Problem Previous best result Our result

Disjoint Segments with

Maximum Sum of Densities
O(nl + k2l2) [14] O(n + k2l log l)

Length-Constrained

Max-Eccentricity Segments
O(n2)∗ O(nL (log log L)3

(log L)2
)

Sum-Constrained

Max-Density Intervals
O(n log n) [15] O(n)

Density Finding O(n log2 n) [51] O(n log n)

Length-Constrained k

Max-Sum Segments
Expected O(n log(U − L + 1) + k) [55] O(n + k)

Weight-Constrained k

Longest Paths
O(|V |2)∗ O(|V | log |V |+ k)

Length-Constrained Sum

Selection
Expected O(n log(U − L + 1)) [55] O(n log(U − L + 1))

Online Topological Ordering
O(min{m3/2 log n,m3/2 + n2 log n}) [47] O(m3/2 + mn1/2 log n)

O(n2.75) [2] Õ(n2.5)

∗ Formerly only näıve algorithms were known for the general case.
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1.3 Motivation

In this section, we describe the origins and applications of problems studied in this dissertation.

Searching Problems

First, let us introduce two more problems: the Length-Constrained Max-Density Seg-

ments problem and the Length-Constrained Max-Sum Segments problem. All search-

ing problems studied in this dissertation are either generalizations or variations of these two

problems. The relation is depicted in Figure 1.2. Given a sequence of real numbers and a length

lower bound, the Length-Constrained Max-Density Segments problem is to locate a

segment that maximizes the density subject to the length lower bound; and the Length-

Constrained Max-Sum Segments problem is to locate a segment that maximizes the sum

subject to the length lower bound.

Both of the two problems are first formulated by Huang [44] and motivated by their use in

finding GC-enriched regions of a DNA sequence. After that, many generalizations are formu-

lated one after another to fulfill more requirements. The Disjoint Segments with Maxi-

mum Sum of Densities problem and the Density Finding problem are two generalizations

of the Length-Constrained Max-Density Segments problem and first formulated by

Chen, Lu, and Tang [22] and Lee, Lin, and Lu [51], respectively. The Length-Constrained

Sum Selection problem and the Length-Constrained k Max-Sum Segments problem

are two generalizations of the Length-Constrained Max-Sum Segments problem and

first formulated by Lin and Lee [55]. In this dissertation, we further generalize the Length-

Constrained k Max-Sum Segments problem to the Weight-Constrained k Longest

Paths problem.

On the other hand, more and more variations are found in other applications. The Length-

Constrained Max-Density Segments problem and its variation, the Sum-Constrained

Max-Density Segments problem, are found in mining association rules for numerical at-

tributes [39]. The Length-Constrained Max-Eccentricity Segments problem, which

can be regarded as a variation of the Length-Constrained Max-Sum Segments problem,

is applied to detecting DNA copy number variations [56].
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application
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generalization

Length-Constrained 
Sum Selection

generalization

Weight-Constrained 
k Longest Paths

generalization

variation variation

Figure 1.2: Relation between searching problems.

Ordering Problems

Now, let us look at the Online Topological Ordering problem. When dealing with

DAGs, the topological order of vertices often provides very crucial information for further

algorithm development. Thus online topological ordering is of interests because it is very likely

to be required when one has to develop online algorithms on DAGs. For example, the online

topological ordering has appeared in the following contexts.

- Incremental Evaluation of Computational Circuits [4].

- Incremental Compilation [59, 63], where dependencies between modules are maintained

to reduce the amount of recompilation performed when an update occurs.

- Online Computation of Strongly Connected Components [64].

- Online Cycle Detection [47, 64, 66]. Currently the best online cycle detection algorithm

for sparse directed graphs is built upon the Katriel-Bodlaender algorithm and has the

same complexity as the Katriel-Bodlaender algorithm. Thus our analysis improves the

upper bound of the online cycle detection problem to O(m3/2 + mn1/2 log n).

- Source Code Analysis [64, 66], where the aim is to determine the target set for all pointer

variables in a program, without executing it.
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Part I

Optimization Problems
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Chapter 2

Disjoint Segments with Maximum Sum

of Densities

Given a sequence A = (a1, a2, . . . , an) of n real numbers and two positive integers l and k, where

k ≤ n
l
, the Disjoint Segments with Maximum Sum of Densities (DSMSD) problem is

to find k disjoint segments {s1, s2, . . . , sk} of A, each of length at least l, such that
∑

1≤i≤k d(si)

is maximized.

For k = 1, the DSMSD problem was well studied in biomolecular sequence analysis [15, 25,

41, 44, 48, 53] and data mining [39]. For general k, Chen et al. [22] proposed an O(nkl)-time

algorithm and an improved O(nl+k2l2)-time algorithm was given by Bergkvist and Damaschke

[14]. In this chapter, we propose an O(n + k2l log l)-time algorithm.

Lin et al. [52] formulated a related problem: Given a sequence A of n real numbers and

two positive integers l and k, where k ≤ n
l
, find a sequence Γ = (γ1, γ2, . . . , γk) of k dis-

joint segments of A such that for all i, γi is either a maximum-density segment of length

between l and 2l − 1 not overlapping any of the first i − 1 segments of Γ or NIL if all seg-

ments of length between l and 2l − 1 overlap some of the first i − 1 segments of Γ. For

example, let A = (1, 2, 2, 5, 5, 5, 3, 3, 2), l = 2, and k = 4. Then there are three solutions:

(A[4, 6], A[7, 8], A[2, 3], NIL), (A[4, 5], A[6, 7], A[8, 9], A[2, 3]), and (A[5, 6], A[3, 4], A[7, 8], A[1, 2]).

We call this related problem the Disjoint Maximum-Density Segments (DMDS) problem.

For the DMDS problem, Lin et al. [52] proposed an algorithm which runs in O(n log k) time in

some particular situations but needs Ω(nk) time in the worst case. In this chapter, an optimal
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O(n + k log k)-time algorithm for the DMDS problem is given.

The rest of this chapter is organized as follows. In Section 2, we introduce some preliminary

knowledge. In Section 3, we propose an optimal algorithm for the DMDS problem. In Section 4,

we show how to reduce the length of the input sequence of the DSMSD problem by using the

algorithm developed in Section 3. In Section 5, we give our main algorithm for the DSMSD

problem. Section 6 gives some concluding remarks.

2.1 Preliminaries

The following lemma was proved in [22].

Lemma 2.1: Let S ′ = {s′1, s′2, . . . , s′k} be a set of k disjoint segments of length at least l such

that
∑

1≤i≤k d(s′i) is maximized. There exists a set S = {s1, s2, . . . , sk} of k disjoint segments

of length between l and 2l − 1 such that
∑

1≤i≤k d(si) =
∑

1≤i≤k d(s′i).

Lemma 2.1 states that there exists a solution to the DSMSD problem instance (A, k, l)

composed of segments of length between l and 2l − 1. It allows us to reformulate the DSMSD

problem as follows: Given a sequence A = (a1, a2, . . . , an) of n real numbers and two positive

integers l and k, where k ≤ n
l
, find k disjoint segments {s1, s2, . . . , sk} of A, each of length

between l and 2l − 1, such that
∑

1≤i≤k d(si) is maximized. From now on, we adopt this

problem formulation.

2.2 The DMDS Problem

Given a sequence A of n real numbers and two positive integers l and k, where k ≤ n
l
,

the Disjoint Maximum-Density Segments (DMDS) problem is to find a sequence Γ =

(γ1, γ2, . . . , γk) of k disjoint segments of A such that for all i, γi is either a maximum-density

segment of length between l and 2l − 1 not overlapping any of the first i− 1 segments of Γ or

NIL if all segments of length between l and 2l− 1 overlap some of the first i− 1 segments of Γ.

In this section, we give an optimal O(n + k log k) algorithm for the DMDS problem, which

appears to be a digression at first. Later, in Section 2.3, it turn out that the algorithm developed
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here can be used to compress an input sequence of the DSMSD problem of length n into a

sequence of length O(kl).

The algorithm for the DMDS problem is given in Figure 2.1. For simplicity, we assume

that 4l divides n. Otherwise let â = max{|a1|, |a2|, . . . , |an|} + 1 and E = −4l · â. We append
(4l·d n

4l
e−n)︷ ︸︸ ︷

(E, E, . . . , E) to the end of the sequence A and run the algorithm on the extended sequence.

Note that a segment (with length between l and 2l − 1) of the extended sequence has density

greater than or equal to −â if and only if it contains only elements from A. After the algorithm

stops, we check the output answer Γ = (γ1, γ2, . . . , γk) and reset γi to NIL if γi has density

lower than −â for all i = 1, 2, . . . , k.

Lemma 2.2: Let Bp = A[2pl + 1, 2pl + 4l] for p = 0, . . . , n
2l
− 2. After the ith iteration of

line 8 of Algorithm SolveDMDS, for all p, either Np.seg is a maximum-density segment of length

between l and 2l − 1 in Bp not overlapping any segment in {γ1, γ2, . . . , γi} or Np.seg is NIL if

all segments of length between l and 2l − 1 in Bp overlap some segment in {γ1, γ2, . . . , γi}.

Proof: It is clear that the claim is true if we replace line 12 of our algorithm by “for p ← 0

to n
2l
− 2 do.” Note that Nj.seg can not overlap Np.seq if |p − j| > 1. Thus, we only have to

update Nj−1.seq, Nj.seq and Nj+1.seq after γi is assigned Nj.seq.

Theorem 2.1: Algorithm SolveDMDS correctly solves the DMDS problem in O(n+k log k)

time.

Proof: Let Bp = A[2pl + 1, 2pl + 4l] for p = 0, . . . , n
2l
− 2. Because any segment of length

between l and 2l − 1 must be a subsegment of some Bp, Lemma 2.2 ensures the correctness.

Now let us look at the time complexity. By using the linear time algorithm stated in [25],

each execution of line 3 can be done in O(l) time. Since all elements in γ1 ∪ γ2 ∪ · · · ∪ γi

have been marked as “deleted” before the execution of line 14 in the ith iteration of line 8, the

execution of line 14 can be done in O(l) time by running the linear time algorithm stated in

[25] on A[2pl + 1, 2pl + 4l] and taking each deleted element in A[2pl + 1, 2pl + 4l] as −∞. Since

line 3 is executed at most n
2l
− 1 times and line 14 is executed at most 3k times, the time spent

on line 3 and line 14 is at most O(n) + O(kl) = O(n). It is well known that an n-element
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Algorithm SolveDMDS

Input: A sequence A of n real numbers and two positive integers k and l.

Output: A sequence Γ = (γ1, . . . , γk).

1 Create n
2l
− 1 nodes N0, N1, . . . , N n

2l
−2.

2 for i ← 0 to n
2l
− 2 do

3 Ni.seg ← maximum-density segment of length between l and 2l − 1

4 in A[2il + 1, 2il + 4l].

5 Ni.value ← density of Ni.seg.

6 end for

7 Build a binary max-heap H consisting of N0, N1, . . . , N n
2l
−2.

8 for i ← 1 to k do

9 Reset the value of variable j such that Nj = H.max().

10 γi ← Nj.seg.

11 Mark each element in γi as being deleted.

12 for p ← j − 1 to j + 1 do

13 H.Delete(Np).

14 Np.seg ← maximum-density segment of length between l and 2l − 1

15 in A[2pl + 1, 2pl + 4l] not overlapping any segment in {γ1, . . . , γi}.
16 Np.value ← density of Np.seg; /*Set Np.value to −∞ if Np.seg = NIL.*/

17 H.Insert(Np).

18 end for

19 end for

Figure 2.1: The O(n + k log k)-time algorithm for the DMDS problem.

binary max-heap can be built in O(n) time, so the execution of line 7 takes O(n
l
) time. Each

execution of lines 9, 13 and 17 takes only O(log n) time because the size of H is at most n
2l
− 1.

The time spent on lines 9, 13 and 17 is O(k log n) since each of them is executed at most 3k

13



times. Thus, the total time we need is O(n + k log n). Note that

n + k log n ≤





2n = O(n + k log k) if k ≤ n
log n

;

n + k log(k log n) = O(n + k log k2) = O(n + k log k) if k > n
log n

.

It follows that n + k log n = O(n + k log k), so our algorithm runs in O(n + k log k) time.

The theorem below states that the DMDS problem has a lower bound of Ω(n + k log k).

Thus, Algorithm SolveDMDS is optimal.

Theorem 2.2: Any algorithm needs Ω(n + k log k) time to solve the DMDS problem.

Proof: Let T (n, l, k) be the time complexity of an algorithm for the DMDS problem. It

is clear that any algorithm for the DMDS problem has to see the input sequence once, so

we only have to show T (n, l, k) = Ω(k log k). We define the SDMDS (Simplified DMDS)

problem as follows. The input of the SDMDS problem is composed of a sequence A =

(
l︷ ︸︸ ︷

v1, v1 . . . , v1,

l︷ ︸︸ ︷
v2, v2 . . . , v2, . . . ,

l︷ ︸︸ ︷
vk, vk . . . , vk,

n−kl︷ ︸︸ ︷
vk+1, vk+1 . . . , vk+1) of n real numbers and two posi-

tive numbers k and l with kl ≤ n, where vi 6= vj if i 6= j and vk+1 < vi for all i = 1, 2, . . . , k. The

goal of the SDMDS problem is to sort the k segments {A[1, l], A[l+1, 2l], . . . , A[(k−1)l+1, kl]}
into decreasing order of density. Let T ′(n, l, k) be the time complexity of an algorithm for the

SDMDS problem. Then T ′(n, l, k) is Ω(k log k).

Let (γ1, γ2, . . . , γk) and (γ′1, γ
′
2, . . . , γ

′
k) be a SDMDS solution and a DMDS solution to the

same instance (A, l, k), respectively. We prove that (γ1, γ2, . . . , γk) = (γ′1, γ
′
2, . . . , γ

′
k). It fol-

lows that any algorithm for the DMDS problem is an algorithm for the SDMDS problem, so

T (n, l, k) is Ω(k log k). Suppose for contradiction that i is the smallest index such that γi 6= γ′i.

By specification of the DMDS problem, γ′i is the maximum-density segment of length between l

and 2l− 1 not overlapping any of {γ1, γ2, . . . , γi−1}. Since γi is of length l and does not overlap

any of {γ1, γ2, . . . , γi−1}, it follows that d(γi) ≤ d(γ′i). Because γi 6= γ′i and γ′i cannot contain

any element in
⋃

j<i γj, some elements of γ′i must be from
⋃

j>i γj. Since all elements in
⋃

j>i γj

are smaller than elements in γi, it follows that d(γi) > d(γ′i), a contradiction.
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2.3 Preprocessing

In this section, we show how to compress an input sequence A of the DSMSD problem of

length n ≥ 10kl into a sequence A′ of length O(kl) in O(n + k log k) time. First we run

SolveDMDS(A, 3k, l) to find a sequence Γ = (γ1, γ2, . . . , γ3k) of 3k disjoint segments of length

between l and 2l − 1 such that for all i, γi is either a maximum-density segment of length

between l and 2l− 1 not overlapping any of the first i− 1 segments in Γ or NIL if all segments

of length between l and 2l− 1 overlap some of the first i− 1 segments of Γ. Since n ≥ 10kl, we

have γi 6= NIL for each i = 1, . . . , 3k. Let γi = A[pi, qi] for all i. We extend each segment γi to

get γ′i = A[p′i, q
′
i], where

p′i =





pi − 2l + 1 if pi ≥ 2l,

1 if pi < 2l,

and q′i =





qi + 2l − 1 if qi ≤ n− 2l + 1,

n if qi > n− 2l + 1.

We say that A[p, q] is a segment consisting of only elements in
⋃3k

i=1 γ′i if and only if for

each index j ∈ [p, q], there exists a γ′i = A[p′i, q
′
i] such that j ∈ [p′i, q

′
i]. A segment A[p, q]

consisting of only elements in
⋃3k

i=1 γ′i is maximal if and only if A[p, q] is not a subsegment of

any other segment consisting of only elements in
⋃3k

i=1 γ′i. Note that any two different maximal

segments consisting of only elements in
⋃3k

i=1 γ′i must be disjoint according to our definition. Let

R = (r1, r2, . . . , r|R|) be all of the maximal segments, in left-to-right order, consisting of only

elements in
⋃3k

i=1 γ′i. We set A′ to r1 · (−∞) · r2 · (−∞) · r3 · · · (−∞) · r|R|, where the symbol “·”
means concatenation. Since

∑
1≤i≤|R| |ri| ≤

∑
1≤i≤3k |γ′i| <

∑
1≤i≤3k 6l = 18kl, A′ is of length

∑
1≤i≤|R| |ri|+ |R| − 1 < 18kl + 3k − 1 < 21kl.

The correctness follows from the next lemma which ensures that it is safe to delete elements

not in any segments of R.

Lemma 2.3: There exists a solution S = {s1, s2, . . . , sk} to the DSMSD problem instance

(A, k, l) such that each segment in S is a subsegment of some segment of R.

Proof: First we show that there exists a solution S = {s1, s2, . . . , sk} to the DSMSD problem in-

stance (A, k, l) such that si overlaps some segment of Γ for i = 1, . . . , k. Let S ′ = {s′1, s′2, . . . , s′k}
be a solution with fewest segments in it not overlapping any segments of Γ. Let s′i be a segment

not overlapping any segment of Γ. Since each segment in S ′ has length shorter than 2l and
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each segment of Γ has length at least l, each segment in S ′ can overlap at most three segments

of Γ. It follows that at most 3(k − 1) segments of Γ are overlapped with some segment in S ′.

Since Γ is composed of 3k segments, there exists some γj not overlapping any segment in S ′.

By the specification of Γ, we know d(γj) ≥ d(s′i). Thus, (S ′/{s′i}) ∪ {γj} is a solution with

fewer segments in it not overlapping any segment of Γ, a contradiction.

It remains to prove that each segment in S is a subsegment of some segment of R. Let si

be overlapped with γji
for i = 1, 2, . . . , k. Since each si is of length shorter than 2l, si must be

a subsegment of γ′ji
for i = 1, 2, . . . , k. Since each si is a subsegment of γ′ji

and each γ′ji
is a

subsegment of some segment of R, each si is a subsegment of some segment of R.

Now we analyze the time complexity of our preprocessing.

Lemma 2.4: It takes O(n + k log k) time to compute A′.

Proof: By Theorem 2.1, Γ can be computed in O(n + k log k) time. Let Γ′ = (γ′1, . . . , γ
′
3k). It

is clear that Γ′ can be computed in O(kl) time and R can be computed in O(n) time. Since
∑

1≤i≤|R| |ri| ≤
∑

1≤i≤3k |γ′i| <
∑

1≤i≤3k 6l = 18kl, A′ is of length O(kl) and can be computed in

O(kl) time. The total complexity is therefore O(n + kl + k log k) = O(n + k log k) time.

The next theorem summarizes the results of this section.

Theorem 2.3: Given a DSMSD problem instance (A[1 . . . n], k, l) with n ≥ 10kl, we can reduce

it to a new DSMSD problem instance (A′, k, l) in O(n+ k log k) time, where A′ is of length less

than 21kl.

Proof: Immediate from Lemmas 2.3 and 2.4.

2.4 The Main Algorithm

In the following, we describe an O(nk log l)-time algorithm for finding a solution to the DSMSD

problem instance (A[1 . . . n], k, l).
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Algorithm MAIN(A[1 . . . n], k, l)

1 for j ← 1 to k do

2 Compute Dj[il], Segj[il], and Posj[il] for all i ∈ {1, 2, . . . , n
l
}.

3 Run DC(tl, (t + 1)l, j, Posj[tl], Posj[(t + 1)l]) for all 0 ≤ t ≤ n
l
− 1.

4 end for

5 Compute the solution with the help of
⋃k

j=1{Segj[1 . . . n]} and
⋃k

j=1{Posj[1 . . . n]}.

Figure 2.2: A sketch of the main algorithm for the DSMSD problem.

Definition 2.1: Let Soli,j be a solution to the DSMSD problem instance (A[1 . . . i], j, l) such

that the position of the leftmost element of the rightmost segment in Soli,j is maximized. Define

Dj[i] to be the sum of densities of segments in Soli,j, Segj[i] to be the rightmost segment in

Soli,j, and Posj[i] to be the position of the leftmost element of Segj[i].

Let DC(p, q, j, Posj[p], Posj[q]) be a procedure for computing Dj[i], Segj[i], and Posj[i]

for all i ∈ {p + 1, p + 2, . . . , q − 1}, where q − p ≤ l. A sketch of our main algorithm is

given in Figure 2.2. For simplicity, we assume that n is a multiple of l. Otherwise let â =

max{|a1|, |a2|, . . . , |an|} + 1 and E ′ = −4kl · â. We then append

(l·dn
l
e−n)︷ ︸︸ ︷

(E ′, E ′, . . . , E ′) to the end of

the sequence A. Note that for all k disjoint segments (with lengths between l and 2l− 1) of the

extended sequence, their sum of densities is greater than or equal to −k · â if and only if the k

disjoint segments are composed of only elements from A. It follows that the solution doesn’t

change with the extension.

We now explain the algorithm in detail.

Lemma 2.5: After Segj[1 . . . n] and Posj[1 . . . n] are known for j = 1, . . . , k, a solution to the

DSMSD problem instance (A[1 . . . n], k, l) can be found in O(k) time.

Proof: Suppose now Segj and Posj are known for j = 1, . . . , k. We describe an O(k)-time

procedure for finding a solution to the DSMSD problem instance (A[1 . . . n], k, l) as follows.
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1. Initiate i with n and Y with {}.
2. for j ← k to 1 do

(a) Y ← Y ∪ {Segj[i]}.
(b) i ← Posj[i]− 1.

end for

3. return Y .

By Lemma 2.5, the challenge now lies in computing Dj, Segj, and Posj for all j in [1, k]

in O(nk log l) time. The computation consists of k iterations. In the jth iteration, Dj, Segj,

and Posj are computed in O(n log l) time. In the following, we describe how to compute Dj,

Segj, and Posj in O(n log l) time for each j by utilizing Lemma 2.6 below and the Chung-Lu

algorithm [25]. Note that given g < h, Definition 1 does not eliminate the possibilities where

Segj[g] is a proper subsegment of Segj[h]. Therefore, Lemma 2.6 is not a trivial consequence

of Definition 1.

Lemma 2.6: Posj[1] ≤ Posj[2] ≤ · · · ≤ Posj[n− 1] ≤ Posj[n] for j = 1, . . . , k.

Proof: Suppose not. Let p < q and Posj[p] > Posj[q]. Let Solp,j = {s1, s2, . . . , sj} be a

solution to the DSMSD problem instance (A[1, p], j, l), in left-to-right order, such that the

position of the leftmost element of sj is Posj[p]. Let Solq,j = {s′1, s′2, . . . , s′j} be a solution

to the DSMSD problem instance (A[1, q], j, l), in left-to-right order, such that the position of

the leftmost element of s′j is Posj[q]. We choose Solq,j so that the position of the rightmost

element of s′j is minimized. Let sj = A[l1, r1] and s′j = A[l2, r2]. It follows that r1 is less than r2;

otherwise, we can either improve Dj[p] (in case Dj[q] > Dj[p]) or increase the value of Posj[q]

from l2 to l1 (in case Dj[p] ≥ Dj[q]), where both lead to contradiction to the optimality of

Solp,j or maximality of Posj[q]. Let L = A[l2, l1−1] and R = A[r1 +1, r2]. By r1 < r2, we have

d(R) > d(L∪ sj); otherwise, we can replace s′j with A[l2, r1] and obtain an alternative solution

for Solq,j, but it contradicts that the position of the rightmost element of s′j is minimized.

Suppose for contradiction that d(L) < d(sj). By d(R) > d(L ∪ sj), we have d(R) >

d(L ∪ sj) > d(L). It follows that d(sj ∪ R) > d(L), so d(sj ∪ R) > d(L ∪ sj ∪ R) = d(s′j), a

18



contradiction. Thus, we have d(L) ≥ d(sj). By d(R) > d(L ∪ sj) and d(L) ≥ d(sj), we have

d(R) > d(L ∪ sj) ≥ d(sj). Let ∆1 = d((L ∪ sj) ∪ R) − d(L ∪ sj) and ∆2 = d(sj ∪ R) − d(sj).

By simple algebra, we can see that ∆1 =
|R|·(d(R)−d(L∪sj))

|L∪sj∪R| and ∆2 =
|R|·(d(R)−d(sj))

|sj∪R| . Since

d(R) > d(L ∪ sj) ≥ d(sj) and |L ∪ sj ∪ R| > |sj ∪ R|, it follows that ∆1 must be less than ∆2,

i.e.,

d(s′j)− d(L ∪ sj) < d(sj ∪R)− d(sj). (2.1)

Since Solp,j is a solution to the DSMSD problem instance (A[1, p], j, l) and {s′1, . . . , s′j−1, L∪sj}
is a set of j disjoint segments of A[1, p] of length between l and 2l − 1, we have

∑
1≤i≤j−1

d(s′i) + d(L ∪ sj) ≤
∑

1≤i≤j

d(si). (2.2)

By (1) and (2), we have
∑

1≤i≤j−1 d(s′i) + d(s′j) <
∑

1≤i≤j−1 d(si) + d(sj ∪ R). It follows that

Solq,j is not a solution to the DSMSD problem instance (A[1, q], j, l), a contradiction.

The Chung-Lu Algorithm [25]. Given a sequence A of n number pairs (vi, wi) with wi > 0

and two positive numbers l ≤ u, the Chung-Lu algorithm can find a maximum-density segment

of A with length between l and u in an online manner in O(n) time. An algorithm is said to

run in an online manner if and only if it can process its input piece-by-piece and maintain a

solution for the pieces processed so far.

Note that the data structures used by the Chung-Lu algorithm [25] are simple and concise,

and can be implemented in a reasonable amount of efforts. As a matter of fact, Chung and

Lu [25] solved a generalized version of the maximum-density problem considered previously

by [53]. For this generalized version, the only rival is the algorithm proposed in [41]. We

believe that the Chung-Lu algorithm would speed up in practice.

For technical reasons, we define Dj[i], Segj[i], and Posj[i] to be−∞, NIL, and 0, respectively

if i < jl. We first compute Dj[tl], Segj[tl], and Posj[tl] for all t ∈ {1, 2, . . . , n
l
} and then for

all intermediate positions i ∈ ⋃
0≤t≤n

l
−1{tl + 1, tl + 2, . . . , (t + 1)l − 1}. The reason for this is

that for all intermediate positions i with tl < i < (t + 1)l, according to Lemma 2.6, we have

Posj[tl] ≤ Posj[i] ≤ Posj[(t + 1)l]. Therefore, if we first compute Posj[tl] and Posj[(t + 1)l],

then the following computation of Posj[i] for i ∈ {tl + 1, tl + 2, . . . , (t + 1)l− 1} becomes faster

because values lower than Posj[tl] or greater than Posj[(t + 1)l] are not considered.
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Lemma 2.7: If we already know Dj−1[1 . . . n], Segj−1[1 . . . n], and Posj−1[1 . . . n], then com-

puting Dj[il], Segj[il], and Posj[il] for all i ∈ {1, 2, . . . , n
l
} can be done in O(n) time.

Proof: The pseudo code is given in Figure 2.3. The procedure consists of n
l

iterations. In the

ith iteration, we compute Dj[il], Segj[il], and Posj[il]. We prove that each iteration takes at

most O(l) time, so the total time is O(n). For each i ∈ {1, 2, . . . , j − 1}, the ith iteration can

be done in O(1) time by setting Dj[il], Segj[il], and Posj[il] to −∞, NIL, and 0, respectively.

The jth iteration can also be completed in O(1) time by setting Dj[jl], Segj[jl], and Posj[jl] to

Dj−1[(j − 1)l] + d(A[(j − 1)l + 1, jl]), A[(j − 1)l + 1, jl], and (j − 1)l + 1, respectively. Suppose

now we are in the ith iteration, where i > j. We first find the maximum-density segments st of

A[t, il] with length between l and 2l − 1 for all t ∈ {(i − 1)l − 2l + 1, (i − 1)l − 2l + 2, . . . , il}
in O(l) time by taking A[t] as a number pair (A[t], 1) and using the Chung-Lu algorithm to

process A from position il to position (i− 1)l − 2l + 1.

Let t′ be the largest t such that Dj−1[t− 1]+d(st) is maximized. Then there are two cases

to consider. Case 1: Posj[i] ≤ (i − 1)l − 2l. In this case, it is clear that Dj[il], Segj[il],

and Posj[il] are equal to Dj[(i − 1)l], Segj[(i − 1)l], and Posj[(i − 1)l], respectively. Case 2:

Posj[i] ≥ (i− 1)l− 2l + 1. In this case, Dj[il], Segj[il], and Posj[il] are set to Dj−1[t
′− 1]+st′ ,

st′ , and t′, respectively. We distinguish between Case 1 and Case 2 by comparing Dj[(i − 1)l]

with Dj−1[t
′−1]+st′ . If Dj[(i−1)l] > Dj−1[t

′−1]+st′ , then it is Case 1; otherwise it is Case 2.

Now we begin to describe how to compute Dj[i], Segj[i], and Posj[i] for all i ∈ ⋃
0≤t≤n

l
−1{tl+

1, tl + 2, . . . , (t + 1)l − 1} in O(n log l) time.

Lemma 2.8 : If the procedure DC(p, q, j, Posj[p], Posj[q]) can be implemented to run in

O((m′ + n′) log n′) time, where n′ = q − p + 1 and m′ = Posj[q] − Posj[p] + 1, then Dj[i],

Segj[i], and Posj[i] for all i ∈ ⋃
0≤t≤n

l
−1{tl + 1, tl + 2, . . . , (t + 1)l − 1} can be computed in

O(n log l) time.

Proof: Let mt = Posj[(t + 1)l] − Posj[tl] + 1 for t = 0, 1, . . . , n
l
− 1.

∑
0≤t≤n

l
−1 mt =

∑
0≤t≤n

l
−1(Posj[(t+1)l]−Posj[tl] + 1) = Posj[n]−Posj[0]+ n

l
= O(n). Since (t+1)l− tl = l,

Dj[i], Segj[i], and Posj[i] for all i ∈ {tl + 1, tl + 2, . . . , (t + 1)l − 1} can be computed in

O((mt + l) log l) time by calling DC(tl, (t + 1)l, j, Posj[tl], Posj[(t + 1)l]). The total complexity
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for computing Dj[i], Segj[i], and Posj[i] for all i ∈ ⋃
0≤t≤n

l
−1{tl + 1, tl + 2, . . . , (t + 1)l − 1} is

therefore O(
∑

0≤t≤n
l
−1(mt + l) log l) = O(n log l).

Procedure Preparation

Input: j.

Goal: Compute Dj[il], Segj[il], and Posj[il] for all i ∈ {1, 2, . . . , n
l
}.

(* Dj−1[1 . . . n], Segj−1[1 . . . n], and Posj−1[1 . . . n] are known. *)

1 for i ← 1 to n
l

do

2 if i < j then

3 Dj[il] ← −∞, Segj[il] ← NIL, and Posj[il] ← 0.

4 else if i = j then

5 Dj[jl] ← Dj−1[(j − 1)l] + d(A[(j − 1)l + 1, jl]).

6 Segj[jl] ← A[(j − 1)l + 1, jl].

7 Posj[jl] ← (j − 1)l + 1.

8 else

9 Find the maximum-density segments st of A[t, il] with length between l and 2l − 1

10 for all t ∈ {(i− 1)l − 2l + 1, (i− 1)l − 2l + 2, . . . , il}.
11 t′ ← the largest t such that Dj−1[t− 1]+d(st) is maximized.

12 if Dj[(i− 1)l] > Dj−1[t
′ − 1] + st′ then

13 Dj[il] ← Dj[(i− 1)l], Segj[il] ← Segj[(i− 1)l], and Posj[il] ← Posj[(i− 1)l].

14 else

15 Dj[il] ← Dj−1[t
′ − 1] + st′ , Segj[il] ← st′ , and Posj[il] ← t′.

16 end for

Figure 2.3: Computing Dj[il], Segj[il], and Posj[il] for all i ∈ {1, 2, . . . , n
l
}.

Lemma 2.9: If we already know Dj−1[1 . . . n], Segj−1[1 . . . n], and Posj−1[1 . . . n], then the

procedure DC(p, q, j, Posj[p], Posj[q]) can be implemented to run in O((m′ + n′) log n′) time,

where n′ = q − p + 1 and m′ = Posj[q]− Posj[p] + 1.
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Proof: The pseudo code is given in Figure 2.4. Let c = b(p + q)/2c. We first compute

Dj[c], Segj[c], and Posj[c] in O(n′ + m′) time (to be proved below) and then recursively call

DC(p, c, j, Posj[p], Posj[c]) and DC(c, q, j, Posj[c], Posj[q]). Let T (n′,m′) be the running time

of DC(p, q, j, Posj[p], Posj[q]). Since Posj[c] is between Posj[p] and Posj[q] by Lemma 2.6, we

have T (n′,m′) ≤ T (bn′
2
c− 1, x)+T (dn′

2
e− 1,m′−x+1) for some integer x in [1,m′]. It follows

that T (n′,m′) = O((m′ + n′) log n′).

It remains to explain how to compute Dj[c], Segj[c], and Posj[c] in O(n′ + m′) time. Note

that since q− p ≤ l, we have Posj[q] ≤ p + 1. If c < jl, then we directly set Dj[c], Segj[c], and

Posj[c] to −∞, NIL, and 0, respectively. Otherwise, we do the following. First we compute

the maximum-density segments st of A[t, c] of length between l and 2l− 1 with the position of

the rightmost element not in (Posj[q], p + 1) for all t ∈ {Posj[p], Posj[p] + 1, . . . , Posj[q]} in

O(n′ + m′) time by taking A[i] as a number pair (A[i], 1) for i not in [Posj[q] + 1, p + 1] and

the whole segment A[Posj[q]+1, p+1] as a number pair (
∑

Posj [q]+1≤i≤p+1 A[i], p−Posj[q]+1)

and using the Chung-Lu algorithm to process A[Posj[p], c] from right to left.

Let t′ be the largest t such that Dj−1[t− 1] + d(st) is maximized. Then there are two cases

to consider. Case 1: Dj[p] > Dj−1[t
′ − 1] + d(st′) or both Dj[p] = Dj−1[t

′ − 1] + d(st′) and

t′ = Posj[p]. In this case, Dj[c], Segj[c], and Posj[c] are set to Dj[p], Segj[p], and Posj[p],

respectively. Case 2: Dj[p] < Dj−1[t
′ − 1] + d(st′) or both Dj[p] = Dj−1[t

′ − 1] + d(st′) and

t′ > Posj[p]. In this case, Dj[c], Segj[c], and Posj[c] are set to Dj−1[t
′ − 1] + d(st′), st′ , and t′,

respectively.

The next theorem summarizes the results of this section.

Theorem 2.4: Given a DSMSD problem instance (A[1 . . . n], k, l), we can find a solution in

O(nk log l) time.

Proof: By Lemmas 2.7, 2.8, and 2.9, computing Dj, Segj, and Posj can be done in O(n log l)

time in the jth iteration for j = 1, . . . , k. Thus, computing Dj, Segj, and Posj for all j in [1, k]

can be done in O(nk log l) time. After Segj and Posj are found for j = 1, . . . , k, a solution to

the DSMSD problem instance (A[1 . . . n], n, k) can be found in O(k) time by Lemma 2.5.

22



Procedure DC

Input: p, q, j, Posj[p], and Posj[q], where q − p ≤ l.

Goal: Compute Dj[i], Segj[i], and Posj[i] for all i ∈ {p + 1, p + 2, . . . , q − 1}.
(*Dj−1[1 . . . n], Segj−1[1 . . . n], and Posj−1[1 . . . n] are known*)

1 c ← b(p + q)/2c.
2 if c < jl then

3 Dj[c] ← −∞, Segj[c] ← NIL, and Posj[c] ← 0.

4 else

5 Find the maximum-density segments st of A[t, c] of length between l and 2l − 1

6 with the position of the rightmost element not in (Posj[q], p + 1)

7 for all t ∈ {Posj[p], Posj[p] + 1, . . . , Posj[q]}.
8 t′ ← the largest t such that Dj−1[t− 1] + d(st) is maximized.

12 if Dj[p] > Dj−1[t
′ − 1] + d(st′) then

13 Dj[c] ← Dj[p], Segj[c] ← Segj[p], and Posj[c] ← Posj[p].

14 else if Dj[p] = Dj−1[t
′ − 1] + d(st′) and t′ = Posj[p] then

16 Dj[c] ← Dj[p], Segj[c] ← Segj[p], and Posj[c] ← Posj[p].

17 else

18 Dj[c] ← Dj−1[t
′ − 1] + d(st′), Segj[c] ← st′ , and Posj[c] ← t′.

19 if c− p > 2 then

20 Call DC(p, c, j, Posj[p], Posj[c]).

21 if q − c > 2 then

22 Call DC(c, q, j, Posj[c], Posj[q]).

23 return

Figure 2.4: Computing Dj[il], Segj[il], and Posj[il] for all i ∈ {p + 1, p + 2, . . . , q − 1}.

2.5 The Complete Algorithm

We now explain how to find a solution to the DSMSD problem instance (A[1 . . . n], k, l) in

O(n + k2l log l) time. If n < 10kl, by Theorem 2.4, we can find a solution in O(nk log l) =
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O(10k2l log l) = O(n + k2l log l) time. Otherwise, by Theorem 2.3, we can first reduce the

original DSMSD problem instance (A[1 . . . n], k, l) to a new DSMSD problem instance (A′, k, l)

in O(n + k log k) time, where A′ is of length less than 21kl. Then, by Theorem 2.4, a solution

to the problem instance (A′, k, l) can be found in O(21k2l log l) = O(k2l log l) time. The total

time is O(n + k log k + k2l log l) = O(n + k2l log l).

Theorem 2.5: Given a DSMSD problem instance (A[1 . . . n], k, l), we can find a solution in

O(n + k2l log l) time.

2.6 Notes

In this chapter we study the problem of finding k disjoint segments, each of length at least l,

such that the sum of their densities is maximized and give an O(n + k2l log l)-time algorithm

for it. To the best of our knowledge, there is no nontrivial lower bound proved so far for this

problem. Thus there is still a large gap between the trivial lower bound of O(n) and the upper

bound of O(n + k2l log l). Bridging this gap remains an open problem. Moreover, it is also

interesting to see whether our techniques could accelerate the algorithms for the other problems

considered in [14]. Finally, none of the methods for this problem, including ours, has yet been

implemented. It might just as well carry out some empirical study for comparing those available

methods in practice.
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Chapter 3

Length-Constrained Max-Eccentricity

Segments

Given a sequence of n real numbers A = (a1, a2, . . . , an) and an integers L, define the eccentricity

of a segment A[i, j] to be ecc(i, j) = sum(i,j)√
length(i,j)

. The problem is to find a segment A[i, j]

maximizing the eccentricity ecc(i, j) subject to length(i, j) ≥ L. For the case where there is no

length constraint, i.e. L = 1, Lipson et al. [56] proposed an approximation scheme. Given any

ε ∈ (0, 1/5], their approximation scheme runs in O(nε−2) time and outputs a segment A[i, j]

such that ecc(i, j) is at least Opt/α(ε), where Opt is the maximum possible eccentricity and

α(ε) = (1 −
√

2ε(2 + ε))−1. There was no known subquadratic time exact algorithm before

even for the case where there is no length constraint. In this chapter, we propose an exact

algorithm which copes with the general case and runs in O(nT (L1/2)

L1/2 ) time, where T (n′) is the

time required to solve the all-pairs shortest paths problem on a graph of n′ nodes. By the

latest result of Chan [19], T (n′) = O(n′3 (log log n′)3
(log n′)2 ), so our algorithm runs in subquadratic time

O(nL (log log L)3

(log L)2
). It should be noted that our result immediately implies an O(n)-time exact

algorithm for the case where there is no length constraint.

3.1 Preliminaries

In the following, we review some definitions and theorems. For more details, readers can refer

to [15, 16, 31].
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Definition 3.1: A function f : R+ × R → R is said to be quasiconvex if and only if for all

points u, v ∈ R+ × R and all λ ∈ [0, 1], we have f(λ · u + (1− λ) · v) ≤ max{f(u), f(v)}.

Lemma 3.1: [16] Define f : R+ × R by letting

f(`, s) =





s√
`

if s ≥ 0;

0 otherwise.

Then f is quasiconvex.

Theorem 3.1: [15] Given a sequence of n numbers A = (a1, a2, . . . , an), a length lower bound

L, and a quasiconvex score function f : R+ × R → R, there exists an algorithm, denoted by

MSS(A,L, f), which can find a segment A[i, j] that maximizes f(length(i, j), sum(i, j)) subject

to length(i, j) ≥ L in O(n) time.

By the fact f(`, s) = s is quasiconvex and Theorem 3.1, we have the following corollary,

which was also proved in [31, 53].

Corollary 3.1: There exists an O(n)-time algorithm for finding a segment A[i, j] maximizing

sum(i, j) subject to length(i, j) ≥ L.

We next prove that if all segments with lengths ≥ L have negative sums, then the optimal

solution must have length less than 2L.

Lemma 3.2 : If sum(p, q) < 0 holds for each segment A[p, q] of length at least L, then

length(p∗, q∗) < 2L, where (p∗, q∗) = arg max
length(p,q)≥L

ecc(p, q).

Proof: Let (p∗, q∗) = arg max
length(p,q)≥L

ecc(p, q). Suppose for contradiction that length(p∗, q∗) ≥
2L. Let c1 = b(p∗+q∗)/2c and c2 = c1+1. Then we have length(p∗, c1) ≥ L and length(c2, q

∗) ≥
L. Since sum(p∗,q∗)

length(p∗,q∗) = sum(p∗,c1)+sum(c2,q∗)
length(p∗,c1)+length(c2,q∗) , we have

sum(p∗, q∗)
length(p∗, q∗)

≤ sum(p∗, c1)

length(p∗, c1)
or

sum(p∗, q∗)
length(p∗, q∗)

≤ sum(c2, q
∗)

length(c2, q∗)
.

Without loss of generality, we assume sum(p∗,q∗)
length(p∗,q∗) ≤ sum(p∗,c1)

length(p∗,c1)
. Since sum(p∗,q∗)

length(p∗,q∗) ≤ sum(p∗,c1)
length(p∗,c1)

<

0 and
√

length(p∗, q∗) >
√

length(p∗, c1), we have
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√
length(p∗, q∗) · sum(p∗, q∗)

length(p∗, q∗)
<

√
length(p∗, c1) · sum(p∗, c1)

length(p∗, c1)

⇔ sum(p∗, q∗)√
length(p∗, q∗)

<
sum(p∗, c1)√
length(p∗, c1)

⇔ ecc(p∗, q∗) < ecc(p∗, c1).

It contradicts (p∗, q∗) = arg max
length(p,q)≥L

ecc(p, q).

3.2 Subroutine

In the following we give a new algorithm for the Min-Plus Convolution Problem, which

serves as a subroutine in our algorithm for the Length-Constrained Max-Eccentricity

Segments problem. The min-plus convolution of two vectors x = (x0, x1, . . . , xn−1) and

y = (y0, y1, . . . , yn−1) is a vector z = (z0, z1, . . . , zn−1) such that zk = mink
i=0{xi + yk−i} for

k = 0, 1, . . . , n − 1. Given two vectors x = (x0, x1, . . . , xn−1) and y = (y0, y1, . . . , yn−1), the

Min-Plus Convolution Problem is to compute the min-plus convolution z of x and y.

In the following, we give an O(n1/2T (n1/2))-time algorithm for the Min-Plus Convolution

Problem, where T (n) is the time required to solve the all-pairs shortest paths problem on

a graph of n nodes. To date, the best algorithm for computing the all-pairs shortest paths

problem on a graph of n nodes runs in O(n3 (log log n)3

(log n)2
) time [19]. Thus, our work implies an

O(n2 (log log n)3

(log n)2
)-time algorithm for the min-plus convolution problem.

Definition 3.2: The min-plus product BC of a d× n′ matrix B = [bi,j] and an n′× d matrix

C = [ci,j] is a d× d matrix D = [di,j] where di,j = minn′−1
k=0 {bi,k + ck,j}.

Note that the notion of “min-plus product” is different from the notion of “min-plus con-

volution”. It is well known [1] that the time complexity of computing the min-plus product of

two n′ × n′ matrices is asymptotically equal to that of computing all pairs shortest paths for a

graph with n′ vertices. The next lemma was proved by Takaoka in [72]. The proof of the next

lemma was also given in [72], and we include it here for completeness.
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Lemma 3.3: [72] Given a T (n′)-time algorithm for computing the min-plus product of any

two n′×n′ matrices, the computation of the min-plus product of B and C, where B is a d×n′

matrix and C is an n′ × d matrix, can be done in O(n′
d
T (d)) time if d ≤ n′.

Proof: For simplicity we assume that d divides n. We first split B into n′/d matrices

B1, . . . , Bn′/d of dimension d × d and C into n′/d matrices C1, . . . , Cn′/d of dimension d × d.

Then we can compute {B1C1, B2C2, . . . , Bn′/dCn′/d} in O(dT (n′/d)) time by the given algo-

rithm. The (i, j)-th entry of the min-plus product of B and C is min
n′/d
k=1{the (i, j)-th entry of

BkCk}.

Our new algorithm for the Min-Plus Convolution Problem is as follows.

Algorithm MinPlusConvolution

Input: x = (x0, x1, . . . , xn−1) and y = (y0, y1, . . . , yn−1).

Output: z = (z0, z1, . . . , zn−1) such that zk = mink
i=0{xi + yk−i} for k = 0, 1, . . . , n− 1.

1: Construct an dn1/2e × (2n− 1) matrix B = [bi,j] such that the ith row of B

is equal to (∞, . . . ,∞, x0, x1, . . . , xn−1,

i×dn1/2e︷ ︸︸ ︷∞, . . . ,∞) for i = 0, 1, . . . , dn1/2e − 1.

2: Construct a (2n− 1)× dn1/2e matrix C = [ci,j] such that the transpose

of the jth column of C is equal to (

j︷ ︸︸ ︷∞, . . . ,∞, yn−1, yn−2, . . . , y0,∞, . . . ,∞)

for j = 0, 1, . . . , dn1/2e − 1.

3: Let D = [di,j] be the min-plus product of B and C.

4: for k ← 0 to n− 1 do

Find i, j such that k = i× dn1/2e+ j, where 0 ≤ j < dn1/2e.
Set zk to di,j.

end for

5: return z = (z0, z1, . . . , zn−1).

The following lemma ensures the correctness.
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Lemma 3.4 : In MinPlusConvolution, di,j = min
i×dn1/2e+j
t=0 {xt + yi×dn1/2e+j−t} if 0 ≤

i× dn1/2e+ j ≤ n− 1.

Proof:

di,j =
2n−1

min
t=0

{bi,t + ct,j}

= min{
n−2−i×dn1/2e

min
t=0

{bi,t + ct,j},
n+j−1

min
t=n−1−i×dn1/2e

{bi,t + ct,j},
2n−1

min
t=n+j

{bi,t + ct,j}}

= min{
n−2−i×dn1/2e

min
t=0

{∞+ ct,j},
n+j−1

min
t=n−1−i×dn1/2e

{bi,t + ct,j},
2n−1

min
t=n+j

{bi,t +∞}}

=
n+j−1

min
t=n−1−i×dn1/2e

{bi,t + ct,j}
= min{x0 + yi×dn1/2e+j, x1 + yi×dn1/2e+j−1 + · · ·+ xi×dn1/2e+j + y0}

=
i×dn1/2e+j

min
t=0

{xt + yi×dn1/2e+j−t}

We now analyze the time complexity. Let T (n) denote the time required to compute the

min-plus product of two n× n matrices. Steps 1 and 2 take O(n3/2) time, and by Lemma 3.3,

Step 3 takes O(2n−1
n1/2 T (dn1/2e)) = O(n1/2T (n1/2)) time. Steps 4 and 5 take O(n) time. Therefore,

the total running time is O(n1/2T (n1/2) + n3/2). Since T (n) = Ω(n2), we have O(n1/2T (n1/2) +

n3/2) = O(n1/2T (n1/2)). Theorem 3.2 summarizes our results for the Min-Plus Convolution

Problem.

Theorem 3.2: The running time of Algorithm MinPlusConvolution is O(n1/2T (n1/2)),

where T (n) is the time required to compute the min-plus product of two n× n matrices.

The next Lemma was proved by Bergkvist and Damaschke in [14].

Lemma 3.5: [14] Given a sequence A = (a1, a2, . . . , an), the Maximum Consecutive Sums

Problem is to compute a sequence (w1, w2, . . . , wn) where wi = max{∑q
j=p aj : length(p, q) =

i} for each i = 1, 2, . . . , n. The Maximum Consecutive Sums Problem can be reduced to

the Min-Plus Convolution Problem in linear time.
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Corollary 3.2: Given a sequence A = (a1, a2, . . . , an), we can compute in O(n1/2T (n1/2))

time a sequence (w1, w2, . . . , wn) such that wi = max{∑q
j=p aj : length(p, q) = i} for each

i = 1, 2, . . . , n by making use of the Alogirthm MinPlusConvolution, where T (n) is the

time required to compute the min-plus product of two n× n matrices.

Proof: Immediately from Theorem 3.2 and Lemma 3.5.

3.3 Algorithm

We next show how to solve the Length-Constrained Max-Eccentricity Segments

problem in O(nT (L1/2)

L1/2 ) time, where T (n′) is the time required to compute the min-plus product

of two n′ × n′ matrices. To avoid notational overload, we assume that 4L divides n. By

Corollary 3.1, we can find a segment A[i, j] maximizing sum(i, j) subject to length(i, j) ≥ L

in linear time. Then there are three cases to consider: (1) sum(i, j) = 0; (2) sum(i, j) > 0; (3)

sum(i, j) < 0. If it is Case 1, then A[i, j] must be an optimal solution, and we are done. If

it is Case 2, then we know there is at least one segment satisfying the length constraint with

positive sum. Define f(`, s) by

f(`, s) =





s√
`

if s ≥ 0;

0 otherwise,

By Lemma 3.1, f is quasiconvex, so we can call MSS(A,L, f) to find the segment A[i′, j′]

maximizing f(i′, j′) subject to length(i′, j′) ≥ L in linear time. Clearly, A[i′, j′] is an optimal

solution, and we are done. If it is Case 3, i.e., all segments satisfying the length constraint have

negative sums, we do the following. First, by letting Ak be the segment A[2kL + 1, 2kL + 4L]

for each k = 0, 1, . . . , n
2L
− 2, we can divide the whole sequence A[1, n] into n

2L
− 1 segments,

each of length 4L. See Figure 3.1 for illustration. By making use of Corollary 3.2, we are

able to compute the segment A[ik, jk] ⊆ Ak maximizing the eccentricity subject to the length

constraint in O(L1/2T (L1/2)) time for each k = 0, 1, . . . , n
2L
− 2. According to Lemma 3.2, some

A[ik, jk] must be the optimal solution. The detailed algorithm is given below.
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A

A0
A1

A2
A3

A(n/2L)-2
A(n/2L)-3

A(n/2L)-4

n

2L

4L

Figure 3.1: Illustration of Ai, i = 0, 1, 2, ..., n
2L
− 2.

Algorithm ComputeMES

Input: A sequence A of n numbers and a length lower bound L with 1 ≤ L ≤ n.

Output: A segment A[i, j] maximizing ecc(i, j) subject to length(i, j) ≥ L.

1: (i, j) ← arg max
length(p,q)≥L

sum(p, q).

2: if sum(i, j) = 0 then return A[i, j].

3: if sum(i, j) > 0 then

1: Define f : R+ × R by letting f(`, s) = s√
`

if s ≥ 0 and 0, otherwise.

2: return MSS(A, L, f).

4: for k ← 0 to n
2L
− 2 do

1. Compute (w1, . . . , w4L), where wj = max{sum(p, q)| length(p, q) = j and 2kL+1 ≤
p ≤ q ≤ 2kL + 4L} for each j = 1, . . . , 4L.

2. Compute eccj =
wj√

j
for each j = L,L + 1, . . . , 2L− 1.

3. jk ← arg max2L−1
j=L eccj.

4. ik ← arg max2kL+4L−jk+1
i=2kL+1 ecc(i, i + jk − 1).

5: return the max-eccentricity segment in {A[i0, j0], A[i1, j1], . . . , A[i n
2L
−2, j n

2L
−2]}.
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Theorem 3.3: Algorithm ComputeMES solves the Length-Constrained Max-Eccentricity

Segments problem in O(nT (L1/2)

L1/2 ) time, where T (n′) is the time required to compute the min-

plus product of two n′ × n′ matrices.

Proof: We begin by considering the correctness. Let (i, j) = arg max
length(p,q)≥L

sum(p, q) and

(i∗, j∗) = arg max
length(p,q)≥L

ecc(p, q).

In the case where sum(i, j) = 0, we have ecc(p, q) = sum(p,q)√
length(p,q)

≤ 0 for all (p, q) with

length(p, q) ≥ L. It follows that 0 ≥ ecc(i∗, j∗) ≥ ecc(i, j) = 0, so A[i, j] is an optimal solution.

In the case where sum(i, j) > 0, we have ecc(i∗, j∗) ≥ ecc(i, j) > 0. Let f(`, s) = s√
`

if s ≥ 0 and 0, otherwise. By Lemma 3.1, f is quasiconvex, so the call to MSS(A,L, f)

returns a segment A[i′, j′] maximizing f(i′, j′) subject to length(i′, j′) ≥ L. We next prove that

ecc(i′, j′) ≥ ecc(i∗, j∗), so A[i′, j′] is an optimal solution. Note that for any segment A[p, q],

we have f(p, q) = ecc(p, q) as long as ecc(p, q) ≥ 0 or f(p, q) > 0. Since ecc(i∗, j∗) > 0, we

have ecc(i∗, j∗) = f(i∗, j∗) > 0. It follows that f(i′, j′) ≥ f(i∗, j∗) > 0, which implies that

ecc(i′, j′) = f(i′, j′). Therefore, ecc(i′, j′) = f(i′, j′) ≥ f(i∗, j∗) = ecc(i∗, j∗).

In the case where sum(i, j) < 0, we have length(i∗, j∗) < 2L by Lemma 3.2. It follows that

A[i∗, j∗] must be contained in A[2kL + 1, 2kL + 4L] for some k ∈ {0, 1, . . . , n
2L
− 2} and thus

the segment returned at Step 5 must be an optimal solution.

We next analyze the running time. By Corollary 3.1, Step 1 takes O(n) time. Step 2 takes

constant time. By Theorem 3.1, Step 3 takes O(n) time. By Corollary 3.2, each iteration of

the loop at Step 4 takes O(L1/2T (L1/2) + L) time. Thus Step 4 takes O(n
L
L1/2T (L1/2) + n) =

O(nT (L1/2)

L1/2 ) time. Step 5 takes O(n/L) time. Therefore the total running time is O(nT (L1/2)

L1/2 ).

3.4 Notes

To the best of our knowledge, there is not any non-trivial lower bound for the Length-

Constrained Max-Eccentricity Segments problem proved so far. Thus, there is still

a large gap between the trivial lower bound of O(n) and the upper bound of O(nL (log log L)3

(log L)2
)

for the Length-Constrained Max-Eccentricity Segments problem. Bridging this gap

remains an open problem.
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Chapter 4

Sum-Constrained Max-Density

Intervals

Given a sequence D = ((s1, `1), (s2, `2) . . . , (sn, `n)) of number pairs, where `i > 0 for all i, de-

fine the aberrance of an index interval I = [i, j] = {i, i + 1, . . . , j} to be aberr(i, j) =
|Pj

k=i sk|√Pj
k=i `k

.

Consider the following problems arising in association rule mining [39, 40], computational bi-

ology [3, 15, 20, 24, 25, 31, 41, 44, 48, 51, 53, 73], and statistics [28].

• Sum-Constrained Max-Density Interval (SDI) Problem: Given a sequence D =

((s1, `1), (s2, `2), . . . , (sn, `n)) of number pairs, where `i > 0 for all i, and a sum lower

bound L, an index interval I = [i, j] is said to be endorsed if and only if sum(i, j) ≥ L.

The problem is to find an endorsed interval I = [i, j] maximizing the density d(i, j).

Bernholt et al. [15]’s results imply an O(n log n)-time algorithm for this problem, and we

give an O(n)-time algorithm in this chapter.

• Density-Constrained Max-Sum Interval (DSI) Problem: Given a sequence D =

((s1, `1), (s2, `2), . . . , (sn, `n)) of number pairs, where `i > 0 for all i, and a density lower

bound L, find an index interval I = [i, j] maximizing the sum sum(i, j) subject to d(i, j) ≥
L. Bernholt et al. [15]’s results imply an O(n log n)-time algorithm for this problem, and

recently, Cheng et al. [24] obtained an O(n)-time algorithm.

• Length-Constrained Max-Density Interval (LDI) Problem: Given a sequence

D = ((s1, `1), (s2, `2), . . . , (sn, `n)) of number pairs, where `i > 0 for all i, and a length
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lower bound L, find an index interval I = [i, j] maximizing the density d(i, j) subject to

length(i, j) ≥ L. This problem was studied in [15, 25, 39, 41, 44, 48, 51, 53] and can be

solved in O(n) time [15, 25, 39, 41, 51].

• Density-Constrained Max-Length Interval (DLI) Problem: Given a sequence

D = ((s1, `1), (s2, `2), . . . , (sn, `n)) of number pairs, where `i > 0 for all i, and a density

lower bound L, find an index interval I = [i, j] maximizing the length length(i, j) subject

to d(i, j) ≥ L. This problem was studied in [3, 15, 20, 39, 73] and can be solved in O(n)

time [39].

• Length-Constrained Max-Aberrance Interval (LAI) Problem: Given a se-

quence D = ((s1, `1), (s2, `2), . . . , (sn, `n)) of number pairs, where `i > 0 for all i, a length

lower bound L, and a length upper bound U , find an index interval I = [i, j] maximizing

the aberrance aberr(i, j) subject to L ≤ length(i, j) ≤ U. Bernholt et al. [15] proposed

an O(n)-time for this problem.

• Length-Constrained Max-Sum Interval (LSI) Problem: Given a sequence D =

((s1, `1), (s2, `2), . . . , (sn, `n)) of number pairs, where `i > 0 for all i, and a length lower

bound L, find an index interval I = [i, j] maximizing the sum sum(i, j) subject to

length(i, j) ≥ L. This problem was solvable in O(n) time by algorithms in [15, 31, 53].

4.1 Preliminaries

For ease of exposition, we assume the sum lower bound L ≥ 0 in subsequent discussion. The

restriction can be overcame as follows. If L < 0 and si ≥ 0 for some i, then it is safe to reset

L to 0. Otherwise, if L < 0 and si < 0 for all i, let D′ = ((s′1, `
′
1), (s

′
2, `

′
2), . . . , (s

′
n, `

′
n)) =

((`1,−s1), (`2,−s2), . . . , (`n,−sn)) and U = −L. The problem is then reduced to finding an

index interval I = [i, j] that maximizes
Pj

k=i s′kPj
k=i `′k

subject to
∑j

k=i `
′
k ≤ U, which is solvable in

O(n) time in an online manner by Chung and Lu’s algorithm [25].

Let S = (s1, s2, . . . , sn) and PS[0..n] be the prefix-sum array of S, where PS[0] = 0 and

PS[i] = PS[i−1]+ si for each i = 1, 2, . . . , n. Let £ = (`1, `2, . . . , `n) and P£[0..n] be the prefix-

sum array of £, where P£[0] = 0 and P£[i] = P£[i−1]+`i for each i = 1, 2, . . . , n. Both PS and
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P£ can be computed in O(n) time in an online manner. Note that sum(i, j) = PS[i]−PS[j−1],

length(i, j) = P£[i] − P£[j − 1], and d(i, j) = PS [i]−PS [j−1]
P£[i]−P£[j−1]

. Therefore, by keeping PS and P£,

each computation of the sum, length, or density of an index interval can be done in constant

time. We next introduce the notion of partners. For technical reasons, we define sum(0, p) = L

and d(0, p) = −∞ for all indices p.

Definition 4.1: Given an index q, an nonnegative integer p is said to be a partner of q if and

only if sum(p, q) ≥ L.

Definition 4.2: Given an index q, an integer p is said to be the best partner πq of q if and

only if p is the largest partner of q such that d(p, q) = max{d(i, q) : i is a partner of q}.

Definition 4.3: Denote by rq the right most partner (i.e., the largest partner) of index q.

Define the ideal right most partner of index q as r̂q = max
1≤p≤q

rp.

Definition 4.4: An index q is said to be a good index if and only if r̂q = rq.

Let q∗ be an index that maximizes d(πq∗ , q
∗). If πq∗ = 0, then there is no endorsed interval;

otherwise, index interval [πq∗ , q
∗] is a maximum-density endorsed interval. Therefore, to solve

the SDI problem, it suffices to find index q∗. The next lemma enable us to eliminate bad indices

from consideration.

Lemma 4.1: If q is a bad index, then index interval [πq, q] is not a maximum-density endorsed

interval.

Proof: If q is a bad index, then there exist p < q such that rq < r̂q = rp. Since sum(p, r̂q) ≥ L

and sum(q, r̂q) < L, we have sp > sq. It follows that if index interval [πq, q] is an endorsed

interval, then index interval [πq, p] is an endorsed interval and d(πq, p) > d(πq, q). Thus, index

interval [πq, q] is impossible to be a maximum-density endorsed interval.
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4.2 Subroutine

We next give a subroutine to compute rq for all good indices q in O(n) time. The pseudocode is

given below, where the goal is to fill in an array R[1..n], initialized with -1’s, such that R[i] = ri

for all good indices i and R[i] = −1 for all bad indices i at the end.

Subroutine RMP

1: Create an array R[1..n] initialized with -1’s.

2: R̂ ← 0.

3: Create an empty list C;

4: for i ← 1 to n do

5: while C is not empty and sum(C.lastElement() + 1, i) ≤ 0 do

6: Delete from C its last element.

7: end while

8: Insert i at the end of C.

9: if sum(R̂, i) ≥ L or sum(C.firstElement(), i) ≥ L then

10: while C is not empty and sum(C.firstElement(), i) ≥ L do

11: R̂ ← C.firstElement().

12: Delete from C its first element.

13: end while

14: R[i] ← R̂.

15: end if

16: end for

17: return R[1..n].

The Subroutine RMP consists of n iterations, in the ith iteration, R[i] is reset to ri if i is

an good index. To accomplish this task efficiently, we maintain a list C and a variable R̂ such

that at the end of the ith iteration the following conditions hold.

1. For each two adjacent elements p < q in C, sum(p + 1, q) > 0.

2. For any index q ≥ i, if rq ∈ [R̂, i], then rq ∈ C ∪ {R̂}.
3. R̂ = r̂i.

It is clear that R[1] = r1 = 0 and the three conditions hold at the end of the first iteration

of the for-loop. Suppose that the three conditions hold at the end of the (i − 1)th iteration

of the for-loop. We prove that R[i] is reset to ri in the ith iteration of the for-loop if and
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only if i is a good index and the three conditions hold at the end of the ith iteration of the

for-loop. Consider the moment immediately before the execution of line 9 in the ith iteration

of the for-loop. It is clear that condition 1 still holds at this moment. We next prove that

condition 2 also holds at this moment. Suppose for contradiction that some rq, where q ≥ i, is

removed from C during the execution of the while-loop of lines 4 ∼ 7. A necessary condition

for rq to be deleted is sum(rq +1, i) ≤ 0. It follows that sum(i, q) ≥ sum(rq, q) ≥ L, so rq is not

the right most partner of q, a contradiction. Therefore, we have conditions 1 and 2 hold and

R̂ = r̂i−1 just before the execution of line 9. We next examine the execution of lines 9 ∼ 15.

Consider the following three cases.

Case 1: ri 6∈ C ∪ {R̂} just before the execution of line 9. By condition 2, we have ri < r̂i−1,

so index i is not good and r̂i−1 = r̂i. Thus, condition 3 holds just before the execution of line 9.

In this case we fail the test condition in line 9 so lines 10 ∼ 14 are not executed. Therefore,

R[i] is not reset, and conditions 1 ∼ 3 hold at the end of the ith iteration of the for-loop.

Case 2: ri = R̂ just before the execution of line 9. It follows that index i is good and

r̂i−1 = ri = r̂i. Thus, condition 3 holds just before the execution of line 9. The body of the

while-loop of lines 10 ∼ 13 is not executed in this case. Therefore, R[i] is reset to R̂ = ri in

line 14, and conditions 1 ∼ 3 hold at the end of the ith iteration of the for-loop.

Case 3: ri ∈ C just before the execution of line 9. It follows that ri > r̂i−1, so r̂i = ri and

index i is good. By conditions 1, for all c ∈ C before ri, sum(c, i) > sum(ri, i) ≥ L. Moreover,

since ri is the right most partner of i and indices in C are in increasing order, for all c′ ∈ C

after ri, sum(c′, i) < L. Therefore, we have R̂ = ri holds after the execution of the while-loop

of lines 10 ∼ 13. It follows that condition 3 holds at the end of the ith iteration of the for-loop

since ri = r̂i. It is clear that deleting from C a prefix has no harm to condition 1, so it remains

to prove that condition 2 still holds. Suppose for contradiction that condition 2 does not hold

at the end of the ith iteration of the for-loop. It follows that some rq with ri < rq ≤ i is

removed from C, which leads to a contradiction because ri is the largest index removed from

C in the while-loop of lines 10 ∼ 13.

We next analyze the running time. In each iteration of the while-loop of lines 5 ∼ 7 and the

while-loop of lines 10 ∼ 13, there is one index in C removed. Since each index is inserted into

C at most once, the time spent on these two while-loops is bounded by O(n). To summarize,

37



we have the following lemma.

Lemma 4.2: Subroutine RMP computes in O(n) time an array R[1..n] such that R[i] is the

right most partner of i if i is a good index and R[i] = −1 if i is a bad index.

Denote by φ(x, y) the largest z in [x, y] that minimizes d(x, z). We next describe a subroutine

which finds the largest p ∈ [l, u] that maximizes d(p, q) given 0 ≤ l ≤ u ≤ q. The pseudocode

is given below, where we initialize a variable p with value l and then repeatedly resetting p to

φ(p, u − 1) + 1 until p = u or the lowest density interval starting from p and ending before u

has the same density as interval [p, q]. The pseudocode is given below.

Subroutine BEST(l, u, q)

1: p ← l.

2: while p < u and d(p, φ(p, u− 1)) ≤ d(p, q) do

3: p ← φ(p, u− 1) + 1.

4: end while

5: return p.

Lemma 4.3: [25] The call to BEST(l, u, q) returns the largest p ∈ [l, u] that maximizes d(p, q)

if 0 ≤ l ≤ u ≤ q.

Lemma 4.4: Let p be the return value of the call to BEST(l, rq, q). Then p = πq if πq ∈ [l, rq]

and 0 ≤ l ≤ rq.

Proof: Suppose that p is not a partner of q, i.e., sum(p, q) < L ≤ sum(rq, q). It follows that

d(p, q) < d(rq, q), which contradicts Lemma 4.3. Thus, p must be a partner of q. Suppose for

contradiction that p 6= πq. Since p is a partner of q, by the definition of best partners, we have

either (d(p, q) < d(πq, q)) or (d(p, q) = d(πq, q) and p < πq), which contradicts Lemma 4.3.

Chung and Lu [25] also gave efficient implementations of Subroutine BEST in their paper,

which directly implies the next lemma.

Lemma 4.5: [25] A sequence of consecutive calls to Subroutine BEST, say BEST(l1, u1, q1),

BEST(l2, u2, q2),. . ., BEST(lk, uk, qk), can be completed in total O(uk + k) time provided that

l1 = 0, li = BEST(li−1, ui−1, qi−1) for each i = 2, 3, . . . , k, u1 ≤ u2 ≤ · · · ≤ uk, and ui ≤ qi for

each i = 1, 2, . . . , k.
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4.3 Algorithm

Our algorithm for the SDI problem is as follows. First, we initialize a variable l with value 0

and call Subroutine RMP to compute an array R[1..n] such that R[i] = ri if i is a good index

and R[i] = −1 if i is a bad index. Then, for each good index q, taken in increasing order, call

BEST(l, R[q], q) to compute the largest lq ∈ [l, R[q]] that maximizes d(lq, q) and reset variable

l to lq. Finally, the index interval [lq, q] that maximizes d(lq, q) is returned. The pseudocode is

given below.

Algorithm ComputeHCI

Input: A sequence D = ((s1, `1), (s2, `2), . . . , (sn, `n)) of number pairs, where `i > 0 for all i,

and a sum lower bound L.

Output: An index interval I = [i, j] maximizing d(i, j) subject to sum(i, j) ≥ L.

1: l ← 0.

2: R ← call Subroutine RMP.

3: cmax ← −∞.

4: (α, β) = (0, 0);

5: for q ← 1 to n do

6: if R[q] 6= −1 then

7: l ← BEST(l, R[q], q).

8: if d(l, q) > cmax then

9: cmax ← d(l, q).

10: (α, β) ← (l, q).

11: end if

12: end if

13: end for

14: return [α, β].

Theorem 4.1: Algorithm ComputeHCI solves the SDI problem in O(n) time.

Proof: We first prove the correctness. Let Q = {q1, q2, . . . , qk} be the set of good indices,

where q1 < q2 · · · < qk and k = |Q|. Let lq0 = 0 and lqi
be the return value of the call to

Subroutine BEST in the qth
i iteration of the for-loop, i = 1, 2, . . . , k. Note that lqi

is the largest

integer in [lqi−1
, rqi

] that maximizes d(lqi
, q) for all i with 1 ≤ i ≤ k. Let qi∗ be the good
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index that maximizes d(πqi∗ , qi∗). By Lemma 4.1, it suffices to prove that πqi∗ = lqi∗ . To prove

πqi∗ = lqi∗ , by Lemma 4.4, it suffices to prove that πqi∗ ∈ [lqi∗−1
, rqi∗ ], i.e., πqi∗ ≥ lqi∗−1

. Suppose

for contradiction that πqi∗ < lqi∗−1
. Let qt ≤ qi∗−1 be the first good index such that πqi∗ < lqt .

Then we have πqi∗ ∈ [lqt−1 , rqt ] and by Lemma 4.3, lqt is the largest index in [lqt−1 , rqt ] that

maximizes d(lqt , q). It follows that

d(πqi∗ , lqt − 1) ≤ d(lqt , qt). (4.1)

Since d(lqt , qt) ≥ d(rqt , qt) ≥ L
length(rqt ,qt)

≥ 0 and length(lqt , qt) ≥ length(rqt , qt), we have

sum(lqt , qt) ≥ sum(rqt , qt) ≥ L. Therefore, lqt is a partner of qt and we have

d(lqt , qt) ≤ d(πqt , qt). (4.2)

Following from inequality (1), we have d(lqt , qt) ≤ d(qt + 1, qi∗) for otherwise d(πqt , qt) ≤
d(πqi∗ , qi∗) < d(lqt , qt), which contradicts inequality (2). Combining inequality (1) with d(lqt , qt) ≤
d(qt + 1, qi∗), we have d(πqi∗ , lqt − 1) ≤ d(lqt , qt) ≤ d(qt + 1, qi∗). It follows that

d(πqi∗ , qi∗) ≤ d(lqt , qi∗). (4.3)

By inequality (3), 0 ≤ L
length(rqi∗ ,qi∗ )

≤ d(rqi∗ , qi∗), and d(rqi∗ , qi∗) ≤ d(πqi∗ , qi∗), we have

0 ≤ d(rqi∗ , qi∗) ≤ d(lqt , qi∗). (4.4)

Since lqt ≤ rqt ≤ rqi∗ ≤ qi∗ , we have length(rqi∗ , qi∗) ≤ length(lqt , qi∗). By inequality (4) and

length(rqi∗ , qi∗) ≤ length(lqt , qi∗), we have

L ≤ sum(rqi∗ , qi∗) ≤ sum(lqt , qi∗). (4.5)

By inequalities (3) and (5), lqt is a partner of qi∗ and d(πqi∗ , qi∗) ≤ d(lqt , qi∗), which contradicts

the definition of best partners.

We now analyze the time complexity. By Lemma 4.2, the call to RMP takes O(n) time.

By the definition of good indices, we have R[q1] ≤ R[q2] ≤ · · · ≤ R[qk]. Because we also

have lqi
= BEST(lqi−1

, R[qi], qi) for each i = 1, 2, . . . , k, by Lemma 4.5, the calls to Subrou-

tine BEST, i.e., BEST(lq0 , R[q1], q1), BEST(lq1 , R[q2], q2),. . . , and BEST(lqk−1
, R[qk], qk), totally

take O(R[qk] + k) = O(n) time.
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Finally, we modify Algorithm ComputeHCR such that it runs in an online manner. The

modified version is given below, where we maintain an integer pair (α, β) such that after

processing the qth number pair in D at the qth iteration of the for-loop, the integer interval

[α, β] is a maximum-density endorsed interval for the subsequence ((s1, `1), (s2, `2), . . . , (sq, `q)),

if any. The correctness is easy to verify by noting that r = R[q] holds at the end of the qth

iteration of the for-loop for each q = 1, 2, . . . , n.

Theorem 4.2: Algorithm OnlineComputeHCR solves the SDI problem in O(n) time in

an online manner.
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Algorithm OnlineComputeHCI

Input: A sequence D = ((s1, `1), (s2, `2), . . . , (sn, `n)) of number pairs, where `i > 0 for all i,

and a sum lower bound L.

Goal: Maintaining an integer pair (α, β) such that after processing the qth number pair in D at

the qth iteration of the for-loop, the integer interval [α, β] is a maximum-density endorsed

interval for the subsequence ((s1, `1), (s2, `2), . . . , (sq, `q)), if any.

1: l ← 0; r ← −1; r̂ ← 0; cmax ← −∞; (α, β) ← (0, 0).

2: Create an empty list C.

3: for q ← 1 to n do

4: r ← −1.

5: while C is not empty and sum(C.lastElement() + 1, q) ≤ 0 do

6: Delete from C its last element.

7: end while

8: Insert q at the end of C.

9: if sum(r̂, q) ≥ L or sum(C.firstElement(), q) ≥ L then

10: while C is not empty and sum(C.firstElement(), q) ≥ L do

11: r̂ ← C.firstElement().

12: Delete from C its first element.

13: end while

14: r ← r̂.

15: end if

16: if r 6= −1 then

17: l ← BEST(l, r, q).

18: if d(l, q) > cmax then

19: cmax ← d(l, q).

20: (α, β) ← (l, q).

21: end if

22: end if

23: end for
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Chapter 5

Density Finding

Given a sequence of number pairs D = ((s1, `1), (s2, `2), . . . , (sn, `n)) where `i > 0 for i =

1, 2, . . . , n, two positive numbers L,U with L ≤ U , and a real number δ, define the sum,

length, and density of an index interval [i, j] to be sum(i, j) =
∑j

r=i sr, length(i, j) =
∑j

r=i `r

and d(i, j) = sum(i,j)
length(i,j)

, respectively. An index interval [i, j] is said to be feasible if and only

if L ≤ length(i, j) ≤ U . The Density Finding Problem is to compute the density of the

feasible index interval [i, j] which minimizes |d(i, j)−δ|. Lee et al. [51] proved that the Density

Finding Problem has a lower bound of Ω(n log n) in the algebraic decision tree model and

provided an O(n log2 m) algorithm for it, where m = min(bU−L
`min

c, n) and `min = min1≤r≤n `r.

In this chapter, we show how to solve the Density Finding Problem problem in optimal

O(n log n) time.

5.1 Reduction to the Slope Finding Problem

Let P, Q ⊆ R2 be two n-point multisets and Ar ≥ b be a set of λ inequalities on x and y, where

A ∈ Rλ×2, r = [xy ], and b ∈ Rλ. Define the constrained Minkowski sum (P ⊕ Q)Ar≥b as the

multiset

{(p + q) : p ∈ P, q ∈ Q,A(p + q) ≥ b}.

Given P , Q, Ar ≥ b, and a real number δ, the Slope Finding Problem is to com-

pute the value of y∗
x∗ where (x∗, y∗) = arg min

(x,y)∈(P⊕Q)Ar≥b

{| y
x
− δ|}. The Density Finding

Problem can be reduced to the Slope Finding Problem in linear time as follows. Let
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length(1, 0) = 0 and sum(1, 0) = 0. Compute in O(n) time the following two point sets:

P = {(length(1, i), sum(1, i)) : 0 ≤ i ≤ n} and Q = {(−length(1, i),−sum(1, i)) : 0 ≤ i ≤
n)}. Note that each feasible index interval [i, j] of S corresponds to a point (length(1, j) −
length(1, i−1), sum(1, j)−sum(1, i−1)) in (P⊕Q)L≤x≤U . Thus, the Density Finding Prob-

lem is equivalent to computing the value of y∗
x∗ where (x∗, y∗) = arg min

(x,y)∈(P⊕Q)L≤x≤U

{| y
x
− δ|}.

Theorem 5.1: The Density Finding Problem is linear time reducible to the Slope Find-

ing Problem with two linear constraints.

5.2 The Algorithm for the Slope Finding Problem

In this section, we give an O(λ log λ + λ · n log n)-time algorithm for the Slope Finding

Problem. By Theorem 5.1, it follows that the Density Finding Problem is solvable in

O(n log n) time. For simplicity, we assume δ = 0. Otherwise, we can first perform the following

transformation and then reset δ to 0.

1. Transform the point set P = {(x1,1, y1,1), (x1,2, y1,2), . . . , (x1,n, y1,n)} into {(x1,1,−δx1,1 +

y1,1), (x1,2,−δx1,2 + y1,2), . . . , (xn,1,−δxn,1 + yn,1)}
2. Transform the point set Q = {(x2,1, y2,1), (x2,2, y2,2), . . . , (x2,n, y2,n)} into {(x1,2,−δx1,2 +

y1,2), (x2,2,−δx2,2 + y2,2), . . . , (xn,2,−δxn,2 + yn,2)}.
3. Transform the ith constraint Li : aix + biy ≥ ci into (ai + δbi)x + biy ≥ ci for each

i = 1, 2, . . . , λ.

A function f : D → (R∪∞) defined on a convex subset D of R2 is quasiconcave if whenever

v1, v2 ∈ D and γ ∈ [0, 1] then

f(γ · v1 + (1− γ) · v2) ≥ min{f(v2), f(v2)}.

For technical reasons, we define y
x

= ∞ if x = 0 and y ∈ R. Let D1 = {(x, y) ∈ R2 : x ≥
0, y ≥ 0}, D2 = {(x, y) ∈ R2 : x ≤ 0, y ≥ 0}, D3 = {(x, y) ∈ R2 : x ≤ 0, y ≤ 0}, and

D4 = {(x, y) ∈ R2 : x ≥ 0, y ≤ 0}. We next prove that the function f : R2 → (R ∪∞) defined

by letting f(x, y) = | y
x
| is quasiconcave when we restrict its domain to some Di.
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Lemma 5.1: Let D1 = {(x, y) ∈ R2 : x ≥ 0, y ≥ 0}, D2 = {(x, y) ∈ R2 : x ≤ 0, y ≥ 0},
D3 = {(x, y) ∈ R2 : x ≤ 0, y ≤ 0}, and D4 = {(x, y) ∈ R2 : x ≥ 0, y ≤ 0}. Define function

fi : Di → R by letting fi(x, y) = |x
y
| for each i = 1, 2, 3, 4. Then we have function fi is

quasiconcave for each i = 1, 2, 3, 4.

Proof: We only prove that f1 is quasiconcave. The proofs for f2, f3, and f4 can be derived

in a similar way. Let v1 = (x1, y1) ∈ D1, v2 = (x2, y2) ∈ D1, and x1 ≥ x2. Without loss of

generality we may assume x1 > 0 and vγ 6∈ {v1, v2}. Consider the following two cases.

Case 1: y1

x1
≤ y2

x2
. Let v′ = (x′, y′) be the point which satisfies y1

x1
= y′

x′ and x′ = xγ =

γx1 + (1 − γ)x2. By x1 > 0, x2 ≥ 0, and y1

x1
≤ y2

x2
, we have y2 ≥ x2

x1
y1. It follows that

y′ = (γx1 + (1 − γ)x2)
y1

x1
= γy1 + (1 − γ)x2

x1
y1 ≤ γy1 + (1 − γ)y2 = yγ. By 0 < x′ = xγ and

0 ≤ y′ ≤ yγ, we have | yγ

xγ
| = yγ

xγ
≥ y′

x′ = y1

x1
= | y1

x1
| ≥ min{| y1

x1
|, | y2

x2
|}.

Case 2: y1

x1
> y2

x2
. Let v′′ = (x′′, y′′) be the point which satisfies y2

x2
= y′′

x′′ and x′′ =

xγ = γx1 + (1 − γ)x2. By x1 > 0 and y1

x1
> y2

x2
, we have y1 > x1

x2
y2. It follows that

y′′ = (γx1 + (1 − γ)x2)
y2

x2
= γ x1

x2
y2 + (1 − γ)y2 < y1 + (1 − γ)y2 = yγ. By 0 < x′′ = xγ

and 0 ≤ y′′ ≤ yγ, we have | yγ

xγ
| = yγ

xγ
> y′′

x′′ = y2

x2
= | y2

x2
| ≥ min{| y1

x1
|, | y2

x2
|}.

The next theorem was proved by Bernholt et al. [15].

Theorem 5.2: Given a set of λ linear inequalities Ar ≥ b and two n-point multisets P , Q ⊆ R2,

one can compute the vertices of the convex hull of (P ⊕Q)Ar≥b in O(λ log λ + λ · n log n) time.

Let Ri be the vertices of the convex hull of (P ⊕Q)Ar≥b∩Di for each i = 1, 2, 3, 4. It should

be noted that 



(P ⊕Q)Ar≥b ∩D1 = (P ⊕Q)Ar≥b,x≥0,y≥0;

(P ⊕Q)Ar≥b ∩D2 = (P ⊕Q)Ar≥b,x≤0,y≥0;

(P ⊕Q)Ar≥b ∩D3 = (P ⊕Q)Ar≥b,x≤0,y≤0;

(P ⊕Q)Ar≥b ∩D4 = (P ⊕Q)Ar≥b,x≥0,y≤0.

Thus, by Theorem 5.2, each Ri is computable in O((λ + 2) log(λ + 2) + (λ + 2) · n log n) =

O(λ log λ+λ·n log n) time. Let soli = min{| y
x
| : (x, y) ∈ (P⊕Q)Ar≥b∩Di} for each i = 1, 2, 3, 4.

By Lemma 5.1, we have soli = min{| y
x
| : (x, y) ∈ Ri} for each i. Note that the size of each Ri is
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bounded above by O(λ+n). Therefore, each soli is computable in O(λ+n) time by examining

all points in Ri. Finally, we have the solution is min4
i=1 soli.

Theorem 5.3: The Slope Finding Problem is solvable in O(λ log λ + λ · n log n) time.

Corollary 5.1: The Density Finding Problem is solvable in O(n log n) time.

Proof: Immediately from Theorem 5.1 and Theorem 5.3.
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Part II

Enumeration Problems
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Chapter 6

Length-Constrained k Max-Sum

Segments

Given a sequence A = (a1, a2, . . . , an) of numbers, a positive integer k, and an interval [L,U ],

the Length-Constrained k Max-Sum Segments Problem is to find the k max-sum

segments among all segments of A with lengths in the interval [L,U ].

For the case where k is fixed to 1, this problem is studied in [31, 53] and can be solved in

linear time [31]. For the case where L is fixed to 1 and U is fixed to n, this problem is well

studied in [5, 6, 11, 18, 23, 30, 54, 55] and can be solved in O(n + k) time [18, 30].

In this chapter we give an O(n+k)-time algorithm for the Length-Constrained k Max-

Sum Segments Problem. In addition, we show that our algorithms can be used as a basis

for delivering more efficient algorithms for some related problems such as finding k length-

constrained segments satisfying a density lower bound and finding area-constrained k max-sum

subarrays.

6.1 Preliminaries

To achieve the time bound of O(n+k), we make use of the range max-sum query (RMSQ) [21]

and Frederickson’s [34] algorithm for finding the maximum k elements in a heap-ordered tree.

In the Range Max-Sum Segment Query (RMSQ) problem, a sequence A = (a1, a2, . . . , an)

of n numbers is given to be preprocessed such that any range max-sum segment query can be
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answered quickly. A range max-sum segment query specifies two intervals [i, j] and [k, l], and

the goal is to find a pair of indices (x, y) with i 6 x 6 j and k 6 y 6 ` that maximizes S[x, y].

Theorem 6.1: [Chen and Chao [21]] The RMSQ problem can be solved in O(n) preprocessing

time and O(1) time per query.

For our purposes, a D-heap is a rooted degree-D tree in which each node contains a field

value, satisfying the restriction that the value of any node is larger than or equal to the values

of its children. Note that we do not require the tree to be balanced. Frederickson [34] proposed

an algorithm for finding the k largest elements in a D-heap in O(k) time. When Frederickson’s

algorithm traverses the heap to find the k largest nodes, it does not access a node unless it

has ever accessed the node’s parent. This property makes it possible to run the Frederickson’s

algorithm without first explicitly building the entire heap in the memory as long as we have a

way to obtain the information of a node given the information of its parent.

Theorem 6.2: [Frederickson [34]] For any constant D, we can find the k largest nodes in any

D-heap, in O(k) time.

6.2 An O(n + k)-Time Algorithm

First we preprocess the input sequence A[1..n] so that given any two intervals [i, j] and [k, l], we

can find the pair (x, y), denoted RMSQ(i, j, k, l), with i 6 x 6 j and k 6 y 6 ` that maximizes

S[x, y]. By Theorem 6.1, this preprocessing can be done in O(n) time. In the following, we

say a segment A[i, j] is legal if and only if L ≤ j − i + 1 ≤ U . Set pi = max{i− U + 1, 1} and

qi = i− L + 1 for all i = 1, . . . , n. For simplicity, we assume pi ≤ qi for all i = 1, . . . , n. Then
⋃n

i=1{A[h, i] : h ∈ [pi, qi]} is the set of all legal segments. Our task is to find the k max-sum

segments in this set.

We now turn to define some data structures used in our algorithm. For each index i, define

H(i) to be a rooted ordered binary tree in which each node contains three fields pair, value,

and interval, satisfying the following properties: (1) There are total qi − pi + 1 nodes in H(i)

and the interval of the root of H(i) is [pi, qi], (2) for each node u of H(i), if p < k then u’s left

child has interval [p, k − 1], and if k < q then u’s right child has interval [k + 1, q], where [p, q]
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= u.interval and (k, i) =RMSQ(p, q, i, i), and (3) for each node u of H(i), if u.interval = [p, q]

then u.pair = (k, i) and u.value = S[k, i], where (k, i)=RMSQ(p, q, i, i).

Let us now return to describe our algorithm. Let V (H(i)) denote the set of nodes in H(i).

It is clear that the k largest value nodes in
⋃n

i=1 V (H(i)) correspond to the k max-sum legal

segments. Thus the remaining work is to find the k largest value nodes in
⋃n

i=1 V (H(i)). Notice

that given any node u of H(i), we can always construct u’s children in O(1) time since we have

done the RMSQ preprocessing on A[1..n]. Thus we only construct the root of H(i) in the first

instance and expand the tree as needed. Since we have known pi and qi for each index i and

done the RMSQ preprocessing on A[1..n], we can construct, in total O(n) time, the root of H(i)

for each index i. Then we place these roots into a balanced 2-heap by the heapify operation

[26] in O(n) time. Note that each H(i) is a 2-heap, so we have conceptually built a 4-heap

for the set
⋃n

i=1 V (H(i)). Now by Theorem 7.3, we can apply Frederickson’s algorithm [34] to

find the k largest value nodes in that 4-heap in O(k) time. As before, except the roots of all

H(i), all the nodes in that 4-heap are not physically created until they are needed in running

Frederickson’s [34] algorithm. We summarize this section by the following theorem.

Theorem 6.3: Given a sequence A = (a1, . . . , an) of numbers, a positive integer k, and an

interval [L,U ], we can find, in O(n + k) time, the k max-sum segments of A with lengths in

[L,U ].

We prove the following stronger theorem by slightly modifying the above algorithm.

Theorem 6.4: Given a sequence of pairs of numbers A = ((a1, `1), . . . , (an, `n)), where `i > 0

for i = 1, . . . , n, a positive integer k, and an interval [L,U ], we can find, in O(n + k) time, the

k max-sum segments of A with lengths in [L,U ].

Proof: We show how to modify the above algorithm to achieve this theorem. In fact, we

only need to change the settings of pi’s and qi’s. The remaining parts are the same. For all

i = 1, . . . , n, we redefine pi to be the minimum index 1 ≤ h ≤ i such that £[h, i] ≤ U and qi to

be the maximum index 1 ≤ h′ ≤ i such that £[h′, i] ≥ L. For simplicity, we assume pi and qi

exist for all i = 1, . . . , n. Since `i is positive for all i = 1, . . . , n, the sequences (p1, . . . , pn) and

(q1, . . . , qn) must be nondecreasing. Thus we can compute pi and qi for all i = 1, . . . , n by the

following procedure in O(n) time.
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1. Set p = 1 and q = 1.

2. for i ← 1 to n do

(a) while(£[p, i] > U and p ≤ i) do p ← p + 1.

(b) while(£[q + 1, i] ≥ L and q + 1 ≤ i) do q ← q + 1.

(c) pi ← p and qi ← q.

3. return (p1, . . . , pn) and (q1, . . . , qn).

6.3 Applications

6.3.1 Finding k Length-Constrained Maximum-Density Segments

Satisfying a Density Lower Bound

Given a sequence of pairs of numbers A = ((a1, `1), . . . , (an, `n)), where `i > 0 for all i = 1, . . . , n,

a positive integer k, an interval [L,U ], and a number δ, let kout = min{k, nδ}, where nδ is the

total number of segments of A with lengths in [L,U ] and densities ≥ δ. We show how to find

kout segments of A with lengths in [L,U ] and densities ≥ δ in O(n + kout) time. A segment

A[i, j] is called a legal segment if and only if the length of A[i, j] is in [L,U ]. Let δmax be the

density of the legal segment which has the maximum density among all legal segments. The

Length-Constrained Maximum-Density Segment Problem is to find a legal segment

with density equal to δmax. The Length-Constrained Maximum-Density Segment

Problem is well studied in [25, 41, 44, 48, 53] and can be solved in linear time by [25, 41]. Let

nδmax be the total number of legal segments with density equal to δmax. If we are not satisfied by

finding only one legal segments with density equal to δmax, then by first computing δmax by O(n)-

time algorithms in [25, 41] and setting δ to δmax, our algorithm can list kout = min{k, nδmax}
legal segments with density equal to δmax in O(n + kout) time.
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Theorem 6.5: Given a sequence of pairs of numbers A = ((a1, `1), . . . , (an, `n)), where `i > 0

for all i = 1, . . . , n, a positive integer k, an interval [L,U ], and a number δ, let kout = min{k, nδ},
where nδ is the total number of segments of A with lengths in [L,U ] and densities ≥ δ. Then

we can find, in O(n + kout) time, kout segments of A with lengths in [L,U ] and densities ≥ δ.

Proof: In the following, a segment is called a legal segment if and only if its length is in [L,U ].

Let A′ = ((a1 − `1δ, `1), (a2 − `2δ, `2), . . . , (an − `nδ, `n)). Since A[i, j] has density
ai+···+aj

`i+···+`j
≥ δ

if and only if A′[i, j] has sum
∑

i≤h≤j(ah − `hδ) ≥ 0, it suffices to show how to find kout legal

segments of A′ with sums ≥ 0 in O(n+ kout) time. As in the proof of Theorems 6.3 and 6.4, we

first implicitly construct a heap for all legal segments of A′ in O(n) time. Let 2t−1 ≤ k < 2t.

We then execute the following procedure to find kout legal segments of A′ with sums ≥ 0 in

O(kout + 1) time, so the total time is O(n + kout).

1. for i ← 0 to t do

(a) S ← the 2i max-sum legal segments of A′.

(b) if some segment in S has sum less than 0 then stop the loop.

2. if S contains more than k segments with sums ≥ 0 then return any k of them; otherwise,

return all segments in S with sums ≥ 0.

We now prove that the procedure runs in O(kout+1) time. By Theorem 7.3, the ith iteration

of the loop in Step 1 can be done in O(2i) time. If nδ = 0, then it is clear that this procedure

returns in constant time; otherwise, there are two cases to consider.

Case 1: nδ ≥ k. In this case, the loop continues until the tth iteration, so the total time

spent on Step 1 is O(1 + 2 + 4 + ... + 2t) = O(2t+1) = O(k) = O(min{k, nδ}) = O(kout). After

the loop stops, the size of S is at most 2t, so Step 2 can also be done in O(2t) = O(k) =

O(min{k, nδ}) = O(kout) time.

Case 2: nδ < k. Let 2t̂−1 ≤ nδ < 2t̂. In this case, the loop continues until the t̂th it-

eration, so the total time spent on Step 1 is O(1 + 2 + 4 + ... + 2t̂) = O(2t̂+1) = O(nδ) =

O(min{k, nδ}) = O(kout). After the loop stops, the size of S is at most 2t̂, so Step 2 can also

be done in O(2t̂) = O(nδ) = O(min{k, nδ}) = O(kout) time.
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6.3.2 Finding the Area-Constrained k Max-Sum Subarrays

Given an n × n array A[1..n][1..n], define the sum and area of a subarray A[k..l][i..j] to be
∑l

p=k

∑j
q=i A[p][q] and (l−k+1)(j−i+1) respectively. The k Max-Sum Subarrys Problem

is well studied in [5, 6, 7, 11, 18, 23, 54, 55] and can be solved in O(n3 + k) time by Brodal

and Jørgensen [18] and O(n3 ·
√

log log n
log n

+ k log n) time by Bae and Takaoka [7].

In the following, we prove that the Area-Constrained k Max-Sum Subarrays Prob-

lem can be solved in O(n3 + k) time by applying Theorem 6.4.

Theorem 6.6: Given an n × n array A[1..n][1..n] and an interval [L,U ], we can find, in

O(n3 + k) time, the k max-sum subarrays with areas in [L,U ].

Proof: First we have to construct strips Si,j = ((
∑

i≤h≤j A[h][1], j− i+1), (
∑

i≤h≤j A[h][2], j−
i + 1), . . . , (

∑
i≤h≤j A[h][n], j − i + 1)) for all 1 ≤ i ≤ j ≤ n in O(n3) time. Then we con-

struct a sequence S by concatenating these strips with pairs (0, U + 1). It is not hard to

see that each segment of S with length in [L,U ] corresponds to a subarray of A with area in

[L,U ], and vice versa. Thus we can first apply Theorem 6.4 to find k max-sum segments of S

with lengths in [L,U ] in O(n3 +k) time and then output their corresponding subarrays of A.
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Chapter 7

Weight-Constrained k Longest Paths

Let T = (V, E) be a tree with a length function ` : E → R and a weight function w : E → R.

Define the length and weight of a path P = (v1, v2, . . . , vn) in T to be
∑

1≤i≤n−1 `(vivi+1) and
∑

1≤i≤n−1 w(vivi+1) respectively. Given T , a positive integer k and two numbers L, U with

L ≤ U , the Weight-Constrained k Longest Paths Problem is to find the k longest

paths among all paths in T with weights in the interval [L,U ].

For the case where there are no weight constraints, i.e., L = −∞ and U = ∞, Megiddo

et al. [61] proposed an O(|V | log2 |V |)-time algorithm for finding the kth longest path, and then

Frederickson and Johnson [36] proposed an O(|V | log |V |)-time algorithm for the same problem.

Their algorithms can be easily modified to find the k longest paths in O(|V | log2 |V | + k) and

O(|V | log |V | + k) time respectively. Wu et al. [74] gave an O(|V | log2 |V |)-time algorithm for

the case L = −∞ and k = 1. Kim [49] gave an O(|V | log |V |)-time algorithm for the case where

L = 0, U = ∞, k = 1, `(e) = 1 ∀e ∈ E, and T has a constant degree.

In this chapter we give an O(|V | log |V |+k)-time algorithm for the Weight-Constrained

k Longest Paths Problem and prove the Weight-Constrained k Longest Paths

Problem has a lower bound Ω(|V | log |V |+ k) in the algebraic computation tree model.

7.1 Preliminaries

To achieve the time bound of O(|V | log |V |+k), we make use of Frederickson and Johnson’s [36]

representation of intervertex distances of a tree, range maxima query (RMQ) [10, 33, 43], and
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Frederickson’s [34] algorithm for finding the maximum k elements in a heap-ordered tree. In

the following, we briefly review these data structures and algorithms.

Definition 7.1: Let T = (V,E) be a tree. A node v ∈ V is said to be the centroid of T if and

only if after removing v from T , each resulting connected component contains at most |V |/2
nodes.

Definition 7.2: Let T = (V, E) be a tree. A triplet (c, T1 = (V1, E1), T2 = (V2, E2)) is called

a centroid decomposition of T if it satisfies the following properties: (1) c is a centroid of T ; (2)

T1 and T2 are two subtrees of T such that V1 ∩ V2 = c, |V |+2
3

≤ |V1| ≤ 2|V |+1
3

, and E1 ∪E2 = E.

Notation 7.1: Let T = (V,E) be a tree with a length function ` : E → R and a weight

function w : E → R. We slightly overload the notation by letting `(u, v) and w(u, v) also

denote the length and weight of the path from u to v if there is no edge from u to v.

Definition 7.3: Let T = (V, E) be a tree with a length function ` : E → R and a weight

function w : E → R. A rooted ordered binary tree T ′ = (V ′, E ′, r) in which each node

contains fields cent, list1 and list2 is called a centroid decomposition tree of T if it satisfies

the following recursive properties: (1) If |V | = 1, then |V ′| = 1, r.cent = the only vertex in

V , and r.list1 = r.list2=NIL; (2) if |V | = 2, then |V ′| = 1, r.cent = one of the vertex in V ,

r.list1 = ((v, `(r.cent, v), w(r.cent, v)), and r.list2 = ((r.cent, 0, 0)), where v ∈ V \{r.cent}; (3)

if |V | > 2, then ∃ centroid decomposition (c, T1 = (V1, E1), T2 = (V2, E2)) of T such that the

left subtree and right subtree of r are centroid decomposition trees of T1 and T2 respectively,

r.cent = c, and r.listj, j ∈ {1, 2}, is a list of triplets ((vi, `(c, vi), w(c, vi))|vi ∈ Vj − {c}) sorted

on w(c, vi).

As an illustration, a tree T and its centroid decomposition tree T ′ are shown in Figure 7.1

and Figure 7.2 respectively.

Theorem 7.1: [Frederickson and Johnson [36]] Given a tree T (V, E) with a length function

` : E → R and a weight function w : E → R, we can construct a centroid decomposition tree

of T in O(|V | log |V |) time.
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Now we describe the Range Maxima Query (RMQ) problem. In the RMQ problem,

a list A = (a1, a2, . . . , an) of n real numbers is given to be preprocessed such that any range

maxima query can be answered quickly. A range maxima query specifies an interval [i, j] and

the goal is to find the index k with i ≤ k ≤ j such that ak achieves maximum.

We first describe a simple algorithm for solving the RMQ problem in O(n log n) preprocess-

ing time and O(1) time per query. For each 1 ≤ i ≤ n and each 1 ≤ j ≤ blog nc, we precompute

M [i][j] = arg maxk=i,...,i+2j−1{ak}, i.e., the index of the maximum element in A[i, i + 2j − 1].

This can be done in O(n log n) time by using dynamic programming because

M [i][j] =





M [i][j − 1] if A[M [i][j − 1]] ≥ A[M [i + 2j−1 − 1][j − 1]];

M [i + 2j−1 − 1][j − 1] otherwise.

Given a query interval [i, j], let k = blog(j − i)c. Because both [i, i + 2k − 1] and [j − 2k + 1, j]

are subintervals of [i, j] and [i, i + 2k − 1] ∪ [j − 2k + 1, j] = [i, j], the index of the maximum

element in A[i, j] is arg maxk∈{M [i][i+2k−1],M [j−2k+1][j]}{A[k]}.
We now sketch an algorithm for solving the RMQ problem in O(n) preprocessing time and

O(1) time per query. This algorithm was given by Bender and Farach-Coltongiven [10], and

they showed that the RMQ problem is linearly equivalent to the RMQ±1 problem which is the

same as the RMQ problem except that the adjacent elements of the input list differ by exactly

one. Thus, in the following we focus on the RMQ±1 problem. Let A = (a1, a2, . . . , an) be an

instance to the RMQ±1 problem.1 The algorithm starts by dividing the list A into 2n/ log n

shorter sublists A[1, log n
2

], A[ log n
2

+ 1, log n], . . . , A[n − log n
2

+ 1, n], each of length log n
2

. Each

sublist A[ (i−1) log n
2

+ 1, i log n
2

] is represented by the maximum element ri in it. They then run

the simple RMQ algorithm described in the beginning on these O(n/ log n) representatives in

O( n
log n

log( n
log n

)) = O(n) preprocessing time. By the property that adjacent elements in the

list A differs by exactly one, they use a table-lookup technique to precompute the indices of the

maximum elements in all sublists of A with lengths ≤ 2n
log n

in O(n) time. Given a query interval

[i, j], let i′ = d 2i
log n

e and j′ = b 2j
log n

c. Let rk be the maximum of {ri′+1ri′+2, . . . , rj′−1}, ai∗ be the

maximum element in A[i, i′ log n
2

], and aj∗ be the maximum element in A[ j′ log n
2

, j]. Because we

have run the simple RMQ algorithm on (r1, r2, . . . , r 2n
log n

), k can be found in constant time given

1For simplicity, we assume n is a power of two.
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[i′+1, j′− 1]. Because both A[i, i′ log n
2

] and A[ j′ log n
2

, j] have lengths ≤ 2n
log n

, we can also find ai∗

and aj∗ in constant time. Note that the maximum of {rk, ai∗, aj∗} is also the maximum element

in A[i, j]. Thus, if ai∗ is the maximum of {rk, ai∗, aj∗}, then we can directly return i∗. Similarly,

if aj∗ is the maximum of {rk, ai∗, aj∗}, then return j∗. Otherwise, if rk is the the maximum of

{rk, ai∗, aj∗}, then find and return the index of the maximum element in A[ (k−1) log n
2

+ 1, k log n
2

],

which can be done in constant time because A[ (k−1) log n
2

+ 1, k log n
2

] has length equal to 2n
log n

.

Theorem 7.2: [RMQ [10, 33, 43]] The RMQ problem can be solved in O(n) preprocessing

time and O(1) time per query.

For our purposes, a D-heap is a rooted degree-D tree in which each node contains a field

value, satisfying the restriction that the value of any node is larger than or equal to the values

of its children. Note that we do not require the tree to be balanced. Frederickson [34] proposed

an algorithm for finding the k largest elements in a D-heap in O(k) time. When Frederickson’s

algorithm traverses the heap to find the k largest nodes, it does not access a node unless it

has ever accessed the node’s parent. This property makes it possible to run the Frederickson’s

algorithm without first explicitly building the entire heap in the memory as long as we have a

way to obtain the information of a node given the information of its parent.

We sketch an O(k log log k)-time algorithm [34] for enumerating the k largest value nodes

in a heap as follows. For simplicity, we assume all nodes in the heap have different values. A

node is said to be of rank i if it is the ith largest node. The algorithm runs by first finding

a node u in the heap in O(k log log k) time such that the rank of u is between k and ck for

some constant c. Then the algorithm identifies all nodes in the heap not smaller than u in

O(ck) = O(k) time and returns the k largest nodes among them. To find u, we form at

most 2dk/blog kce + 1 groups of nodes, called clans. Each clan is of size at most blog kc and

represented by the smallest node in it; representatives are managed in an auxiliary heap. We

form the first clan C1 in O(log k log log k) time by grouping the largest blog kc nodes in the

original heap and initialize the auxiliary heap with the representative of C1. Set the offspring

os(C1) of C1 to the set of nodes in the original heap which are children of C1 but not in C1,

and set the poor relations pr(C1) of C1 to the empty set. Then for i from 1 to blog kc, do the

following. Extract the largest element in the auxiliary heap and let Cj be the clan represented
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Figure 7.1: A tree T associated with a edge length function ` and a edge weight function w.

by the element extracted. If os(Cj) is not empty, then form a new clan Ci+1 in O(log k log log k)

time by grouping the blog kc largest nodes from the subheaps rooted at os(Cj) in the original

heap. Insert the representative of Ci+1 into the auxiliary heap. Set os(Ci+1) to the group of

nodes in the original heap which are children of Ci+1 but not in Ci+1, and set pr(Ci+1) to the

group of nodes which are members of os(Cj) but not included in Ci+1. If pr(Cj) is not empty,

then form a new clan Ci+2 in O(log k log log k) time by grouping the dk/blog kce largest nodes

from the subheaps rooted at pr(Cj) in the original heap. Insert the representative of Ci+2 into

the auxiliary heap. Set os(Ci+1) to the group of nodes in the original heap which are children of

Ci+2 but not in Ci+2, and set pr(Ci+2) to the group of nodes which are members of pr(Cj) but

not included in Ci+2. When the loop terminates, set u to the last element extracted from the

auxiliary heap. Since at most 2dk/blog kce + 1 clans are formed and each clan can be formed

in O(log k log log k) time, the total time is O(k log log k).

By applying the above approach recursively, plus some speed-up techniques, Frederick-

son [34] obtained an O(k)-time algorithm.

Theorem 7.3: [Frederickson [34]] For any constant D, we can find the k largest nodes in any

D-heap, in O(k) time.
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cent = a

list1= ((d,5,-2),(g,13,0),(b,2.2),(h,12,3))

list2 = ((c,1,7),(e,4,8),(f,2,15))

cent = d

list1= ((g,8,2),(h,7,5))

list2 = ((b,3,-4),(a,5,-2))

cent = c
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cent = d
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list2 = ((d,3,-4))

cent = c
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cent = d
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list2 = ((d,0,0))
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list2 = ((b,0,0))
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list2 = ((c,0,0))

A

B C

D E F G
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Figure 7.2: A centroid decomposition tree T ′ of the tree in Figure 7.1.

7.2 An O(|V | log |V | + k)-Time Algorithm

For simplicity, we only consider paths with at least two vertices, and we don’t distinguish

between the path from u to v and the path from v to u, i.e., the path from u to v and the path

from v to u are considered the same. Thus each path is uniquely determined by the unordered

pair of its end vertices. We define the length and weight of an unordered pair {u, v} to be the

length and weight of the path from u to v respectively. We say an unordered pair {u, v} of

vertices is legal if and only if its weight is in the interval [L,U ]. So our task becomes to find

the k longest legal unordered pairs of vertices in T .

We sketch the main idea of our algorithm before describing the details. We find all legal

unordered pairs of vertices in T by dividing T into two subtrees T1 and T2 of roughly the

same size and uniting all the legal unordered pairs of vertices {u, v} satisfying u ∈ V (T1) and

v ∈ V (T2) with those recursively computed legal unordered pairs of vertices in T1 and T2. After

finishing this recursive process, we have all legal unordered pairs of vertices in T . We then build

a heap consisting of all legal unordered pairs of vertices in T and find the k longest unordered
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pairs in this heap by applying the Frederickson’s algorithm [34]. The major difficulty is that

the number of legal unordered pairs of vertices in T may be much larger than |V | log |V | + k.

Thus we have to represent the set of all legal unordered pairs of vertices in T in a succinct way

such that we are still able to build an implicit representation of the heap stated above and run

the Frederickson’s algorithm [34] on this implicitly-represented heap without loss of efficiency.

We now describe our algorithm in details. First, we construct a centroid decomposition tree

T ′ = (V ′, E ′, r) of T in O(|V | log |V |) time by Theorem 7.1. For each v ∈ V ′ and i ∈ {1, 2},
let (vi,j, `(v.cent, vi,j), w(v.cent, vi,j)) be the jth element of v.listi if it exists. Note that since
∑

v∈V ′(|v.list1|+ |v.list2|+ 1) = O(|V | log |V |), we can find `(v.cent, vi,j) and w(v.cent, vi,j) for

all v ∈ V ′, i ∈ {1, 2} and 1 ≤ j ≤ |v.listi| in total O(|V | log |V |) time. By the next lemma,

in total O(|V | log |V |) time, for each v ∈ V ′ and 1 ≤ i ≤ |v.list1| we can find an interval

[pv
i , q

v
i ] such that w(v.cent, v1,i) + w(v.cent, v2,j) = w(v1,i, v2,j) ∈ [L,U ] for all j ∈ [pv

i , q
v
i ] and

w(v1,i, v2,j) 6∈ [L,U ] for all j 6∈ [pv
i , q

v
i ]. Note that the set of all legal unordered pairs of vertices

in T is equal to the set
⋃

v∈V ′
⋃|v.list1|

i=1 {{v1,i, v2,j} : j ∈ [pv
i , q

v
i ]}.

Lemma 7.1: Let T ′ = (V ′, E ′, r) be a centroid decomposition tree of T = (V,E). In total

O(|V | log |V |) time, for all v ∈ V ′ and 1 ≤ i ≤ |v.list1|, we can find an interval [pv
i , q

v
i ] such

that w(v1,i, v2,j) ∈ [L,U ] for all j ∈ [pv
i , q

v
i ] and w(v1,i, v2,j) 6∈ [L,U ] for all j 6∈ [pv

i , q
v
i ].

Proof: Since
∑

v∈V ′(|v.list1| + |v.list2| + 1) = O(|V | log |V |), we only have to show that for

each v ∈ V ′, we can compute [pv
i , q

v
i ] for all 1 ≤ i ≤ |v.list1| in total O(|v.list1| + |v.list2| + 1)

time. Given v ∈ V ′, we claim the following procedure computes [pv
i , q

v
i ] for all 1 ≤ i ≤ |v.list1|

in total O(|v.list1|+ |v.list2|+ 1) time.

1. Let n = |v.list1| and m = |v.list2|.

2. If n = 0 or m = 0 then stop.

3. Set p and q to m.

4. For i ← 1 to n do

(a) While(w(v1,i, v2,p−1) ≥ L and p− 1 ≥ 1) do p ← p− 1.

(b) While(w(v1,i, v2,q) > U and q ≥ p) do q ← q − 1.
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(c) pv
i ← p and qv

i ← q.

It is not hard to see the running time of this procedure is O(|v.list1| + |v.list2| + 1) since

both the values of p and q are nonincreasing. To verify the correctness, it suffices to note that

since the list v.listi, i ∈ {1, 2}, is sorted on w(v.cent, vi,j), the sequence (pv
1, . . . , p

v
|v.list1|) and

the sequence (qv
1 , . . . , q

v
|v.list1|) must be nonincreasing.

Then for each v ∈ V ′, we preprocess v.list2 so that given any interval [i, j], we can find the

index k, denoted RMQ(v.list2, i, j), in [i, j] such that `(v.cent, v2,k) achieves maximum in O(1)

time. By Theorem 7.2, this preprocessing can be done in O(
∑

v∈V ′ |v.list2|) = O(|V | log |V |)
time.

We next turn to define some data structures first. For each v ∈ V ′ and 1 ≤ i ≤ |v.list1|,
define H(v1,i) to be a rooted ordered binary tree in which each node contains three fields pair,

value, and interval, satisfying the following properties: (1) There are total |v.list1| nodes

in H(v1,i) and the interval of the root of H(v1,i) is [pv
i , q

v
i ], (2) for each node u of H(v1,i),

if p < k then u’s left child has interval [p, k − 1], and if k < q then u’s right child has

interval [k + 1, q], where [p, q] = u.interval and k =RMQ(v.list2, p, q), and (3) for each node

u of H(v1,i), if u.interval = [p, q] then u.pair = {v1,i, v2,k} and u.value = `(v1,i, v2,k), where

k =RMQ(v.list2, p, q).

Let us now return to describe our algorithm. Let V (H(v1,i)) denote the set of nodes

in H(v1,i). Since the set of all legal unordered pairs of vertices in T is equal to the set
⋃

v∈V ′
⋃|v.list1|

i=1 {{v1,i, v2,j}|j ∈ [pv
i , q

v
i ]} =

⋃
v∈V ′

⋃|v.list1|
i=1 {u.pair|u ∈ V (H(vi))}, the remaining

work becomes to find the k largest value nodes in
⋃

v∈V ′
⋃|v.list1|

i=1 V (H(v1,i)). Clearly, we can

not afford to construct H(v1,i) explicitly for each v1,i. But notice that given any node u of

H(v1,i), we can always construct u’s children in O(1) time since we have done the RMQ prepro-

cessing on the list v.list2. Thus we only construct the root of H(v1,i) in the first instance and

expand the tree as needed. Since we have known pv
i and qv

i for each v ∈ V ′ and 1 ≤ i ≤ |v.list1|
and done the RMQ preprocessing on the list v.list2 for each v ∈ V ′, we can construct, in total

O(|V | log |V |) time, the root of H(v1,i) for each v1,i. Then we place these roots into a balanced

2-heap by the heapify operation [26] in linear time, i.e., in O(|V | log |V |) time. Note that each

H(v1,i) is a 2-heap, so we have conceptually built a 4-heap for the set
⋃

v∈V ′
⋃|v.list1|

i=1 V (H(v1,i)).
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Now by Theorem 7.3, we can apply Frederickson’s algorithm [34] to find the k largest value

nodes in that 4-heap in O(k) time. Of course, except the roots of all H(v1,i), all the nodes

in that 4-heap are not physically created until they are needed in running Frederickson’s [34]

algorithm. We summarize this section by the following theorem.

Theorem 7.4: Let T = (V, E) be a tree with a length function ` : E → R and a weight

function w : E → R. Given T , a positive integer k and two numbers L, U with L ≤ U ,

we can find the k longest paths among all paths in T with weights in the interval [L,U ] in

O(|V | log |V |+ k) time.

7.3 An Ω(|V | log |V | + k) Lower Bound

We prove that the Weight-Constrained Longest Path Problem has an Ω(|V | log |V |)
bound in the algebraic computation tree model. It follows that the Weight-Constrained k

Longest Paths Problem has an Ω(|V | log |V |+k) lower bound in the algebraic computation

tree model since extra Ω(k) time is necessary for outputting the answer.

Definition 7.4: [Set Intersection Problem] Given two sets {x1, x2, . . . , xn} and {y1, y2, . . . , yn},
the Set Intersection Problem asks whether there exist indices i and j such that xi = yj.

Lemma 7.2: [Ben-Or [13]] The Set Intersection Problem has an Ω(n log n) lower bound

in the algebraic computation tree model.

Theorem 7.5: The Weight-Constrained Longest Path Problem has an Ω(|V | log |V |)
lower bound in the algebraic computation tree model.

Proof: We reduce the Set Intersection Problem to the Weight-Constrained Longest

Path Problem. Given two sets {x1, x2, . . . , xn} and {y1, y2, . . . , yn}, we construct, in O(n)

time, a problem instance of the Weight-Constrained Longest Path Problem as fol-

lows. We first construct a tree T = (V, E), where V = {x′1, . . . , x′n} ∪ {y′1, . . . , y′n} ∪ {c1, c2}
and E = {x′1c1, . . . , x′nc1} ∪ {y′1c2, . . . , y′nc2} ∪ {c1c2}. Define the length function ` : E → R by

letting `(e) = 1 for all e ∈ E. Define the weight function w : E → R by letting w(x′ic1) = xi

and w(y′ic2) = −yi for all i = 1, . . . , n, and w(c1c2) = 0. Set both the weight lower bound
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L and the weight upper bound U of paths to 0. It can be verified that the longest path in

T with weight = 0 has length 3 if and only if there exist indices i and j such that xi = yj.

Since in this reduction we have |V | = 2n + 2 and the Set Intersection Problem has

an Ω(n log n) in the algebraic computation tree model by Lemma 7.2, we conclude that the

Weight-Constrained Longest Path Problem has an Ω(|V | log |V |) lower bound in the

algebraic computation tree model.

Corollary 7.1: The Weight-Constrained k Longest Paths Problem has an Ω(|V | log |V |+
k) lower bound in the algebraic computation tree model.

7.4 An Application of Finding the Sum-Constrained k

Longest Segments

In biological sequence analysis, several researchers have devoted to the problem of finding the

longest segment whose sum is not less than a specified lower bound L [3, 20, 73]. Allison [3]

gave an algorithm which runs in linear time if the input sequence is a 0-1 sequence and L is a

rational number. For real number sequences and real number lower bound, Wang and Xu [73]

provided the first linear time algorithm, and Chen and Chao [20] gave an alternative linear

time algorithm which runs in an online manner. We consider a more general problem in which

both the lower bound L and the upper bound U of the sums of the segments are given and we

want to find the k longest segments whose sums satisfy both the lower bound condition and

the upper bound condition.

Theorem 7.6: Given a sequence A = (a1, a2, . . . , an) of real numbers and an interval [L,U ],

we can find, in O(n log n+k) time, the k longest segments whose sums are in the interval [L,U ].

Proof: Directly from Theorem 7.4.
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Selection Problems
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Chapter 8

Length-Constrained Sum Selection

Given a sequence A = (a1, a2, . . . , an) of n > 1 real numbers, and two positive integers L, U

with 1 ≤ L < U ≤ n, a segment A[i, j] is said to be feasible if and only if its length is in

[L,U ]. The Length-Constrained Sum Selection Problem, for a given k, is to find the

kth largest sum among all sums of feasible segments of A.

When there are no length constraints, i.e., L = 1 and U = n, the Length-Constrained

Sum Selection Problem becomes the Sum Selection Problem. Bengtsson and Chen [11]

first studied the Sum Selection Problem and gave an O(n log2 n)-time algorithm for it.

Recently, Lin and Lee provided an O(n log n)-time algorithm [54] for the Sum Selection

Problem and an expected O(n log(U−L+1))-time randomized algorithm [55] for the Length-

Constrained Sum Selection Problem.

In this chapter, we study the Length-Constrained Sum Selection Problem and

provide an O(n log(U − L + 1))-time algorithm for it. In addition, we prove that the Sum

Selection Problem has an Ω(n log n) lower bound in terms of n, which answers the question

raised by Lin and Lee [54].

8.1 Preliminaries

A matrix X ∈ Rn×m is said to be sorted if the values of each row and each column are in

nondecreasing order. From the results of Frederickson and Johnson [37], we have the following

theorem.

65



Theorem 8.1: The selection problem in a collection of sorted matrices is given a rank k and

a collection of sorted matrices {X1, . . . , XN} in which Xj has dimensions nj × mj, nj ≥ mj,

to find the kth largest element among all elements of sorted matrices in {X1, . . . , XN}. This

problem can be solved in O(
∑N

j=1 mj log(2nj/mj)) time.

8.2 Subroutine

Let P, Q ⊆ R2 be two n-point multisets and Ar ≥ b be a set of λ inequalities on x and y, where

A ∈ Rλ×2, r = [xy ], and b ∈ Rλ. Define the constrained Minkowski sum (P ⊕ Q)Ar≥b as the

multiset

{(p + q)|p ∈ P, q ∈ Q,A(p + q) ≥ b}.

Given P , Q, and a linear inequality L : x ≥ c, we next describe a divide-and-conquer

approach to store the y-coordinates of (P⊕Q)x≥c as a collection of sorted matrices in O(n log n)

time. For ease of exposition, we assume that no two points in P and Q have the same x-

coordinate and n is a power of two. The algorithm proceeds as follows. Assume P and Q have

been presorted into Px and Qx (Py and Qy, respectively) in nondecreasing order of x-coordinates

(y-coordinates, respectively). Let Px = ((x1, y1), . . . , (xn, yn)), Qx = ((x̄1, ȳ1), . . . , (x̄n, ȳn)),

Py = ((x′1, y
′
1), . . . , (x

′
n, y

′
n)), and Qy = ((x̄′1, ȳ

′
1), . . . , (x̄

′
n, ȳ

′
n)). First, we divide Px into two

halves of equal size: A = ((x1, y1), . . . , (xn/2, yn/2)) and B = ((xn/2+1, yn/2+1), . . . , (xn, yn)).

Next, we find a point (x̄t, ȳt) of Qx such that xn/2 + x̄t < c and t is maximized and divide Qx

into two halves: C = ((x̄1, ȳ1), . . . , (x̄t, ȳt)) and D = ((x̄t+1, ȳt+1), . . . , (x̄n, ȳn)). The point set

(P ⊕Q)x≥c is the union of (A⊕ C)x≥c, (A⊕D)x≥c, (B ⊕ C)x≥c, and (B ⊕D)x≥c. Because x̄t

is the largest x-coordinate among all x-coordinates of points in Qx such that xn/2 + x̄t < c,

we know that the points in A ⊕ C cannot satisfy the constraint x ≥ c. Hence, we only need

to consider points in A ⊕ D, B ⊕ C, and B ⊕ D. Because Px and Qx are in nondecreasing

order of x-coordinates, it is guaranteed that all points in B ⊕D satisfy the constraint L, i.e.,

B ⊕ D = (B ⊕ D)x≥c. Construct in linear time row vector = (r1, r2, . . . , rn/2) which is the

y-coordinates in the subsequence of Py resulting from removing points with x-coordinates no

greater than xn/2 from Py. Construct in linear time column vector = (c1, c2, . . . , cn−t) which is

the y-coordinates in the subsequence of Qy resulting from removing points with x-coordinates
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no greater than x̄t from Qy. Note row vector is the same as the result of sorting B into non-

decreasing order of y-coordinates, and column vector is the same as the result of sorting D

into non-decreasing order of y-coordinates. Thus, we have {y : (x, y) ∈ (B ⊕ D)x≥c} = {y :

(x, y) ∈ B ⊕ D} = {ri + cj : 1 ≤ i ≤ |row vector|, 1 ≤ j ≤ |column vector|}. Therefore,

we can store the y-coordinates of B ⊕ D = (B ⊕ D)x≥c as a sorted matrix X of dimensions

|row vector|× |column vector| where the (i, j)-th element of X is ri +cj. Observe that it is not

necessary to explicitly construct the sorted matrix X, which needs Ω(n2) time. Because the

(i, j)-th element of X can be obtained by summing up ri and cj, we only need to keep row vector

and column vector. The rest is to construct the sorted matrices for the y-coordinates of points

in (A⊕D)x≥c and (B ⊕C)x≥c. It is accomplished by applying the above approach recursively.

The pseudocode is shown in Figure 8.1. We now analyze the time complexity.

Lemma 8.1: Given a matrix X ∈ RN×M, we define the side length of X to be N+M. Letting

T (n′,m′) be the time complexity of running ConstructMatrices(Px, Qx, Py, Qy, L), where n′ =

|Px| = |Py| and m′ = |Qx| = |Qy|, we have T (n′,m′) = O((n′ + m′) log(n′ + 1)). Similarly,

letting M(n′,m′) be the sum of the side lengths of all sorted matrices created by running

ConstructMatrices(Px, Qx, Py, Qy, L), we have M(n′,m′) = O((n′ + m′) log(n′ + 1)).

Proof: It suffices to prove that T (n′,m′) = O((n′ + m′) log(n′ + 1)). By Algorithm Construct-

Matrices in Figure 8.1, we have T (n′,m′) ≤ max0≤i≤m′{c′(n′ + m′) + T (n′/2, i) + T (n′/2,m′ −
i)} for some constant c′. Then by induction on n′, it is easy to prove that T (n′,m′) is O((n′ +

m′) log(n′ + 1)).

8.3 An O(n log(U − L + 1))-Time Algorithm

Let P = {p0, p1, . . . , pn} and Q = {q0, q−1, . . . , q−n}, where pi = (xi, yi) = (i,
∑i

t=1 at) and

q−i = (xi, yi) = (−i,−∑i
t=1 at) for all i = 0, 1, . . . , n. A point (x, y) in P ⊕ Q is said to be a

feasible point if and only if L ≤ x ≤ U . Note that each feasible segment A[i, j] corresponds to a

feasible point (x, y) = pj + q1−i in P ⊕Q. Thus, the Length-Constrained Sum Selection

Problem is equivalent to finding the kth largest y-coordinate among all y-coordinates of feasible
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points in P ⊕Q. We next show how to do this in O(n log(U −L + 1)) time. For simplicity, we

assume n is a multiple of U − L.

1. Let it = t(U − L) and jt = L− t(U − L) for t = 0, 1, . . . , n
U−L

.

2. for t ← 0 to n
U−L

do

(a) Let Pt={ph ∈ P : it − (U − L) < h ≤ it} and Qt = Qt,1 ∪ Qt,2, where Qt,1 = {qh ∈
Q : jt ≤ h < jt + (U − L)} and Qt,2 = {qh ∈ Q : jt + (U − L) ≤ h < jt + 2(U − L)}.

(b) Store the y-coordinates of points in (Pt ⊕ Qt,1)x≥L as a set Nt,1 of sorted matrices

such that the sum of side lengths of the sorted matrices in Nt,1 is no greater than

c · ((|Pt|+ |Qt,1|) log(|Pt|+ |Qt,1|+ 1)) for some constant c.

(c) Store the y-coordinates of points in (Pt ⊕ Qt,2)x≤U as a set Nt,2 of sorted matrices

such that the sum of side lengths of the sorted matrices in Nt,2 is no greater than

c · ((|Pt|+ |Qt,2|) log(|Pt|+ |Qt,2|+ 1)) for some constant c.

3. return the kth largest of the elements of sorted matrices in
⋃ n

(U−L)

t=0 (Nt,1 ∪Nt,2).

The following lemma ensures the correctness.

Lemma 8.2: (P ⊕Q)L≤x≤U =
⋃ n

(U−L)

t=0 ((Pt ⊕Qt,1)L≤x ∪ (Pt ⊕Qt,1)x≤U).

Proof: We prove that (P ⊕ Q)L≤x≤U
(1)
=

⋃ n
(U−L)

t=0 (Pt ⊕ Q)L≤x≤U
(2)
=

⋃ n
(U−L)

t=0 (Pt ⊕ Qt)L≤x≤U
(3)
=

⋃ n
(U−L)

t=0 ((Pt ⊕ Qt,1)L≤x≤U ∪ (Pt ⊕ Qt,2)L≤x≤U)
(4)
=

⋃ n
(U−L)

t=0 ((Pt ⊕ Qt,1)L≤x ∪ (Pt ⊕ Qt,2)x≤U). It is

clear that equations (1) and (3) are true, so only equations (2) and (4) remain to be proved.

We first prove equation (2) by showing that (Pt ⊕Q)L≤x≤U = (Pt ⊕Qt)L≤x≤U . Suppose for

contradiction that there exist pi ∈ Pt and qj 6∈ Qt such that L ≤ xi + xj = i + j ≤ U. By

pi ∈ Pt, we have (t− 1)(U − L) < i ≤ t(U − L); by qj 6∈ Qt, we have either j < L− t(U − L)

or j ≥ L − (t − 2)(U − L). It follows that i + j is either less than L or larger than U , a

contradiction. To prove equation (4), it suffices to prove that all points in (Pt⊕Qt,1) must have

x-coordinates less than U and all points in (Pt ⊕Qt,2) must have x-coordinates larger than L.

Let pi ∈ Pt, qj ∈ Qt,1 and qj′ ∈ Qt,2. It follows that (t − 1)(U − L) < xi = i ≤ t(U − L),

L−t(U−L) ≤ xj = j < L−(t−1)(U−L), and L−(t−1)(U−L) ≤ xj′ = j′ < L−(t−2)(U−L).

Thus, we have xi + xj = i + j < U and L < xi + xj′ = i + j′.
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Since |Pt|, |Qt,1|, and |Qt,2| are no greater than (U − L) for all t, each execution of Step 2.b

and Step 2.c can be done in O((U − L) log(U − L + 1)) time by Lemma 8.1. There are total

n
U−L

+ 1 iterations of the for-loop in Step 2, so the total time spent on Step 2.b and Step 2.c

is O(n log(U − L + 1)). The sum of side lengths of sorted matrices in
⋃ n

(U−L)

t=0 (Nt,1 ∪ Nt,2)

is O(
∑ n

U−L

t=0

∑2
i=1(|Pt| + |Qt,i|) log(|Pt| + |Qt,i| + 1)) = O(

∑ n
U−L

t=0 (U − L) log(U − L + 1)) =

O(n log(U − L + 1)). Therefore, by Theorem 8.1, Step 3 can be done in O(n log(U − L + 2))

time. Putting everything together, we have that the total running time is O(n log(U −L + 1)).

The next theorem summarizes the results of this subsection.

Theorem 8.2: The Length-Constrained Sum Selection Problem can be solved in

O(n log(U − L + 1)) time.

8.4 An Lower Bound for Sum Selection

Let X and Y be two sets of real numbers. Define the Cartesian sum of X and Y , denoted by

X + Y , to be the multiset {x + y : x ∈ X and y ∈ Y }.

Lemma 8.3: [Johnson and Kashdan [45]] Let X = {x1, x2, . . . , xn} and Y = {y1, y2, . . . , yn}
be two sets of real numbers. It has an Ω(n log n) lower bound to find the median of X + Y .

Theorem 8.3: The Sum Selection Problem has an Ω(n log n) lower bound in terms of

n, where n is length of the input sequence.

Proof: Let X = {x1, . . . , xn} and Y = {y1, . . . , yn} be two sets of real numbers. We reduce

the problem of finding the median of X + Y to the Sum Selection Problem. Without loss

of generality we can assume xi and yi are positive for all i = 1, . . . , n. Let m = −(maxn
i=1 xi +

maxn
i=1 yi). Construct a sequence A = (−x1, x1, . . . ,−xn, xn,m, y1,−y1, . . . , yn,−yn). It is

easy to verify that xi + yj is the median of X + Y if and only if (−xi, xi, . . . ,−xn, xn,m

, y1,−y1, . . . , yj,−yj) is the (n2

2
)th smallest-sum segment of A. Since |A| = 4n+1, by Lemma 8.3,

the Sum Selection Problem must have an Ω(n log n) lower bound.
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Subroutine ConstructMatrices(Px, Qx, Py, Qy, L : x ≥ c)

Input: Px and Py are the results of sorting the multiset P ⊆ R2 in nondecreasing order of

x-coordinates and y-coordinates, respectively. Qx and Qy are the results of sorting the

multiset Q ⊆ R2 in nondecreasing order of x-coordinates and y-coordinates, respectively.

A linear constraint L: x ≥ c.

Goal: Store the y-coordinates of points in (P ⊕Q)x≥c as a collection of sorted matrices.

1 n′ ← |Px|; m′ ← |Qx|.
2 Let Px = ((x1, y1), . . . , (xn′ , yn′)), Qx = ((x̄1, ȳ1), . . . , (x̄m′ , ȳm′)),

Py = ((x′1, y
′
1), . . . , (x

′
n′ , y

′
n′)), and Qy = ((x̄′1, ȳ

′
1), . . . , (x̄

′
m′ , ȳ′m′)).

3 x̄0 ← −∞.

4 if n′ ≤ 0 or m′ ≤ 0 then

5 return

6 if n′ = 1 or m′ = 1 then

7 Scan points in Px ⊕Qx to find all points satisfying L and construct the sorted matrix for

y-coordinates of these points.

8 return

9 for t ← m′ downto 0 do

10 if xn′/2 + x̄t < c then

11 row vector ← subsequence of Py resulting from removing points with x-coordinates ≤ xn′/2.

12 column vector ← subsequence of Qy resulting from removing points with x-coordinates ≤ x̄t.

13 Ax ← Px[1, n
′/2]. Bx ← Px[n

′/2 + 1, n′]. Cx ← Qx[1, t]. Dx ← Qx[t + 1,m′].

14 Ay ← subsequence of Py resulting from removing points with x-coordinates > xn′/2.

15 By ← subsequence of Py resulting from removing points with x-coordinates ≤ xn′/2.

16 Cy ← subsequence of Qy resulting from removing points with x-coordinates > x̄t.

17 Dy ← subsequence of Qy resulting from removing points with x-coordinates ≤ x̄t.

18 ConstructMatrices(Ax, Dx, Ay, Dy, L: x ≥ c).

19 ConstructMatrices(Bx, Cx, By, Cy, L: x ≥ c).

20 return

21 end for

Figure 8.1: Storing y-coordinates of (P ⊕Q)x≥c as a collection of sorted matrices.
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Chapter 9

A Tight Analysis of the

Katriel-Bodlaender Algorithm

A topological order ord of a directed acyclic graph (DAG) G = (V,E) is a linear order of all its

vertices such that if G contains an edge (u, v), then ord(u) < ord(v). In this chapter we study

an online variant of the topological ordering problem in which the edges of the DAG are given

one at a time and we have to update the order ord each time an edge is added.

Alpern et al. [4] give an algorithm which takes O(||δ|| log ||δ||) time for each edge insertion,

where ||δ|| measures the number of edges and nodes of a minimal subgraph that needs to be

updated. (For a formal definition of ||δ||, please see [4, 65, 68].) Pearce and Kelly [65] propose

a different algorithm which needs slightly more time to process an edge insertion in the worst

case than the algorithm given by Alpern et al. [4], but show experimentally their algorithm

perform well on sparse graphs.

Marchetti-Spaccamela et al. [60] give an algorithm which takes O(mn) time for inserting m

edges. Katriel [46] shows that the analysis is tight. Recently, Katriel and Bodlaender [47] modify

the algorithm proposed by Alpern et al. [4], which is referred to as the Katriel-Bodlaender

algorithm in this chapter. They prove that their algorithm has both an O(min{m3/2 log n,m3/2+

n2 log n}) upper bound and an Ω(m3/2) lower bound on the running time for m edge insertions.

This is the best amortized result for sparse graphs so far. They also analyze the complexity of

their algorithm on structured graphs. They show that it runs in time O(mk log2 n) where k is

the treewidth of the underlying undirected graph and can be implemented to run in O(n log n)
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time on trees. On the other hand, Ajwani et al. [2] proposed an O(n2.75)-time algorithm,

independent of the number of edges inserted. This is the best amortized result for dense graphs

so far.

The only non-trivial lower bound is due to Ramalingam and Reps [68], who show that any

algorithm needs Ω(n log n) time while inserting n − 1 edges in the worst case if all labels are

maintained explicitly.

In this chapter, we prove that the Katriel-Bodlaender algorithm takes Θ(m3/2+mn1/2 log n)

time for inserting m edges. By combining this with Ajwani et al.’s result [2], we get an upper

bound of O(min{m3/2+mn1/2 log n, n2.75}) for online topological ordering. It is an improvement

over the previous best upper bound of O(min{m3/2 log n,m3/2 + n2 log n, n2.75}).
The rest of this chapter is organized as follows. In Section 2, we describe how the Katriel-

Bodlaender algorithm works, define notation and introduce some theorems proved in [47]. Sec-

tion 3 proves that the Katriel-Bodlaender algorithm runs in O(m3/2 + mn1/2 log n) time, and

Section 4 shows it needs Ω(m3/2 + mn1/2 log n) time. Since the upper bound matches the lower

bound, our analysis is tight. Section 5 summarizes our results.

9.1 The Katriel-Bodlaender Algorithm

The pseudo code of the Katriel-Bodlaender algorithm is given in Figure 9.1. The algorithm

works as follows. The topological order of nodes is maintained by an order data structure ORD,

which can maintain a total order and support the following operations in constant time [29, 9]:

- InsertAfter(x, y) (InsertBefore(x, y)): Inserts x immediately after (before) y in the

total order.

- Delete(x): Removes x from the total order.

- >ord (x, y): Returns true if and only if x follows y in the total order.

- Next(x) (Prev(x)): Returns the element that appears immediately after (before) x in

the total order.

Initially the nodes are inserted into ORD in an arbitrary order. Each time a new edge

(Source, Target) arrives, AddEdge(Source, Target) is called to insert the edge (Source, Target)
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Function AddEdge(Source, Target)
1 ToS ← []. FromT ← [].
2 ToSNeighbors ← []. FromTNeighbors ← [].
3 ToSIndegree ← 0. FromTOutdegree ← 0.
4 s ← Source. t ← Target.
5 while s >ord t and s 6= nil and t 6= nil do
6 ms ← ToSIndegree. `s ← Indegree[s].
7 mt ← FromTOutdegree. `t ← Outdegree[t].
8 if ms + `s ≤ mt + `t then
9 ToS.Push(s).
10 foreach (w, s) ∈ E do ToSNeighbors.Insert(w).
11 ToSIndegree ← ToSIndegree + Indegree[s].
12 s ← ToSNeighbors.ExtractMax.

13 end if
14 if ms + `s ≥ mt + `t then
15 FromT.Push(t).
16 foreach (t, w) ∈ E do FromTNeighbors.Insert(w).
17 FromTOutdegree ← FromTOutdegree + Outdegree[t].
18 t ← FromTNeighbors.ExtractMin.

19 end if
20 end while
21 if s = nil then s ← ORD.Prev(Target).
22 if t = nil then t ← ORD.Next(Source).
23 while ToS.NotEmpty do
24 s′ ← ToS.Pop.
25 ORD.Delete(s′). ORD.InsertAfter(s′, s). s ← s′.
26 end while
27 while FromT.NotEmpty do
28 t′ ← FromT.Pop.
29 ORD.Delete(t′). ORD.InsertBefore(t′, t). t ← t′.
30 end while
31 E ← E ∪ (Source, Target). Outdegeree[Source]++. Indegree[Target]++.

Figure 9.1: The Katriel-Bodlaender algorithm for online topological ordering.

into the graph and update the total order maintained by ORD to a valid topological order for

the modified graph.

It remains to describe how AddEdge(Source, Target) operates. In each iteration of the

first while loop, there is one node s which is a candidate for insertion into stack ToS (the
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node with maximal rank in the current topological order which reaches a node in ToS but

is not in ToS) and one node t which is a candidate for insertion into stack FromT (the

node with minimal rank in the current topological order which can be reached from a node

in FromT but is not in FromT ). The algorithm always adds at least one of them into

the relevant set. The way in which it decides which candidate(s) to add aims to balanced

the number of edges outgoing from nodes in FromT and the number of edges entering into

nodes in ToS. That is, the algorithm always chooses a candidate so that the increase of

max{∑v∈ToS Indegree[v],
∑

v∈FromeT Outdegree[v]} is fewer after adding the candidate into

its relevant set. If a tie occurs, then both s and t are added into their relevant sets. If s

is added to its relevant set ToS, all nodes which can reach s by one edge are inserted into

ToSNeighbors and then s is reset to the max element in ToSNeighbors. ToSNeighbors is

a priority queue maintaining all nodes which can reach nodes in ToS by one edges but is

not in ToS. ToSNeighbors is implemented by Fibonacci heaps [38] which can support in-

sertions and extractions in O(1) and O(log n) amortized time respectively. ToSNeighbors

determine the ranks of its elements according to the total order maintained by ORD. Sim-

ilarly, if t is added to FromT , then all nodes which are reachable from t by one edge are

inserted into FromTNeighbors and then t is reset to the min element in FromTNeighbors.

FromTNeighbors is a priority queue maintaining all nodes which can be reached from nodes in

FromT by one edge but is not in FromT . FromTNeighbors is also implemented by Fibonacci

heaps and determine the ranks of its elements according to the total order maintained by ORD.

The first while loop stops when t >ord s or any one of ToSNeighbors and FromTNeighbors is

empty. If ToSNeighbors (FromTNeighbors) is empty when the first while loop stops then s

(t) is reset to ORD.Prev(Target) (ORD.Next(Source)) before we update ORD. The update

of ORD is carried out by fulfilling the following two tasks. First, delete all nodes in ToS

from ORD and then insert them, in the same relative order among themselves, immediately

after s. Secondly, delete all nodes in FromT from ORD and then insert them, in the same

relative order among themselves, immediately before t. After the update of ORD, the edge

(Source, Target) is inserted into the graph.

In the following, we define some notation. Let n and m be the number of nodes and edges

in the DAG G = (V, E) respectively. Let Gi = (V,Ei) be the graph after the ith edge insertion.
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Let Indegreei[v] (Outdegreei[v]) be the indegree (outdegree) of v in Gi. Let FromTi (ToSi)

denote the set of nodes in the stack FromT (ToS) at the end of the first while loop upon the

insertion of the ith edge. Let si (ti) denote the value of the variable s (t) at the end of the

first while loop upon the insertion of the ith edge. Let Ti =
∑

v∈FromTi
Outdegreei−1[v] and

Si =
∑

v∈ToSi
Indegreei−1[v]. Let xi denote max{Ti, Si} and yi denote max{|ToSi|, |FromTi|}.

Let >ordi
be the total order maintained by ORD after the ith edge insertion. The following

three theorems are proved in [47].

Theorem 9.1: The Katriel-Bodlaender algorithm needs O(m3/2 +
∑

1≤i≤m yi log n) time to

insert m edges into an initially empty n-node graph.

Theorem 9.2: The Katriel-Bodlaender algorithm needs Ω(m3/2) time to insert m edges into

an initially empty n-node graph.

Theorem 9.3: Indegreei−1[si] + Si ≥ xi and Outegreei−1[ti] + Ti ≥ xi, for all i in [1,m].

9.2 An O(m3/2 + mn1/2 log n) Upper Bound

In this section, we prove that the algorithm runs in time O(m3/2 + mn1/2 log n). By Theo-

rem 9.1, we know the algorithm runs in time O(m3/2 +
∑

1≤i≤m yi log n), so we only have to

show
∑

1≤i≤m yi = O(mn1/2). For simplicity, we assume that xi ≥ yi for all i in [1,m], although

it should be xi ≥ yi − 1 for all i in [1,m].

An edge e = (u, v) is called to be in front of (behind) a node w in Gi if and only if there is

a path from v (w) to w (u) in Gi. A pair (e, w) ∈ E × V is called to be ordered in Gi if and

only if e is either in front of or behind w in Gi. In the following proofs, we adopt one of the

potential functions defined in [47]: The number of ordered pairs in E × V . Let Φi denote the

set {(e, w) ∈ E × V : (e, w) is ordered in Gi}, φi denote |Φi| and 4φi denote φi − φi−1.

Lemma 9.1: For all edges e incoming into ToSi in Gi−1 and for all nodes w in FromTi, e is

not in front of w in Gi−1.

Proof: Let e = (u, v). Suppose for the contradiction that there is a path from v to w in

Gi−1. It implies that w >ordi−1
v. There are three cases to consider. Case 1: The iteration
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in which variable s was assigned v is before the iteration in which variable t was assigned w

in the ith call of AddEdge. Since the nodes were assigned to variable s in decreasing order,

we had t >ordi−1
s after variable t was assigned w and then left the loop. It contradicts to

the assumption that w is in FromTi. Case 2: The iteration in which variable t was assigned

w is before the iteration in which variable s was assigned v in the ith call of AddEdge. Since

the nodes were assigned to variable t in increasing order, we had t >ordi−1
s after the variable

s was assigned v and then left the loop. It contradicts to the assumption that v is in ToSi.

Case 3: Variable s and variable t was assigned v and w respectively at the same iteration in

the ith call of AddEdge. Since w >ordi−1
v, we had t >ordi−1

s after variable t was assigned w

and then left the loop. It contradicts to the assumption that w is in FromTi and v is in ToSi.

Lemma 9.1 states that all the Si edges incoming into ToSi are not in front of FromTi in

Gi−1. Because all these Si edges became in front of FromTi after the ith edge insertion, we

know 4φi ≥ Si×|FromTi|. To pave the way for proving Lemma 9.5, we have to show y2
i ≤ 4φi

when yi = |FromTi|. If Si was always larger than or equal to yi when yi = |FromTi|, then we

could jump to prove Lemma 9.5 directly. Since it is not the case, we need more lemmas. There

are two cases to consider: First, w <ordi−1
si for all w in FromTi, i.e., si is after FromTi in the

total order <ordi−1
. Second, some nodes in FromTi are after si in the total order <ordi−1

. The

following lemma deals with the first case.

Lemma 9.2: If w <ordi−1
si for all w in FromTi and yi = |FromTi|, then y2

i ≤ 4φi.

Proof: Since w <ordi−1
si for all w in FromTi, we can deduce that all edges incident to si

in Gi−1 are not in front of w in Gi−1 for all w in FromTi. By combining this result with

Lemma 9.1, we know there are at least Indegreei−1[si] + Si edges not in front of w in Gi−1 for

all w in FromTi. Because all these Indegreei−1[si]+Si edges are in front of w in Gi for all w in

FromTi and yi = |FromTi|, we can deduce that (Indegreei−1[si] + Si)× yi ≤ 4φi. By Theo-

rem 9.3 and the assumption yi ≤ xi, we have y2
i ≤ xi×yi ≤ (Indegreei−1[si]+Si)×yi ≤ 4φi.

The following lemma is used in the proof of Lemma 9.4 which deals with the second case.
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Lemma 9.3: If there exists w in FromTi such that w >ordi−1
si, then, in the ith call of

AddEdge, the iteration in which variable t was assigned ti is not after the iteration in which

variable s was assigned si.

Proof: Suppose for the contradiction that the iteration in which variable s was assigned si

is before the iteration in which variable t was assigned ti. Let t̂ be the last element pushed

into FromTi. Consider the iteration in which variable t was assigned ti. At the beginning,

the value of variable s was si and the value of variable t was t̂. Since t̂ >ordi−1
si, we failed

in the test condition and left the loop. Thus, t̂ was not pushed into FromTi, a contradiction.

Lemma 9.4: If there exists w in FromTi such that w >ordi−1
si and yi = |FromTi|, then

y2
i ≤ 4φi.

Proof: Consider the iteration in which variable t was assigned value ti in the ith call of

AddEdge. The value of mt + `t was equal to Ti. By Lemma 9.3, we know the value of variable

s was not si when line 6 was executed, so ms + `s ≤ Si. Since variable t was selected to be

assigned a new value, we know mt + `t ≤ ms + `s. By combining the results above, we get

Ti ≤ Si. It implies that Si = xi. By Lemma 9.1, we know there are at least Si = xi edges not

in front of w in Gi−1 for all w in FromTi. Because all these xi edges are in front of w in Gi

for all w in FromTi and yi = |FromTi|, we can deduce that xiyi ≤ 4φi. By the assumption

xi ≥ yi, we have y2
i ≤ 4φi.

Lemma 9.5:
∑

yi=|FromTi| y2
i ≤ mn.

Proof: By Lemma 9.2 and Lemma 9.4, we know y2
i ≤ 4φi if yi = |FromTi|. Since φ0 = 0,

φm ≤ mn, 4φi ≥ 0, and y2
i ≤ 4φi if yi = |FromTi|, we can deduce that

∑
yi=|FromTi| y2

i ≤∑
1≤i≤m4φi ≤ mn.

The following lemma can be proved by an argument similar to the one for proving Lemma 9.5.

Lemma 9.6:
∑

yi=|ToSi| y2
i ≤ mn.
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Theorem 9.4:
∑

1≤i≤m yi is O(mn1/2).

Proof: By Lemma 9.5 and Lemma 9.6, we know
∑

1≤i≤m y2
i ≤ 2mn. Since

∑
yi<n1/2 yi ≤

mn1/2, we only have to show
∑

yi≥n1/2 yi is O(mn1/2). Since n1/2
∑

yi≥n1/2 yi ≤
∑

yi≥n1/2 y2
i ≤∑

1≤i≤m y2
i ≤ 2mn, we have

∑
yi≥n1/2 yi ≤ 2mn1/2 = O(mn1/2).

Theorem 9.5: The Katriel-Bodlaender algorithm needs O(m3/2 + mn1/2 log n) time to insert

m edges into an initially empty n-node graph.

Proof: Theorem 9.1 states that the Katriel-Bodlaender algorithm needs O(m3/2+
∑

1≤i≤m yi log n)

time to insert m edges into an initially empty n-node graph. Theorem 9.4 states that
∑

1≤i≤m yi

is O(mn1/2). By combining these two results, we know that the Katriel-Bodlaender algorithm

needs O(m3/2 + mn1/2 log n) time to insert m edges into an initially empty n-node graph.

9.3 An Ω(m3/2 + mn1/2 log n) Lower Bound

In this section, we prove that the algorithm runs in time Ω(m3/2 + mn1/2 log n).

Theorem 9.6: The Katriel-Bodlaender algorithm needs Ω(m3/2 + mn1/2 log n) time to insert

m edges into an initially empty n-node graph.

Proof: It is equivalent to showing that the algorithm needs Ω(max{m3/2 + mn1/2 log n}) time

to insert m edges into an initially empty n-node graph. Theorem 9.2 states that the algo-

rithm needs Ω(m3/2) time to insert m edges into an initially empty n-node graph. Since

m3/2 ≥ mn1/2 log n if and only if m ≥ n log2 n, we only have to show that the algorithm needs

Ω(mn1/2 log n) time if m ≤ n log2 n. Without loss of generality we assume that m ≥ n. In

the following, we describe an input which takes the algorithm Ω(mn1/2 log n) time to process if

n ≤ m ≤ n log2 n. For simplicity, we assume that both n and m are exact powers of 16.

Let {v0, v2, . . . , vn−1} be the nodes of the DAG sorted by the order maintained by ORD be-

fore edge insertions. Let ui = vn
4
+i for i = 0, . . . , 3n

4
−1. Define Pi to be (v (i−1)n1/2

4

, v (i−1)n1/2

4
+1

, . . . , v in1/2

4
−1

),
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for i = 1, . . . , n1/2. Define Qi to be (u(i−1)n1/4 , u(i−1)n1/4+1, . . .,uin1/4−1), for i = 1, . . . , m
2n1/2 . Let

Sourcei = uin1/4−1, i.e., the last node of Qi, for i = 1, . . . , m
2n1/2 . Let Targeti = v (i−1)n1/2

4

, i.e.,

the first node of Pi, for i = 1, . . . , n1/2.

The input is composed of four parts.

Part 1. Construct n1/2 identical subgraphs as in Figure 2(a) by inserting the edge (v (i−1)n1/2

4

, v (i−1)n1/2

4
+j

)

for all i = 1, . . . , n1/2 and j = 1, . . . , n1/2

4
− 1. There are n/4 − n1/2 < n/4 ≤ m/4 edge

insertions in this part.

Part 2. Construct m
2n1/2 identical subgraphs as in Figure 2(b) by inserting the edge (u(i−1)n1/4+j, uk)

for all i ∈ [1, m
2n1/2 ], j ∈ [0, n1/4 − 2] and k ∈ ((i − 1)n1/4 + j, in1/4). There are

m
2n1/2 × n1/2−n1/4

2
< m/4 edge insertions in this part.

Part 3. This part is composed of n1/2 rounds and there are m
2n1/2 edge insertions in each round.

In the ith round, the following edges are inserted in their listed order: {(Source1, Targeti)

, (Source2, Targeti),. . .,(Source m

2n1/2
, Targeti)}. There are m/2 edge insertions in this

part. Figure 2(c) illustrates how the total order maintained by ORD changes when Part

3 arrives.

Part 4. Insert edges without causing cycles until there are m edges in the DAG.

Upon the insertion of edge (Sourcei, Targetj) in Part 3 for all i and j, all nodes in Pj

are inserted into FromTNeighbors at the same iteration and then extracted. Since there are

n1/2/4 nodes in Pj for all j, each edge insertion in Part 3 takes the algorithm Ω(n1/2 log n) time

to process. Because there are m/2 edges in Part 3, the total complexity is Ω(mn1/2 log n).

Theorem 9.7: The Katriel-Bodlaender algorithm needs Θ(m3/2 + mn1/2 log n) time to insert

m edges into an initially empty n-node graph..

Proof: It follows directly from Theorem 9.5 and Theorem 9.6.
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Chapter 10

An Õ(n2.5)-Time Algorithm for Online

Topological Ordering

In this chapter we present an Õ(n2.5)-time algorithm for maintaining the topological order of

a directed acyclic graph with n vertices while inserting m edges. This is an improvement over

the previous result of O(n2.75) by Ajwani, Friedrich, and Meyer.

10.1 Algorithm

We keep the current topological order as a bijective function T : V → [1..n]. Let d(u, v) denote

|T (v)− T (u)|, u → v express that there is an edge from u to v, u Ã v express that there is a

path from u to v and u < v be a short form of T (u) < T (v). Let n0.5 < t0 < t1 < t2 < · · · <

tp−1 < tp < tp+1 = n, where p = O(log n) is a nonnegative integer. In Section 10.5, we show

how to determine the values of these parameters.

Figur 10.1 gives the pseudo code of our algorithm. T is initialized with the topological

order of the starting graph. Whenever an edge (u, v) is inserted into the graph, Insert(u, v)

is called. If u < v, then Insert(u, v) does not change T and simply insert the edge into the

graph. If u > v, then Insert(u, v) calls Reorder(v, u, 0, 0) to update T such that T is still

a valid topological order and T (u) < T (v). After the call to Reorder(v, u, 0, 0), Insert(u, v)

can safely insert the edge into the graph.

It remains to explain how the procedure Reorder(u, v, f1, f2) works. The duty of the
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procedure Reorder(u, v, f1, f2) is to update T such that T is still a valid topological order

and T (u) > T (v). The flag f1 = 1 indicates that the set A′ = {w : u → w and w ≤ v} has

been known to be empty. The flag f2 = 1 indicates that the set B′ = {w : w → v and w ≥ u}
has been known to be empty. If T (u) > T (v), then we directly exit. Otherwise, there are two

cases to consider:

1: ti < d(u, v) ≤ ti+1 for some i = 0, . . . , p. In this case, we first have to compute Âi =

{w : u → w, d(u,w) ≤ ti, and w < v} and B̂i = {w : w → v, d(w, v) ≤ ti, and w > u}.
If Âi = ∅ and f1 = 0, then we still have to compute Âi+1 = {w : u → w, d(u,w) ≤
ti+1, and w < v} and set A = Âi+1; otherwise, we directly set A = Âi. Similarly, if B̂i = ∅
and f2 = 0, then we still have to compute B̂i+1 = {w : u → w, d(u,w) ≤ ti+1, and w < v}
and set B = B̂i+1; otherwise, we directly set B = B̂i.

2: d(u, v) ≤ t0. In this case we directly set A = Â0 = {w : u → w, d(u,w) ≤ t0, and w < v}
and B = B̂0 = {w : w → v, d(w, v) ≤ t0, and w > u}.

If both A and B are empty, then we directly swap u and v and exit the procedure. Otherwise,

let Torigianl be the topological order at the start of the execution of the procedure. For each

u′ ∈ {u} ∪ A, considered in order of decreasing Toriginal(u
′), we do the following. For each

v′ ∈ {v′ : v′ ∈ B ∪ {v} and Toriginal(v
′) > Torginal(u

′)}, considered in order of increasing

Toriginal(v
′), recursively call Reorder(u′, v′, f ′1, f

′
2). The first flag f ′1 is set to 1 if and only if

u′ = u and A = ∅, and the second flag f ′2 is set to 1 if and only if v′ = v and B = ∅.

The idea behind the algorithm. Our algorithm broadly follows the algorithm by Ajwani et al. [2].

The main difference is that Ajwani et al. always set A to Âi+1 and B to B̂i+1 during the ex-

ecution of Reorder but we set A to Âi+1 only if Âi = ∅ and B to B̂i+1 only if B̂i = ∅. We

prove that the total number of calls to Reorder doesn’t increase (bounded above by O(n2))

by introducing this modification. Thus intuitively, our algorithm should run faster because in

each call to Reorder we might only need to compute Âi and B̂i instead of Âi+1 and B̂i+1.
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10.2 Data Structures

10.2.1 Main Data Structures

In the following, we describe the main data structures used in our algorithm.

The current topological order T and its inverse T−1 are stored as arrays. Thus finding T (i)

and T−1(u) can be done in constant time.

The DAG G = (V,E) is stored as an array of vertices. For each vertex u we maintain two

adjacency lists InList(u) and OutList(u). The backward adjacency list InList[u] contains all

vertices v with (v, u) ∈ E. The forward adjacency list OutList(u) contains all vertices v with

(u, v) ∈ E. Adjacency lists are implemented by using n-bit arrays and support the following

operations.

1. List-Insert: Given a vertex and a list, add the vertex to the list.

2. List-Search: Given a vertex and a list, determine if the vertex is in the list. If yes,

return 1. Else, return 0.

Since the adjacency lists are implemented by using n-bit arrays, it takes O(1) time per List-

Insert or List-Search operation.

10.2.2 Auxiliary Data Structures

In the following we describe some auxiliary data structures which are used in our algorithm to

improve the time complexity. For each vertex u, we maintain two arrays of pails: InPails(u)[0 . . . d+

1] and OutPails(u)[0 . . . d + 1]. InPails(u)[i] contains all vertices v with 0 < d(v, u) ≤ ti and

(v, u) ∈ E. OutPails(u)[i] contains all vertices v with 0 < d(u, v) ≤ ti and (u, v) ∈ E. A vertex

v in a pail is stored with its vertex index (and not T (v)) as its key. Pails are implemented by

using balanced binary search trees and support the following operations data structure should

support the following three operations.

1. Pail-Insert: Given a vertex and a pail, add the vertex to the pail.

2. Pail-Delete: Given a vertex and a pail, delete the vertex from the pail.

3. Pail-Collect-All: Given a pail, report all vertices in the pail.
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It takes O(log n) time per Pail-Insert or Pail-Delete and O(1 + γ) time per Pail-

Collect-All, where γ is the number of vertices in the pail.

10.2.3 Instructions for Data Structures

Given a DAG G with a valid topological order and two vertices u and v with u 6Ã v, define

sorted vertex sets Âi and B̂i, i = 0, . . . , p + 1, as follows:

Âi = {w : u → w and d(u,w) ≤ ti and w < v} sorted by the topological order.

B̂i = {w : w → v and d(u,w) ≤ ti and w > u} sorted by the topological order.

In the following we discuss how to insert an edge, compute vertex sets Âi, and B̂i, and swap

two vertices in terms of the above five basic operations.

a. Inserting an edge (u, v): This means inserting vertex v to the forward adjacency list of

u and u to the backward adjacency list of v. This requires two List-Insert operations

and at most 2(p + 2) Pail-Insert operations. Thus inserting an edge (u, v) can be done

in O(p log n) = Õ(1) time.

b. Computing Âi and B̂i: Âi can be computed by sorting the vertices in OutPail(u)[i] and

choosing all w with w < v. This can be done by first calling Pail-Collect-All to

collect all the vertices in OutPail(u)[i] in O(ti) time. Note that for all these vertices w,

we have 0 < T (w)−T (u) ≤ ti. Thus we can sort these vertices in O(ti) time by counting

sort and then choose all w with w < v in O(|Âi| + 1) time. The total time required to

compute Âi is O(ti + |Âi|) = O(ti). Similarly, the time required to compute B̂i is O(ti).

c. Computing Âi and B̂i when ti < d(u, v) ≤ ti+1: Âi can be computed by sorting the

vertices in OutPail(u)[i]. This can be done by first calling Pail-Collect-All to collect

all the vertices in OutPail(u)[i] in O(|Âi| + 1) time, and then sorting these vertices in

O((|Âi| + 1) log n) time. Thus the total time required to compute Âi is Õ(|Âi| + 1).

Similarly, the time required to compute B̂i is Õ(|B̂i|+ 1).

d. Swapping u and v: Without loss of generality assume u < v. When swapping u and

v, we need to update the pails, T , and T−1. We now show how to update the pails.

For all vertices w with T (u) − ti ≤ T (w) < min{T (u), T (u) − ti + d(u, v)}, we delete w
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from InPail(u)[i] and delete u from OutPail(w)[i]. For all vertices w with max{T (v) +

ti − d(u, v), T (v)} < T (w) ≤ T (v) + ti}, we delete w from OutPail(v)[i] and delete v

from InPail(w)[i]. It requires total O(d(u, v)) Pail-Delete operations for each i. For

all w with max{T (v), T (u) + ti} < T (w) ≤ T (u) + ti + d(u, v), if w is in the forward

adjacency list of u, then insert w into OutPail(u)[i] and insert u into InPail(w)[i].

For all w with T (v) − ti − d(u, v) ≤ T (w) < min{T (u), T (v) − ti + d(u, v)}, if w is

in the backward adjacency list of v, then insert w into InPail(v)[i] and insert v into

OutPail(w)[i]. It requires total O(d(u, v)) List-Search and Pail-Insert operations for

each i. In total, we need O(p · d(u, v)) List-Search, Pail-Insert, and Pail-Delete

operations. Updating T and T−1 is trivial and can be done in constant time. Thus the

total time is O(p · d(u, v) log n) = Õ(d(u, v)).

10.3 Correctness

In this section, we argue that our algorithm is correct. We say a call of a recursive procedure

leads to an operation “by itself” if and only if this operation is executed during the execution of

this call and not during the execution of subsequent recursive calls. Given a DAG G with a valid

topological order T and two vertices u, v of G with u < v, let A′ = {w : u → w and w ≤ v}
and B′ = {w : w → v and w ≥ u}. We say the flag f1 of the call to Reorder(u, v, f1, f2) is

correctly set only if (f1 ⇒ (A′ = ∅)) = 1. That is, if f = 1, then A′ is empty. We say the flag

f2 of the call to Reorder(u, v, f1, f2) is correctly set only if f2 ⇒ (B′ = ∅) = 1. That is, if

f2 = 1, then B′ is empty.

Lemma 10.1: Given a DAG G with a valid topological order and two vertices u, v of G with

u < v, let A′ = {w : u → w and w < v} and B′ = {w : w → v and w > u}. If the flags are

correctly set, then in the call of Reorder(u, v, f1, f2), A := ∅ if and only if A′ = ∅. Similarly,

if the flags are correctly set, then in the call of Reorder(u, v, f1, f2), B := ∅ if and only if

B′ = ∅.

Proof: We only prove that A := ∅ if and only if A′ = ∅. It can be proved in a similar way that

B := ∅ if and only if B′ = ∅. There are two cases to consider.
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Case 1: ti < d(u, v) ≤ ti+1 for some i with 0 < i ≤ p. By the algorithm, A := ∅ if and only

if

Âi = {w : u → w and d(u,w) ≤ ti and w < v} = ∅ and

(Âi+1 = {w : u → w and d(u,w) ≤ ti+1 and w < v} = ∅ ∨ f1 = 1).

By ti < d(u, v) ≤ ti+1, we have Âi ⊆ Âi+1 = A′. From Âi ⊆ Âi+1 = A′ and (f1 ⇒ (A′ = ∅)) = 1,

we conclude that A := ∅ if and only if A′ = ∅.
Case 2: d(u, v) ≤ t0. By the algorithm, A := ∅ if and only if

Â0 = {w : u → w and d(u,w) ≤ t0 and w < v} = ∅.

By d(u, v) ≤ t0, we have Â0 = A′. From Â0 = A′, we conclude that A := ∅ if and only if A′ = ∅.

Lemma 10.2: Given a DAG G with a valid topological order and two vertices u, v of G with

u < v, let A′ = {w : u → w and w < v} and B′ = {w : w → v and w > u}. If the flags

are correctly set, then Reorder(u, v, f1, f2) leads to a swap by itself if and only if A′ = ∅ and

B′ = ∅.

Proof: By the algorithm, the call to Reorder(u, v, f1, f2) leads to a swap by itself if and only

if in this call A := ∅ and B := ∅. By Lemma 10.1, A := ∅ and B := ∅ if and only if A′ = ∅ and

B′ = ∅.

Given a DAG G with a valid topological order, Reorder(u, v, f1, f2) is said to be local

if and only if the execution of Reorder(u, v) does not affect T (w) for all w with w > v or

w < u.

Lemma 10.3: Given a DAG G with a valid topological order and two vertices u, v with u 6Ã v,

if the flags are correctly set, then Reorder(u, v, f1, f2) maintains a valid topological order and

stop with v < u and is local.

Proof: We prove the lemma by induction on T (v)− T (u). When T (u)− T (v) ≤ 0, the lemma

is trivially correct.
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Assume the lemma to be true when T (v) − T (u) < k, where k > 0. We prove that

the lemma is true when T (v) − T (u) = k. If A′ = {w : u → w and w < v} = ∅ and

B′ = {w : w → v and w > u} = ∅, then by Lemma 10.2, line 13 is executed. Thus, Re-

order(u, v, f1, f2) maintains a valid topological order, stops with v < u, and only T (u) and

T (v) are updated, so the lemma follows. If A′ 6= ∅ or B′ 6= ∅, by Lemma 10.2, the for-loops are

executed. Let T ′ be the initial topological order. By our induction hypothesis and Lemma 10.1,

the following loop invariants hold:

1. T is a valid topological order.

2. At the start of the execution of line 19, T (v′)− T (u′) < k and T ′(u) ≤ T (u′) < T (v′) ≤ T ′(v).

3. At the start of the execution of line 19, u′ 6Ã v′.

4. The flags are correctly set for the recursive call.

By the loop invariants and our induction hypothesis, each recursive call Reorder(u′, v′, f ′1, f
′
2)

in the for-loops stops with v′ < u′ and is local. Since the last recursive call is Reorder(u, v),

the entire procedure stops with v < u. Since each recursive call Reorder(u′, v′) is local

and starts with T ′(u) ≤ T (u′) < T (v′) ≤ T ′(v), the topological order of vertices w with

T ′(w) > T ′(v) or T ′(w) < T ′(u) is not affected. Thus the entire procedure maintains a valid

topological order, stops with v < u, and is local.

Theorem 10.1: Given a DAG G with a valid topological order and two vertices u, v of G with

u 6Ã v, the call to Insert(u, v) adds an edge (u, v) to G and maintains a valid topological

order.

Proof: Because u 6Ã v, we know that u and v are two different vertices and either u < v or

u > v. If u < v then the theorem is trivially correct. Assume that v > u. By Lemma 10.3,

Reorder(v, u, 0, 0) stops with u < v and maintain a valid topological order. Thus when line

2 of Insert is ready to be executed, we have a valid topological order and u < v, and add an

edge (u, v) to G doesn’t affect the validness of the topological order.

88



In addition to the correctness of the algorithm, we also want to prove that the flags are

always correctly set.

Lemma 10.4: Given a DAG G with a valid topological order and two vertices u, v of G with

u < v, consider a call to Reorder(u, v, f1, f2). If the flags f1 and f2 are correctly set, then

while executing this call, all subsequent calls to Reorder also own correct flags.

Proof: We prove the lemma by induction on the depth of the recursion tree. By Lemma 10.3,

the call to Reorder(u, v, f1, f2) would stop, so the depth of the recursion tree is finite. If the

depth is zero, then no recursive calls are made and the lemma follows.

Assume the lemma to be true when the depth of the recursion tree is less than k, where

k > 0. We prove that the lemma is true when the depth of the recursion tree is k. Since

k > 0, there is at least one recursive call. Thus the for-loops are executed. By Lemma 10.1

and Lemma 10.2, the following loop invariants hold:

1. T is a valid topological order.

2. At the start of the execution of line 19, T (u′) < T (v′).

3. At the start of the execution of line 19, u′ 6Ã v′.

4. The flags are correctly set for the recursive call.

By the loop invariants and our induction hypothesis, each recursive call to Reorder(u′, v′, f ′1, f
′
2)

in the for-loops, together with all subsequent calls to Reorder in it, own correct flags, and

the lemma follows.

Theorem 10.2: Given a DAG G with a valid topological order and two vertices u, v of G with

u 6Ã v, while executing Insert(u, v), the flags are correctly set for all calls to Reorder.

Proof: If u < v then there are no calls to Reorder made while executing Insert(u, v), and

the lemma follows. If u > v then Insert(u, v) calls Reorder(v, u, 0, 0). By Lemma 10.4, the

call to Reorder(v, u, 0, 0), together with all subsequent calls to Reorder in it, own correct

flags, and the lemma follows.

89



10.4 Running Time

In this section, we analyze the time required to insert a sequence of edges. By Theorem 10.2, the

flags are always correctly set. To avoid unnecessary discussion, each lemma, theorem, corollary,

and proof in this section is state under the assumption that the flags are correctly set. To avoid

notational overload, sometimes we just write Reorder(u, v) and ignore the flags.

10.4.1 Properties

Lemma 10.5: Given a DAG G with a valid topological order and two vertices u and v with

u < v, then during the execution of Reorder(u, v), we have that (1) T (x) is nondecreasing if

u Ã x; (2) T (y) is nonincreasing if y Ã v; and (3) T (z) doesn’t change if u 6Ã z and z 6Ã v.

Proof: We prove the lemma by induction on the depth of the recursion tree. By Lemma 10.3,

the call to Reorder(u, v) would stop, so the depth of the recursion tree is finite. If the depth

is zero, then no recursive calls are made. It follows that line 13 is executed, so the lemma

follows.

Assume the lemma to be true when the depth of the recursion tree is less than k, where

k > 0. We prove that the lemma is true when the depth of the recursion tree is k. Since

k > 0, there is at least one recursive call. Thus the for-loops are executed. By Lemma 10.1

and Lemma 10.2, the following loop invariants hold:

1. T is a valid topological order.

2. At the start of the execution of line 19, T (u′) < T (v′).

3. At the start of the execution of line 19, u′ 6Ã v′.

4. The flags are correctly set for the recursive call.

Note that for each recursive call Reorder(u′, v′) in the for-loops, we have u Ã u′ and v′ Ã v.

Let u Ã x. Then we have either u′ Ã x or (u′ 6Ã x and x 6Ã v′). By the induction hypothesis,

T (x) is nondecreasing or doesn’t change during the execution of the recursive call. Thus T (x)

is nondecreasing if u Ã x. Let y Ã v. Then we have either y Ã v′ or (u′ 6Ã y and y 6Ã v′). By

the induction hypothesis, T (y) is nonincreasing or doesn’t change during the execution of the
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recursive call. Thus T (y) is nonincreasing if y Ã v. Let u 6Ã z and z 6Ã v. Then u′ 6Ã z and

z 6Ã v′. By the induction hypothesis, T (z) doesn’t change during the execution of the recursive

call. Thus T (z) doesn’t change if u 6Ã z and z 6Ã v.

Lemma 10.6: Given a DAG G with a valid topological order and two vertices u and v with

u < v, for all x and y, Reorder(u, v) leads to at most one swap of x and y.

Proof: Suppose that Reorder(u, v) leads to at least one swap of x and y. Without loss of

generality we assume that x < y before the first swap occurs. Then the first swap of x and y

leads to increase of T (x) and decrease of T (y). Thus by Lemma 10.5, T (x) is nondecreasing

and T (y) is nonincreasing during the execution of Reorder(u, v). After the first swap, we

have x > y. Since T (x) is nondecreasing and T (y) is nonincreasing, we know there are no more

swaps.

Theorem 10.3: While we insert a sequence of edges, for all vertices x and y, after the first

swap of x and y, the relative order of x and y doesn’t change.

Proof: Suppose that the vertex pair (x, y) is swapped at least once while inserting a sequence

of edges. By Lemma 10.6 and the algorithm Insert, each edge insertion leads to at most one

swap of x and y. Let (u, v) be the first edge whose insertion leads to a swap of x and y. Without

loss of generality we assume that x < y before the first swap occurs. We prove that x > y holds

after the first swap of x and y. Consider the execution process of Insert(u, v). The first swap

occurs during the execution of Reorder(v, u). By Lemma 10.5, we have v Ã x and y Ã u.

Since T (x) is nondecreasing and T (y) is nonincreasing, after the first swap of x and y, x > y

holds until Reorder(v, u) returns. After Reorder(v, u) returns, the edge (u, v) is added to

the graph. Thus we have y Ã x and x > y just after Insert(u, v) returns. By Lemma 10.3,

calls to Reorder maintain a valid topological order, so x > y holds hereafter.

Corollary 10.1: While we insert a sequence of edges, for all vertices x and y, there is at most

one swap of x and y.
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Lemma 10.7: Given a DAG G with a valid topological order and two vertices u and v with

u < v, Reorder(u, v) leads to a swap of u and v.

Proof: We prove the lemma by induction on the depth of the recursion tree. By Lemma 10.3,

the call to Reorder(u, v) would stop, so the depth of the recursion tree is finite. If the depth

is zero, then no recursive calls are made. It follows that line 13 is executed, so the lemma

follows.

Assume the lemma to be true when the depth of the recursion tree is less than k, where

k > 0. We prove that the lemma is true when the depth of the recursion tree is k. Since

k > 0, there is at least one recursive call. Thus the for-loops are executed. By Lemma 10.1

and Lemma 10.2, the following loop invariants hold:

1. T is a valid topological order.

2. At the start of the execution of line 19, T (u′) < T (v′).

3. At the start of the execution of line 19, u′ 6Ã v′.

4. The flags are correctly set for the recursive call.

Note that when executing the last recursive call Reorder(u′, v′) in the for-loops, we have

u′ = u and v′ = v. By our induction hypothesis and the loop invariants, the last recursive call

leads to a swap of u and v, and the lemma follows.

Theorem 10.4: While we insert a sequence of edges, the summation of |A|+ |B| over all calls

of Reorder is O(n2).

Proof: Consider arbitrary vertices u and v̂. We prove that v̂ ∈ B occurs at most once over all

calls of Reorder(u, ·). This proves that the summation of |B| over all calls of Reorder(u, ·)
is less than or equal to n. Therefore the summation of |B| over all calls of Reorder(·, ·) is

less than or equal to n2.

Consider the execution process of the first call of Reorder(u, ·) for which v̂ ∈ B. By the

algorithm, a recursive call to Reorder(u, v̂) is made in the for-loops. Before the recursive

call to Reorder(u, v̂) in the for-loops, at the start of the execution of each recursive call to
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Reorder(u′, v′) in the for-loops, we have u < v̂ and (u < u′ < v′ or u = u′ < v′ < v̂). This

follows from the order in which we make the recursive calls and the local property (Lemma 10.3).

Since u < v̂ and (u < u′ < v′ or u = u′ < v′ < v̂), by the local property, u < v̂ holds during

the execution of the call to Reorder(u′, v′). Thus before the recursive call to Reorder(u, v̂)

in the for-loops, all recursive calls to Reorder(u′, v′) in the for-loops don’t lead to a call to

Reorder(u, ·) for which v̂ ∈ B; otherwise, the call to Reorder(u, ·) for which v̂ ∈ B leads to a

call to Reorder(u, v̂) which further leads to v̂ > u by Lemma 10.3, leading to a contradiction.

Suppose for the contradiction that the recursive call to Reorder(u, v̂) in the for-loops leads

to a call to Reorder(u, v′′) for which v̂ ∈ B. By the order in which we make the recursive calls

and the local property, at the start of the execution of the recursive call to Reorder(u, v̂) in

the for-loops, we have u < v̂. Since v̂ Ã v′′, at the start of the execution of the recursive call

to Reorder(u, v̂) in the for-loops, we have u < v̂ < v′′. Thus by the local property, v′′ > u

holds during the execution of the recursive call to Reorder(u, v̂) in the for-loops. However,

by Lemma 10.3, Reorder(u, v′′) stops with v′′ < u, which is a contradiction. After the recurve

call to Reorder(u, v̂) in the for-loops, we have v̂ < u by Lemma 10.3. Since v̂ > u before

the recurve call to Reorder(u, v̂) in the for-loops, by Lemma 10.7, this recursive call leads

to a swap of u and v̂. Thus after the recurve call to Reorder(u, v̂) in the for-loops, we have

v̂ < u and, by Lemma 10.3, the relative order of u and v̂ doesn’t change hereafter. Since v̂ < u

holds hereafter, there are no more calls of Reorder(u, ·) for which v̂ ∈ B. Putting all things

together, it follows that v̂ ∈ B occurs at most once over all calls of Reorder(u, ·).
Similarly, we can prove that for arbitrary vertices û and v, û ∈ A occurs at most once over

all calls of Reorder(·, v). It follows that the summation of |A| over all calls of Reorder(·, ·)
is less than or equal to n2.

Corollary 10.2: While we insert a sequence of edges, Reorder is called O(n2) times.

Proof: By the algorithm, a call to Reorder for which |A| + |B| = 0 leads to a swap by

itself. By Corollary 10.1, there are at most n2 swaps. Thus there are at most n2 calls to

Reorder for which |A| + |B| = 0. By Theorem 10.4, there are O(n2) calls to Reorder for

which |A|+ |B| > 0. Therefore, there are O(n2) calls to Reorder in total.
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Let S = {(u, v) : there is a swap of u and v such that u < v while we insert the edges}.
Define

D(u, v) =





the value of d(u, v) while swapping u and v ∀(u, v) ∈ S;

0 ∀(u, v) 6∈ S.

Since by Corollary 10.1 each vertex pair is swapped at most once, D(u, v) is well defined.

Let k be a number with 1 ≤ k ≤ n. Define

Dk(u, v) =





D(u, v) if D(u, v) ≤ k;

k otherwise.

The following theorem is the key to our running time analysis.

Theorem 10.5: For all k ∈ [1, n] with k ≥ n0.5, we have
∑

Dk(u, v) = O(n2 ·
√

k).

Proof: Let k = nr. Let T ∗ denote the final topological order. Define x(T ∗(u), T ∗(v)) = D(u, v)

and z(T ∗(u), T ∗(v)) = Dk(u, v) for all vertices u and v. The following linear inequalities are

proved to be true by Ajwani et al. [2].

(1) x(i, j) ≤ 0 for all 1 ≤ i ≤ n and 1 ≤ j ≤ i.

(2) x(i, j) ≤ n for all 1 ≤ i ≤ n and i < j ≤ n.

(3)
∑

j>i x(i, j)−∑
j<i x(j, i) ≤ n for all 1 ≤ i ≤ n.

It is easy to derive the following linear inequalities from the definitions of x(i, j) and z(i, j).

(4) z(i, j) ≤ nr for all 1 ≤ i, j ≤ n.

(5) z(i, j) ≤ x(i, j) for all 1 ≤ i, j ≤ n.

(6) 0 ≤ z(i, j) for all 1 ≤ i ≤ n and 1 ≤ j ≤ n.

(7) 0 ≤ x(i, j) for all 1 ≤ i ≤ n and 1 ≤ j ≤ n.

We aim to estimate an upper bound on the objective values of the following linear program.

max
∑

1≤i,j≤n

z(i, j) such that
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(1) x(i, j) ≤ 0 for all 1 ≤ i ≤ n and 1 ≤ j ≤ i

(2) x(i, j) ≤ n for all 1 ≤ i ≤ n and i < j ≤ n

(3)
∑

j>i x(i, j)−∑
j<i x(j, i) ≤ n for all 1 ≤ i ≤ n

(4) z(i, j) ≤ nr for all 1 ≤ i, j ≤ n

(5) z(i, j) ≤ x(i, j) for all 1 ≤ i, j ≤ n

(6) 0 ≤ z(i, j) for all 1 ≤ i ≤ n and 1 ≤ j ≤ n

(7) 0 ≤ x(i, j) for all 1 ≤ i ≤ n and 1 ≤ j ≤ n.

In order to prove the upper bound on the objective values of the above linear program, we

consider its dual problem.

min

[ ∑
0≤i<j<n

n · Yi·n+j +
∑

0≤i<n

n · Yn2+i +
∑

0≤i,j<n

nr · Zi·n+j

]
such that

(1) Yi·n+j −Wi·n+j ≥ 0 for all 0 ≤ i ≤ n and 0 ≤ j ≤ i

(2) Yi·n+j −Wi·n+j + Yn2+i − Yn2+j ≥ 0 for all 0 ≤ i < n and j > i

(3) Zi·n+j + Wi·n+j ≥ 1 for all 0 ≤ i < n and 0 ≤ j < n

(4) Yi ≥ 0 for all 0 ≤ i < n2 + n

(5) Zi ≥ 0 for all 0 ≤ i < n2

(6) Wi ≥ 0 for all 0 ≤ i < n2.

Let c be a large enough constant, e.g. 120, such that (i + c · nr/2)r/2 ≥ (ir/2 + 1) for any

1 ≤ i ≤ n. The following is a feasible solution to the dual problem.
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



Yi·n+j = 1 for all 0 ≤ i < n and 0 ≤ j ≤ i

Zi·n+j = 0 for all 0 ≤ i < n and 0 ≤ j ≤ i

Wi·n+j = 1 for all 0 ≤ i < n and 0 ≤ j ≤ i

Yi·n+j = 0 for all 0 ≤ i < n and i < j ≤ i + c · nr/2

Zi·n+j = 1 for all 0 ≤ i < n and i < j ≤ i + c · nr/2

Wi·n+j = 0 for all 0 ≤ i < n and i < j ≤ i + c · nr/2

Yi·n+j = 0 for all 0 ≤ i < n and i + c · nr/2 < j < n

Zi·n+j = 0 for all 0 ≤ i < n and i + c · nr/2 < j < n

Wi·n+j = 1 for all 0 ≤ i < n and i + c · nr/2 < j < n

Yn2+i = (n− i)r/2 for all 0 ≤ i < n

This feasible solution to the dual problem has an objective value of O(n
∑n

i=1 ir/2+n·nr·c·nr/2) =

O(n2+r/2 + n1+r+r/2) = O(n2+r/2) = O(n2 ·
√

k), which by the primal-dual theorem is an upper

bound on the objective values of the original linear program.

Lemma 10.8: Given a DAG G with a valid topological order and two vertices u and v with

u < v, consider a call to Reorder(u, v). If A′ = {w : u → w and w < v} = ∅, then when

executing this call, we have the first flag f1 = 1 for all subsequent calls to Reorder(u, ·).

Proof: We prove the lemma by induction on the depth of the recursion tree. By Lemma 10.3,

the call to Reorder(u, v) would stop, so the depth of the recursion tree is finite. If the depth

is zero, then no subsequent recursive calls are made, so the lemma follows.

Assume the lemma to be true when the depth of the recursion tree is less than k, where

k > 0. We prove that the lemma is true when the depth of the recursion tree is k. Since k > 0,

there is at least one recursive call. Thus the for-loops are executed. By Lemma 10.1, A = ∅.
By the local property (Lemma 10.2) and the order in which we make the recursive calls, any

subsequent call to Reorder(u, ·) must occur during the execution of last iteration of the outer

for-loop. Consider any first level recursive call Reorder(u′, v′, f ′1, f
′
2) in the last iteration of
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the outer for-loop. Note that we have u′ = u < v′ and {w : u → w and w < v′ ≤ v} ⊆ A′ = ∅
when this call is ready to be executed. Since u′ = u and A = ∅, we also have f ′1 = 1. By the

induction hypothesis, we also have the first flag f1 = 1 for all subsequent calls to Reorder(u, ·)
while executing this call. It completes the proof.

Lemma 10.9: Given a DAG G with a valid topological order and two vertices u and v with

u < v, let A′ = {w : u → w and w < v} = ∅. Then a call to Reorder(u, v) stops with u at

the initial position of v. That is, letting Tbefore be the topological order just before the call to

Reorder(u, v), then the call to Reorder(u, v) returns a topological order Tafter such that

Tafter(u) = Tbefore(v).

Proof: We prove the lemma by induction on the depth of the recursion tree. By Lemma 10.3,

the call to Reorder(u, v) would stop, so the depth of the recursion tree is finite. If the depth

is zero, then no recursive calls are made. It follows that line 13 is executed, so the lemma

follows.

Assume the lemma to be true when the depth of the recursion tree is less than k, where

k > 0. We prove that the lemma is true when the depth of the recursion tree is k. Since k > 0,

there is at least one recursive call. Thus the for-loops are executed. Let Tbefore be the initial

topological order. By Lemma 10.1, Lemma 10.2, and the induction hypothesis, the following

loop invariants hold:

1. T is a valid topological order.

2. At the start of the execution of line 19, T (u) = T (u′) < T (v′) = Tbefore(v
′).

3. At the start of the execution of line 19, u′ 6Ã v′.

4. After the execution of line 19, T (u) = Tbefore(v
′).

5. The flags are correctly set for the recursive call.

Note that for the last recursive call Reorder(u′, v′) in the for-loops, we have v′ = v. Thus

by the loop invariants, we have T (u) = Tbefore(v) after the last recursive call in the for-loops.
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Lemma 10.10: Given a DAG G with a valid topological order and two vertices u and v with

u < v, when executing a call of Reorder(u, v) in which both Âi and Âi+1 are computed, u is

moved right with distance at least ti.

Proof: Since both Âi and Âi+1 are computed, by the algorithm, we have ti < d(u, v) ≤ ti+1

and Âi = ∅. There are two cases to consider.

Case 1: Âi+1 = ∅. It follows that A′ = {w : u → w and w < v} = ∅. By Lemma 10.9, u

is moved right to the initial position of v. Since initially d(u, v) > ti, u is moved right with

distance at least ti.

Case 2: Âi+1 6= ∅. By the algorithm, the for-loops are executed. Let û be the vertex with

lowest topological order in Âi+1. Let Tinitial be the initial topological order. Since Âi = ∅,
we have initially d(u, û) > ti, i.e., Tinitial(û) − Tinitial(v) > ti. By Lemma 10.3 and the order

in which we make the recursive calls, before the last iteration of the outer for-loop, T (v) ≥
Tinitial(û) holds. Consider the execution of the last iteration of the outer for-loop. Let Tstart

be the topological order at the start of this iteration. Then we have Tstart(v) − Tinitial(u) ≥
Tinitial(û)−Tinitial(u) > ti. By Lemma 10.3 and Lemma 10.9, the following loop invariants hold.

1. T is a valid topological order.

2. At the start of the execution of line 19, T (u) = T (u′) < T (v′) = Tstart(v
′).

3. At the start of the execution of line 19, u′ 6Ã v′.

4. At the start of the execution of line 19, {w : u → w and w < v′ ≤ v} = ∅.

5. After the execution of line 19, T (u) = Tstart(v
′).

6. The flags are correctly set for the recursive call.

Thus after this iteration, we have T (u) = Tstart(v) > Tinitial(u) + ti, and the lemma follows.

Theorem 10.6: While we insert a sequence of edges, there are at most O(n2√ti+1

ti
) calls of

Reorder for which both Âi and Âi+1 are computed. Similarly, there are at most O(n2√ti+1

ti
)

calls of Reorder for which both B̂i and B̂i+1 are computed.

98



Proof: We only prove that there are at most O(n2√ti+1

ti
) calls of Reorder for which both Âi

and Âi+1 are computed. It can be proved in a similar way that there are at most O(n2√ti+1

ti
)

calls of Reorder for which both B̂i and B̂i+1 are computed.

Let C1(u, v), C2(u, v), . . . , Cm(u,v)(u, v) be the calls to Reorder(u, v) for which both Âi and

Âi+1 are computed for all vertices u and v. Let Si(u, v) = {w : Ci(u, v) leads to a swap of u

and w} for i = 1, . . . ,m(u, v). We prove that
∑

u,v

∑m(u,v)
i=1

∑
w∈Si(u,v) D(u,w) = O(n2

√
ti+1).

By Lemma 10.10,
∑

w∈Si(u,v) D(u,w) ≥ ti for all vertices u and v and i = 1, . . . , m(u, v). It

follows that
∑

u,v

∑m(u,v)
i=1 1 = O(n2√ti+1

ti
).

In a call to Reorder(u, v), Âi and Âi+1 are both computed only if ti < d(u, v) ≤ ti+1.

Thus by the local property (Lemma 10.3), we have D(u,w) ≤ ti+1 for all w ∈ Si(u, v), i =

1, . . . , m(u, v). By Theorem 10.5, we have
∑

u,v Dt(u, v) = O(n2
√

ti+1). Thus it suffices to show

that in the summation
∑

u,v

∑m(u,v)
i=1

∑
w∈Si(u,v) D(u,w), D(u,w) is counted at most twice for

each vertex pair (u,w).

To show that in the summation
∑

u,v

∑m(u,v)
i=1

∑
w∈Si(u,v) D(u,w), D(u,w) is counted at most

twice for each vertex pair (u, v), we only have to prove that Si(u, v) ∩ Sj(u, v′) ∩ Sk(u, v′′) = ∅
if Ci(u, v), Cj(u, v′), and Ck(u, v′′) are three different calls.

Suppose for the contradiction that w ∈ Si(u, v)∩Sj(u, v′)∩Sk(u, v′′) and Ci(u, v), Cj(u, v′),

and Ck(u, v′′) are three different calls. Without loss of generality, we assume Ci(u, v) occurs

before Cj(u, v′) and Cj(u, v′) occurs before Ck(u, v′′). By Corollary 10.1, there is only one swap

of u and w, so Cj(u, v′) must be a subsequent recursive call which occurs during the execution

of Ci(u, v) and Ck(u, v′′) must be a subsequent recursive call which occurs during the execution

of Cj(u, v′). Consider the execution of Ci(u, v). By Lemma 10.3 and the order in which we

make the recursive calls in the for-loops, Cj(u, v′) must occur during the last iteration of the

outer for-loop. Note that by Lemma 10.3, before the last iteration of the outer for-loop begins,

all vertices in Âi+1 = {w : u → w, d(u,w) ≤ ti+1 and w < v} = {w : u → w and w < v}
are moved to the right of v. Thus when the last iteration of the outer for-loop begins, there

are not any vertices w between u and v with u → w. Therefore, by the local property of

Reorder, during the last iteration of the outer for-loop, for each call to Reorder(u, v′), we

have {w : u → w and w < v′ ≤ v} = ∅. By Lemma 10.8, we have the first flag f1 = 1 for each

subsequent call to Reorder(u, ·) during the execution of Cj(u, v′). It follows that the first
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flag f1 of the call Ck(u, v′′) is 1. Thus by the algorithm, we don’t compute Âi+1 in the call

Ck(u, v′′), which is a contradiction.

10.4.2 Running Time Analysis

Lemma 10.11: While we insert a sequence of edges, the total time spent on executing line 2

of Insert is Õ(n2).

Proof: As discussed in Section 10.2.3, each execution of line 2 of Insert can be done in Õ(1)

time. Since there are at most n(n− 1)/2 edge insertions, the lemma follows.

Lemma 10.12: While we insert a sequence of edges, the total time spent on computing Âi

and B̂i, i = 1, . . . , p, over all calls of Reorder(u, v) with ti < d(u, v) ≤ ti+1 is Õ(n2).

Proof: As discussed in Section 10.2.3, it needs Õ(|Âi| + |B̂i| + 1) time to compute Âi and B̂i

in a call of Reorder(u, v) if d(u, v) < ti+1. By Theorem 10.4, the summation of |Âi| + |B̂i|,
i = 1, . . . , p, over all calls of Reorder is O(n2). By Corollary 10.2, Reorder is called O(n2)

times. Thus the summation of (|Âi| + |B̂i| + 1) over all calls of Reorder is O(n2), and the

lemma follows.

Lemma 10.13: For each i with 1 ≤ i ≤ p + 1, while we insert a sequence of edges, the

total time spent on computing Âi and B̂i, over all calls of Reorder(u, v) with d(u, v) ≤ ti is

O(
n2t

3/2
i

ti−1
).

Proof: If d(u, v) ≤ ti, then by the algorithm, Âi is computed only if Âi−1 is also computed and

is empty. Thus by Theorem 10.6, there are at most O(
n2t

1/2
i

ti−1
) such calls. As discussed in Sec-

tion 10.2.3, it needs O(ti) time to compute Âi in each of such calls. Thus the total time spent on

computing Âi over all calls of Reorder(u, v) with d(u, v) ≤ ti is O(
n2t

3/2
i

ti−1
). Similarly, the to-

tal time spent on computing B̂i over all calls of Reorder(u, v) with d(u, v) ≤ ti is O(
n2t

3/2
i

ti−1
).
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Lemma 10.14: While we insert a sequence of edges, the total time spent on computing Â0

and B̂0 over all calls of Reorder is O(n2 · t0).

Proof: As discussed in Section 10.2.3, it needs O(t0) time to compute Â0 and B̂0 in a call of

Reorder. By Corollary 10.2, Reorder is called O(n2) times, and the lemma follows.

Lemma 10.15: While we insert a sequence of edges, the total time spent on swapping vertices

is Õ(n2.5).

Proof: As discussed in Section 10.2.3, each swap of vertices u and v with d(u, v) < t can

be done in Õ(d(u, v)) time. By Theorem 10.5,
∑

Dn(u, v) = O(n2.5). Thus the total time is

Õ(n2.5).

Theorem 10.7: While we insert a sequence of edges, the total time required is Õ(
∑p+1

i=1
n2t

3/2
i

ti−1
+

n2 · t0).

Proof: It follows directly from the above lemmas.

10.5 Further Discussion

Let n0.5 < t0 < t1 < · · · < tp < tp+1 = n and p = O(log n). We have known that the running

time is Õ(
∑p+1

i=1
n2t

3/2
i

ti−1
+ n2 · t0). In this section, we show how to determine the values of these

parameters. By letting

n3

√
tp+1

=
n2t

3/2
p+1

tp
=

n2t
3/2
p

tp−1

=
n2t

3/2
p−1

tp−2

= · · · = n2t
3/2
1

t0
= n2 · t0,

we have

t1 = t
4/3
0 , ti =

t
5/3
i−1

t
2/3
i−2

for all i = 2, . . . , p + 1.

Let ti = txi
0 for i = 0, . . . , p + 1. we have

x0 = 1, x1 = 4/3, and xi =
5xi−1

3
− 2xi−2

3
for all i = 2, . . . , p + 1.
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By solving this linear second order recurrence relation, we get xi = 2 − (2/3)i for all i =

0, 1, 2, . . . , p + 1. It follows that tp+1 = t
2−(2/3)(p+1)

0 . Since tp+1 = n, we have t0 = nf(p), where

f(p) = 3p+1

(2·3p+1−2p+1)
.

Corollary 10.3: While we insert a sequence of edges, the total time required is Õ(n2+f(p)) if

t0 = nf(p) and ti = t
2−(2/3)i

0 for all i = 1, . . . , p + 1, where f(p) = 3p+1

(2·3p+1−2p+1)
.

Note that f(p) = 3p+1

(2·3p+1−2p+1)
= 0.5 + 2p

(2·3p+1−2p+1)
. By letting ε(p) = 2p

(2·3p+1−2p+1)
, we have

ε(p) < 2p

3p+1 < (3/2)−p. By letting p = log3/2 n, we have 1 < nε(p) < n1/n < 2 when n > 2.

Thus Õ(n2+f(p)) = Õ(n2.5+ε(p)) = Õ(n2.5) if we choose p = dlog3/2 ne. The following theorem

summarizes our discussion.

Theorem 10.8: There exists an Õ(n2.5)-time algorithm for online topological ordering.

10.6 Notes

In this chapter, we propose an Õ(n2.5)-time algorithm for maintaining the topological order of

a DAG with n vertices while we insert m edges. Precisely, our algorithm runs in O(n2.5 log2 n)

time. Choosing a better implementation for the pails, like data structures discussed in Section 5

of [2], can further improve the time bound to O(n2.5 log n).
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Insert(u, v)

(* Insert edge (u, v) and calculate new topological ordering *)

1 if v ≤ u then Reorder(v, u, 0, 0).

2 Insert edge (u, v) into graph.

Reorder(u, v, f1, f2)

(* Reorder vertices between u and v such that v ≤ u *)

1 if v ≤ u then exit.

2 if ti < d(u, v) ≤ ti+1

3 then

4 Âi := {w : u → w, d(u,w) ≤ ti, and w < v}.
5 B̂i := {w : w → v, d(w, v) ≤ ti, and w > u}.
6 A := Âi if Âi 6= ∅ or f1 = 1; otherwise, A := Âi+1 := {w : u → w, d(u,w) ≤ ti+1, and w < v}.
7 B := B̂i if B̂i 6= ∅ or f2 = 1; otherwise, B := B̂i+1 := {w : w → v, d(w, v) ≤ ti+1, and w > u}.
8 else

9 A := Â0 := {w : u → w, d(u,w) ≤ t0, and w < v}.
10 B := B̂0 := {w : w → v, d(w, v) ≤ t0, and w > u}.
11 if A = ∅ and B = ∅
12 then

13 swap u and v.

14 else

15 for u′ ∈ {u} ∪ A in decreasing topological order

16 for v′ ∈ B ∪ {v} ∧ v′ > u′ in increasing topological order

17 f ′1 := 1 if (u = u′ and A = ∅); otherwise, f ′1 := 0.

18 f ′2 := 1 if (v = v′ and B = ∅); otherwise, f ′2 := 0.

19 Reorder(u′, v′, f ′1, f
′
2).

Figure 10.1: The improved online topological ordering algorithm for dense graphs.
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Part V

Ending
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Chapter 11

Conclusions

In this chapter, we summarize the results and discuss our future work regarding the problems

presented in this dissertation.

11.1 Summary

In this dissertation, we study a series of problems arising from sequence analysis. In Chapter 2,

we study the Disjoint Segments with Maximum Sum of Densities problem and give an

improved algorithm. In Chapter 3, we study the Length-Constrained Max-Eccentricity

Segments Problem and obtain the first subquadratic time algorithm. In Chapter 4, we give

a linear time algorithm for the Sum-Constrained Max-Density Intervals problem. In

Chapter 5, we propose an optimal time algorithm for the Density Finding problem. In Chap-

ters 6 and 7, we propose optimal algorithms for the Length-Constrained k Max-Sum Seg-

ments problem and the Weight-Constrained k Longest Paths problem, respectively.

In Chapter 8, we study the Length-Constrained Sum Selection problem and propose an

improved algorithm. In Chaper 9, we give a tight analysis of the Katriel-Bodlaender algorithm

for online topological ordering. Finally, in Chapter 10, we propose an improved algorithm for

online topological ordering on dense graphs.
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11.2 Future Work

Min-Plus Convolution

The min-plus convolution of two vectors x = (x0, x1, . . . , xn−1) and y = (y0, y1, . . . , yn−1) is a

vector z = (z0, z1, . . . , zn−1) such that zk = mink
i=0{xi + yk−i} for k = 0, 1, . . . , n − 1. Given

two vectors x = (x0, x1, . . . , xn−1) and y = (y0, y1, . . . , yn−1), the Min-Plus Convolution

Problem is to compute the min-plus convolution z of x and y. This problem has appeared

in the literature with various names such as “minimum convolution,” “epigraphical sum,” “inf-

convolution,” and “lowest midpoint” [8, 14, 32, 58, 62, 69, 71]. Although it is easy to obtain

an O(n2)-time algorithm, no subquadratic algorithm was known until recently Bremner et al.

[17] proposed an O(n2/ log n)-time algorithm. In Section 3.2, we give an slightly improved

O(n2 (log log n)3

(log n)2
)-time algorithm. To the best of our knowledge, there is not any non-trivial lower

bound proved so far. Thus, there is still a large gap between the trivial lower bound of O(n)

and the upper bound of O(n2 (log log n)3

(log n)2
). Bridging this gap remains an open problem.

Minkowski Sum Selection

In the Minkowski Sum Selection Problem, we are given two n-point multisets P , Q ⊆ R2,

a set of λ inequalities Ar ≥ b, a linear objective function f : R2 → R, and a positive integer

k. The goal is to find the kth largest objective value among all objective values of points in

the multiset {(p + q) : p ∈ P, q ∈ Q,A(p + q) ≥ b}. Many known selection problems, like the

Sum Selection Problem [11, 54], the Length-Constrained Sum Selection Prob-

lem [55], and the Cartesian Sum Selection Problem [45], are linear time reducible to

the Minkowski Sum Selection Problem. It was proved in [45] that the Minkowski Sum

Selection Problem has an Ω(n log n) lower bound even if λ = 0. Recently, Luo et al. [57]

proposed an optimal O(n log n)-time algorithm for the case λ ≤ 1, and it is of greatest interest

whether one can prove an upper bound of O(n log n) for any fixed λ > 1.
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